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Abstract

This paper considers nonsmooth convex optimization with either a subgradient or proximal
operator oracle. In both settings, we identify algorithms that achieve the recently introduced
game-theoretic optimality notion for algorithms known as subgame perfection. Subgame perfect
algorithms meet a more stringent requirement than just minimax optimality. Not only must
they provide optimal uniform guarantees on the entire problem class, but also on any subclass
determined by information revealed during the execution of the algorithm. In the setting of
nonsmooth convex optimization with a subgradient oracle, we show that the Kelley cutting plane-
Like Method due to Drori and Teboulle [1] is subgame perfect. For nonsmooth convex optimization
with a proximal operator oracle, we develop a new algorithm, the Subgame Perfect Proximal Point
Algorithm, and establish that it is subgame perfect. Both of these methods solve a history-aware
second-order cone program within each iteration, independent of the ambient problem dimension,
to plan their next steps. This yields performance guarantees that are never worse than the minimax
optimal guarantees and often substantially better.

1 Introduction

Consider a (potentially nonsmooth) convex minimization problem

min
x∈Rd

f(x)

with unknown minimizer x⋆. We are particularly interested in the high-dimensional regime where d
may be arbitrarily large. To design iterative methods for such problems, one typically assumes an
oracle access model for f . The two most fundamental oracle models for nonsmooth optimization are
the subgradient oracle

x 7→ (f(x), g) where g ∈ ∂f(x) := {g ∈ Rd | f(z) ≥ f(x) + ⟨g, z − x⟩ ∀z ∈ Rd}

and g ∈ ∂f(x) may be chosen adversarially; and the proximal operator oracle,

x 7→ (f(y), y) where y = proxL,f (x) := argmin
y∈Rd

f(y) +
L

2
∥y − x∥2

for a given proximal parameter L > 0. Throughout, we will consider algorithms given a fixed budget
of N evaluations of one of these two oracles, for producing approximate minimizers.

These two models of optimization have seen substantial study. The study of subgradient methods
(those utilizing a subgradient oracle), was pioneered early on by [2, 3, 4]. Similarly, proximal methods
(those utilizing a proximal operator oracle), have a rich history of study dating back to [5, 6, 7, 8].

A classical goal in algorithm design is minimax optimal performance on a given problem class.
That is, one often wants an algorithm with the best worst-case performance. To be concrete, consider
designing a subgradient method, with a budget of N subgradient oracle queries, for minimizing an
M -Lipschitz continuous convex function f given an initialization x0 with ∥x0 − x⋆∥ ≤ R for some
minimizer x⋆ of f . Denote the set of all such instances (f, x0) by FM,R. Denote by A the set of all
(deterministic) subgradient-span methods with iterates satisfying

xn ∈ x0 + span{g0, . . . , gn−1}, gi ∈ ∂f(xi) (1)
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for n = 1, . . . , N . That is, each A ∈ A is a deterministic map from a history (possibly empty) of query-
response pairs {(x0, f0, g0), . . . , (xn−1, fn−1, gn−1)} to the next query point xn ∈ x0+span{g0, . . . , gn−1}.
Here, fi is shorthand for f(xi). When A ∈ A and (f, x0) ∈ FM,R are clear from context, we will let
x0, x1, . . . , xN denote the iterates produced by A on the instance (f, x0). The worst-case final objective
gap for A is given by

max
(f,x0)∈FM,R

f(xN )− f(x⋆).

An algorithm is “minimax optimal” if it attains the optimal worst-case performance guarantee:

min
A∈A

max
(f,x0)∈FM,R

f(xN )− f(x⋆). (2)

Methods that are within a universal constant factor of being minimax optimal for a wide range of
problem/algorithm settings were designed in the 1980s by the seminal works [9, 10]. Since then, exactly
minimax optimal algorithms have been designed for many settings [11, 12, 13, 14, 15], supported by
matching lower bounding instances [16, 17], in large part spurred by the Performance Estimation
Program (PEP) methodology [18, 19, 20].

Alas, minimax optimal algorithms often do not offer the best performance on “typical” or “real-
world” problems. In essence, minimax optimality is a uniform requirement and does not preclude an
algorithm from performing “suboptimally” when the problem instance (f, x0) ∈ FM,R is not chosen
adversarially.

Recently, a theoretically grounded approach to strengthening minimax optimality was proposed by
the present authors in [21]. Instead of only requiring optimal guarantees on the entire problem class,
we require that the algorithm, at every iteration n, offers the optimal guarantee against the subclass of
remaining problem instances agreeing with the oracle responses so far. That is, letH = {(xi, fi, gi)}n−1

i=0

denote the history of query-response pairs seen up to iteration n. Denote by FH
M,R ⊆ FM,R the set of

remaining problem instances (f, x0) agreeing with the given history, i.e., fi = f(xi) and gi ∈ ∂f(xi).
Similarly, denote by AH the set of all subgradient methods providing a continuation of the first n
iterates x0, . . . , xn−1 for the remaining N −n+1 iterations.1 Then, an algorithm is “subgame perfect”
if at every iteration n and for any observed history H up to iteration n, it attains the best possible
worst-case final objective gap in the remaining iterations

min
A∈AH

max
(f,x0)∈FH

M,R

f(xN )− f(x⋆). (3)

This is a strengthening of minimax optimality, since at iteration n = 0, (3) reduces to (2). The
terminology “subgame perfect” stems from a game-theoretic perspective on (2) and (3): A minimax
optimal method and a worst-case adversarial selection of the problem instance (f, x0) together provide
a saddle point, or Nash Equilibrium, of (2). In other words, a minimax optimal method corresponds
to an optimal algorithm for playing (2) if (f, x0) is chosen adversarially. On the other hand, a
subgame perfect method and an associated subgame perfect adversary form a Subgame Perfect Nash
Equilibrium for the associated sequential optimization game. Intuitively, a subgame perfect method
corresponds to an algorithm that optimally capitalizes on imperfect play by the adversary, while
maintaining minimax optimality against fully adversarial play. This offers a principled beyond-worst-
case guarantee for convex optimization. We refer readers to [21] for a more in-depth discussion of this
game-theoretic perspective. Additionally, numerical experiments are given in [21, 22] showing strong
practical gains from such refinements.

This subgame perfect criteria was first proposed in the context of smooth convex minimization [21].
In this work, we show that subgame perfect methods can also be designed for the setting of nonsmooth
convex minimization. First, we show that the Kelley cutting plane-Like Method (KLM) of Drori and
Teboulle [1] is in fact subgame perfect for Lipschitz convex minimization with a subgradient oracle.
Second, we design a new subgame perfect algorithm for convex optimization with a proximal oracle,
which we call the Subgame Perfect Proximal Point Algorithm (SPPPA).

Contributions and organization. In Section 2, we begin by describing a minimax optimal subgra-
dient method, KLM, of Drori and Teboulle [1] and state its dynamic guarantees. We then show that
this method is subgame perfect by constructing a matching dynamic lower bound. In Section 3, we

1Formally, AH is the subset of A ∈ A mapping {(xi, fi, gi)}j−1
i=0 7→ xj for all j = 1, . . . , n− 1.
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turn to designing a new subgame perfect proximal point-type method. Our method, SPPPA, general-
izes the known minimax-optimal proximal point method, improving it with a dynamic reoptimization
of its inductive hypothesis at every iteration. In Section 4, we prove that SPPPA is subgame perfect
by examining associated dual certificates generated by these reoptimizations at each step to construct
matching dynamic lower bounds. We expect this process to generalize to yet more settings in the
future, discussed briefly in Section 5.

2 Subgame Perfect Subgradient Method

In this section, we consider unconstrained minimization of a convex M -Lipschitz function

min
x∈Rd

f(x).

That is, f : Rd → R is convex and M -Lipschitz. Note that this ensures ∥g∥ ≤ M for every g ∈ ∂f(x)
and x ∈ Rd. We assume an optimal point x⋆ ∈ argmin f exists and that the given initialization x0

satisfies ∥x0−x⋆∥ ≤ R. Throughout, all norms are the Euclidean norm associated with the given inner
product ⟨·, ·⟩.

Given the iterates x0, . . . , xN , it is convenient to reason about the associated first-order (subgradi-
ent) data {(xi, fi, gi)}i∈I with fi = f(xi) and gi ∈ ∂f(xi) where I = {0, . . . , N}. At times, it will be
useful to include the minimizer x⋆ in our set of observations; to do so, we set g⋆ = 0, f⋆ = f(x⋆) and
I⋆ = {0, . . . , N, ⋆}. Convexity of f ensures that

Qi,j := fi − fj − ⟨gj , xi − xj⟩ ≥ 0 ∀i, j ∈ I⋆,

and the M -Lipschitz continuity of f ensures that

Si := M2 − ∥gi∥2 ≥ 0 ∀i ∈ I⋆.

That is, the nonnegativity of the above quantities is a necessary condition on the first-order data to
have come from some M -Lipschitz convex function. A special case of the interpolation theorem of [20,
Theorem 3.5] states that this condition is also sufficient:

Lemma 2.1 ([20, Theorem 3.5]). Let {(xi, fi, gi)}i∈I⋆
⊆ Rd ×R×Rd. The quantities Qi,j and Si are

nonnegative for all i, j ∈ I⋆ if and only if there exists an M -Lipschitz convex function f satisfying

fi = f(xi) and gi ∈ ∂f(xi) ∀i ∈ I⋆.

This lemma can also be proved directly by setting f(y) = maxi∈I⋆{fi + ⟨gi, y − xi⟩}.

2.1 The Kelley-Like Method of Drori and Teboulle [1]

The Kelley cutting plane Method [23] is an early example of a “bundle method”: an algorithm main-
taining a bundle of first-order information {(xi, fi, gi)}n−1

i=0 at each iteration n, used to inform the
selection of the next iterate xn. Such methods have a long history of practical success, being studied
theoretically by [3, 4, 24, 25, 26, 27, 28, 29, 30, 31] among many other works.

Drori and Teboulle [1] designed a variant of the Kelley cutting plane method seeking to optimize the
iterate selection against the hardest possible function consistent with the observed subgradients. Their
resulting method was developed by reformulating and relaxing the search for the hard instances through
a series of mathematical programs, eventually providing a tractable planning problem to be solved at
every iteration. From this, they propose their Kelley cutting plane-Like Method (KLM), which solves
this planning problem at every iteration to dynamically respond to observed subgradients. In partic-
ular, consider an observed history of first-order evaluations prior to iteration n, H = {(xi, fi, gi)}n−1

i=0

where fi = f(xi) and gi ∈ ∂f(xi). KLM sets fn−1/2 = mini=0,...,n−1 fi as the minimum function value
observed so far, then solves the second-order cone program

Θn =


max

y∈Rd,ζ,t∈R
fn−1/2 − t

s.t. t ≥ fi + ⟨gi, y − xi⟩ ∀i = 0, . . . , n− 1

fn−1/2 −Mζ ≤ t

∥y − x0∥2 + (N − n+ 1)ζ2 ≤ R2.

(4)
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Observe that (i) Θn ≥ 0 since y = x⋆, ζ = 0, t = fn−1/2 is a feasible solution and (ii) there exists an
optimal solution with y ∈ x0+span{g0, . . . , gn−1}. Letting (y, ζ, t) denote some such optimal solution to
this problem in the nth iteration, KLM will iterate by setting xn = y. Since y ∈ x0+span{g0, . . . , gn−1},
this update falls within the (sub)gradient span model (1).

The KLM is formalized in Algorithm 1. As input, this method requires bounds on the problem
Lipschitz constant M , the distance to a minimizer R, and the total iteration budget N . In [1], it is
noted that one can freely, at some iterations, take a regular subgradient method step instead of the
optimized step resulting from the planning subproblem. We omit this from our presentation as the
resulting algorithm is no longer subgame perfect.

Algorithm 1 The Kelley cutting plane-Like Method (KLM)

Given convex f , initial iterate x0, Lipschitz constant M , distance bound R, iteration count N

• For n = 0, define Θ0 = MR/
√
N + 1

• For n = 1, 2, . . . , N

– Query oracle to get fn−1 = f(xn−1) and gn−1 ∈ ∂f(xn−1).

– Let fn−1/2 = mini∈0,...,n−1 fi and solve (4), generating Θn and optimal (y, ζ, t).

– Set xn = y.

The design philosophy of Drori and Teboulle is very similar in nature to the motivation behind
the subgame perfect framework of [21], making KLM a plausible candidate for a subgame perfect
subgradient method. In [1], they proved the following convergence upper bound for KLM.

Theorem 2.1. For any (f, x0) ∈ FM,R and N ≥ 0, the output xN of KLM is guaranteed to satisfy

f(xN )− f(x⋆) ≤ ΘN ≤ · · · ≤ Θ1 ≤ Θ0 =
MR√
N + 1

.

The derivation of this dynamic sequence of upper bounds is nontrivial, requiring substantial interme-
diate developments. We refer readers to [1] for its proof.

In addition to this upper bound, Drori and Teboulle provide a lower bounding instance (assuming
d ≥ N+1) showing that no subgradient method can achieve a worst-case convergence guarantee strictly
better than MR/

√
N + 1. As a result, KLM is minimax optimal for Lipschitz convex minimization

in the sense of (2). However, this single hard instance is insufficient to prove that KLM is subgame
perfect. Instead, one needs to construct a dynamic lower bound consistent with any observed history
up to iteration n matching the upper bound Θn at iteration n. The remainder of this section provides
such a construction leading to the following strengthened guarantee for KLM:

Theorem 2.2. Let N > 0 and d ≥ N + 1 and consider some iteration 0 ≤ n ≤ N . Suppose
H = {(xi, fi, gi)}n−1

i=0 is the set of observed first-order history. Then,

min
A∈AH

max
(f,x0)∈FH

M,R

f(A(f, x0))− f(x⋆) = Θn.

That is, KLM is subgame perfect.

The hardness result of [1] is equivalent to the special case of this theorem with n = 0.

2.2 Proof of Theorem 2.2

This section contains a proof of Theorem 2.2. Since the case n = 0 is covered by [1], we will assume
1 ≤ n ≤ N and d ≥ N + 1. Fix a set of observed first-order history {(xi, fi, gi)}n−1

i=0 .
Our goal is to construct an instance (f, x0) ∈ FH

M,R so that for all A ∈ AH:

f(A(f, x0))− f(x⋆) ≥ Θn. (5)
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Since d ≥ N+1, we can choose orthonormal vectors en, . . . , eN perpendicular to span{g0, . . . , gn−1}.
By definition, Θn is the optimal value of (4). Let (y, ζ, t) denote an optimizer of (4). Define

xi := y −
fn−1/2 − t

M

i−1∑
j=n

ej , fi := fn−1/2, gi := Mei for all i = n, . . . , N, (6)

treating the sum above as 0 when it is empty and

x⋆ := y −
fn−1/2 − t

M

N∑
j=n

ej , f⋆ := t, g⋆ := 0.

Combining the given first-order data, {(xi, fi, gi)}i=0,...,n−1, with the constructed first-order data,
{(xi, fi, gi)}i=n,...,N,⋆, we may construct our candidate hard function as the associated max-of-affine
function

fH(x) := max
i∈I⋆

{fi + ⟨gi, x− xi⟩
}
. (7)

One may verify that xn, . . . , xN are the iterates produced by KLM on this instance (fH, x0). This
justifies the notation xn, . . . , xN , x⋆ and we refer to these quantities as the “future iterates.” We caution
that the n through Nth iterates produced by some other algorithm A ∈ AH may not coincide with
the above construction of xn, . . . , xN . Nonetheless, it will still hold that the instance (fH, x0) ∈ FH

M,R

is hard for all A ∈ AH in the sense of (5).
Below we verify that (fH, x0) ∈ FH

M,R and prove a needed “zero-chain” property. These facts can
then be combined to give a short direct proof of Theorem 2.2.

Proposition 2.2. Suppose d ≥ N + 1 and 1 ≤ n ≤ N . Let (fH, x0) denote the instance constructed
above from H = {(xi, fi, gi)}n−1

i=0 . It holds that fH is convex and M -Lipschitz,

fH(xi) = fi ∂fH(xi) ∋ gi ∀i ∈ I⋆,

and ∥x0 − x⋆∥ ≤ R. In particular, (fH, x0) ∈ FH
M,R.

Proof. As fH is a finite maximum of M -Lipschitz affine functions, it follows that it is convex and
M -Lipschitz.

We next check that fH(xi) = fi and ∂fH(xi) ∋ gi for all i ∈ I⋆. Inspecting (7), we see it suffices
to check that the affine function fi + ⟨gi, y − xi⟩ is active at xi, i.e., that

Qi,j := fi − fj − ⟨gj , xi − xj⟩ ≥ 0 ∀i, j ∈ I⋆.

We break this verification into cases: First, suppose i ∈ {0, . . . , n− 1}. Then,

j ∈ {0, . . . , n− 1} : fi ≥ fj + ⟨gj , xi − xj⟩,
j ∈ {n, . . . , N} : fi ≥ fn−1/2 = fj + ⟨gj , xi − xj⟩, and

j = ⋆ : fi ≥ fn−1/2 ≥ f⋆ = f⋆ + ⟨g⋆, xi − x⋆⟩.

The first case comes from the fact that the observed first-order history must come from some convex
function; the second case uses the definition of fn−1/2 and the orthogonality of gj = Mej to the span
span{g0, . . . , gn−1, . . . , gj−1} which contains both xi − x0 and xj − x0 for the equality; and the third
case uses that Θn ≥ 0 so that f⋆ ≤ fn−1/2 and that g⋆ = 0.

Next, suppose i ∈ {n, . . . , N}. Then,

j ∈ {0, . . . , n− 1} : fi = fn−1/2 = t+Θn ≥ fj + ⟨gj , y − xj⟩+Θn ≥ fj + ⟨gj , xi − xj⟩,
j ∈ {n, . . . , N} : fi = fn−1/2 = fj ≥ fj + ⟨gj , xi − xj⟩, and

j = ⋆ : fi = fn−1/2 = f⋆ +Θn ≥ f⋆ = f⋆ + ⟨g⋆, xi − x⋆⟩.

The first case uses the first constraint in (4) and that Θn ≥ 0; the second case uses that ⟨gj , xi − xj⟩
is zero when j ≥ i and negative when j < i; and the third case uses that g⋆ = 0.
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Finally, suppose i = ⋆. Then,

j ∈ {0, . . . , n− 1} : f⋆ = t ≥ fj + ⟨gj , y − xj⟩ = fj + ⟨gj , x⋆ − xj⟩, and

j ∈ {n, . . . , N} : f⋆ = fn−1/2 −Θn = fj +

〈
Mej ,−

fn−1/2 − t

M
ej

〉
= fj + ⟨gj , x⋆ − xj⟩.

The first case uses the first constraint in (4) and the orthogonality of gj to x⋆ − y.
We deduce that

fH(xi) = fi gi ∈ ∂fH(xi) for all i ∈ I⋆.

Since g⋆ = 0 ∈ ∂fH(x⋆), x⋆ must be a minimizer of fH.
It remains to verify the needed distance from initialization to a minimizer bound:

∥x0 − x⋆∥2 = ∥y − x0∥2 + (N − n+ 1)

(
fn−1/2 − t

M

)2

≤ ∥y − x0∥2 + (N − n+ 1)ζ2 ≤ R2,

where the equality follows from orthogonality of each ei in our definition of x⋆ and the two inequalities
use the constraints respectively fn−1/2 −Mζ ≤ t and ∥y − x0∥2 + (N − n+ 1)ζ2 ≤ R2.

Proposition 2.3. Fix j ∈ {n, . . . , N − 1} and let x ∈ x0 + span{g0, . . . , gj−1}. Then

{g0, . . . , gj} ∩ ∂fH(x) ̸= ∅.

Proof. Consider an x ∈ x0 + span{g0, . . . , gj−1}. Let i ∈ I⋆ denote an active component of fH(x) in
the definition (7). If i < j, then gi ∈ ∂fH(x) and we are done. Otherwise, suppose i ≥ j. Note by
orthogonality, that for every i ≥ j,

fi + ⟨gi, x− xi⟩ = fi = fn−1/2.

As a result, gj ∈ ∂fH(x) and we are done.

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. By Proposition 2.2, the instance (fH, x0) ∈ FH
M,R. Now consider an arbitrary

deterministic subgradient-span method A ∈ AH responsible for producing iterates xA
n , x

A
n+1, . . . , x

A
N .

By the subgradient-span condition, xA
n ∈ x0 + span{g0, . . . , gn−1}. Inductively, suppose that for

n ≤ j < N , xA
j ∈ x0+span{g0, . . . , gj−1}. By Proposition 2.3, an adversarial oracle could provide some

subgradient in {g0, . . . , gj}, so that by the subgradient-span condition, xA
j+1 ∈ x0 + span{g0, . . . , gj}.

We deduce that xA
N ∈ x0 + span{g0, . . . , gN−1}. As a result,

fH(xA
N ) ≥ fN + ⟨gN , xA

N − xN ⟩ = fN = f⋆ + (fn−1/2 − t) = f⋆ +Θn,

where the inequality restricts to theNth affine term defining fH and the first equality uses orthogonality
of gN = MeN to span{g0, . . . , gN−1} which contains xA

N − xN .

3 The Subgame Perfect Proximal Point Algorithm (SPPPA)

We next design a subgame perfect algorithm in the setting of nonsmooth convex optimization with a
proximal operator oracle.

Let L0, L1, . . . , LN denote a fixed sequence of parameters. Our family of algorithms in this setting
consists of any algorithm of the form: Given an initialization x0, iterate for n = 1, . . . , N : query the
proximal operator oracle at xn−1 to receive

yn−1 = proxLn−1,f (xn−1)

gn−1 = Ln−1(xn−1 − yn−1) ∈ ∂f(yn−1)

fn−1 = f(yn−1)

; (8)

then pick the next query point
xn ∈ x0 + span{g0, . . . , gn−1}

6



as a function of the first-order history {(xi, fi, gi)}n−1
i=0 . The fact that gn−1 ∈ ∂f(yn−1) is an immediate

consequence of the optimality condition governing the proximal step’s computation. We caution the
reader that in the proximal operator setting, we measure objective values at yi (in contrast to the
subgradient oracle setting, where we evaluated objective values at xi).

Define y⋆ = x⋆ ∈ argminx f(x), f⋆ = f(y⋆) = minx f(x), and g⋆ = 0 ∈ ∂f(y⋆). We see that
gi ∈ ∂f(yi) for all i ∈ I⋆ so that

Qi,j := fi − fj − ⟨gj , yi − yj⟩ ≥ 0 (9)

for all i, j ∈ I⋆.
In our design of proximal point methods, we will not assume either Lipschitz continuity of f or a

bound on ∥x0 − y⋆∥. Instead, the target class of problem instances is all (f, x0) with f closed, convex,
proper, and attaining a minimum at some y⋆. In this setting, a natural goal is to seek to reduce the
normalized suboptimality

f(yN )− f(y⋆)
1
2∥x0 − y⋆∥2

.

Indeed, as ∥x0 − y⋆∥ is allowed to be arbitrarily large, it is impossible to provide any bound on the
unnormalized suboptimality for any proximal point method.

A series of classic works [32, 33, 34, 35] have developed minimax optimal methods for this task
(although their exact optimality was only recently proven in [36]). Below, in Section 3.1, we discuss a
minimax optimal algorithm, called the Optimized Proximal Point Algorithm (OPPA), and present an
inductive proof of its convergence guarantee. In Section 3.2, we will introduce the Subgame Perfect
Proximal Point Algorithm (SPPPA), a modification of OPPA that dynamically optimizes the inductive
statement within the proof of OPPA using observed first-order information. The remainder of Section 3
will prove dynamic upper bounds on the convergence rate of SPPPA. Dynamic lower bounds will be
presented in Section 4, thereby showing that SPPPA is subgame perfect.

Note that the setting of proximal operators has substantial similarities to the setting of smooth
convex optimization. In particular, if one fixes all Ln = L to be constant, then proximal operator
steps are exactly gradient steps on the objective function’s Moreau envelope. Correspondingly, our
developed method and analysis here closely mirror those of the subgame perfect gradient method [21],
recovering the core operations of SPGM in the special case of a constant proximal parameter sequence.

3.1 The Existing Optimized Proximal Point Algorithm (OPPA)

We now describe a minimax optimal method, which we refer to as the “Optimized Proximal Point
Algorithm” (OPPA). This method was first proposed in the case of constant proximal parameters
Ln = L by Güler [33]. Generalizations allowing for any Ln as well as inexactness in the evaluation
of proximal operators were given by [34] and [35], which reduce to OPPA when proximal operator
evaluations are exact.

OPPA maintains four sequences of iterates xn ∈ Rd, yn ∈ Rd, zn ∈ Rd and τn ∈ R via the following
induction: x0 is given; initialize τ0 = 2/L0 and z1 = x0 − τ0g0; using the proximal operator oracle,
inductively define for n = 1, 2, . . .

yn−1 = proxLn−1,f (xn−1)

gn−1 = Ln−1(xn−1 − yn−1) ∈ ∂f(yn−1)

τn = τn−1 +
1
Ln

(1 +
√
1 + 2Lnτn−1)

xn = τn−1

τn
yn−1 +

τn−τn−1

τn
zn

zn+1 = zn − (τn − τn−1)gn

. (10)

It will be conceptually useful to view zn+1 as being defined in the nth iteration, although it cannot
explicitly be computed until the (n + 1)th iteration, after gn is observed. OPPA’s design and proof
strategy maintains a specific inductive hypothesis on its iterate sequences. Our design of SPPPA and
its proof will use these same ideas.

For n ≥ 0, define the expression

Hn := τn(f⋆ − fn)−
1

2
∥zn+1 − y⋆∥2 +

1

2
∥x0 − y⋆∥2. (11)
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Lemma 3.1. For any closed convex proper f with minimizer x⋆ = y⋆ ∈ Rd and any x0 ∈ Rd, H0 ≥ 0.

Proof. By definition, x0 = y0 + g0/L0, z1 = x0 − 2g0/L0 = y0 − g0/L0, and τ0 = 2
L0

. Thus,

H0 =
2

L0
(f⋆ − f0)−

1

2
∥y0 − x⋆ − g0/L0∥2 +

1

2
∥y0 − x⋆ + g0/L0∥2

=
2

L0
(f⋆ − f0) +

2

L0
⟨g0, y0 − x⋆⟩ =

2

L0
Q⋆,0 ≥ 0,

where the last inequality follows from (9).

Lemma 3.2. Suppose f is closed convex proper with minimizer x⋆ = y⋆ ∈ Rd, m ∈ [0, n− 1], τ ′ ∈ R,
and z′ ∈ Rd satisfy

H ′ := τ ′(f⋆ − fm)− 1

2
∥z′ − y⋆∥2 +

1

2
∥x0 − y⋆∥2 ≥ 0.

Define

τn = τ ′ +
1

Ln
(1 +

√
1 + 2Lnτ ′), xn =

τ ′

τn
ym +

τn − τ ′

τn
z′, and zn+1 = z′ − (τn − τ ′)gn.

Then, Hn ≥ 0.

Proof. It suffices to check that Hn = H ′ + (τn − τ ′)Q⋆,n + τ ′Qm,n, which is nonnegative as it is the
sum of three nonnegative terms.

Applying the above lemma with m = n− 1, τ ′ = τn−1 and z′ = zn, we deduce that Hn ≥ 0 for all
n ≥ 0. This leads us to OPPA’s convergence guarantee:

τN (fN − f⋆) ≤ τN (fN − f⋆) +
1

2
∥zN+1 − x⋆∥2 ≤ 1

2
∥x0 − x⋆∥2. (12)

To make this convergence guarantee concrete, if Ln = L is constant, then τN = N2/2L + o(N2).
Thus, the bound becomes f(yN ) − f(x⋆) ≤ L∥x0 − x⋆∥2/N2 up to lower order terms. It has long
been known that this O(1/N2) is the minimax optimal order of convergence [37, 38]. Many works
since [39, 40, 41, 42, 43, 44, 45] have built lower bounding theory for first-order methods. Recently, [36]
extended the zero-chain framework of [45] to provide the first exactly matching lower bound for OPPA,
proving its minimax optimality.

3.2 Design of SPPPA

SPPPA is presented in Algorithm 2. Similar to OPPA, SPPPA will maintain iterate sequences xn, yn, zn
(and a scalar sequence τn) so that the expression Hn (defined in (11)) is nonnegative for all n ≥ 0.
We will adopt OPPA’s initialization so that H0 ≥ 0 (see Lemma 3.1). The key conceptual difference
between OPPA and SPPPA is that SPPPA will, in each iteration n, apply Lemma 3.2 to a choice of
m ∈ [0, n− 1], τ ′, and z′ determined by the observed first-order responses. This contrasts with OPPA,
where m, τ ′, z′ are always set to n− 1, τn−1, and zn respectively.

3.2.1 The Planning Subproblem

We now develop a tractable subproblem, the planning subproblem, for optimizing m, τ ′, z′.
Throughout this subsection, we will assume SPPPA is at iteration n and has observed/constructed

{(yi, fi, gi, zi+1, τi)}n−1
i=0 with fi = f(yi), gi ∈ ∂f(yi). Furthermore, we may assume by induction that

Hi ≥ 0 for all 0 ≤ i ≤ n− 1.
Fix an arbitrary m ∈ argmini∈[0,n−1] fi and define the following matrices and vectors

Z =
[
z1 − x0 · · · zn − x0

]
∈ Rd×n, G =

[
g0 · · · gn−1

]
∈ Rd×n, (13)

τ = (τ0, . . . , τn−1)
⊤, f = (f0, . . . , fn−1)

⊤,

and as additional helpful quantities

q = (q0, . . . , qn−1)
⊤, a = (a0, . . . , an−1)

⊤, b = (b0, . . . , bn−1)
⊤ (14)
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where qi := fi − ⟨gi, yi − x0⟩, ai := 1
2∥zi+1 − x0∥2 + τi(fi − fm), and bi := qi − fm. Our goal is to find

τ ′ and z′ so that H ′ ≥ 0. We will attempt to certify the nonnegativity of H ′ by writing it as

H ′ =

n−1∑
i=0

µiHi +

n−1∑
i=0

λ⋆,iQ⋆,i + ε (15)

for some nonnegative µ, λ⋆ ∈ Rn and ε ∈ R.

Lemma 3.3. For any vectors µ, λ⋆ ∈ Rn, the identity (15) holds if

τ ′ = ⟨τ, µ⟩+ ⟨1, λ⋆⟩, z′ = x0 + Zµ−Gλ⋆,

ε = ⟨µ, a⟩+ ⟨λ⋆, b⟩ − 1
2∥Zµ−Gλ⋆∥2.

Hence, if µ, λ⋆ ≥ 0 and ε ≥ 0, then H ′ ≥ 0.

Proof. Verifying this identity simply corresponds to expanding the right-hand side and collecting like
terms. For completeness, we present this verification below:

Plugging in the definitionHi = τi(f⋆−fi)+
1
2∥x0−y⋆∥2− 1

2∥zi+1−y⋆∥2 and noting
∑

i µi(x0−zi+1) =
−Zµ, the first term in our claimed decomposition equals∑

i

µiHi = ⟨τ, µ⟩f⋆ −
∑
i

µiτifi − 1
2

∑
i

µi∥zi+1 − x0∥2 +
〈
y⋆ − x0, Zµ

〉
= ⟨τ, µ⟩(f⋆ − fm)− ⟨µ, a⟩+

〈
y⋆ − x0, Zµ

〉
.

Using qi = fi − ⟨gi, yi − x0⟩ and so Q⋆,i = f⋆ − fi − ⟨gi, y⋆ − yi⟩ = f⋆ − qi − ⟨gi, y⋆ − x0⟩, the second
term in our claimed decomposition equals∑

i

λ⋆,iQ⋆,i = ⟨1, λ⋆⟩f⋆ − ⟨λ⋆, q⟩ −
〈
y⋆ − x0, Gλ⋆

〉
= ⟨1, λ⋆⟩(f⋆ − fm)− ⟨λ⋆, b⟩ −

〈
y⋆ − x0, Gλ⋆

〉
.

Summing these two expressions with ε = ⟨µ, a⟩+ ⟨λ⋆, b⟩ − 1
2∥Zµ−Gλ⋆∥2 gives

n−1∑
i=0

µiHi +

n−1∑
i=0

λ⋆,iQ⋆,i + ε

= (⟨τ, µ⟩+ ⟨1, λ⋆⟩)(f⋆ − fm) +
〈
y⋆ − x0, Zµ−Gλ⋆

〉
− 1

2∥Zµ−Gλ⋆∥2

= (⟨τ, µ⟩+ ⟨1, λ⋆⟩)(f⋆ − fm) + 1
2∥x0 − y⋆∥2 − 1

2∥x0 + Zµ−Gλ⋆ − y⋆∥2.

Plugging in the chosen values of τ ′, z′ from the lemma statement, this is exactly H ′. The final con-
clusion that H ′ must be nonnegative whenever µ, λ⋆ ≥ 0 and ε ≥ 0 follows from the fact that this
decomposition shows H ′ is then equal to a sum of nonnegative quantities.

The objective function in the planning subproblem is to maximize the value of τ ′. Hence, the
planning subproblem can be written as

τ ′ = sup
µ,λ⋆∈Rn

≥0

{
⟨τ, µ⟩+ ⟨1, λ⋆⟩ : 1

2∥Zµ−Gλ⋆∥2 ≤ ⟨µ, a⟩+ ⟨λ⋆, b⟩
}
. (16)

This is a simple convex optimization problem, independent of the ambient dimension d, optimizing a
linear function over a feasible region given by nonnegativity and a single rotated second-order cone
constraint. Although the optimizer of (16) lacks a closed-form in general, linear optimization over
a single convex quadratic constraint (and nonnegativity) is quite standard and can be done using
industrial solvers.

Note that µ = (0, . . . , 0, 1), λ⋆ = (0, . . . , 0) is always a feasible solution in (16), as the constraint
becomes

1

2
∥zn − x0∥2 ≤ 1

2
∥zn − x0∥2 + τn−1(fn−1 − fm),

which holds by the assumption that m ∈ argmini∈[0,n−1] fi. We deduce that τ ′ ≥ τn−1.
On the other hand, if (16) has unbounded optimal value, then we claim ym ∈ argminx f(x). Indeed,

for any feasible µ, λ⋆ in (16), it holds that H ′ ≥ 0. Thus, by rearranging, we have that

f(ym)− f⋆ ≤ 1

2(⟨τ, µ⟩+ ⟨1, λ⋆⟩)
∥x0 − x⋆∥2.
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3.2.2 Subgame Perfect Proximal Point Algorithm and its Guarantees

We now formally state SPPPA:

Algorithm 2 The Subgame Perfect Proximal Point Algorithm (SPPPA)

Given closed convex proper function f , initial iterate x0, proximal parameter sequence L0, L1, . . .

• Define τ0 = 2
L0

and z1 = x0 − τ0g0

• For n = 1, 2, . . . .

– Query yn−1 = proxLn−1,f (xn−1) and fn−1 = f(yn−1). Set gn−1 = Ln−1(xn−1 − yn−1).

– Let m ∈ argmini∈{0,...,n−1} {f(yi)}.
– If (16) is unbounded, terminate and output ym. Else, let (µ, λ⋆) be an optimal solution to

(16) and set τ ′ = ⟨τ, µ⟩+ ⟨1, λ⋆⟩ and z′ = x0 + Zµ−Gλ⋆.

– Define

τn = τ ′ +
1

Ln
(1 +

√
1 + 2Lnτ ′)

xn =
τ ′

τn
ym +

τn − τ ′

τn
z′

zn+1 = z′ − (τn − τ ′)gn.

By Lemmas 3.1, 3.2 and 3.3, this method maintains Hn ≥ 0 at every iteration and hence provides
a guarantee in every iteration

f(yn)− f(y⋆)
1
2∥x0 − x⋆∥2

≤ 1

τn
.

In order to argue that SPPPA is subgame perfect, we will additionally need dynamic guarantees
on f(yN )− f(y⋆) that can be made at earlier iterations 0 ≤ n ≤ N . We will state these guarantees in
terms of a doubly-indexed expression τi,j . First, define τ0,0, . . . , τ0,N to be the sequence generated by
the OPPA recurrence: τ0,0 = 2/L0 and for all i ∈ [1, N ],

τ0,i = τ0,i−1 +
1

Li
(1 +

√
1 + 2Liτ0,i−1).

Next, for every fixed n ∈ [1, N ], let τ̃ denote the optimal value of (16) in iteration n, and define{
τn,n−1 = τ ′

τn,i = τn,i−1 +
1
Li
(1 +

√
1 + 2Liτn,i−1).

(17)

Note that the τn sequence maintained in SPPPA coincides with the sequence τn,n.

Theorem 3.1. For any closed convex proper f and x0 ∈ Rd and fixed sequence of proximal parameters
L0, . . . , LN−1, SPPPA guarantees

f(yN )− f⋆
1
2∥x0 − x⋆∥2

≤ ΨN ≤ · · · ≤ Ψ0,

where Ψn = 1/τn,N is the guarantee of SPPPA based on the first-order responses seen up to iteration
n and Ψ0 is the minimax optimal guarantee ensured by OPPA.

Proof. Recall that at iteration n, the optimal value of τ ′ in (16) is at least τn−1. This is equivalent to
saying that τn,n−1 ≥ τn−1,n−1 for all n = 1, . . . , N .
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Now, observe that for any L > 0, the expression τ + 1
L (1 +

√
1 + 2Lτ) is an increasing function of

τ . We deduce that for any n ∈ [1, N ],

τn,n = τn,n−1 +
1

Ln
(1 +

√
1 + 2Lnτn,n−1)

≥ τn−1,n−1 +
1

Ln
(1 +

√
1 + 2Lnτn−1,n−1)

= τn−1,n.

We can chain this argument to get:

τn,n ≥ τn−1,n−1 +
1

Ln
(1 +

√
1 + 2Lnτn−1,n−1)

≥ τn−2,n−1 +
1

Ln
(1 +

√
1 + 2Lnτn−2,n−1)

= τn−2,n.

Repeating this argument shows that τ0,N ≤ τ1,N ≤ · · · ≤ τN,N , thereby completing the argument.

As a pragmatic note, any feasible solution to the problem (16) suffices to ensure that the induc-
tion Hn ≥ 0. OPPA corresponds to one specific (often suboptimal) feasible solution. As a practical
consequence of this freedom to select suboptimal (µ, λ⋆), one may easily design a limited-memory
variant of SPPPA where only memory of the last k data are stored {(yi, fi, gi, zi+1, τi)}n−1

i=n−k. In
such a setting, the convex optimization problem (16) is then of fixed dimension 2k, incurring only
a constant per-iteration cost to the algorithm. In the setting of smooth convex optimization, a lim-
ited memory subgame perfect method has already been preliminarily, experimentally explored [21].
An adaptive, parameter-free subgame perfect method was developed in [22], showing even stronger
practical performance on a wider numerical sample.

4 Subgame Perfection of SPPPA

This section constructs, for any given history of first-order information revealed before the nth itera-
tion, a worst–case convex function for which no method of the form (8) can outperform the SPPPA
guarantee. Our argument leverages the zero-chain construction ideas of [45] that were extended to
proximal settings by [36]. Our process for dynamically constructing lower bounds parallels that of the
smooth convex setting [21].

4.1 Dynamic Construction of Candidate Hard Problem Instance

Fix an n ∈ [1, N ] in this section. Let H = {(xi, fi, gi, yi, τi, zi+1)}n−1
i=0 be the iterates and responses

produced/observed by SPPPA with proximal parameters (Li)i≥0, where yi = proxLi,f (xi) and gi =
Li(xi − yi) ∈ ∂f(yi), and fi = f(yi). Note that by construction, for all i, j ∈ {0, . . . , n− 1},

Qi,j = f(yi)− f(yj)− ⟨gj , yi − yj⟩ ≥ 0,

and
Hi = τi(f(y⋆)− f(yi)) +

1
2∥x0 − y⋆∥2 − 1

2∥zi+1 − y⋆∥2 ≥ 0.

We will take our hard function f to be a max-of-affine function

fH(x) = max
i∈I⋆

{fi + ⟨gi, x− yi⟩}, (18)

where the tuples (fi, gi, yi) come from the given history of first-order responses for i = 0, . . . , n − 1,
and need to be constructed for i = n, . . . , N, ⋆.
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4.1.1 Dual of the Planning Subproblem

As the guarantee of SPPPA depends on the optimal value of the planning subproblem, it is natural
to use a dual optimal solution to construct lower bounds. We continue using the notation defined
in (13) and (14). Let (µ, λ⋆) denote the maximizers of (16) computed by SPPPA in its nth iteration,
generating values τ ′ = ⟨τ, µ⟩+ ⟨1, λ⋆⟩ and z′ = x0 + Zµ−Gλ⋆. We derive the dual to (16) below.

Lemma 4.1. The dual of (16) is

inf
ξ>0, w∈Rd

{
1

2ξ
∥w∥2 : τ + ξa− Z⊤w ≤ 0, 1+ ξb+G⊤w ≤ 0

}
. (19)

If the supremum in (16) is finite, it is attained and strong duality holds. For any primal/dual optimizers
(µ, λ⋆) and (ξ, w),

w = ξ(z′ − x0).

Proof. Consider the Lagrangian with multiplier ξ ≥ 0:

L(µ, λ⋆; ξ) = ⟨τ, µ⟩+ ⟨1, λ⋆⟩+ ξ
(
⟨µ, a⟩+ ⟨λ⋆, b⟩ − 1

2∥Zµ−Gλ⋆∥2
)
, µ, λ⋆ ≥ 0.

Using the Fenchel identity − ξ
2∥t∥

2 = infw∈Rd

{
1
2ξ∥w∥

2 − ⟨w, t⟩
}
(valid for ξ ≥ 0), we get

L(µ, λ⋆; ξ) = inf
w∈Rd

{
1
2ξ∥w∥

2 + ⟨τ + ξa− Z⊤w, µ⟩+ ⟨1+ ξb+G⊤w, λ⋆⟩
}
.

Maximizing over µ, λ⋆ ≥ 0 yields finiteness if and only if

τ + ξa− Z⊤w ≤ 0, 1+ ξb+G⊤w ≤ 0,

in which case the supremum over (µ, λ⋆) equals 0. Then a short algebraic simplification gives the dual

inf
ξ>0, w∈Rd

{
1

2ξ
∥w∥2 : τ + ξa− Z⊤w ≤ 0, 1+ ξb+G⊤w ≤ 0

}
.

If the supremum in (16) is finite, the recession directions that would make it +∞ are excluded, which
forces ξ > 0; standard conic/Fenchel duality (and closedness of the feasible set) then gives strong
duality and attainment on both sides.

By the Fenchel step, at any primal/dual optimizers (µ, λ⋆) and (ξ, w) we have

w = ξ(Zµ−Gλ⋆) = ξ(z′ − x0).

It will be instructive to view the dual variable w = ξ(z′−x0) as parameterized by z′ and ξ = 1
fm−f⋆

as parameterized by the variable f⋆. This quantity will coincide with the optimal value of the hard
function that we will construct in this next section, justifying the notation f⋆. The constraints in the
dual problem can be rewritten as constraints on f⋆ and z′: for every i ∈ {0, . . . , n− 1},

f⋆ ≥ fi + ⟨gi, z′ − yi⟩, (20)

τi(f⋆ − fi) +
1
2∥x0 − z′∥2 − 1

2∥zi+1 − z′∥2 ≥ 0. (21)

4.1.2 Construction of Our Dynamic Hard Instance

It suffices to consider the case where (16) is bounded as otherwise SPPPA outputs an exact minimizer
of f . Let (µ, λ⋆) denote optimizers and let (w, ξ) be optimizers of the primal and dual problems. By
Lemma 4.1, w = ξ(z′ − x0). Let en, . . . , eN be unit vectors orthogonal to span{g0, . . . , gn−1} and
mutually orthogonal. It is possible to pick these vectors under the assumption d ≥ N + 1.
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Then we define future iterates and first-order observations for i ∈ {n, . . . , N} as follows (first at
i = n, then inductively for i > n)

τn = τ ′ +
1

Ln

(
1 +

√
1 + 2Lnτ ′

)
τi = τi−1 +

1

Li

(
1 +

√
1 + 2Liτi−1

)
xn =

τ ′

τn
ym +

τn − τ ′

τn
z′ xi =

τi−1

τi
yi−1 +

τi − τi−1

τi
zi

gn =

√
fm − f⋆
τn − τ ′

en gi =

√
fi−1 − f⋆
τi − τi−1

ei

fn = fm − 1

Ln
∥gn∥2 fi = fi−1 −

1

Li
∥gi∥2

yn = xn − 1

Ln
gn yi = xi −

1

Li
gi

zn+1 = z′ − (τn − τ ′)gn zi+1 = zi − (τi − τi−1)gi.

For i = ⋆, set f⋆ = fm − 1
ξ , g⋆ = 0 and y⋆ = zN+1.

Note that with these definitions, τn,i = τi for all i = n, . . . , N so that Ψn = 1
τn,N

= 1
τN

.

4.2 Properties of the Candidate Hard Instance

The following three lemmas record useful algebraic properties of our construction. Proofs of each of
these results are given in the appendix for completeness.

Lemma 4.2. For i ∈ {n, . . . , N}, the following hold for each index j < i

⟨gj , yi − yj⟩ =

{
⟨gj , z′ − yj⟩+ τ ′

τi
⟨gj , ym − z′⟩ if j < n

− τi−τj
τi

(
fj − f⋆

)
if j ≥ n.

(22)

Lemma 4.3. For i ∈ {n, . . . , N}, τi
(
fi − f⋆

)
is nondecreasing and τn

(
fn − f⋆

)
≥ τ ′(fm − f⋆).

Lemma 4.4. It holds that Qm,n = Qn,n+1 = · · · = QN−1,N = 0. For i ∈ {n, . . . , N},

Q⋆,i = 0, Hi = τi(f⋆ − fi) +
1
2∥x0 − y⋆∥2 − 1

2∥zi+1 − y⋆∥2 = 0.

The following pair of propositions establish the key properties enabling fH to serve as a dynamic
hard lower bounding instance for proving subgame perfection. First we show that indeed fH inter-
polates the past observed data and the proposed future values in our definition. Second we show
that this construction has a zero-chain property, preventing any proximal point-type method (8) from
discovering more than one new direction ei per iteration.

Proposition 4.5. The function fH is proper, closed, and convex, satisfying for every i ∈ I, fH(yi) =
fi and gi ∈ ∂fH(yi).

Proof. Note that fH must be closed, convex, and proper since it is defined as a finite maximum of
affine functions. As occurred in our previous lower bound construction for KLM in Proposition 2.2, it
suffices to verify nonnegativity of each Qi,j to verify fH(yi) = fi and gi ∈ ∂fH(yi). Again, we do this
case-wise:

First consider i ∈ {0, . . . , n− 1}. If j ∈ {0, . . . , n− 1} as well, then Qi,j ≥ 0 follows since the past
observations were generated from some convex function. If j ∈ {n, . . . , N}, then

Qi,j = fi − (fj + ⟨gj , yi − yj⟩)
= fi − (f⋆ − ⟨gj , y⋆ − yj⟩+ ⟨gj , yi − yj⟩)
= fi − f⋆ + ⟨gj , y⋆ − yi⟩
= fi − f⋆ − (τj − τj−1)∥gj∥2

= fi − fj−1 ≥ 0 (23)
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where the second equality uses that Q⋆,j = 0 by Lemma 4.4. If j = ⋆, then

Qi,⋆ = fi − (f⋆ + ⟨g⋆, yi − y⋆⟩) = fi − f⋆ = fi − fm +
1

ξ
≥ 0.

Next consider i ∈ {n, . . . , N}. If j ∈ {0, . . . , n− 1}, then

Qi,j = fi − fj − ⟨gj , yi − yj⟩

= fi − fj −
(
⟨gj , z′ − yj⟩+

τ ′

τi
⟨gj , ym − z′⟩

)
= fi −

(
1− τ ′

τi

)
(fj + ⟨gj , z′ − yj⟩)−

τ ′

τi
(fj + ⟨gj , ym − yj⟩)

≥ fi −
(
1− τ ′

τi

)
f⋆ −

τ ′

τi
fm

=
τi(fi − f⋆)− τ ′(fm − f⋆)

τi
≥ 0,

where the second equality uses Lemma 4.2, the first inequality uses (20) and Qm,j ≥ 0 and the second
inequality uses Lemma 4.3. If j ∈ {n, . . . , i− 1}, then

Qi,j = fi − fj − ⟨gj , yi − yj⟩

= fi − fj +
τi − τj

τi
(fj − f⋆)

=
1

τi
(τi(fi − f⋆)− τj(fj − f⋆)) ≥ 0,

where the second equality uses Lemma 4.2 and the final inequality follows from Lemma 4.3. If j ∈
{i + 1, . . . , N}, then this follows by the same reasoning presented in the chain of equalities (23). If
j = ⋆, then

Qi,⋆ = fi − (f⋆ + ⟨g⋆, yi − y⋆⟩) = fi − f⋆ ≥ 0.

Finally, consider i = ⋆. Then for j ∈ {0, . . . , n− 1}, having Q⋆,j ≥ 0 is precisely guaranteed by the
first dual constraint (20). For j ∈ {n, . . . , N}, Q⋆,j = 0 is guaranteed by Lemma 4.4.

Proposition 4.6. Suppose 0 ≤ n ≤ N and the history H = {(xi, fi, gi, yi, τi, zi+1)}n−1
i=0 is given.

Let fH denote the function constructed in (18) and Section 4.1. Let j ∈ {n, . . . , N − 1}. If x ∈
x0 + span{g0, . . . , gj−1}, then

proxLj ,fH(x) ∈ x0 + span{g0, . . . , gj}.

Proof. Fix j ∈ {n, . . . , N − 1} and define

f̃(x) = max
i≤j

{fi + ⟨gi, x− yi⟩} ≤ fH(x).

Fix an x ∈ x0 + span{g0, . . . , gj−1}. Let y = proxLj ,f̃
(x). We know that g = Lj(x − y) ∈ ∂f̃(x)

is a convex combination of {g0, . . . , gj}. Then, as x ∈ x0 + span{g0, . . . , gj−1}, we deduce that y =
x− g/Lj ∈ x0 + span{g0, . . . , gj}. Recall that we defined gj to be orthogonal to gi for all i < j. Thus,
it follows that ⟨gj , g⟩ ≤ ∥gj∥2. Hence for any i > j, we observe that

f̃(y) ≥ fj + ⟨gj , y − yj⟩

= fj +

〈
gj ,

(
x− 1

Lj
g

)
−

(
xj −

1

Lj
gj

)〉
= fj +

1

Lj
⟨gj , gj − g⟩

≥ fj

≥ fi + ⟨gi, yj − yi⟩
= fi + ⟨gi, y − yi⟩,
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where the first line lower bounds f̃ by its final linear term, the second and third apply definitions and
simplify, the fourth uses ⟨gj , g⟩ ≤ ∥gj∥2, the fifth uses Qj,i ≥ 0 and the last uses orthogonality of gi
to yj − y. Similarly, considering i = ⋆, we have that f̃(y) ≥ fj ≥ f⋆ + ⟨g⋆, y − y⋆⟩. We deduce that

fH(y) = f̃(y).
Hence, for all y′ ∈ Rd, we have that

fH(y) +
Lj

2
∥y − x∥2 = f̃(y) +

Lj

2
∥y − x∥2 ≤ f̃(y′) +

Lj

2
∥y′ − x∥2 ≤ fH(y′) +

Lj

2
∥y′ − x∥2,

where the first inequality uses the definition of y and the second inequality uses the fact that f̃ ≤ fH
pointwise. We deduce that proxLj ,fH(x) = y ∈ x0 + span{g0, . . . , gj}.

4.3 Proof of Subgame Perfection

Theorem 4.1. Assume d ≥ N + 1. Suppose 0 ≤ n ≤ N and the history H is given. Let fH denote
the function constructed in (18) and Section 4.1. Then any method A of the form (8) generating
x0, . . . , xn−1 when applied to fH has terminal iterate yAN satisfying

fH(yAN )− f⋆
1
2∥x0 − y⋆∥2

≥ Ψn.

Consequently, combined with Theorem 3.1, SPPPA is subgame perfect.

Proof. Let xA
j , y

A
j , g

A
j denote the sequence of iterates and subgradients generated by some method

of the form (8) consistent with the given history H prior to iteration n. Note, for j ≥ n, that
xj , yj , gj may be distinct from xA

j , y
A
j , g

A
j . By Proposition 4.6, if xA

j ∈ x0 + span{g0, . . . , gj−1} then

yAj = proxLj ,fH(xA
j ) ∈ x0 + span{g0, . . . , gj} and hence gAj ∈ span{g0, . . . , gj}. Since any method of

the form (8) sets xA
j+1 ∈ x0 + span{gA0 , . . . , gAj }, induction over j = n, . . . , N yields

yAN ∈ x0 + span{gA0 , . . . , gAN} ⊆ x0 + span{g0, . . . , gN}.

Further, gAN = LN (xA
N − yAN ) ∈ ∂fH(yAN ) must lie in the convex hull of {g0, . . . , gN , g⋆}. Noting gN is

orthogonal to all other gi, we have ⟨gN , gAN ⟩ ≤ ∥gN∥2. Consequently,

fH(yAN ) ≥ fN + ⟨gN , yAN − yN ⟩

= fN +

〈
gN ,

(
xA
N − 1

LN
gAN

)
−
(
xN − 1

LN
gN

)〉
= fN +

1

LN
⟨gN , gN − gAN ⟩

≥ fN = f⋆ +
1

2τN
∥x0 − y⋆∥2

where the first considers i = N in the definition of fH, the second and third apply definitions and
simplify, and the fourth uses that ⟨gN , gAN ⟩ ≤ ∥gN∥2, and the final equality uses that HN = 0 due to
Lemma 4.4. Since Ψn = 1/τn,N = 1

τN
, the claimed lower bound holds.

5 Conclusion

We established subgame perfect algorithms for the settings of subgradient methods and proximal
point algorithms. In particular, for subgradient methods, the Kelley-cutting plane Like Method of [1]
is not only minimax optimal (as previously known), but also subgame perfect. For proximal point
methods, we introduced a new extension of OPPA, which we call SPPPA, that dynamically optimizes its
induction at every step and is subgame perfect. By constructing dynamic lower bounding instances as a
function of observed first-order responses, we established that these methods are guaranteed to not only
attain the minimax optimal convergence guarantee over the family of every convex problem instance,
but over every subclass of problem instances restricted to agree with the first-order information seen
up to any iteration n.
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This game-theoretic notion was first applied to gradient methods in smooth convex minimiza-
tion [21] and extended to adaptive backtracking settings in [22]. Many more settings exist where
minimax optimal methods have been developed that represent fruitful opportunities to develop sub-
game perfect methods enabling optimal adaptation. Optimal methods for general fixed point and
monotone operator settings have been considered by [46, 47], representing one opportunity. A mini-
max optimal proximal gradient method (OptISTA) for convex, composite optimization was recently
developed by [36]. A subgame perfect extension of this also represents an opportunity. Additionally,
it is known that there are multiple minimax optimal subgradient methods (for example, the classic
subgradient method and the subspace search elimination method of [48]). It would be of interest to
determine if there exist other subgame perfect subgradient methods, distinct from KLM.

Acknowledgments. This work was supported in part by the Air Force Office of Scientific Research
under award number FA9550-23-1-0531. Benjamin Grimmer was additionally supported as a fellow of
the Alfred P. Sloan Foundation.
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6 Deferred Proofs of Lemmas in SPPPA’s Lower Bound

6.1 Proof of Lemma 4.2

We handle the i = n and i > n cases separately. First, suppose i = n. Since i > j, necessarily j < n,
so only the first case of the lemma statement is relevant. We write

⟨gj , yn − yj⟩ = ⟨gj , yn − z′⟩+ ⟨gj , z′ − yj⟩.

By construction, gn is orthogonal to span{g0, . . . , gn−1}, and hence to gj for all j < n. Since yn =
xn − 1

Ln
gn, we have

⟨gj , yn − z′⟩ = ⟨gj , xn − z′⟩.

From the definition of xn as τ ′

τn
ym + τn−τ ′

τn
z′, we then have that

⟨gj , xn − z′⟩ = τ ′

τn
⟨gj , ym − z′⟩.

Combining the displays gives the claim in this first case of i = n.
For the remainder of the proof, assume i > n. We expand

⟨gj , yi − yj⟩ = ⟨gj , yi − zi⟩+ ⟨gj , zi − yj⟩. (24)

By definition, zi = z′ −
∑i−1

ℓ=n(τℓ − τℓ−1)gℓ. Thus the second term in this expansion is

⟨gj , zi − yj⟩ =

{
⟨gj , z′ − yj⟩ if j < n

f⋆ − fj if j ≥ n
(25)

where the j ≥ n case uses that ∥gj∥2 =
fj−1−f⋆
τj−τj−1

and fj = fj−1 − 1
Lj

∥gj∥2.
For the first term in this expansion, we use the inductive definitions of xi, yi, zi+1 and τi to write

⟨gj , yi − zi⟩ = ⟨gj , xi − zi⟩

=
τi−1

τi
⟨gj , yi−1 − zi⟩

=

{
τn

τn+1
⟨gj , yn − z′ + (τn − τ ′)gi−1⟩ if i = n+ 1

τi−1

τi
⟨gj , yi−1 − zi−1 + (τi−1 − τi−2)gi−1⟩ if i ≥ n+ 2

Observing that if j < i− 1, we have ⟨gj , gi−1⟩ = 0, we can unroll this recurrence, giving

⟨gj , yi − zi⟩ =


τ ′

τi
⟨gj , ym − z′⟩ if j < n,

τn
τi
⟨gn, yn − z′ + (τn − τ ′)gn⟩ if j = n,

τj
τi
⟨gj , yj − zj + (τj − τj−1)gj⟩ if j > n.

In the latter two cases, we use that xn, z
′ ∈ x0+span{g0, . . . , gn−1} and xj , zj ∈ x0+span{g0, . . . , gj−1}

so that ⟨gn, xn−x0⟩ = ⟨gn, z′−x0⟩ = 0 and ⟨gj , xj−x0⟩ = ⟨gj , zj−x0⟩ = 0, together with yn = xn− 1
Ln

gn
and yj = xj − 1

Lj
gj , and the identities

∥gn∥2 =
fn−1 − f⋆
τn − τ ′

, fn = fn−1 −
1

Ln
∥gn∥2, ∥gj∥2 =

fj−1 − f⋆
τj − τj−1

, fj = fj−1 −
1

Lj
∥gj∥2,
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to conclude that

⟨gn, yn − z′ + (τn − τ ′)gn⟩ = fn − f⋆, ⟨gj , yj − zj + (τj − τj−1)gj⟩ = fj − f⋆.

Applying these simplifications, we find

⟨gj , yi − zi⟩ =

{
τ ′

τi
⟨gj , ym − z′⟩ if j < n,

τj
τi
(fj − f⋆) if j ≥ n.

(26)

Combining (25) and (26) yields our claimed formula when i > n, completing our proof.

6.2 Proof of Lemma 4.3

Define Ai = τi(fi−f⋆) as our main quantity of interest in this lemma. For convenience and as a minor
abuse of notation, we introduce an index i = n− 1 with

τn−1 := τ ′, fn−1 := fm, An−1 := τ ′(fm − f⋆).

With this convention, our construction of future iterate values can be written uniformly as follows: for
every i ∈ {n, . . . , N},

δi = τi − τi−1 =
1

Li

(
1 +

√
1 + 2Liτi−1

)
,

∥gi∥2 =
fi−1 − f⋆

δi
, fi = fi−1 −

1

Li
∥gi∥2.

For any i ≥ n, we have fi − f⋆ = fi−1 − 1
Li
∥gi∥2 − f⋆ = (fi−1 − f⋆)

(
1− 1

Liδi

)
, and so

Ai −Ai−1 = τi(fi − f⋆)− τi−1(fi−1 − f⋆)

= (fi−1 − f⋆)

(
τi

(
1− 1

Liδi

)
− τi−1

)
.

By construction, δi > 0 and ∥gi∥2 ≥ 0, so fi−1 − f⋆ = ∥gi∥2δi ≥ 0. Hence it suffices to show

τi

(
1− 1

Liδi

)
− τi−1 ≥ 0 for all i ∈ {n, . . . , N}. (27)

Using δi = τi − τi−1, we rewrite

τi

(
1− 1

Liδi

)
− τi−1 = (τi − τi−1)−

τi
Liδi

= δi −
τi

Liδi
=

Liδ
2
i − τi
Liδi

.

Since δi, Li > 0, it remains to verify that Liδ
2
i ≥ τi. By definition, δi is a root of the quadratic equation

Liδ
2
i

2
− δi − τi−1 = 0.

Recognizing, τi−1 + δi = τi, we deduce that Liδ
2
i ≥ Liδ

2
i

2 = τi, completing the proof.

6.3 Proof of Lemma 4.4

First, Qi−1,i = 0 for all i > n:

fi + ⟨gi, yi−1 − yi⟩ = fi +

〈
gi, yi−1 −

(
τi−1

τi
yi−1 +

τi − τi−1

τi
zi −

1

Li
gi

)〉
= fi +

1

Li
∥gi∥2 = fi−1

where the second equality uses that gi is orthogonal to span{g0, . . . , gi−1} which contains both yi−1−x0

and zi − x0. Second, Q⋆,i = 0 for all i > n, as

fi + ⟨gi, y⋆ − yi⟩ = fi−1 + ⟨gi, zN+1 − yi−1⟩ = fi−1 − (τi − τi−1)∥gi∥2 = f⋆
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where the first equality uses that Qi−1,i = 0 and substitutes the definition y⋆ = zN+1, the second uses

the definition of zN+1 and orthogonality of each ei, and the third uses the fact that ∥gi∥2 = fi−1−f⋆
τi−τi−1

.

For both arguments above, the case of i = n is identical, replacing τi−1, zi, yi−1, and fi−1 with τ ′, z′,
ym, and fm respectively.

From strong duality (see Lemma 4.1), we know that the primal/dual optimizers (µ, λ⋆) and (ξ, w)
with the associated z′ = x0 + Zµ−Gλ⋆ and 1

ξ = fm − f⋆ have

τ ′ =
ξ

2
∥z′ − x0∥2, τ ′(f⋆ − fm) = −1

2
∥z′ − x0∥2. (28)

Evaluating H ′ at y⋆ = zN+1, using (28) and the Pythagorean theorem, yields

H ′ = τ ′(f⋆ − fm) + 1
2∥x0 − y⋆∥2 − 1

2∥z
′ − y⋆∥2 = τ ′(f⋆ − fm) + 1

2∥x0 − z′∥2 = 0.

Finally, we verify that Hi = 0 for all i ≥ n. We do so inductively:

Hn = H ′ + (τn − τ ′)Q⋆,n + τ ′Qm,n = 0,

Hi = Hi−1 + (τi − τi−1)Q⋆,i + τi−1Qi−1,i = 0 for i > n

where the equality on each line uses Lemma 3.2 and the second equality on each line recognizes
expressions that we have (inductively) shown to be zero.
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