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Abstract

In this work, we investigate the accelerated proximal gradient algorithm (APG,)
for weakly convex composite optimization problems. Building upon the framework
of Bohm and Wright [8], and additionally assuming that f is convex and coercive
while ¢ is bounded below, we establish an objective residual convergence rate of

O (J%) for @« > 3. Moreover, when « > 3, this rate improves to o (J%) , and the

sequence of iterates {x;};en converges globally to a minimum point. In addition,
we prove that the squared subdifferential residual satisfies the convergence estimate
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1 Introduction
We consider the following optimization problem:

min F(z) = f(z) + g(z), (1)
where f: R™ — R is a convex coercive differentiable function with V f is Ly y— Lipschitz
continuous, and g : R™ — R is proper, lower semi-continuous (l.s.c.) and p— weakly convex
function with bounded below.

The proximal gradient method (PGM) originates from the proximal point method,
which was first introduced by Martinet [I7] and later extended to composite optimization
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problems by Rockafellar [21]. The forward—backward splitting method was subsequently de-
veloped in [16]. The ¢;-regularized optimization problem min { f(z) + Al|z|]1 : * € R™} was
studied using the Iterative Shrinkage-Thresholding Algorithm (ISTA), introduced in [10]
for the case where f is smooth and convex, as an extension of the classical gradient descent
method. ISTA generates a sequence {z;};en according to zj11 = Proxyg(z; — sV f(z;)),
for some stepsize s > 0. When f is smooth and convex and g(x) = ||z|/1, ISTA achieves

the convergence rate F(z;) — F(z*) = O (%) . Later, Beck and Teboulle [6] proposed the

Fast Iterative Shrinkage—Thresholding Algorithm (FISTA) by incorporating Nesterov’s ac-
celeration technique [18] into ISTA for non-smooth convex optimization problem where the
objective function ' = f+ ¢ with f is smooth convex and g is possibly non-smooth convex.

Their method improves the convergence rate of the objective residual to O (]%) , which

represents a significant improvement over ISTA. More recently, Bauschke and Moursi [5]
established the convergence of the iterates generated by the classical FISTA algorithm.

Attouch and Peypouquet [3] established an improved convergence rate of o (J%) of ob-

jective residual and proved weak convergence of the iterates generated by the accelerated
forward-backward method (AFB) for non-smooth composite convex functions. Later, At-
touch et al. [2] incorporated perturbation terms into the analysis and obtained analogous
convergence results in both continuous and discrete frameworks through Lyapunov tech-
niques. Attouch and Cobot [I] further investigated the inertial forward-backward method
(IFB) for general non-negative sequences «;, deriving convergence properties comparable
to those in [3].

Considerable attention has been devoted to optimization problems involving weakly
convex functions. The proximal gradient method for weakly convex optimization has been
investigated in [12), 11]. Liao and Zheng [I5] proposed a proximal descent framework that
combines the inexact proximal point method with classical convex bundle techniques, and
established non-asymptotic convergence guarantees in terms of (n, €)-inexact stationarity.
More recently, Khanh et al. [13] developed an inexact proximal gradient method for com-
posite weakly convex problems of the form F' = f 4 g, where f is smooth and g is weakly
convex, and proved the global convergence of the generated iterates. Bohm and Wright [§]
introduced a variable smoothing approach for composite weakly convex problems of the
form F(x) = f(x)+g(Az), where f is smooth, g is weakly convex, and A is a matrix. They
established a complexity bound of O(1/e3) for obtaining an e-approximate solution. In the
same work [8], they also proposed a proximal gradient method for the composite problem
F = f+ g, where f is Lys-smooth and g is a possibly nonsmooth weakly convex function,

and obtained the convergence rate O (%) for lrgigdist(o, OF (z;)). In [7], Bednarczuk et
<i<j

al. studied both exact and inexact versions of the proximal gradient method for weakly

convex composite problems of the form F' = f+ g, where f is Ly -smooth and convex, and

g is nonsmooth and weakly convex. When the objective function F' satisfies the sharpness



condition:
F(x)— inf F(x)> pdist(z,S), (2)
zeR™
where S = arg m%&n F(z), and p > 0, they proved that the exact proximal gradient method
zER™

converges locally to a global minimizer.

From the above discussion, it follows that accelerated variants of the proximal gradient
method like AFB [3] for composite weakly convex optimization problems have not yet been
thoroughly investigated through Lyapunov analysis. Moreover, the global convergence
of the iterates generated by such accelerated proximal gradient schemes remains largely
unexplored.

In this work, we investigate an accelerated proximal gradient method obtained by in-
corporating a momentum term into the algorithm proposed in [8]. In addition, we assume
that f is convex and coercive, while g is bounded below. These assumptions on f and g are
natural in many optimization settings. Under these conditions, we establish the following
results for composite non-smooth weakly convex optimization problems.

Contribution

¢ We study the weakly convex composite optimization problem using the APG,

method , which will be defined later. By employing a Lyapunov-based analysis, we
1
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establish that the objective residual converges at the rate O when o > 3, and

this rate further improves to o (J%) for a« > 3. To the best of our knowledge, these

are the first convergence results obtained for this class of weakly convex functions via
Lyapunov analysis.

e The iterates {z;};>1 produced by APG, converge to some minimum point when
a > 3 globally, this represents an improvement over the results found in [7].

e Bohm and Wright [§] established the convergence rate O (%) for the norm of the

subgradient operator. By additionally assuming that f is convex and coercive, and
that g is bounded below, we obtain the improved convergence result lrglig dist? (O, OF (%‘4-1)) =
<i<y

1
0(,2> for oo > 3.
J

This paper is organized as follows: in Sect. , we introduce some definitions and state the
required results. In Sect. , we prove the rate of convergence of objective gap is o (J%)

using Lyapunov analysis. The iterates generated by APG, converge to some minimal
point, as has been shown in Sect. . It has been analyzed, the rate of the norm of the
subgradient operator in Sect. .



2 Basic definitions and preliminaries

The basic definitions and notation required below are reviewed in this section, along with
the characteristics that are utilized in the following.

Definition 1. [8] A proper l.s.c function g : R™ — R is called a p — weakly convex for
> . . . . B 2 .
some p > 0 if the quadratically shifted function g(-) + §|| - ||* is conver.

Definition 2. [2(}] Suppose f : R™ — R U {+oo} is a extended real-valued function is
called coercive if
|f(z)| = 400 as ||z|| = +oo.

Lemma 1. [J] Suppose ¢ # S CR™ and {xy }nen is a sequence in R™. Assume

(i) For allz* € S, lim ||z, — x| exists.
n—-+o0o

(i) Each cluster point of the sequence x,, belongs to S.
Then, (xy,) converges to a point in S as n — oo.

Lemma 2. [} Suppose {(an, BnsTn,&n) tnen are sequences in positive real numbers such

that Z%l < 400 and Z{n < 4o0. If
neN neN

apt1 < (1 + ’Yn)an - 5n +€n7 (VTL S N)

Then {an}nen converges and Z Bn < +00.
neN

Let us define the composite gradient mapping Ty : R™ — R™ as A € (O,%) with
07! = oo by [13]

() = arg min {o(y) + 5 ly — (&~ AV (@)}

A 1
= argyrgﬂigg@{§||Vf(fc)||2 + (V). y =) + 55y — ol + ()}
1
= arg min { £() + (Vf(2).y — 2) + 5 Iy — =l +9(0) .

Define further the gradient mapping G : R™ — R™ by

Gr(r) = 1 (o~ Tr(a))



The accelerated proximal gradient method is defined as

o
yj =+ <1 - j> (xj = 2j-1),

241 = Proxag (y; — AV f(y;)) = yj — AGa(y;)-

APG, :

We make the following hypothesis

fis a C! convex coercive function with Vf being Ly #-Lipschitz continuous;
H: g is a proper, L.s.c. and p-weakly convex with bounded below;
S = argmin F' # ¢.
3 Lyapunov function

We define the Lyapunov function in the following way:

£0) = B(F(z;) ~ F@) + S5 L |z - o, @
where 1
Zj 1= Tj-1+ tj(xj — iL'j_l), and tj = i 1 (5)
Lemma 3. Suppose that (H) holds, and X € <O,min{%, %W}) If a > 3, then
S —1)2&(1
N i(F(zy) — Fa*)) < =DM 4o
- (@—3)

Proof. By the definition of the proximal map, this map

2 g(2) + F(@) + (V@) 2 — 3) + ;,yrz |

is (7~ — p)-strongly convex function, thus for all z,y € R™, we have
1 2 A 2
9(jr1) + f(y) + (VF(Y),zjr1 —y) + ﬁ”«%’jﬂ —ylI*+ 5 lz —xjpl
1
<g(@)+ f(y) + (VW) o —y) + 5y le =yl (6)

From [19], as f is convex and V f(x) is Ly Lipschitz continuous, we have
Lyy 2
f(@jp1) < f(y) +(VF(y),zj1 —y) + TH%‘H —yl%, (7)

5



: 1
since A < Iy Ve get

f(wj1) < fly) + V), zj01 —y) + %ijﬂ — %, (8)

Utilizing Equation in @, we obtain
2

9(rge1) + F(gn) + gLl — i < 9(a) + F) + (V)7 — ) + 55— ol

(9)

Since f is convex [19], we have f(y) + (Vf(y),z —y) < f(z) and F = f + g, Equation (9)
reduces to .
-p
2
Putting * = y = x; in Equation , we obtain

A
F(zj1) +

1
lz = @jall* < F(w)JrﬁHx—yHQ‘ (10)

At —p
2
From APG, (3)), we have zj41 = y; — AG\(y;), then

F(xj41) + |2j — zj41|* < F(z)). (11)

l2j — 25l = o — y; + AGA(y;)|1?

= [l — i1 + MIGAW) I+ 2MGay)) 25 — ;) (12)
Applying Equation in , we obtain
A —p A(1 — pA
Pyt g 4 AP 6 () 2 (oM Ga).y-3) < Py, (13
also AL N
—p
Flaji1) < Flay) + (1= o\ (Galwy) s — 3) = 5 P2 |G 2. (14)
Putting x = y = 2* in Equation , we obtain
>‘71 —p * *
Flajin) + 5Ll = 251 < Fa*). (15)

From APG, (), we have zj41 = y; — AG\(y;), then

2% — 2] = ll2* — y; + AGa(yy)|?

= [z = yll* + NG W) 1? + 2X(Ga (), 2" — ) (16)

Applying Equation in , we obtain
-1

AT — N A(1 = pA * *
Flajen) + 2L =yl + AP )P + (1 o) (Gl o — 3) < ),




also
A1 —pA)

5 IGAw)I” (18)
We have t; = i;_ll and o =1—-5 = 'Z: Then multiplying (¢;41 —1) > 0 in the equation

(14) and after that adding with the equation ((18]|), we obtain

Fxjp1) < F(z*) + (1= pA(GA(y;),y5 — 27) —

A
tir1F(zj1) < (L1 — D) F () + F(2") — %(1 s ENDIk
+ (L= pAGA(Ys), (tjr1 — D) (y; — x5) + (y; — 27))- (19)
Now,
(tit1 — D(yj — zj) +yj = xj + tj41(y; — z5)
=xj +tjp05(z; — xj-1)
=xj+ (t; — 1) (z; — 1)
= xj1 + (e — i) (20)
Since z; = xj_1 +t;j(x; — xj_1), then the Equation becomes
ti1F(2j41) < (841 — 1) F(25) + F(27)

2L ) [Ga(y)IP + (1 — pA)Galy), 25 — o)

By subtracting ¢;41F(2*) on both sides in the above equation, we get

tiv1(F(zj41) = F(z7)) < (801 = D(F(z5) = F(27)) = m(1 — pIGA)I

F (1= A)GAy), 2 — 7). (21)
Now
zjt1 — 25 = x5+t (@i — 35) — w1 — (x5 — xji-1)
= tjt1(zjp1 — ) — (b — D(z; — 1)
= tjr1 (w1 — x5 — aj(zj — x5-1))
= tit1(zjp1 — yj) = —Atj1GA(y;)- (22)
Then zj11 — 2" = z; — 2 — AMj41G)(y;) and we have
Izjr1 — 2*|? = |z — 2*|* = 2xt5431(Ga(y;), 25 — %) + N85 |Gy 1
Using the above equation in , we obtain
tiv1(F(zjt1) — F(2")) < (841 — 1)(F(x;) — F(z7))

(1—pA)
+ m(”%‘ — 2] = |lzj41 — ")



and

131 (F(zj41) = F(2")) < (541 — tjn) (F(z5) — F(a*))
(1—pA) ] N
+ T<sz — [P = |lzj1 — 2*]?).
Equivalently,
* 1—pA *
B (Flapn) ~ Fa) + Pz o2
. 1—pA

< B(F ()~ Flat) + LYy o

+ (541 — i1 — ) (F(x;) — (). (23)
From Equation , Equation becomes

EG+1) = (tH =t — ) (F(z)) — F(a™)) < E(j). (24)

Since t?+1 —tjy1 — t? = 7;‘(&:31);1 < 0 for a > 3, we obtain from Equation ,

jla—=3)+1

U+ D+

(F(zj) = F(z")) < E()- (25)

By summing the above equation, we obtain

[ee] o — 2
> J(F(zy) — Fa")) < D7) +00.
—~

(@ —3)
O
Theorem 4. Suppose that (H) holds, o > 3 and \ € <0 mln{f —}) Let {(y;,%j)}jen
be the sequences induced by APG,. Then, we have
o (a—1)2 1 1
) < —O(— . g - Z).
Flej) = (') < S 80) = 0(g), oy~ = 0(5)
Proof. From the Equation (25]), we obtain £(j 4+ 1) < £(j) and also, we have &(j ) S E(1).
Equation (4) implies that t?(F(xJ) —F(z*))+ a p/\) |2 —2*||2 < £(1), since t; = 1= then
o o (a—1)? (0 —1)° 1
F(r:) — F < 1) < 1) = —= ).
() = F(a?) < Gz €() < 57-6(1) = O( )
Again, since z; = xj_1 +t;j(z; — xj_1), we obtain
1
Iz — 21l = 0(2).
O



Lemma 5. Let assume the hypothesis (H), if a > 3, then

— A 3a—1)%(1
> dllen - ol < - e + 2] < e,
j=1

a—3

Proof. From Equation and from the algorithm z;1; = y; — AG\(y;) and y; — z; =
aj(xj —xj—1), we obtain

F(zj41) < F(xj) + (1= pA)(Ga(y)), yj — x5) — WIIGx(w)IIQ
= F(zj) + (1_;))\)@3' = Tj+1,Yj — Tj) — u;)f)MH%H -yl
= F(z;) + Lt —)\p)\) (@) = xjp1 + oz — xj1), 05z — xj-1))
(1 =pA)

) 21— 25 — oy — x5-1) 1%,

and then we get

a;(1—pA) a?(1 - p))
Faji) < Flag) = =5 (@i — 25,5 — zj) + ———— |l = j1?
(1-p)) a2(1— pA)
=y e = gl = Ml - 2l
a;(1—pA
y o= rd) 3 < )($j+1 — L xj = Tj).
Hence, we obtain
1—pA a?(1— p))
Pl + S g — a2 < Flap) + Ty a2 20)
Since aj < aj41, then Equation reduces to
1—pN) aiiq(1—pA)
Flegen) + E o ogir g < Plag) + S0y
Now subtract F'(xz*) on both sides of the above equation, we get

(1—pA)

Flaj) = F@) +

i1 — a4

O‘?-s—l(l —pA)
2\

Let §; = F(zj) — F(z*), dj = %Hxﬂl — 2||>.Then Equation becomes

< F(zj) — F(2") + lj — 1. (27)

j—i—l—a)? ‘

Oj1+d; <05+ afyydj1 = 0; + ( 1 dj-1. (28)



Asa>3thenj+1—a§j+1—2:j—1,Equationbecomes

e
01 +d; < 0;+ (jﬁ) dj_1, (29)

and then
(7 +1%d; = (7 = 1)*dj—1 < ( + 1)*(0; — Oj41)-
Now, for j > 1
G+ D% = 0541) = 305 — (G + 105401 + (25 + 1)0; <570 — (5 +1)%0541 + 3505
Furthermore,
G+ 1% = (= )i = jd; = (= 1)*dj1 + (2] + 1)d;.
From the above calculation, we get
2jd; +j%d; = (5 = 1)*dj1 < (G + 1) = (G = 1)°dj

<G+ 1% — 0j41)
<320, — (j +1)%0;41 + 350;. (30)

Summing the Equation fort=1,2,---, N, we obtain
N N
23 " jdj+ N?dy <61 — (N + 1’0511 +3) _ j6;.
j=1 j=1
If a > 3, from Lemma we obtain

3(a—1)%28(1)

N
2)_jdj < (a—1)°6(1) + =——

j=1
Now, we take as N — 0o, we claim our result. ]

Lemma 6. Let assume the hypothesis (H), if a > 3, then
[P0 = 251” + (G + D> (F(2j41) — F(2))]

lim
j—o0

exists.

10



Proof. From the Equation , we obtain

i1 9
9j+1 + dj < 9]‘ + (u) dj—l

J+1
Since o > 3,
j— 132
) < f. .
01 +d; <0+ ( ; ),
equivalently
72y = (= 1)%dj1 < 3*(0; = 0j41). (31)
We have
(G +1)%0j41 — 5205 < 5205401 — 0;) +2(j + 1)0;41. (32)
Adding Equation and , we obtain
[7%d; + (G +1)%05:1] =[G — 1)%dj—1 + j%0;] < 2(j + 1)8;41. (33)
+oo
From Lemma , the series ZjHj < 4o00. Applying Lemma (2)), we get lim (j— 1)2dj_1 +
7j=1
j29j exists. O

Theorem 7. Suppose that (H) holds, o > 3, and X € (0, min{%, ﬁ}) Let {(yj,%j)}jen
be the sequences induced by APG,. Then, we have

1 1
F(z;))—minF =o( — —zill=o0(=>).
(zj) —min F = o <j2> vl —agll=o (j>

Proof. From Lemma and , we deduce that
1 : .
> ; [P llje1 — 2501 + (G + D*(F(2j41) — Fa*))] < +oo.
j=1

Combining this with Lemma @, we obtain

[Pz — 2i)1* + (G + 1)*(F(zj41) — F(z*))]=0.

lim
j—00

Therefore, we deduce that j||z;+1 — z;]| = 0 and (j + 1)2(F(2j41) — F(z*)) — 0, and we
obtain our results. O

11



4 Iterates convergence
The following statement shows the convergence of the iterates generated by APG,.

Theorem 8. Suppose that (H) holds, o > 3, and X € (0, min{%, %W}) Let {(yj,;)}jen

be the sequences induced by APG,. Then the sequence {x;}jen converges to a point in S.

Proof. From Equation (), we have z; = ;_1 + tj(z; — xj_1), therefore

sz — x*”Q — ij—l +tj($j _ xj—l) - x*HQ
J—1y? 2, oJ—1 )
= (5 =1) Moy =il 20—l =y — ) -l = 7
(34)
Using
lzj — 2™ = [l — 251 + zjo1 — 2|
= oy — gl + g — 2P + 20wy — ¥y — x5o0).
we get

j=1\2 (i-1
Iz = I = [(2=5) = (2=5) ey — 5 ?

j—1
+ 20— [l =27 = 21 = 2" P] |z — 2"
We require to prove that lim |z; — 2*|| exists. By Lemma (6]) and (f]), it suffices to prove
Jj—o0
that
6= (G = Dfllzj = 2*I” = lzj-1 = 2" P]+(a = Dllajr — 2™

has a limit as j — oo. Since the energy function {£(j)}en is bounded, which implies
that the sequence {z;};cn is bounded. From Lemma and Equation , the sequence
{6;};en is bounded. Let hj = ||z; — 2*||?, then

05 = (j — 1)(hj — hj—1) + (@ = 1)hj

and
01— 05 = j(hjrr — hy) + (= Dhj — (5 = 1)(hj — hj—1) — (= 1)hj
= j(hjer = hy) + (@ = 1)(hy — hj1) = (G = 1)(hj — hj—1)
= j(hjs1 = hyj) = (G — a)(hj = hj-1). (35)

12



From Equation , we have

Flrg) < Fa) + (1= pN)(Ga(), 55— 2 P sl
and
N Alpr —1 ¥
Flayen) - Fa®) < 2222 D6 )12 + (10— o) (Gl - 2.
Then
A ) \
0< ~JICAWI? + (Calys), s — a*)
= — w1 = yill* + 2(y; — wj1, 95 — @)
Now

lzj1 = 2|* = [I(2j1 — y5) + (5 — )|
= llajer = yill* + llyy — 21 + 2{aj41 — yj.95 — ).
Then Equation becomes
0 < g1 — yll* + lzgea — yll* + gy — 2P = Nzgea — 2™
By solving, we obtain
= 2|* < lly; — ="

= [lzj — 2" + o (z; — zj0)|?

= |lz; — &*|* + o |lzj; — i1 |” + 205 (z; — 2%, 25 — 351).

Now,
lzj—1 = 2*|* = ||(z; — &*) = (2 — 2j-1)|1?
= |l — 2*|” + llaj — zjl* = 2(zy — ¥, 25 — xj0).
From the above calculation, we obtain
i1 — 2| < [lzy — 2*)* + (of + o)) [z — =51
+aylllay —a|® = a1 — 2]

<l — 2*|* + 2llzj — @j1?

J - o * *
# (252 ey 1P = s — 1P

13



Then, we get

dlllzjen = a2 = Ny = 2*11P) = (G = @)lllws — 2% = llwjm1 — 2*)1%) < 2|2y — i1

(37)
From Equation and , we get
Sjp1 = 05 < 2wy — x| (38)
+o0o
From Lemma (f]), the series Zj”l’j — :L‘j,1|\2 is convergent. Applying Lemma (2)), we
j=1
obtain lim §; exists. It follows that lim |z; — z*|| exits. From Lemma (6]) and Equation
j—00 j—00

(5), we get lim ||z;_; — || exists. Since each sequential cluster point of (z;) belongs to S,
Jj—o0

applying Lemma , we obtain the sequence {z;};en converge to a some point in S. [

5 Convergence rate of norm of subgradient

Theorem 9. Suppose that (H) holds, « > 3, and X € <0,min{%, ﬁ}) Let {z;};en be
the sequences induced from APG,, then

min dist?(0,0F (z;11)) = o <12) .

1<i<j j
Proof. From Algorithm ;1 = Prox),(y; — AV f(y;)), we can write
0 € Vf(y;) +0g(xj1) + A7 (241 — yy)- (39)
Define
1
w1 1= (Y5 — 2j41) + VI (2541) = VI(y5) € 0(f + 9)(wj11) = OF (2j11), (40)

using Lipschitz continuous of V f, we get

1
lwja]* = Hx(yj —xj41) + Vf(z541) — V)l

2
< Xl!yj — x|+ 2V f(@j41) — V()P
1
< Q(X + Lo p)llzjn — yjll. (41)
Since aj < 1, we get
201 — Y5l = llzj1 — 25 — a(zj — xj-1)|
< 2lwjpr — )] + 2| (z; — xj-1) )2
< 2lwjpr — ) + 2| — i (42)

14



From Equation , we obtain
dist?(0, OF (w;11)) < ||y (43)
Then
+oo +oo
> jdist*(0,0F (z511)) < Y dllwjpf?

j=1 j—l

ZQJ + L)l — ysl?

@E2) 4 .
<G+ Lyy) Z](ij—s-l — j||* + |2y — 2 l?). (44)
j=1
From Lemma , Equation becomes
—+o00
> jdist®(0,0F (z41)) < +oc. (45)
j=1

Utilizing [Theorem 3.1, [9]] and [Theorem 5.1, [I4]], there exists a constant C' > 0 such
that

J
lim (f min distQ(o,aF(le))) <C lim Y idist?(0,0F (xi11)) = 0. (46)
1<i<y

j—+o0 j—+o0

=)
Thus,
min dist?(0,0F (z;11)) = <12) . (47)

1<i<y 7

6 Conclusion

We investigate the APG,, algorithm for a class of weakly convex optimization problems. We

prove that the objective residual satisfies the convergence rate F(x;) — F(z*) = O (&
J J

whenever a > 3. Moreover, for a > 3, the rate improves to F(z;) — F(z*) = o (j%) ,

and the sequence generated by the APG, algorithm converges to a minimum point. In
1

addition, we establish the convergence estimate 1r£1.i£1.dist2 ((), OF (332‘+1)) 0 < ) which
<i<y J?

characterizes the decay of the squared norm of the subdifferential residual.
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