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Abstract. Generalized Nash equilibrium problems with mixed-integer vari-
ables constitute an important class of games in which each player solves a
mixed-integer optimization problem, where both the objective and the feasible
set is parameterized by the rivals’ strategies. However, such games are known
for failing to admit exact equilibria and also the assumption of all players
being able to solve nonconvex problems to global optimality is questionable.
This motivates the study of approximate equilibria. In this work, we consider
an approximation concept that incorporates both multiplicative and additive
relaxations of optimality. We propose a branch-and-cut (B&C) method that
computes such approximate equilibria or proves its non-existence. For this, we
adopt the idea of intersection cuts and show the existence of such cuts under
the condition that the constraints are linear and each player’s cost function is
either convex in the entire strategy profile, or, concave in the entire strategy
profile and linear in the rivals’ strategies. For the special case of standard
Nash equilibrium problems, we introduce an alternative type of cut and show
that the method terminates finitely, provided that each player has only finitely
many distinct best-response sets. Finally, on the basis of the B&C method,
we introduce a single-tree binary-search method to compute best-approximate
equilibria under some simplifying assumptions. We implemented these meth-
ods and present numerical results for a class of mixed-integer flow games.

1. Introduction

Generalized Nash equilibrium problems (GNEPs) arise in various domains in-
cluding market games in economics (Arrow and Debreu 1954), communication net-
works (Kelly et al. 1998), transportation systems (Beckmann et al. 1956), and
electricity markets (Anderson 2013). Since the seminal works of Arrow and Debreu
(1954), significant progress has been made in understanding the existence and com-
putation of generalized Nash equilibria (GNEs). One key assumption for ensuring
the existence of equilibria is the convexity of the game’s data. The problem, how-
ever, is that many timely and important applications of GNEPs contain substantial
nonconvexities. One prominent example are power markets on which both electric-
ity producers and consumers act. The mixed-integer nature of the power producers’
models render the resulting GNEPs highly complex and lead to the invalidity of
classic existence theorems; see, e.g., Guo et al. (2025) and Liberopoulos and An-
drianesis (2016) and the references therein. For instance, based on the complete
characterization of the existence of equilibria in Harks and Schwarz (2023), Grübel
et al. (2023) prove the non-existence of equilibria for many power as well as gas
market instances.

Consequently, algorithms designed to compute GNEs may fail to terminate and
often cannot provide any conclusive information about the equilibrium problem
under consideration. Nevertheless, since the underlying real-world applications are
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of utmost importance, there is the clear need for alternative solution concepts that
are less restrictive then classic Nash equilibria. Another aspect that goes along
with the nonconvexities in many applications is that practical instances are usually
not solved to global optimality anyways—a classic example of bounded rationality
in theoretical economics (Rubinstein 1998; Simon 1972), which arises when the
decision-making frameworks of the agents are too complex. To address both of
these fundamental challenges, we study the concept of approximate mixed-integer
GNEs, for which we (i) introduce a new and more general notion of approximation,
(ii) provide the first branch-and-cut (B&C) method to solve these problems, (iii)
develop further algorithmic enhancements to compute best-approximate GNEs, and
(iv) present a small numerical study that shows the applicability of our approach.

1.1. Our Contributions. We now outline our approximate equilibrium concept
and the B&C framework in greater detail in the following.

(α, β)-Nash Equilibria. We study an equilibrium concept that incorporates a mul-
tiplicative as well as an additive relaxation of optimality. More precisely, we say
that a strategy profile x is an (α, β)-Nash equilibrium ((α, β)-NE) if

πi(x) ≤ αiπi(yi, x−i) + βi for all yi ∈ Xi(x−i)

holds for all players i. Here, πi denotes the cost function of player i, (yi, x−i) denotes
the strategy profile in which player i unilaterally deviates to a strategy yi, which is
contained in her set of feasible strategies Xi(x−i) under the rivals’ strategies x−i.
The above condition then requires that no player can improve her costs by uni-
laterally changing her strategy up to a player-specific multiplicative factor αi ≥ 1
together with an additive value βi ≥ 0. Developing our framework on the basis of
this approximate equilibrium concept allows to choose the approximation values in
an instance-specific way and even to consider a Pareto-frontier of minimum (α, β)
values such that a corresponding approximate NE exists. This is highly beneficial as
the appropriate notion of approximation crucially depends on each specific instance,
e.g., on the range of values of the cost functions. We refer to Daskalakis (2013) for
a detailed discussion of pros and cons of multiplicative and additive approximations
of equilibria.

A B&C Framework. We propose a novel B&C framework to compute (α, β)-NEs
or to prove non-existence. To this end, we reformulate the problem of finding an
(α, β)-NE as an optimization problem in which we minimize an auxiliary variable λ
that represents via proper constraints the maximum over all players’ approximate
regrets, i.e., the deviation between their current costs and a respective best-response
value scaled by αi and additively increased by βi. Inspired by techniques from
bilevel optimization, we relax this problem by relaxing the integrality constraints for
the strategy profiles as well as introducing for every player i two proxy-variables ηi
and ξi and substituting those for the respective best-response value and costs. This
relaxed problem is then embedded into a B&C method: We branch on fractional
variables and via suitably constructed cuts in the space of strategy profiles, maximal
regret, and proxy variables (x, λ, η, ξ), the approximation quality of the proxy-
variables is iteratively improved until an (α, β)-NE is found or proven that none
exists (in the current node); see Section 3. Below we discuss an adaptive extension
of this method to compute some (α, β) for which we ensure that there exists a
respective approximate equilibrium.

New Cuts. In this B&C method, the main challenge lies in constructing cuts
that exclude integer-feasible optimal node solutions (x∗, λ∗, η∗, ξ∗) while preserving
all equilibrium tuples, i.e., tuples (x, λ, η, ξ) where x represents an equilibrium,
the regret satisfies λ ≤ 0, and η, ξ correspond to their respective approximation
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Figure 1. Sketch of an intersection cut in the context of (α, β)-
NE in mixed-integer GNEPs

quantities (best-response value and costs at x). For GNEPs, we employ the theory
of intersection cuts (ICs), which were originally introduced by Balas (1971) in
the context of integer programming. We illustrate our contribution and the main
challenges using the schematic sketch in Figure 1. The way we re-state the problem
of finding an (α, β)-NE, which is a highly nonlinear problem, as an optimization
problem has the key feature that the node problems in our B&C framework are
linear programs (with the orange area in the figure representing the feasible set).
This allows to use the corner polyhedron at the solution (x∗, λ∗, η∗, ξ∗) of the node
that we need to cut because of two reasons. First, it contains the set of equilibrium
tuples contained in the respective subtree of the B&C tree (the blue dots) and,
second, its extreme rays (r1 and r2 in the figure) intersect the boundary of another
convex set (green circle in the figure), where the latter needs to be free of any such
equilibrium tuples and needs to contain the point to cut in its interior. A core result
(see Section 4.1) regarding this setup is that we prove the existence of suitable ICs
under the following assumptions: The constraints are linear and the players’ cost
functions are either convex in the entire strategy profile, or, concave in the entire
strategy profile as well as linear in the rivals’ strategies.

Moreover, for the special case of standard NEPs, we consider in Section 4.2 a
different type of cut, which is not based on ICs and does not require any assumptions
on the cost or constraint functions. For this (possibly nonlinear) cut, we prove finite
termination of our algorithm under the assumption that the set of best-response
sets for each player is finite. This holds true in particular for the important special
cases of (i) players’ cost functions being concave in their own continuous strategies
and (ii) the players’ cost function only depending on their own strategy and the
rivals integer strategy components.

Computing Best-Approximate Equilibria. We further provide in Section 5 a
method based on our B&C algorithm that computes (up to a given tolerance) the
minimal multiplicative value α. Here, we restrict ourselves to the case of βi = 0
and to the special situation that every player has the same multiplicative approx-
imation guarantee. This algorithm is based on a binary search over the value α.
Remarkably, we can enhance this basic procedure substantially by reusing infor-
mation gained during the execution of the B&C in former binary search iterations.
More precisely, whenever an approximate equilibrium w.r.t. α is found and the value
of α is decreased to α′ < α, we show that we can reuse the entire tree structure (in-
cluding the derived cuts) of the B&C method for tackling α′ as previously pruned
nodes that were cut off do not contain approximate equilibria w.r.t. α and thus, in
particular, not for any smaller value. Exploiting this, we can turn the basic binary
search, which is a multi-tree method, into a more effective single-tree algorithm.
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Numerical Case Study. Finally, we implemented our B&C method and the above
procedure to compute best-approximate NEs. Preliminary results for NEPs arising
in mixed-integer flow games are presented in Section 6.

1.2. Related Work. Over the recent decades, there has been growing interest
in the understanding and computation of equilibria in nonconvex games. For the
particularly challenging class of nonconvex GNEPs, however, only a handful of
studies exist to date. Sagratella was the first to tackle this problem in the con-
text of Cournot oligopoly models with mixed-integer quantities (Sagratella 2017b)
and generalized mixed-integer potential games (Sagratella 2017a), demonstrating
that a best-response algorithm converges in finitely many steps to an additive
ε-approximate equilibrium, i.e., a (0, (ε, . . . , ε))-NE, for any given approximation
value ε > 0. For similar approaches based on best-response methods for mixed-
integer GNEPs; see Fabiani and Grammatico (2020) and Fabiani et al. (2022). In
Sagratella (2019), the author considers mixed-integer GNEPs with linear coupling
constraints and proposes a branch-and-bound (B&B) method under the strong as-
sumption of an existing and computationally tractable merit function. Moreover, a
branch-and-prune (B&P) method is developed that exploits the idea of dominance
of strategies for pruning. In this regard, let us remark that the pruning steps also
employ “cuts”. However, rather than tightening a relaxation as in our paper, these
cuts are used to prune branches of the B&P tree. Harks and Schwarz (2025) tackle
nonconvex GNEPs via a convexification technique, associating to every GNEP a
corresponding set of convexified instances with the same set of originally feasible
equilibria. They then introduce the class of quasi-linear GNEPs and show how
their convexification approach can be used to reformulate the original GNEP as a
standard (nonlinear) optimization problem and provide a numerical study for this
class. Their general approach is limited in the sense that it relies on deriving a
convexification which itself is known to be computationally difficult. Duguet et al.
(2025b), and also we in this work, circumvent this problem by offering a direct com-
putational approach, which is the first B&C framework for the computation of exact
(pure) equilibria for general nonconvex GNEPs. They use the Nikaido–Isoda (NI)
function to reformulate the GNEP and use ideas from bilevel optimization to set
up their B&C framework. In contrast to our approach, their reformulation cannot
handle (α, β)-NEs due to the aggregative nature of the NI function used for their
node problems. Moreover, similar to the framework presented here, their approach
relies on the existence of suitable cuts and, in particular, on the existence of ICs,
which they can only guarantee under the restrictive assumption of social costs being
concave. We do not require such an assumption by the specific choice of our node
problem formulation.

For the simpler case of standard NEPs, so-called integer programming games
(IPGs) are introduced in Köppe et al. (2011) and have been subject of extensive
research; see, e.g., Crönert and Minner (2022), Kleer and Schäfer (2017), and Pia
et al. (2017), as well as Carvalho et al. (2023) for a survey. A large part of this
literature focuses on mixed NEs to circumvent the difficulties arising from the non-
convexity of IPGs. In contrast, we focus on pure NEs but note that mixed NEs
correspond to pure NEs of the mixed extension of a game and can therefore also be
handled within our framework. In the following, we focus on works that compute
pure equilibria leveraging mixed-integer programming techniques. Dragotto and
Scatamacchia (2023) address the computation, enumeration, and selection of Nash
equilibria in IPGs with purely integral strategy spaces using a cutting-plane algo-
rithm. In contrast to our B&C framework, their method solves integer programs at
intermediate steps and does not involve branching on fractional points. Kirst et al.
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(2024) propose a B&B algorithm for computing the set of all ε-additive approx-
imate equilibria within a specified error tolerance for IPGs with box-constraints.
By exploiting this special structure, their approach relies on rules that identify and
eliminate regions of the feasible space that cannot contain any such equilibrium.
Similar pruning arguments, exploiting the dominance of strategies based on the de-
rivative of the cost function, were used for standard NEPs with convex constraints
in the pure integer case. Here, Sagratella (2016) proposes a branching method to
compute the entire set of NE, which was further enhanced by Schwarze and Stein
(2023) via a pruning procedure.

Note that some of the above papers (Dragotto and Scatamacchia 2023; Kirst
et al. 2024; Sagratella 2017a) also consider additive ε-approximate equilibria. Out-
side the context of general formulations of mixed-integer (G)NEPs, approximate
equilibria have been studied in various settings. We refer to Deligkas et al. (2020)
for the case of continuous games. Recently, approximate mixed equilibria were
studied in Duguet et al. (2025a) for nonconvex cost functions. In the special case of
integer weighted congestion games, generalizations of the notion of potential games
led to approximation results for the value such that a multiplicative approximate
NE exist (Caragiannis et al. 2015; Hansknecht et al. 2014). For market equilibria,
other approximation concepts have been derived. For approximate solution con-
cepts relaxing the strategy spaces, e.g., the market-clearing condition; see Budish
(2011), Deligkas et al. (2024), Guruswami et al. (2005), and Vazirani and Yan-
nakakis (2011). Here, the Shapley–Folkman theorem (Starr 2012) constitutes an
important tool to prove existence of approximate equilibria; see, e.g., Liu et al.
(2023) for sum-aggregative games. Finally, multiplicative notions of approximate
market equilibria have been considered in Codenotti et al. (2005) and Garg et al.
(2025) for special (concave) cost functions and divisible goods.

2. Problem Statement

We consider a non-cooperative and complete-information game G with players
indexed by the set N = {1, . . . , n}. Each player i ∈ N solves the optimization
problem

min
xi

πi(xi, x−i)

s.t. xi ∈ Xi(x−i) ⊆ Zki × Rli ,
(Pi(x−i))

where xi is the strategy of player i and x−i denotes the vector of strategies of
all players except player i. The function πi :

∏
j∈N Rkj+lj → R denotes the cost

function of player i. The strategy set Xi(x−i) of player i depends on the rivals’
strategies x−i and is a subset of Zki ×Rli for ki, li ∈ Z≥0, i.e., the first ki strategy
components are integral and the remaining li are continuous variables. We assume
that the strategy sets are of the form

Xi(x−i) :=
{
xi ∈ Zki × Rli : gi(xi, x−i) ≤ 0

}
for a function gi :

∏
j∈N Rkj+lj → Rmi and mi ∈ Z≥0. We denote by X(x) :=∏

i∈N Xi(x−i) the product set of feasible strategies w.r.t. x and by

W :=

{
x ∈

∏
i∈N

Zki × Rli : x ∈ X(x)

}
=

{
x ∈

∏
i∈N

Zki × Rli : g(x) ≤ 0

}
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the set of feasible strategy profiles, where we abbreviate g(x) := (gi(x))i∈N . We
also use its continuous relaxation defined by

Ŵ :=

{
x ∈

∏
i∈N

Rki+li : g(x) ≤ 0

}
.

In order to guarantee that (Pi(x−i)) and our B&C node problems (discussed
below) admit an optimal solution (if feasible), we make the following standing
assumption.

Assumption 2.1.
(i) W is non-empty and Ŵ is compact.
(ii) For every player i, her cost function is bounded and lower semi-continuous

on Ŵ.

We consider now a multiplicative approximation vector α = (αi)i∈N ∈ [1,∞)N

and an additive approximation vector β = (βi)i∈N ∈ [0,∞)N . A strategy pro-
file x∗ ∈W is called an (α, β)-Nash equilibrium ((α, β)-NE) if

πi(x
∗
i , x

∗
−i) ≤ αiΦi(x

∗
−i) + βi for all i ∈ N

holds, where
Φi(x−i) := min

yi∈Xi(x−i)
πi(yi, x−i)

denotes the best-response value for player i w.r.t. x−i. We further denote by Φ(x) :=
(Φi(x−i))i∈N the vector of best-response values and call a vector (y∗i )i∈N with
y∗i ∈ argmin

{
πi(yi, x

∗
−i) : yi ∈ Xi(x−i)

}
a best-response vector to x.

We use the following notation throughout the paper. We denote the set of
all (α, β)-NE by E(α,β) ⊂ W. By Wi := {xi : ∃x−i with (xi, x−i) ∈ W} we refer
to the projection of W to the strategy space of player i and define analogously
W−i := {x−i : ∃xi with (xi, x−i) ∈W}.

3. The Algorithm

For a given approximation vectors (α, β) ∈ [1,∞)N × [0,∞)N , we now derive a
branch-and-cut (B&C) algorithm to compute an (α, β)-NE or prove that none exists
for the GNEP defined in Section 2. Using this algorithm as a subroutine allows
the study of Pareto-minimal approximation values (α, β) such that a corresponding
(α, β)-NE exists; cf. Section 5.

To this end, we reformulate the problem to find an (α, β)-NE as the optimization
problem

min
λ∈R,x∈W,η∈RN ,ξ∈RN

λ (R)

s.t. λ ≥ ξi
αi
− ηi −

βi

αi
for all i ∈ N, (1)

η ≤ Φ(x) (2)
ξ ≥ π(x). (3)

Here, η, ξ ∈ RN can be seen as proxy variables that approximate the best-response
values and costs at a strategy profile x, respectively.

Lemma 3.1. A strategy profile x ∈
∏

j∈N Rkj+lj is an (α, β)-NE if and only if
there exists a feasible point (x, λ, η, ξ) for (R) with λ ≤ 0. In particular, there
exists an (α, β)-NE if and only if the optimal value of (R) is smaller or equal to 0.



BRANCH-AND-CUT FOR COMPUTING APPROXIMATE EQUILIBRIA OF NASH GAMES 7

Proof. We start by showing the if-direction, i.e., let (x, λ, η, ξ) be feasible for (R)
with λ ≤ 0. Then x ∈W is a feasible strategy profile and for all i ∈ N , we get

0 ≥ λ
(1)
≥ ξi

αi
− ηi −

βi

αi

(2),(3)
≥ πi(x)

αi
− Φi(x−i)−

βi

αi
=⇒ πi(x) ≤ αiΦi(x−i) + βi.

Hence, x is an (α, β)-NE.
Now, we prove the only-if-direction, i.e., let x be a (α, β)-NE. Then, x ∈W and

for all i ∈ N , we have

πi(x) ≤ αiΦi(x−i) + βi =⇒ 0 ≥ πi(x)

αi
− Φi(x−i)−

βi

αi
,

showing that (x, 0,Φ(x), π(x)) is feasible for (R). □

Consequently, we are looking for a global minimizer (x, λ, η, ξ) of (R). To this
end, we draw inspiration from bilevel optimization and the so-called continuous
high-point relaxation (C-HPR). That is, we relax (R) by relaxing the integrality
constraints of the strategy profiles using Ŵ instead of W. Moreover, we relax both
of the inequality constraints (2) and (3) to obtain

min
x∈Ŵ,λ∈R,η∈RN ,ξ∈RN

λ (C-HPR)

s.t. λ ≥ ξi
αi
− ηi −

βi

αi
for all i ∈ N,

η ≤ η+, ξ ≥ ξ−,

where we use η+ ∈ RN (ξ− ∈ RN ) as a finite upper-bound (lower-bound) vector
for η (ξ) to ensure boundedness of the problem. For them to be valid, we require
that η+i ≥ Φ(x) for all x ∈ W and ξ+i ≤ πi(x) for all x ∈ W. Examples for such
bounds are

η+i = sup {πi(x) : x ∈Wi ×W−i} and ξ−i = inf {πi(x) : x ∈W} .
Note that these values are finite by the assumption that πi is bounded.

We aim to embed (C-HPR) in a B&C method. Note that in a B&C tree, each
node problem is given by the root-node problem (C-HPR) together with additional
constraints. These constraints correspond to the branching decisions and cuts added
along the path from the root node to node t. We denote them by Bt and Ct,
respectively. Hence, the problem at node t can be formulated as

min
x,λ,η,ξ

λ

s.t. λ ≥ ξi
αi
− ηi −

βi

αi
for all i ∈ N,

η ≤ η+, ξ ≥ ξ−,

(x, λ, η, ξ) ∈ (Ŵ × R× RN × RN ) ∩Bt ∩ Ct.

(Rt)

Let us denote by Ft ⊆ Rd the set of feasible solutions to the above problem (Rt)
with d :=

∑
i∈N (ki + li) + 1 + 2N .

We discuss in the following the required cuts that enhance the approximation
of Φ(x) and π(x) by η and ξ, respectively. We start with the following definition.

Definition 3.2. For any node t of the search tree, let (x∗, λ∗, η∗, ξ∗) ∈ W ×
R × RN × RN be an integer-feasible node solution, i.e., an integer-feasible solu-
tion to (Rt). Consider an arbitrary best-response vector y∗ w.r.t. x∗. Then, we
call an inequality c(x, λ, η, ξ;x∗, λ∗, η∗, ξ∗, y∗, α, β) ≤ 0, which is parameterized by
(x∗, λ∗, η∗, ξ∗, y∗, α, β), an approximate-Nash-equilibrium cut (ANE-cut) for node t
if the following two properties are satisfied:
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(i) It is satisfied by all points (x, 0,Φ(x), π(x)) ∈ EΦ,π
(α,β) ∩Bt ∩ Ct.

(ii) It is violated by (x∗, λ∗, η∗, ξ∗).
Here, we abbreviate for the set of equilibrium tuples via

EΦ,π
(α,β)

:=
{
(x, 0,Φ(x), π(x)) ∈W × R× RN × RN : x ∈ E(α,β)

}
.

In addition, an ANE-cut is said to be globally valid if it is satisfied by all points
(x, 0,Φ(x), π(x)) ∈ EΦ,π

(α,β). Such a cut is then valid for any node t of the B&C search
tree.

The B&C method now works as follows. Starting at the root node, we solve the
current node problem (Rt). In case that the problem is infeasible or the optimal
objective is larger than 0, there does not exist an (α, β)-NE in this node and we
prune it. Otherwise, we check if the optimal node solution is integer-feasible and
create new nodes as usual by branching on fractional integer variables if necessary.
Once we obtain an integer-feasible node solution (x∗, λ∗, η∗, ξ∗) ∈W×R×RN×RN ,
we check if x∗ is actually an (α, β)-NE. If so, we stop and return the (α, β)-NE.
Otherwise, we use an ANE-cut to cut off the integer-feasible point (x∗, λ∗, η∗, ξ∗)

without removing any point (x, 0, η, ξ) ∈ EΦ,π
(α,β) with x being an (α, β)-NE. The

procedure to process a node t is described formally in Algorithm 1.

Algorithm 1 Processing Node t

1: Solve (Rt).
2: if (Rt) is infeasible or the optimal objective is strictly positive then
3: Prune the node.
4: else
5: Let (x∗, λ∗, η∗, ξ∗) be a solution to (Rt).
6: if x∗ /∈W then
7: Create two child nodes by branching on a fractional variable.
8: else
9: Determine Φ(x∗) and obtain a solution y∗.

10: if πi(x
∗) ≤ αiΦi(x

∗
−i) + βi for all i ∈ N then ▷ x∗ is a (α, β)-NE

11: Return x∗ and stop the overall B&C method.
12: else ▷ η∗ ≰ Φ(x∗) or ξ ≱ π(x∗)
13: Augment Ct with a ANE-cut.
14: Go to Step 1.
15: end if
16: end if
17: end if

Note that as long as the introduced cuts result in closed sets Ct, the solution
in Line 5 always exists as πi is assumed to be lower semi-continuous on Ŵ for all
i ∈ N and the feasible set Ft of (Rt) is compact by Ct and Bt being closed and Ŵ
being compact.

In the remainder of this section, we prove the correctness of the B&C method,
i.e., we show that if the method terminates, it yields an (α, β)-NE x∗ ∈ E(α,β) or a
certificate for the non-existence of (α, β)-NEs. It is clear that if a strategy profile x∗

is returned by the algorithm, then this strategy profile is an (α, β)-NE since the
condition in Line 10 is fulfilled in this case. Hence, the correctness follows from the
next theorem.

Theorem 3.3. If the B&C algorithm terminates without finding an (α, β)-NE,
then there does not exist an (α, β)-NE.
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Proof. We first make the following observation. In the root node, the feasi-
ble set contains the set EΦ,π

(α,β) as for every (x, 0,Φ(x), π(x)) ∈ EΦ,π
(α,β), we have

(x, 0,Φ(x), π(x)) ∈ Ŵ × R× RN and

πi(x) ≤ αiΦi(x)− βi =⇒ 0 ≥ πi(x)

αi
− Φi(x−i)−

βi

αi
.

Hence, due to Condition (i) in Definition 3.2, the following invariant is true through-
out the execution of the B&C algorithm: The set EΦ,π

(α,β) is contained in the union
of the feasible sets of the problems (Rt) over all leaf nodes t in the B&C tree, i.e.,

EΦ,π
(α,β) ⊆

⋃
t is a leaf

Ft.

Note that pruned nodes are leafs of the B&C tree as well.
We argue in the following that Ft ∩ EΦ,π

(α,β) = ∅ holds for all leafs t in the case
of the B&C algorithm terminating without finding an (α, β)-NE. It then follows
directly by the above invariant that there does not exist any (α, β)-NE. If the B&C
algorithm terminates without finding an (α, β)-NE, every node t was ultimately
pruned, i.e., the condition in Line 2 was met and Problem (Rt) became either
infeasible or had a strictly positive optimal objective value. In the former case, it
is clear that Ft ∩ EΦ,π

(α,β) = ∅ holds because of Ft = ∅. Hence, consider a pruned leaf
node t with corresponding optimal objective value being strictly positive. Then,
any (x, λ,Φ(x), π(x)) ∈ Ft has λ > 0 and, subsequently, (x, λ,Φ(x), π(x)) /∈ EΦ,π

(α,β)

holds. Thus, the proof is finished. □

So far, we have shown the correctness of our B&C method for arbitrary ANE-
cuts. In the subsequent section, we derive under suitable conditions the existence
of such ANE-cuts and give sufficient conditions under which they lead to finite
termination of the B&C method.

4. Cuts and Finite Termination

We now investigate the existence of ANE-cuts and finite termination of our B&C
method. In Section 4.1, we consider the general case of mixed-integer GNEPs and
prove the existence of ANE-cuts via intersection cuts under suitable assumption.
For this, we have to construct (α, β)-NE-free sets, i.e., convex sets containing the
optimal integer-feasible node solution (that has to be cut off) in its interior. We
do so under the assumption of linear constraints and players’ cost functions being
convex in the entire strategy profile, or, concave in the entire strategy profile and
linear in the rivals’ strategies. Afterward, in Section 4.2, we consider the special
case of standard NEPs and derive specific (best-response) cuts tailored to the NEP
setting. Under the assumption of players having finitely many distinct best-response
sets, we prove the finite termination of our B&C method for these cuts. These
results for standard NEPs follow in analogy to the corresponding results by Duguet
et al. (2025b). There, they show particularly that players have finitely many distinct
best-response sets for the important special cases of (i) players’ cost functions being
concave in their own continuous strategies and (ii) the players’ cost function only
depending on their own strategy and the rivals integer strategy components.

For both of the above cases, we require the following useful observation regarding
Algorithm 1: Whenever a cut needs to be added, at least one of the proxy variables
must exhibit slack with respect to its corresponding approximation quantity. This
insight is crucial in order to show the existence of a proper cut, tightening the
respective proxy variable.
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Lemma 4.1. Suppose that the algorithm enters the else-part in Line 12. Then, at
least one of the following two statements is true:

(i) There exists an i ∈ N with η∗i > Φi(x
∗
−i).

(ii) There exists an i ∈ N with ξ∗i < πi(x
∗).

Proof. We argue in the following that (i) has to be fulfilled, if (ii) is not satisfied.
Since the condition in Line 2 was not met, the objective value of (x∗, λ∗, η∗) is

non-positive, i.e., λ∗ ≤ 0. In particular, by the feasibility of this point, we get for
all j ∈ N that

0 ≥ λ∗
j ≥

ξ∗j
αj
− η∗j −

βj

αj
=⇒ η∗j ≥

ξ∗j
αj
− βj

αj
.

Using that (ii) is not fulfilled in the above yields

η∗j ≥
ξ∗j
αj
− βj

αj
≥ πj(x

∗)

αj
− βj

αj
. (4)

Since the condition in Line 10 was not satisfied, there exists an i ∈ N with
πi(x

∗) > αiΦi(x
∗
−i) + βi. Using the above inequality (4) for j = i then yields

η∗i ≥
πi(x

∗)

αi
− βi

αi
>

αiΦi(x
∗
−i) + βi

αi
− βi

αi
= Φi(x

∗
−i)

and the desired statement follows. □

4.1. Generalized Nash Equilibrium Problems. With the framework presented
here, we are able to guarantee the existence of ICs under the following set of as-
sumptions.

Assumption 4.2. For every player i ∈ N , the following holds true.
(i) The constraint function gi is linear.
(ii) One of the following statements holds:

(a) Her cost function is differentiable and convex in the entire strategy
profile, i.e.,

πi :
∏
j∈N

Rkj+lj → R, x 7→ πi(x),

is differentiable and convex.
(b) Her cost function is concave in the entire strategy profile and linear in

the rivals’ strategies, i.e.,

πi :
∏
j∈N

Rkj+lj → R, x 7→ πi(x), is concave,

and for all xi ∈ Rli+ki ,

πi(xi, ·) :
∏
j ̸=i

Rkj+lj → R, x−i 7→ πi(xi, x−i) is linear.

For the remainder of this section, consider the situation of Definition 3.2 and
fix the corresponding integer-feasible solution (x∗, λ∗, η∗, ξ∗) and a corresponding
best response y∗. With this at hand, we derive sufficient conditions to define an
ANE-cut via an IC. To this end, we first observe that under Assumption 4.2, the
root-node problem is a linear program. In particular, since ICs are linear, any node
problem during the B&C remains a linear program if we only use ICs. In this
situation, an IC exists if there exists a (α, β)-NE-free set S(x∗, λ∗, η∗, ξ∗), i.e., a
convex set that contains (x∗, λ∗, η∗, ξ∗) in its interior but no equilibrium tuple in
EΦ,π
(α,β) ∩ Ft.
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We will introduce in the following two types of (α, β)-NE-free set, strengthening
the approximation of Φ(x) and π(x) by η and ξ, respectively. For the (α, β)-NE-free
set w.r.t. η, we define for all i ∈ N the set

Sη
i (x

∗, y∗) :=
{
(x, λ, η, ξ) ∈ Rd : ηi > πi(y

∗
i , x−i), y

∗
i ∈ Xi(x−i)

}
=
{
(x, λ, η, ξ) ∈ Rd : ηi > πi(y

∗
i , x−i), gi(y

∗
i , x−i) ≤ 0

}
.

For the (α, β)-NE-free set w.r.t. ξ, we define two different sub-types of sets, which
are convex for convex or concave cost functions, respectively. For the convex case,
we denote by ∇πi(x) the gradient of πi at x ∈ W for any i ∈ N . For all i ∈ N , let
us define

Sξ,conv
i (x∗) :=

{
(x, λ, η, ξ) ∈ Rd : ξi < πi(x

∗) +∇πi(x
∗)⊤(x− x∗)

}
and

Sξ,conc
i :=

{
(x, λ, η, ξ) ∈ Rd : ξi < πi(x)

}
.

For these sets, we get the following convexity statements:

Lemma 4.3. Under Assumption 4.2, the set Sη
i (x

∗, y∗) is convex. Moreover,
depending on whether Assumption 4.2(iia) or Assumption 4.2(iib) holds, the set
Sξ,conv
i (x∗) or Sξ,conc

i is convex.

Proof. We start with the convexity of Sη
i (x

∗, y∗):
Sη
i (x

∗, y∗): By rewriting the first condition of Sη
i (x

∗, y∗) via πi(y
∗
i , x−i)−ηi < 0, it

follows that this is a convex restriction under Assumption 4.2(iia) or a linear
restriction under Assumption 4.2(iib). Hence, since either one of these
conditions has to hold under Assumption 4.2, this restriction always leads to
a convex one. Since the second condition is linear under Assumption 4.2(i),
the convexity of Sη

i (x
∗, y∗) follows.

Next, we show that Sξ,conv
i (x∗) is convex if Assumption 4.2(iia) holds while

Sξ,conv
i (x∗) is convex if Assumption 4.2(iib) is fulfilled.

Sξ,conv
i (x∗): Let us rewrite the condition of Sξ,conv

i (x∗) by

ξi −∇πi(x
∗)⊤x < πi(x

∗)−∇πi(x
∗)⊤x∗.

The left-hand side is a linear function in x and ξi while the right-hand side
is a constant. Hence, the claim follows.

Sξ,conc
i : This is an immediate consequence of the assumed concavity in Assump-

tion 4.2(iib). □

Next, we show that these sets contain the optimal solution for the subsets

Nη(x∗, η∗) :=
{
i ∈ N : η∗i > Φi(x

∗
−i)

}
and Nξ(x∗, ξ∗) := {i ∈ N : ξ∗i < πi(x

∗)}
of players.

Lemma 4.4. Under Assumption 4.2, the following statement holds:
(i) (x∗, λ∗, η∗, ξ∗) ∈ Sη

i (x
∗, y∗) for any i ∈ Nη(x∗, η∗). Moreover, Sη

i (x
∗, y∗)

does not contain any point of the intersection EΦ,π
(α,β) ∩ Ft for all i ∈ N .

Moreover, depending on whether Assumption 4.2(iia) or Assumption 4.2(iib) holds
for i ∈ Nξ(x∗, ξ∗), one of the following statements holds:

(ii) (x∗, λ∗, η∗, ξ∗) is contained in the interior of Sξ,conv
i (x∗). Moreover,

Sξ,conv
i (x∗) does not contain any point of the intersection EΦ,π

(α,β)∩Ft. Hence,

Sξ,conv
i (x∗) is an (α, β)-NE-free set.

(iii) (x∗, λ∗, η∗, ξ∗) is contained in the interior of Sξ,conc
i . Moreover, Sξ,conc

i does
not contain any point of the intersection EΦ,π

(α,β) ∩ Ft. Hence, Sξ,conc is an
(α, β)-NE-free set.
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Proof. We start with the statements about Sη
i (x

∗, y∗).
(i) It holds (x∗, λ∗, η∗, ξ∗) ∈ Sη

i (x
∗, y∗) for any i ∈ Nη(x∗, η∗) because y∗i ∈

argminyi∈Xi(x∗
−i)

πi(yi, x
∗
−i) implies η∗i > Φi(x

∗
−i) = πi(y

∗
i , x

∗
−i) and y∗i ∈

Xi(x
∗
−i). Moreover, for any (x̄, 0,Φ(x̄), π(x̄)) ∈ EΦ,π

(α,β) ∩ Ft and i ∈ N with
y∗i ∈ Xi(x̄−i), we have that

Φi(x̄−i) = min
yi∈Xi(x̄−i)

πi(yi, x̄−i) ≤ πi(y
∗
i , x̄−i)

holds, showing that (x̄, 0,Φ(x̄), π(x̄)) /∈ Sη
i (x

∗, y∗).
Next, we show that, for i ∈ Nξ(x∗, ξ∗), the statements about Sξ,conv

i (x∗) are valid
if Assumption 4.2(iia) holds while the statements about Sξ,conc

i are valid if Assump-
tion 4.2(iib) is true.

(ii) The property that (x∗, λ∗, η∗, ξ∗) is contained in the interior of Sξ,conv
i (x∗)

for any i ∈ Nξ(x∗, ξ∗) follows immediately by definition. Hence, consider
an arbitrary i ∈ N and (x̄, 0,Φ(x̄), π(x̄)) ∈ EΦ,π

(α,β) ∩ Ft. By the assumed
convexity of πi in Assumption 4.2(iia), we get

πi(x̄) ≥ πi(x
∗) +∇πi(x

∗)⊤(x̄− x∗),

proving (x̄, 0,Φ(x̄), π(x̄)) /∈ Sξ,conv
i (x∗).

(iii) The statements are an immediate consequence of the definitions of the sets
Sξ,conc
i and Nξ(x∗, ξ∗) together with πi being continuous by the assumed

concavity in Assumption 4.2(iib). □

The set Sη
i (x

∗, y∗) is, in general, not suitable for deriving ICs as it is not guar-
anteed that (x∗, λ∗, η∗, ξ∗) belongs to its interior. This motivates us to defined the
following extended version:

Sη,ε
i (x∗, y∗) :=

{
(x, λ, η, ξ) ∈ Rd : ηi ≥ πi(y

∗
i , x−i), gi(y

∗
i , x−i) ≤ ε1

}
,

where ε > 0 and 1 denotes the vector of all ones (in appropriate dimension).
Provided that no point in EΦ,π

(α,β) ∩ Ft is contained in the interior of this extended
set, it follows from Lemmas 4.3 and 4.4 that Sη,ε

i (x∗, y∗) is an (α, β)-NE-free set
under Assumption 4.2. In this regard, Duguet et al. (2025b) provided sufficient
conditions, which carry directly over to our setting and are listed in the following.
Here, we denote by xint

i := (xi,1, . . . , xi,ki
) the integer components of player i’s

strategy and analogously by xint
−i the rivals’ integer components.

Lemma 4.5. Consider some i ∈ Nη(x∗, η∗) and the following statements with a
suitable integral matrix Ai and vector bi:

(i) gi(y
∗
i , x̄−i) is integral for every x̄ ∈ E(α,β).

(ii) y∗i is integral and gi(y
∗
i , x̄−i) = Ai(y

∗
i , x̄

int
−i)− bi for all x̄ ∈ E(α,β).

(iii) gi(y
∗
i , x̄−i) = Ai((y

∗
i )

int, x̄int
−i)− bi for all x̄ ∈ E(α,β).

(iv) y∗i and all x̄ ∈ E(α,β) are integral and gi(y
∗
i , x̄−i) = Ai(y

∗
i , x̄−i) − bi holds

for all x̄ ∈ E(α,β).
If (i) holds, then Sη,ε

i (x∗, y∗) with ε = 1 does not contain any point of EΦ,π
(α,β)∩Ct∩Bt

in its interior. Moreover, each of (ii), (iii), and (iv) imply (i).

Let us note that analogous assumptions are made in the respective literature
on mixed-integer bilevel optimization; see, e.g., Fischetti et al. (2018), Lozano and
Smith (2017), or Horländer et al. (2024).

Concluding, by Lemma 4.1 and the above, we can guarantee under suitable
assumptions the existence of ANE-cuts via an IC whenever a cut is needed. For an
explicit description on how to construct an IC, we refer to standard literature on
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IC theory such as Conforti et al. (2014, Section 6) or the description presented by
Duguet et al. (2025b).

4.2. Standard Nash Equilibrium Problems. We now come to the special case
of G being a standard NEP, i.e., Xi(x−i) ≡ Xi for some fixed strategy set Xi given
by Xi := {xi ∈ Zki×Rli : gi(xi) ≤ 0}. Note that the set of feasible strategy profiles
is then given by W =

∏
i∈N Xi.

We derive in the following a cut specifically tailored to the NEP setting and
suitable conditions under which the B&C method finitely terminates. Since we
assume that the relaxation Ŵ is bounded, there are only finitely many different
possible combinations of feasible integral strategy components. In particular, there
may only appear finitely many nodes in the B&C search tree. Hence, it is sufficient
to show that Algorithm 1 processes every node in finite time to show that the
overall B&C method finitely terminates.

Let us now come to the promised cuts. A fundamental difference in comparison
to the general GNEP case and the ICs used there is that we do not require optimal
solutions to the node problem to be a vertex of a polyhedral set to derive a suitable
cut. In this regard, the cuts themselves do not need to be linear either. In particular,
the approximation of the cost function via ξ becomes unnecessary and the addition
of these variables becomes obsolete. In order to keep the same notation, we will
still consider the problem (Rt) for a node problem but assume that we already have
employed the cuts ξ ≥ π(x) in the root node. Note that in this case, Lemma 4.1
shows that Nη(x∗, η∗) ̸= ∅ holds in the situation considered there.

Lemma 4.6. In the situation of Definition 3.2, the best-response-cut given by

c(x, λ, η, ξ;x∗, λ∗, η∗, ξ∗, y∗, α, β) := ci(x, λ, η, ξ; y
∗) := ηi − πi(y

∗
i , x−i) ≤ 0 (5)

yields an ANE-cut for every i ∈ Nη(x∗, η∗). It also holds N(x∗, η∗) ̸= ∅ in the
situation of Line 12 by Lemma 4.1, i.e., we can always use an ANE-cut of the
form (5). Moreover, these cuts are satisfied by all (x, 0,Φ(x), ξ) ∈W×R×RN×RN

and, hence, are globally valid.

Proof. Consider an arbitrary tuple (x̄, 0,Φ(x̄), ξ) ∈ W × R× RN × RN and i ∈ N .
Then, we have

Φi(x̄−i) = min
yi∈Xi

πi(yi, x̄−i) ≤ πi(y
∗
i , x̄−i).

Hence, c(x̄, 0,Φ(x̄), ξ; y∗) ≤ 0 and the cut fulfills Condition (i) of Definition 3.2.
Condition (ii) is an immediate consequence of the definition of Nη(x∗, η∗) and

Φi(x
∗
−i) = πi(y

∗
i , x

∗
−i). □

In the following, we derive sufficient conditions under which Algorithm 1 (and,
hence, the overall B&C method) terminates in finite time when using the cuts
introduced in Lemma 4.6. The following Theorem 4.7 provides an abstract sufficient
condition, which was shown in Duguet et al. (2025b, Lemma 4.6 and 4.7) to be
satisfied for the important two special cases in which

(i) the players’ cost functions are concave in their own continuous strategies
or

(ii) the players’ cost function only depend on their own strategy and the rivals
integer strategy components.

To state the promised theorem, we introduce the following terminology. Let us
denote by

BRi(x−i) := argmin {πi(yi, x−i) : yi ∈ Xi}
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the set of best responses to x−i ∈W−i. Moreover, let us define the set of all possible
best response sets by

BRi := {BRi(x−i) : x−i ∈W−i} ⊆ P(Wi),

where we denote by P(M) the power set of a set M .

Theorem 4.7. Suppose that |BRi|, i ∈ N are finite. If we use the ANE-cut (5)
from Lemma 4.6 in Line 13 of Algorithm 1, then Algorithm 1 terminates after a
finite number of steps.

The following lemma states a general statement about how the cuts in (5) act on
the feasible sets. From this, the claim of Theorem 4.7 follows almost immediately.

Lemma 4.8. Consider i ∈ N , j ∈ N, a sequence of points (x∗
s, η

∗
s ), s ∈ [j] :=

{1, . . . , j}, with corresponding best responses y∗s,i ∈ BRi((x
∗
s)−i), s ∈ [j], and cor-

responding sets

Cs
i :=

{
(x, η) ∈W × RN : ηi ≤ πi(y

∗
s′,i, x−i), s

′ ∈ [s− 1]
}
, s ∈ [j]. (6)

Then, if (x∗
j , η

∗
j ) ∈ Cj

i holds and if there exists ŝ ∈ [j − 1] with y∗ŝ,i ∈ BRi((x
∗
j )−i),

we have i /∈ Nη(x∗
j , η

∗
j ). In particular, if for every s ∈ [j], (x∗

s, η
∗
s ) ∈ Cs

i and
i ∈ Nη(x∗

s, η
∗
s ) holds, we obtain j ≤ |BRi|.

Proof. Assume that (x∗
j , η

∗
j ) ∈ Cj

i and there exists ŝ ∈ [j] with y∗j,i ∈ BRi((x
∗
ŝ)−i).

Then, we have

(η∗j )i ≤ πi(y
∗
ŝ,i, (x

∗
j )−i) = Φi((x

∗
j )−i).

The inequality follows from (x∗
j , η

∗
j ) ∈ Cj

i and the equality holds due to y∗ŝ,i ∈
BRi((x

∗
j )−i).

Now assume that for every s ∈ [j], (x∗
s, η

∗
s ) ∈ Cs

i and i ∈ Nη(x∗
s, η

∗
s ) holds.

Consider two arbitrary sequence indices s1 < s2 ≤ j. By applying the first part of
the lemma for ŝ = s1 and j = s2, we know that BRi((x

∗
s1)−i) ̸= BRi((x

∗
s2)−i) has

to hold since i ∈ Nη(x∗
s2 , η

∗
s2) is true by assumption.

Since this holds for arbitrary sequence indices, BRi((x
∗
s)−i), s ∈ [j], must be

pairwise different, implying the claim. □

With this lemma at hand, we are now in the position to prove Theorem 4.7.

Proof of Theorem 4.7. Consider an arbitrary sequence of iterations of Algorithm 1
with corresponding optimal solutions (x∗

s, λ
∗
s, η

∗
s , ξ

∗
s ) , s ∈ [l+1], and best responses

y∗s , s ∈ [l] for an l ∈ N. For every s ≤ l, denote by Cs
t the set Ct defined via the

cuts of node t after the (s − 1)-th iteration. Moreover, denote by Projx,η(C
s
t ) the

projection of Cs
t to the (x, η)-space. Let si1 < . . . < siji ≤ l be the indices in which

the feasible set was augmented with a cut from Lemma 4.6 for player i ∈ N . Then,

(x∗
sik
, η∗sik

) ∈ Projx,η(C
sik
t ) and i ∈ Nη(x∗

sik
, η∗sik

) for all k ≤ ji.

Define Ck
i as in (6) w.r.t. this subsequence and observe that Projx,η(C

sik
t ) ⊆ Ck

i .
Thus, Lemma 4.8 is applicable, implying ji ≤ |BRi|. Hence, l =

∑
i∈N ji ≤∑

i∈N |BRi|, which shows the claim. □

5. Adaptive B&C for Best-Approximate Nash Equilibria

In this section, we briefly discuss an adaptive B&C method to find best-
approximate NE. To this end, we ignore the additive part by setting β = 0 and
exemplarily focus on finding the minimum αmin ∈ R such that an (αmin, 0)-NE
exist. Here, we restrict ourselves to the case in which every player has the same
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approximation factor αmin and, with a slight abuse of notation, write (αmin, 0)-NE
instead of ((αmin, . . . , αmin), 0)-NE.

To provide a clearer intuition, let us first consider a standard binary search
over potential values of αmin in the interval [1, α+] coupled with our B&C method
considered so far. Starting with an initially given value α+ ≥ 1, we check if there
exists an (α+, 0)-NE by using the described B&C method with Algorithm 1 to
solve the nodes of the tree. If so, we use this α+ as the upper bound. Otherwise
we set α+ ← Fα+ with an update factor F ≫ 1 and re-solve the problem. This is
carried out until we find an appropriate α+ for which a corresponding approximate
equilibrium exists. Now we can carry out a binary search over this interval [1, α+],
where in each step with value α̃ ∈ [1, α+], we can apply our B&C method to
determine the existence or non-existence of a corresponding (α̃, 0)-NE and decrease
or increase the value of α̃ accordingly.

The above described simple binary search method is a multi-tree algorithm since
it explores a new B&C tree in every iteration. In the following, we describe how to
realize a single-tree implementation using a more sophisticated way to combine the
binary search with our B&C method. As described above, we determine an interval
[1, α+] of potential values for αmin. In what follows, let us call a node explored if
Algorithm 1 either branched on it or pruned it. Moreover, we call a node unexplored
if it is still in the queue or if it is the node being currently processed. In particular,
if an approximate NE is found by Algorithm 1 in a certain node of the tree, this
node will also be considered as unexplored in what follows. As in the previously
discussed approach, we perform a binary search over [1, α+], using our B&C method
as a subroutine. However, if in some iteration with value α̃ we find a (α̃, 0)-NE, we
do not need to restart the B&C tree search from scratch. Instead, we can recycle
the set Ñ of unexplored nodes corresponding to the iteration in which the (α̃, 0)-
NE was found. This leads to a single-tree realization of the adaptive B&C method
where we only have to update the constraints (1) involving the variable λ to fit to
the new α parameter. We consider two variants that differentiate in the amount
of recycled information: In singleTree, we only reuse the tree structure, i.e., the
branching and pruning decisions. In singleTree+Cuts, we also keep, in addition, the
derived cuts.

We now prove that these single-tree methods are correct.

Proposition 5.1. Let α1 > α2 ≥ 1 be given. Assume an (α1, 0)-NE was found
using Algorithm 1 and let Ñ be the respective set of unexplored nodes. Moreover,
let x̂ be an (α2, 0)-NE. Then, the point ẑ := (x̂, 0,Φ(x̂), π(x̂)) is feasible for one of
the nodes in Ñ .

Proof. Note that any (α2, 0)-NE is also an (α1, 0)-NE. Thus, since x̂ is an (α2, 0)-
NE, the point ẑ is feasible for (C-HPR), i.e., for the root-node problem of the tree
search to compute an (α1, 0)-NE.

There are three operations performed on nodes in Algorithm 1 in which the
feasible point ẑ could be removed: branching, cutting, and pruning. Since ẑ satisfies
all integrality constraints, no branching constraint can cut off ẑ. Again, because x̂
is an (α1, 0)-NE as well, an ANE-cut for α1 does not cut off ẑ. Finally, ẑ is feasible
and has an objective value of 0, so it cannot be removed by pruning. □

From this it immediately follows that for a given valid upper bound α̃, both
variants compute αmin (up to the tolerance for the interval size of the binary search).
To this end, set α1 := α̃ as well as α2 := αmin and apply Proposition 5.1.

Note that the same idea can be applied to compute best-approximate (0, βmin)-
NE and, via discretization of one of the two approximation values, an approximate
Pareto-frontier can be sampled as well.
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6. Numerical Results for the NEP Case

In this section, we present numerical results on the computation of the mini-
mum approximation value αmin ∈ R such that an (αmin, 0)-NE exist. Here, we
restrict ourselves again to the case in which every player has the same approxi-
mation factor αmin and slightly abuse notation in writing (αmin, 0)-NE instead of
((αmin, . . . , αmin), 0)-NE. We discuss the implementation details as well as the soft-
ware and hardware setup in Section 6.1. Then, we present the considered game in
Section 6.2, together with a description of the generation of instances and the choice
of parameter values. Finally, the numerical results are discussed in Section 6.3.

6.1. Implementation Details. The computations have been executed on a single
core Intel Xeon Gold 6126 processor at 2.6GHz with 4GB of RAM. The code is
implemented in C++ and compiled with GCC 13.1. We consider a strategy profile x
to be an (α, 0)-NE if πi(x) ≤ αΦi(x−i) + 10−8 holds for each player i. For the
pruning step in Line 2, we check if the objective value is greater than 10−5. In
addition, in Lines 1 and 9, we solve MIQCPs or MIQPs using Gurobi 12.0 (Gurobi
Optimization, LLC 2024) with the parameter feasTol set to 10−9, the parameter
numericFocus set to 3, and the parameter MIPGap set to its default when solving
the node problem and set to 0 when solving the best-response problems. Finally,
a cut is added in Line 13 for each player i ∈ Nη(x∗, η∗) and if the violation of the
produced cut evaluated at the optimal solution (x∗, λ∗, η∗, ξ∗) to the current node
problem is greater than 5 · 10−6. All the non-default parameter values have been
chosen based on preliminary numerical testing.

The exploration strategy of the branching scheme is depth-first search, while
the variable chosen for branching is the most fractional one. In case of a tie, the
smallest index is chosen. While the performance of our method most likely would
benefit from more sophisticated node selection strategies and branching rules, their
study and implementation is out of scope of this paper.

6.2. Implementation Games. We study a model of Kelly et al. (1998) in the
domain of TCP-based congestion control. To this end, we consider a directed
graph G = (V,E) with nodes V and edges E. The set of players is given by
N = {1, . . . , n} and each player i ∈ N is associated with an end-to-end pair (si, ti) ∈
V × V . The strategy xi of player i ∈ N represents an integral (si, ti)-flow with a
flow value equal to her demand di ∈ Z≥0. Thus, the strategy set of a player i ∈ N
is described by

Xi := {xi ∈ ZE
+ : AGxi = bi} ∪ {0}, (7)

i.e., the union of the 0-flow and the flow polyhedron of player i with AG being
the arc-incidence matrix of the graph G and bi being the vector with (bi)si = di,
(bi)ti = −di, and 0 otherwise. Note that this allows players to not participate in
the game because xi = 0 is a feasible strategy. All players want to maximize their
utility given by µ⊤

i xi for player i choosing strategy xi for a given vector µi ∈ RE
≥0.

In addition to the set N of players, there is a central authority, which aims to
determine a price vector p∗ ∈ RE

≥0 for the edges with the goal to (weakly) implement
a certain edge load vector u ∈ RE

≥0, i.e., the authority wants to determine a price
vector p∗ such that there exists a strategy profile x∗ of the players in N with the
following properties.

(i) The load is at most u, i.e., ℓ(x∗) :=
∑

i∈N x∗
i ≤ u.

(ii) The strategy x∗ is an equilibrium for the given p∗, i.e.,

x∗
i ∈ argmax

{
(µi − p∗)⊤xi : xi ∈ Xi

}
holds for all i ∈ N .
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(iii) The edges for which the targeted load is not fully used have zero price, i.e.,
ℓe(x

∗) < ue implies p∗e = 0,
(iv) The price is bounded from above, i.e., p∗ ≤ pmax.

Here, pmax ∈ RE
≥0 is some upper bound on the prices satisfying

pmax
e > |E| ·max

e′∈E
(µi)e′ ·max

e′∈E
ce′

for all i ∈ N and e ∈ E.
For the setting in which players are allowed to send fractional arbitrary amounts

of flow, Kelly et al. (1998) proved that every vector u is weakly implementable.
Allowing a fully fractional distribution of the flow, however, is not possible in some
applications—the notion of data packets as indivisible units seems more realistic.
The issue of completely fractional routing versus integrality requirements has been
explicitly addressed by Orda et al. (1993), Harks and Klimm (2016), and Wang et
al. (2011). Recently, Harks and Schwarz (2023) introduced a unifying framework for
pricing in nonconvex resource allocation games, which, in particular, encompasses
the integrality-constrained version of the model originally studied by Kelly et al.
(1998). They proved (Corollary 7.8) that for the case of identical utility vectors
µi = µ, i ∈ N , and same sources si = s, i ∈ N , any integral vector is weakly
implementable. However, in the general case, the implementability of a vector u is
not guaranteed. This raises the question of which vectors are implementable and
which are not.

We can model this question as a NEP with n + 1 players in which the first
n players correspond to the player set N and the (n + 1)-th player is the central
authority. We denote by (x, p) a strategy profile and set the costs to the negated
utility πi(xi, x−i, p) = (p− µi)

⊤xi for i ∈ N and the costs of the central authority
to πn+1(p, x) = (u− ℓ(x))⊤p. The strategy spaces are given by Xi in (7) for i ∈ N
and by Xn+1 := {p ∈ RE

≥0 : p ≤ pmax}.
Lemma 5.1 in Duguet et al. (2025b) shows that a tuple (x∗, p∗) weakly imple-

ments u if and only if (x∗, p∗) is an exact equilibrium of the constructed NEP. Note
that in Duguet et al. (2025b), the authors consider a capacity-constrained version
of this problem, leading to a GNEP reformulation. Yet, for sufficiently large capac-
ities, the problems become equivalent. In the computational study of Duguet et al.
(2025b), the authors proved the non-existence of implementing prices for several
instances. Here, we now apply our methods to compute a minimal multiplicative
factor αmin such that a corresponding approximate equilibrium exists for the NEP
versions of these instances.

We use the 450 implementation game instances from Duguet et al. (2025b), where
more details can be found. To obtain NEP versions of these instances we neglect the
decisions of the other players in the respective capacity constraints. Regarding the
parameters of the binary search used in the three variants described in Section 5,
we set the initial value of α+ to 10, the interval size tolerance is set to 0.1, and the
factor F equals 10. We use a time limit of 3600 s and a memory limit of 3GB of
RAM for solving the node problems.

6.3. Discussion of the Results. Figure 2 shows the results on the NEP imple-
mentation games. Among the 450 instances, 25 were solved by the simple binary
search method, 42 by the variant singleTree+Cuts, and 37 by the variant singleTree
of our adaptive B&C method. For this figure we used a computation time of 3600 s,
i.e., the time limit, for those instances that run into the memory limit for the node
problems. According to the left figure, the simple binary search method seems to
be less efficient than the two variants of our adaptive B&C method. singleTree
seems a bit more efficient than singleTree+Cuts for easier instances (solved in less
than one minute), but seems less efficient for harder instances. Hence, it seems that
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Figure 2. Left: Number of instances solved with respect to the
computation time for instances solved for the simple binary search
method (solid red line), the singleTree+Cuts variant (dashed blue
line) and the singleTree variant (long-dashed green line). Right:
Number of instances for which an (α, 0)-NE or better was found
using the singleTree+Cuts variant.

tighter node relaxations help for hard instances while the increased size of the mod-
els harms the solution process for the easier ones. Thus, the overall best-performing
variant is singleTree+Cuts. This variant proves that αmin ≤ 10 for 242 out of the
450 instances (54%), as seen in the right figure. For this figure, we used the best
upper bound found even for instances which later stopped because of the time or
memory limit. In addition, it proves that an exact NE exist in 8% of the instances.
Finally, it is never able to prove that a (10, 0)-NE does not exist.

7. Conclusion

We presented a B&C method for computing (α, β)-NE for standard and general-
ized Nash equilibrium problems with mixed-integer variables. For the GNEP case,
the method relies on the existence of suitable cuts, which we derive under appropri-
ate assumptions using intersection cuts. For the special case of NEPs, we consider
a different type of cut and show that our method terminates in finite time provided
that each player has only finitely many distinct best-response sets. Building upon
this B&C approach, we further introduce a single-tree binary-search method to
compute best-approximate equilibria under some simplifying assumptions. A first
numerical case study for a class of mixed-integer flow games shows the applicability
of the approach.

Future work based on this contribution includes studying weaker assumptions for
deriving intersection cuts; e.g., we believe that the assumption of linear constraints
can be relaxed to constraints being convex. Moreover, finiteness of the B&C method
for the GNEP case seems to be within reach under suitably chosen additional
assumptions and, finally, the binary-search method can be extended to actually
sample the approximate Pareto-frontier of (α, β)-NEs.
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