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Abstract

The Stochastic Unit Commitment (SUC) problem models the scheduling of power
generation units under uncertainty, typically using a two-stage stochastic pro-
gram with integer first-stage and continuous second-stage variables. We propose
a new Benders decomposition approach that leverages an extended formulation
based on interval variables, enabling decomposition by both unit and time inter-
val under mild technical assumptions. This formulation leads to provably stronger
Benders cuts than those derived from the standard 3-bin representation.

To improve computational efficiency, we introduce a heuristic based on weak
duality to rapidly approximate the cut coefficients for units subject to ramping
and capacity constraints. This allows us to retain cut strength while significantly
reducing per-iteration cost.

Extensive computational experiments on large-scale risk neutral and risk averse
instances — including the IEEE 118-bus system and SMS++ benchmarks —
demonstrate that our method consistently outperforms existing approaches. On
the most challenging test cases, it is up to five times faster than the best alter-
native and solves instances where no baseline closes the optimality gap within
one hour.
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1 Introduction

One of the main challenges for energy producers and network operators is the Unit
Commitment (UC) problem [1, 2], which involves determining the optimal production
schedule for a set of electricity generation units (thermal power plants, hydroelectric
units, ...) while considering both technical and economic constraints. In this paper,
we focus on technical constraints that satisfy a specific decomposition assumption,
which states that the technical constraints between two non-overlapping intervals are
independent. In particular, this assumption (detailed in Assumption 3, Sect. 3.3) is
met by most common operational constraints, including initial conditions, capacity
limits, and ramping constraints. In the Stochastic Unit Commitment (SUC) frame-
work, net demand is considered random, primarily due to the increasing difficulty of
forecasting net demand resulting from the growing integration of renewable energy
sources, such as wind and solar power. To manage this uncertainty, we adopt a stan-
dard two-stage framework, where the first stage involves integer variables representing
the commitment status of units, while the second stage involves only continuous (dis-
patch) variables. Building on this, we present a novel Benders’ Decomposition (BD)
approach to solve the two-stage SUC problem with uncertainty in the right-hand side
of the constraints and binary variables representing the commitment status of units
in the first stage. In particular, our method differs mainly from existing approaches in
the literature through the modeling of first stage decisions. Indeed, the most widely
used formulation for solving SUC is the 3-bin formulation, which introduces three sets
of binary decision variables to represent whether a unit is on, starts-up, or shuts-down.
In recent years, several solution techniques have been developed using the 3-bin for-
mulation, which can be categorized into three main approaches. We refer to [3] for an
exhaustive literature review on SUC.

The first approach, known as the extensive formulation, directly tackles the SUC
problem by reformulating it as a large-scale deterministic UC problem and solving
it using commercial optimization solvers. However, this method does not scale well,
and generally fails to solve large-scale stochastic UCs with more than 10 scenarios
within an hour. For example, [4] examined an SUC model incorporating gas emissions
constraints and applied the extensive formulation to a modified IEEE 118-bus system
with 25 thermal units over a 24-hour planning horizon. Their findings indicate that
for 30 scenarios, the problem can be solved in approximately 1.7 hours.

To overcome the scalability limitations of the extensive formulation, researchers
have investigated decomposition techniques such as Lagrangian Relaxation (LR)
and Benders’ Decomposition (BD) or a combination of both (see e.g., [5]). In LR
approaches, the specific constraints chosen for relaxation play a critical role. Typically,
either non-anticipativity constraints or demand satisfaction constraints are relaxed,
allowing the problem to be decomposed across scenarios or generation units, respec-
tively. For instance, [6] proposed relaxing the non-anticipativity constraints, which
enabled the decomposition of the SUC into independent UC subproblems, one per sce-
nario, while iteratively updating dual multipliers. Their experiments on an instance
with 130 thermal units and a 24-hour horizon suggest that solving instances with more
than 10 scenarios can take several hours. A more detailed investigation of LR methods
is presented by [7], who analyzed different relaxation strategies. Their computational



results, based on instances with around 10 thermal and 10 hydro units over 24 time
steps and 9 scenarios, indicate that solving the SUC with LR methods can require
over an hour.

Despite their potential for parallelization, LR methods suffer from a critical draw-
back: they may yield infeasible solutions due to the relaxation of key constraints. It
is, in fact, well known that one can at best solve an appropriately convexified version
of a problem through Lagrangian relaxation [8]. This is a result of the fundamental
fact that the Lagrangian dual is invariant to a convexification of the primal, e.g., [9].
However, “Lagrangian Heuristics” can allow one to retrieve excellent solutions close
to optimality by exploiting the information generated while solving the Lagrangian
dual, e.g., [10, 11]. In contrast, BD methods, also known as L-shaped methods [12],
offer theoretical guarantees of convergence, typically, in a finite number of iterations.
Yet, practical implementations using the standard 3-bin formulation often suffer from
slow convergence, impacting overall efficiency. For example, [13] applied BD to the
SUC problem on a system with 39 buses, 10 generating units, and a 24-hour horizon,
showing that the problem could be solved in approximately 10 minutes for 4 scenar-
ios. Similarly, [14] developed a BD method incorporating the average value-at-risk in
the second stage objective. Their method successfully solved a modified IEEE 118-
bus system with 54 thermal generators, 24 time steps, and 100 scenarios in about one
hour. Since BD is essentially just Kelley’s cutting planes approach, it can be enhanced
using similar methodologies. These can come in the form of selecting better or improv-
ing cuts, e.g., [15], stabilizing the computations by incorporating ideas from bundle
methods, e.g., [16], or using inexact computations for the subproblems, e.g., [17, 18].
We refer to [19] for a recent review of Bender’s decomposition.

Recently, some studies have focused on new formulations using interval binary vari-
ables to indicate whether a unit is on during a given interval [a : b] within the time
horizon. Referred to as the extended formulation, these formulations have thus gener-
ally more binary variables than the 3-bin formulation but can produce tighter cuts.
The extended formulation was first introduced by [20], who proved that it enables the
derivation of valid cuts linking the 3-bin variables with production variables in a deter-
ministic framework. Moreover, [21] proposed an alternative formulation that strikes
a balance between the 3-bin formulation and the extended formulation, offering new
perspectives for enhancing computational efficiency. In particular, they showed that
restricting attention to intervals [a : b] of limited length can significantly reduce the
number of variables, while preserving the tightness of the extended formulation and
outperforming the 3-bin formulation in terms of relaxation strength. Furthermore,
the extended formulation has proven helpful in addressing the SUC problem involv-
ing quick-start generators, where startup and shutdown decisions are deferred to the
second stage. In particular, [22] showed that the extended formulation can be used to
determine the convex hull of a single quick-start generator in the second stage. It is
worth noting that earlier work, such as [23], also tackled this challenge by adapting
BD with the 3-bin formulation.

In this paper, we study how to incorporate interval variables into the master
problem of BD to solve the SUC problem, with the following key contributions:



1. We propose a novel Benders decomposition based on interval-based extended for-
mulations, which yields provably stronger cuts than the classical 3-bin approach.
Under mild technical assumptions, this enables decomposition both by unit and by
time interval.

2. We design an efficient heuristic—based on weak duality—that approximates cut
coefficients for units with ramping and capacity constraints, significantly reducing
the cost of each Benders iteration without compromising solution quality.

3. Our algorithm outperforms state-of-the-art methods across all tested non-
deterministic instances. For example, it is 5x faster than the best alternative on
the IEEE 118-bus instance with 54 units and 100 scenarios, and solves SMS+-+
instances with 100 units and 100 scenarios in 220 seconds on average while all
baselines fail to close the optimality gap within one hour (Table 1).

To the best of our knowledge, this approach has not yet been explored in the
literature. One possible reason is that while the 3-bin formulation introduces O(NT)
first stage variables, the extended formulation requires O(NT?) first stage variables,
where N is the number of units and 7T is the length of the time horizon.

The rest of the paper is organized as follows. In Sect. 2, we recall how the SUC
problem is solved using the 3-bin formulation (extensive approach and BD). We then
introduce our proposed integration of the extended formulation into the BD framework
and discuss how it enhances the strength of Benders’ cuts in Sect. 3. In Sect. 4,
we develop a heuristic for efficiently computing a lower bound, yielding valid but
not necessarily tight cuts. Finally, in Sect. 5, we present computational experiments
evaluating the performance of our formulation on large-scale instances and compare
it with existing approaches based on the 3-bin formulation.

2 The 3-bin formulation of the unit-commitment
problem

In this section, we describe the mathematical formulation of SUC using the 3-bin
formulation. Specifically, we present the extensive formulation in Sect. 2.1 and the
corresponding BD in Sect. 2.2.

2.1 A description of the 3-bin formulation

Before introducing the constraints and variables used in the 3-bin formulation, we first
establish the underlying assumption regarding the treatment of uncertainty.

Assumption 1 (Stochastic framework) In this study, we adopt a two-stage linear model with
right-hand side uncertainty (the net demand). More precisely, the uncertainty is captured
through a finite set of scenarios denoted by S. Each scenario s € S has a realization s
of net demand and an associated probability ms. Furthermore, first stage decisions (usually
commitment variables, possibly integer) are made before knowing which scenario is realized,
and thus are the same across all scenarios. The second stage decisions (usually dispatch
variables) are made after the scenario is revealed and are thus indexed by the scenarios s € S.
We also assume that second stage decisions are continuous variables.



The classical 3-bin formulation models the first stage decisions using the variables
zj = (uj,vj,w;), where uj, v;, and w; are vectors of binary variables of length T" +
1, representing the commitment status of unit j over the time horizon [0 : T|] =
{0,...,T}. Specifically, the binary variable u;; equals 1 if and only if unit j is on at
time ¢. The variable v;; (respectively w;.) equals 1 if unit j starts up (respectively
shuts down) at time ¢. These three sets of binary variables are linked by the following
constraints:
Ujt — Ujt—1 = Vjt — Wyt VJ S j, Vit € [1 : T] (1&)
Here J is the set of units. Moreover, additional constraints are imposed on the
commitment decisions. These include the minimum uptime, minimum downtime con-
straints, and initial conditions specifying the initial commitment status (u;,0,v;,0,wj0)
for each unit j. Since we later introduce in Sect. 3 an alternative formulation that
specifically enforces the minimum uptime constraints, we separate these constraints
on the decision variables = into two distinct polyhedra: X JU , which represents the min-
imum uptime constraints, and X;, which contains all the remaining constraints. For
example, X ]U is defined by the following constraint on z;:

> vk <uy VEE[L;+1,T], (1b)
ke[t—TjU+l,t]

where TjU is the minimum uptime parameter and L; is the earliest time step at which
the minimum uptime constraint must be enforced. As a result, the first stage decision
variables x must satisfy:

i, eXYNX;  Vied. (1c)

In the second stage, the uncertainty is represented by a set S of scenarios, with

all recourse decisions indexed by scenario. We first consider the power generation

variables p; s over the time horizon {0,...,T'} for each unit j and each scenario s.

These decisions must satisfy technical constraints specific to each unit. All the common

constraints in the unit commitment problem, such as ramping constraints, capacity
limits, and initial conditions, can be compactly expressed as:

le‘j < Ajpj,s V] e J,VseS. (1d)

We explicitly define the matrices A; and W; in Sect. 4.1 for the ramping
constraints, capacity limits, and initial conditions.

Next, we consider the network constraints and variables. The units J are dis-
tributed across a network with load demands at each node, also known as a bus, and
power flows between buses. Let N denote the set of buses in the network. For each
bus n € N, let AS be the set of units located at bus n, and AZ the set of buses con-
nected to bus n. Regarding the network variables, we define f,, ,, s as the power flow
from bus n to bus m across the time steps {0,--- ,T'} in scenario s, and 6, s as the
voltage angle at bus n over the same time horizon in scenario s. Under the DC power
flow approximation, the network constraints are expressed as:



Jrim.s = Bum(On,s — Om.s) VY(n,m) € L, Vs €S (le)
= Pome < foms < Ppme V(n,m) € L, Vs €S, (1f)

where e is the T+ 1-dimensional vector of ones, L is the set of lines in the network,
P, is the transmission capacity of line (n,m), and By, is the susceptance of that
line.

Finally, the last constraint to express is the satisfaction of load demand under each
scenario, which can be written as:

Z Pj,s = gn,s + Z fn,m,s Vn € N, Vs € S, (lg)
JEAS meAL
where &, s denotes the load demand at bus n over the time horizon {0,...,T} in

scenario s. Thus, the SUC problem can be formulated in an extensive form using the
3-bin variables x for first stage decisions:

: T
mp, Y Claat X mem. an
JET, te[0:T] s€S,jeT, te[0:T)
s.t. (la) — (1g)
2; € {0,137 p; e RTH, fr s € R0, e RTHL

In the objective function (1h), 7, denotes the probability of scenario s, Cj; is a
3-dimensional vector representing the commitment costs of unit j at time ¢, and c;
is the production cost of unit j at time .

2.2 Benders decomposition based on the 3-bin formulation

To introduce BD, we begin with the extensive formulation (1) and reformulate it to
highlight the recourse function @, where Q(z,&) represents the optimal cost of the
second stage knowing the first stage decision x and the realization of uncertainty &.
Thus, problem (1) is equivalent to:

I£112n z+ Z CjT’txj,t (2a)
JET tE[0:T)
S.t. Z ﬂ-SQ(xa gs) <z (2b)
sES

(1a) — (1c), z; € {0,1}2T+Y 2 e Ry,

where Q(z,€) is the optimal value of the problem (3):



Q(z,£) = min > cupi (3a)

.10 JeT te[0:T)

st Wiz < Ajp; Vied |ul (3b)
dopi=bt+ Y fam VneN (v (3¢)
JEAG meEAL
frm = Brm(0n — ) V(n,m) € L [/\11@,m] (3d)
fom < Pame Y(n,m) € L [)\i’m] (3e)
fam > —Pame V(n,m) € L A} ,] (3f)

Dpj S RT+17 fn,m S RT+17 H'n S ]RTJrl.

To derive feasibility and optimality Benders cuts, we study the dual problem:

max  g(&v,\) + ) uf Wi (4a)
e JjET
St = U+ Ay — Ao A, =0 VneN (4b)
> (BunAhn = BumAn,,) =0 VneN (4c)
meAL
Al +v;, =¢ VieJ (4d)
pj €RL, v, e RTHL N e RTH (4e)

where j, denotes the bus to which unit j belongs and the function g,introduced to
improve readability, is defined as:

g(fa”) >\) = Z f;LrVYL _ZﬁnmeT(Ai,m+)‘§z,m)' (5)

neN

Since problem (3) is a linear program, strong duality holds if and only if at least
one of the primal or dual problems is feasible. Throughout this paper, we assume that
strong duality holds between problems (3) and (4) under any admissible first stage
decision:

Assumption 2 (Strong duality) For any first stage decision z satisfying constraints
(1a)—(1c), strong duality holds between problems (3) and (4).

As a result, the recourse function Q(z,€) equals the optimal value of the dual
problem (4).

A well-known sufficient condition ensuring this strong duality is the relatively com-
plete recourse assumption, which requires that for any first stage decision x satisfying



constraints (la)—(1c), the second stage problem remains feasible under all scenarios:
Qz, &) < +o0o VseS. (6)

In the context of the UC problem, this relatively complete recourse assumption is
typically enforced by introducing load shedding or curtailment. These artificial units
provide flexibility, ensuring the feasibility of the second stage problem in all scenarios.

Let us highlight a few key observations regarding the structure of the dual problem
(4). First, the dual polyhedron, denoted by D and defined by constraints (4b)-(4e), is
independent of the first stage decision variables x, as we are in a fixed recourse setting
[24]. Consequently, any dual solution of (4) provides a feasible cut for the master
problem. Second, when the variables v and A are fixed, the problem becomes separable
at the unit level. These two insights are fundamental for our strategy for deriving new
cuts in Sect. 3.

Now, we derive an equivalent formulation of problem (1) by using the extreme
points F and extreme rays O of the feasible set D of the dual problem (4):

min  z+ Z Cjlijy (7a)
e FET tE[0:T]
s.t. Zﬁszs <z (7b)
seES
g(&s, v, 0°) + Z(u;’)Tijj < z4 Vse S, Yoe O (7c)
JjET
9(& v, M)+ () Wz <0 VseS,VfeF  (7d)
JjET

(13‘) - (1C)a Tj € {07 1}3(T+1)7Zs S R+,Z c R.

Constraints (7¢) and (7d) represent the optimality and feasibility cuts, respectively.
Since the sets O and F are finite, problem (7) is an MILP and can, in principle, be
solved using standard commercial solvers. However, the sets O and F may contain a
prohibitively large number of elements, many of which are not known a priori. Thus,
the complete enumeration of all cuts (7¢) and (7d) may be computationally infeasible.
To address this issue, we adopt a classical BD approach, in which cuts are generated
iteratively. In each iteration, a subproblem is solved to identify a new cut. Specifically,
this subproblem corresponds to solving the dual problem (4). If the dual is bounded,
we obtain an extreme point o € O, which gives rise to an optimality cut. Conversely,
if the dual is unbounded, an extreme ray f € F is identified, indicating infeasibility
of the corresponding primal problem, and a feasibility cut is generated.



3 Extended formulation for efficient Benders’
decomposition

In this section, we present an enhanced Benders’ decomposition algorithm, utilizing an
alternative formulation for the first stage decisions that leads to strengthened Benders’
cuts and improved convergence. We begin in Sect. 3.1 by introducing the variables and
constraints of the extended formulation. Sect. 3.2 discusses a technical assumption that
holds for most common constraints. In Sect. 3.3, we outline the process for deriving
the novel Benders’ cuts, which represent the main contribution of our work. Finally,
in Sect. 3.4, we study the link between these novel Benders’ cuts and the ones in the
3-bin formulation.

3.1 Extended formulation of SUC problem with interval
variables

Let 7; denote the set of all feasible continuous operating intervals for generator j,
determined by its minimum uptime requirement. Specifically, it contains two categories
of intervals. The first includes intervals [a : b)) C [1 : T + 1]. The second includes
intervals of the form [—ayg, b], where b € [1 : T+1] and ag denotes the duration the unit
j had already been operating before the start of the time horizon. Among these, we only
retain intervals whose lengths satisfy the minimum uptime requirement, except when
b =T + 1, which we allow by convention to account for units that remain on beyond
the end of the planning horizon. We introduce binary variables 7; q.5, Wwhich equal 1
if and only if unit j is on from a to b — 1, with [a : b] € 7;. The relationship between
these interval variables and the 3-bin variables z; = (uj,v;,w;) (defined in Sect. 2.1)
can be made by introducing the vectors =;qp = (Uj.ap;Vjap, Wiap) € {0,113+
defined as follows:

® o
SR
=z &

Uj a,bt = ]]-te[a:b—l]

Vjabt = Li=a (

—~
(0]
o

~

Wi abt = Li=p.

Each vector z; 4, captures the 3-bin commitment decisions if the unit is on only
during the interval [a : b—1]. The overall commitment decision z; € {0, 1}3(7+1 is then
expressed as a convex combination of these vectors x; .1, weighted by the -variables:

Tie= D VabTiabe Yi€JT,VE:T]. (9)
[a:b]€T;
Using these new first stage variables, the SUC problem reads as follows.

. T .
min 2 + Z Cj 1 (10a)
JET tE(0:T)



st Y mQr,&) <z (10b)

seS
> Yan<l VieJ, Vtelo:T] (10¢)
[a:b]€T;|t€a:b]
Ti= Y YiabTiab VjieJ (10d)
[a:b]€T;
T; € Xj VieJ (106)
Yiab € Ry x; € {0,130+ 2 e R, (10f)

Let us describe this formulation in detail. First, constraint (10c) ensures that a unit
cannot operate in two overlapping intervals simultaneously. This restriction guarantees
a valid scheduling of the unit’s operational periods. Second, constraint (10e) involves
the polyhedron X, which represents all unit commitment constraints except the min-
imum uptime constraints for each unit. The latter are already implicitly incorporated
through the definition of the index set 7; used for the variables v. Note that due to
constraint (10d), if the variables x are binary, then the variables v must also be binary.
Therefore, it is sufficient to impose the binary constraint on = only. Finally, as in the
previous section, ) represents the recourse cost function, capturing the dispatch’s cost
in response to uncertainties and is determined as the value of problem (3) or (4).

3.2 Technical decomposition assumption

Before diving into the advanced cut generation methodology, we discuss a technical
decomposition assumption on the technical constraints associated with each generation
unit.

Assumption 3 (Decomposition Assumption) Let j be the index of any arbitrary generation
unit. We will say that the decomposition assumption holds if for any given sub-vector (v, x)
that satisfies constraints (10c)—(10f) and ;4 3 = 1 for some interval [a : b] € T}, the following
implication holds:

T+1
pj € R st ijj < Ajpj - (11)
Wjtjab < Ajbjab for Pjap = (PjiTjab.t)ief01];

RT+1

where pj; qp is a vector in which depends on (j,a,b).

Assumption 3 implies that the technical constraints associated with two non-
overlapping intervals are independent. This condition is satisfied when each unit is
subject to any standard technical constraints described in Sect. 4.1, including ramping
limits, capacity bounds, and initial conditions. This follows from two key observations.
First, these constraints only introduce temporal coupling between consecutive time
steps ¢t and ¢ — 1. Second, constraint (10c) ensures that on-intervals do not overlap.
We emphasize that all constraints involving commitment variables, such as minimum
uptime, minimum downtime, or a maximum number of startups, are handled either

10



through the definition of the feasible interval set 7; or via the polyhedron X; in
constraint (10e).

We now present two similar examples of constraint sets: one that violates
Assumption 3, and one that satisfies it.

Ezample 1 (Constraints the do not satisfy Assumption 3) Consider a small time horizon
T = 2 and a unit j subject to the following technical constraints:
10uj; < pjp < 20u;; Ve [0:2], (12a)
pj2 — pj,0 < 10u; 0. (12b)
Now consider the case where the first stage commitment vector is u; = (1,0,1), i.e.,
the unit is committed in the intervals [0, 1] and [2, 3]. Suppose the power generation vector is
pj = (20,0,20). This vector satisfies all constraints in (12) globally. However, the subvector
Dj,2,3 = (0,0,20), corresponding to the second active interval, violates constraint (12b).
This illustrates that even though the intervals [0 : 1] and [2 : 3] are disjoint, the con-
straint (12b) introduces a coupling between them. As a result, the assumption of independence
between non-overlapping intervals (Assumption 3) is violated.

Ezxample 2 (Constraints Satisfying Assumption 3) Consider again a unit j with time horizon
T = 2, but now subject to a different set of constraints:

10uj; <pjp <20u;; Vte[0:2], (13a)
Pj1 —Ppj0 < 10ujo (13b)
Pj.2 —Pj1 < 10u;1. (13¢c)

Consider the same commitment vector as in Example 1 u; = (1,0,1). In this case, the
power generation vector p; = (20,0, 20) does not satisfy constraint (13c) due to the zero value
of u; 1. However, the vector p; = (10,0, 10), for example, satisfies all constraints in (13), and
so does the subvector p;2 3 = (0,0, 10).

More generally, constraints linking dispatch decisions across time, e.g., ramping
constraints between time steps ¢ and ¢ + 2 or maximal total energy produced during
the horizon (fuel limits), do not satisfy Assumption 3. However, such constraints are
uncommon in UC problems, and could be dualized as well, at the price of additional
dual variables.

3.3 Advanced cut generation in Benders’ decomposition

In this section, we outline the process for deriving the novel formulation (23) for solving
SUC under the decomposition Assumption 3.

When computing the recourse function @ by solving problem (4) using the z vari-
ables, we cannot directly derive stronger Benders’ cuts than in the $-bin formulation.
To achieve this, we introduce the recourse function Q formulated using the v variables
and the dispatch variables p; q 1, representing the power output of unit j at time ¢,
conditional on v 4 = 1.

These variables p; q.p,; are handy for expressing the production constraints differ-
ently, rather than in the 3-bin formulation (3). Indeed, we consider that the variables
Dj,a,b must respect the following constraints:

11



Wizjap < AjDjab VjeJ,Via:bl €T; (14a)

> ViasPiab =&+ D fom VnenN (14b)
JEAG [a:b]€T; | t€la:b) meAL
fam = B (0n — 0) Y(n,m) € L (14c¢)
frm < Pnme V(n,m)e £  (14d)
— Pume < fam < Prme Y(n,m) e L. (l4e)

Constraints (14a) represent the technical constraint on the interval [a : b], and
constraints (14b)-(14e) represent the linking constraints between the units, i.e, the
satisfaction of the demand and the network constraints.

Thus, we define the recourse value Q(v, £) as the optimal value of the minimization
problem (14).

Q(y,€) = min > CitliasPian (14f)
PLO e [abeT; te0:T)

s.t. (14a) — (14e).
Pjap ERL, frm € RTHL 6, e RTHL

Proposition 1 Let Assumption 8 hold true. At any (v, x) satisfying the constraints (10c)-
(10f), the recourse functions Q(x,.) and Q(v,.) coincide.

We give the proof of Proposition 1, which relies on Assumption 3, in Appendix A.
Proposition 1 confirms that the two recourse functions @ and Q describe the same
problem. As a result, constraint (10b) can be equivalently reformulated as:

S Q6 < 2. (15)
s€ES
Asin Sect. 2.2, we denote by v and A the dual variables associated with the demand
and network constraints (14b)-(14e). Instead of dualizing all the constraints as in the
3-bin formulation, we only dualize the network constraints (14b)-(14e). We obtain the
following dual problem, where g is the function defined in (5) and D; is the polyhedron
linking the variables v and A (i.e., constraints (4b) and (4c)):

(ur;lfae)% 9(& v, A) +min Z ViabPjan(Ci = Vi) (16a)
e JET [ableT;

st Wixjap < Ajpjap Vi€ T, V[a:b €T, (16Db)

Djab € RT+L, (16¢)

The following proposition proves that strong duality holds between problems (14)
and (16), showing that Q(v, &) is also the optimal value of problem (16).

12



Proposition 2 (Strong duality between problems (14) and (16)) Let Assumptions 2 and 3
hold true. Moreover, let (y,x) satisfy constraints (10c)-(10f), (v, A) € Dy, and &€ € RTHL,
Then, strong duality between problems (14) and (16) holds.

Proof To prove the proposition, consider the following dual problem of (3), where only the
constraints (4b) and (4c) are dualized:

. T
B 96w, ) +min > vy (e = v5,) (17a)
JjET
s.t. WjIj < Ajpj VieJd, (17p)
p; eRTTL (17¢)

By applying the same reasoning as in the proof of Proposition 1 [see Appendix A], the
inner minimization problems in (16) and (17) are equivalent and yield the same optimal value.
By Assumption 2, strong duality holds for this partially dualized problem. Hence, the
optimal value of the dual problem (17) is equal to Q(z,£). Moreover, from Proposition 1, we

have Q(z, &) = Q(7, ).
Therefore, Q(v,&) is also the optimal value of the dual problem (16), which concludes
the proof that strong duality holds between problems (14) and (16). a O

Finally, by the structure of its objective function and constraints, the inner mini-
mization problem in (14) is separable over the units j € J and the intervals [a : b] € T;.
Moreover, since the variables  are fixed in the recourse problem (16), we obtain the
equivalent formulation (18):

Q(v,§) = max  g&r, N+ Y YaprQias(e —V4), (18)

JE€T [a:blET;

where Qj7a7b(y) represents the optimal value of problem (19), i.e., the optimal operat-
ing cost of unit j on the interval [a : b] when its production cost is equal to y € RT*1,

Qrab(y) = min, y'p (19a)

ijj,a,b S Ajp. (19b)

We highlight that formulation (18) enables a decomposition of the Unit Com-
mitment dispatch problem across both the set of units J and the time intervals 7j,
once the linking constraints are dualized. This decomposition property, valid under
Assumption 3, is not exploited with the 3-bin formulation.

Then, to perform BD, it is now necessary to derive a finite set of feasibility and
optimality cuts for formulation (18).

The proof of the following Proposition 3 is provided in Appendix B.

Proposition 3 Let Assumptions 2 and 3 hold. Let (vy,z) satisfy constraints (10c)-(10f),
(v,A\) € D1, and € € RT*HL. with w* an optimal solution of the following problem:
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T
ma; Waxs 20a
uX Z Mg WLy (20a)

JET
st Ajpj+vy, =c; YieJ (20b)
RS Ri. (20¢)

it follows that, the objective function value of problem (4) at (1*,v, \) is equal to the objective
function value of problem (18) at (v, \).

Proposition 3 enables us to derive a finite set of optimality and feasibility cuts
from the extreme points O and extreme rays F of the feasible set D of problem (4).
According to Proposition 1, the two subproblems (4) and (18) are either both bounded
or both unbounded. Consider the case in which these problems are bounded. In this
setting, there exists o € O such that the extreme point (u°,v°, A\°) is optimal for
problem (4). Since this triplet satisfies the conditions of Proposition 3, it follows that
(v°,A°) is also optimal for problem (18). Similarly, we prove in Appendix C that
problems (4) and (18) are unbounded if and only if:

feFr, g M+ > vawQias(—vl) > 0. (21)
JET [a:b]eT;

Consequently, the recourse value Q(v,¢) is equal to:

n

+oo if 3f € F,g(&, v/ M) + > e jableT; %’,a,ij,a,b(—ij ) >0 (22)
maXeeo (9(57 Ve A) + e aneT; Viab®@ian(c; — 1/]‘-’n)) otherwise.

As a result, we derive formulation (23) for the SUC, which, to the best of our
knowledge, is novel.

Iguzn z+ Z C'jT)txj)t (23a)
JET, te[0:T)
s.t. Z YViab <1 VieJ,Vte0:T] (23b)
la:b]eT;|telab]
Zﬂ-szs S z (230)
seS
9(&s, v, \%) + Z ViabQiap(c; — V8 )<z Vs€S, YoeO (23d)
jedJ
[a:b]€T;
9! M)+ %0 Qjan(—vL) <0 VseS,VfeF (23
JjeET
[a:b]€T;
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T = Z Yj,a,bZj,a,b V] eJ (23f)

[a:b]€T;
T € Xj VieJd (23g)
Yj,ab € {07 1}7 (23h)

where we recall that g is given in (5). Once again, as before, the idea is to generate the
optimality cuts (23d) and the feasibility cuts (23e) iteratively. By Proposition 3 and
the way we derive these new optimality and feasibility cuts, this generation can be
done through the resolution of the same subproblem (4) as in the 3-bin formulation.
This remark is advantageous in practice, as problem (3) involves significantly fewer
variables than problem (14).

3.4 Link between Benders’ cuts in the two formulations

In this section, we establish the relationship between the Benders’ cuts (7c) and (7d)
derived from the 3-bin formulation and those from the extended formulation (23d) and
(23e), proving that the latter dominate the former. Throughout this part, we consider
a fixed unit j € J, an operating interval [a : b] € T}, and a given vector v.

We recall that Q.4 () corresponds to the optimal value of problem (19). By strong
duality, which holds by Assumption (2), this optimal value can also be obtained from
the dual problem (24):

Qjan(y) = max Wi ab (24a)
+
s.t. AJ.T,u =y. (24b)

Since Qj,mb(y) is the optimal value of problem (24) and 7 is positive, then for
any element o € O (resp. f € F), and for any collection (M?vavb)jejy[a:b]e’]’j (resp.

(M;,a,b)jej,[a:b]eﬂ ) of solutions to problem (24) with y = ¢; — v¢ (resp. y = —ufn),

the following cuts are valid for problem (23) and weaker than cuts (23d) and (23e):

9E” A+ Y Yan(an) TWmsan < 2 (25a)
JE€T [a:b]€T;

9(587 Vf7 >\f) + Z 'Yj’a,b(,llz';a’b)—rwjxj,a,b S 0 (25b)
JET [a:b]ET;

This weak duality-based approach reveals that the Benders cut (7c) and (7d) in
the 3-bin formulation is a special case of the extended cut (25). In particular, for
any extreme point (v°,\°, 1u°) (resp. extreme ray (v/, A, uf)) of the feasible set of
problem(4), the optimality cut (7c) (resp. feasibility cut (7d)) can be recovered from
(25) by setting ug,, = uj (resp. Mjf',a,b = ,uf) for all unit j and intervals [a : b] € T;.
This correspondence is established through the relations (9), which connect the ~
variables, the 3-bin variables x, and the coefficients x; 4 1.
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However, the solution i (resp. ,uf ) can be highly suboptimal in problem (24) with

y=cj—vS (resp.y = —ijn) for some of the intervals [a : b] € T;, which explains
that the convergence of the Benders’ Decomposition with the 3-bin formulation can

be very slow.

4 Heuristic for fast valid cuts

In Sect. (3.4), we showed that the new cuts (23d) and (23e) are stronger than the clas-
sical Benders’ cuts (7¢) and (7d) of the 8-bin formulation. Nevertheless, they require to
solve problem (19), for each unit j € 7 and each feasible operating interval [a : b] € Tj,
to compute Qj’a’b(y)7 with y € (¢; — V¢ )oco or y € (—an)fe}-. Although problem
(19) is very small (only T 4 1 variables), the number of triplets (j, a,b) can be very
large, making the overall procedure computationally expensive.

To address this issue, we use the weak duality-based approach, described in
Sect. 3.4, to produce valid cuts of the form (25) without solving all the problems (19)
at optimality. The heuristic uses deterministic formulas to construct a near-optimal
dual multiplier fi; 4 for the dual problem (24), starting from any point (v%, A%, u*),
with ¢ € O U F, returned by subproblem (4). These formulas depend on the spe-
cific technical constraints encoded in W; and A;. In this paper, we focus on the
most common constraints: ramping limits, capacity bounds, and initial conditions.
Section 4.1 details how these constraints are formulated, and Section 4.2 presents the
corresponding heuristic formulas for computing fi; q.p.

4.1 Technical Constraints

This section outlines the commonly used technical constraints that a generation unit
j must satisfy. Each of these constraints can be represented in the general linear form:
Wj.’l?j S Ajpj. (26)

First, initial conditions can be imposed and the corresponding constraint is:
pj0 = P uj, (27a)

where Pt denotes the initial power output of unit j.
Next, the power generation must generally satisfy minimum and maximum capacity
limits when the unit is on: o
Pjuj <pj < Pjuj, (27b)

where P; and ?j are the minimum and maximum capacity, respectively.
Finally, Unit Commitment generally considers ramping up and down constraints,
which can be expressed as:

Pjt — Djt—1 S —RJUU]‘¢ + (S]U + RJU)U]"t - S]qu,t—la Vt € [1 : T], (27(2)
Pjt—1 — DPjt S *R]'ij,t + (SJD + RJ*D)Ujﬂg_l — SJ-DuLt, VYt € [1 : T] (27d)
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Here, SJU and SjD represent startup and shutdown ramping parameters, respectively,
while Rg-] and Rf denote the ramping limits during normal operation.

4.2 Heuristic Formulas

In this section, we consider a unit j whose generation must satisfy the initial condi-
tions (27a), capacity limits (27b), and ramping constraints (27c). We denote by p"**,
[0 u}m", u;p , and u;lo“’” the dual variables associated, respectively, with the ini-
tial conditions, maximum and minimum capacity constraints, and the ramping up
and ramping down constraints. Under these assumptions, problem (24) for an interval

[a: b] and a vector y € RT+! can be reformulated as follows:

T T
init pinit mazr o min
max ;" Py a0 = D W5 P abe + ) 05 P g an (28a)
J

t=0 t=0

T T
up U down g D
- Z 5t Rjapt = Z Mt Ria e
t=1 t=1

st ST = T = g+ g = o (28D)
T — T — 4l G — Gt =y Ve [1:T—1] (28¢)
PR — p = pih — g = yr (28d)
pet € RUTH i € R gt € RL, pfot € RY, ™ € R, (28¢)

where the parameters Rgab’t and Rfmb’t are defined as follows:
Rﬁa,w = —R;]Uj,mb,t + (SJU + R?)Uj,a,bﬂf - S]qu,a,b,t—l (29a)
RPwbi = —RPwiant + (S + R japi—1— S Uj b (29b)

We now propose a heuristic to compute a feasible solution fi; 45 to problem (28).
Given the structure of constraints (28b)-(28e), the heuristic proceeds by first fixing

the values of the variables [L;"; p and ﬂ?%wb”, after which the remaining variables can be

determined accordingly. Specifically, once feasible vectors ﬂ;"; , and ﬂi‘;’f’b" are chosen,

it is possible to construct a feasible solution for the dual problem by computing 477,
ﬂ;"ﬁﬂ and ,&;"a”b using the following expressions:

Ay = Yo + 100 — Aot (30a)
ft5.as,0 =0 (30b)
a0 =0 (30¢)
BT = (=g + 50y — 50— B+ AT VEe 1T — 1]

(30d)
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~Amin

- N ~d ~d
Hjabt = (yt — N;ﬂ7b,t+1 + N;Lf;,b,t + ﬂjf:zqf}b’?t+1 - ﬂjf:zqf}b?t)+ vte[l: T —1]
(30e)
B r = (—yr — [0 o + B ar) (30f)
ﬂ;‘nf;%,T = (yr + ﬂ?ﬁ,b,T - ﬂ;‘l,o;fg,LT)i (30g)

where 2zt = max(0, z) denotes the positive part of 2.

Next, considering a unit j, an interval [a : ], first stage decisions (z,y), and the
point (v, A, ut), with i € O U F, returned by subproblem (4), we provide specific
formulas to [L?’Z;,b and [L?f;"’b". We first note that by complementary conditions, we

know that at the optimum p'? (resp. p99*™) is non-zero if and only if the ramping
Jst Hjt

up (resp. ramping down) constraint is active. The number of consecutive steps where
these constraints are active is limited by two things: the capacity limits of the unit
j and the length of the interval [a : b] which imposes that the production generation
is zero at time steps a and b. Thus, we first introduce the parameters TjRU and TjRD
defined as follows:

P,—P,

1+ Jifa>0
TjRU ((L) = ﬁ._piljlz (313“)
|——x7— otherwise,
I
P;—P.
L+ |~%p?t] ifa>0
TP (a) = T it (31b)

1+ L%J otherwise.
J

Then, we consider the time ¢; . as the intersection point of two lines with slopes
—RjD and Rg-], as illustrated in Figure 1:

D U D U
5P 5V +(b—1)RP +aR}

RDP 4+ RY ifa>0
. = P J
Lhab =\ sP-pim®sp-1)R? otherwise o
: 5 rwise.
RP+RU

For example, the instant ¢; 4 ;, defines the latest time step up to which the ramping-
up constraint can be continuously active without violating the required shutdown
condition at time b. As illustrated in Figure 1, if the ramping-up constraint is binding
throughout the interval [a : a + 2], the unit cannot reduce its output to reach the
shutdown threshold SJD by time b — 1.

It is important to note that if ¢;,5 ¢ [a : b — 1], then no feasible generation
trajectory exists on the interval [a : b] that satisfies the technical constraints given
in (27). In such cases, the interval [a : b] can be removed from the set 7;. Hence, we
assume without loss of generality that a <t;,, < b— 1 holds for all units j € J and
all intervals [a : b] € ;.

We finally we define the parameters gog»](a, b) (resp.gojp (a,b)) that represent the
number of consecutive time steps where the ramping-up (resp. ramping-down)
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Power generation

Time

Fig. 1 Definition of ¢; .. Red points indicate the maximum power generation at each time step
when v; o = 1.

constraint can be active as:

cpg-](a, b) = min (T]-R (a), ltj,ap) —a+1) (33a)

U
gij (a,b) = min (TJRD (a),b—1— Ltj’a,bj) (33b)

To leverage the information provided by the dual solution '’ (optimal solution of
problem (4) with first stage decisions (x,~)), our heuristic distinguishes two specific
situations for a given time step t:

(i) The time step ¢t belongs to the interval [a : b] which is selected in the first stage
decisions, i.e., Vjap = 1;

(ii) The interval [a : b] is sufficiently long, specifically b — a > TjRU + TjRD, and there
exists an interval [c : d] such that ;.4 = 1 and the time step ¢ belongs to the
interval [max(a, c) + TjRUILa:C : min(b, d) — T]-RD]lb:d].

Based on these cases, the heuristic defines the values of ﬂ;”; by and ﬂ‘f%wb"t using

the following explicit formulas:

(154 if condition (i) or (ii) holds,
=1 e ¢ fa:0], (34a)
< Z:fj (@b yk> otherwise,
(uh)doen if condition (i) or (ii) holds,
ﬂ?ﬂfl)’ft =10 N ifté¢fa:blorb=T+1, (34b)
(— Zz;lb_%p(a’b) yk) otherwise,
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where y = (¢; — v} )ifie Oand y = (—v} )ifi e F.

Condition (i) exploits the fact that if v; 4, = 1, then the dual solution x° is already
optimal for problem (28). Condition (ii) aims to approximate the behavior of the unit
J in the central portion of [a : b], which can be assumed to mirror the optimal behavior
in an interval [c : d] where 7;.q4 = 1, and the time step ¢ is sufficiently distant from
the boundaries of both [a : b] and [c : d].

Finally, our heuristic consists of selecting, for each unit j and each interval [a :
b] € T;, the best solution between the dual solution 1 obtained from the subproblem
(4) and the solution computed using equations (30) and (34) for problem (28). This
selection ensures that the resulting Benders’ cut of the form (25) is stronger than
the one obtained directly from p® in the 3-bin formulation (constraint (7c) or (7d)),
ensuring the convergence of the BD.

5 Computational experiments

In this section, we present extensive computational experiments conducted on various
instances drawn from two different sources in the literature. First, we use open-source
instances from the SMS++ project, previously studied in [25]. These instances exclude
network constraints and feature between 10 and 100 thermal generators. Second, we
also consider a modified IEEE instance that includes network constraints, with 54
generators, 118 buses, and 186 lines. This instance is commonly used in the literature;
however, it is essential to note that uncertainty modeling varies across different stud-
ies. Details on our scenario generation methodology for representing uncertainty are
provided in the Appendix D.

For each size category in the SMS++ dataset (10, 50, or 100 thermal units), five
different instances are available. For each of these instances and each test with .S sce-
narios, we generate three independent scenario sets of size S. As a result, all reported
results for each size category are averaged over fifteen tests. Similarly, for the IEEE
118-bus instance, three independent scenario sets are generated for each test, with S
scenarios, yielding averaged results across the three tests.

To guarantee that Assumption 2 holds, we enforce a relatively complete recourse
structure by introducing, in each instance, a load shedding unit and a renewable
curtailment unit. Both are assigned a cost of 700$/MWh, more than an order of mag-
nitude higher than the maximum production cost of any other unit, ensuring they are
used only as a last resort. Finally, all instances consider ramping constraints, capac-
ity limits, and initial conditions as constraints on the power generation variables, and
minimum uptime and downtime constraints on the commitment variables. Therefore,
Assumption 3 holds.

These instances serve as our benchmark for evaluating the performance of our
extended formulation and the effectiveness of the generated cuts. Our computational
experiments are divided into three parts. In Sect. 5.1, we compare five approaches
described in the previous sections: the 3-bin formulation combined with either an
extensive formulation (3-bin extensive) or BD (3-bin BD), and the extended formu-
lation combined with either an extensive formulation (Extended extensive) or BD
(Extended BD-0 where the subproblems (16) defining the cut coefficients are solved
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at optimality and Extended BD-H where the heuristics described in Sect 4 is used).
Sect. 5.2 presents an in-depth analysis of our approach Extended BD-H focusing on the
computational time required for convergence under different parameter settings, such
as varying the optimality gap. Finally, in Sect. 5.3, we explore the performance of our
approach under alternative conditions, including the use of a different risk measure,
such as average value-at-risk, and the multi-cut strategy. In all result tables, outcomes
are reported in the format a (b/c), where b indicates the number of instances suc-
cessfully solved out of the c total instances. If b = 0, then a denotes the average
optimality gap over the ¢ instances. Otherwise, a represents the average solution time
in seconds for the b successfully solved instances. In cases where the method fails to
compute even an optimality gap, we denote a = X.

Unless otherwise specified, all BD approaches are implemented using the single-
cut strategy. For more information on single-cut and multi-cut strategies, we refer the
reader to [24, 26]. Additionally, all BD approaches are implemented using a callback
mechanism that enables solving the problem within a single search tree, with Benders
cuts added when new incumbent solutions are found. This approach corresponds to
the Branch-and-Benders-cut method, for which further details can be found in [19].

All the results have been obtained on an Intel(R) Xeon(R) CPU E5-2667 (3.30GHz)
computer with 189 GigaBytes of RAM. The LP and MILP problems are solved using
the 12.0.1 Gurobi optimization solver. The algorithms are coded with JuMP (v. 1.26.0,
see [27]) in Julia (v. 1.11.5) and executed in a sequential setting, i.e., using a single
computational core without any parallelization.

5.1 Comparison between 3-bin and extended formulation

Table 1 presents the results of computational experiments conducted on the five
approaches: 3-bin extensive, 3-bin BD, Extended extensive, Extended BD-0,
and Extended BD-H. The performance of each method is evaluated across various
instances, differing in the number of units and scenarios |S|. All experiments were con-
ducted with a fixed time limit of one hour and a target optimality gap of 0.1%. For
each instance, the method achieving the best performance in terms of solving time is
indicated in bold.

From Table 1, we observe that for small instances, particularly those with only
one scenario, the extensive approaches 3-bin extensive and Extended extensive
perform best. Moreover, the 3-bin extensive consistently outperforms Extended
extensive on nearly all instances. This result is not surprising, as the two formulations
differ only in how they model the minimum uptime constraints. Specifically, 3-bin
extensive uses the constraint set (1b), while Extended extensive models the same
requirements using the interval-based -y variables and the linking constraints (10d). As
a result, Extended extensive introduces significantly more variables while maintain-
ing a similar number of constraints. However, these two extensive approaches struggle
to scale as the number of scenarios increases. In contrast, the Extended BD-H approach
exhibits computational times that are nearly independent of the number of scenarios,
making it more effective for most instances, especially large-scale instances with more
than 50 units or 50 scenarios. Using this approach, all instances are solved in under ten
minutes, whereas the 3-bin extensive fails to solve some of the largest instances in
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Table 1 Solution approaches’ comparison for a 0.1% gap with a time limit of 3600s, on SMS++
instances with various number of units and on the IEEE 118-bus instance with 54 units.

(VAP 3-bin BD 3-bin Extended Extended Extended
extensive extensive BD-0 BD-H

10 1 | 1201s (13/15) | 0Os (15/15) 0s (15/15) 18s (15/15) 2s (15/15)
10 25 | 2290s (1/15) 8s (15/15) 13s (15/15) 481s (15/15) 5s (15/15)
10 50 | 3208s (2/15) 22s (15/15) 32s (15/15) | 1039s (15/15) | 7s (15/15)
10 75 | 0.84% (0/15) 43s (15/15) 58s (15/15) | 1467s (15/15) | 9s (15/15)
10 100 | 1.06% (0/15) 69s (15/15) 96s (15/15) | 2130s (15/15) | 13s (15/15)
50 1 | 4.66% (0/15) | 7s (15/15) 13s (15/15) 182s (15/15) 93s (15/15)
50 25 | 5.52% (0/15) | 435s (15/15) | 299s (15/15) | 2903s (11/15) | 64s (15/15)
50 50 | 4.88% (0/15) | 1122s (15/15) | 2343s (15/15) | 3496s (1/15) | 69s (15/15)
50 75 | 5.56% (0/15) | 2402s (12/15) | 2080s (2/15) | 3.07% (0/15) | 115s (15/15)
50 100 | 5.23% (0/15) | 3075s (5/15) | 2483s (6/15) | 11.1% (0/15) | 109s (15/15)
100 1 | 8.74% (0/15) | 7s (15/15) 14s (15/15) 249s (15/15) 53s (15/15)
100 25 | 7.09% (0/15) | 1758s (15/15) | 1787s (15/15) | 0.94% (0/15) | 89s (15/15)
100 50 | 8.20% (0/15) | 3033s (6/15) | 99.01% (0/15) | 35.69% (0/15) | 114s (15/15)
100 75 | 7.01% (0/15) | 92.65% (0/15) | 99.09% (0/15) | 61.61% (0/15) | 138s (15/15)
100 100 | 7.47% (0/15) | 99.24% (0/15) | 99.24% (0/15) | 84.35% (0/15) | 220s (15/15)
54 1 45s (3/3) 3s (3/3) 8s (3/3) 82s (3/3) 8s (3/3)

54 25 | 6.34% (0/3) 207s (3/3) 190s (3/3) 1181s (3/3) 104s (3/3)
54 50 | 1.47% (0/3) 619s (3/3) 646s (3/3) 3114s (2/3) 204s (3/3)
54 75 | 4.98% (0/3) 1315s (3/3) 3058s (3/3) 30.31% (0/3) | 404s (3/3)
54 100 | 1.92% (0/3) 2161s (3/3) x (0/3) 39.31% (0/3) | 435s (3/3)

one hour. Table 1 also highlights the crucial role of the heuristic developed in Sect. 4.2
in enhancing the performance of Extended BD-0. In Extended BD-0, the subprob-
lems (19) are solved to optimality. However, since the number of these subproblems
grows linearly with the number of scenarios and units and quadratically with the time
horizon, this approach becomes computationally expensive as the number of scenar-
ios increases. Consequently, the scalability of Extended BD-0 is significantly limited
compared to Extended BD-H. Finally, the 3-bin BD method fails to converge within

one hour, even for the smallest instances.

To further summarize and visualize the performance of the different solution meth-
ods, we employ the widely used performance profile tool introduced by [28]. These
profiles show the proportion of instances solved (y-axis) by a method in less than K
times the fastest method (z-axis, in log scale). Figure 2 displays two performance pro-
files: the left plot corresponds to instances with a single scenario (i.e., deterministic
cases), while the right plot pertains to larger instances involving multiple scenarios.
These profiles confirm that our Extended BD-H method significantly outperforms all
the other methods for the larger instances. In particular, the second-best method,
3-bin extensive, requires approximately 2* times longer to solve half of the instances
and can solve only 75% of them in one hour.
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Fig. 2 Performance profiles comparing solution approaches on the IEEE 118-bus instance and
SMS++ instances with 10, 50, and 100 thermal units.

In contrast, for single-scenario instances, the 3-bin extensive method remains
the most efficient. Specifically, Extended extensive requires roughly 22 times longer
to solve all instances, while Extended BD-H and Extended BD-0 need about 2° and
27 times longer, respectively.

5.2 Analysis of the computational efficiency of the extended
Benders formulation

This section focuses on the two best approaches, 3-bin extensive and Extended
BD-H, and analyzes their performance with respect to the gap tolerance and the stan-
dard deviation of uncertainty in the instances. The analysis is presented in two tables.
Table 2 first shows the computational times required to reach different gap tolerances
(0.5%, 0.1%, and 0.01%), with a time limit of one hour and considering instances with
50 scenarios.

Table 2 shows that, contrary to 3bin extensive, Extended BD-H quickly finds
high-quality solutions with a 0.5% optimality gap, which may already be sufficient for
decision-makers operating under uncertainty. Moreover, if a tighter gap is required,
such as 0.01%, the method still achieves rapid convergence, further confirming the
strength and effectiveness of the Benders’ cuts of Extended BD-H. In particular, none
of the instances with 100 units and a 0.01% optimality gap are solved by 3-bin
extensive, whereas Extended BD-H successfully solves all such instances, with an
average solution time of less than five minutes.

The scenario generation methodology may vary depending on the case study. To
evaluate the robustness of our method Extended BD-H with respect to the level of
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Table 2 Computational performance for different gap tolerances using 50 scenarios.

| T Gap (%) 3-bin extensive Extended BD-H
10 0.5 155 (15/15) 6s (15/15)
10 0.1 225 (15/15) 7s (15/15)
10 0.01 31s (15/15) 7s (15/15)
50 0.5 614s (15/15) 39s (15/15)
50 0.1 11225 (15/15) 69s (15/15)
50 0.01 2680s (11/15) 147s (15/15)
100 0.5 2054s (12/15) 78s (15/15)
100 0.1 3033s (6/15) 114s (15/15)
100 0.01 33.32% (0/15) 363s (15/15)
54 0.5 6155 (3/3) 142s (3/3)
54 0.1 619s (3/3) 204s (3/3)
54 0.01 2280s (2/3) 232s (3/3)

uncertainty, we introduce a scaling parameter ¢, which multiplies the standard devi-
ation and thereby controls the dispersion of the scenarios. For example, setting o = 0
results in identical scenarios, eliminating uncertainty. Additional details are provided
in Appendix D. In particular, all the other results reported in this Sect. 5 use o = 1.

Table 3 presents the computational times (in seconds) required to solve instances
with 50 scenarios for various values of the o parameter, using a gap tolerance of
0.1%. The results on the SMS++ instances indicate that the computational times
of Extended BD-H are not impacted by the increased level of uncertainty introduced
by the o factor. In contrast, the 3-bin extensive approach appears to benefit from
higher uncertainty levels. However, it still requires roughly ten times longer to solve
the instances compared to Extended BD-H. For the IEEE 118-bus instances, however,
both methods fail to solve any instance when o > 2. A likely explanation lies in
the scenario generation process: our modified IEEE 118-bus model includes ten wind
farms distributed across the network, and increasing o effectively increases the gener-
ation capacity of these wind farms. This may cause system destabilization, leading to
numerical difficulties and poor performance for both 3-bin extensive and Extended
BD-H on these instances.

5.3 Comparison AVaR and single or multi-cuts strategies

In this section, we investigate two additional aspects of interest. First, since all previous
results were obtained using a single-cut strategy, we compare its performance (number
of iterations and total running time) with a multi-cut strategy in Table 4. Second,
Table 5 shows that our method remains effective when applied to alternative risk
measures, such as the Average Value-at-Risk (AVaR).

The results reported in Table 4 show that the computational time of the multi-cut
strategy is significantly longer on the SMS++ instances, particularly as the number
of scenarios increases. This can be attributed to the structure of the new cuts (23e)
added at each iteration: they are dense and involve all first stage variables v, each
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Table 3 Impact of increasing uncertainty volatility on running time (in seconds), using 50 scenarios.

J o 3bin extensive ‘ Extended BD-H
10 0.5 30s (15/15) 7s (15/15)
10 1 22s (15/15) 7s (15/15)
10 2 16s (15/15) 6s (15/15)
10 3 20s (15/15) 8s (15/15)
50 05 1402s (15/15) 92s (15/15)
50 1 1122s (15/15) 69s (15/15)
50 2 696s (15/15) 65s (15/15)
50 3 615s (15/15) 59s (15/15)
100 0.5 3177s (5/15) 160s (15/15)
100 1 3033s (6/15) 114s (15/15)
100 2486s (13/15) 108s (15/15)
100 3 2137s (9/15) 112s (15/15)
54 0.5 1294s (3/3) 156s (3/3)
54 1 619s (3/3) 204s (3/3)
54 2 13.99% (0/3) 4.44% (0/3)
54 3 x (0/3) 1.56% (0/3)

with different coefficients. While adding a single constraint per iteration (as in the
single-cut strategy) remains computationally manageable, the multi-cut approach adds
many such constraints at once. This results in a master problem with a constraint
matrix containing a large number of non-zero elements, which becomes increasingly
challenging to solve as the algorithm progresses. Note that this conclusion does not
hold for the IEEE 118-bus instance, as it includes network constraints, which make
the subproblems longer to solve. As a result, the multi-cut approach is more effective
in this case, since it typically leads to convergence with fewer nodes explored in the
Branch-and-Benders-cut algorithm.

Table 5 presents the performance of our new approach, Extended BD-H, alongside
the 3-bin extensive method, under the AVaR risk measure with a confidence level
of 0.8. Before analyzing the results, we recall the formulation of the stochastic UC
problem with AVaR, as defined in problem (35), for a general confidence level a:

. z T
RS R D (352)
JET,te[0:T)
s.t. Zws max(0,Q(z, &) —0) < z (35b)
s€S
> Y <1 VieJ, Vtelo:T] (35¢)
la:b]€T;|t€asb]
Tj= Z Vi,a,bTj,a,b VieJ (35d)
[a:b]€T;
xrj € X; VieJ (35e)
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Table 4 Comparison Single-Cut and Multi-Cut

J S ‘ Extended BD-H Single-Cut Extended BD-H Multi-Cut
10 25 5s (15/15) 13s (15/15)
10 50 7s (15/15) 24s (15/15)
10 75 9s (15/15) 41s (15/15)
10 100 13s (15/15) 55s (15/15)
50 25 64s (15/15) 154s (15/15)
50 50 69s (15/15) 246s (15/15)
50 75 115s (15/15) 413s (15/15)
50 100 109s (15/15) 399s (15/15)
100 25 89s (15/15) 233s (15/15)
100 50 114s (15/15) 393s (15/15)
100 75 138s (15/15) 495s (15/15)
100 100 220s (15/15) 614s (15/15)
54 25 104s (3/3) 49s (3/3)
54 50 204s (3/3) 246s (3/3)
54 75 404s (3/3) 308s (3/3)
54 100 435s (3/3) 326s (3/3)
3(T+1
Yiap € Ry, x; € {0,130+ 2 e R, (35f)

To formulate the feasibility and optimality cuts corresponding to the AVaR single-
cut model, we define the set of scenarios S(x) C S that contribute to the AVaR
tail:

S(x)={se€S | Q,&) -0 =0} (36)
Using this set, constraint (35b) can equivalently be reformulated as:
z 2 Z s (Q(z,&5) — 0), (37)
seS(x)

Moreover, for any pair of first stage decisions = and y, it holds that:

3 Q&) —0) > Y m(Qx, &) — 0). (38)

seS(x) SES(v)

As a result, at each iteration k of the extended Benders’ decomposition, given
the first stage decisions (2*,~%), we add the following optimality cut to the master
problem if all subproblems are feasible:

Z s g(f/f, 5‘5’ &)+ Z 'Yj,a,ij,a,b(Cj - ZAlf,j”) —0] <z (39)
s€S(z¥) JET [a:blET;
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where (DF, 5\5) are the dual variables obtained by solving the subproblem for each
scenario s with the first stage decisions 2. If there exists a scenario s € S for which the
subproblem is infeasible, we instead add the same feasibility cut as in the risk-neutral
setting:
g(ﬁfv )‘];» gs) + Z Wj,a,ij,a,b(_ﬁf,jn) S 0. (40)
JET ,[a:b)€T;

Finally, it is important to note that the efficiency enhancements proposed in Sect. 4
remain fully compatible with the AVaR formulation and are also applied in this
context.

Accordingly, Table 5 reports the performance of the 3-bin extensive and
Extended BD-H methods under the AVaR risk measure, following the same format as
Table 1, which presents results for the risk-neutral case.

Table 5 Performance with AVaR risk measure

|T| |S] | 3-bin extensive Extended BD-H
10 25 9s (15/15) 7s (15/15)

10 50 25s (15/15) 12s (15/15)
10 75 50s (15/15) 16s (15/15)
10 100 69s (15/15) 18s (15/15)
50 25 740s (15/15) 189s (15/15)
50 50 1960s (13/15) 197s (15/15)
50 75 2992s (6/15) 252s (15/15)
50 100 2830s (3/15) 187s (15/15)
100 25 2188s (14/15) 375s (15/15)
100 50 99.7% (0/15) 437s (15/15)
100 75 99.7% (0/15) 601s (15/15)
100 100 99.72% (0/15) 645s (15/15)
54 25 424s (3/3) 352s (3/3)

54 50 1139s (3/3) 408s (3/3)

54 75 2005s (3/3) 726s (3/3)

54 100 2524s (3/3) 777s (3/3)

First, we observe that for both approaches, solving the AVaR problem takes slightly
longer than solving the risk-neutral counterpart, whose results are reported in Table 1.
Second, our approach, Extended BD-H, remains more efficient than 3-bin extensive
for tests involving more than 25 scenarios.

6 Conclusion

We have presented a new Benders decomposition method for solving the stochas-
tic unit commitment (SUC) problem, leveraging an extended formulation based on
interval variables. This approach yields provably stronger cuts than the classical 3-
bin-based formulation and enables decomposition across both units and time intervals
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under mild assumptions. To address the computational cost of solving the many small
subproblems, we have developed a heuristic based on weak duality that computes valid
cut coefficients at a fraction of the cost.

Extensive experiments on both standard and large-scale instances demonstrate
that the proposed method consistently outperforms existing approaches. In particular,
it solves SUC instances with 100 units and 100 scenarios in under four minutes on
average—while baseline methods fail to close the optimality gap within one hour.

These results highlight the practical potential of exploiting extended formulations
in Benders decomposition. Future work includes relaxing the decomposition assump-
tion (3), which requires that technical constraints associated with two non-overlapping
intervals be independent. This would allow for additional features such as fuel con-
straints. One direction is to develop new tailored heuristics to accommodate these
constraints; alternatively, they can be dualized and handled similarly to the linking
constraints discussed in this paper, at the cost of introducing additional dual variables.
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Appendix A Proof of Proposition 1

Let (v,z) a solution satisfying constraints (10c)-(10f) and & € RT*!. We aim to show
that Q(z,€) = Q(7,&), even in the absence of relatively complete recourse, where
the value may be +oo. To this end, we first prove that for any feasible solution p of
problem (3), there exists a corresponding feasible solution p for problem (14) with the
same objective value.

We define p as follows:

_ Pjt%jabt i Vjap =1
Pjape =14 " A (A1)
Qj,a,b,t otherwise.

where gj is a solution satisfying the technical constraints of unit j over the
interval [a : b]. Such a solution necessarily exists, otherwise, it would be meaningless
to include the interval [a : b] in the set of feasible intervals 7;.

Moreover, by Assumption 3, the vector (p; % ab.¢)tecjo:7) is feasible for problem
(14). Then, the vector p is feasible for problem (14), and its objective value coincides
with that of p in problem (3).
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Conversely, given a feasible solution p of problem (14), we define p as:

pj = Z Vi,a.bP4,a,b- (A2)
[aib1eT;

By aggregating the constraints (14a) satisfied by p, we observe that p is feasible
for problem (3), and that the objective value of p in problem (3) is equal to that of p
in problem (14).

Therefore, the feasibility of one problem implies the feasibility of the other, and
the optimal values are identical. This establishes that Q(x, &) = Q(~,§) for any (v, )
a solution satisfying constraints (10c)-(10f), even in the absence of relatively complete
recourse.

Appendix B Proof of Proposition 3

Let (v,x) be a vector satisfying constraints (10c)-(10f), (v,A) € Dy, and £ € RT+L,
Let p* be an optimal solution to the following problem:

T . .
max Z pi Wiz, (B3a)
Jjeg
s.t. A;ruj +v,=¢ VjeTJ (B3b)
Wi € Ri],’_. (B3c)

We denote by 3P (x, &, u*, v, \) the objective value of the solution (u*,v,\)
in problem (4), and by v®*(v,&,v,\) the objective value of the solution (v, )) in
problem (18). By definition of these objective values, the following equality holds:

v3bln(x7§7’u*, v, A)ivEXt(r%f’ V7>\> = Z(M;)ijzji Z ’Yj,a,ij,a,b(Cj*an)
JjET JET |a:b]eT;
(B4)
To prove this difference is zero and establish Proposition 3, we consider the
dual formulation of problem (B3). By strong duality (Assumption 2), the value
Dje (1) TWjx; is equal to the optimal value of the following primal problem:

min Z pjT(cj —0;,) (B5a)

Pojer
s.t. ijj < Ajpj VieJ (B5b)
p; € RTTL (B5c)

Indeed, under Assumption 2, either the primal problem (3) or the dual problem (4)
admits a feasible solution. Since the feasible sets of problems (B3) and (B5) are subsets
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of those of problems (3) and (4), respectively, this guarantees that at least one of the
problems (B3) or (B5) is also feasible. A

On the other hand, the term Zjejy[a:b]g-j Vj.apQj,ab(c; —vj,) corresponds to the
optimal value of the following extended primal problem:

min S Vabbraple —05,) (B6a)
JET,[a:b]€T;

s.t. Wj-rj,a,b < Ajﬁj,a,b VJ cJ, V[CL : b] S 7; (BGb)
Pjap € RTTL (B6c)

The equivalence between problems (B5) and (B6) follows from arguments similar
to those presented in the proof of Proposition 1. Therefore, the two objective values
are equal, which completes the proof.

Appendix C Feasibility Cuts

Let (v,z) be a solution satisfying constraints (10c)-(10f), and let £ € RT*! be a real-
ization of uncertainty. We denote by v (2, &, i, v, \) the objective value of a solution
(p1, v, A) in problem (4), and by v***(y, £, v, A) the objective value of the solution (v, A)
in problem (18). In this appendix, we prove that problems (4) and (18) are unbounded
if and only if:

feF, v My=ge v/, M)+ Y yasQian(—v]) >0, (C7)
JET ,[a:b]eT;

Since problem (4) is linear, it is unbounded if and only if:
IfeF, (g pl, v ) >o. (C8)
Let consider an extreme ray (uf, v/, \) of D. For any (fi, ¥, 5\) € Dand any N € N,
the point (i + Nuf, 0+ Nvi A+ NX) € D. Consequently, (# + Nvf, A+ NX) € D,

for all N € N.
To prove condition (C7), we study the limit of:

%uext (v, &0+ Nvi A+ NX) (C9)

1 R < 1. .
= 9EP+ N AN+ D T v 5 Qianle; = 7, + Nvj ). (C10)
jeT [a:bleT;

Let us first consider the limit of the first term, for which, by the linearity of g, we
have:
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1 A 1 .
—g(&, 0+ Nvi A+ NA) = —g(&,0,)) + g(&, v/ A) —— g(&,v7, M), (C11)
N N N—=o00

We now analyze the limit of %Qj,a,b(cj -0, + Nujfn), which is the optimal value
of problem (C12):

N T
; G-V _f
p&l{lﬁrl ( I an> D (C12a)
s.t. WjIj’a’b S Ajp. (Cl2b)

The feasible set is independent of N, and the objective coefficients converge to
—v! . Thus:
(i :

1 . . .
N Qo = P+ Nvf ) ——— Qjan(—v],), (C13)

It follows that the sequence (%ve"t (v,&,0+ Nvi, A+ N)\f)) converges to the
NEN
limit: R
v M) =g T M)+ YT @ (). (C14)
JET JableT;
Therefore, we proved that if:

IfeF, v, &vi M) >0, (C15)

then the subproblem (18) is unbounded.
To prove the converse, we assume that:

VieF, ve(yv,&vf M) <o, (C16)

and aim to show that problem (18) is bounded. By Proposition (1), it suffices to prove
that problem (4) is bounded, i.e.,

VfeF, vgbm(%f,uf,/\f) <0. (C17)
Let (uf, v/, Af) an extreme ray of D, the feasible set of problem (4) and let ,u{\, be
an optimal solution to:

Wz
max Z wj Wiz; (C18a)
JjeT
st. Ajpj+o+Nvi=¢; , VjieJ, (C18b)
p; € R (C18c)

By Proposition 3, it follows that:
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vy, €, 0 4+ Nvl A+ NX ) = P8 (2 €l 0+ Nvl A+ N, (C19)

Moreover, since i + Nu/ is a feasible solution of (C18), and v3P is linear in its

arguments, we have:

USbin(z,f,M{V,ﬁ+NVf75\+N>\f) > USbin(z7£,ﬂ—|—Nuf,ﬁ+NV‘f,5\+N)\f)
(C20a)

= ’USbin(m?ga ,EL7 197 5\) + N - U3bin(x7€7/1/f7 Vfa )‘f)
(C20b)

Combining (C19) and (C20), dividing by N, and taking the limit as N — oo, we
obtain:

which implies that constraint (C16) dominates constraint (C17). As a result,
problem (4) is bounded, and by Proposition 1, so is problem (18).

Appendix D Scenario Generation Methodology

Both the SMS++ instances and the IEEE 118-bus test case originally include only
the predicted hourly demand {Amt at each bus n over a 24-hour horizon. To evaluate
the performance of the stochastic methods, we generate net demand scenarios using
two different approaches: one for the SMS++ instances and another for the IEEE
118-bus instance. First, for the SMS++ instances, which involve only a single bus
(and hence a single net load), we use the publicly available dataset from https://data.
open-power-system-data.org/time_series/, which provides both day-ahead forecasts
and actual hourly electricity demand in France. _

For each day j in the dataset, we compute the relative forecast error e/ = (g} )telo:1]

as defined in Equation (D22), where dzmual’t and d

forecast,¢ Tepresent the actual and
forecasted demand at time ¢, respectively:

i d;ctual,t - dgorecast,t dj o dj (1 j) (DQZ)
& = dj ’ actual,t = “forecast,t + €% )-
forecast,t

Using these relative errors, we construct scenario j by modifying the predicted
demand &; ; according to:

g, =6y (1 Yo g{) : (D23)
where the parameter o allows us to scale the variability of the scenarios. All the

scenarios used in this paper were randomly sampled from the period between 2019
and 2024.
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Second, for the IEEE 118-bus instance, we use wind generation data from [29],

i.e., we consider ten buses with wind generation. We denote by wj,, the wind

generation at bus n and time ¢ in scenario j. For all buses except these ten, w}, , = 0.
Accordingly, the net demand &7 for scenario j is defined as:

& =y —owl, YneN,vtel0:T), (D24)

where o is still a scaling parameter that controls the level of variability in the scenar-
ios and can be interpreted as the degree of wind power integration into the system.
The source of data for the wind power generation is the Global Energy Competition
(GEFCom) 2014 [30].

In Table 3, we report the impact of different values of the o parameter on the
performance of the solution methods. Unless stated otherwise, all results in the paper
use 0 = 1.
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