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Abstract

We develop a unified framework for robust nonsmooth optimization prob-
lems with equilibrium constraints (UNMPEC). As a foundation, we study a
robust nonsmooth nonlinear program with uncertainty in both the objective
function and the inequality constraints (UNP). Using Clarke subdifferentials,
we establish Karush-Kuhn-Tucker (KKT)-type necessary optimality condi-
tions under an extended no—nonzero—abnormal-multiplier constraint qualification
(ENNAMCQ). When the robust objective is 8€-pseudoconvex and the active
robust constraints are 8C-quasiconvex, we further provide sufficient condi-
tions for global and local optimality. Building on these results, we derive
robust KKT-type necessary optimality conditions for weakly robust stationary
points of UNMPEC. Sufficient optimality conditions for UNMPEC are provided
under generalized &€ -pseudoconvexity and 8C-quasiconvexity assumptions using
ENNAMCQ. Our results offer a systematic treatment of mathematical programs
with equilibrium constraints that are simultaneously robust, nonsmooth, and
equilibrium-constrained, in addition to verifiable tools for analyzing such models
under uncertainty.
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1 Introduction

Mathematical programs with equilibrium constraints (MPECs) arise in engineering [1-
3], operations research [4], and economics [5] whenever an optimization model is
coupled with an equilibrium system. Such coupling is typically expressed through
complementarity relationships, and MPECs generalize bilevel programming mod-
els [6, 7]. These problems are often nonsmooth—due to penalties, switching behavior,
or piecewise-defined terms—and may also include uncertain data. Although the indi-
vidual components (robust optimization, nonsmooth analysis, and MPECs) are well
studied, there is no systematic treatment that is simultaneously robust, nonsmooth,
and equilibrium-constrained. The present work provides such a unified framework by
employing Clarke subdifferential calculus [8] to obtain verifiable first-order conditions
under an appropriate constraint qualification and sufficient optimality criteria based
on generalized convexity.

In many real-world applications, optimization models are both nonsmooth and
affected by parameter uncertainty [9, 10]. While robust nonsmooth optimization has
advanced in recent years [11, 12], and robust MPECs have been studied in smooth
settings without uncertainty in the objective [13], existing formulations do not cover
MPEC with uncertainty in the feasible region. The resulting nonsmooth locally
Lipschitz functions cannot be handled by classical differentiable calculus, and the
deterministic theory for MPECs (see [14-18]) does not extend automatically to uncer-
tain models. To the best of our knowledge, no existing work addresses uncertainty and
nonsmoothness simultaneously in the presence of equilibrium constraints.

This motivates the following research questions:

1. How can an MPEC with uncertainty in both the objective function and the
feasible region be reformulated using robust optimization?

2. How can one derive suitable robust KKT-type necessary conditions under
uncertainty and nonsmoothness using Clarke subdifferentials?

3. Under what assumptions can different robust stationarity concepts yield sufficient
optimality conditions via generalized pseudoconvexity and quasiconvexity?

To address these questions, we study a robust nonsmooth MPEC (RNMPEC) defined
over convex compact uncertainty sets, where the underlying functions are locally
Lipschitz and concave in the uncertain variables. Our main contributions are:

1. We introduce a robust constraint qualification, RNMPEC-ENNAMCQ, derived via a
tightened robust reformulation of model (RNMPEC).

2. We obtain robust KKT-type necessary optimality conditions for the robust
MPEC (UNMPEC) by building on the optimality conditions developed for the robust
nonsmooth NLP (UNP).

3. We establish robust sufficient optimality conditions for weakly robust station-
ary points of (UNMPEC) under generalized pseudoconvexity and quasiconvexity
assumptions.

The paper is organized as follows. Section 2 presents preliminaries for uncertain
nonsmooth MPECs. Section 3 considers the robust nonsmooth nonlinear program
(UNP), deriving Fritz—John and KKT-type conditions under ENNAMCQ and providing
sufficient optimality results. Section 4 extends the analysis to the robust nonsmooth
MPEC, establishing both necessary and sufficient optimality conditions. Section 5



provides numerical illustrations and an algorithm. Section 6 concludes with a summary
of the main findings.

2 Preliminaries

In this section, we recall basic tools from non-smooth analysis and generalized convex-
ity that we use throughout the work, and we summarize our framework for handling
uncertainty via supremum reformulations. The space R™ denotes the n—dimensional
Euclidean space with inner product (-,-) and norm || - ||. The non-negative orthant is
R? . We begin with standard notions from Clarke’s non-smooth analysis.

Definition 1 ([8]). A function 1) : R™ — R is directionally differentiable at x if, for
every d € R™, the limit

erists. (I
Definition 2 ([8]). Let ¢ : R™ — R be locally Lipschitz near x. For any d € R™, the
generalized directional derivative of 1 at x in direction d is
h+rd) — h
wo(x;d)zlimsupw(x—’— +rd) —pl@+ )
h—0 r
r—0t

O
Definition 3 ([8]). Let ¢ : R™ — R be locally Lipschitz near x. The Clarke
subdifferential of ¥ at x is the set

OY(z) = {€ e R™ | °(z;d) > (€, d) for all d € R"}.
O
We next recall generalized convexity concepts that we use for our sufficient
optimality results.
Definition 4 ([19]). Let A(# 0) be a subset of R™, and let the function 1 : R* — R
be locally Lipschitz on A. Then, the function 1 is called
(i) O€—pseudoconvex on the set A iff

by) <9() = (y—2) <0, Wwed (), VayeA
(i3) O —quasiconvex on the set A iff
by) <PE) = (y—2) <0, Wwed (), VayeA
O
Let V C R™ be a convex compact set, and consider a function g : R™ x V — R.
Following [12], we impose:
(M1) g(x,v) is upper semicontinuous in (x,v) € R™ x V.
(M2) g is Lipschitz continuous in x, uniformly over v € V.
(M3) The generalized directional derivative with respect to x satisfies

2(z,v;d) = g\ (x,v;d) for all d € R".
(M4) The mapping (x,v) — 9 g(x,v) is upper semicontinuous.
For all € R™, define the supremum function

n(z) = sup g(z,v),
veY



which is well defined under (M1)—(M4). The set of active uncertainty realizations is

V(z) ={veVn(z)=g(z,v)}
Theorem 1 ([12], Theorem 2.4). Under (M1)-(M4), assume that V is conver and
compact, and that g(x,-) is concave on V for each x. Then

nz)=J 0g(x,v).
vEV ()

3 Robust optimality conditions involving mixed
constraints

This section presents the optimality conditions for a robust nonsmooth nonlinear pro-
gram with deterministic equality constraints and uncertain inequality constraints. We
consider
min f(z,u)
st gi(z) =0, i€ A, (UNP)
gi(x,v;) <0, ieB={1,...,b},
where v € U and v; € V; are uncertain parameters ranging over convex compact sets.
The mappings ¢; : R" — R are locally Lipschitz, and the data functions f(-,u) and
9i(+,v;) satisfy assumptions (M1)—(M4) for all relevant uncertainty realizations.
The robust counterpart of (UNP) is

min sup f(x,u
in sup f(z.u) )
s.t. x € Q,
where
Q= {:c ER™: ¢i(x) =0, Vie A, g;(z,v;) <0, Y, €V, Vi € B}.
Define the robust objective

F(x) = sup f(z, u),
uel

and, for each i € B, the robust constraint function

ni(x) = sup gi(w,v;).
v, EV;

Using these expressions, (RNP) is equivalent to

i Flo)

st. ¢i(x) =0, i€ A, (RNP2)
ni(x) <0, ¢€B.
Definition 5. A point 7 € Q is a robust global minimizer of (UNP) if F(1) < F(x)
for all x € Q. It is a robust local minimizer if there exists € > 0 such that
F(r) < F(z) Vze B(r,e)NQ,
where B(t,e) ={z € R" : ||z — 7|| < e}. O



For any x € €, define the active and inactive index sets of the *robust* inequality

constraints by
Bi(z) = {i € B:ni(z) =0}, Bo(x) ={i € B:ni(x) <0} =B\ Bi(z).
For the robust objective and constraints, the corresponding active uncertainty sets are
Uz)={uel: F(z) =f(z,u)}, Vi(z) = {v; € Vs i mi(x) = gi(z,v:)}, i €B.

We now establish a Lagrange-multiplier type necessary condition for robust local
minimizers.
Theorem 2 (Robust Lagrange multiplier necessary conditions). Let 7 € Q be a
robust local minimizer of (UNP). Under assumptions (M1)—(M4), suppose that f(zx,-)
and g;(x,-) are concave on U and V;, respectively, for every x € R™. Then there exist
multipliers

MN>0, MNeR(ed), N>0(GeB),

not all zero, and active uncertainty realizations u € U(T), v; € V;(T) such that

0€ NoT§(r,u) + Y A 0%i(r) + > A 0 gi(r,vi), (1a)
€A i€EB
N gi(t,v;) =0, i€B. (1b)

Proof. Since T € 2 is a robust local minimizer of (UNP), it is in particular a local mini-
mizer of (RNP), and hence also locally minimizes (RNP2). The desired result is obtained
by applying the Clarke multiplier rule [8, Theorem 6.1.1] along with Theorem 1. O

To obtain robust KKT conditions for (UNP), we use the extended
no-nonzero—abnormal-multiplier constraint qualification ENNAMCQ, adapted from [20].
Definition 6. Problem (UNP) satisfies ENNAMCQ at T € Q if, for any v; € Vi(7),

0> A 0%u(r) + > N gil(r,vs),
A ‘B =\ =0(i€A), N =0(i€Bi(r)).
N >0, i€ Bi(r)
O
We now state the robust KKT conditions for the robust problem (UNP).
Theorem 3 (Robust KKT necessary optimality conditions). Let 7 € £ be a robust
local minimizer of (UNP). Under assumptions (M1)-(M4), suppose that f(z,-) and
gi(x,-) are concave on U and V;. If ENNAMCE holds at T, then there exist multipliers
MNeR(ieA), MN>0(GecB),
and active uncertainty points u € U(T), v; € V;(T) such that
0.€ OFf(ru) + AL 00u(r) + D N O il o). (2a)
icA i€B
)\f gi(T, Ui) =0, € B. (2b)
Proof. By Theorem 2, there exist multipliers
MN>0, A eR(icA),
not all zero, and u € U(7), v; € V;(7) such that (
by M, 5\3), and \Y.

X >0 (i€ B),
1) holds with AF, )\?, and A/ replaced



If AT = 0, then the stationarity inclusion (1a) reduces to
0€e Z 2?0 i (1) + Z MO gi(T, ),
icA i€B
with AY > 0 for i € By(7) by definition of B; (7). By ENNAMCQ, this implies
AN =0forallic A, M =0 forallieBi(r).
On the other hand, for i € By(7) we have 7;(7) < 0, and since v; € V;(7) is active,
gi(1,v;) = n;(7) < 0. The complementarity relation (1b) then implies AY = 0 also for
i € Ba(7). Hence all multipliers vanish, contradicting the nontriviality condition in

Theorem 2. Therefore A > 0.
Define

Dividing (1a) by A yields
0€aS(ru) + > A 0%i(r) + Y M 0 gilr,vi).

icA icB
So the stationarity condition can be written in the form (2a). Complementarity (2b)
follows from (1b) after scaling by AJ. O

For sufficient conditions, define the index sets

At ={ic A: )\ >0}, A" ={icA:\' <0}, BT ={ieB:)\ >0}
Theorem 4 (Robust sufficient optimality conditions). Let 7 € Q. Suppose that there
exist multipliers )\f eR,ie A, N >0, i€ B, and active points u € U(T), v; € Vi(T)
such that the robust KKT conditions of Theorem 8 hold at . If

F is 8¢ —pseudoconvez at T,

and

¢ is 0 ~quasiconvex for i € AT, —¢; is 3¢ ~quasiconvez fori € A,

n; is 0F -quasiconvex for i € BY, then T is a robust global minimizer of (UNP).

Proof. The argument follows the standard pattern for nonsmooth pseudoconvex
programs, using Definition 4 and the robust KKT system in Theorem 3; see, for
example, [13, 21]. O

4 Robust Nonsmooth Mathematical Programs with
Equilibrium Constraints

Mathematical programs with equilibrium constraints (MPECs) combine an opti-
mization problem with an embedded equilibrium system, typically represented by
complementarity constraints or variational inequalities. Such problems are highly non-
convex and violate standard constraint qualifications, which makes both analysis and
computation challenging. In this section, we establish necessary and sufficient condi-
tions for a robust nonsmooth MPEC with uncertainty in both the objective function
and the inequality constraints.
We consider the following problem.



min f(z, u)

s.t. gﬁl(l’) = 0, 1€ ./4,

gi(x,v;) <0, ieB={1,...,b},

Gi(z) >0, Hi(z) >0, Gi(z)H;(z) =0, i€S,
where u € U and v; € V; are uncertain parameters ranging over convex compact sets,
¢; : R® - R and G;, H; : R — R are locally Lipschitz, and f(-,u), g:(-,v;) satisfy
assumptions (M1)—(M4) for all corresponding uncertainty realizations.

The robust counterpart of model (UNMPEC) is

(UNMPEC)

min sup f(x, u)

rERT weu (RNMPEC)
s.t.xz e,
where
¢Z(SU) =0 Vi € A,
Q:{xER": gi(z,v;) <0 Yv; € Vs, iGB,}.
Gi(z) >0, Hi(z) >0, Gi(x)H;(z) =0 VieS

Define the robust objective
F(x) = sup f(z, u),

uel
and, for each ¢ € B, the robust inequality constraint
ni(x) = sup gi(z, vi).
v €V
Then model (RNMPEC) is equivalent to
in F
e F)
st. ¢i(x) =0, i€ A,
Remark 1. If the uncertain parameters u and v;, i € B, are contained within sin-
gleton sets U and V;, then model (RNMPEC2) reduces to the deterministic nonsmooth
MPEC considered in [22] using Clarke—Rockafellar subdifferentials, in [23] using con-
vezificators, and in [13] using quasidifferentiability. In addition, if all functions are
continuously differentiable so that 0€ f(x) = {V f(x)}, then the problem reduces to the
smooth MPECs studied in [16, 24]. O
For a point 7 € ), we use the standard MPEC index sets

Zio(r)={ieS:Gi(r) >0, Hi(t) =0},
Tor(1)={ieS:Gi(r) =0, Hi(r) >0},
Too(t)={i€S:Gi(r) =0, Hi(t)=0}.
For the robust inequality constraints we set
Bi(r) ={i e B:ni(r) =0}

(RNMPEC2)



The associated active uncertainty sets are
U(T)={uel: F(r)=f(r,u)}, Vi(r) ={v; € Vi :mi(7) = gi(1,v5)}, 1€ B.
To derive suitable constraint qualifications, we associate with each 7 €  the
tightened robust nonlinear program RTNLP(7):

e Fe)
sit. pi(x) =0, €A,
ni(z) <0, i€B,
Hi(z) =0, i€Zio(r)UZp(r), (RTNLP(7))
Hi(z) >0, 1i€Zoy(r),
Gi(z) =0, i€ Zoy(r)ULoo(T),
Gi(x) >0, i€eZio(r)

If 7 is a local minimizer of model (RNMPEC2), then it is a local minimizer of
model (RTNLP(7)).

We now introduce the robust constraint qualification used for deriving the robust
KKT conditions, denoted RNMPEC-ENNAMCQ.
Definition 7. Model (UNMPEC) satisfies RNMPEC-ENNAMCG at T € Q iff, for any v; €
Vi(T), the implication

0€e Z)\? %) + Z)\f 9% gi (1, v;)
i€A ieB
- > AF09Gi(r) = > A 09Gi(r)
i€Lo4 (T)UIOO(T) i€I+0(T)
- > Ao%Hi(r) = > Ao%Hi(r),
iEI+0(T)U100(T) 1€Lo4 (T)
X >0 fori e By(7); AF >0 fori € Toy (1) UZoo(T); ML >0 fori € Tyo(T) UZoo(7)

A =0 forie A
N =0 forie Bi(r);
A =0 fori € Tio(t)UZoy (1) UZoo(T);

M =0 fori € Tio(T) UZoy (7) UZoo(T).
holds. O
Theorem 5 (KKT necessary optimality conditions for (UNMPEC)). Let 7 € Q be a
robust local minimizer of model (UNMPEC). Under assumptions (M1)—(M4), suppose
that f(x,-) and g;(z,-) are concave on U and V; for every x € R™. If RNMPEC-ENNAMCQ
holds at T, then there exist multipliers

MNeR,icA  MN>0,ieB M A eR ies,

70 1
and active uncertainty points u € U(T), v; € Vi(T) such that

0 €09 f(r,u) + 3N 0%6u(r) + 3N 0 gi(r,vi)

€A i€B



= ST (A A°G(r) + A 9 H (7)), (3a)

€S
>0, Mg(r,u)=0, i€B, (3b)
NG =0 forieTiolr), M =0forieTy(r). (3¢)

Proof. Since 7 is a local minimizer of model (RNMPEC2), it is feasible and also a
local minimizer of model (RTNLP(7)). By RNMPEC-ENNAMCQ, model (RTNLP(7)) satis-
fies ENNAMCQ in the sense of Definition 6. Applying Theorem 3 to model (RTNLP(7))
yields the robust KKT system of the form (3), where the multipliers associated
with the equality and inequality constraints on G; and H; are collected into A& and
AA | and the complementarity relations (3c) follow from the tightened structure of

1

model (RTNLP(T)). O

Next, we define the notion of robust weak-stationary points.
Definition 8. A point 7 € Q is a robust weak stationary point of model (RNMPEC2) if
there exist multipliers (A?, A9, \G, M) and active uncertainty realizations u € U(T),
v; € Vi(7) satisfying conditions (3). O
Remark 2. If the uncertainty sets U and V;, © € B, contain only one element, then
the robust weak stationary points of model (RNMPEC2) coincide with the weak stationary
points of deterministic MPECSs studied in [25, 20]. O

We next introduce index sets based on the signs of the multipliers at a given robust
weak stationary point 7 € Q and v; € V;(7):

AT ={ie A: ) >0}, A" ={ie A: )\ <0},

Bt ={ieB:\ >0}, Iy, = {i € Top (1) : AF < 0},

I, = {i € Top (1) : AF > 0}, Too = {i € Zoo(7) : A& < 0}, @
Ty = {i € Too(7) : AF > 0}, Ioo={i€Zio(r): A" <0},

Iio = {i € Too(r) : N > 0}, I~ = {i € Too(r) : M < 0},

Ton™ = {i € Too(1) : A > 0}.
The next theorem establishes robust sufficient conditions for optimality of
model (UNMPEC).
Theorem 6 (Robust sufficient optimality conditions for (UNMPEC)). Let 7 € Q be a
robust weak stationary point of model (RNMPEC2). Suppose that I is O ~pseudoconvex
at 7 and that the following functions are O —quasiconvex at T:
¢i fori € AT, —¢; forie A™, n; foric BT,
—G; fori EI(}:_ UI{)B, Gi fori €Iy, ULy,
—H; fori€ I{,ULyy™, H; fori€ I yULsy .
Then:
(a) If T4 U Iy, U Zyy U I~ = 0, then 7 is a robust global minimizer of
model (UNMPEC).
(b) If Too UL~ =0 and H, i € Ty, and Gy, i € I, are continuous at T, then T
is a robust local minimizer of model (UNMPEC).



(c) If T is an interior point of the set
QN{z:Gi(z) =0, Hi(x) =0, i € Iy Ui~ Y,
then T is a robust local minimizer of model (UNMPEC).
Proof. (a) Let = be an arbitrary feasible point of model (UNMPEC). Feasibility implies
¢i(x) =0=¢i(1), i€ A, mi(x) <0=ny(r), i € B,

~Gi(z) <0=—Gyi(r), i € I, ULy,  —Hi(z) <0=—H(r), i € T , Uyt
Using 0 —quasiconvexity of the corresponding functions at 7 yields inequalities of the
form

(i, —7) <0, Yoy € 0%i(1), i € AT,

(aj,x —7) <0, Va; € 80(—@)(7'), 1€ A7,

(Bi,x —7) <0, VB € dCgi(r,v:), v; € Vi(7), i € BY,
(&2 —7)>0, V& €“Gi(r), i € I, ULH,

(00 —7)>0, V& €dHi(r), i€ T, UTgy™.

Since 7 UZ5, UZjy U Ig)’_ = (), multiply these inequalities by the corresponding
nonzero multipliers
N>0@ieAt), N<0(@eAd), XN>0(ieB),
A >0 (i eZf, UTH), AN >0(3ieZf,uZy™),
and sum them to obtain
<ZA?0@- +3 N8 - 3 A% - S A, x—7'> <0
i€A i€eB i€S i€S
for suitable selections a; € 99 ¢;(7), Bi € 0S g:(1,v;), & € 09 Gy(7), and §; € 9° Hy(7).
By Theorem 5, there exists § € 9Sf(,u),u € U(7) (i.e.0 € O F(7)), such that
0= St S~ AT -
i€A i€B i€S i€S
and hence (, 2 — 1) > 0. Since F' is 9°~pseudoconvex at 7, this implies F(z) > F(7)
for all feasible x, so 7 is a robust global minimizer.

(b) For i € Iy we have G;(7) > 0 and, by continuity of G; at 7, we obtain
G;(xz) > 0 and H;(z) = 0 for all feasible x sufficiently close to 7, so H;(z) = H;() for
such z. By 0°quasiconvexity of H; at T we get

<5i,.73—7'> <0, Vé; EacHi(T), iEI_T_O,
for all feasible x near 7. A similar argument applies to indices in Z;, using continuity
of H; and quasiconvexity of G;. Under the assumption Z;, U Iéé’_ = (), the same
aggregation argument as in part (a) yields (6,2 — 7) > 0 for all feasible z sufficiently
close to 7 and some 6 € 0 F (7). %-Pseudoconvexity of F at 7 then implies F(x) >
F(r) for all such x, hence 7 is a robust local minimizer.
(c) If 7 is an interior point of
QN {z:Gi(x) =0, Hi(x) =0, i € Iy, ULpy "},

then Gi(z) = Gy(7) = 0 and H,(x) = H;(r) = 0 for i € Ty, UZLy™ and all feasible
x sufficiently close to 7. Applying ¢ —quasiconvexity of G; and H; for these indices,

10



and combining the resulting inequalities with those from part (a) (now valid in a
neighborhood of 7), we again obtain (8, x — 7) > 0 for all feasible x near 7 and some
¢ € 9Y F (7). By pseudoconvexity of F, this yields F(z) > F(7) locally, so T is a robust
local minimizer. O

Remark 3. Suppose that the uncertain parameter u is contained within a singleton
set U and that all functions are continuously differentiable. Then Theorem 5 and
Theorem 6 reduce to [13, Theorem 5] and [13, Theorem 6], respectively. O

5 An Algorithm and a Small Example

For any feasible point of model (UNMPEC), we apply the following Algorithm to
determine whether it is optimal.

Algorithm 1 Algorithm to find a robust weak stationary point of the (UNMPEC)

1: Initialize:

(a) Input a,b,s,a+b+2s = q € N,k = 1, convex compact set U, V and Lipstchitz continuous functions
fz,u),u € U, p;(x),i € A, gi(z,vi),v; € V;,Vi € B,Gi(z),H;(x),i € S,z € R", where f(z, ")
and g;(z, -) are concave on U and V; respectively.

(b) while k < q, generate z* € R™ randomly.

2: Feasibility:
o if zF ¢ 2, then z* is feasible;
e clse * will not be a feasible point, k=k+1 and go to step 1(b).

3: Calculate F(z") = SUp,, 1 f(@®,u) and n;(z*) := sup gi(z",v;) for each i =1,...,b.
v; EV;
o If(F(z®) = j(z*,u)) then U(z") + u, for each u € U.
o If (n;(z*) = gi(2¥,v;)) then V;(a*) < v;, for each v; € V;,i =1,...,b.
4: Indexing: Find the index set for mk, To+,Zoo, Z4o as follows:
5: fori=1:s

® if G;(z") =0, then Zo4 + 3;
— if Hi(z*) = 0, then Zoo « i;
® clse if G;(z") > 0 & H;(z") = 0 then Zyo + i;
6: Compute Clarke subdifferentials:
® Compute the Clarke subdifferentials of the given functions at z¥, 8°F(z*),8%¢;(z*),i €
A,0%n;(x®),i € B, and 8° G4 (x*), 0 H;(z*),i € S;
7: Check constraint qualification:
® If 7 does not satisfy at 2", then the problem can not be solved by the current scheme, k=k-+1,
and go to step 1(b).
8: KKT Step:
® If there does not exist (A?, A9, AF, A1) € ROTP*2 o ¢ U(7), and v; € V;(7),i € B such that
conditions (3) holds then z* will not be a robust W-stationary point. k=k+41 and go to step 1(b).
Otherwise, proceed further.
9: Output:
® z* is a robust W-stationary point of the (UNMPEC).
10: Calculate the index sets of (4).
11: If the conditions specified in Theorem 6 are fulfilled, then z* will be a robust local minimizer of (UNMPEC).
12: else k = k + 1, go to step 1(b).
13: If K = q + 1, then either choose another q in the initial step or terminate the program.

The following example illustrates the above result.

11



Example 1. Consider the following UNMPEC under data uncertainty:

for u,ve € [—1,1],v1 € [0,

min  f(x) = uxy + x2
st. ¢1(x) =23 — 19 =0,
gi(z,v1) = —viz1 + 23 — 1 <0,
g2(x,v2) = vowy + 22 — 2 <0,
Hl( )= a2 — 29 +2>0,
Gi(z) = —x1 + 22 >0,
Gi(z)Hi(z) = (21 + 22)(—21 + 22) =0,
1]

, and x € R?. The corresponding robust counterpart

RNMPEC is given by:

(i)

(i)

min ( ) = |x1] + 2

s.t. ¢1(z) =22 — 29 =0,
gi(z,v1) = —vizy + 23 -1 <0, VYo, €10,1],
g2(x,v9) = 2331 + 20 —2<0, Yuy € [—1,1],
Hi(z)=—2% —22+2 >0,
Gi(z) = —x1 + 22 >0,
Gi(x)Hi(x) = (x1 + 22)(—x1 + 22) = 0.

Observe that g1 (z,-) is concave on [0,1] and f(z,-), g2(x, ) are concave on [—1,1]
for each x € R2.
Now consider the point T = (0,0) in the feasible region. Since we have ¢1(7) = 0,
HI(T) = 2aG1(T) = 07 and gl(T,'Ul) =-1= 771(7—)7 92(T7U2) = -2 = 772(7—)’
for all vy in [0,1], vy in [—1,1], therefore we get Vi(7) = [0,1],Va(7) = [—1,1].
Similarly, we get U(T) = [—1,1]. Since B2(7) = {1,2},Zo4 = {1}, and 7 satisfies
0e Af((), 71) - /\?(*13 1)a

which implies A\ = 0. Therefore, 7 is satisfied at 7. Now

0e CO{(_L 1)7 (17 1)} + >\(1b(07 _1> + )\(f(—l, 0) - )\gCO{(l, 1)a (L _1)} (5)

= A7 (0, 1) + A7 (-1,1),

which is true for A = 0,7\ = 0,A] = 1, M = 0,A¢ = 0. Since all the necessary
optimality conditions of Theorem 5 are satisfied, therefore T may be a local optimal
point of the above problem. Since T = (0,0) € BT, and all other indices are empty,
all the sufficient conditions are fulfilled. Therefore, from Theorem 6, T = (0,0) is
both the robust local and global minimizer.
Consider the point T = (1,1) in the feasible region. Since we have ¢1(7) = 0,
Hy(1) = 0,G1(1) = 0, and g1(,v1) = —v1 = —1 = nu(7), for all vy in [0,1],
92(7,v2) = v — 1 =0 = na(7), for all ve in [—1,1], therefore we get Vo(7) = {1}.
Similarly, we get U(T) = {1}, V1(7) = {1} and Bl( ={2},Zpo = {1}.

Now there does not exist any )\f >0,A) >0,)\5 >0,\ >0, A >0 such that
(L1) +A7(2, 1) + M (=1,2) + M(1, 1) = M (=2, -1) = AF(~1,1) = (0,0),
which implies that the robust KKT necessary condition is not satisfied at 7. Hence,

from Theorem 5, T is not a robust local minimizer.
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Fig. 1 Graph for Example 1

Next, we introduce additional types of robust stationary points for the UNMPEC,
defined as follows:
Definition 9. Let 7 be a robust weak stationary point of the UNMPEC and if
1. NENG >0, for all i € Ty, then T is a robust C-stationary point of the UNMPEC;
2. either \H >0 or A\ >0, for all i € Tyo, then T is a robust A-stationary point of
the UNMPEC;
3. either NE > 0,0¢ > 0 or NEXF = 0, for all i € Tyo, then T is a robust M-
stationary point of the UNMPEC;
4. AN >0, \¢ >0, for all i € Too, then T is a robust S-stationary point of the
UNMPEC.
In particular, we have the following implications:

[S—stationaryjz(M—stationary]:[A—stationary}

(C—stationary] == [W—stationary ]
Remark 4. When the uncertain parameters u and v;,i € B are restricted to the
singleton sets U and V;,i € B, respectively, and all the functions are continuously dif-
ferentiable, the equivalent stationary ideas for MPEC simplify to the robust stationary
concepts described in Definitions 8 and 9 (see [26]). Additionally, robust sufficient
optimality conditions for different stationary concepts of UNMPEC can be established in
a manner analogous to Theorem 6.

6 Conclusion

We have presented a unified framework for robust nonsmooth optimization in the
presence of equilibrium constraints. Beginning with the robust nonsmooth nonlinear
program (UNP), which incorporates uncertainty in both the objective function and the
inequality constraints, we employed Clarke subdifferentials to derive Fritz—John type
necessary conditions. Under the extended no—nonzero—abnormal-multiplier condition
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(ENNAMCQ), we obtained robust KKT-type necessary optimality conditions. When
the robust objective is 9¢-pseudoconvex and the active robust constraints are 9¢-
quasiconvex, we further established verifiable sufficient conditions for global or local
optimality.

We then extended the analysis to the robust nonsmooth MPEC (UNMPEC). Using
Clarke subdifferentials, we derived robust KKT-type necessary conditions under an
appropriate constraint qualification (RNMPEC-ENNAMCQ). Under O¢-pseudoconvexity
of the robust objective and 9¢-quasiconvexity of the relevant constraint functions,
sufficient conditions for weakly robust optimal solutions were obtained.

The results suggest several avenues for future work. These include incorporating
uncertainty into additional constraint classes, studying broader families of uncertainty
sets (such as interval, norm-based, or ellipsoidal sets), and extending the framework to
non-Lipschitz or multiobjective settings. Further research may also investigate the use
of other nonsmooth analytical tools—such as tangential subdifferentials, convexifica-
tors, or limiting subdifferentials—or consider robust semi-infinite and multiobjective
extensions of the models studied here.
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