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Abstract

The Nesterov’s accelerated gradient (NAG) method generalizes the classical gra-
dient descent algorithm by improving the convergence rate from O (%) to O (t%) in
convex optimization. This study examines the proximal gradient framework for addi-
tively separable composite functions with smooth and non-smooth components. We
demonstrate that Nesterov’s accelerated proximal gradient (NAPG,,) method attains

a convergence rate of o (t%) when « > 3 for strong-weak convex functions. We also
present a Lyapunov analysis to establish the rapid convergence of the composite gra-
dient operator when the smooth component is strongly convex and the non-smooth
component is weakly convex. Also, we establish the equivalence between Nesterov’s

accelerated proximal gradient and Ravine accelerated proximal gradient method.
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1 Introduction
Let us consider the following optimization problem

min F(w) = f(w) + g(w), (P)
weRM?
where g : R” — R U {400} is a lower semicontinuous (l.s.c.) proper weakly convex func-
tion, and f : R™ — R is a differentiable strongly convex function whose gradient satisfies
Lipschitz continuity.
Since the 1960s, momentum methods have been used. In 1964, Polyak [28] suggested a
heavy-ball (HB) approach that computes the subsequent iterate using the preceding two.
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The initial goal of momentum methods was to accelerate the convergence rate of convex
optimization problems. In 1983, Nesterov [26] proposed an accelerated method (NAG)
that improves the rate of convergence of f(¢;) — f(¢*) from O(1) to O(t%) for smooth
convex function f. The [j-regularized problem: min{f(y)+ Ally|]1 : y € R™} was solved by
the Iterative Shrinkage-Thresholding Algorithm (ISTA) [14] for smooth convex f, which
is a modification of the standard gradient procedure. The sequence ((;):cn generated by
ISTA is given by (41 = Proxyg(¢ — AVf(()) for some A > 0, and the convergence

rate of F((;) — F(¢*) are O(}) for convex f and (’)((1 — %)ﬁ for strongly convex f.

Beck and Teboulle [9] generalized the NAG method for the non-smooth convex composite
functions (FISTA) and improved the rate of convergence from O(1) to O(t%) by using
Nesterov’s acceleration [26] in ISTA. The sequence ((;)ien generated by FISTA is given
by (; = Prox%(vt — %Vf(vt)) and then vy = ¢ + %=1(¢ — (1) for the update of

Ct+1
1+44/1+4c?

Ct+1 =

The pro2xirnal gradient method (PGM) has its roots in the proximal point method
(PPM), which was introduced by Martinet [25] and later expanded by Rockafellar [29].
Lions and Mercier [23] introduced the forward-backwards scheme (FB), which is written as:
C41 = Proxg(¢ —yV f(()) for v > 0. By adding an extrapolation step: vy = ¢ 4+ o (¢ —
Ct—1) with a; > 0 in the FB method, it produces an inertial forward-backwards algorithm
(IFB) [24] that enhances the convergence rate. The accelerated forward-backward method

(AFB) [6] was introduced by taking oy = t+t;£1 in the extrapolation term, and the iterates
of the AFB scheme retain their asymptotic characteristics if the a; = Ht;il_l is changed
with an equivalent expression ay = 1 — ¢. For a = 3, the AFB procedure approximates

the original FISTA algorithm.

The extension of the IFB method and the AFB method has more advantages than the
FISTA algorithm. To begin with, proving the convergence of the iterates produced by the
FISTA algorithm is still an unresolved challenge [I12]. Chambolle and Dossal [12] proved
the convergence of the iterates generated by a modified FISTA. Attouch and Peypouquet
[6] provide a better convergence rate o(t%) for AFB rather than O(t%) and have shown
the weak convergence of the iterates when a > 3. Attouch-Chbani-Peypouquet-Redont [3]
generalized the results in [6] by adding a perturbation term. Attouch and Cobot [2] studied

the IFB algorithm for a positive o and got a constructive rate F((;) — F(¢*) = o (#)
t

and (;— (-1 =0 (%) where k;=1+ ;o: g:t «;, and their results also satisfy oy =1 — %
for r € (0,1). Apidopoulos, Aujol, and Dossal [I], and Attouch, Chbani, and Riahi [4],
studied the IFB algorithm with a; = 1 — ¢ when o € (0,3) and got a constructive rate of
convergence O(—).
t5

Much work has been done towards the minimization problems involving weakly convex
functions; among all, Hoheisel-Laborde-Oberman [20] studied the PPM for weakly convex
functions. Bohm and J. Wright [10] develop a variable smoothing algorithm for weakly



convex composite functions and prove a complexity O(E%) to achieve an e-approximation
solution. Liao and Zheng [22] propose a proximal descent method that combines the inexact
PPM with classical convex bundle techniques and gets non-asymptotic convergence rates
in terms of (n, €)-inexact stationary.

In the literature, the accelerated methods for a strongly convex function [[13], [11],
[16], [17], [15]] have been proposed, and they attain the rate O(min((1 — /g)", t%)) for
F(¢)—F(¢*). Ushiyama [30] proposes an accelerated FISTA method for composite strongly
convex functions and achieves O(min((1+ 2+ ¢)™, 5)).

The primary motivation for this work follows as Attouch and Fadili [5] show the equiv-
alent relation between the NAG algorithm and the Ravine procedure. Furthermore, the
fast convergence of the gradient norms to zero is established for both the Ravine method
and NAG procedure, assuming that f is convex and smooth. Khanh-Mordukhovich-
Phat-Tran [2I] develop the inexact PGM, which is applied to weakly convex functions
and demonstrates global convergence of the iterates. He and Fang [19] propose an AFB
scheme with subgradient correction in a convex setting. They obtain the convergence
rate F(() — F(¢*) = O(%) and minj<p< dist?(0, OF (wp41)) = O(t%,) for a > 3, and the
convergence rate of the objective value gap improved to o(t%) for a > 3.

Based on the preceding discussions, we conduct a Lyapunov-based analysis to demon-
strate the rapid convergence of the gradient to zero for the accelerated method applied to
the additive composite function structure with the smooth and non-smooth types, where
the smooth component is strongly convex and the non-smooth component is weakly con-
vex. To our understanding, this is the first study using Lyapunov function to provide this
type of analysis in this specific setting.

We introduce the Nesterov accelerated proximal gradient method

v = G+ o (G — Gi—1)

NAPG,
( ) {Ct+1 = Protqg(vy =V f(w)),

where ay = 1 — ¢ with o > 0 and v > 0, when a = 3 NAPG,, reduce to FISTA [9].

1.1 Contribution

The primary contributions are as follows, where ¢ is l.s.c. proper weakly convex and f is
a C! strongly convex function with a Lipschitz continuous gradient function of f:

e We generalize the descent lemma of composite function in convex setting to the said
class of functions and study the convergence analysis of NAPG, method when o > 3
through Lyapunov analysis, and obtain the convergence rate F(¢;) — F(¢*) = o(t%)
when o > 3.

e We prove that the iterates ((;) induced by NAPG, converge to some minimum point
when o > 3.



e We extend the descent lemma for our class of functions and develop a Lyapunov-
based analysis to demonstrate that the convergence rate of the gradient type operator
produced by the NAPG,, is o (%), particularly in the case where a > 3.

¢ We show an equivalence relation between NAPG,, and the Ravine accelerated proxi-
mal gradient (RAPG,, ), and prove similar kinds of results for RAPG,, as NAPG,, for
our class of functions.

1.2 Paper organization

In Section [2| we first generalize the descent lemma for F' and then develop a Lyapunov
function to show the convergence efficiency of F((;) — F(¢*) as o(35). In Section |3 the
convergence of the iterates of NAPG, is proved. In Section[d] we extend the descent lemma
and develop a Lyapunov analysis to show that the gradient equivalent converges to zero.
Section [5] introduces the Ravine method for ' and shows the equivalence relation between
NAPG, and RAPG,. The sequence produced by RAPG, converges and its convergence
rate of F'(vy) — F((*) = o(t%). Also, we demonstrate that the rate of convergence of the
gradient map of RAPG,, is equivalent to that of NAPG,.

1.3 Basic definitions and preliminaries

This section goes through the fundamental definitions and notations needed for the analysis
that follows, as well as the important characteristics that will be used in the advancements
that follow.

Definition 1. Let f be a C' function on R™, then f is B-strongly convex for some B > 0 if
the following holds
p
F) +{Vfv),u—v)+Jllu—- vl|? < f(u),

for all u, v e R".

The definition above implies that if f(-) — g” -||? is convex, then f is S-strongly convex
mapping.
Definition 2. Suppose g is a l.s.c. proper function on R™ is said be a p-weakly convex for
some p > 0 if the function g(-) + 5|| - ||* is convex.

1

Definition 3. Let g be a ls.c. proper p-weakly convex function on R™. Let v € (0, ;).
Then the proximal operator with regard to vg is defined as

. Y 2
P = { o - }7
o, (w) = arg min {g(=) + 2|z — w]

for w € R™.



Assume the following conditions:

g is l.s.c. proper p-weakly convex mapping;
f is differentiable, S-strongly convex function, V f is L-Lipschitz continuous;

(K) arg rﬁinnF =5 # ¢;

B> p.
Next, we define the gradient mapping for F.

Definition 4. Suppose f, g are two function on R™ with f is differentiable convex and g
is mon smooth p-weakly convex for some p > 0. Let v € (0, %) then the composite gradient
map Py : R" — R" is defined by

P, (w) = Prozyg(w — vV f(w)), (1)
w € R™.

Also, the mapping P, is written as

P’Y(w) = arg erel]g}t qjv,w—’ny(w)('z):

where U,(2) = g(=) + &2 — wl* = g(2) + 4llz — w]? + T572[lz — w||? which is a

(v~! — p)-strongly convex function since g(-) + 4| - ||? is a convex function. Observe the
quadratic estimation of the map W,

Py(w) = argfellgyll{g(z) + ;fsz — (w — ’va(w»HQ}

1
= arg min { SIS @)+ (V(w). 2 = w) + 5|z~ wl + 9(2) |

= ang min { £(0) + (V). 2 =) + 512 = wl + 9(2)}.

Definition 5. Suppose f, g are two function on R™ with f is differentiable convex function
and g is non smooth p-weakly convez function for some p > 0. Let v € (0, %) and P, be
the composite gradient mapping, then the gradient mapping G~ : R™ — R"™ defined by

Gy (w) = i(w — Py(w)), 2)

for w € R™.

From the above definition of gradient mapping, we can rewrite the NAPG, method in

the following form
e
1=

UtZCH—( t)(Ct—thl);
Ca1 = ve — VG (vy).



Remark 1. Here, we analyze the gradient mapping value at ¢* € S, i.e., G ((*).
* : * * * 1 *
P,(C7) = arg min {f(¢") +(VF(¢");w =) + lew—C I+ g(w)}

= arg min {/(C") + 5-[[w = "I+ g(w)}
=7,
as ¢* is the minimizer of F = f + g. Hence G(¢*) = 0.
Lemma 1. [7] Let ((;) be a sequence in R™, and ¢ # S C R". Assume that
(1) limy—s 1o ||Ce — C*|| ewists, for all (* € S.
(i) Every cluster point of (¢ in S.
Then, as t — 0o, ((;) converges to a point in S.

Lemma 2. [7/ Suppose (at)ien, (Bt)ien, (1t)ten and (ne)ien are positive sequences of real
numbers and the series ), Ve and Y, are convergent. If

atr1 < (14 ye)ag — B + ne,
for all t € N. Then the sequence (at)ieny and the series ZteN B¢ converge.

Theorem 3 (Theorem 2.1.8, [27]). Suppose f is C* B-strongly convex function on R™ and
Vf(u*)=0. For allv e R",

fu™)+ gHv —u*||? < f(v) holds.

2 Lyapunov analysis

Now, we construct an energy (Lyapunov) function to analyze the stability and the conver-
gence of the algorithm. Here, we extended the descent lemma for F'.

Lemma 4. Let assume (K) and v € (0, %ﬂ) Suppose &, § € R™ with & = Py(g). Then

F(#) < Fluw) + (1 - p)(G, (@), - w) - 2D )2 Q

holds for all w € R™.



Proof. Consider the mapping w — g(w) + f(9) + (Vf(¥),w — §) + %Hw — g||?, which is
a (y~1 — p) -strongly convex function. Since & is the minimizer of P, from Theorem [3| we

get
-1

9@) + 1)+ (V1) = 3) + 5o = 1+ T Lo = a1

1
< 9(w) + 1) + V@), 7~ 4) + - llw - il?,
for all w € R™. From [Lemma 5.7, [§]], we have
fla) < FO) + (VS ()0~ 8) + = la—b|P, Va, be R

Since L < %, putting ¢ = £ and b = ¢ in Equation [5, we get

F@) < 1@) + (VI@),& =)+ 5ol = dl*
Now applying the above result in Equation [4, we get

. . vl —p 2112 - . .
F@) +9(@) + —5—llw = 2[" < g(w) + () + {VF(9),w - 7)

v —p

2

. P .
+ lw =gl + Sllw = gI1*

Since p < 3, we obtain

v —p

2

Jw—2|* < g(w) + f(@) + (V@) w — §)
v —p
2

9(&) + f(2) +

_l’_

y p y
lw = gl* + 5w = glI*.
From Definition |1} we get f(9)) +(Vf(7),w —79) < f(w) — gHw — 9||? holds. Then

vl p -1

. . - 4 .
9(@) + f(2) + — Jw — &))* < g(w) + f(w) + 5 Jw — 3|
As f+ g = F, we have
v l—p 2 vy l-p 5
F@) + Ll — #P < Fw) + 2L - g

Also, we have

F() < F(w) + [llw = gl* = [|z — w]|].

A
2



From Definition [4] we obtain

o = G112 = || Py(3) — wl|?]
lw = gl1* = || Prowag(y = vV f (7)) — wl|’]

[llw = glI* = ll& = wl*] =
[
el + 11717 = 2(w, 5) — [1Prowyg (5 — ¥V f@)I* = [lw]]*
2
[

_|_

(W, Prozg(y — ’va(v)»]
[G11* = [|Proz.g (5 — ¥V f (3 ))H
— 2(w,§ — Proxyy(y — YV £(y ] (8)

From Definition [5| and @, Prox,¢(y — YV f(9)) = Py(y) = ¥ — vG~(¥), Equation
becomes

[lw —=gl* = [l = w[?] = (9] = 1§ = vG, @) = 2(w,vG(§))]
= [=PIG @) + 2(yGo (1), 5 — w)]. 9)

Putting Equation [9] in Equation [7} we get

F(#) < F(w) + (1— pn)(Gs(5),5 —w) — 2= ya )2

2
O
Lemma 5. Let assume (K), v € (O,W%L) and ¢* € S. If a > 3, then Y 2 t(F(¢) —
a—1)2
F(¢*) < 8 < foo.
Proof. From Lemma [4], for any a, b € R™ we get
(1L —py)
Fla =Gy (a)) < F®) + (1 ) (Gr(a).a—b) ~ e @ o)
Putting a = v,b = (; and a = v, b = ¢* in Equation we obtain
1
Pl — 3Gy () < F(G) + (1 - p) (G (v — &) - Lo, )
and
x o Y —=py
Pl — 3Gy (1) < F(C) + (1= )Gy (e — ) - o Dya w2, 2)
respectively. We have ¢; = (i;_ll and oy = 1 - = % Multiplying (¢;41 — 1) > 0 in

Equation [11] and after that adding with Equation since (441 = vy — 7G~(vy) we obtain

e F(Grn) < (e = DE(G) + F(C) = 25 (1= p)l| G (0|
+ (L= ) (G () (v = (v = ) + (00 =€) (13)



v+ (cop1 — 1) (ve — () = G+ cepr(ve — G)
=G+ crr100(G — G—1)-

As cip1o00 = ¢ — 1, we get

vp+ (o1 — 1)(vr — G) = G+ (er — 1)(G — Ge-1)
= Gr—1 + (G — G—1)-

Let by = (4—1 + ¢({ — (4—1), then the Equation [13| becomes

1 F(Gn) < (e = DEF(G) + F(C) = T2 (1= p9)l|G (0|
+ (1= py)(Gy(v), b — (7).

Subtracting ¢;41F'(¢*) on each side of Equation we get

it (F(G) = F(C) < (evn —~ DEG) — FC) — L1~ ) | ()P
+ (1 = py){(Gy(ve), b — C7).

Now,

biy1r — b = G+ cir1(Ga1 — G) — G—1 — (G — G—1)
= ct41(Gi1 — &) — (e — 1)(G — Ge-1)
= ce1(Ge1 — G — (G — Gi-1))

= ct41(G1 — ve) = —vce1 Gy (vr).
Then by — ¢* = by — * — yci41G4(ve) and we have
1ber1 — G = 11 = 1P = 2yee1(Gry(ve), b — CF) + 72t |G (0r) 1.

Putting Equation [I§ in Equation [16], we obtain

c1(F(Gg1) — F(CY)) < (e — D)(F(&G) — F(¢C))
(1

_p7) * 112 * (12
S P by = )2 = [lbess — C*|12).
e ([be = C*|I7 = [|ber1 — C*[17)

_|_

Also,

i1 (F(G1) = F(C)) < (cf41 — cert) (F(G) — F(CY))

1—
+ S22 = 1P = o = I

(14)



Equivalently,

(P (Genn) = FEN + LT o — P
< (F(6) - Fe) + S5 - PP
F (e — a1 — AFG) — FEC). (19)

Define W(t) := c2(F({:) — F(¢*)) + (I%T)Hbt — ¢*||%, then Equation becomes

W(t+1) = (41 = cor1 — ) (F(G) — F(CH)) < W(). (20)
Since ct2+1 —Cpp1 —CF = —% <0 for a > 3, from Equation we obtain
tla—3)+1 N
Wit + 1) + LI () - P < Wi, (21)

Since the sequence (W(t)) is positive and non-increasing, by summing Equation [21] for
t=1,2,---, N, we obtain

N
WV 1)+ 3 1= o) - Ry < W),

p (v —1)2
Also, we get
i t(?a__gi; L) - F(e)) < wa)
Then as N — oo, -
> ir(e) - micy < (7 D)

O]

Theorem 6. Let us suppose that (K) holds, v € (0, p-%L) and ¢* € S. Let (v4)eny and
((t)ten be the sequences induced by NAPG,. When « > 3, then

(i) F(¢) — F(¢) < C50W(1) = 0();
(id) 116 = Gl = O(3).

Proof. From Equation we obtain

W(t) < W(1).

10



The above equation implies that

A(F(G) — F(C)) + “;j’”nbt _ R < W, (22)

since ¢; = 2;_11 then

a—1)? a—1)2
F(G) = F(¢) < ((t_ 11))2 W(l) < ( t21) W(l) = o(tlg)

Again, since by = (4—1 + ¢t(¢ — (1), we obtain

Gt — 1l = O(%)

Lemma 7. Let assume the assumption (K), v € (O, IH%L) and ¢* € S. If a > 3, then

> v 3(a — 1)2W(1)
D tlhen = Gl < = (@ = 1wl + TS

Proof. Using (41 = vy — YG(v¢) and vy — (¢ = (G — (—1) in Equation we get

< .
a—3 ] oo

F(G) < F(G) + (1= (G (w0, u— 6) — TP w2

(1—p7)

. 2
3l il

= rg)+ 4 }M) (00 = G0 — G) —

= F(¢) + u _PYM) (Gt — CGg1 + (G — Ge—1), 00 (G — Ge—1))

)
2y

_ 201 _
< F(G) + M(Q — Cog1, Gt — Go—1) + MHQ — G)?

HCt+1 -Gt — Oét(Ct - Ct—1)||27

(1—pv)

e [7 — 2

201 —
-l - 2

+”“;””@H—Q@—QA»

It implies that

201 —
e [ )

(1—pv)

5 Cer1 — G2 < F(&) +

F(Cy1) +

11



Since oy < a1, then the above equation becomes

1

_ oz (1 —
F(Ctv1) + 2/)’7)||<t+1 —GlI? < F(G) + MHQ — G
Subtracting F'(¢*) on each side of Equation we get
* 1—
F(G) = P+ S g - P
a? (1—
< F(@) - Py + 0T g e

Let & := F(G) — F(¢7), pe == (15?) [Gr1 — Gl[?, then Equatjonbecomes

Govr + 1 < &+ e

t+1—a\2
=&+ (7) fhe—1-

t+1
Asa>3,thent+1—a <t+1—2=t—1. Therefore, Equation [26| becomes
é‘ + < é‘ + <E)2
41 T Mt > Gt 1 Ht—1,
and then

t+ 1% — (=1 < (t+1)2(& — &),
Now, for t > 1,
(t+1)(& = &) = 26 — (4 1% + (2t + 1)&
<28 — (E41)%6p + 3t
Now,
(t+ 12 — (¢ = 1) ue-1 = P — (¢ = 1) -1 + (26 + 1)y

From Equation Equation 29| and using u; > 0, we get

gy + P — (t— 121 < (E4+ 1) — (8 — 1)

< (t+1)%(& — &)
<t — (t+1)%64 0 + 3t&.

Summing the above equation for t = 1,2,--- | N, we acquire
N N
2D tue+ Nopy <& = (N + 1%y +3) 16
t=1 t=1

12

(24)

(29)



If o > 3, using Theorem [ and Lemma [5] we obtain

3(a—1)2W(1)

N
Q;t,utg (a —1)°W(1) + po—

Now taking N — oo, we have our result. O

Lemma 8. Let assume (K), v € (0, p_%L) and ¢* € S. If a > 3, then

Jim [ — Gl + (4 D2(F(G) — FCT)] enists.

Proof. From Equation 26] we obtain

t+1—a\2
Stp1+pe <&+ (7) Ht—1-

t+1
Since a > 3,
t— 142
Eer1 + e < &+ (T) i1,
equivalently,
g — (t— 1)1 <& — Ear). (30)
We have
(t+1)%&1 — 126 < (& — &) + (2t + D (31)
Adding Equation [30] and [31] we obtain
[P+ (4 1)%61] = [(t — 1?1 + &) < 20t + 1)1 (32)

From Lemma [5| the right-hand side of Equation [32]is summable. From Lemma 2] we claim
that limy oo (t — 1)2ps_1 + t2&; exists. O

The following theorem establishes an improved rate of convergence for the objective
value gap, demonstrating faster decay of the function values toward the optimum.

Theorem 9. Suppose that Assumption (K) holds, v € (0, pJ%L) and (* € S. Let (vt)ten
and ((t)ten be the sequences produced by NAPG,. When > 3, then

(i) F(G)—F(¢*) = o (%)
(i) [|Gr1 — Gl =0 (3)-

13



Proof. From Lemma [5 and [7], we deduce that

S 2 [Pl GIP+ (¢4 12 (F () = FIC)] < oo
t=1

Now, analyzing the above result with Lemma [8, we obtain
Jim [2][Geer = GII” + (4 1)*(F(G) = F(C))]= 0.

Since all the terms are non-negative, we conclude that #||¢;1—C|| — 0 and (t4+1)2(F (1) —
F(¢*)) — 0, as we want to claim. O

3 Convergence of the iterates

Here, we will illustrate the convergence of the iterates obtained by the NAPG,, algorithm.

Theorem 10. Suppose Assumption (K) holds, a > 3, v € (0, pJ%L) and ¢* € S. Let (vt)ten
and ((¢)ien be the sequences generated by NAPG,. Then the sequence ((;) converges to a
point in S.

Proof. We define previously as by = (;—1 + ¢:(( — (i—1), we write
b — C*||1? = [|G—1 + (G — G—1) — ¢FI?
£ 12 t—1 . .
= <ﬁ) 16 = Gl + 2 (G = G = G HlIG-1 = ¢ 2. (33)

I = ¢ P =116 = Ge1 + Go1 — CF1P
= |G — Ge—1lI* + |G—1 — CFI1* + 2(Ce—1 — €, G — Go—1)-

Equivalently,
2(C1 = ¢ G = Ga) = 116 = CIP = 116 = Gea P = 16— = ¢FII (34)
Putting Equation [34] in Equation [33] we obtain

o= = [(223) - (=3 he - Gl

~1
F 26— I = NG — C I+l - P

We require to prove that lim;_, ||by — (*|| exists. By Lemma |8 and [7] it is enough to show
that

A=t =D& =P =11G=1 — 1]+ = D)|G=1 — ¢*|I?

14



possesses a limit as t — co. Using Equation Lemma and [7, we have (A¢) is bounded.

Let oy = || — ¢*||?, then
Ay = (t — 1)(Jt — Ut—l) + (04 — 1)Ut_1,
and

At+1 - At = t(O’t+1 — O't) + (Oé — 1)Ut - (t — 1)(Ut - Ut—l) — (Oé — 1)0',5_1
=t(op1 —or) + (a—1)(or —op—1) — (t — 1) (04 — 04—1)
t

= (Ut+1 — O't) — (t — Ck)(O’t — Ut—l)-

From Equation we have

Fon — G (o)) < F(C) + (L= oG — ¢ — TPy .

2

Since (441 = vy — 7G4 (ve), we obtain

0< F(Gen) — FC) < D10 )2 4+ (1= p) (G (0r). e — €.

2
Then
0 < =2 )1G () + (G (w) v = )

= —||Cer1 — ve||* + 2(vr — G100 — ().

Now,
1Gea1 — CI12 = 1 (Cegr — ve) + (v — )P

= 1Ger1 = vell® + e = CIP 4 2(Gopr — w1, 00 — CF).

Also,

2000 = G, 0 = ) = [IG1 — wel® + [loe = 1P = llGes — ¢

Putting Equation [37] in Equation [36], we get

0 < = [IGe+1 = vell* + IGerr — vell® + [lve = ¢ = lIGern — CII%.

Hence,

IGe+1 = ¢ < flo = 1.
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Using vy = (¢ + a4 ( — (4—1), we obtain

G — CII < 116G — ¢ + (G — G—1)1?

=[G = C*II* + 071G — G-l + 206(G = €7, G = G1)- (38)
Now,
1Ge—1 = ¢ 1% = 11(G = ¢F) = (G — G- IP
= 11G = I+ 16 = Gl = 2(¢ = ¢ G = G-
Also,

2(Ct — ¢ G — Gem1) = 16— CIP + 1St = G ll? = N1Ge—1 = ¢ (39)
Putting Equation 39 in Equation 38 we obtain
11 = CIIP < NG = CIP + (f + an)l|Ge = Gl
+oulllG = C*II* = 1Ge-1 = <717

Since oy =1 — ¢ <1,

=+Ie

1Gar = G < NG = CI1P + 2016 — G-t
+ (5006 = €2 = g — ¢ IR
Then, we obtain
tlIGear — CIP = N1Ce = CIP] = (8 = a)[lIGe — 1P = NIGe—1 — CFIP] < 260G — Gen |-

From Equation we get
Appr — Ay < 2t)|¢ — G|

From Lemmalﬂ7 the series Y ;7 ¢[|¢e — (-1 |? is summable. From Lemma lim; oo At ex-
ists. Hence, lim;_, o /by — C*|| exits. From Lemma and the definition of by, limy_soo ||i—1 —
¢*|| exists. Given that each sequential cluster point of (¢;) in S. By Lemma (I} we deduce
that the sequence ({;) converges to a some point in S. O

4 Convergence of gradient

The following lemma establishes the Lipschitz type continuity of the gradient equivalent
operator, which is essential for developing the Lyapunov study and demonstrating the rapid
convergence of the gradient operator for a composite function.
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Lemma 11. Suppose Assumption (K) holds, and G., is the gradient mapping on R", then

for all u,v € R™

2+ L
G (1) = G )| < = L —o].

Proof. Since vG(u) = u — Prox4(u — vV f(u)), for all u, v € R", we have

MG (w) = Gy (V)| = [[(u = v) = (Prozyg(u =V f(u)) = Prozyg(v =V f(v)))]
< lu = vl + [[Prozyg(u =4V f(u)) = Prozg(v — vV f(v))].

Since proximal operator is firmly non-expansive, hence, the proximal operator is Lipschitz
continuous with constant 1 [Proposition 12.28, [7]], then the above equation becomes

MG () = Gy (V)] < flu = vl + [[u = v =(Vf(u) = V()]
< 2fju =l £V f(u) = V(o).

Since V f is L-Lipschitz continuous, we obtain
NG (w) = Gy (V)] < (2+ Ly)lu— . (40)
O

Remark 2. The gradient mapping G, satisfies the Lipschitz type continuity for the convex
settings.

Lemma 12. Let assume (K) and v € (0, %ﬂ)’ let g € R" and & = Py(y). Then for all
w € R™,

F(&) < Pw) + (1 - ) (G (@).5 - w) - D6 )2
(6~ p)

- WHG’Y(ZD — G (w)]*.

Proof. From Equation [6], we have

-1 _
Ll — &2 < glw) + £@) + (V@) w = 5)
DH

2

9(%) + f(2) +

. 14 .
T A P TN 700
From Deﬁnition f@)+(Vf@),w—-1) < f(w) — gHw — ¢||? holds, and as F = f + g.
Equation [#1] becomes
! -

—p . Y= p § B § p 3
——lw — &[] < F(w) + Tllw —g|1* - §Hw —g*+ §Ilw —g|*.

F(i) + ——

17



Equivalently,

—1 —1
N ey , Y —p § B—p §
F(@) + T Llw =2 < Flw) + 22w — g - = LJw - g2 (42)

Using Lemma Equation 42| becomes

-1 -1 2
oY =P 2 Y —p 2 (B —p)
F A Py <F L Pw = AR

=X
~—
|
Q
=2
—
=
T

From Equation [9] we obtain

F(&) < Pw) + (1 - ) (G (@), - w) - D6 )2
g
O

Theorem 13. Let assume (K). Let ((;)ien be the sequence generated by NAPG,, where
a>3, andy € (0, p-%L)’ (* € S. Then the following convergence rate is satisfied:

22+ Ly)}(a — 1)?
Y4B — p)

St +1- )Gy ()] < W(1) < +o.
t=1

Proof. From Lemma we get

Fla—1Gy(a)) < F(b) + (1 — p7)(Cr(a),a—b) — 2P 6 ()2

2
(B p)

for a, b € R". Put a = v,b = (; and then a = v¢,b = {* in the above equation, we obtain
the respective equations as

F(o = 1C(00) < F(G) + (1= oG 00, v~ 6) — "0 P

(6= p)
- WHGW(Ut) — G (G, (43)

and

18



From Remark |I} we have G.({*) = 0 then the above equation becomes

2
2

- TG W (14)

For — 7 (wr) < F(C) + (1— p)(Cy o) v — ¢ — TE P 16 2
77 (

Multiplying (¢;+1—1) in Equation 43|and then adding with Equation [44|and by considering
G41 = v — YG(vy), we obtain

e 1F (Ga1) < (cer1 — DF(G) + F(CF) — %(1 — PG (1) ||?

+ (1 = py){(Gy(ve), (41 — V) (ve — C) + (v — (7))
(8= p)

T2+ L2 (16 @I + (et = DIIG () = Go (@IP]- (45)

Using Equation (14| and b; := (;—1 + ¢:(¢: — (t—1), Equation |45 becomes

cir1F(Gyr) < (cep1 — DF(¢) + F(CF) — %(1 — NG~ (v)|?

+ (1= py){(Gy(ve), b — C7)
(8- p)

~ 5y T G @I + (s = DGy () = Gy (@] (46)

Subtracting ¢;4+1F(¢*) on each sides of Equation we obtain

et (F(Get) = F(CY)) < (eerr = DF(G) = F(C)) = T5 (1= p7)|Gy (w0) 2

+ (1= py){Gy(ve), b — C7)

2 J—
- m [1G () 2 + (41 = DG (00) = Go(IP]. (47)

Using Equation Equation [47] becomes

Cir1(F(C41) — F(C7)) < (er41 — D)(F(G) — F(C))

+ O ¢~ o — P
= B0 TG (o) + (e — DG, (1) — G (@I (49)
2(2 T L’}/)Q ~\Vt Ct+1 ~\Ut ~\Gt .
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Now multiply ¢ty1 on both sides and by simplifying, we get

o (F(Genn) = FEN + S b = P = (@1 o = DF(G) — FCT)
< (P (Q) - Pl + Lo P - 2

2y

- TPy ()2 + (v = DIG () - G (@I

2(2+ Lv)?

Define W(t) := c2(F(¢;) — F(¢*)) + L m) |br — ¢*||, then the above equation becomes

Wt +1)—(cf1 — cerr — ) (F(G) — F(C))

V(B — p)crs1

S W) - 2(2+ Lv)?

Now, we have

1G (w)I? + (crs1 = DG (ve) — G (G)1?
= Gl + (eerr = DIG, (w2

+ (cerr = DIGH (G +2(1 = crs1)(Ga (ve), G4 (G))-

By using Cauchy-Schwarz inequality, Equation [51] becomes

IG5 ()1 + (cer1 = DIIG (ve) = G4 (Gl
> cept||Gen)|” + (crs1 = DIGL (GIIP = 2(1 = e ) [ G4 (v 1 G (G
= cet[|Go) I + (e = DG (I + 2(cerr = DG (@) 1G]

Using Equation Equation [50] becomes
W(t+1) = (1 — o1 — ) (F (&) — F(CH))

2’22(—?— L p)) [Ctﬂ”G(Ut)H2 + (e — DG (G

+ 2611 (1 = )Gy @0llIGH I

<W(t) —

Also, we obtain

WI(t+1) = (cf1 — cer1 = ) (F(G) — F(C))

2 —
M%l(%l — IG5 (CII> <W(®).

20
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As cfﬂ —cpp1 — ¢ <0, we get from Equation

V(8- p) 2
W(t+1) + mcml(ctﬂ = DG ()7 < W(2).
By summing the above equation for t =1,2,--- , N, we obtain

N
W+ 1+ 30 202 s = DG G < W)
t=1

Also, we have
2 —
Z ’Y(lBr)//))?Ct+l(Ct+1 — 1)”G7(Ct)H2 < W(l)

As N — oo, we get

2(2+ Ly)*(a — 1)
Y2(B = p)

STt +1 - Q)llGy (G < W(L).
t=1

Remark 3. Since > 1o, t?||G(¢)||* < +o0, we can conclude that

min |G, (G)| Z] <Z] 1G~(&) ||2<ZJ IGA(HI? < +oo.

1<5<t

Hence, we obtain

1
nin 165G =0 ().

Similar result holds for v;.

5 Ravine method

Gelfand and Tsetlin [I8] initially introduced the Ravine method in 1961. The Ravine
method produces the sequence (v¢)reny which satisfy u; = vy — vV f,(v) and then vy =
ut + (1 — 797)(ut — ug—1) for smooth convex function f.

Here, we define the Ravine accelerated proximal gradient descent method for Problem
(P),

A Ut = V¢ — VGW(Ut)
(R PGa) V41 = Ug + (1 - %)(Ut - ut_l).

In the following theorem, we show that the equivalence relation between the NAPG,, scheme
and the RAPG,, scheme.
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Theorem 14. (i) Suppose (u)ien s a sequence induced by the algorithm NAPG,. Let
(vt)ten be the corresponding sequence given by vy = ug + (1 — §)(us — ug—1). Then
(vt)ten satisfies the algorithm RAPG,,.

(ii) Let the sequence (vi)ien is induced from RAPG,, then the sequence (ui)ien stated by
U1 = vy — vG(vr) satisfies the algorithm NAPG,.

Proof. (i) Let us consider the iterates (u;)¢en produced by (NAPG,,). Since vy = up + (1 —

%)(ut — ut,l), then

o
Vep1 = Upp1 + (1 — m)(UtJrl — u)
o
= v — Gy (ve) + (1 - m)((vt =Gy (v1)) = (Vi1 — Gy (ve-1))).
Set uy = vy — G4 (vr), we get
o
Vi1 = up + (1 — m)(ut —Uup_1).

Hence, the sequence (v4)en complies RAPG,,.
(ii) From the definition of v; and u; in RAPG,, we have

w1 = v =G5 (0) + (1= ) (0 =G5 (0) = (1 = 7G(ve-)))

Setup w1 = v¢ — YG~(vy), we get

(0]
pr— 1 _—— J— .
Vir1 = U1 + ( . 1)(Ut+1 uy)

Equivalently, v; = u; + (1 — ¢)(u¢ — uz—1). Combining the preceding relationship with the
u¢41 definition, we obtain (u;)qcn satisfies NAPG,,. O

Theorem 15. Suppose that Assumption (K) holds, « > 3 and v € (O, pJ%L), (*eS. Let
(ve)ten and (ug)ien be the sequences generated by RAPG,. Then

(i) F(u) = F(¢*) = O(3);
(ii) |G (v)l = O(3);
when o > 3
(iii) F(ut) — F(¢*) = o(%);

(iv) limv, = limu; € S.
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Proof. From Lemma [, we have

F(b =G, (b)) < F(a) + (1 = py){(G4(b),b - a) - %(1 = m)IIG, (O]

for any a, b € R™. Putting a = u¢—; and b = v, and as (py — 1) < 0 we deduce that
F(ut) < F(ug—1) + (1= py)(Gy(vt), v — uz—1).
By Cauchy-Schwarz inequality, we get
F(ug) < Fug-1) + (1 = pn) Gy (ve) [lve — w1 ]]- (55)

From the algorithm RAPG,,, we have

1
1G ()| = Zllue — v

y
1

< 5 (llws — w1l + [Jve — we—1]])
1

< 5 (llue — we—r || + NJue—1 — ur—2l|) - (56)

From Theorem [14] we get an equivalence relation between the two sequences (ut) and (vy).
Hence, (;+1 = u;. Equation [56] becomes

1
G (ve)[| < 5 Ge+1 = Gell + 16 = Go-all) - (57)
From Theorem [6 Equation [57] becomes
1
IG5l =0 (L)

In a similar way,

1
o = al < e =l = 6 = Gal =0 7). (58)

Entering the preceding estimates into Equation as (; = uy_1, we obtain

C
Flu) = (') < F(G) - FC)+ 5 =0 (). (59)
From Theorem Equation [59] becomes
Flu) - Fic) =0 ().
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For a > 3, Theorem@implies that F'(¢:) — F(¢*) =0 (t% and [|{; — -1/l = 0 (%). Then,
it implies that F(u;) — F(¢*) = o (;%). From Theoremé we have [|(; — (-1 — 0, and
from the NAPG,, algorithm, we have vy — (; = ay(¢; — (4—1). It implies that [|v; — || — 0,
i.e., v — (; converges to 0. Since ((¢)ten converges when o > 3 and (141 = uy, therefore the

sequence (vg)ien converges to exactly the same limit as (ug)en. d

Theorem 16. Let assume (K). Let (v¢)ien be the sequence generated by RAPG,, where

a>3andy < Then the following convergence rate is satisfied:
V< T

(o)
> G, (v)]* < +oo.
t=1

Proof. From Equation we have

W(t+1) - (Ct+1 — Ci+1 — Ct)( (Gt) — F(¢7))

2(8 —
W0 = ot s [EallG @I + cvna(arss ~ DIG (@I
+ 2ei (e = )Gy () 1G5 (1] (60)

Also, we have

W(t+1) - (Ct+1 — Ct+1 — Ct)( (G) — F(¢7))

(B — p)

2
+ 2(2 —|—L’)’)2Ct+1

IG (v < W(t). (61)

Since, (c},; — ¢t41 — ¢7) < 0, we obtain from Equation

(B —p)

W(t—i—l)—i-m

cirallGy()]> < W(b).

Now by summing the above equation and as ¢;y1 = we obtain

al’

200 — 1)2
Sl < 222 = 00) < 4o
teN

6 Conclusion

Here, we construct NAPG,, method for the composite function, where the smooth com-
ponent is strongly convex and the non-smooth component is weakly convex and establish
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that the convergence rate of the objective function satisfies F((;) — F(¢*) = o (t%) for
o > 3 while the gradient mapping exhibits a rapid convergence rate of [|G(()| is o (1)
for @« > 3. These results are derived through a Lyapunov-based analysis of the additive
structure comprising smooth and non-smooth components within the strongly-weakly con-
vex class of functions. Furthermore, analogous convergence results are obtained for the

RAPG,, scheme under the same class of functions.
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