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Abstract

We develop and study a subsampled cubic regularization method for finite-sum
composite optimization problems, in which the function, gradient, and Hessian
are estimated using possibly different sample sizes. By allowing each quantity
to have its own sampling strategy, the proposed method offers greater flexi-
bility to control the accuracy of the model components and to better balance
computational effort and estimation quality. Such flexibility is particularly valu-
able in large-scale settings where the relative cost of evaluating these quantities
can vary significantly. We establish iteration-complexity bounds for computing
approximate first-order critical points and prove global convergence proper-
ties. In addition, we present numerical experiments that illustrate the practical
performance of the proposed method.

Keywords: Cubic regularization method, Subsampled technique, Composite
optimization problem, Iteration-complexity.

1 Introduction

In this paper, we focus on finite-sum composite optimization problems characterized
by the formulation

min
x∈Rn

F (x) := f(x) + h(x), where f(x) :=
1

N

N∑
i=1

fi(x), (1)
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in which each function fi : Rn → R is twice continuously differentiable, possibly
nonconvex, and h : Rn → R ∪ {+∞} is a proper, closed, and convex function that
may be nondifferentiable. We assume that there exists a constant Flow such that
F (x) ≥ Flow for all x ∈ Q := dom(h). We are interested in the large-scale regime
in which the number of component functions N is very large. A point x̄ ∈ Q is
said to be a first-order stationary (or critical) point of (1) if 0 = ∇f(x̄) + h′(x̄) for
some h′(x̄) ∈ ∂h(x̄), where ∂h denotes the subdifferential of h. Problem (1) captures
a wide range of modern optimization models, including empirical risk minimization,
regularized regression, and constrained optimization. In these settings, fi(x) typically
represents the loss associated with a single data sample, while h(x) encodes structure-
promoting regularization such as sparsity, smoothness, or feasibility constraints. This
formulation has become central to large-scale learning and signal recovery applications,
motivating the development of algorithms that can efficiently exploit the finite-sum
structure.

A variety of first- and second-order methods have been proposed for solving prob-
lems of the form (1). Classical full-batch methods, while theoretically well understood,
are often computationally prohibitive when N is large. To address this issue, subsam-
pling techniques have emerged as an effective way to approximate function, gradient,
or Hessian information using only a subset of the component functions at each iter-
ation. This strategy significantly reduces the computational burden while retaining
desirable convergence properties; see, for instance, [4–8, 10–12, 17, 19–21].

Among second-order approaches, Cubic Regularization Methods (CRMs) have
received considerable attention since the seminal work of Nesterov and Polyak [18],
who established their global convergence and optimal iteration-complexity properties
for nonconvex smooth optimization. Subsequent research extended these methods to
composite and stochastic settings, demonstrating their robustness and practical effi-
ciency. In particular, subsampled or inexact variants of CRMs have proven well-suited
to large-scale problems, where exact second-order information is unavailable or too
costly to compute; see, for example, [4–6, 10, 11, 13, 15, 17, 19, 21].

Here, we develop and analyze a subsampled CRM specifically designed for prob-
lem (1). A distinctive feature of the proposed method is that it allows for different
sample sizes to be employed in estimating the function value, the gradient, and the
Hessian. In particular, this represents a significant extension of the work [10], where
the function and gradient shared the same sample while the Hessian was estimated
using an independent, possibly smaller one. By allowing each quantity to have its
own sampling strategy, the present framework offers greater flexibility to control the
accuracy of the model components and to better balance computational effort and
estimation quality. Such flexibility is particularly valuable in large-scale settings where
the relative cost of evaluating these quantities can vary significantly. For instance, in
many applications, function evaluations can be inexpensive while gradient or Hessian
computations are costly, whereas in others, the opposite may hold. By decoupling the
sampling strategies, the proposed CRM can be effectively adapted to such heteroge-
neous computational environments. It is worth noting that, in contrast to work [10],
which focused on the smooth case h ≡ 0, the proposed method is designed to han-
dle the composite formulation (1), thereby covering both unconstrained problems and
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those involving simple convex constraints or additive regularization terms. In addi-
tion to introducing this new method, we establish iteration-complexity guarantees
for computing approximate critical points and discuss global convergence properties.
We also present numerical experiments showing that the proposed approach not only
preserves the favorable theoretical properties of CRMs but also delivers significant
computational savings in practice.

The rest of the paper is organized as follows. Section 2 describes the proposed
subsampled CRM and presents its theoretical results, whose proofs are postponed
to Subsection 2.1. Section 3 reports numerical results demonstrating the practical
performance of the method. Concluding remarks are given in Section 4.

2 The method and its convergence analysis

In this section, we formally describe the proposed Subsampled Cubic Regulariza-
tion Method (S-CRM) for computing approximate stationary points of problem (1),
and present its iteration-complexity analysis and global convergence results. Detailed
proofs are deferred to Subsection 2.1.

To reduce the overall computational cost associated with solving (1), we allow the
function f , its gradient, and its Hessian to be approximated using distinct subsamples
of the finite-sum components. Specifically, we define

fD(x) :=
1

|D|
∑
j∈D

fj(x), ∇fG(x) :=
1

|G|
∑
j∈G
∇fj(x), ∇2fH(x) :=

1

|H|
∑
j∈H
∇2fj(x),

(2)
where D,G,H ⊂ {1, . . . , N} are the corresponding subsample index sets, and |D|, |G|,
and |H| denote their cardinalities.

We next present the formal description of the proposed algorithm.

Algorithm 1. (S-CRM)

S0. Choose an initial point x0 ∈ Q and parameters θ ≥ 0, σ0 > 0, c > 6, and growth
factors γD1 , γD2 , γG , γH ≥ α > 1. Initialize the subsamples D̃1

0, D̃2
0, G̃0, H̃0 ⊂ F0 ⊂

{1, . . . , N}, and set t := 0.
S1. Find the smallest integer i ≥ 0 such that αi−1σt ≥ σ0. Select subsamples
D1
t,i,D2

t,i,Gt,i,Ht,i ⊂ Ft satisfying |D1
t,i| ≥ |D̃1

0|, |D2
t,i| ≥ |D̃2

0|, |Gt,i| ≥ |G̃0| and

|Ht,i| ≥ |H̃0|.

S1.1. Compute ∇fGt,i(xt) and ∇2fHt,i(xt) as in (2), and consider the cubic model

M
Gt,i,Ht,i

xt,αiσt
(y) := 〈∇fGt,i(xt), y− xt〉+

1

2
〈∇2fHt,i

(xt)(y− xt), y− xt〉+
αiσt

6
‖y− xt‖3. (3)

Compute an approximate solution x+t,i of the subproblem

min
y∈Rn

M
Gt,i,Ht,i

xt,αiσt
(y) + h(y), (4)
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such that

M
Gt,i,Ht,i

xt,αiσt
(x+t,i) + h(x+t,i) ≤ h(xt), ‖∇M

Gt,i,Ht,i

xt,αiσt
(x+t,i) + h′(x+t,i)‖ ≤ θ‖x

+
t,i − xt‖

2, (5)

for some h′(x+t,i) ∈ ∂h(x+t,i).

S1.2. Compute fD1
t,i

(xt), fD2
t,i

(x+t,i) and ∇fGt,i(x+t,i) as in (2). If

(fD1
t,i

+ h)(xt)− (fD2
t,i

+ h)(x+t,i) ≥
αiσt
c
‖x+t,i − xt‖

3 (6)

and

‖∇fGt,i(x+t,i) + h′(x+t,i)‖ ≤
(

(c− 3)

c
αiσt + σ0 + θ

)
‖x+t,i − xt‖

2 (7)

hold, set it = i, D1
t = D1

t,it
, D2

t = D2
t,it

, Gt = Gt,it , Ht = Ht,it , and prooced to S2.

Otherwise, enlarge the subsamples by computing: D1
t,i+1,D2

t,i+1,Gt,i+1,Ht,i+1 ⊂ Ft
such that

|D1
t,i+1| = min{dγiD1σte|D1

t,i|, |Ft|}, |D2
t,i+1| = min{dγiD2σte|D2

t,i|, |Ft|},

|Gt,i+1| = min{dγiGσte|Gt,i|, |Ft|}, |Ht,i+1| = min{dγiHσte|Ht,i|, |Ft|},
set i := i+ 1 and return to S1.1.

S2. Choose a new subsample F+
t ⊂ {1, . . . , N} such that |F+

t | ≥ |F0|. Update

xt+1 := x+t,it , Ft+1 := F+
t , σt+1 := αit−1σt,

set t := t+ 1, and return to S1.

Remark 1 (i) In Algorithm 1, the ordering among the subsamples
D1
t,i+1,D

2
t,i+1,Gt,i+1,Ht,i+1 is not fixed, which provides significant flexibility. For

instance, one may consider Ht,i+1 ⊂ Gt,i+1 ⊂ D1
t,i+1 ⊂ D

2
t,i+1 when gradient and

Hessian evaluations are more expensive than function evaluations, or, conversely,
D1
t,i+1 ⊂ D

2
t,i+1 ⊂ Ht,i+1 ⊂ Gt,i+1 when function evaluations are the dominant cost. This

flexibility allows the proposed scheme to adapt to a wide range of computational environ-
ments with different relative costs for evaluating fi, ∇fi, and ∇2fi. In practice, one may
fix the outer subsample Ft and progressively enlarge the others until all reach comparable
cardinalities. Moreover, no specific update rule is imposed for the sequence {Ft} in Step S2.
In particular, the subsample size |Ft| does not necessarily increase at every outer iteration,
although it is expected that the full sample will be reached after finitely many iterations.
For a detailed discussion of update strategies for subsample sequences, we refer the reader
to [7, 8, 20]. (ii) Conditions in (5) imply that x+t,i yields a decrease in the cubic model

plus the function h, and that it is an approximate first-order stationary point of (4). These
requirements are in line with those adopted in related cubic regularization frameworks (see,
e.g., [9, 13]). The parameter θ ∈ (0, 1) controls the level of inexactness allowed in solving
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the cubic subproblem (3). Larger values of θ relax the condition in (5), reducing the compu-
tational effort per iteration, whereas smaller values enforce higher accuracy and may yield
faster convergence. (iii) Note that the sequence of parameters {σt} can be nonmonotone.
Indeed, if it = 0, then σt+1 = 2it−1σt = σt/2 ≤ σt.

We now discuss the iteration-complexity bounds and global convergence properties
of Algorithm 1, with detailed proofs deferred to the next section. Throughout the
analysis, we impose the following standard assumption:

(A1) The Hessian ∇2fH is L-Lipschitz continuous for every H ⊂ {1, . . . , N}, that is,

‖∇2fH(y)−∇2fH(x)‖ ≤ L‖y − x‖, ∀x, y ∈ Rn.

We begin by presenting a bound in terms of outer iterations.

Theorem 1 Let {xt}Tt=0 be generated by Algorithm 1 and define

νt := max{|fD2
t
(xt+1)− f(xt+1)|, |fD1

t
(xt)− f(xt)|}, ∀t ≥ 0, (8)

and

σmax := max

{
c(L+ 6σ0)

c− 6
,

N

min{|D̃1
0|, |D̃2

0|, |G̃0|, |H̃0|}

}
. (9)

Assume that

lim
T→∞

1

T

T−1∑
t=0

νt = 0. (10)

Given ε ∈ (0, 1), let T0(ε) be the smallest non-negative integer such that:

T ≥ T0(ε) =⇒ 1

T

T−1∑
t=0

νt ≤
ασ0c

1/2ε
3
2

4 (α(c− 3)σmax + c(σ0 + θ))
3
2

. (11)

If

T ≥ max

{
2(F (x0)− Flow) (α(c− 3)σmax + c(σ0 + θ))

3
2

ασ0c1/2
ε−

3
2 , T0(ε)

}
, (12)

then
min

t=0,...,T−1
‖∇fGt(xt+1) + h′(xt+1)‖ ≤ ε. (13)

Remark 2 The assumption in (10) is weaker than requiring the sequence {νt} to be summable,
a condition typically imposed in the iteration-complexity analyses of deterministic subsam-
pled methods such as the subsampled inexact Newton and subsampled spectral gradient
methods (see [7, 20]). Indeed, if {νt} is summable, then

0 ≤ 1

T

T−1∑
t=0

νt ≤
1

T

∞∑
t=0

νt,

and, by letting T → ∞, condition (10) follows immediately. Conversely, as observed in [14],
there exist sequences {νt} that satisfy (10) but are not summable. A relevant class of such
examples consists of sequences for which νt → 0 as t→∞ (see [14, Corollary 2]).
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If the sequence {νt} is assumed to be summable, then Theorem 1 implies an

iteration-complexity bound of O
((

Nε−1/min{|D̃1
0|, |D̃2

0|, |G̃0|, |H̃0|}
) 3

2

)
, in terms of

outer iterations (or equivalently, calls of a certain oracle), for Algorithm 1 to produce
an ε-approximate stationary point of (1).

Corollary 2 Let {xt}Tt=0 be generated by Algorithm 1. Assume that
∑∞
t=0 νt < +∞, where

νt is as in (8). Given ε ∈ (0, 1), if

T ≥ 2 (α(c− 3)σmax + c(σ0 + θ))
3
2

ασ0c1/2
max

{
F (x0)− Flow, 2

∞∑
t=0

νt

}
ε−

3
2 (14)

= O

( N

min{|D̃1
0|, |D̃2

0|, |G̃0|, |H̃0|}

) 3
2

ε−
3
2

 ,

then
min

t=0,...,T−1
‖∇fGt(xt+1) + h′(xt+1)‖ ≤ ε. (15)

As a consequence, Algorithm 1 needs at most O
((

N/min{|D̃1
0|, |D̃2

0|, |G̃0|, |H̃0|}
) 3

2
ε−

3
2

)
calls of the oracle1 to generate an iterate xt such that ‖∇fGt(xt) + h′(xt+1)‖ ≤ ε.

In the particular case where exact function, gradient, and Hessian evaluations are
employed, that is, when D1

t = D2
t = Gt = Ht = {1, . . . , N} for all t ≥ 0, the bound of

O(ε−
3
2 ) for the standard cubic regularization method follows directly from Corollary 2.

We conclude this section with a result showing that, under suitable conditions, all
limit points of the sequence generated by Algorithm 1, if any, are stationary points of
problem (1).

Corollary 3 Let {xt}Tt=0 be generated by Algorithm 1. Assume that
∑∞
t=0 νt < +∞, where

νt is as in (8). Then,
lim

t→+∞

∥∥∇fGt(xt) + h′(xt)
∥∥ = 0. (16)

If, additionally, limt→∞ ‖∇fGt(xt)−∇f(xt)‖ = 0, we have

lim
t→+∞

∥∥∇f(xt) + h′(xt)
∥∥ = 0.

Under the assumptions of Corollary 3, and noting that {∇f(xt) + h′(xt)} → 0,
together with

∇f(xt) + h′(xt) ∈ ∇f(xt) + ∂h(xt) ⊂ ∂F (xt),

we conclude that, if the sequence {xt} admits an accumulation point x̄, then, by the
closedness of the graph of ∂F , we have 0 ∈ ∂F (x̄), that is, x̄ is a stationary point of
problem (1).

1Throughout this work, a call of the oracle means the partial or total evaluation of one of following
terms f( · ), ∇f( · ) and ∇2f( · ).
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2.1 Proof of Theorem 1 and Corollaries 2 and 3

We now proceed with the proofs of Theorem 1 and Corollaries 2 and 3. To this end, we
first recall that, as a direct consequence of assumption (A1), for any H ⊂ {1, . . . , N}
and all x, y ∈ Rn, the following inequalities hold:

fH(y) ≤ fH(x) + 〈∇fH(x), y − x〉+
1

2
〈∇2fH(x)(y − x), y − x〉+

L

6
‖y − x‖3 (17)

and ∥∥∇fH(y)−∇fH(x)−∇2fH(x)(y − x)
∥∥ ≤ L

2
‖y − x‖2. (18)

Let φ ∈ {f,∇f,∇2f} and let A,B ⊆ {1, . . . , N} be index sets. We denote the sample-
based difference approximation of φ by

φA/B(x) :=
1

|A|
∑
i∈A

φi(x)− 1

|B|
∑
i∈B

φi(x).

We next present an auxiliary result that will play a central role in the forthcom-
ing analysis. For clarity, we omit the indices (t, i) from the iterates generated by
Algorithm 1.

Lemma 4 For given x ∈ Q, θ ≥ 0, σ0 > 0, c > 6 and D1,D2,G,H ⊂ {1, . . . , N}. Assume that
x+ ∈ Q satisfies

MG,Hx,σ (x+) + h(x+) ≤ h(x) and ‖∇MG,Hx,σ (x+) + h′(x+)‖ ≤ θ‖x+ − x‖2, (19)

for a certain h′(x+) ∈ ∂h(x+). If σ ≥ c(L+ 6σ0)/(c− 6),

fD2/D1(x) + 〈∇fD2/G(x), x+ − x〉+
1

2
〈∇2fD2/H(x)(x+ − x), x+ − x〉 ≤ σ0‖x+ − x‖3,

(20)
and

‖∇2fG/H(x)‖ ≤ σ0‖x+ − x‖, (21)

then
(fD1 + h)(x)− (fD2 + h)(x+) ≥ σ

c
‖x+ − x‖3, (22)

and

‖∇fG(x+) + h′(x+)‖ ≤
(

(c− 3)

c
σ + σ0 + θ

)
‖x+ − x‖2. (23)

Proof Using (17) with y := x+ and H := D2, the definition of MG,Hx,σ in (3), and the first
inequality in (19), (20) and (21), we have

fD2(x+) + h(x+) ≤ fD2(x) + 〈∇fD2(x), x+ − x〉+
1

2
〈∇2fD2(x)(x+ − x), x+ − x〉

+
L

6
‖x+ − x‖3 + h(x+)

≤ fD2(x) +MG,Hx,σ (x+) + h(x+) + 〈∇fD2/G(x), x+ − x〉
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+
1

2
〈∇2fD2/H(x)(x+ − x), x+ − x〉+

L− σ
6
‖x+ − x‖3

≤ fD1(x) + h(x) + fD2/D1(x) + 〈∇fD2/G(x), x+ − x〉

+
1

2
〈∇2fD2/H(x)(x+ − x), x+ − x〉+

L− σ
6
‖x+ − x‖3

≤ fD1(x) + h(x) +

(
σ0 +

L− σ
6

)
‖x+ − x‖3,

which, combined with the fact that σ ≥ c(L+6σ0)/(c−6), proves the first inequality in (22).

Now, using the definition of MG,Hx,σ in (3), the second inequalities in (19), (21) and (18)
with y := x+ and H := G, we get

‖∇fG(x+) + h′(x+)‖ ≤ ‖∇fG(x+)−∇MG,Hx,σ (x+)‖+ ‖∇MG,Hx,σ (x+) + h′(x+)‖

=
∥∥∥∇fG(x+)−∇fG(x)−∇2fH(x)(x+ − x)− σ

2
‖x+ − x‖(x+ − x)

∥∥∥
+ θ‖x+ − x‖2

≤
∥∥∥∇fG(x+)−∇fG(x)−∇2fH(x)(x+ − x)

∥∥∥+
(σ

2
+ θ
)
‖x+ − x‖2

≤
∥∥∥∇fG(x+)−∇fG(x)−∇2fG(x)(x+ − x)

∥∥∥+ ‖∇2fG/H(x)‖‖x+ − x‖|

+
(σ

2
+ θ
)
‖x+ − x‖2

≤
(
L+ σ

2
+ σ0 + θ

)
‖x+ − x‖2,

which, combined with the fact that σ ≥ c(L + 6σ0)/(c − 6), proves the second inequality in
(23). �

The following lemma ensures that the inner loop in Step S1 terminates after finitely
many trials and establishes bounds on the number of (partial or full) function, gradient,
and Hessian evaluations up to a given iteration.

Lemma 5 The sequence of regularization parameters {σt} generated by Algorithm 1 satisfies

σ0 ≤ σt ≤ σmax, ∀ t ≥ 0, (24)

where σmax is as in (9). Moreover, the total number OT of oracle calls after T iterations
satisfies

OT ≤ 5
[

2T + logα(σmax)− logα(σ0)
]
. (25)

Proof Since c > 6, it follows trivially from (9) that (24) is true for t = 0. Suppose that (24)
is true for some t ≥ 0. If it = 0, it follows from S2 and the induction assumption that

σ0 ≤ σt+1 =
1

α
σt ≤ σt ≤ σmax,

which proves that (24) holds for t+ 1. Now, if it ≥ 1, then we must have

αit−1σt ≤ σmax = max
{
c(L+ 6σ0)/(c− 6), N/min{|D̃1

0|, |D̃2
0|, |G̃0|, |H̃0|}

}
. (26)

Indeed, assuming by contradiction that (26) is not true, that is

αit−1σt > c(L+ 6σ0)/(c− 6), αit−1σt > N/min{|D̃1
0|, |D̃2

0|, |G̃0|, |H̃0|}. (27)
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Hence, as |Gt,it−2| ≥ |G̃0| ≥ min{|D̃1
0|, |D̃2

0|, |G̃0|, |H̃0|} and γG ≥ α > 1, the second inequality
in (27) yields that

γit−1G σt|Gt,it−2| ≥ α
it−1σt|G̃0| > N ≥ |Ft|,

which in turn implies that |Gt,it−1| = |Ft|. With similar arguments, we also have |D1
t,it−1| =

|D2
t,it−1| = |Ht,it−1| = |Ft|. So, as D1

t,i+1,D
2
t,i+1,Ht,i+1,Gt,i+1 ⊂ Ft, it follows that

fD2
t,it−1/D1

t,it−1
(xt) = 0, ∇fD2

t,it−1/Gt,it−1
(xt) = 0 and ∇2fD2

t,it−1/Ht,it−1
(xt) = 0 and

‖∇2fGt,it−1/Ht,it−1
(x+t,i)‖ = 0. Hence, by combining the last equalities, the first equality in

(27) and Lemma 4 with x := xt, x
+ := x+t,i, D

1 := D1
t,it−1, D2 := D2

t,it−1, G := Gt,it−1,

H := Ht,it−1 and σ := αit−1σt, we obtain that the inequalities in (6)-(7) would have been
satisfied for i = it − 1, contradicting the minimality of it. Therefore, (26) is true.

Finally, note that at the t-th iteration of Algorithm 1 the number of calls of the oracle
is bounded by 5(it + 1) times. On the other hand,

σt+1 = αit−1σt =⇒ 5(it + 1) = 5 [2 + logα(σt+1)− logα(σt)] .

Thus,

OT ≤
T∑
t=0

[5(it + 1)] ≤
T∑
t=0

10 + 5 logα(σT+1)− 5 logα(σ0)

≤ 10T + 5[logα(σmax)− logα(σ0)],

where the last inequality is due to (24). �

It follows from (25) that

OT
T
≤ 10 +

5

T
[logα(σmax)− logα(σ0)],

which implies that the average number of oracle calls per inner iteration, up to the
T -th outer iteration, is asymptotically bounded by 10.

We next establish a key result concerning the summability of the sequence
{‖∇fGt(xt+1) + h′(xt+1)‖}.

Lemma 6 Let {xt}Tt=0 be generated by Algorithm 1. Then,

F (xt)− F (xt+1) ≥ ασt+1

c
‖xt+1 − xt‖3 − 2νt, t = 0, . . . , T − 1, (28)

and

T−1∑
t=0

‖∇fGt(xt+1)+h′(xt+1)‖
3
2 ≤

(F (x0)− Flow + 2
∑T−1
t=0 νt) (α(c− 3)σmax + c(σ0 + θ))

3
2

ασ0c1/2
,

(29)
where νt and σmax are as in (8) and (9), respectively.

Proof From (6) and the relation σt+1 = αit−1σt, we have

(fD1
t

+ h)(xt)− (fD2
t

+ h)(xt+1) ≥ ασt+1

c
‖xt+1 − xt‖3, t = 0, . . . , T − 1.
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On the other hand, it follows from (8) that

fD1
t
(xt)− fD2

t
(xt+1) = f(xt)− f(xt+1) + [fD1

t
(xt)− f(xt)]− [fD2

t
(xt+1)− f(xt+1)]

≤ f(xt)− f(xt+1) + |fD1
t
(xt)− f(xt)|+ |fD2

t
(xt+1)− f(xt+1)|

≤ f(xt)− f(xt+1) + 2νt.

Combining the above inequalities and using F = f + h, we obtain

F (xt)− F (xt+1) + 2νt ≥
ασt+1

c
‖xt+1 − xt‖3, t = 0, . . . , T − 1,

which corresponds to inequality (28).
Summing the inequalities in (28) over t = 0, . . . , T − 1 and using the definition of Flow

together with (24) , we obtain

F (x0)− Flow + 2

T−1∑
t=0

νt ≥ F (x0)− F (xT ) + 2

T−1∑
t=0

νt ≥
T−1∑
t=0

ασt+1

c
‖xt+1 − xt‖3

≥ ασ0
c

T−1∑
t=0

‖xt+1 − xt‖3.

Hence,
T−1∑
t=0

‖xt+1 − xt‖3 ≤
c
(
F (x0)− Flow + 2

∑T−1
t=0 νt

)
ασ0

. (30)

Moreover, from (7), the relation σt+1 = αit−1σt, and (24), it follows that

‖∇fGt(xt+1) + h′(xt+1)‖ ≤
(
α(c− 3)

c
σt+1 + σ0 + θ

)
‖xt+1 − xt‖2

≤
(
α(c− 3)

c
σmax + σ0 + θ

)
‖xt+1 − xt‖2.

Combining this inequality with (30) yields the desired result (29). �

We are now ready to prove Theorem 1.

Proof of Theorem 1 First, note that the assumption in (10) ensures that T0(ε) is well-
defined for any given ε > 0. Let

t∗ := arg min
j∈{0,...,T−1}

‖∇fGj (xj+1) + h′(xj+1)‖.

Then, from (29), we obtain

‖∇fGt∗ (xt∗+1) + h′(xt∗+1)‖3/2 ≤
(F (x0)− Flow + 2

∑T−1
t=0 νt) [α(c− 3)σmax + c(σ0 + θ)]3/2

Tασ0c1/2

=
(F (x0)− Flow) [α(c− 3)σmax + c(σ0 + θ)]3/2

Tασ0c1/2

+
2[α(c− 3)σmax + c(σ0 + θ)]3/2

Tασ0c1/2

T−1∑
t=0

νt.

Since (12) holds, we have T ≥ T0(ε). Therefore, using (11), it follows that

2[α(c− 3)σmax + c(σ0 + θ)]3/2

Tασ0c1/2

T−1∑
t=0

νt ≤
ε3/2

2
.

10



In addition, by (12) again,

(F (x0)− Flow) [α(c− 3)σmax + c(σ0 + θ)]3/2

Tασ0c1/2
≤ ε3/2

2
.

Combining the above inequalities yields

‖∇fGt∗ (xt∗+1) + h′(xt∗+1)‖3/2 ≤ ε3/2,

which proves (13). �

We next prove Corollary 2.

Proof of Corollary 2 As discussed in Remark 2, if the sequence {νt} is summable, then
condition (10) automatically holds. Moreover, by defining

T0(ε) :=
4[α(c− 3)σmax + c(σ0 + θ)]3/2

ασ0c1/2ε3/2

∞∑
t=0

νt <∞,

we obtain

T ≥ T0(ε) =⇒ 1

T

T−1∑
t=0

νt ≤
ασ0c

1/2ε3/2

4[α(c− 3)σmax + c(σ0 + θ)]3/2
,

which ensures that condition (11) is satisfied. Consequently, from (14) we have

T ≥ 2[α(c− 3)σmax + c(σ0 + θ)]3/2

ασ0c1/2
max

{
F (x0)− Flow, 2

∞∑
t=0

νt
}
ε−3/2

≥ max

{
2(F (x0)− Flow)[α(c− 3)σmax + c(σ0 + θ)]3/2

ασ0c1/2
ε−3/2, T0(ε)

}
.

Thus, inequality (15) follows directly from Theorem 1. The second part of the corollary then
follows immediately from the first one, inequality in (25) and the definition of σmax in (9). �

We next prove Corollary 3.

Proof of Corollary 3 By taking the limit in (29) as T goes to infinity, we obtain

∞∑
t=0

‖∇fGt(xt+1) + h(xt+1)‖
3
2 <∞

which in turn implies (16). Now, note that

0 ≤ ‖∇f(xt) + h(xt)‖ ≤ ‖∇f(xt)−∇fGt(xt)‖+ ‖∇fGt(xt) + h(xt)‖.

Hence, the desired result follows trivially from the assumption that limt→+∞ ‖∇fGt(xt) −
∇f(xt)‖ = 0 and (16). �

3 Numerical Experiments

In this section, we report numerical results of Algorithm 1 (referred to as complete-S-
CRM) for solving the problem

min
x∈RN

f(x) ≡ 1

N

N∑
i=1

fi(x), (31)

11



where

fi(x) :=

N − N∑
j=1

cos(xj) + i
(
1− cos(xi)

)
− sin(xi)

2

.

Problem (31) is an instance of (1) with n = N and h ≡ 0. The proposed algorithm
was compared with two other schemes: (i) the subsampled CRM of [10] (referred to
as partial-S-CRM), which is essentially equivalent to Algorithm 1 with D1

t = D2
t = Gt

for all t ≥ 0; and (ii) a standard CRM variant (referred to as standard-CRM), which
corresponds to Algorithm 1 with D1

t = D2
t = Gt = Ht = {1, 2, . . . , N} for all t ≥ 0.

The algorithms were initialized with the parameters

x0 = (1, . . . , 1), θ = 5, σ0 = 1, c = 12, γD1 = γD2 = γG = γH = α = 2,

and
D̃1

0 = D̃2
0 = G̃0 = H̃0 = F0 = 0.05N,

with F0 chosen randomly. In step (S.1) of Algorithm 1, the subsamples in complete-
S-CRM were selected according to

D1
t,i = Ft, D2

t,i = 0.9 |D1
t,i|, |Gt,i| = 0.95 |D1

t,i|, |Ht,i| = 0.1 |Gt,i|,

whereas in the partial-S-CRM the choices were D1
t,i = D2

t,i = Gt,i = Ft and |Ht,i| =
0.1 |Ft|. For both methods, the set Ft was updated as

|Ft| = min
{
N, d1.25t|F0|e

}
, t ≥ 0.

For all methods, each cubic subproblem was approximately solved using the Barzilai–
Borwein gradient (BBG) method [3], combined with the nonmonotone line search of
[16]. In order to have a fair stopping criterion, we terminate the algorithms when

‖∇f(xk)‖/‖∇f(x0)‖ ≤ 10−6. (32)

It is worth noting that the evaluation of the full gradient ∇f(xk) in the above stopping
criterion were not included in the performance measures reported below. The experi-
ments were conducted using the Python programming language, which was installed
on a machine equipped with a 3.5 GHz Dual-Core Intel Core i5 processor and 16 GB
of 2400 MHz DDR4 memory.

We adopted the total computational cost as the performance measure. The total
cost of an algorithm up to iteration T is defined as

CostT (·) :=
1

N

T∑
j=1

(fie(j) + 3× gie(j) + pgiv(j) + pHiv(j)) ,

where, for each iteration t ≥ 0: (a) fie(t) denotes the total number of evaluations of
the component functions fi(·); (b) gie(t) represents the total number of evaluations of
the component gradients ∇fi(·); (c) pgiv(t) and pHiv(t) denote, respectively, the total

12



number of component gradient–vector and component Hessian–vector products com-
puted inside the BBG method. This cost function reflects the relative computational
burden of gradient evaluations compared to function evaluations by assigning a weight
of 3 to each gradient evaluation. This choice is motivated by the fact that, when using
reverse-mode automatic differentiation, computing ∇fi(·) typically requires about
three times the effort of a single evaluation of fi(·); see, e.g., [1, 2]. In addition, the
definition incorporates the cost of the gradient-vector and Hessian-vector products
arising in the BBG method.

Table 1 reports the total cost incurred by complete-S-CRM, partial-S-CRM, and
standard-CRM to compute an iterate xt satisfying the stopping criterion (32), for the
function f( · ) defined in (31) with different values ofN . The table also shows the reduc-
tions (Reduc), in terms of CostT , obtained by complete-S-CRM relative to the other
methods. As observed, complete-S-CRM was the most efficient method, achieving the
lowest cost in all instances. The reductions achieved by complete-S-CRM compared to
standard-CRM were 66.05%, 45.50%, 44.48%, and 42.42% for N = 100, 500, 1000, and
3000, respectively, clearly demonstrating the benefit of using subsampling techniques.
Moreover, the proposed algorithm also showed an impressive reduction compared to
partial-S-CRM, mainly because, in order to accept a new step (see Eq. (6) and (7)), the
sample sizes involved are smaller than those required by the latter method. Figure 1
illustrates the behavior of the sample sizes |D2

t |, |Gt|, and |Ht| for the subsampled meth-
ods during the iterations for solving the problem (31) with N = 1000 and N = 3000.
The sample size |D1

t | is omitted because it is identical for both methods. For the sub-
samples compared, complete-S-CRM employs smaller sets in almost every iteration,
leading to substantial cost savings.

N CostT (Complete-S-CRM) CostT (partial-S-CRM)/Reduc CostT (standard-CRM)/Reduc
100 382.61 425.71/10.12% 1127.0/66.05%
500 629.43 745.94/15.62 % 1155.0/45.50%

1,000 718.47 1011.87/29.00% 1294.0/44.48%
3,000 814.22 1183.56/31.21% 1414.0/42.42%

Table 1 Comparison of CostT among complete-S-CRM, partial-S-CRM and standard-CRM
across different problem sizes.

4 Conclusion

We proposed a subsampled cubic regularization method for solving finite-sum compos-
ite optimization problems, in which the function, gradient, and Hessian are estimated
using possibly different sample sizes. This flexibility enables the algorithm to inde-
pendently control the accuracy of each model component, achieving a more effective
balance between computational cost and estimation quality. We established iteration-
complexity guarantees for computing approximate first-order critical points and
proved global convergence of the generated sequence. Numerical experiments further
confirmed the efficiency and practical advantages of the proposed approach.
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Fig. 1 Evolution of the samples sizes |D2
t |, |Gt| and |Ht| during the iterations for problem (31). Top

row: N = 1000; bottow row line: N = 3000.
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