
Supermodularity, Curvature, and Convex Relaxations in a Class of1

Quadratic Binary Optimization Problems2

Bismark Singh3

School of Mathematical Sciences, University of Southampton, SO17 1BJ, UK4

Abstract5

We study the combinatorial structure of a quadratic set function F (S) arising from a class of binary op-
timization models within the family of undesirable facility location problems. Despite strong empirical
evidence of nested optimal solutions in previously studied real-world instances, we show that F (S) is, in
general, neither submodular nor supermodular. To quantify deviation from modularity, we derive analytical
bounds on the total curvature of F (S) and, under mild assumptions, show that it lies between zero and one.
Next, we identify structural regimes—based on continuous relaxations of the feasible region and parameter
values—where our inherently combinatorial problem reduces to a simple convex quadratic problem admitting
a closed-form optimal solution. Further, this relaxed formulation not only exhibits remarkable connections
to notions of proportional fairness but also restores the supermodularity of F (S). Our results reconcile
empirically observed nestedness with theoretical non-modularity, contributing new structural insight into
this class of combinatorial quadratic optimization models.
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1. Introduction7

Consider the following set-valued optimization model that we derive from the mixed-integer quadratic8

program originally proposed by Schmitt and Singh (2024).9

z∗ = min
S

F (S) (1a)

s.t. |S| ≤ B (1b)

where10

F (S) = min
x∈XS

∑
s∈S

Cs

(
1−

∑
i∈I Wisxis

Cs

)2

+
∑

s∈J\S

Cs (2a)

where XS =
{

x :∑
i∈I

Wisxis ≤ Cs ∀s ∈ S (2b)∑
s∈S

xis = 1 ∀i ∈ I (2c)

xis = 0 ∀i ∈ I, s ∈ J \ S (2d)

xis ∈ {0, 1} ∀i ∈ I, s ∈ S
}

. (2e)
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We refer to model (1) as the master problem, and to model (2) as the subproblem. In model (2), S ⊆ 2J ,11

where 2J denotes the power set of J ⊂ N. The parameters Wij , Cj ∈ R+, ∀i ∈ I, j ∈ J . The set S denotes a12

candidate subset of facilities, from the ground finite set J , that may be selected (i.e., opened) as determined13

by constraint (2e). The remaining facilities are necessarily unselected (i.e., closed) from equation (2d).14

Constraint (2c) provides an assignment of each user i ∈ I to the open facilities, subject to the capacities of15

the open facilities given by constraint (2b). Here, XS denotes the set of feasible x satisfying constraints (2b)–16

(2e); i.e., the feasible region of the subproblem. Then, the master problem in model (1) seeks to minimize17

the optimal value of the subproblem, over all possible subsets of the ground set J of bounded cardinality B.18

Finding a feasible point x ∈ XS is known to be NP-complete (Martello and Toth, 1990). Although19

for problems with “sufficient capacity”, feasible solutions are easily obtainable, finding optimal solutions20

arg minXS
F (S) remainsNP-hard (Schmidt and Singh, 2025); here, sufficient capacity denotes the restriction21

Cj ≥
∑

i∈I Wij , ∀j ∈ J , and we detail this in Section 2. Such hardness results motivate the set-theoretic22

formulation given by model (1) over the traditional integer programming formulation of Schmitt and Singh23

(2024). The computational tractability of this combinatorial optimization problem defined over subsets of24

facilities depends crucially on whether F (S) belongs to well-studied classes of set functions.25

As background, we recall some classical complexity results for set-function optimization. Unconstrained26

minimization of submodular functions (or equivalently, unconstrained maximization of supermodular func-27

tions) is polynomial-time solvable; while, unconstrained maximization of general submodular functions (or28

equivalently, unconstrained minimization of general supermodular functions) is NP-hard. However, for the29

cardinality-constrained case, maximizing a monotone non-decreasing submodular function (or equivalently,30

minimizing a monotone non-increasing supermodular function) admits a greedy algorithm with a (1− 1/e)31

approximation guarantee, even though the general problem without monotonicity remains NP-hard. For an32

overview of supermodular function optimization, see Fujishige (2005); the above-mentioned classical greedy33

approximation guarantee is due to Nemhauser et al. (1978).34

The aim of this work is to investigate theoretical properties of the function F (S), and, thus, characterize35

the master problem. Since we are minimizing F (S), supermodularity is the property of primary interest to36

us. Real-world test instances (from Bavaria, Germany and Hampshire, UK) display a striking nestedness37

of optimal solutions which suggests a fundamental and unexplored combinatorial structure of the problem;38

we present a numerical illustration in Appendix Appendix A.1. However, we show in Section 3.2 that, in39

general, F (S) is not supermodular. This contrast, between observed nestedness in practice and provable40

lack of supermodularity in generality, forms the central theoretical tension that motivates our work. By41

comparison, establishing the lack of submodularity is more straightforward as we demonstrate both through42

examples and structural arguments in Section 3.1.43

The following are the key contributions of this work.44

(i) We establish that F (S) is, in general, neither submodular nor supermodular, despite strong empirical45

evidence of nested optimal solutions in real-world instances.46

(ii) We derive analytical guarantees on the total curvature of F (S) thereby enabling a measure of deviation47

from modularity.48

(iii) We identify families of parameter regimes, as well as relaxed feasible regions under which the combi-49

natorial structure of F (S) admits a convex quadratic reformulation. We show that this reformulation50

has a closed-form solution and recovers supermodularity.51

The structure of the rest of this work is as follows. As preparation, Section 2 introduces the conventions52

and basic notions that form the foundation of our analysis. Section 3 then develops our results on the53

absence of both submodularity and supermodularity. In Section 4, we present positive results on the the54

total curvature of F (S) as a finer measure of deviation from these classical structures. Section 5 highlights55

regimes and parameterizations where more favorable structural properties arise. Finally, we conclude in56

Section 6.57
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2. Preliminaries58

We begin this section with the conventions and notation that we use throughout this work.59

2.1. Conventions and Feasibility60

Let F ⊆ 2J denote the family of facility sets S ⊆ J for which model (2) is feasible. For any S ∈ F , let61

uS =
∑

i∈I
WijxS

ij

Cj
, ∀j ∈ J denote an optimal utilization for model (2), with the convention uS

j = 0 for j /∈ S,62

where xS denotes an optimal solution of the set XS defined by constraints (2b)-(2e). Then, the value of the63

objective function in equation (2a) is F (S) =
∑

j∈S Cj

(
1− uS

j

)2 +
∑

s∈J\S Cs for S ∈ F .64

Throughout this work, we use the convention that F (S) = ∞ when XS = ∅, ∀S ⊆ J (i.e., for S /∈ F).65

When S = ∅ we have no assignments to conduct as all the x variables are set to zero from constraint (2d);66

then, F (S) =
∑

j∈J Cj . For sake of exposition, unless explicitly stated otherwise, any statement that67

involves uS or F (S) tacitly assumes feasible sets S ∈ F . For instance, later in Definition 4, it is understood68

that we restrict ourselves to indices
{

j ∈ J : {j} ∈ F and J \ {j} ∈ F : u
{j}
j > 0

}
. Further, the following69

upward-closed property of feasibility holds.70

Proposition. For any S ∈ F we have S ∪ {j} ∈ F for all j /∈ S.71

Proof. Proof : A feasible solution for the set S ∪ {j} is constructed from the optimal utilization of the72

extended set S ∪ {j} by not utilizing the additional facility j. □73

To address the issue of non-empty feasible sets XS for a given S ⊆ J , throughout this work we distinguish74

between two capacity regimes.75

(a) When capacities are sufficiently large such that each facility can accommodate by itself the entire76

weight of users (i.e., Cj ≥
∑

i∈I Wij , ∀j ∈ J), non-emptiness of the set XS is assured for any S. Then,77

F = 2J . Specifically, in this case, all singleton sets (i.e., S = {j}) are feasible; hence, by Proposition 1,78

all other sets are also feasible. We call this regime as the sufficient-capacity regime. As we mention in79

Section 1, finding a feasible point within XS is trivial in this regime, however determining the optimal80

F (S) is NP-complete (Schmidt and Singh, 2025).81

(b) When capacities are not large enough, some facilities within the selected subsets S may have less82

capacity than required to accommodate the total weight of user. Thus, feasibility is not guaranteed83

for arbitrary subsets. However, it follows from Proposition 1 that given S ∈ F and S ⊂ T ⊆ J , we84

have T ∈ F . A necessary condition to ensure feasibility of the entire set of users (i.e., S = J) is85 ∑
i∈I minj∈J Wij ≤

∑
j∈J Cj . We assume this throughout this work, else the problem is vacuous. We86

call this regime as the insufficient-capacity regime. In this regime, even finding a feasible point within87

XS is NP-complete (Martello and Toth, 1990).88

Due to this fundamentally different structure of F (S), the dichotomy of XS is important. Hence, we89

distinguish our structural results, proofs, and counterexamples between the two regimes. Next, for com-90

pleteness, we provide some basic definitions of classical properties of set functions.91

2.2. Classical Set-Function Properties92

Definition 1 (Monotonicity). Consider the finite discrete set J . A function F : 2J → R+ is monotoni-93

cally non-decreasing if for all S ⊆ T ⊆ J , F (S) ≤ F (T ) while it is monotonically non-increasing if for all94

S ⊆ T ⊆ J , F (S) ≥ F (T ). □95

Definition 2 (Super/sub-additivity). Consider the finite discrete set J . A function F : 2J → R+ is96

superadditive if for all S, T ⊆ J , we have F (S ∪ T ) ≥ F (S) + F (T ).97

Analogously, F is subadditive if for all S, T ⊆ J , we have F (S ∪ T ) ≤ F (S) + F (T ). □98
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Definition 3 (Super/sub-modularity). Consider the finite discrete set J . Then, the function F : 2J →99

R+ is supermodular if for all S ⊆ J and j, j∗ ∈ J \ S, where j ̸= j∗, we have F (S ∪ {j∗}) + F (S ∪ {j}) ≤100

F (S ∪ {j, j∗}) + F (S).101

Analogously, F is submodular if for all S ⊆ J and j, j∗ ∈ J \ S, where j ̸= j∗, we have F (S ∪ {j∗}) +102

F (S ∪ {j}) ≥ F (S ∪ {j, j∗}) + F (S). □103

Definition 4 (Total curvature). Consider the finite discrete set J . The total curvature of a monotonically104

non-increasing function F : 2J → R+ is given by cF = 1−minj∈J
F (J\{j})−F (J)

F (∅)−F ({j}) . □105

Definition 5 (Monotonicity of u under removal). Let uS
j =

∑
i∈I

WijxS
ij

Cj
, ∀j ∈ J denote an optimal106

utilization of facility j of model (2) with the convention uS
j = 0 for j /∈ S. Then, we say that the utilizations107

are monotonic under removal at S if for every S ⊆ J and j∗ ∈ S the following holds: uS
j ≤ u

S\{j∗}
j , ∀j ∈108

S \ {j∗}. □109

Below, we state two two propositions that we use later in this work. Proposition 2 is a special case of110

a more general result of composition of functions, see, (Topkis, 1998, Lemma 2.6.2), while Proposition 3111

follows from elementary calculus.112

Proposition. Let a > 0 and Cs > 0,∀s ∈ S > 0. Define H(T ) = a∑
s∈T

Cs
on the domain {T ⊆ J : T ̸= ∅}.113

Then, H is supermodular.114

Proof. Proof : Consider distinct j, j′ ∈ J and S ⊆ J \ {j, j′} with S ̸= ∅. Let y =
∑

s∈S Cs > 0. Then,115

H(S ∪ {j, j′})−H(S ∪ {j})−H(S ∪ {j′}) + H(S)

= a

(
1

y + Cj + Cj′
− 1

y + Cj
− 1

y + Cj′
+ 1

y

)
(3a)

= a CjCj′ (Cj + Cj′ + 2y)
y (y + Cj) (y + Cj′) (y + Cj + Cj′) (3b)

≥ 0. (3c)

Thus, from Definition 3, H(T ) is supermodular on all non-empty sets T . □116

Proposition. Define G(y) = y2

a − 2y for a > 0. Then G(y) is decreasing for all y ≤ a.117

Proof. Proof : We have G′(y) = 2y
a − 2 ≤ 0 for all y ≤ a. □118

In the proceeding sections, we examine whether the set-function F inherits any of the classical structural119

properties defined above. We begin with two basic results in this section.120

Lemma 1. Consider model (2). Then, the function F (S) is monotonically non-increasing according to121

Definition 1.122

Proof. Proof : If F (S) < ∞ (i.e., X (S) ̸= ∅), then an optimal solution for X (S) remains feasible (though123

possibly suboptimal) for X (S ∪ k). Hence, F (S ∪ {k}) ≤ F (S). If F (S) = ∞ (i.e., X (S) = ∅), then the124

result trivially follows. □125

Lemma 2. Consider model (2). Then, the function F (S) is subadditive according to Definition 2.126

Proof. Proof : Consider sets S, T ⊆ J . Then, from Lemma 1 we have F (S∪T ) ≤ F (S) and F (S∪T ) ≤ F (T );127

thus, F (S ∪ T ) ≤ min{F (S), F (T )}. Since, F (·) is always non-negative, it follows that F (S ∪ T ) ≤ F (S) +128

F (T ). □129
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3. Structural Properties of F (S)130

Since monotonicity and subadditivity are relatively weak properties, we next ask whether the set function131

F (S) admits stronger structures. As we mention in Section 1, supermodularity is a natural structure to132

explore here since the function value decreases as more facilities are added (see, Lemma 1), and the “marginal133

decrease” may become larger when additional facilities are already present. This intuition often underlies the134

appearance of supermodularity in combinatorial facility location models (see, e.g., Chudak and Williamson135

(2004)). In contrast, submodularity is less plausible here, since the marginal decrease need not shrink as136

more facilities are opened. However, as we show, F (S) inherits neither submodularity nor supermodularity.137

We begin with the easier case of disproving submodularity.138

3.1. Lack of Submodularity139

Theorem 1. Consider model (2). Then, the function F (S) is not submodular in S for both the sufficient140

and insufficient-capacity regimes.141

Proof. Proof : We provide families of instances — for both the sufficient- and insufficient-capacity regimes142

— that violate submodularity.143

1. Sufficient-capacity: Fix an integer k ≥ 2. Let I = {i1, . . . , ik} and J = {j1, j2}. Set all weights144

equal: Wij = 1 for all i ∈ I, j ∈ J . Set both capacities equal Cj1 = Cj2 = k. We have F (S) =145 ∑
j∈J Cj + minx∈XS

∑
s∈S(F (S)− 2Ls + L2

s

Cs
), where Ls =

∑
i∈I Wisxis.146

(i) F (∅) = Cj1 + Cj2 = 2k.147

(ii) F ({j1}) = Cj2 + Cj1

(
1− L1

Cj1

)2. Since the capacity of the open facility j1 is sufficient to accom-148

modate all users, we have L1 = k; thus, the second term in F ({j1}) is k(1 − k/k)2 = 0. Hence,149

F ({j1}) = k. By symmetry, F ({j2}) = k.150

(iii) F ({j1, j2}) = k
(

1− a
k

)2
+k

(
1− b

k

)2
= a2+b2

k , where a users be assigned to the open facility j1 and151

the remaining b = k−a users are assigned to the other open facility j2. Minimizing this expression152

over the integers a + b = k, we have a = ⌊k/2⌋, and b = ⌈k/2⌉, hence F ({j1, j2}) = ⌊k/2⌋2+⌈k/2⌉2

k .153

From Definition 3, consider S = ∅, j = {j1} and j∗ = {j2}. Then, F (S ∪ {j∗}) + F (S ∪ {j}) = 2k <154

⌊k/2⌋2+⌈k/2⌉2

k + 2k = F (S ∪ {j, j∗}) + F (S). Thus, the submodular inequality in Definition 3 does not155

hold.156

2. Insufficient-capacity: Fix parameters 0 < ε < α ≤ 1
2 . Let I = {i1, i2, i3} and J = {j1, j2, j3, j4} with157

capacities Cj = 1 for all j ∈ J . Set weights Wij as follows Wi1j3 = Wi2j3 = α; Wi1j1 = Wi2j2 =158

Wi3j3 = 1 and Wij = ε for all other (i, j).159

Then, capacities of all j are insufficient since
∑

j∈J Wi > Cj . We have F (S) = minx∈Xs

∑
s/∈S Cs +160 ∑

s∈S Cs

(
1− Ls

Cs

)2
, where Ls =

∑
i∈I Wisxis. Consider S = {j3, j4}, j = {j1}, and j∗ = {j2}.161

(i) F ({j3, j4}) = (1− 2α)2 + (1− 1)2 + Cj1 + Cj2 = (1− 2α)2 + 2, where i1, i2 are assigned to j3 and162

i3 to j4.163

(ii) F ({j1, j3, j4}) = (1− 1)2 + (1− α)2 + (1− 1)2 + Cj2 = (1− α)2 + 1, where i1, i2, i3 are assigned164

to j1, j4, j3, respectively.165

(iii) F ({j2, j3, j4}) = (1− α)2 + 1 since this case is symmetric to (ii).166

(iv) F ({j1, j2, j3, j4}) = (1 − 1)2 + (1 − 1)2 + (1 − 0)2 + (1 − 1)2 = 1, where i1, i2, i3 are assigned to167

j1, j2, j4, respectively with j3 left unused.168

From Definition 3, F (S ∪ j∗) + F (S ∪ j) = 2((1− α)2 + 1) < (1− 2α)2 + 3 = F (S ∪ {j, j∗}) + F (S).169

Thus, the submodular inequality in Definition 3 does not hold.170
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□171

Corollary 1. Consider model (2). Then, the function F (S) is not superadditive according to Definition 2.172

Proof. Proof : Consider the instance given in Theorem 1. For the sufficient-capacity regime, we have173

F ({j1})+F ({j2}) = 2k > ⌊k/2⌋2+⌈k/2⌉2

k = F ({j1, j2}) which contradicts superadditivity. For the insufficient-174

capacity regime, we have F ({j1, j2}) + F ({j3, j4}) =
(

(1 − 2ε)2 + (1 − ε)2 + 2
)

+
(

(1 − 2α)2 + 2
)

> 1 =175

F ({j1, j2, j3, j4}) which again contradicts superadditivity. □176

While the lack of submodularity is easy to establish by simple families of counterexamples as demon-177

strated by Theorem 1, the case of supermodularity is deeper.178

3.2. Lack of Supermodularity179

In contrast to Section 3.1, the proofs we present below are considerably more involved requiring separate180

handling of both the capacity regimes. We first present a few additional results that lead us to our key181

result of this section.182

Lemma 3. Consider |I| = 5, |J | = 4 with α, δ ∈ R+ defining the following instance of model (2): Wi1,j1 =183

Wi5,j2 = α, Wi2,j3 = Wi3,j4 = Wi4,j3 = Wi4,j4 = α
2 , Wi1,j4 = Wi5,j4 = α

20 , and all other Wij = 1; capacities184

Cj1 = Cj2 = Cj3 = 5α, and Cj4 = (5 + δ)α. Then, in this sufficient-capacity regime, the inequality185

F
(
{j1, j3, j4}

)
+ F

(
{j2, j3, j4}

)
> F

(
{j1, j2, j3, j4}

)
+ F

(
{j3, j4}

)
.

holds for all α ≥ 20 and δ ∈
( 1

30 , 19
30

)
.186

Proof. Proof : For S ⊆ J , define187

Ls(x) =
∑
i∈I

Wisxis, Φ(S, x) =
∑
s∈S

(−2Ls(x) + Ls(x)2

Cs
), Φ⋆(S) = min

x∈XS

Φ(S, x).

Then, F (S) =
∑

j∈J Cj + Φ⋆(S). From Proposition 3, for y ← Ls(x) and a ← Cs, Φ(S, x) decreases with188

increasing Ls if Ls(x) ≤ Cs for all s. Specifically, for the given instance, we have189 ∑
i∈I

Wij1 = α + 4,
∑
i∈I

Wij2 = α + 4,
∑
i∈I

Wij3 = α + 3,
∑
i∈I

Wij4 = 1.1α + 1.

Thus, for α ≥ 20 and δ > 0, we have190

Cj1 = 5α ≥ α + 4, Cj2 = 5α ≥ α + 4, Cj3 = 5α ≥ α + 3, Cj4 = (5 + δ)α ≥ 1.1α + 1;

i.e., Ls(x) ≤ Cs holds for all s ∈ J demonstrating that the capacities are sufficient and the hypothesis of191

Proposition 3 holds. Thus, an optimal solution to Φ⋆(S) (and, hence, to F (S)) is obtained by assigning each192

user i to a facility from the set arg maxs∈S Wis. Below, we determine this optimal assignment.193

Since for α ≥ 20, the ordering α > α/2 > α/20 ≥ 1 holds, each of the following users has a unique194

maximum-weight facility:195

i1 → j1 if j1 ∈ S, i2 → j3 if j3 ∈ S, i3 → j4 if j4 ∈ S, i5 → j2 if j2 ∈ S.

The only tie (i.e., multiple solutions for the argmax) is for i4, since Wi4,j3 = Wi4,j4 = α/2. We resolve this196

tie by comparing the quadratic terms in Φ (the linear terms are equal for both assignments). For brevity,197

let β = α
5+δ . Below we compute the loads explicitly by first excluding i4 (denoted L̃s), then assigning i4 to198

either j3 or j4, and finally comparing the resulting quadratic penalties.199
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(i) Consider S = {j3, j4}. Without i4:200

L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 + Wi1,j4 + Wi5,j4 = α

2 + α

20 + α

20 = 0.60α.

If i4 → j3, then L3 = L̃3 + α
2 = α and L4 = L̃4 = 0.60α. If i4 → j4, then L3 = L̃3 = 0.50α and201

L4 = L̃4 + α
2 = 1.10α. The quadratic terms in Φ(S) for both these scenarios (the linear terms are202

equal for both) are203

L2
3

Cj3

+ L2
4

Cj4

=


α2

5α
+ (0.60α)2

(5 + δ)α, i4 → j3,

= (0.50α)2

5α
+ (1.10α)2

(5 + δ)α, i4 → j4.

Then, i4 → j3 is better if and only if204

α

5 + 0.36 α

5 + δ
≤ α

20 + 1.21 α

5 + δ
⇐⇒ δ ≤ 2

3 .

Hence,205

L3 = α, L4 = 0.60α if δ < 2
3 ; L3 = 0.50α, L4 = 1.10α if δ > 2

3 .

Thus,206

Φ⋆({j3, j4}) =
{

(−2α + α
5 ) + (−1.2α + 0.36β) = −3.0α + 0.36β, δ < 2

3 ,

(−α + α
20 ) + (−2.2α + 1.21β) = −3.15α + 1.21β, δ > 2

3 .
(4)

(ii) Consider S = {j1, j3, j4}. Without i4:207

L̃1 = Wi1,j1 = α, L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 + Wi5,j4 = α

2 + α

20 = 0.55 α.

If i4 → j3, then L1 = α, L3 = L̃3+ α
2 = α, L4 = L̃4 = 0.55α. If i4 → j4, then L1 = α, L3 = L̃3 = 0.50α,208

L4 = L̃4 + α
2 = 1.05α. The quadratic terms in Φ(S) for both these scenarios (all linear terms and the209

quadratic term for j1 are equal) is210

L2
3

Cj3

+ L2
4

Cj4

=


α2

5α
+ (0.55α)2

(5 + δ)α, i4 → j3,

(0.50α)2

5α
+ (1.05α)2

(5 + δ)α, i4 → j4.

Then, i4 → j3 is better if and only if211

α

5 + 0.3025 α

5 + δ
≤ α

20 + 1.1025 α

5 + δ
⇐⇒ δ ≤ 1

3 .

Hence,212

L1 = α, L3 = α, L4 = 0.55α if δ < 1
3 ; L1 = α, L3 = 0.50α, L4 = 1.05α if δ > 1

3 .

Thus,213

Φ⋆({j1, j3, j4}) =


(−2α + α

5 ) + (−2α + α
5 ) + (−1.1α + 0.3025β)

= −4.7α + 0.3025β, δ < 1
3 ,

(−2α + α
5 ) + (−α + α

20 ) + (−2.1α + 1.1025β)
= −4.85α + 1.1025β, δ > 1

3 .

(5)
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(iii) Consider S = {j2, j3, j4}. Without i4:214

L̃2 = Wi5,j2 = α, L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 + Wi1,j4 = α

2 + α

20 = 0.55 α.

If i4 → j3, then L2 = α, L3 = L̃3+ α
2 = α, L4 = L̃4 = 0.55α. If i4 → j4, then L2 = α, L3 = L̃3 = 0.50α,215

L4 = L̃4 + α
2 = 1.05α. The quadratic terms in Φ(S) for both these scenarios (all linear terms and the216

quadratic term for j2 are equal) are217

L2
3

Cj3

+ L2
4

Cj4

=


α2

5α
+ (0.55α)2

(5 + δ)α, i4 → j3,

(0.50α)2

5α
+ (1.05α)2

(5 + δ)α, i4 → j4.

Then, i4 → j3 is better if and only if218

α

5 + 0.3025 α

5 + δ
≤ α

20 + 1.1025 α

5 + δ
⇐⇒ δ ≤ 1

3 .

Hence,219

L2 = α, L3 = α, L4 = 0.55α if δ < 1
3 ; L2 = α, L3 = 0.50α, L4 = 1.05α if δ > 1

3 .

Thus,220

Φ⋆({j2, j3, j4}) =


(−2α + α

5 ) + (−2α + α
5 ) + (−1.1α + 0.3025β)

= −4.7α + 0.3025β, δ < 1
3 ,

(−2α + α
5 ) + (−α + α

20 ) + (−2.1α + 1.1025β)
= −4.85α + 1.1025β, δ > 1

3 .

(6)

(iv) Consider S = {j1, j2, j3, j4}. Without i4:221

L̃1 = Wi1,j1 = α, L̃2 = Wi5,j2 = α, L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 = α

2 .

If i4 → j3, then L1 = α, L2 = α, L3 = L̃3 + α
2 = α, L4 = L̃4 = α

2 . If i4 → j4, then L1 = α, L2 = α,222

L3 = L̃3 = α
2 , L4 = L̃4 + α

2 = α. The quadratic terms in Φ(S) for both these scenarios (all linear223

terms and the quadratic terms for j1 and j2 are equal) are:224

L2
3

Cj3

+ L2
4

Cj4

=


α2

5α
+ (0.50α)2

(5 + δ)α, i4 → j3,

(0.50α)2

5α
+ α2

(5 + δ)α, i4 → j4.

Then, i4 → j3 is better if and only if225

α

5 + 0.25 α

5 + δ
≤ α

20 + α

5 + δ
⇐⇒ δ ≤ 0,

which cannot hold since δ > 0. Hence,226

L1 = α, L2 = α, L3 = 0.50α, L4 = α for all δ > 0.

Thus,227

Φ⋆({j1, j2, j3, j4}) = (−2α + α
5 ) + (−2α + α

5 ) + (−α + α
20 ) + (−2α + β)

= −6.55α + β.

(7)
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Finally, let228

Γ(α, δ) = F ({j1, j3, j4}) + F ({j2, j3, j4})− F ({j1, j2, j3, j4})− F ({j3, j4}) (8a)
= Φ⋆({j1, j3, j4}) + Φ⋆({j2, j3, j4})− Φ⋆({j1, j2, j3, j4})− Φ⋆({j3, j4}). (8b)

Since α ≥ 20, we need to determine the range of δ for which Γ(α, δ) is strictly positive.229

Plugging the formulas calculated in equations (4)-(7) in equation (8) yields230

Γ(δ, α) =


α

(
3

20 −
151

200(5+δ)

)
, 0 < δ < 1

3 ,

α
(
− 3

20 + 169
200(5+δ)

)
, 1

3 ≤ δ < 2
3 ,

− α
200(5+δ) , δ ≥ 2

3 .

(9)

Then, for α ≥ 20, it follows from plain algebra that Γ(δ, α) > 0 for δ ∈ ( 1
30 , 19

30 ) which completes the231

proof. □232

The following corollary to Lemma 3 assists in developing an insufficient-capacity regime family.233

Corollary 2. Consider the instance of model (2) defined in Lemma 3. For each j, define234

ηj =
maxS

∑
i∈I Wij xS

ij

Cj
, and τj =

∑
i∈I Wij

Cj
,

where S ∈ {{j3, j4}, {j1, j3, j4}, {j2, j3, j4}, {j1, j2, j3, j4}} ⊆ F is the collection of subsets considered in235

Lemma 3 and xS
ij are the corresponding optimal assignments. Then, under the hypothesis of Lemma 3,236

ηj < τj for all j ∈ J .237

Proof. Proof : For brevity, let S1 = {j3, j4}, S2 = {j1, j3, j4}, S3 = {j2, j3, j4} and S4 = {j1, j2, j3, j4}. From238

the proof of Lemma 3, for each j, we have the following.239

(i) For j1:240 ∑
i

Wij1xS1
ij1

= 0,
∑

i

Wij1xS2
ij1

= α,
∑

i

Wij1xS3
ij1

= 0,
∑

i

Wij1xS4
ij1

= α.

Hence,241

ηj1 = max{0, α, 0, α}
5α

= α

5α
= 1

5 .

(ii) For j2:242 ∑
i

Wij2 xS1
ij2

= 0,
∑

i

Wij2 xS2
ij2

= 0,
∑

i

Wij2 xS3
ij2

= α,
∑

i

Wij2 xS4
ij2

= α.

Hence,243

ηj2 = max{0, 0, α, α}
5α

= 1
5 .

(iii) For j3:244 ∑
i

Wij3 xS1
ij3

=
{

α, δ < 2
3 ,

α
2 , δ > 2

3 ,

∑
i

Wij3 xS2
ij3

=
{

α, δ < 1
3 ,

α
2 , δ > 1

3 ,
245 ∑

i

Wij3 xS3
ij3

=
{

α, δ < 1
3 ,

α
2 , δ > 1

3 ,

∑
i

Wij3 xS4
ij3

= α
2 .

Hence, for every δ < 2
3 (and, thus, for δ ∈ ( 1

30 , 19
30 ) as in the hypothesis),246

ηj3 =
max{α, α or α

2 , α or α
2 , α

2 }
5α

= α

5α
= 1

5 .
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(iv) For j4:247 ∑
i

Wij4 xS1
ij4

=
{

0.60 α, δ < 2
3 ,

1.10 α, δ > 2
3 ,

∑
i

Wij4 xS2
ij4

=
{

0.55 α, δ < 1
3 ,

1.05 α, δ > 1
3 ,

248 ∑
i

Wij4 xS3
ij4

=
{

0.55 α, δ < 1
3 ,

1.05 α, δ > 1
3 ,

∑
i

Wij4 xS4
ij4

= 1.00 α.

Hence249

ηj4 = 1
(5 + δ)α ·max

{
0.60α or 1.10α, 0.55α or 1.05α, 0.55α or 1.05α, 1.00α

}
.

For δ ∈
( 1

30 , 19
30

)
as in the hypothesis, we have:250

ηj4 =


1.00
5 + δ

, δ ∈
( 1

30 , 1
3
)
,

1.05
5 + δ

, δ ∈
[ 1

3 , 19
30

)
.

The quantity τ is directly calculated via251 ∑
i

Wij1 = α + 4,
∑

i

Wij2 = α + 4,
∑

i

Wij3 = α + 3,
∑

i

Wij4 = 1.1α + 1,

yielding252

τj1 = τj2 = α + 4
5α

= 1
5 + 4

5α , τj3 = α+3
5α = 1

5 + 3
5α , τj4 = 1.1α+1

(5+δ)α = 1.1
5+δ + 1

(5+δ)α .

Since α ≥ 20 and δ ∈ ( 1
30 , 19

30 ), we have ηj < τj for all j ∈ J . □253

Lemma 4. Consider the same instance of model (2) as in Lemma 3 except with capacities C ′
j set to θj times254

the previous capacities Cj (i.e., C ′
j = θjCj with all else remaining unchanged). Choose θj with ηj < θj < τj;255

such a θj always exists from Corollary 2. Then, this instance is in the insufficient-capacity regime, and the256

inequality257

F ({j1, j3, j4}) + F ({j2, j3, j4}) > F ({j1, j2, j3, j4}) + F ({j3, j4})
continues to hold for all α ≥ 20 and δ ∈

( 1
30 , 19

30
)
.258

Proof. Proof : We reuse the notation from Lemma 3. For S ⊆ J and any assignment x ∈ XS , let259

Ls(x) =
∑
i∈I

Wisxis, Φ(S, x) =
∑
s∈S

(
−2Ls(x) + Ls(x)2

C ′
s

)
, Φ⋆(S) = min

x∈XS

Φ(S, x).

Hence, F (S) =
∑

j∈J C ′
j + Φ⋆(S). Let x̄S be the optimal assignments from Lemma 3, and for brevity let260

L̄j(S) = Lj(x̄S). From Corollary 2 there exists θj with ηj < θj < τj . Setting C ′
j = θjCj yields, for every j,261

L̄j(S) ≤ max
S′

L̄j(S′) = ηjCj < θjCj = C ′
j .

Thus, the previously optimal assignment, x̄S , is feasible for the considered instance with capacities C ′.262

Further,
∑

i Wij = τjCj > θjCj = C ′
j , ∀j ∈ J . Thus, the singletons {j} are infeasible for model (2)263

demonstrating that we are in the insufficient-capacity regime. Next, we determine the optimal assignments264

for this instance.265

Since L̄s(S) < C ′
s for all s, S, the capacities remain nonbinding and the setting of Lemma 3 applies for266

α ≥ 20. Then, the arg max is unique for267

i1 → j1 if j1 ∈ S, i2 → j3 if j3 ∈ S, i3 → j4 if j4 ∈ S, i5 → j2 if j2 ∈ S.
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The only tie (i.e., multiple solutions for the argmax) is again for i4, since Wi4,j3 = Wi4,j4 = α/2. Similar268

to the proof of Lemma 3, we resolve this tie by comparing the quadratic terms in Φ (the linear terms are269

equal for both assignments). Below we compute the loads explicitly by first excluding i4 (denoted L̃s), then270

assigning i4 to either j3 or j4, and finally comparing the resulting quadratic penalties.271

(i) Consider S = {j3, j4}. Without i4:272

L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 + Wi1,j4 + Wi5,j4 = α

2 + α

20 + α

20 = 0.60α.

If i4 → j3, then L3 = L̃3 + α
2 = α and L4 = L̃4 = 0.60α. If i4 → j4, then L3 = L̃3 = 0.50α and273

L4 = L̃4 + α
2 = 1.10α. The quadratic terms in Φ(S) for both these scenarios (the linear terms are274

equal for both) are275

L2
3

C ′
j3

+ L2
4

C ′
j4

=


α2

5α θ3
+ (0.60α)2

(5 + δ)α θ4
, i4 → j3,

(0.50α)2

5α θ3
+ (1.10α)2

(5 + δ)α θ4
, i4 → j4.

Then, i4 → j3 is better if and only if276

α

5θ3
+ 0.36 α

(5 + δ)θ4
≤ α

20θ3
+ 1.21 α

(5 + δ)θ4
⇐⇒ θ4 ≤

17
3 ·

θ3

5 + δ
.

Hence,277

L3 = α, L4 = 0.60α if θ4 ≤ 17
3

θ3
5+δ ; L3 = 0.50α, L4 = 1.10α if θ4 > 17

3
θ3

5+δ .

Thus,278

Φ⋆({j3, j4}) =
{

(−2α + α
5θ3

) + (−1.2α + 0.36 α
(5+δ)θ4

), θ4 ≤ 17
3

θ3
5+δ ,

(−α + α
20θ3

) + (−2.2α + 1.21 α
(5+δ)θ4

), θ4 > 17
3

θ3
5+δ .

(10)

(ii) Consider S = {j1, j3, j4}. Without i4:279

L̃1 = Wi1,j1 = α, L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 + Wi5,j4 = α

2 + α

20 = 0.55 α.

If i4 → j3, then L1 = α, L3 = L̃3+ α
2 = α, L4 = L̃4 = 0.55α. If i4 → j4, then L1 = α, L3 = L̃3 = 0.50α,280

L4 = L̃4 + α
2 = 1.05α. The quadratic terms in Φ(S) for both these scenarios (all linear terms and the281

quadratic term for j1 are equal) is282

L2
3

C ′
j3

+ L2
4

C ′
j4

=


α2

5α θ3
+ (0.55α)2

(5 + δ)α θ4
, i4 → j3,

(0.50α)2

5α θ3
+ (1.05α)2

(5 + δ)α θ4
, i4 → j4.

Then, i4 → j3 is better if and only if283

α

5θ3
+ 0.3025 α

(5 + δ)θ4
≤ α

20θ3
+ 1.1025 α

(5 + δ)θ4
⇐⇒ θ4 ≤

16
3 ·

θ3

5 + δ
.

Hence,284

L1 = α, L3 = α, L4 = 0.55α if θ4 ≤ 16
3

θ3
5+δ ,

and,285

L1 = α, L3 = 0.50α, L4 = 1.05α if θ4 > 16
3

θ3
5+δ .

Thus,286

Φ⋆({j1, j3, j4}) =
{

(−2α + α
5θ1

) + (−2α + α
5θ3

) + (−1.1α + 0.3025 α
(5+δ)θ4

), θ4 ≤ 16
3

θ3
5+δ ,

(−2α + α
5θ1

) + (−α + α
20θ3

) + (−2.1α + 1.1025 α
(5+δ)θ4

), θ4 > 16
3

θ3
5+δ .

(11)
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(iii) Consider S = {j2, j3, j4}. Without i4:287

L̃2 = Wi5,j2 = α, L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 + Wi1,j4 = α

2 + α

20 = 0.55 α.

If i4 → j3, then L2 = α, L3 = L̃3+ α
2 = α, L4 = L̃4 = 0.55α. If i4 → j4, then L2 = α, L3 = L̃3 = 0.50α,288

L4 = L̃4 + α
2 = 1.05α. The quadratic terms in Φ(S) for both these scenarios (all linear terms and the289

quadratic term for j2 are equal) are290

L2
3

C ′
j3

+ L2
4

C ′
j4

=


α2

5α θ3
+ (0.55α)2

(5 + δ)α θ4
, i4 → j3,

(0.50α)2

5α θ3
+ (1.05α)2

(5 + δ)α θ4
, i4 → j4.

Then, i4 → j3 is better if and only if291

α

5θ3
+ 0.3025 α

(5 + δ)θ4
≤ α

20θ3
+ 1.1025 α

(5 + δ)θ4
⇐⇒ θ4 ≤

16
3 ·

θ3

5 + δ
.

Hence,292

L2 = α, L3 = α, L4 = 0.55α if θ4 ≤ 16
3

θ3
5+δ

and,293

L2 = α, L3 = 0.50α, L4 = 1.05α if θ4 > 16
3

θ3
5+δ .

Thus,294

Φ⋆({j2, j3, j4}) =
{

(−2α + α
5θ2

) + (−2α + α
5θ3

) + (−1.1α + 0.3025 α
(5+δ)θ4

), θ4 ≤ 16
3

θ3
5+δ ,

(−2α + α
5θ2

) + (−α + α
20θ3

) + (−2.1α + 1.1025 α
(5+δ)θ4

), θ4 > 16
3

θ3
5+δ .

(12)

(iv) Consider S = {j1, j2, j3, j4}. Without i4:295

L̃1 = Wi1,j1 = α, L̃2 = Wi5,j2 = α, L̃3 = Wi2,j3 = α

2 , L̃4 = Wi3,j4 = α

2 .

If i4 → j3, then L1 = α, L2 = α, L3 = L̃3 + α
2 = α, L4 = L̃4 = α

2 . If i4 → j4, then L1 = α, L2 = α,296

L3 = L̃3 = α
2 , L4 = L̃4 + α

2 = α. The quadratic terms in Φ(S) for both these scenarios (all linear297

terms and the quadratic terms for j1 and j2 are equal) are:298

L2
3

C ′
j3

+ L2
4

C ′
j4

=


α2

5α θ3
+ (0.50α)2

(5 + δ)α θ4
, i4 → j3,

(0.50α)2

5α θ3
+ α2

(5 + δ)α θ4
, i4 → j4.

Then, i4 → j4 is better if and only if299

α

5θ3
+ 0.25 α

(5 + δ)θ4
≥ α

20θ3
+ α

(5 + δ)θ4
⇐⇒ θ4 ≥

5 θ3

5 + δ
.

Hence,300

L1 = α, L2 = α, L3 = 0.50α, L4 = α if θ4 ≥ 5 θ3
5+δ .

Thus,301

Φ⋆({j1, j2, j3, j4}) = (−2α + α
5θ1

) + (−2α + α
5θ2

) + (−α + 0.25 α
5θ3

) + (−2α + α
(5+δ)θ4

). (13)
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Finally, let302

Γ(α, δ, θ) = F ({j1, j3, j4}) + F ({j2, j3, j4})− F ({j1, j2, j3, j4})− F ({j3, j4}) (14a)
= Φ⋆({j1, j3, j4}) + Φ⋆({j2, j3, j4})− Φ⋆({j1, j2, j3, j4})− Φ⋆({j3, j4}). (14b)

We need to find the range where Γ(α, δ, θ) is strictly positive. When θ4 is chosen such that case (i) selects303

i4 → j3, cases (ii)–(iii) select i4 → j3, and case (iv) selects i4 → j4, (i.e., 5 θ3
5+δ ≤ θ4 ≤ 16

3
θ3

5+δ and θ4 ≤ 17
3

θ3
5+δ ),304

then plugging the formulas calculated in equations (10)-(13) in equation (14) yields305

Γ(α, δ, θ) = α
(

0.15
θ3
− 0.755

(5+δ)θ4

)
. (15)

From equation (15), Γ(α, δ, θ) > 0 if 0.15
θ3

>
0.755

(5 + δ)θ4
. Since ηj < θj < τj and the interval

[
5 θ3
5+δ , 16

3
θ3

5+δ

]
306

is nonempty, there exist values for θ satisfying these conditions. Thus, for all α ≥ 20 and δ ∈
( 1

30 , 19
30

)
, the307

inequality in the lemma’s statement holds true. □308

With this background, we now present the main result of this section.309

Theorem 2. Consider model (2). Then, the function F (S) is not supermodular in S for both the sufficient-310

and insufficient-capacity regimes.311

Proof. Proof : Lemma 3 and Lemma 4 provide instances of sufficient- and insufficient-capacity regimes,312

respectively, where the supermodular inequality in Definition 3 does not hold.313

Concretely, for Lemma 3, consider α = 1, 000 and δ = 0.34, which satisfy its hypothesis. For these314

parameters, we have (with numerical values rounded to one decimal place)315

F ({j1, j3, j4}) + F ({j2, j3, j4}) = 15,696.5 + 15,696.5 (16a)
= 31,393.0 (16b)
> 31,384.7 (16c)
= 13,977.3 + 17,407.4 (16d)
= F ({j1, j2, j3, j4}) + F ({j3, j4}). (16e)

Thus, the supermodularity inequality is violated with a gap of 8.3.316

Similarly, for Lemma 4, consider u = 1, 000 and δ = 0.34, with θj1 = θj2 = 0.2004, θj3 = 0.2003, θj4 =317

0.20615 which satisfies the hypothesis of Lemma 4. For these parameters, we have (with numerical values318

rounded to one decimal place)319

F ({j1, j3, j4}) + F ({j2, j3, j4}) = 1,255.5 + 1,255.5 (17a)
= 2,511.0 (17b)
> 2,492.4 (17c)
= 260.4 + 2232.0 (17d)
= F ({j1, j2, j3, j4}) + F ({j3, j4}). (17e)

Thus, the supermodularity inequality is still violated, now with a gap of 18.6. □320

To summarize, our analysis establishes that F (S) is neither submodular nor supermodular, for both321

sufficient- and insufficient-capacity regimes, despite the empirical nestedness observed in practice. This322

absence of classical structure motivates the search for measures of deviation from modularity.323
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4. Total Curvature324

In this section, we study the total curvature of F which provides a measure of how far F lies from the325

extremal cases of modularity.326

Theorem 3. Assume the monotonicity under removal in Definition 5 holds. Then, the total curvature of327

F (S) in model (2) satisfies cF ∈ [0, 1].328

Proof. Proof : Applying Definition 5 with S = J and a fixed j∗ ∈ J yields329

uJ
j ≤ u

J\{j∗}
j , ∀j ∈ J \ {j∗}. (18)

Further, 0 ≤ uJ
j ≤ 1 for all j ∈ J , 0 ≤ u

J\{j∗}
j ≤ 1 for all j ∈ J \ {j∗}, and, by convention, u

J\{j∗}
j∗ = 0.330

From equation (18), for this fixed j∗, we have331

1− uJ
j ≥ 1− u

J\{j∗}
j , ∀j ∈ J \ {j∗}, (19a)

Cj(1− uJ
j )2 ≥ Cj(1− u

J\{j∗}
j )2, ∀j ∈ J \ {j∗}, (19b)∑

j∈J\{j∗}

Cj(1− uJ
j )2 ≥

∑
j∈J\{j∗}

Cj(1− u
J\{j∗}
j )2. (19c)

Further, by recursively applying equation (18), for any fixed j ∈ J , we have332

uJ
j ≤ u

{j}
j , (20a)

2uJ
j − (uJ

j )2 ≤ 2u
{j}
j − (u{j}

j )2. (20b)

Here, equation (20a) follows from equation (18) by successively removing each j∗ ∈ J \ {j}, yielding the333

chain uJ
j ≤ u

J\{j∗
1 }

j ≤ · · · ≤ u
J\(J\{j})
j = u

{j}
j . Then equation (20b) follows from Proposition 3 by applying334

the decreasing function g with a = 1 on both sides.335

Next, we calculate the numerator and denominator of the total curvature in Definition 4 for this j∗. For336

the numerator, we have:337

F (J \ {j∗})− F (J) =
∑
j ̸=j∗

Cj

[(
1− u

J\{j∗}
j

)2 −
(
1− uJ

j

)2
]

+ Cj∗
[
1−

(
1− uJ

j∗

)2]
(21a)

=
∑
j ̸=j∗

Cj

(
u

J\{j∗}
j − uJ

j

)(
u

J\{j∗}
j + uJ

j − 2
)

+ Cj∗
(
2uJ

j∗ − (uJ
j∗)2)

(21b)

≤ Cj∗
(
2uJ

j∗ − (uJ
j∗)2)

. (21c)

Here, equations (21a) and (21b) follow directly by expanding the squares and rearranging the terms. Equa-338

tion (21c) follows from equation (18) (since j ̸= j∗ ) and the fact that u is upper bounded by one; thus,339

each summand in the first term of equation (21b) is non-positive.340

For the denominator, with F (∅) =
∑

j∈J Cj , we have,341

F (∅)− F ({j∗}) =
∑
j∈J

Cj −
(

Cj∗(1− u
{j∗}
j∗ )2 +

∑
j∈J\{j∗}

Cj

)
(22a)

= Cj∗

[
1− (1− u

{j∗}
j∗ )2

]
(22b)

= Cj∗
(
2u

{j∗}
j∗ − (u{j∗}

j∗ )2)
. (22c)
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Thus, for this j∗, we have,342

ρj∗ =
F

(
J \ {j∗}

)
− F (J)

F (∅)− F ({j∗}) , (23a)

≤
Cj∗

(
2uJ

j∗ − (uJ
j∗)2)

Cj∗
(
2u

{j∗}
j∗ − (u{j∗}

j∗ )2
) , (23b)

=
2uJ

j∗ − (uJ
j∗)2

2u
{j∗}
j∗ − (u{j∗}

j∗ )2
(23c)

≤ 1, (23d)

where equation (23b) follows by direct substitution from equations (21) and (22), equation (23c) follows343

directly, while equation (23d) follows from equation (20) with j = j∗. Since both the numerator and344

denominator of ρj are positive from Lemma 1, we have ρj∗ ≥ 0. As j∗ was chosen arbitrarily, we have345

0 ≤ ρj ≤ 1 for all j ∈ J . Thus,346

cF = 1−min
j∈J

ρj ∈ [0, 1].

□347

Theorem 3 shows that, if the monotonicity assumption holds, the total curvature cF of our set function348

is guaranteed to lie within the canonical interval [0, 1]. Hence — even though F (S) lacks submodularity and349

supermodularity — it still admits a bounded curvature measure that quantifies its deviation from modularity.350

In the following section, we examine the extent to which this positive result depends on the monotonicity of351

utilizations under removal, and explore special cases of model (2) where this property is indeed guaranteed.352

5. Special Cases and Extended Feasible Regions353

As we show in Section 3, our considered set function F (S) is neither submodular nor supermodular,354

in general, for both the sufficient- and insufficient-capacity regimes. The derivation of the total curvature355

in Theorem 3 relies on the monotonicity of utilizations under removal (Definition 5) which also does not356

hold true in general; we present a simple numerical illustration in Example 2 in Appendix Appendix A.2.357

These negative results suggest that, in full generality, F (S) resists breaking its combinatorial structure.358

However, certain structural settings restore these strong properties. In this section, we uncover special cases359

where utilizations behave monotonically under removal, allowing us to derive curvature bounds and even360

supermodularity. Thus, although the general model lacks submodularity and supermodularity, the special361

cases reveal an unexpectedly rich structure. To analyze such special cases, we first introduce an extended362

feasible region of F (S) that serves as a technical tool throughout this section.363

5.1. Extended Feasible Region and Monotonicity364

Definition 6. Consider model (2) with Wis = Wi > 0,∀i ∈ I, s ∈ S. Then, we define the fractional-feasible365

assignment set as follows366

X frac
S =

{
x ∈ [0, 1]I×S :

∑
s∈S

xis = 1,∀i ∈ I;
∑
i∈I

Wixis ≤ Cs, ∀s ∈ S
}
⊇ Xs.

The set X frac
S frequently appears in the combinatorial optimization literature on facility location problems,367

see, e.g., Shmoys et al. (1997); An et al. (2017). Further, it allows the monotonicity guarantee.368

Theorem 4. Consider model (2) with XS relaxed to X frac
S . Then, the optimal utilizations of model (2) are369

monotonic under removal of j∗ ⊆ J under all S ⊆ F ; i.e., Definition 5 holds.370
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Proof. Proof : Under the hypothesis, the utilization of an open facility s ⊂ J is given by uS
s = W xS

is

Cs
.371

Thus,
∑

s∈S usCs =
∑

i∈I,s∈S Wix
S
is =

∑
i∈I Wi, where the last equality holds from equation (2e). Let372

LS
s =

∑
i∈I Wix

S
is ∈ [0, Cs] and let W =

∑
i∈I Wi =

∑
s∈S LS

s =
∑

s∈S usCs (this quantity is independent373

of set S). Then, expanding the objective function (2a) for a given S, we have374

F (S) =
∑
s∈S

(
Cs − 2LS

s + (LS
s )2

Cs

)
=

(∑
s∈S

Cs − 2W
)

+
∑
s∈S

(LS
s )2

Cs
;

thus, minimizing F (S) is equivalent to375

min
{∑

s∈S

y2
s

Cs
, s.t. 0 ≤ ys ≤ Cs,

∑
s∈S

ys = W

}
. (24)

By the Cauchy–Schwarz inequality, W
2 =

( ∑
s∈S ys

)2 ≤
( ∑

s∈S Cs

)( ∑
s∈S y2

s/Cs

)
. Thus,376

∑
s∈S

y2
s

Cs
≥ W

2∑
s∈S Cs

,

with equality holding if and only if ys√
Cs

= ū
√

Cs, ∀s ∈ S for some ū > 0. Thus, a minimizer for model (24)377

has the property:378

yS
s = ūSCs, uS

s = ūS for all s ∈ S, where ūS = W∑
k∈S Ck

∈ [0, 1].

Applying this result to the sets S and S \ {j∗} we have,379

uS
j = W∑

s∈S Cs
∀s ∈ J, u

S\{j∗}
j = W∑

s∈S\{j∗} Cs
= W∑

s∈S Cs − Cj∗
∀s ∈ S \ {j∗}.

Since Cj∗ > 0, we have u
S\{j∗}
j ≥ uS

j for all j ∈ S \ {j∗} which is exactly the monotonicity property in380

Definition 5. □381

The proof of Theorem 4 uses the fact that, under the hypothesis, the utilizations of all facilities in the382

set S are equal. This fact is also shown via Theorem 2 of Schmitt and Singh (2024) holds which proves383

so-called proportional fairness for such a setting; i.e., if model (2) is feasible in this special case, then there384

exists an optimal solution with equal utilization for all j ∈ S. Specifically, this utilization is the same as385

the utilization we compute in Theorem 4. In this sense, Theorem 4 provides a different proof of Theorem 2386

of Schmitt and Singh (2024) by employing the Cauchy–Schwarz inequality.387

5.2. Projected Load-Based Convex Reformulation388

The equalization of utilization for a fixed set S hints at a deeper structural simplification. In particular,389

it suggests that the relevant assignment decision variables, x, are understandable entirely in terms of facility390

loads, Ls, instead of assignments. We next formalize this mapping and show that the new feasible region in391

this projected space coincides with a simple polytope.392

Proposition. Consider model (2) with XS relaxed to X frac
S . Let Ls(x) =

∑
i∈I Wixis, ∀s ∈ S, and consider393

the S-dimensional polytope394

LS =
{

L ∈ RS
+ :

∑
s∈S

Ls =
∑
i∈I

Wi; Ls ≤ Cs, ∀s ∈ S
}

,

where W =
∑

i∈I Wi. Then, {L(x) : x ∈ X frac
S } = LS .395
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Proof. Proof : (⇒) Consider a x ∈ X frac
S . Then, Ls(x) ≥ 0 and396 ∑

s∈S

Ls(x) =
∑
s∈S

Wxis = W
∑
s∈S

xis = W.

Further, Ls(x) ≤ Cs holds directly by the definition of Ls(x). Hence L(x) ∈ LS .397

(⇐) Consider a L ∈ LS . Define, xis = Ls

W
, ∀i ∈ I, s ∈ S. Then, xis ∈ [0, 1] since Ls ∈ [0, W ]. Further,398 ∑

s∈S xis =
∑

s∈S
Ls

W
= W

W
= 1 holds for all i ∈ I. Finally, since Ls ≤ Cs, we have Wxis ≤ Cs =⇒399 ∑

i∈I Wixis ≤ Cs. Hence, x ∈ X frac
S . □400

The equivalence of the feasible regions X frac
S and LS is powerful since it reduces the combinatorial401

structure of assignments into a basic convex optimization problem. Leveraging this polyhedral description,402

we now solve for the optimal loads explicitly. As we show next, the optimal load is proportional to capacities403

with the proportionality constant depending only on the sum of the weights.404

Proposition. Consider model (2) with XS relaxed to X frac
S . Assume the capacity-sufficient regime holds405

(i.e.,
∑

s∈S Cs ≥
∑

i∈I Wi = W for every nonempty S ⊆ J) for model (2). Then, minL

{ ∑
s∈S

L2
s

Cs
: L ∈ LS

}
=406

W
2∑

s∈S
Cs

, where LS is as defined in Proposition 4. Further, the optimal objective function value is attained407

at L∗
s = W Cs∑

r∈S
Cr

, ∀s ∈ S.408

Proof. Proof : The feasible region LS is the following linear system:409

Ls ≥ 0, ∀s ∈ S, (25a)∑
s∈S

Ls =
∑
i∈I

Wi, (25b)

Ls ≤ Cs, ∀s ∈ S. (25c)

Let µs ≥ 0, λ ∈ R, and νs ≥ 0 denote the Lagrange multipliers for constraints (25a), (25b), and (25c),410

respectively. Then, the considered optimization model is a strictly convex quadratic program with linear411

constraints; hence, it has a unique optimal solution. Thus, the Karush-Kuhn-Tucker (KKT) optimality412

conditions — given by primal feasibility (25a)-(25c), dual feasibility, and the following stationarity plus413

complementary slackness conditions — are necessary and sufficient.414

2Ls

Cs
− λ− µs + νs = 0, ∀s ∈ S, (26a)

µsLs = 0, ∀s ∈ S, (26b)
νs(Ls − Cs) = 0, ∀s ∈ S. (26c)

Under the hypothesis
∑

i∈I Wi ≤
∑

s∈S Cs, we distinguish two cases.415

• Case (i):
∑

i∈I Wi <
∑

s∈S Cs. Assume that 0 < Ls < Cs for all s (i.e., Ls is in the interior of Ls).416

Then by complementary slackness (26b) and (26c), we have µs = νs = 0 for all s. Thus,417

Ls = λ
2 Cs, ∀s ∈ S, (27a)

=⇒ λ = 2W∑
r∈S Cr

, (27b)

=⇒ L∗
s =

(
W

)
Cs∑

r∈S Cr
, ∀s ∈ S. (27c)
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Here, equation (27a) follows from the stationarity condition (26a), equation (27b) follows by enforcing418

constraint (25b) which yields a candidate solution, L∗
s, given by equation (27c). Then, this candidate419

solution L∗
s satisfies the assumption 0 < L∗

s < Cs for all s; hence, it is a valid feasible solution satisfying420

all the KKT conditions. Further, by strict convexity of the objective function, it is the unique optimal421

solution; thus, validating the assumption. The corresponding optimal objective function value follows422

by direct substitution.423

• Case (ii):
∑

i∈I Wi =
∑

s∈S Cs. Then, L∗
s = Cs is the unique solution. The corresponding optimal424

objective function value follows by direct substitution.425

□426

5.3. Supermodularity of the Relaxed Model427

With the closed-form characterization of the optimal loads from Section 5.2, and employing results from428

Section 2, we now directly substitute these into the definition of F (S). This yields an explicit formula for429

F (S) which immediately leads us to the supermodularity of F (S) under the capacity-sufficient regime.430

Theorem 5. Consider model (2) with XS relaxed to X frac
S . If the capacity-sufficient regime holds, then the431

set function F (S) is supermodular on the family of nonempty S ⊆ J .432

Proof. Proof : Consider a fixed S ⊆ F . Under the hypothesis, we have433

F (S) =
∑
j∈J

Cj − 2W + min
x∈Xfrac

S

∑
i∈I,s∈S(Wixis)2

Cs
, (28)

where W =
∑

i∈I Wi. Projecting
∑

i∈I Wixis to loads Ls, under the hypothesis, it follows from Proposition 4434

that the feasible region X frac
S is equivalent to the polytope LS . Then, the optimal value of the minimizing435

term in equation (28) is given by Proposition 5, and we have436

F (S) =
∑
j∈J

Cj − 2W + W
2∑

s∈S Cs
. (29a)

In equation (29a), the first two terms on the right-hand-side are independent of S; hence, proving super-437

modularity is equivalent to proving supermodularity of the third term alone. Consider a = W ; then, it438

follows from Proposition 2 that F (S) is supermodular. □439

Thus, supermodularity holds in the relaxed space. However, the ultimate question is whether such a440

property persists under the binary restrictions of the original model. We answer this question affirmatively441

in the next section.442

5.4. Binary Realizability443

Since XS ⊆ X frac
S , naturally, any feasible binary assignment, xS , is also feasible for its continuous444

relaxation; i.e., optimizing over X frac
S provides a lower bound for F (S). The proportional load identified in445

Theorem 5 achieves the minimum in X frac
S . Thus, any binary assignment xS ∈ XS that induces exactly this446

proportional loads achieves the same objective value as the lower bound, and, hence, is optimal for F (S).447

The remaining question is whether such a binary assignment exists. Corollary 3 provides a positive answer.448

Corollary 3. Consider model (2) with Wis = Wi > 0, ∀i ∈ I, s ∈ S. Assume there exists an optimal449

solution xS ∈ XS such that
∑

i∈I Wix
S
is = Cs∑

j∈S
Cj

W , ∀s ∈ S; i.e., the optimal utilization, uS = W∑
j∈S

Cj
,450

is the same for all s ∈ S. Then, the set function F (S) is supermodular on the family of non-empty S ⊆ J .451

Proof. Proof : For a fixed S ∈ F consider the optimal solution xS ∈ XS given in the hypothesis. Then, the452

value of F (S) is the same as that calculated in equation (29a) and the rest of the proof of Theorem 5 goes453

through. Thus, F (S) is supermodular even with the binary restrictions in place. □454
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Corollary 3 reduces the challenge to an implementability question: is such a binary assignment actually455

achievable? The following lemmas identify two arithmetic conditions — equal weights and rationally pro-456

portional weights — under which this proportional allocation is attainable. In other words, in these special457

cases, the set function F (S) is supermodular even under the binary restriction.458

Lemma 5. In Corollary 3, let Wi = W > 0, ∀i ∈ I, and let the capacity-sufficient regime hold. For a fixed459

S ⊆ J , define460

Ks = |I| Cs∑
j∈S Cj

, s ∈ S.

If Ks ∈ Z≥0, ∀s ∈ S then the optimal load (or, equivalently utilization) defined in Corollary 3 is attainable.461

Proof. Proof : Under the hypothesis, for a fixed S, partition the set of I users into disjoint subsets with Ks462

users assigned to facility s. Such a partition exists because each Ks is an integer and
∑

s∈S Ks = |I|. Let463

xS
is = 1 if user i is placed in the partition corresponding to facility s, and xS

is = 0 otherwise. Then, for any464

s ∈ S,465 ∑
i∈I

Wix
S
is =

∑
i∈Is

Wi =
∑
i∈Is

W = W |Is| = WKs = W |I| Cs∑
j∈S Cj

= Cs∑
jinS Cj

∑
i∈I

Wi

which equals the optimal load in Corollary 3. Equivalently, the utilization at s is
∑

i∈I
Wi∑

j∈S
Cj

which is the same466

as in Corollary 3. Thus, the optimal value is attainable from the set XS . □467

Lemma 6. In Corollary 3, let Wi = Miϵ, ∀i ∈ I with Mi ∈ Z>0 and ϵ > 0, and let the capacity-sufficient468

regime hold. For a fixed S ⊆ J , define469

Qs = Cs∑
j∈S Cj

· 1
ϵ

∑
i∈I

Wi, s ∈ S.

If Qs ∈ Z≥0, ∀s ∈ S, and if the multiset {Mi : i ∈ I} can be partitioned into disjoint subsets whose sums equal470

Qs for each s ∈ S, then the optimal load (or, equivalently utilization) defined in Corollary 3 is attainable.471

Proof. Proof : Under the hypothesis, for a fixed S, partition the set I of users into disjoint subsets such that472

the total number of users assigned to facility s is Qs. Such a partition exists by the hypothesis that each473

Qs is an integer and that {Mi : i ∈ I} admits partitions with the required bin-sums. Let xS
is = 1 if user i is474

placed in the partition corresponding to facility s, Is, and xS
is = 0 otherwise. Then, for any s ∈ S, we have475 ∑

i∈I

Wix
S
is =

∑
i∈Is

Wi =
∑
i∈Is

Miϵ = ϵ
∑
i∈Is

Mi = ϵ Qs = Cs∑
j∈S Cj

∑
i∈I

Wi

which equals the optimal load in Corollary 3. Equivalently, the utilization at s is
∑

i∈I
Wi∑

j∈S
Cj

which is the476

same as in Corollary 3. The corresponding optimal utilization is attained as well. Thus, the optimal value477

is attainable from the set XS . Example 3 in the appendix provides a numerical illustration of the partition478

in Lemma 6. □479

6. Conclusions480

We investigated the combinatorial structure of a set function F (S) arising from an existing quadratic481

optimization model with binary assignment decision variables. This model has been studied in the inte-482

ger programming community through its interaction between the convex quadratic objective and classical483

facility-location polytopes. Applications of this model have also been studied in waste-management. How-484

ever, our work took a different perspective by analyzing the foundational structure of the induced set function485

itself.486
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Despite strong empirical evidence of nested optimal solutions in practice, we established that F (S) is487

neither submodular nor supermodular in general. These fundamental results reveal the structural fragility488

of the problem in its most general form. To address this negative result, we analytically derived the total489

curvature as a measure of deviation from modularity. We proved that, under suitable assumptions, the490

curvature is bounded by one; this property partially explains the empirically observed nestedness. Further,491

more positively, we identified structural regimes — based on continuous relaxations and special parameteri-492

zations of the problem data — under which F (S) admits monotonic utilizations, closed-form representations,493

and even supermodularity. We showed how these regimes not only recover an elegant structure of a rich494

combinatorial problem but also connected directly with proportional fairness concepts that are pervasive in495

optimization and engineering contexts.496

Our analysis suggests several avenues for future research. Developing further structural regimes or special497

cases — such as, via Voronoi orderings or dominance relationships — may provide a richer explanation of498

the nestedness observed in real-world instances. Algorithmic implications of our result further warrant499

research, e.g., developing approximation guarantees for greedy algorithms utilizing the bounded curvature500

and the supermodularity of special cases. Finally, given the applied demonstrations of this problem in501

previous works, our theoretical insights could pave way for new applications in undesirable facility location502

problems.503
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Appendix A. Appendix527

Appendix A.1. Real-world instances with nested optimal solutions528

A key motivation for this work was that previously available real-world instances of model (2) display529

a strong nestedness property of optimal solutions. Indeed, in our computational experiments conducted on530

several randomized instances of model (2) this nestedness is observed. We do not present all of these results;531

they are direct runs from the publicly available dataset of Schmidt and Singh (2025). Since monotonocity532

of the function F (S) is relatively easy to establish (as we show in Section 3 of the main text), such a nested533

structure supports a possible supermodular property. In the following numerical illustration, we detail the534

optimal solutions from the county of Hampshire in the UK using publicly available data on recycling centers;535

see, https://github.com/35436506/Hampshire_HWRC_closure/tree/main.536

Example 1. Consider an instance of model (2) available at this GitHub page consisting of |I| = 234, |J | =537

26. Here, the set J denotes all the recycling centers in Hampshire, UK while I denotes all the ZIP codes in538

this county. Then, Wij denotes preference-weighted population weights for an assignment from i to j while539

Cj denotes the capacity of a recycling center. For details on the practical aspects of this instance, see the540

above-mentioned GitHub page.541

This instance is capacity-insufficient in the sense that not all singleton sets (i.e., S = {j}) are feasible;542

however, F (S) is finite as an optimal assignment does exist even for |S| = 1. We compute F (S) using Gurobi543

to an optimality gap of 0% (due to the problem’s small-scale, this is computationally easy even on a laptop).544

Table A.1 reports the selected facilities for representative budgets, |S|, illustrating the nested structure in545

optimal solutions of the function F (S) for each budget value.546

We further ran an additional experiment on the dataset provided in Schmidt and Singh (2025) from547

the Nürnberg-Erlangen-Fürth area in Germany. This instance has |I| = 234, |J | = 26 and is the smallest548

instance reported in in Schmidt and Singh (2025). This instance is strongly capacity-insufficient in the sense549

all singleton sets (i.e., S = {j}) except one are infeasible; thus, F (S) is still finite. Here, we again observe550

the nested property although not for all budget values.551

Appendix A.2. Numerical illustrations552

Example 2. Consider an instance of model (2) with I = {i1, i2, i3} and J = {j1, j2, j3} with Cj = 1, ∀j553

and weights given by:554

W =

Wi1j1 Wi1j2 Wi1j3

Wi2j1 Wi2j2 Wi2j3

Wi3j1 Wi3j2 Wi3j3

 =

0.60 0.55 0.40
0.55 0.45 0.60
0.50 0.60 0.55

 .

For S = J , an optimal assignment yields utilizations555

uJ
j1

= 0.60
1 = 0.60, uJ

j2
= 0.60

1 = 0.60, uJ
j3

= 0.60
1 = 0.60.

(i) Remove j1: S = J \ {j1} = {j2, j3}. An optimal assignment yields utilizations556

u
J\{j1}
j2

= 0.60
1 = 0.60, u

J\{j1}
j3

= 0.40+0.60
1 = 1.00.

(ii) Remove j2: S = J \ {j2} = {j1, j3}. An optimal assignment yields utilizations557

u
J\{j2}
j1

= 0.55
1 = 0.55, u

J\{j2}
j3

= 0.40+0.55
1 = 0.95.

(iii) Remove j3: S = J \ {j3} = {j1, j2}. An optimal assignment yields utilizations558

u
J\{j3}
j1

= 0.50
1 = 0.50, u

J\{j3}
j2

= 0.55+0.45
1 = 1.00.
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Table A.1: Chain of optimal selections of model (2) for the real-world case of Hampshire, UK. For each |S|, the set
of open facilities is nested. For details, see Example 1 and the GitHub page cited in Appendix Appendix A.1.

|S| Facility

1 {Basingstoke}
2 {Basingstoke, Portsmouth}
3 {Basingstoke, Portsmouth, Southampton}
4 {Basingstoke, Portsmouth, Southampton, Eastleigh}
5 {Basingstoke, Portsmouth, Southampton, Eastleigh, Netley}
6 {Basingstoke, Portsmouth, Southampton, Eastleigh, Netley, Gosport}
7 {Basingstoke, Portsmouth, Southampton, Eastleigh, Netley, Gosport, Andover}
8 {Basingstoke, . . . , Andover, Aldershot}
9 {Basingstoke, . . . , Aldershot, Segensworth}

10 {Basingstoke, . . . , Segensworth, Efford}
11 {Basingstoke, . . . , Efford, Farnborough}
12 {Basingstoke, . . . , Farnborough, Havant}
13 {Basingstoke, . . . , Havant, Winchester}
14 {Basingstoke, . . . , Winchester, Waterlooville}
15 {Basingstoke, . . . , Waterlooville, Bordon}
16 {Basingstoke, . . . , Bordon, Hedge End}
17 {Basingstoke, . . . , Hedge End, Somerley}
18 {Basingstoke, . . . , Somerley, Hartley Wintney}
19 {Basingstoke, . . . , Hartley Wintney, Casbrook}
20 {Basingstoke, . . . , Casbrook, Alton}
21 {Basingstoke, . . . , Alton, Petersfield}
22 {Basingstoke, . . . , Petersfield, Bishops Waltham}
23 {Basingstoke, . . . , Bishops Waltham, Hayling Island}
24 {Basingstoke, . . . , Hayling Island, Fair Oak}
25 {Basingstoke, . . . , Fair Oak, Alresford}
26 {Basingstoke, . . . , Alresford, Marchwood}

For the second and third cases above, we have uJ
j1

= 0.60 > u
J\{j2}
j1

= 0.55 and uJ
j1

= 0.60 > u
J\{j3}
j1

= 0.50,559

respectively, which violate Definition 5. □560

Example 3. Consider an instance of model (2) with |I| = 5 and |J | = 3 with Cj1 = 60, Cj2 = 50, Cj3 = 40561

and weights given by562

W1 = 30 W2 = 40, W3 = 20 W4 = 50, W5 = 10.

. Let S = {j1, j2, j3}. Under the hypothesis of Lemma 6, consider ϵ = 10 with M1 = 3, M2 = 4, M3 =563

2, M4 = 5, M5 = 1. Then, the corresponding Q values are Qj1 = 6, Qj2 = 5, Qj3 = 4; thus, Q ∈ Z≥0.564

We seek to partition the multiset {Mi} = {3, 4, 2, 5, 1} into three groups with sums 6, 5, 4, respectively.565

A valid partition is566

{M4 = 5, M5 = 1} → j1, {M1 = 3, M3 = 2} → j2, {M2 = 4} → j3.

Let xS
is = 1 if user i is assigned to the bin for facility s and xS

is = 0 otherwise. Then the respective resulting567

loads on the three facilities are:568

W4 + W5 = 50 + 10 = 60 = Qj1ϵ;
W1 + W3 = 30 + 20 = 50 = Qj2ϵ;
W2 = 40 = Qj3ϵ = Lj3 ,

demonstrating the attainability of the optimal solution of Corollary 3; i.e., the integer and fractional optimal569

solutions coincide. The corresponding utilization is 1 for all s ∈ S, providing F (S) = 0. □570
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