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Abstract

Consider the primal problem of minimizing the sum of two closed proper convex functions
f and g. If the relative interiors of the domains of f and g intersect, then the primal problem
and its corresponding Fenchel dual satisfy strong duality. When these relative interiors fail to
intersect, pathologies and numerical difficulties may occur. In this paper, we propose a facial
reduction algorithm that outputs minimal faces of dom f and dom g containing the feasible
region so that we may reformulate the primal problem in such a way that Slater’s condition
is ensured and strong duality is always satisfied. More generally, given two nonempty convex
sets C1, Ca, our facial reduction algorithm either finds minimal faces of C'y and C3 containing
the intersection C1 n Cs or certifies that the intersection is empty. Along the way, we extend
the notion of niceness from convex cones to general convex set and consider a suitable notion
of niceness for convex functions called wvertical niceness. Under these niceness assumptions,
Fenchel duals arising from the application of our facial reduction algorithm have simplified
expressions. Finally, inspired by Ramana’s extended dual for semidefinite programming, we
then use these tools to develop extended duals for general convex problems.

1 Introduction

Let &€ be a finite dimensional Euclidean space and consider the problem of minimizing the sum of
two closed proper convex function f,g: & — IR u {+w0} :

inf f(z) + g(x). (1.1)
The Fenchel dual of (1.1) is given by

Sup —f* (=) —g* (), (1.2)

where f* and ¢g* denote the conjugate function of f and g respectively.
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When the relative interiors of the domains of f and g intersect (i.e., ri (dom f)nri(dom g) # &),
the optimal values of (1.1) and (1.2) coincide and the latter is attained in the sense that there exists
A* such that —f*(—=A*) — ¢g*(A\*) equals the common optimal value (even if it is —0), see [35,
Theorem 31.1].

The case where ri (dom f) nri(dom g) is empty is typically less stable numerically. Furthermore,
the primal and dual optimal value may differ, which is undesirable and may lead to further difficulties
both theoretical and numerical.

Motivated by the facial reduction algorithm in conic convex optimization [4, 3], the main goal
of this paper is to develop a new duality theory for (1.1) that has desirable properties even when
the intersection ri (dom f) nri(dom g) is empty. Along the way, we will introduce a facial reduction
algorithm appropriate for handling (1.1) and new notions such as nice convezr sets and vertically
nice functions that will help us achieve our goal.

1.1 Previous works

Let K < £ be a closed convex cone. The case where the problem under consideration is minimizing
a convex function under a constraint of the form {z € Q | h(z) € —K}, where 2 is a convex set and
h is a K-convex function was discussed extensively by Borwein and Wolkowicz in [4, 3], which are
foundational papers behind what is known as facial reduction.

Now, let ¢ € £ and let V < £ be a nonempty affine space. Denoting by dy, the indicator function
of V, suppose we let f be such that f(z) = (¢, ) + ép and g = k. Then, the pair (1.1) and (1.2)
becomes primal and dual conic linear programs (CLPs). The condition that ri (dom f) nri(dom g)
be nonempty becomes the classical Slater’s condition (i.e., V nri(K) # ¢F). Slater’s condition play
an important role in ensuring good duality properties and stability of numerical methods for conic
linear programs. If Slater’s condition is not satisfied, numerical methods may misbehave, e.g., see
[46].

The goal of facial reduction is to reformulate a problem into a new equivalent one for which
Slater’s condition is satisfied, which, hopefully, improves the numerical and theoretical properties
of the problem. In the context of conic linear programming, several works revisited Borwein and
Wolkowicz facial reduction algorithm [30, 45, 19, 20]. The basic idea is that whenever a problem
does not satisfy Slater’s condition, it is because the feasible region is contained in a proper face of
the underlying cone. If this proper face is chosen to be minimal, then Slater’s condition is restored
and a new equivalent problem is obtained that has improved duality properties. Facial reduction has
inspired many approaches for preprocessing CLPs [32, 47] and is an important tool for simplifying
CLPs that arise as relaxations of combinatorial problems.

In order to apply facial reduction, given V and K, we need to explicitly compute such a minimal
face (either analytically or numerically) and, based on that, we obtain a new dual problem that has
better duality properties. However, there are implicit approaches in the sense that based purely on
VY and K, one is able to write down a so-called extended dual that has good duality properties. A
pioneering approach along this line was Ramana’s famous extended dual for semidefinite program-
ming [33]. If, say, K is the cone of n x n real symmetric positive semidefinite matrices S and V is
represented as the solution set of some linear system Az = b then Ramana’s dual can be written



down purely in terms of A, b, ¢ and n, without the need of explicitly determining the minimal face
beforehand. It turns out that Ramana’s dual is strongly connected to facial reduction as discussed
in [34, 30, 30, 19], see also related discussions in [13, 18, 21, 31].

Another related topic is the study of classes of cones that are particularly suitable for facial
reduction. Two such classes are the so-called nice cones and projectionally exposed cones. Both
conditions were considered already in [4], but the name “nice” was coined later in [28]. It turns
out that nice closed convex cones are facially exposed [29], but the converse is not true in general
[37]. Sitting between nice and projectionally exposed cones is the class of amenable cones [23].
Explorations on these cone classes and beyond can be found, e.g., in [38, 22].

1.2 Our contributions

In principle, any convex optimization problem (1.1) can be reformulated as a conic linear program
over an appropriate cone, which can then be solved numerically if such a cone is among those
supported by some solver [43, 44, 41, 8, 5, 9, 25, 12, 26]. However conic reformulations may
increase the dimension of the problem. For example, the Ky-Fan k-norm which corresponds to
the sum of the largest k singular values of a n x m matrix is SDP-representable but one of the
most common SDP representations is not efficient in the sense that it requires SDP constraints over
(n +m) x (n 4+ m) matrices [2, Section 4.2, 18c and 19]. There are also other inconveniences, e.g.,
we may have closed form expressions for the proximal maps of f and g but this may be lost if we
go to a conic linear representation of (1.1).

In this way, while the CLP paradigm is powerful and flexible, depending on the situation, it may
be desirable to solve a given problem in its “natural” non-reformulated version. This motivates the
development of a facial reduction algorithm directly applicable to general convex programs, without
any reformulation. Our contributions are as follows.

(a) Given two convex sets Cy, Cy, our facial reduction algorithm (Algorithm 1) either detects that
C1nCy = J, or outputs two faces FX. < C; and F2, < Cy satisfying Slater’s condition (i.e.,
ri (B, ) nri(F2;)) # &) while keeping the feasible region unchanged, that is,

min

ri (Frilm) Nri (Flglln) # @a Félin mFﬁlin

:Cl ﬁOQ,

see (3.5). Throughout the paper we discuss the application of this approach to case where
Cy = dom f, Cy = dom g with f and g as in (1.1).

(b) Using the infimal convolution we extend the definition of niceness from convex cones to arbitrary
convex sets. We also develop an analogous notion for convex functions called vertical niceness,
which is weaker than requiring the niceness of the whole epigraph. Nevertheless, niceness and
vertical niceness are enough for our purposes and we will show in Section 4 that the Fenchel dual
of a regularized problem can be further simplified under vertical niceness, see Theorem 4.13.
We also develop some basic calculus rules for niceness/vertical niceness and, later in the paper,
we show that nice closed convex sets must be facially exposed (Corollary 6.6).



and F2

min be
explicitly determined. Inspired by Ramana’s dual and later extensions to conic linear program-
o and
see Section 5 and 6. The most general version of this theory is contained in Section 5
and in Section 6 we present a simplified version that holds under the assumption of niceness

and the closedness of the domains of f and g.

(¢) The approach described in item (a) and (b) require that the minimal faces FL,
ming, we present extended duals for (1.1) that do not require explicit expressions for F.
F2

min»

This paper is organized as follows. In Section 2, we fix notation used throughout the paper,
review definitions, useful preliminary results and literature. Our facial reduction algorithm for
convex sets is discussed in Section 3. Then, niceness of convex sets and vertical niceness of proper
convex functions are defined and discussed in Section 4. Extended duals without and with niceness
are presented in Section 5 and Section 6, respectively. A detailed example illustrating our approach
is given in Section 7. We conclude this paper in Section 8.

2 Notation and Preliminaries

In this section, we review some notation, definitions and useful results. All the proofs in this section
are deferred to Appendix A. Throughout this paper, we let £ denote a finite dimensional real vector
space equipped with inner product (-, -).

Given C < &, we let dim(C), i (C), cl(C), aff(C), span (C) cone(C), rec(C), dc and C+
denote its dimension, relative interior, closure, affine hull, span, conic hull, recession cone, indicator
function and orthogonal complement, respectively. For simplicity, we denote the closure of the conic
hull of C' by cone(C), i.e., cone(C) = cl(cone(C)).

The following lemma contains well-known properties of affine hulls for convex sets.

Lemma 2.1 (Affine hull properties of convex sets). Let C,Cy,Co € & be nonempty convex sets.
(i) For every s €ri(C), we have
aff(C) ={s+2z|3te(0,1),s+tze C}. (2.1)
(i) If ri (C1) nri(Cs) # &, then aff (C1) n aff (Cy) = aff(C1 n Cy).
(iii) If ri (Cy) mri(Cy) # &, then aff (Ch — Cy) = aff (Cy) — aff (Cy).

For a convex set C < &, its dual cone and polar cone are denoted by C* and C°, respectively,
defined as
C*={ref|{z,yy=>0,YyeC} and C°:=-C*

A note of caution is that, in the literature (e.g., [35, 10]), C° is typically used to denote the polar
set {z € & |{x, y) < 1,Vye C}. Here, however, C° will always denote the polar cone.

The following lemma establishes an important relationship between the dual of the difference
of a closed convex set and a closed convex cone, and the intersection of their respective dual cone
and polar cone.

Lemma 2.2 (Dual of difference and intersection of duals). Let Cy € & be a closed convex cone and
Cy € & be a closed convex set such that Cy N Cy # . Then (C2 — C1)* = CF n CY.



Faces and tangent cones For a convex set C € &, a nonempty convex subset F' of C' is said to
be a face of C, denoted by F < C, if for z,y € C and some a € (0,1), az + (1 — o)y € F implies
x,y € F. Faces satisfy the following important well-known relation:

F=Cnaff(F), VFQC, (2.2)

which follows, for example, from Lemma 2.1(%).

A face F' < C is said to be proper if F # C, and we write F' § C in this case. A face F < (C is
an exposed face if F = C'n H for some supporting hyperplane H of C, in this case we also say that
H exposes F. 1If all faces of C' are exposed, then C is said to be facially exposed. For any x € C,
we use minFace(z, C') to denote the minimal face of C that contains x, which always exists and is
unique. We have

x € ri (minFace(z,C)) Vz e C, (2.3)

e.g., see [27, Proposition 3.2.2].

The following proposition is restated from [22, Proposition 2.2] without assuming the closedness
of C7 and C3. This proposition can be shown by simply repeating the proof of [22, Proposition
2.2]; indeed, the original statements in [7, Section IV] do not require closedness.

Proposition 2.3 (Faces of intersection). Let Cq, Co be two convex sets such that C = Ci n Cy
is nonempty. Let F < C. Then, there are Fy < Cy, Fo < Cs such that F = F} n Fy and
ri (F) =ri(Fy) nri(Fy).

For a closed convex set C' < &£ and x € C, the feasible directions dir(x,C) and the tangent space
tan(xz,C) at  in C are defined respectively as

dir(z,C) = {y | z + ty € C for some ¢ > 0},
tanCone(z, C) = cl(dir(z, C)), (2.4)
tan(z, C) == tanCone(z, C') n — tanCone(z, C).

Given a face F of a closed convex cone K and an arbitrary x € ri (F), the conjugate face of F
is defined as 2 = K* n F+ = K* n {z}*. We have

tanCone(z, K') = minFace(z, K)**,

2.5
tan(z, K) = minFace(z, K)>, 29

which follows, for example, from [27, Lemma 3.2.1]. Combining (2.3) and (2.5) with the definition
of the conjugate face of F', we obtain
F = K~ {z}* with z € K* — F = minFace(z, K*)*. (2.6)

Lemma 2.4. Suppose C1,Cy € & are nonempty convex sets. Let F1 < C1 and Fo < Cy. Then,
s€ (Fy— F1)* if and only if op, () + 0p,(—s) < 0. If in addition Fy N Fy # &, then s € (Fp — F1)*
if and only if op, (s) + op,(—s) = 0.



Proof. We have
seE(Fa— )" = —se(Fh—F)° < op,_r(—8) <0< 0p,(5) +op,(—s) <0, (2.7)

where the last equivalence comes from the fact that c41p = 04 + op for two convex sets A and B.
This proves the first part. Suppose that Fy n F» # . For the second part, we see from (2.7) that
it suffices to prove that op, (s) + op,(—s) = 0. Indeed,

op (s) =sup{s,xy>= sup {(s,zy>= inf (s, z)> inf{s, )= —0op,(—s),
IEFl IEFlﬁFg :EGFlﬁFQ CEEFQ
which completes the proof. O

Miscellanea on convex functions For a function f: &€ - IR u {—0w0, +o0}, we use dom f, gra f
and epi f to represent the domain, graph and epigraph of f, respectively. That is,
dom f:={ze&| f(x) < +oo};
gra f = {(z,n) | v € dom f, f(z) = p};
epi f = {(w, ) | @ € dom f, f(x) < u}.

The convex conjugate function of f is defined by
[H(x) = sup{<z, y) — f(y)}-
ye€

A function is said to be closed if its epigraph is closed. The closure of f, denoted by cl f is the
lower semi-continuous hull of f, so that

(cl f)(z) =liminf f(y) and epiclf = clepif.

y—

holds, see [36, Chapter 1.D]'. Moreover, for any functions f1, fo : £ — R U {—o0, +o0}, it holds
that cl f1 < f1, and f; < f5 implies cl f1 < cl f5, i.e., the closure operation is order-preserving.
Let F' < dom f. We denote by f|p the restriction of f to F which, by definition, is fip = f+dF.
The following lemma concerns the closure and infimum over a family of proper convex functions.

Lemma 2.5 (Interchangeability of closure and infimum operations). Let Z be an index set. The
following items hold.

(i) Suppose that f; : € — IR U {+o0} is a proper convezr function for every i € Z. Then
cl infiez cl fl =cl infz-ez fi .

(it) Let f : € - IR U {400} be a proper convex function and let {C; = E}icr be such that | J,.; C; =
C < &. Then it holds that inf;ez inf,ec, f(x) = infree f(x).

'In [35, Section 7], the definition of closure of a convex function g is different in that the closure is the lower

semicontinuous hull only if g is never —oo. Naturally, for proper convex functions both definitions coincide.



The support function of a given set C' < & is defined as o¢ () := sup,ec(z, yy. The next lemma
concerns the support function of the affine hull of a set; throughout this paper, for any set C < &
we use Lo to denote a subspace such that aff (C') = Lo + a with an arbitrary a € aff (C).

Lemma 2.6 (Support function of the affine hull). Given any set C < &, write aff(C) = Lo + a,
where Lo is a subspace and a € aff(C) is arbitrary. Then, o.gcy = (-, a) + 5ﬁé. Moreover,
(aff(C))° = L& n {a}°.

The infimal convolution of two functions f,g: & — IR U {+w} is defined by

(fO9)(z) = nt{f(21) + gz — 1)}

The infimal convolution of f and g is said to be exact at z if the infimum is attained at =z, i.e.,
there exists 1 such that (fOg)(x) = f(z1) + g(z — z1). We use the notation

fog

to indicate that the infimal convolution of f and ¢ is exact at all point in dom (fOg). By [1,
Proposition 12.8], when the infimal convolution is exact, we have epi(f@g) = epi f + epig.

For two closed convex sets C1,Cy < &, we have from [35, Corollary 16.4.1] that o¢, ~nc, =
cl(oe, Ooce,). Moreover, if ri (Cy) nri(Ce) # &, then o¢,~c, = 0¢, B0oc,. Infimal convolution
of closed proper convex functions is commutative and associative, i.e., for closed proper convex
functions f, g and h, we have fOg = g0 f and (fOg)Oh = fO(gOh); see, for example, [35, Page
34] and [10, IV (2.3.3), (2.3.4)]. For multiple convex proper functions f1, ..., f, we have

(0 O fm)(@) = WE{fa@n) + o fonlm) |2+ = 2}

Separating and supporting hyperplanes A hyperplane H is said to separate two nonempty
sets C1,Cy < £ if Cy and (5 are contained in distinct closed half-spaces associated with H. If Cy
and Cy are not both contained in H itself, then we say H separates C and Cs properly.

For nonempty convex sets C1,Cy € &, by [35, Theorem 11.3], ri (Cy) nri(C3) = & holds if and
only if there exists a hyperplane H = {z | (s, z) = 0} (with s # 0) separating C; and C5 properly.
Overall, by [35, Theorems 11.1 and 11.3] we have

ri(Ch) n1i(Cy) =@ <« 3IH separating C,Cy properly
< 3J(s,0) s.t. inf (s, x) =0 = sup(s, ) and sup{s, ) > 6 > inf (s, x). (2:8)
zeCq xeCly xeCq zeCs
The following lemma shows how inequalities related to the proper separation of two nonempty

convex sets Cy and Cy can be simplified when the sets intersect.

Lemma 2.7 (Separation and intersection). Given two nonempty and convex sets C1,Cy € €. Let
(5,0) be such that inf,cc,(s, x) = 0 = sup,cq, (s, ). If C1 n Cy # &, then we have

0 = sup{s, xy= sup (s,zy= inf (s, z)= inf (s, z).
C mECg

zeCy 2eC1nCy z€C1nC>

It follows that s € domog,, s € —domog,, s € domoe, ~c, and C1 " Cy € H = {z | (s, z) = 0}.



For supporting hyperplanes, we further have the following property.

Lemma 2.8 (Intersection of supporting hyperplanes). Let C be a convez set and s1,$2 € domog.
Let Hy == {z | (s1,2) = oc(s1)}, Ha = {z | (s2,2) = oc(s2)}, H = {z | {51+ s2,2) =
oc(s1) +oc(s2)} and H == {z | {81+ $2, 2) = 0c(s1 + s2)}. Then we have C " Hy nHy=Cn H.
If further C n Hy n Hy # &, we have C n Hy n Hy =C n H.

Strong duality We define strong duality between a pair of primal and dual problems as follows.

Definition 2.9 (Strong duality). Let (P) and (D) be pairs of primal and dual problems (e.g., (P)
being (1.1) and (D) being (1.2)), where (P) is feasible. We say that (P) and (D) satisfy strong
duality if their optimal values coincide and (D) is attained.

Some remarks are in order. First, we do not define precisely what it means for an optimization
problem to be the “dual” of some other problem. That said, the only cases where we will use
Definition 2.9 is when (D) is the Fenchel dual of either (P) or some reformulation of (P). Also,
when we say that “(D) is attained” we mean that there exists an optimal solution for the problem
(D) that achieves the common optimal value. This includes the case where the common optimal
value is —o0, as in this case (D) is “attained” at any point that is not in the feasible region of (D).
This usage is consistent with the conventions in [35, Section 31].

Our definition of strong duality is not symmetric with respect to (P) and (D). Furthermore,
it may happen that (P) is not attained even when there is strong duality between (P) and (D).
While it could make sense to define separately primal strong duality and dual strong duality (e.g.,
Definition 2.9 but with the roles of (P) and (D) exchanged), as we will only be concerned with
strong duality in the sense of Definition 2.9, we will simply use the term strong duality throughout.

Slater’s condition We say that (1.1) satisfies Slater’s condition if ri(dom f) nri(domg) # &
holds. Under Slater’s condition the problem (1.1) and its Fenchel dual (1.2) satisfy strong duality
in the sense of Definition 2.9 by [35, Theorem 31.1].

3 Facial Reduction for Convex Sets

In this section, we develop a new facial reduction algorithm for convex sets to regularize (1.1). More
generally, we consider the following feasibility problem

find x € Cl N 02, (31)

where C1,Cy € & are nonempty convex sets that need not to be closed.
The goal of our facial reduction algorithm (Algorithm 1) is to either detect infeasibility of (3.1)
(i.e., C1 n Cy = &), or find two unique faces FL. < C; and F2, < C, satisfying

min — min —

Fl. QC, F%, <9C, F. nF?

min min min

=C,nCy, 1i(FL,)nri(F2,)#J. (3.2)

These two unique faces always exist if (3.1) is feasible by applying Proposition 2.3 to Cy, Cs.



This can be applied to (1.1) as follows. If C; = dom f and Cy = dom g hold?, then (3.2) implies
that (1.1) is equivalent to

mmin fier, () + gip2

min

(2). (3.3)
However, since F}, and F?2, are faces, we have Fl. = Cy naff(F}, ) and F2;, = Cynaff(F2,).

That is, fipr = flagrr, ) and gjp2 = flagr2, ), which leads to

min

(fip

min)* = cl(f* D%H(Fgm)), (912, )" = cl(g* D%ff(Ffm)), (3.4)

min

by [35, Theorem 16.4]. Therefore, we also have that (1.1) is equivalent to

(z). (3.5)

More precisely, the equivalence between these three problems is as follows. The problems (1.1),
(3.3) and (3.5) share the same feasible set, optimal solution set and optimal value. However a
distinct advantage of (3.3) and (3.5) over (1.1) is that both of them satisfy Slater’s condition (see
(3.2)) and therefore their Fenchel duals

inf flagry,,) (@) + gjag(r2

min min

¥ (=A) = (g2, )" V), (3.6)

min

Sup*(f|F1
A

min

and

sup - A(f*Ooagrr, ) (=) — clg* Doag(rz, ))(N), (3.7)

satisfy strong duality in the sense that (3.5) and (3.7) share the same optimal value and the latter
is attained. The same is true for (3.3) and (3.6). We summarize the discussion so far as follows.

Theorem 3.1. Suppose that (1.1) is feasible (i.e., dom f ndomg # ). Then, the primal dual
pairs formed by (1.1), (3.6) and (1.1), (3.7) satisfy strong duality in the sense of Definition 2.9.

In what follows we say that (3.3) and (3.5) are regularized primal problems of (1.1). Similarly,
we say that (3.6) and (3.7) are regularized Fenchel dual problems of (1.1).

3.1 Characterizations of proper separation

The facial reduction algorithm we will introduce shortly hinges on finding proper separating hy-
perplanes for two convex sets S; and Se when their relative interiors do not intersect. Before we
proceed, we take a brief look at this. We start with the following lemma.

Lemma 3.2. Let S1,S S £ be nonempty convex sets. Suppose that the hyperplane H = {z |
(s, z) = 0} separates S1 and So. Then forie {1,2},

S;i € H< (s, ey=0,VseriS; < Jeeri(S;) such that (s, ey =10

2Here we note that even if f and g are assumed to be closed, their domains may not be closed.




Proof. All the “=” implications are straightforward, so we only show the “<” implications.
Suppose that i € {1,2}, and e € ri (S;) is such that

(s,¢)=10 (3.8)

and let x € S; be arbitrary. Then, there exists some a > 1 such that ae + (1 — a)z € S;, e.g., see
[35, Theorem 6.4]. Since H separates S7 and Ss, without loss of generality, we assume that

(s, xy <0, YVxelb;. (3.9)
Now, using (3.8), (3.9) and ae + (1 — a)x € S; from the convexity of S;, we have
0= s, ae+(1—a)r)y=als, e+ (1 —a)s, z)=ab+ (1 —a)s, ),

which together with o > 1 implies that (s, ) > 6. This further together with (3.9) implies that
x € H and completes the proof. O

Using this lemma, we characterize proper separation as follows.

Theorem 3.3 (Proper separation equivalence). Let S1,S2 € & be nonempty convex sets and let
e1 €1i(S1) and eg € 1i(Sa).

(i) S1 and Sz can be properly separated if and only if there exists s € (So—S1)* with (s, ea—e1) >
0.

(i) Let s € (S2 —S1)* and 8 € R. Then, H == {z | (s, z) = 0} separates Sy and Sy if and only if

0 satisfies inf (s, yy = 0 = sup{(s, y).
y€S2 y651

[1%4

Proof. (i) First, we prove “if” part. Suppose that there exists s € (So — S1)* with (s, ea —e1) > 0.
We then have
(s,y—xy=0, Vee S, yeSy,

which further implies that

inf (s, y) = sup(s, ).
yeSa €S

This implies that there exists a hyperplane, say, H = {z | (s, z) = 0}, which separates S; and
Sy. If S; € H, we then see from ey € ri(S7) that (s, e;) = 6. This together with (s, es —e;) >0
implies that (s, eo) > 6. Using Lemma 3.2, we have So & H. Consequently, S; and Sy are not
both contained in H, which proves that H separates S; and Sy properly. This completes the proof
of “if” part.

Now we prove “only if” part. Suppose that there exists a hyperplane H = {z | (s, z) = 0}
which separates S; and S; properly. We then have that at least one of S; and S5 is not contained
in H, and without loss of generality (otherwise, we replace s and 6 by —s and —6, respectively),

(s, z)y <O <{s,y), YxeS, yeSs. (3.10)
We see from (3.10) that
(s,y—xy=0, VexeS,yeSsy,

10



which implies s € (S — S1)*. Specifically, it holds that (s, es — e1) = 0. Now it remains to show
that (s, ea — e1) > 0. Suppose that (s, e; — e1) = 0. This together with (3.10) further gives

(s, e2) = (s, e1) <0 < (s, e2),

which implies that (s, e;) = (s, e2) = 0. This together with Lemma 3.2 implies that S; € H and
Sy € H, which causes a contradiction. Consequently, we have (s, ea —e1) > 0.

(i) We first show “if” part. Suppose that H separates S; and Sy, then by definition we know
that S; and Sy are contained in distinct closed half-spaces associated with H. Since s € (52 — S1)*,
for any y; € S and yo € S, we have (s, y2 — y1) = 0, which implies (s, y2> = (s, y2». Then, we
know from the separation that S; and Sz are contained in the half-spaces H_ = {z | (s, z) < 6}
and H; = {z | (s, z) = 0}, respectively. This observation immediately leads to the desired result.

We then prove “only if” part. Suppose that insf (s, yy =60 = sup(s, y). Then we know S; and
YES2 y€S

Sy are contained in the half-spaces H_ = {z | (s, 2) < 0} and H = {z | (s, z) = 0}, respectively,
which by definition implies that S; and S; are separated by H. O

3.2 A facial reduction algorithm

‘We now move on to the development of our facial reduction algorithm for convex sets. Our algorithm
is summarized as follows, where we regard as one facial reduction step the computation of Hy as
in Step 1.

( )
Algorithm 1 Facial reduction algorithm
Step 0. Set k < 0, F,i «— (4 and FE — (.

Step 1. Ifri(F})nri(F2) = & holds, choose s;, € (FZ—F})*, 0) € IR such that the hyperplane
Hy, = {z | (sk, 2) = Ok} separates F}} and F? properly (Theorem 3.3); otherwise, stop
and return F} and F7?.

Step 2. If inf ¢ p2(sk, y) > supyep (sk, ¥ holds, stop and declare that (3.1) is infeasible.
Step 3. Set Fl,, « F} n Hy, F2,, « F2? A Hj,

Step 4. If !, | = & or F},, = & holds, stop and declare that (3.1) is infeasible. Otherwise,
set k < k + 1 and go to Step 1.

J

Lemma 3.4 (Properties of Algorithm 1). The following items hold.

(i) If k is such that F}} n F¢ # &, then we have

Ok = sup(sk, y) = sup (g, yp = inf  (sp, y) = inf (s, y).
yeF} yeFEAF? YER NFY; YyeF?

It follows that sy, € domoFkl, Sk € —domoFlf, Sk € domapékaz and F}' n FE € Hy,.
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(i) For all k, (s;,0;)%_, are linearly independent.

Proof. Ttems (i) follows from Lemma 2.7 and F}} n F? # &.

(i1) We show the linear independence of (s;,0;)*_, by induction on k. Assume that (s;, Hi)f;(}
are linearly independent, we shall show that (s;, Hi)fzo are also linearly independent. Suppose that
(s4,0;)%_, are linearly dependent, then there exist scalars ag, o, ..., ax_1, not all zero, such that

k=1 k=1
sp= ), aisi, O = Y aib;.
i=0 i=0

Therefore, we have Hy, = {z | <Zi:01 Sy Z) = Zi:ol a;0;}. We conclude that
Ft=CinHoynHin...0H, 1 =FnHy, FF=ConHynHyn...nHy=F;nHy,

which follows that both F}! and F? are in Hy, violating the assumption that Hy separates F}' and
F? properly. Therefore, (s;, 0;)%_, must be linearly independent. O

Given a convex set C| let £ be the length of the longest strictly ascending chain of nonempty

faces in C. Denote
£ :=min{le, + Lo, —2,dim(E) + 1}}. (3.11)

Then, Algorithm 1 terminates after at most ¢ facial reduction steps, as shown in the next theorem.

Theorem 3.5 (Finite termination). Algorithm 1 terminates after at most £ facial reduction steps.
Furthermore, the following holds.

(i) Cy n Cy = & holds if and only if Algorithm 1 stops at either Step 2 or Step 4

(ii) Let ? be the number of facial reduction steps. If Cy n Cy # J, then the faces le and Fﬁg
satisfy (3.2). ‘

Proof. The basic idea for checking the finite termination of Algorithm 1 is that whenever Step 4
is reached and none of the stopping criteria are satisfied, then either F’ kl 41 18 a proper face of F, ,i or
F?, | is a proper faces of F? or both.

In more details, let us examine one facial reduction step of Algorithm 1. At Step 1, if ri (F}!) n
ri (F?) = (&, then by (2.8) there exists a hyperplane Hj that separates F}' and F{ properly.

Moreover, if F}} n F? # 5, we have

inf2<5k7 y> = Sup <5k7 y>7
yery yeF}
by Lemma 3.4(i)
Therefore, if inf ¢ p2(sk, y) > sup,ep1{sk, ¥) holds in Step 2, then we have FlnFl=g@.
If we proceed to Step 3 without stopping, we have inf ¢ p2(sk, ¥) = Sup,cp1(sk, x).
Next, we observe that F! n F? < Hj by looking at two cases. If Fi' n F2 = J, then we
naturally have F! n FZ € Hy. If F! n F? # &, then by Lemma 3.4, we have F} n F? < H.
If either Fil,, = & or F,, = & holds at Step 4, it is because Fj} n FZ = . Otherwise, Hy,
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defines a supporting hyperplane to both Fk1 and sz that exposes the nonempty faces Fk1 41 and

F{

1> respectively. By induction, we have

Fli=F'nH,QF'<...<C, FL, =FnH,<F}<...<dCs.

and
BB =FnFnHy=F nF;=-=CinCs. (3.12)

Since F}! and F? are not simultaneously contained in Hy, we have
dim(F},,) = dim(EF} n Hy) < dim(Fy) or dim(FZ,,) = dim(F7 n Hy) < dim(Fy),  (3.13)

which corresponds to
Fl, 3 F or F},, $F; (3.14)

Given that Cq and Cs are contained in the finite dimensional space &£, we conclude from (3.13),
(3.14) and Step 1 that Algorithm 1 will terminate after finitely many facial reduction steps. Denote
by 7 the number of facial reduction steps.

By Lemma 3.4(ii), (s;, Hi)f;é are linearly independent in £ x IR, so I < dim(E) + 1. Meanwhile,
(3.14) and the properness of the separation Step 1, have r< ley + e, —2. Then, Algorithm 1 will
terminate after at most ¢ (cf. (3.11)) facial reduction steps.

To summarize, if we stop at Step 1 with & = £, then Fl, F? satisfy (3.2) by (3.12); if we stop
at either Step 2 or Step 4 it is because (3.1) is infeasible.

Conversely, we have

e If (3.1) is infeasible, then 1i(F}) nri(F?) = & will always hold at Step 1. By finite
termination, we will eventually stop at either Step 2 or Step 4.

e If (3.1) is feasible, (3.12) tells us that whenever smaller faces are identified, we have F}!,; n
Fk2+1 = C1 n Cy # J, so the algorithm never stops at Step 2 or Step 4. Again, by finite
termination, eventually we will stop at Step 1 and F}}, F? satisfy (3.2) by (3.12).

O

In Algorithm 1, at each k, there may be several choices of Hj, that properly separate F} and
F?2. This motivates the following definition.

Definition 3.6. Let C1,Cs < &£ be convex sets. We call the minimal number of facial reduction
steps for Algorithm 1 to stop the joint singularity degree of C; and Csq, denoted by SD(C1,Cs).

When the context is clear we will omit Cy and Cs and simply write SD. Then, Lemma 5.1(37)
tells us that SD < £ holds. When C; n Cy # &, since Algorithm 1 must stop at Step 1, the joint
singularity degree C; and Cs corresponds to the minimal number of reducing steps to reach the
minimal faces as in (3.2).
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4 Nice convex sets and vertical niceness

In this section, we generalize the notion of niceness from closed convex cones to general convex sets
and proper convex functions. The motivation for doing so comes from the Fenchel dual (3.7) of the
regularized problem (3.5) and (3.4): we wish to simplify the expressions for the conjugate functions

(f\Fl )* and (9|F2 )

min min

Before we proceed, we need a discussion on lifting a closed convex set to a convex cone.

4.1 Interlude on conic liftings of convex sets

In this subsection, we discuss some properties of faces and the conic lifting cone(C' x {—1}) of a
convex set C' = £. We note that all results in this subsection are still valid if cone(C x {—1}) is
replaced with cone(C x 1), cone(—1 x C) or cone(l x '), with the caveat that some formulae may
need to be adjusted slightly.

When C is compact the situation is relatively straightforward as cone(C' x {—1}) = cone(C' x
{—1}) and it is well-known that there exists a bijective correspondence between the faces of C' and
the faces of the cone cone(C x {—1}), e.g., see [37, Section 3]. Without compacts there could be
certain subtleties, which we examine in this interlude.

The following lemma shows that the recession cone of a face of a convex set C' is itself a face
of the recession cone of C, and describes the relationship between their corresponding exposing
vectors, when such vectors exist.

Lemma 4.1 (Recession cones of faces). Let C € & be a closed conver set and F < C. Then,
rec(F) drec(C) holds. Furthermore, if F is exposed by H = {z | {z, s) = 0} with s € domo¢, then
rec(F) is exposed by Hy = {z | {(z, s) = 0}.

Proof. By [35, Theorem 8.3], we have rec(F) < rec(C). For arbitrary dy,ds € rec(C), we have, for

any x € C and ¢t > 0, that « + td; € C and z + tdy € C. Suppose that for some A € (0, 1), it holds
that Ad; + (1 — A)ds € rec(F). Then, by definition, for any € F and ¢ = 0, we have

x+t(Ady + (1= N)da) =z + AXtdy + (1 — N)tda € F.

That is,
Mz +tdy) + (1 — N)(x + tdy) € F.

Since F' < C, and given that x+td; € C' and x+tds € C, we conclude that x+td; € F and x+tds € F
for any ¢t > 0. This demonstrates that dy,ds € rec(F), thus proving that rec(F') < rec(C).
If F is exposed by H = {z | (z, s) = 0} with s € dom o¢, we have

(s, )y <O YxeC\F; (s, zy=0 VaxeF (4.1)

For any d € rec(F'), we know from the definition of recession cone that = + td € F' for any z € F
and ¢ > 0. Then, by (4.1), we have (s, z + td) = 6, which implies (s, d) = 0 since {s, z) = 0.
Similar, for any d € rec(C)\rec(F), we have z + td € C\F for some x € F and some t > 0. Then
(s, x + tdy < 0, implying (s, dy < 0. Summarizing, we have

(s,dy <0 Vderec(C)\rec(F); (s,dy =0 Vzerec(F).
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This shows that rec(F') is exposed by Hy = {z | {z, s) = 0}. O

Next we prove some properties of conic liftings of closed convex sets, which we will repeatedly
use in the sequel.

Proposition 4.2 (Properties of conic liftings). Let C' < & be a nonempty convex set. It holds that

cone(C x {—1})° = epioc, (4.2)

cone(C x {—1})* = graoagao).-
Furthermore, if C' is closed, we have

(i) A face F QC is exposed by H = {x | {(x, s) = 0} with s € domoc and 0 = oc(s) if and only
if cone(F x {—1}) < cone(C x {—1}) is exposed by {(s,0)}+ with —(s,0) € cone(C x {—1})*.

(1) F < C if and only if cone(F x {—1}) < cone(C x {—1}).

Proof. We first show (4.2). Let (z,A) € cone(C x {—1})°. For any x € C and p > 0, we have
(ux, —p) € cone(C x {—1}) and therefore

0= (2, A), (pz, —p)) = i, 2) — Ap.

This together with p > 0 implies that (z, z) < A for any 2 € C. Then o¢(z) < A and hence (z, A) €
epioc. Since (z, A) is arbitrary, this shows that cone(C x {—1})° = cone(C x {—1})° S epioc.

Conversely, let (z, \) € epioe. Then, it holds that {(x, z) < X for any z € C. For any (y, —u) €
cone(C x {—1}) with u > 0, there exists « € C such that (y, —u) = p(x, —1). Then,

2, A)s (Y —p)) =<z, ) — A= pz, &) — Ap < Ap— Ap = 0.

That is, (2, A) € cone(C x {—1})°. Since (z, A) is arbitrary, we conclude that epice S cone(C' x
{—1})° = cone(C x {—1})°. Therefore, we obtain (4.2).

We next show (4.3). Let (2, \) € cone(C x {—1})+. For any z € C and pu > 0, we have
(ux, —p) € cone(C x {—1}). Then,

0= <(Za /\)’ (:U“Ta 7:“)> = ,LL<I, Z> — Ap.

This together with p > 0 implies that {x, z) = X for any € C. Now, for any a € aff(C), there
exist k € N, {a;}¥_, and {z;}¥_; < C such that Zle a;=1and a = Zle a;z;. Thus,

i=1 =

k k
{a, z) = Z(aizi, zy = Z A = A
i=1 i=1
This together with the arbitrariness of a implies that (2, ) € grao.g(c) and cone(C x {-1})* =
cone(C x {—1})* < grao,g(c).-
Conversely, let (z,)) € gracug(c), so that o,5(c)(2) = X holds. Let x € C. Since x € aff(C),
Lemma 2.6 implies that

Cfaff(C)(Z) =@, z) = \.
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Therefore, for any g > 0, we have

0=z, 2y — A = {(2,A), (pz,—p)).

Since (uwx, —p) € cone(C x {—1}) and = and p are arbitrary, we obtain (2, \) € cone(C' x {—1})*.
Hence, grao,g(c) < cone(C' x {—1})* = cone(C x {—1})*.

Next we assume that C' is closed and show the remaining statements.

(i) This proof is inspired by [37, Proposition 3.2].

( =) We first note that

cone(C x {—1}) = cone(C x {—1}) U (rec(C) x {0})

holds by [35, Theorem 8.2]. Then, the basic idea is to show that cone(F x {—1}) is a face of
cone(C' x {—1}) exposed by {(s,0)}*, and (rec(F) x {0}) is a face of rec(C) x {0} also exposed by
{(5,0)}+, then

cone(F x {—1}) = cone(F x {—1}) u (rec(F') x {0})

= (cone(C x {-1}) n {(s,@)}l) U ((rec(C) x {0}) n {(3,9)}J‘)
= (cone(C x {—1}) U (rec(C) x {0})) N {(s,0)}* = cone(C x {—1}) n {(s,0)}*,

which shows that cone(F x {—1}) is exposed by {(s,0)}*. From Lemma 4.1 we know rec(F) is
exposed by {s}*, which implies that rec(F) x {0} is exposed by {(s,8)}+.
Suppose that F' < C'is exposed by H = {z | {x, s) = 0} with s € domo¢ and § = o¢(s). Then,

(s, zy < YxeCC\F; (s, zy=0 VaxeF
For any (ax,—«) € cone(F x {—1}) with € F and o > 0, we have
{ax, sy — ab = a({z, sy —0) = 0.
Similarly, for (ax, —a) € cone(C x {—1})\cone(F x {—1}) with a > 0, it holds that € C\F, then
{ax, sy —ab = a({z, sy —0) < 0.

Therefore, {(s,0)}* exposes cone(F x {—1}) < cone(C x {—1}). The fact that —(s,6) € cone(C x
{—=1})* comes from (4.2).
( <= ) Suppose that {(s,8)}* exposes cone(F x {—1}). One has

(s,Ty—ah <0 Y (T,—a)eccone(C x {—1})\cone(F x {—1});
(s,Ty—af =0 VY(T,—«)eccone(F x {—1}).

Then fix o = 1, we know from F x {—1} =cone(F x {—1}) n (€ x {—1}) that (z,—1) € F x {—1}.
We thus have

(s,zy—0 <0 ¥Y(x,-1)e C\F x {—1}; (s,2y—0 =0 Y (x,-1)e F x {—1}.

16



This immediately shows that F' < C' is exposed by H with s € domo¢ and 6 = o¢(s). Then F < C
is also exposed by H.

(ii) ( = ) Suppose that F < C and let 21,29 € cone(C x {—1}) be such that z; + 29 €
cone(F x {—1}). We need to show that z; and zo are both in cone(F x {—1}).

By [35, Theorem 8.2], we have cone(C' x {—1}) = cone(C x {—1}) u (rec(C) x {0}). Therefore,
without loss of generality, there are three possibilities for z7, zs:

(I) both z; and z5 are in cone(C x {—1})\(rec(C) x {0});
(IT) both z; and 29 are in rec(C) x {0};
(III) z; € come(C' x {—1})\(rec(C) x {0}) and 22 € rec(C) x {0}.

(I) We have 2z = (ax1, —a), 29 = (Bxa,—f8) for some a@ > 0,8 > 0, x1,22 € C. From the
assumption that z; + 2o € cone(F x {—1}), we know that there exist v > 0 and y € F such that

21+ 22 = (@1 + Bra, —a — B) = (vy, —).
Since —y = —a — < 0, it holds that (yy, —v) € cone(F x {—1})\(rec(F) x {0}). Then we have,

g$1+§$2=yEF.
8l Y

As «, B, v are all positive, left-hand size of the above display is indeed a convex combination of
x1 and zo. Recalling that FF < C, then we have z1,z2 € F. Thus, we conclude that z1,z, €
come(F x {~1})\(rec(F) x {0}).

(IT) In this case, since z1 + 29 € cone(F x {—1}) = cone(F x {—1}) u (rec(F) x {0}), we have
21 + 22 € rec(F') x {0}, since the last coordinates of z;, z5 are both zero. Because rec(F') < rec(C')
by Lemma 4.1, then one can readily see that z;, 2o € cone(F x {—1}).

(IIT) We have z; = (ax1, —a), 22 = (Bx2,0) for some o > 0, 8 = 0, 1 € C, a2 € rec(C). This
leads to 21 + 29 = (ax1 + Bxa, —a) € cone(F x {—1}). Notice that since « > 0, then 2y + 25 cannot
be in rec(F') x {0}.

If B =0, ie., z0 =0, then z; + 2o € tone(F x {—1})\(rec(F) x {0}) immediately implies that
21,29 € cone(F x {—1}). Suppose that § > 0. Then, z1 + 2o = (a(z; + ggcg),—a) € cone(F x
{=1})\(rec(F) x {0}) implies that x; + gxg € F. Next, let n € (0,1) be arbitrary, we then have

T + é.ﬁg =(1—n)xy +n(x + E952) eF.
o no
Since 17% > 0 and x5 € rec(C), it holds that x; + n%l‘g € C. This and the facts that F© < C and
x1 € C imply 1 € F and z1 + n%xg € F. Tt then follows from the arbitrariness of n € (0,1) that
x9 € rec(F'). Therefore, z; € cone(F x {—1})\(rec(F) x {0}), z2 € rec(F') x {0} < cone(F x {—1}).

Combining the cases (I), (II), (III) above we conclude that cone(F x {—1}) < cone(C x {—1}).

( <) We first note that C x {—1} = cone(C x {—1}) n (£ x {—1}) and that F' x {—1} <
C x {—1} if and only if F < C'. From [40, Theorem 7.13(1)], if cone(F x {—1}) < cone(C x —1) for
Fx{—1} € &x{—1}, then F x {—1} = cone(F x {—1}) n (€ x {—1}) is a face of C x {—1} because
E x {—1} is the only face of £ x {—1}. Therefore, F' < C.

O
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4.2 Nice convex sets

We recall that a face F' of a convex cone K < £ is said to be nice if F* = K* 4 F*. If all faces of
KC are nice then IC itself is said to be nice. The extension of the notion of niceness that we propose
is based on the following observation. For any F' < K, we have F' = K n aff (F') and then

0F = Oxrati(F) = (0k + Oai(r))™ = cl(ox D0asi(r)),

where the last equality follows from [35, Theorem 16.4]. It follows that domop = F° = cl(domox +
dom o, (py) = cl(K° + F1), ie.,, F* = cl(K* + F*). In general, we cannot drop the closure, so the
assumption that F' is nice amounts to requiring the closedness of K* 4+ F*.

Now, if C' is a nonempty closed convex set and F' < C' is a face, we also have F' = C n aff F’
which leads to op = cl(ocO0am(r)) by [35, Theorem 16.4]. This suggests the following general
definition of nice faces using the infimal convolution.

Definition 4.3 (Niceness of convex sets). A face F of a convex set C < & is said to be nice if
oF = 0cH0ag(F) holds. A convex set C < £ is nice if all of its faces are nice.

That is, in order for a face FF < C to be nice two conditions must be met. First, the infi-
mal convolution o¢ O0,.g(F) must be a closed function. Second, the infimum in the definition of
(0cOoag(r))(s) must be attained for every s € domop.

Next we examine some basic properties of nice convex sets.

Proposition 4.4. The following items hold.
(i) Let C be a nice conver set and let F < C be a face, then F is a nice convex set.
(i) Let C1,Co S & be two nice convex sets with C1 n Cy # O, then Cy n Cy is nice.
Proof. (i) Let F be a face of F. We need to show that op =0r[0,4p We have

(a) (b) ()
or00,5p = (0000 F) 00,55 = 0cO(0at FO0,5p) = 0cO0,4 5

where (a) follows from the niceness of C; (b) follows from the associativity of the infimal convolution
and (c) follows from aff F' < aff F, s0 0,4 5 = 0,4 p+0at r Which leads to Cog i = c(oag FO0,55) =
Oaff F0, 4 p, Where the infimal convolution is exact because aff F' and aff I’ are relatively open sets
that intersect.

We conclude that o o, 4 5 = oc 00,4 - But Fis also a face of the nice set C, so oc o4 5 =
oclo,4 p is a closed function. Therefore, op (10,4 5 is closed as well and we have

Op=0p00,4p =0CE0,4p- (4.4)
It remains to verify that the infimal convolution oro 4 5 is exact so let s € domoy and
consider
(crOo,47)(s) = iglfcrp(sl) + 0,4 p(s —51). (4.5)
1

18



From (4.4) there exists s* € £ such that
(crO0,45)(s) =0c(s*) +o,q5p5(s —s%) = 0p(s*) + 0,5 p(s — s¥),

where the inequality holds because F' € C so op < o¢. This shows that the infimum in (4.5) is
attained at s*.

(#3) Without loss of generality, we can assume that ri (C1) nri(Cs) # &, otherwise by applying
Proposition 2.3 with the trivial face C; n Cs, we can always find F; < Cy and Fy < Cs such that
FynFy=CynCqand 1i(Fy) nri(Fy) # . Furthermore, by the previous item, the faces F; and
F5 are nice convex sets as well.

Let C = C; n Cy. By Proposition 2.3, for any F' < C, there exist F; < C7 and Fy < C5 such
that F = Fy n Fy and ri (F) =11 (F1) n1i(Fy) # . Now, we have

(&) () (0) (d)
OF = OfpnF, = O H0R, = 0¢,B0as(F) 00, O0af(F,) = 0c, 00C, O0aft(Fy) L 0aff (1)

© @ ®
=0C1nCo L Oaff(F))maff(Fy) = OCLHOaff(FnF,) = 0CETaf(F),
where (a) and (b) come from F = Fy n F; and i (F1) nri (Fy) # &J; (c) is true thanks to the niceness
of Cy and Cy; (d) holds because of the commutativity and the associativity of infimal convolution;
(e) is true since ri (C1) nri (Cy) # & and ri (aff (F1)) nri (aff (Fy)) = aff (Fy) naff (Fy) # &; (f) comes
from C = Cy n Cy and aff(Fy) n aff(Fy) = aff(F} n F3) by Lemma 2.1; (g) holds by F' = Fy n F.
Consequently, we have o = ocoag(r) for any FF < C. Then C' = C1 n Cy is nice. O

The next theorem states the connections between the niceness of a closed convex set and its
conic lifting.

Theorem 4.5 (Niceness of conic lifting). For any closed convex set C < &, the following hold:
(i) If cone(C x {—1}) is nice, then C' is nice.
(i) If C is compact, then C is nice if and only if cone(C x {—1}) is nice.

Proof. (i) Thanks to Proposition 4.4, the observation C' x {—1} = tone(C x {—1}) n (£ x {—1})
and the fact that any affine subspace is nice, we deduce that C' x {—1} is nice. The niceness of C
follows from this and that C' x {—1} is nice if and only if C is nice.

(#4) Using (i), C is nice if cone(C x {—1}) is nice, so we only need to show the converse. We first
recall that cone(C' x {—1}) = cone(C'x{—1})u(rec(C) x{0}) from [35, Theorem 8.2]. If C'is compact,
then rec(C) = {0} and hence cone(C x {—1}) = cone(C x {—1}). Then by Proposition 4.2(ii), except
for the trivial face {0}, all faces of cone(C x {—1}) admit the form cone(F x {—1}) with some F' < C.

If C is nice, then for any F' < C, we have

cone(F x {—1})° © epiop © epioc + epioag(r) N cone(C x {—1})° 4 cone(F x {—1})*,
where (a) comes from (4.2); (b) holds due to the exactness of the infimal convolution from the
niceness of C; (c¢) is true thanks to (4.2) and (4.3). This shows that cone(F x {—1}) is a nice face
of cone(C' x {—1}). Since {0} is always nice, then cone(C' x {—1}) is nice since all of its faces are
nice.

Consequently, we know that C' is nice if and only if cone(C x {—1}) is nice. O
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Pataki proved that nice closed convex cones are facially exposed [29]. Combining Theorem 4.5
with Proposition 4.2, we conclude that a nice compact convex set must be facially exposed. Since
we do not know if the compactness assumption in item (ii) can be relaxed, the discussion so far
does not allow us to conclude that nice closed convex sets are facially exposed. However, later in
Corollary 6.6, as a consequence of a more general discussion on extended duality, we will indeed
show that nice closed convex sets are facially exposed.

4.3 Vertically nice functions

For convex functions, we also consider a notion of niceness, which as expected, is defined in terms of
its epigraph. However, requiring the niceness of the whole epigraph is unnecessary for our purposes.

Definition 4.6 (Vertical faces and niceness). Let f: & — IR U {+00} be a proper convex function
and let F <epif. F is said to be a vertical face if (z,u) € F implies that (z, 1) € F for all i = p.
We say that f is vertically nice if every vertical face of epi f is nice.

When applying the facial reduction algorithm to regularize (1.1), we obtain the minimal face
of dom f containing the feasible region dom f n domg. Denoting this minimal face by F, it is
natural to consider the restriction fjr and its epigraph epi fir, see (3.7). As we will show shortly in
Lemma 4.7, epi f is a vertical face of epi f. In this sense, assuming vertical niceness of f amounts
to requiring that all possible faces of interest (i.e., vertical faces) of epi f possess good properties,

especially the ability to simplify (fjz)* as we will see in Theorem 4.8.

Lemma 4.7 (Vertical faces and faces of domain). Let f : £ — IR u {+w} be a proper convex
function. The following statements hold.

(i) Suppose F' < dom f is a nonempty convex set. Then, epi fip is a vertical face of epi f if and
only if F < dom f.

(i) If F < epif is a vertical face, then F = {z|3p s.t. (z,p) € IA?} s a face of dom f satisfying
F =epi fip.

Proof. (i) Suppose that epi fir is a vertical face of epi f and let z1, 22 € dom f, o € (0,1) be such
that 2 := ar; + (1 — a)zz € F. Then, we have (2, f(2)) € epi fjp. Since f is convex we have

f(z) <af(@) + (1 —a)f(z2).

By the definition of epi f|p this leads to (z, af(x1) + (1 — ) f(x2)) € epi fip. That is, a(x1, f(z1)) +
(1 — a)(z2, f(22)) € epi fip, which implies, in particular, that x;,22 € F, since epi f| is a face.
Then, F < dom f.

Conversely, suppose that FF < dom f. Let (z1,p1), (we,p2) € epif, a € (0,1) be such that
a(z1, ) + (1 —a)(xz, pe) € epi fip. In particular, this implies z1, 22 € dom f, axy + (1 — )z € F.
Therefore, 21,22 € F and (1, p11), (22, o) belong to epi fip, by definition. This shows that epi f|p
is a face of epi f, which must be vertical by definition.

(i7) First we check that F' = epi fir holds. Let (z,u) € F, then z € F and f(z) < p holds, so
(z, 1) € epi fip.
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Conversely, suppose that (z,u) € epi fip, i.e., f(z) < p and 2 € F. Then, there exists y; such
that (z,p1) € F and f(z) < p1. If g > py holds, then (z,p) € F because F' is assumed to be
vertical. So suppose that g < pp holds. Let ps = p; + 1 so that (x,u2) € epi f and we have

o< pp < u2.

Letting o := £L=£

T We have

p1 = p+ ope — ),

which implies that (x, 1) = (1 — «)(x, 1) + az, p2). Because (z,u) and (z, uz) both belong to
epif, a € (0,1) and F is a face of epi f containing (x, 1), we conclude that (z, 1) belongs to F.
Having checked that F' = epi f|r holds, this item then follows from item (i). O

Theorem 4.8 (Characterization of niceness of a vertical face). Let f : € — IR U {+w0} be a
proper convex function and F' < dom f. Then F := epi fip is nice if and only if F' is nice and
(fiF)* = [*00anr)-

Proof. We start by setting up some formulae. Since aff(ﬁ’) = aff(F') xIR, then for any (x, 1) € ExIR,

+00 if p #0,
OBy (@, 1) = { (4.6)

Oaff (F) (2,0) = gagr(ry(x) if p=0.

Moreover, by [11, X Proposition 1.2.1], for any (s,7) € £ x IR, we have

ITI(fir)* (FSI) if 7 <0,
05(s,7) =3 04(5,0) = op(s) if =0, (4.7)
+o0 if 7> 0.

For any s € &, it holds that

(Uepif Daaff(ﬁ))(‘S) O) = (111,15) {Uepif(s — T, 0— ,u) + Uaff(ﬁ‘) (.13, M)}

()

@ irIlf {aepif(s —2,0) + Tag(r) (x)} = irwlf {Udomf(s —x)+ O'aﬁ(F)((E)} (4.8)

= (Udomf Daaff(F)) (8)7

where (a) holds by (4.6); (b) comes from (4.7) with F replaced with dom f and 7 = 0. This shows
that gepi O0.a(F) is exact at (s,0) if and only if ogom f 10ag(F) is exact at s.3
Meanwhile, for any s € £,

(Tepi f D0, q(7y) (s, —1) = (izr)l/f) {aepif(s =@, =1 = p) + 0,405 (x,,u)}

()

@) igf {Uepif(S —x,—1) + Oage(r) (aj)} = igf {f*(s — ) + Tai(F) (a;)} (4.9)

=(f*O0a(r))(s),

3This is not only because the infima in (4.8) all coincide; it is also because oep; f(s — @, —p) + aaﬂ(ﬁ>(a¢,p) =

Tdom £ (8 — ) + oag(F) () holds for all  and p. A similar comment applies to (4.9).
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where (a) holds by (4.6); (b) comes from (4.7) with F replaced with dom f and 7 = —1. Similarly,
this shows that gep; s O () is exact at (s, —1) if and only if f* Joag(r) is exact at s.
(=) We first check that F is a nice face of dom f. For any s € £, we have,

®)

(b) (©)
or(s) = 0(5,0) = (Gepi f BT, 4(5)(5,0) = (

Odom f DUaff(F)) (s),
where (a) holds by (4.7); (b) is true thanks to the niceness of F, i.e., Op = Ocpi L0,y (¢) comes
from (4.8). Since gepi ¢ B0 (F) is exact at (s,0), we conclude that oqom f O 0a(r) is exact at s. As
s is arbitrary, this shows that F' is nice.

Similarly, for any s € &,

—
B
N

(F12)5(8) D 055, ~1) 2 (@epi Do) (5. 1) L (F* D0asr()(9),

where (a) comes from (4.7) with 7 = —1; (b) is true thanks to the niceness of F; (c) holds by
(4.9). Since gepi f B0 (F) is exact at (s,—1), we conclude that f*Oo.g ) is exact at s. Hence,
(fip)* = f* D 0oagr), since s is arbitrary.

(<) Let (s,7) € £ x R and we will consider three cases. For 7 = 0, we have

(a) (b) (c
05(5,0) = 0r(s) = (Fdom s D0ati(#))(5) = (Tepi f 00 ,5(5)(5,0),

~

where (a) holds by (4.7); (b) comes from the niceness of F; (c) is true because of (4.8). Since
Tdom f [0 (F) 18 exact at s, we conclude that oep; 00 (F) is also exact at (s,0).

For 7 < 0, since support functions are positively homogeneous so that oz(u,7) = |T|aﬁ(ﬁ, -1)
holds for every u € &, it is enough to consider the case 7 = —1. It holds that

o(5, 1) Z(ir)* (5) € (1* Dounr) (5) = inf {1* (5 = 2) + gasrer) (2)}
= il;lf {Oepif(s — @, —1) + o) ()}
@ inf) {Uepif(s —, =L — ) + 0. (x,,u)} = (aepifmoaﬂ(ﬁ))(s, -1),

where (a) holds by (4.7); (b) comes from the assumption that (fip)* = f*@o.gr); (c) is true
thanks to (4.7) with F replaced with dom f; (d) holds because of (4.6). Since f* o) is exact
at s, we conclude that oepi f (10,4 ) is exact at (s, —1) as well.

Finally, for 7 > 0 it can be readily shown that (oepif [\Uaff(ﬁ))(S,T) = 400. Indeed, we have
(Oepi f OO (7)) (5, 7) = infy {Oepif(s —2,7) + oai(p) () } = +00 because oepif(s — ,7) = 400 for
T>0.

Overall, we conclude that oz = oepi 5 0,4 (p)> ie., F is a nice face of epi f. O

Combining Theorem 4.8 with Lemma 4.7, we have the following corollary.

Corollary 4.9 (Characterization of vertical niceness of functions). Let f : € — IR u {+0} be a
proper convex function. Then f is vertically nice if and only if dom f is nice and for any F < dom f,

(fir)* = f*Eoanr)-
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The next proposition states that the sum of two convex vertically nice functions is also vertically
nice if their domains have relative interior intersection.

Proposition 4.10 (Sum of vertically nice functions). Let fi, fo : € = IR U {4+00} be two vertically
nice functions. If ri(dom f1) nri(dom fo) # &, then f = fi1 + fo is also vertically nice.

Proof. Since ri(dom f1) nri(dom f3) # &, we have that f is a proper convex function. By Corol-
lary 4.9, to show that f is also vertically nice, it suffices to show that dom f = dom f; n dom f5 is
nice and that for any F' < dom f, (fir)* = f* 0 0.sF)-

Since both f; and fs are vertically nice, Corollary 4.9 implies that both dom f; and dom f5 are
nice, then dom f = dom f; ndom f5 is also nice by Proposition 4.4. Moreover, for any F; < dom f;
and Fy < dom fy, we have

(fim)* = i Boagry  and  (foym)* = f5 D0ag(r,)- (4.10)

Let F < dom f = dom f; ndom f5. By Proposition 2.3, there exist F; < dom f; and F5 < dom f5
such that F' = Fy n Fy and ri (F1) nri(Fy) # &. Therefore,

(a) (b)
ir)* = (fimar)" = (fur + f2m)" = (fur) B (f2r)* = 1 Do) D fs D0amrm,)
(c) d)
= O fF D0ai(r) D0am(ry) = (f1 + f2)* D0ait(ry) D Oai(F) € f*B0ar),

where (a) follows from [35, Theorem 16.4] and the condition ri (F}) nri(F2) # &; (b) comes from
(4.10); (c) is true because f{¥@ fF = (f1+ f2)* by [35, Theorem 16.4] and ri (dom f1) nri(dom f2) #
&; (d) holds due to the observation that o.g(p)E0ag(m) = Tafi(Fy)raft(Fy) = Taff(Fy~F,) = Tafi(F)
since ri (Fy) nri(Fy) # . This shows that f = f; + fa is vertically nice. O

Making use of the results so far, we can construct several examples of vertically nice functions.

Corollary 4.11 (Examples of vertically nice functions). Let f : &€ - IR u {+} be a proper convex
function and C be a convex set. It holds that

(i) If dom f is an affine subspace, then f is vertically nice.
(i1) If C is nice, then d¢ is vertically nice.
(iwi) If f is vertically nice, C is nice and ri(dom f) nri(C) # &, then f + d¢ is vertically nice.

Proof. (i) If dom f is affine, its only face is F = dom f. As f = f + 0 we have f* = f*@op
either by direct verification or by observing that (ridom f) nri F # ¢ holds and invoking [35,
Theorems 12.2 and 16.4].

(7i) We have epidc = C x Ry. By Lemma 4.7, any vertical face F of epidc takes the form
F = epidp = F x IRy for some F' < C. In view of the fact that niceness is preserved by direct
products (which follows directly from the definition) and the niceness of F' by Proposition 4.4(i),
as well as the niceness of IRy, we know that F' is a nice face of epidc, which follows that d¢ is
vertically nice.

(1) It follows directly from Proposition 4.10 and item (ii). O
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Corollary 4.11 tells us that f = {¢, -)+dx, with ¢ € £ and K < € being a nice closed convex cone,
is vertically nice. Therefore, a conic linear optimization problem with a nice cone is a particular
case of minimizing a vertically nice function over a nice set.

Before we move on, we discuss an example of a vertically nice function whose epigraph is not a
nice convex set.

Example 4.12. Consider the closed proper convex function defined as

vl if =0,
2 2
min{x 1y max{|x|,|y|}} if x < 0.

“2x

flz,y) =

The graph of [ is shown in Figure 1(a). We note that f is positively homogeneous, so epi f is a
closed convex cone. Indeed, epi f = cone(C x {1}), where

Ci={(zy) | (= +1)*+1* <Lz <0} u{(z,y) |2 < 0,max{la] [y} <1}

is shown in Figure 1(b). Moreover, one can readily see that the two faces at the junction of the
purple and green surfaces in Figure 1(a), i.e., F1 = {(z,y,2) | —x = y = z} and F» = {(z,y,2) |
—x = —y = z}, are not exposed. Therefore, by [29, Theorem 3], epi f is not nice since it is not
facially exposed. However, using Corollary 4.11, we can conclude f is vertically nice by noting that

(a) Graph of f(z,y). (b) The closed convex set C such that
epi f = cone(C x {1}).

Figure 1: Graph of f(x,y)

f =9+ 0r_xmr where

(z.9) [yl if x>0,
z, = . T .
gy mln{%g,max{|x|,|y|}} ifx <0

is vertically nice (because dom g = IR?) and IR_ x IR is nice.
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4.4 The regularized Fenchel dual revisited

We return to the problem in (1.1). As long as (dom f) n (dom g) is nonempty, if we have access to
Fl. and F?2, (computed, say, through Algorithm 1) as in (3.2) we can form the regularized Fenchel
dual (3.7) and, by Theorem 3.1, the pair (1.1), (3.7) satisfies strong duality as in Definition 2.9.

If we further assume that f and g are vertically nice, then (3.7) can be equivalently rewritten

as

(\). (4.11)

min

Slip —f* Hoam(rL, ) (—A) — 9" D 0as(r2
“Opening up” the infimal convolution leads to the following theorem.

Theorem 4.13. Suppose that f,g are vertically nice proper closed convexr functions satisfying
(dom f) N (domg) # &. Let FL. and F2, be as in (3.2) and consider the following problem

min

sup — F =y =N =g ) (y) = g5 (=2 + A) — oagrz ) (2). (4.12)
'Y, 2

The pair (1.1) and (4.12) satisfy strong duality.

Proof. From the definition of exact infimal convolution, we have
—f* BUaff(Frlmn)(—/\) =sup—f*(-A—y) - Uaff(Frlmn)(Z/)7
y

79* E]O—aﬁ.(Fxflin min)(z)’

)(A) = sup —g* (A = 2) — o2

where exactness ensures that for each A both suprema are attained at some y and z, whenever the
left-hand-sides are finite. Therefore, not only the optimal values of (4.11) and (4.12) coincide, but
(4.12) must be attained as well. As Theorem 3.1 implies that (1.1) and (4.11) satisfy strong duality,
the same is true of the pair (1.1) and (4.12). O

The support function of an affine set is just a linear function restricted to some subspace (see
Lemma 2.6). Thus, in the setting of Theorem 4.13, the difference between (4.12) and (1.2) is that
the domains of f* and g* are enlarged along subspaces and linear functions are added to f* and
g*. This is a comparatively mild regularization, provided that we have F.. and F2, at hand.

5 Extended Duals

The disadvantage of the discussion in Sections 3 and 4 is that the minimal faces as in (3.2) need to
be ezplicitly determined. Inspired by Ramana’s dual [33] and analogous developments in conic linear
programming [30, 18, 19], we leverage the facial reduction algorithm in Algorithm 1 to construct
an ertended dual for (1.1) in terms of f, g, C; = dom f, Cs = dom g and convex objects associated
to them. This extended dual, although quite involved, will not require that the minimal face be
explicitly determined.

In view of (3.7), what we need are appropriate expressions for the support functions of aff (FL; )
and aff(F2, ). Unfortunately, we will only be able to do so in Section 6 where we assume vertical

25



niceness and the closedness of the domains of f and g. In the general case, expressions for o,gp1
and o,g(p2 ) seem hard to be obtained directly, so in this section we will settle for the next best
option which is to get expressions for the support functions of F\, and FZ2, . Recalling (3.6), we
have

(fir2 ) =cl(ffoop ), (9|g}nm)* =cl(g*Dopz ),

S0 obtaining expressions for o Fl and o F2. will also be enough for the purpose of constructing an
extended dual.

Thus the task before us now is the computation of o1 and op2 without having explicit
access to neither FL; mnor F2, . In the case of CLPs, the discussion inm[‘ix’;(), 18, 19] suggests that a
path towards obtaining an extended dual for CLPs is to “encode” the facial reduction algorithm as
conic linear constraints.

Here, given arbitrary nonempty convex sets C, Cy < &, we will follow a similar idea and encode
Algorithm 1 via one large set of convex constraints involving C; and Cs. Then, based on that, we
will determine formulae for the support functions of F1, and F2, ,
(3.2).

For this section we assume that C; n Cy # &, so that FL. and F?

min min

1 2 :
where F,. and Fj,, are as in

(cf. (3.2)) exist. We first
consider a simplified version of Algorithm 1 where we no longer require the separation to be proper
and allow for trivial iterations where (s, i) = (0,0) may hold. However, since C; n Cy # ¢J holds
by assumption, we may assume that 6 is as in Lemma 3.4(7).

4 )
Algorithm 2 A conceptual facial reduction algorithm for when C; n Cy #

Step 0. Set Fy « C; F¢ « Oy and k < 0.

Step 1. Let (sg,0x) be such that si € (Ff — F)* and infyepa(sk, y) = O = SUPyng<5ka y).
Set Hk «— {Z | <S]€7 Z> = Gk}

Step 2. Set Fj,, <« F n Hy, F2, | < F? n Hy, k < k+1 and go to Step 1.

J

If at a given k the hyperplane Hy, properly separates F}! and F? we will say that this iteration
is reducing. In view of Lemma 3.4(7), we also have the following relations.

Or = suplsk, y) = sup (sp,yp = inf (sp, yp = inf (s, y),
yeF} yeFLAF? YyeF, nFy, Yery

(5.1)
Sk € domcrpli, Sk € —domaF]g, Sk € dOInUF,:;mFIS and F}! n F? C H.
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Next, we fix some ¢ = 0 and consider the following so-called extended system:
F} =C1,F; =0y,

sp € (FE— FH)*, sup(sg, y) = Oy = inf2<sk, y,k=0,...,1,
yEFk} yeFy

] where (EXT;)
Ft=CinHyn...0nHy 1,k=1,2,...,i,

F?=CynHon...0Hy 1,k=1,2,...,i,
L]:Ik:{Z|<Sk7Z>:9k},]€:()7].7...72'.

We denote the feasible set of (EXT;) by Feas(EXT;), i.e., the set of all possible sequences
(8K, 0k)i_o that satisfy (EXT;). This is the same as the set of all possible (si,0):_, that could
appear during the first ¢ + 1 iterations of a run of Algorithm 2. We now set some nomenclature.

e Given (s, 0k)i_, satisfying (EXT;), we say that the faces F := (F}}, F?)i_, as in (EXT;) are

generated by (si,0k)i_,-

e Given a sequence of faces F := (F{, F?)}_, where we have F,z < Cj for all ke {0,...,i+ 1}

and j € {1,2}, we say that F is generated by (EXT;) if F is generated by some (sg,0;)%_,
satisfying (EXT;).

As a consequence of Theorem 3.5, we have the following lemma, where £ is as in (3.11) and SD
is joint singularity degree of Cy,Cy (see Definition 3.6).

Lemma 5.1. The following hold about Algorithm 2.
(i) For anyi > 8D, there exists (si,0),_, € Feas(EXT;) such that the generated faces (F}L, F2)i_,

satisfy F} = Fp, and FP = F2;,.
(ii) For allk >0, Fy,, S FL, Fry SFE and FY 0 FE = G0 Co # &,

Before we proceed we introduce some notation. For every i, let §; be the set of all possible
sequences of faces generated by (EXT,), i.e.,

§i = {F = (F},F?)i—o | F is generated by (EXT;)}. (5.2)
For F € §;, we denote the set of all possible (si,0x)%_, € Feas(EXT;) that generates F by
Feasr(EXT;) := {(sk,0k)k—o € Feas(EXT;) | (sk,0k)}—o generates F} . (5.3)
For every i we have

| J Feasz(EXT;) = Feas(EXT));
FeF (5.4)
Feasr, (EXT;) n Feasx, (EXT;) = J for any F, Fs € §; with F; # Fa.
For any F € §;, we denote by Feasz(EXT;) the component-wise rescaling of Feasz(EXT;) by

Feasr(EXT;) = {(Arsk, Mebr)i—o | (sk,0k)i—o € Feasz(EXT;), \y € R ¥k} (5.5)
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Analogously, we define
Feas(EXT;) = {(Axsk, MeOk) i | (S8, 0k)i_o € Feas(EXT;), A € IR V k}. (5.6)
Then, it can be readily observed from (5.4) that

Feas(EXT,) = | J Feasy(EXT)). (5.7)
FeFi

Let .
A; = {Z T | (ks pr) b € Feas(EXTi)} . (5.8)

k=0

Here, by convention we let 2;0 ri = 0. Using (5.7), we have

span (A;) = {i e | (7ks pr)ieo € Span (Feas(EXTi))} . (5.9)
k=0

The following lemma will aid in our construction of the extended dual.

Lemma 5.2. For j € {1,2} and any i > SD, we have 0,; = mino,; and o j
j { ’ } y = ’ Frjnin FEFi F1J aH.(FIz\in)

Proof. Tt suffices to show the statement holds for i = SD. Let F € Fsp and F‘Z’D in F. By
Lemma 5.1(i7), we know that

O'Fj

min

S Opy, and Oy ) S Oup(ri )

min

Hence, 0,5 < min o, and O afb(F < min o,

G S A0 opy 3 S A0 Cagipg ) Conversely, thanks to Lemma 5.1(i),

there exists F € §sp such that Fi, = F7. for j e {1,2}. Then
j = _min ; and iy = min iy
TFliw = Feyon  Fip Tat(Fi,) = regop Caft(Fip)

for j € {1,2}. O

This implies that 0., = min o0,;, ando i = min o j
% FJ. Fe§sp Fi, aff (F2, ) FeFsp aff (F%,)

We can now deduce expressions for o1 and op2  using Feas(EXT;) with ¢ > SD.
min min

Theorem 5.3. Let C1,Cy S € be nonempty conver sets satisfying C1 n Co # & and let F1,  and
F2. be as in (3.2). For je {1,2} and i > SD,

min

i—1 i—1
o () =cl inf oo, (T— D TR)+ D Pk - (5.10)
- (ks )i —0€ k=0 k=0

span (Feas(EXT;))
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Proof. Tt suffices to show the result for ¢« = SD. For any F € §sp, we define for j € {1, 2},

‘ SD-1 SD-1
gr(z) =l inf‘SD oc, (v — Z T) + Z Pk (s
(Tk:PK)k=0€ k=0 k=0
Feasr (EXTsp)

where Feasz(EXTgsp) is defined in (5.5). We also define for j € {1,2},

A SD-1 §D-1
g’ (z) =cl inf {ch (x — Z ) + Z pk} ,
k=0 k

("'kyPk)f:Doe =0
Feas(EXTsp)

where Feas(EXTgsp) is defined in (5.6); and

' SD—-1 SD-1
P (z) =cl inf ocy (x — k) + Z Pk (-
(r,pk) 5 Z0€ k=0 k=0
span (Feas(EXTsp))

Then we shall show (5.10) by showing for j € {1, 2},

—

a . (b) . P (c . .
gy, (@) = min op (2) = min g3(z) = g'(z) = p(2),

g

(5.11)

where (a) follows from Lemma 5.2. In what follows, we will prove each of the equalities (b), (c)

and (d).
It suffices to show that for any F € §sp, we have Ops = gi;_-.

Let F = (F{, F,?)ffo € §sp and let (sg, Hk)ffo € Feasz(EXTgsp). For each k we define

Hy = {z | {(sk, z) = Oi}.
By Lemma 2.6 we have that
dom oy, = span{sy}, o, (Ask) = Ay

hold for every A € IR. .
By (EXT;), we have Fi, = C; n Hyn Hy n ... Hsp_1. Therefore,

Tpi, (z) =cl(oc,00m,0 ... O00Hsp_,) (2)

SD—1 SD
=cl inf {ch (xsp) + Z om, (Tk) | Z T = x}

SD
(@k)io k=0 k=0

SD—-1 SD-1
=cl inlf {ch (x — 2 ApSk) + Z )\kek} ,
k=0 k=0

Ak )}?,307 cIRSP

where the last equality comes from (5.12).
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Next, let

A)SE I CRSP

_ SD-1 SD-1 (5.14)
W (x) = inf {ocj (x — Z Z pk}

("'k;ﬂk)f:voe k=0
Feasr (EXTsp)

) SD—-1 SD—-1
r’ (:L‘) = i{lf {ch (x — Z AkSk) + 2 )\kek}
k=0 k=0

We will show that
L (z) = hl(2) = cl L (x). (5.15)
We have L/(z) > hl-(z) because (si,0;)$T, € Feasy(EXTsp) implies that (Apsp, \eOx)5D, €
Feasz(EXTsp) for any (A\g)5ly ' S RSP,
Let (rg, pk)k o € Feasz(EXTsp). Then, (ry, pi) = (X;ﬁk, X;ﬁk) for some (5, §k)‘,§fo € Feasr(EXTsp)
and ()\k)SD ' < RSP. Now, (5.13) is valid for any element of Feasz(EXTsp), so it is valid, in
particular, for (sk,ek) o as well. Therefore,

SD-1 SD-1 SD-1 SD-1

oc,(r— Z Z pr = 0c,( Z )\ksk Z A
k=0

k=0
SD-1 SD-1 R
= i{lf {ch(x— Z )\k§k) + 2 )\kak}
k=0 k=0

()R 2y ' SRSP

SD-1 SD—-1 R
>cl 191f {UC’j (JZ — Z /\ké\k) + Z )\kek}
k=0 k=0

()‘k)ffo CIRSP
=op (z)=cl L (),

where the second inequality and the last equality both follow from (5.13) and the fact that a convex
function is lower bounded by its closure. Therefore, hj}-(x) > cl L7 (z) holds.

Then, taking the closure at both inequalities in (5.15) and recalling that Opi_ (z) = cl L ()
allow us to conclude that

SD-1 SD-1 _
0pi (x) =cl inf {ch (z— rE) + 2 pk} = g% (x).

sD ('ch/’k)ffoe

Feasz(EXTsp)
We have by (a) and (b) that

min clh’ = min =0 5.16
Fegsp T Fegsp o Fin (5.16)

holds. This implies that the infimums

inf ¢l h and inf
Fegsp Fegsp o

are attained as minzeg, cl h}- and minrezs, g}-, respectively. Moreover, since o,; is a closed

min

function, we know that mingreg,,, cl h]E is also a closed function, then

min clh = cl min clh] (5.17)

FeFsp FeFsp
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Therefore, we claim the closure of h?F inside the infimum can be taken away as following:

min clh] ® & min cthJ'T ® o inf clh] Qe inf hjf, (5.18)

FeSsp FeSsp FeFsp FeSsp
where (a) comes from (5.17); (b) holds since infrez.,, cl h;- is attained; (c) is true thanks to
Lemma 2.5(7). Regarding infreg,, A%, it is not clear whether the infimum is attained so we
use “inf” instead of “min”. This leads to

SD— SD-1
min inf =cl inf inf oc. (- — ) + , 5.19
Fegspgf ol 9% A b, {q( ;;o k) Z:: Pk} (5.19)
Feas}—(EXTSD)

where the first equality comes from the fact that inf ez, gé_- is attained; the second equality comes
from (5.16), (5.18) and the definition of h% in (5.14).
Next, by (5.19) and the definition of ¢/ in (5.11), to show (c), it remains to show that

SD—-1 SD-1
]:é%lip (T'k,;kn)fffoe ch( kZlO 2 pk}
Feasr (EXTsp)
SD-1 SD-1
= inf {ch('— 2 re) + Z pk}.
(Tkvpk)}ffoe k=0
Feas(EXTsp)

This follows directly by using Lemma 2.5(i¢) and (5.7).

On one hand, since me Cj naff(FZ, ), we have opi = clloc,00,gm ). Let
a € C1 n Cy be arbitrary. From Lemma 2.6, we have 0,4 . =<{a, )+, . Then, we have
min J
opi (@)=c inf {oc,(z—y)+{a y)}. (5.20)
min yeﬁlj

min

On the other hand, let (rk,pk)fpo € Feasyp(EXTsp). Then, (rg,pr) = (Agsk, A0x) for some
(sk,0%)3 8, € Feasr(EXTsp) and (A\x)55, " < R®P Now, defining hyperplanes Hy’s as in (5.12),
we have a € Cy n Cy € Hy. That is, {a, si) = 0 holds and we have

SD-1 SD-1
Z ok = <a, Z Th)-
k=0 k=0

Then, by (a), (b), (c), the definition of ¢/ in (5.11) and the definition of Asp in (5.8), we have

opi (x)=cl 1nf {oc,(x—y) +{a, y)}. (5.21)

min ye SD

From (5.20) and (5.21), we have

cl yei:rif. {crcj (x —y) +{a, y>} =cl yeiqulgb {acj (x —y) +<a, y>} . (5.22)

min
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For any (si, 0;)52, € Feas(EXTsp), we know that F?. < Hy = {z | (sg, 2) = 63} for all k.

Then it holds by the definition of £; that £,; < {s,}*, which follows that [Z;,- D span {sj},

min min

i.e., for any Ax € IR,
)\ksk € E;j

min

. . _ SD-1
Since £, is a subspace, for any (/\k)‘,ffo ! < RSP, he0o AkSk € E;j . Therefore, we have

min min

Asp € EJI;J- and hence Asp € span (Asp) € EJI;]. . Therefore, we have

min min

cl infv {acj (x —y) +<a, y>} <cl inf : {acj (x —y) +{a, y>}

yespan (Asp

<cl inf (z—y) + {a, P}.
o imf {oc,(z—y)+<a )}

By (5.22), we know all inequalities in the above display becomes equalities, which implies

¢ (z) =cl inf {oc,(x —y) +{a, y}.
yespan (Asp)

This and (5.9) show that (d) holds. O

Now, we return to the setting of (1.1). Let C; = dom f, C5 = dom g and we assume that (1.1)
is feasible so that C; n Cy # J. Let ¢; denote the right-hand-side of (5.10) for j € {1,2} and
i = 8D. Using Theorem 5.3, we then obtain the following extended Fenchel dual.

Theorem 5.4 (Extended Fenchel dual). Consider the following problem:
max —cl(f*De1)(=A) = cl(g” Tw2) (A)- (5.23)
If (1.1) is feasible, then (1.1) and (5.23) satisfy strong duality.

Proof. By Theorem 5.3, 0., = ¢; holds for j € {1,2}. Then, the result follows from Theorem 3.1.
-

Through Theorem 5.3 we obtain a dual for (5.4) that always affords strong duality in the sense
of Definition 2.9. Furthermore, it does not require explicit expressions for F1. an F?

hin in- However,
saying that (5.23) is somewhat involved is a massive understatement.

Given that (1.1) is fairly general, unfortunately, there seems to be little room for obtaining more
concrete expressions. As such, at this level of generality, Theorem 5.3 may be one of the closest
analogues to results such as Theorem 2 of [19], which similarly provides an extended dual for a
general conic linear program by encoding the facial reduction process through the so-called facial
reduction cone.

In the next section we will see that we can further simplify (5.23) under additional assumptions.
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6 Extended Fenchel duality with niceness

In this section, our goal is to further simplify the expression in Theorem 5.3 under the assumption
that Cy and Cs are closed and nice. We start with the following lemma.

Lemma 6.1. Suppose C1,Cy S £ are nonempty convex sets and F; < C7 and Fy < Cy are nice
faces. Then, s € (Fy — F1)* if and only if there exist uy € domoc,, v € dom oug(r,), uz € domog,
and vg € dom o,q(p,) such that

o, (8) = 0c, (1) + Oagi(ry) (1),  ORy(—8) = 00, (U2) + Tagi(ry) (V2),
S =1u] + v = —uUy — Vg, (6.1)

oc, (ul) +oc, (uz) + Uaﬁ‘(Fl)(Ul) + Uaﬂ‘(F2)(U2) < 0.
If further Fy N Fy # &, then the equivalence holds with the last inequality of (6.1) being an equality.

Proof. We see from the first part in Lemma 2.4 that
s€(Fy — F))* < op(s) +0or,(—s) <0. (6.2)
Suppose that s € (Fy — F1)*. The niceness of C; and Cs leads to
or, (8) = 00, B0a(y)(5), 0r(—5) = 00, O0ag(r,)(—5).

As the infimal convolutions are exact, there exist u; € domoc,, v1 € domo,g(p), uz € domog,
and vz € dom o, (F,) such that

S=uy +v1, OR (8) =o0c, (’LLl) + Uaf-f(Fl)(vl),

(6.3)
—s=ug + v, Op,(—5)=0c,(u2) + UaH(Fz)(UQ)'

Therefore, (6.1) is a consequence of (6.2) and (6.3).
Conversely, if (6.1) holds, we obtain from the first and the last equations in (6.1) that

op (8) +op,(—s) <0.

This together with (6.2) proves that s € (Fy — Fy)*.
If Fy n Fy # ¢ holds, then the second part in Lemma 2.4 implies that that inequality in (6.2)
holds as an equality. This implies that the inequality in (6.1) holds as an equality as well. O

In what follows, we recall that epio¢ is a closed convex cone and the tangent space at a given
point is defined as in (2.4).

Lemma 6.2. Let C < &€ be a closed convez set, s € domoc, and H = {x | {x, s) = 0c(s)}. A face
F QC is exposed by H if and only if

grac,g(r) = tan((s,0c(s)),epioc).
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Proof. (=) From Proposition 4.2(i), cone(F x {—1}) is exposed by {(s,cc(s))}*, i.e.,
cme(F x {~1}) = @me(C x {~1}) n {(s,00(s)}*
Using (2.6), we have
cone(F x {—1}) = minFace (— (s, 0c(s)) ,come(C x {~1})*)".
Taking the orthogonal complement at both sides, we have

cone(F x {—1})* = minFace (— (s, 0¢(s)) ,come(C x {—1})*)>"
= tan (— (s,0¢(s)) ,cone(C x {—1})*),

where the last equality comes from (2.5). Then,

graou(e) = cone(F x {~1})* 2 tan (— (s,0¢(s)) ,come(C x {~1})*)

=tan ((s,0¢c(s)),cone(C x {—1})°) © tan ((s,0¢(8)),epioc),

where (a) comes from (4.3); (b) holds thanks to (6.4); (c) is true by (4.2).
( <= ) We have

cone(F x {~1})" 2 gracuam 2 tan (s, 00(s)) ,epioo)
(i—)tan((s,ac(s)) ,cone(C x {—1})°) = tan (— (s,0¢(s)) ,cone(C x {—1})*),

where (a) comes from (4.3); (b) holds as assumed; (c) is true by (4.2).
Therefore, it holds that

cone(F x {—1})* = tan (— (s, 0¢(s)) ,cone(C x {—1})*)
—minFace (— (s, 0¢(s)) ,come(C x {—1})*)°",
where the last equality comes from (2.5). Taking the orthogonal complement at both sides, we have
span (cone(F x {—1})) = span (minFace (— (s,0¢(s)) ,cone(C x {—1})*)A).

That is, the face cone(F x {—1}) and the face exposed by —(s,0¢(s)) share the same linear span.
Therefore, they must coincide by (2.2), i.e.,

cone(F x {—1}) = minFace (— (s,0¢(s)),cone(C x {—1})*)A.
Then, Proposition 4.2(7) implies that F' is exposed by H. O

We now re-examine the extended system in (EXT,) and explain the intuition behind what we
will do next.

e By Lemma 6.1, each s; can be expressed in two different ways: as the sum of elements of
domoc, and dom o, F}); Or the sum of the negative of elements of dom ¢, and dom o, F2)-
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e The pair (si, 0)) defines the hyperplane Hy, := {2 | (z, sx) = 0}. Now, Hy, exposes F}., | as a
face of F} but it may fail to expose Fk1+1 as a face of C7 because Hy may not be a supporting
hyperplane of C4.

However, sj, does have a component uj, that belongs to dom o, (by Lemma 6.1). It turns out
that if we sum all the u;’s until j = k, we can construct a hyperplane that directly exposes
Fy1q as face of Cy, see (6.5) below. The key for that is ensuring that the tangent space
condition in Lemma 6.2 is met. A similar discussion holds for the faces of C5. We note that
the importance of a tangent space constraint has been previously identified by Pataki in [30]
in the context of conic linear programs.

By exposing the faces Fkl, F,f directly as faces of 'y and Cs and using the tangent space
condition in Lemma 6.2, we no longer need to keep track of expressions such as (Ff - Fkl)* in
(EXT;). In terms of computation, this suggests that, under niceness and closedness, the only
requirement for obtaining an extended dual is knowing how to compute the tangent spaces
at points of the epigraphs of the support functions of C; and C5. This is a relatively more
doable task than computing the objects involved in (5.10).

Based on these ideas, we consider the following system.

(ué,vé,(&) € domog, X gracagc,), (ug,vg,gg) € domog, X gracag(cy,),
S k=1 k=1
<ui,vi,§fc) € domog, x tan (( Z ul,oc, ( Z u{)),epiacj) sie{l,2hk=1,...,14,
1=0 1=0
up +vj, = —uj — vi, k=0,1,...,14,
oc, (up) + ocy, (ui) + ¢ + G <0, k=0,1,...,1.

(EXT;-nice)
Next, we set the notation. The feasible set of (EXT;-nice) is denoted by Feas(EXT;-nice), i.e.,
it is the set of all possible sequences

1,1 41,2 .2 »2vi
(Umvmfkvukyvkyfk)z:o

that are feasible for (EXT;-nice).

For any (uj,vi,Ch,ui,vi,(?)s_, € Feas(EXT;-nice), for k € {1,2,...,i}, we let
. k=1 k=1
H] | = {x|<x, Zu{>—acj(2u{)} (6.5)
1=0 =0

and let Gi be the face of C; exposed by ﬁi_l, ie.,
Gl =C;nH_,. (6.6)
We also let G := C;. With these ch’s, we define the pairs of faces G := (G}, G3)}_, by the pairs

of faces generated by (uj,vi,(},uz,vi,(?)i_, € Feas(EXT;-nice). When the context is clear, we
also say G is generated by (EXT;-nice).
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Similar to what we have done in Section 5, for G we use Feasg(EXT;-nice) to represent the set
of all possible (uj, v}, (},uZ, v, C,%)}'{:O that generate G. In general, it could happen that Gi =g
for some k and j, however, as we shall show in the Proposition 6.4, this does not happen here
thanks to the assumption that C; n Cy # F. Specifically, in Proposition 6.4, we will show that
every G generated by (EXT;-nice) is also generated by (EXT;), and vice-versa. First, we consider
the following lemma.

Lemma 6.3. Let C' < £ be a convex set and let G I C. Suppose that s,u,v € £ and H € & are as
follows.

e sedomog.
o H:={z|{z,8)=0¢g(s)} and Gn H # .
e 0g(s) = oc(u) + Tag(q)(v) and s = u +v.

Then,
GnH=Gn{z|{u, z)=0c(u)}.

Proof. Since v € dom o, holds, Lemma 2.6 implies that for every z € G we have
Tai(a) (V) = (v, T). (6.7)
Now let z € G n H. Then by definition of H,
og(s) = (s, 1) = (u+v, x) = (U, T) + Tag() (V).
From o¢(s) = 00 (u) + 0ag(e)(v) and (6.7) we conclude that
(u, )y = oc(u), VeeGn H.

This shows the “C” inclusion. Conversely, suppose that € G satisfies (u, ) = o¢(u). Then, (6.7)
(which holds for every element in G) implies that (v, ¥) = 0.g(g)(v) so that

(s, x) ={u+v, 1) =0c(u) + oagg(q)(v) = 0G(5).
This shows that the “2” inclusion holds. O

Proposition 6.4 (Equivalent faces). Let Cy,Cy € £ be two nonempty closed convex nice sets with
CinCy# .

(i) Let G == (G}, G3)i_, be generated by (uj,vi, (o ui,vi,(2)i_y € Feas(EXT;-nice). For k €
(0,1,...,4}, let
sp = up +vp, O =00, (up) + G (6.8)

Then, (sk,0k)%_o € Feas(EXT;) holds and the generated faces F = (F{t, F2)_, satisfy F = G.

36



(ii) Let F = (F}, F?)i_, be generated by (si,0k)i_, € Feas(EXT;). For k € {0,1,...,i}, let
(up, v, L ui, v2,C2) be such that ul € domoc,, vi € dom o, (r1), u? € domog,, vi €
dom Oaff (F2) and satisfy*

UF,CI(Sk) =0c (Uk) + Uaff(Fl)(vli)a UF,?(—Sk) =00, (Uk) + Jaff(Fz)(vlzc)a

2 2
Sk = Uup +vp = —ujp —v
k k k k k> (6.9)

Cp = UaH(F;)(UIi)’ Gi= Uaff(F,’f)(UI%)

oc, (ug) + oc, (uj) + G + G <0

Then, (ug, vy, Ch,ui, v3, (F)i_o € Feas(EXT;-nice) holds and the generated faces G == (G, G3)i_,
satisfy G = F.

(iii) Let G := (G}, G2)i_, be generated by (EXT;-nice). Then, for every (up,vi,(h,us,vi,(2)i_ €
Feasg (EXT;-nice) we have

k—1
8rao, gy = = tan ((Z ul,ac Z )) ,epia’o].) , (6.10)

forje{l,2} and ke {1,...,i}.

Proof. Proof of (i). We proceed by induction on i. First, let ¢ = 0. Then, we have
(ug, v, Co,ud, va, ¢3) € Feas(EXTy-nice)

and we need to show the following.

(a) Defining sg, 6y as in (6.8), we have (sg,0y) € Feas(EXTy).

(b) The faces G} < C1,GZ < Cq generated by (u, v, (¢, ud, v3,(3) (see (6.6)) coincide with the
faces F¢ < C1, F2 < Cy generated by (s, 0o) (see (EXT))).

We start by showing (a). From (EXT;-nice), we have ¢} = Uag(cj)(vg), j €{1,2}. This together
with the last inequality in (EXT;-nice) gives

acy (Ué) + UaH(Cl)(Ué) + 00, (Ug) + Uaﬁ(Cz)(US) <0

The niceness of C; and C5 implies that

ac,(s0) = 0c, (ug + vp) = 00, Basi(cy) (Ug + v5) < 0¢, (Ug) + Tati(cy) (VD)5 (6.11)
00, (—50) = 00, (U + v5) = 00, BTasi(oy) (U + v5) < 00, (Uf) + Tar(cy) (V]
Summing both sides of the equations above, we obtain
e, (50) + 0, (—80) < 00, (Ug) + Tasr(cy) (V) + 00, (45) + Tar(cy) (v5) < 0. (6.12)

4Note that sy, € (F,f — Fkl)*, Fk1 < C7 and F,? < (4 are nice faces since C7, Co are nice. According to Lemma 6.1,
we see that such (u,lc,v}c, Cé,ui,vz, Ci) always exists.
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Applying the first part in Lemma 2.4 to (6.12), we have sg € (Cy — C1)*. Furthermore, recall
that Cy n Cy # &. We then see from sg € (Co — C1)* and the second part in Lemma 2.4 that
ocy (80) + 0cy,(—s0) = 0. This together with (6.12) further implies that the inequalities in (6.11)
hold as equalities, i.e.,

00, (50) = 00, (U)) + Tatr(cy) (V0)s 00, (—50) = 00, (Uh) + Tagr(c) (03)-
Combining this with 6y = o¢, (ud) + ¢4 and ¢ = aaﬂ(cj)(vé), j € {1,2}, we obtain

sup (8o, y = 0¢, (80) = 0o, inf {(sg, ) = —0c,(—50) = 0¢,(80) = bo.
xECl "EECQ

This together with so € (Cy — C1)* shows that (sg,0y) € Feas(EXTy). That is, item (a) holds.
Furthermore, as Fj = C; = G holds, we also obtain (b).

Next, suppose that the conclusion holds for some ¢ > 0. We will prove that the conclusion holds
for i + 1, namely7 if G = (G}, G%)};lo is generated by (uj,vi,(},uZ, v3, C,?)};lo € Feas(EXT,1-nice)
and (sy, 0;)}1}, are defined by

spi=up + g, O =00, (up) + (L ke {0,1,...,0+ 1},

then we must have (s, 0)it € Feas(EXT; 1) and G = F with F = (F{, F2)iL} being generated
by (sk, ek);gilo ‘ ‘

By assumption, G = (G, G%)i_, is generated by (up,vi,(},u?, v3,(?)t_, € Feas(EXT;-nice).
By the inductive hypothesis, we have (s, 0))}_, € Feas(EXT;) and

(FilaFiQ) = (G%aG?)y
si € (FY — F})*, (6.13)
sup(s;, ) = 0; = inf (s;, x).
zeF} zeF?
To complete the proof, it then remains to show that

2 1oy - —
o sip1€ (Fr — Fhy)*, SqueFi1H<5i+1v x) = 0iy1 = infyepz (sit1, ), and

o (Fi1+1aFi2+1) = (G}+17G12+1)'

WeAﬁrst show FIJJrl = G{H. Before that, we recall the hyperplanes defined by the (sg,6x) and
the {u]} as in (EXT;) and (6.5), respectively. By definition, for k € {0,1,...,% + 1},

k
Hy, = {z | (s, 2y = Ok}, H = {2 | O uf, 2y = oc, (O u)}.

=0 =0

Next, we will prove the following equality

Gl nH; =Gl n{z|ul, z) = oc,(ul)}. (6.14)
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First, by (EXT;-nice) we have for j € {1, 2}

i—1
(Z’Cj ) € tan ((Zul,ac Eu{)),epiac]).
1=0

In view of Lemma 6.2 and the fact that I;Tg_l exposes G as face of C; (see (6.6)), we obtain for
Jje{l,2}, o
(vi, G € grac g

Furthermore, since (G}, G?) = (F}, F?) by (6.13), we have for j € {1,2}

Tasp(ri) (Vi N =d. (6.15)

We will now prove (6.14) for j = 1. By (6.13), 6; = o1 (s;) holds and, by (6.8) and (6.15), we have

OF} (Si) =0c, (uzl) + Czl =0c (uzl) + Uaff(Fil)(Uz’1>'

As G} = F! holds by (6.13), we can invoke Lemma 6.3 to conclude that (6.14) holds for j = 1. For
j =2, we have —0; = op2(—s;) by (6.13). Since —u? — v} = u} +v} (see (EXT;-nice)), we also

7 (3

have —s; = u? + v? by (6.8). Then, the niceness of F? leads to
— 2 2y 2 2 2 2
opz(=si) = op2 (Ui +07) = 00, F0ag(r2) (U7 +07) < 00, (U7) + Oage(r2) (V7)- (6.16)
Since o1 (si) = oc, (u}) + aaﬁ(F})(v}) and op1(s;) + op2(—s;) = 0 both hold, we have

0 =01 (s0) + 0p2(=5i) < 00, (47) + Tasi(rr) (Vi) + 00, () + Oagr(rz) (V) <0,

where the last inequality follows from (EXT;-nice). This implies that (6.16) must be an equality
as well and we have op2(—s2) = 0¢,(u) + Oug(p2)(v7). Then, finally, we apply Lemma 6.3 to
H; ={z|{=si, 2) = —0;}, F? = G?, —s;, u? and v? to conclude that (6.14) holds when j = 2.

We then see from (EXT;) and (6.13) that for j € {1, 2}
—FaH =G nH Y Az | W, 2 = oc, ()

J
Fz+1

s n B, n e |, 2 = oc, (ul)}

Cm{z|<2ul,z>—ac(2 )} CjnHI =G,

=0

(6.17)

where (a) follows from (6.14), (b) comes from the definition of Gg in (6.6) and (c) follows by applying
Lemma 2.8.

Next, we prove supw€F1+1<si+1, x)y=10;41 = infmeFi2+1<si+1, x). By the definition of (EXT;1-nice),
we have

i
J J ;
u;,, € domog;, and (Hl,QH etan((Zul,ac Z%)),GPIUQ)-
1=0 1=0
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In view of Lemma 6.2 and the fact that H? exposes GfH as face of C; (see (6.6)), and noting that
Yo Ui € domog,, we obtain for j € {1,2},

(Uz]'+1a g+1) € gra Uaﬂ‘(Gg+l)' (6.18)
This together with the last inequality in (EXT;-nice) gives

gc, (uzl-s-l) + UaH(G}+1)(Uz‘1+1) +0c, (U12+1) + Uaff(GfH)(UiQ-s-l) < 0.

The niceness of C and Cs implies that
ogt (sip1) =0gr (ub,, +vlh ) =00, Bougc (ur, +vi) <oc,(ul )+ ougar (v )
Gl \2i+ Gl \Mit1 i+1 1 aﬁ(Gi+1) i+1 i+1) = 1 \Y541 aff(Gi+1 i+1/s

o2 (Ui2+1)'

2 (=sis1) = UG$+1(U?+1 + i) = 00, B0aa(cz, ) (Ui + vi) < 00, (uf) + Taff (G2

1+1) +1)

Summing both sides of the above equations, we further obtain
o, (sit1) 02, (=si+1) < 00, (Uig1) F0ai(cr, ) Vie1) ¥ s (Ui 1) Foaa(ez, ) (V1) < 0. (6.19)

Applying the first part in Lemma 2.4 to (6.19), we have s;11 € (G7,, — GL|)* = (FA, — FL,)*.

7

Furthermore, recall from Lemma 5.1 that G}H mG?_,_l =Fi mFi2+1 = (C1nCy # . We then see
from s;41 € (F2, — F},)* and the second part in Lemma 2.4 that ogr, (si+1) oz (=siv1) = 0.
This together with (6.19) implies that

ogr,, (sit1) = 0c, (ujyy) + UaH(G§+1)(Ui1+1), oGz, (—sit1) = o0, (uiy) + O'aff(Gf+1)(Uz'2+1)'

Combining this with 6;11 = o¢, (u}, 1) + ¢},; and (6.18), we obtain

sup (Si+1, €)= sup (Si+1, ) = chﬂ(siﬂ) =0it1,

zeF} zeGl
inf (sip1, 2y = inf (siy1, ) = =02 (—sit1) = big1.
zeF7 zeG7 “

This completes the proof of item (%).

Proof of (ii). Here, the situation is reversed. We are given F = (F}}, F2)}_, generated by
(Sk,0k)i_o € Feas(EXT;) and need to show that if (u},vi,(},u?,vZ, (?)t_, is constructed as in the
statement, it will belong to Feas(EXT;-nice) and the generated faces G will satisfy G = F.

We proceed by induction on ¢. First, let ¢ = 0. We need to prove that

o (up, v}, ¢t ud, v, (2) € Feas(EXTp-nice) and
* (FolvF(?) = (th)ng)

By assumption (ug,vg, ¢, ud, v3,(2) satisfies (6.9). Comparing (6.9) with (EXT;-nice), we see
that all constraints are satisfied®. Also, by definition, (Fg, Fg) = (G§, G2) = (C4, C2). This proves
that the statement holds for i = 0.

Next, suppose that the conclusion holds for some ¢ > 0. We will prove that the conclusion holds
for i + 1. That is,

5Tor i = 0, the tangent space constraint in (EXT);-nice) is absent.

40



o (up,v},Choui, v, C,f)};lo € Feas(EXT),1-nice) holds and
e the generated faces G == (G5, G2)it, satisfy G = F == (F}, F2)itL.
By the induction hypothesis, we already have

(up, vi, G ui, v3, ()i _o € Feas(EXT;-nice)

) (6.20)
(Gh, GR) = (F, FY),  ke{0,1,....i}.
First we will check that (F |, F2 ) = (Gi,1,G7,,) holds.
The first step is to prove that
Gg NnH; = Gf n{z | <uz, z) =o0g, (uf)}7 (6.21)

where H; as in (EXT;). By the induction hypothesis F/ = G? holds and we have F} n F? =
Cy n Cy # & by Lemma 5.1(i7). Let us examine the case j = 1 first. By definition, we have
H; = {z | {si, z) = 0;} and 6, satisfies op1(s;) = 0; by (EXT;). By the assumption that (6.9)
holds, we have '

or(s1) = 00, (u) + Taspry) (v7) = 05,

S; :u}—kvil.

Then, by Lemma 6.3 and the fact that F}' coincides with G} we obtain (6.21) for j = 1. For
J = 2, the argument is analogous as follows. From (EXT;) we have op2(—s;) = —6;, so that
H; = {z | (—si, z) = op2(—$;)} holds. By the assumption that (6.9) holds we have op2(—s;) =
oc, (u?) + aaﬁ(pf)(vf). 'fhen, applying Lemma 6.3 to H;, F? = G2, '
(6.21) holds when j = 2.

We have thus established that (6.21) holds for j € {1,2}. Having (6.21), using the same argument
as in (6.17), we conclude that F/,; = G7,, holds.

The final step is to show that (ui, v}, ¢}, u2,v2, (?)it] € Feas(EXT, 4 -nice). By the induction
hypothesis (see (6.20)), all that remains is to check that

i i
(ufH,fo, gﬂ) € domog; x tan <<Zu{,acj(2uf)>,epiacj> ,7€{1,2},
1=0 1=0

1 1 _ 2 2
Uipq + Vi1 = —Uip1 — Vigq,

oc, (Uzlﬂ) +oc, (“?ﬂ) + <¢1+1 + Ci2+1 <0.

—s;, u? and v? implies that

(6.22)

Now, in view of the assumption that (6.9) holds, we only need to check that the tangent space
constraint is satisfied.

By assumption, u!,; € domoc,. We have also established that (F}!, F?) = (G}, G3) for k €
{011’ . i’i + 1}. In particular, F} = G} and the definition ¢/, , = JaH(Fin)(fo) imply that
(v]11,¢lq) € grac, g, )

Moreover, in view of Lemma 6.2 and the fact that ﬁf exposes G as face of C; (see (6.6)), we
have gra Tatt(cd, ) = tan ((ZLO u{, oc, (Z?:o u{)) ,epi JC].) and thus (6.22) holds. This completes
the proof of item (ii).

J
%
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Proof of (iii). By item (i) and the discussion in Section 5, we know G, # - Pforallk e {0,1,...}
and j € {1,2}. Moreover, in view of (6.6), each face G is exposed by Hk 1- Then, applylng
Lemma 6.2 we obtain

k—1 k—1
grao—aﬁ(Gi) = tan ((Z uivUCj(Z u{)) 7epiacj> )
1=0 1=0
which yields item (ii). O
Making use of the niceness and closedness of C7 and Cs, we can finally obtain simplified ex-
pressions for grao,gp1 y and grac,gpz2 . If we further have vertical niceness of f and g, the
extended dual for (1.1) can be simplified to only involve f*, g* and Feas(EXT;-nice) for any

1 = 8D. The following theorem summarizes these simplifications. In order to simplify the notation,
for (ul, v}, (L u?, vi, (2)i_, € Feas(EXT;-nice) we define for j € {1,2}:

tan(u?) := tan << Z uk,oc § ui)),epi 0@) . (6.23)
k

Theorem 6.5. Suppose C1,Co € £ are closed nice convex sets with C; n Cy # 5. Let FL.  and

F2. be defined as in (3.2), then the following hold.
(i) Fori= SD,
gracdag(pl ) X Gradug(p2 ) = U tan(u;) x tan(u?), (6.24)

1,1 1,2 2 ~2yi
(Uh Vg G Ui V5 5k k=0
eFeas(EXT);-nice)

where tan(u{) is as in (6.23).

(i) Suppose that f,g in (1.1) are closed proper convex and vertically nice functions with C; =
dom f and Cy = dom g being closed. Then, for any i = SD, the following is an extended dual

for (1.1)
max — f*(-A—y) = —g*(A—2)—n
1 i

s.t. (y,&) € tan (( u,lc,ocl( u,lc)),epqu) ,

—_

= o
= o

(6.25)

(Zﬂ?) € tan (( i)aCz( ui))aepiUC'z) ;

k=0 k=0
(ullca Ulia Ckln uiv C )k:O € FeaS(EXTi-niCG).

That is, if (1.1) is feasible, then Definition 2.9 is satisfied for the pair (1.1) and (6.25).

P
o

Proof. We first prove item (¢). It suffices to show (6.24) holds for i = SD. Fix j € {1,2} and
ae Fl. nF2

min min*
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Recall that §sp denotes all sequences'of faces generated by (EXTSD), see (5.2). Let (F{, F,?)ffo €
§sp. By Lemma 5.1(i7), all the faces F} contain the minimal face F

min*

Therefore,

Tafi(FI, ) S Oafi(Fip)

m

which implies that the domain of Oafb(FL) is contained in the domain of Ouft(F7 . ) This can be
Wsp

min)

refined as follows. Since a € Féﬁn C Flp holds, from Lemma 2.6, we have

y(8) = (s, @)+, 11(8) S Tugpy y(8) = (s, @)+, )1(5);

Uaff(Fj _ ip

where L£,; is the subspace defined in Lemma 2.6 (i.e., the subspace parallel to aff(FéD)). This
SD

means that Tatt(Fi) (s) either coincides with Ot (Fi

is entirely contained in the graph of Ot (F

min)

This leads to the following observation:

)(s) oris +00. Therefore, the graph of Taft(Fi,)
D

y = U Braoag(ri, ) X Bra0af(p2, )

(Flist)ffoeSSD

grad,pg(rl, ) X 8la0af(F2

min

Using Lemma 5.1(i), there exists F = (F;,Fi)ffo € §sp such that FéD = FJ. . This implies
the containment

c
) = U graoag(rL,) X 83 0af(F2 )
(Fy FREE8sp

graoam(rl, ) X 8a O (F2

min

Overall, we have

graoam(rl, ) X 8la0ag(F2 ) = Bradaf(ri,) X 812 0af(F2,)-

min
1 2\S
(Fp, F2)RZ€8sp

Now, items (i) and (i) of Proposition 6.4 imply that every sequence of faces (F}, F2){Z, € Fsp

(i.e., generated by (EXTsp)) is also generated by (EXTsp-nice) and vice-versa. Therefore

ST 0uf(k),,) X BrATaf(F2,,) = U e, x e,
(FE F)EPe5sp

= U graoaf(rl, ) X 813 0af(F2,)

(FL,F2)£P, generated by
(EXTsp-nice)

_ 1 2
= U tan(u; ) x tan(u;),
(uk 05 Ciosui 0762 ) e Do

eFeas(EXT sp-nice)

where the third equality comes from item (¢ii) of Proposition 6.4.
We next show item (i4). Suppose that (1.1) is feasible. Since f and g are vertically nice, the
pair (1.1) and (4.12) satisfy strong duality by Theorem 4.13. We consider two cases.
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First, suppose that the common optimal value of (1.1) and (4.12) is finite and let y*, A*, z* be

an optimal solution to (4.12). Let £* == ouq(m_)(y*), n* = dug(p2_)(2*). Then,

ES * * *
(v, €%, 2%, 0") € gravan(ry, ) ¥ BT&Tan(r2,,)-

By item (i), there exists (uj,, v}, (L, u?, v, (2)i_, € Feas(EXT;-nice), such that

(y*,€") e tan(u;), (=%, 7") € tan(u]),

where tan(u]) is as in (6.23). This shows that (6.25) has a feasible solution that attains the optimal
value of (1.1).

It only remains to check that no feasible solution of (6.25) has a larger objective function value
than the optimal value of (1.1). This is also a consequence of item (i): if A, y,¢&, z,n satisfy the
constraints in (6.25), then (y,&, z,7) must be an element of gra Oaff(F1, ) X 8ra0ug(p2 y, Which
implies that A, y,z is a feasible solution to (4.12) affording the same objective function value.
Therefore, the corresponding objective function value cannot be larger than the optimal value of
(4.12).

Finally, suppose that the common optimal value of (1.1) and (4.12) is +o0. We need to show
that the optimal value of (6.25) is +00 too. In order to derive a contradiction, suppose that (6.25)
has a solution with finite objective function value. In particular, the A, y, &, z, 7 components of such
a solution satisfy the constraints in (6.25). Then, by item (), A, y, z would be a solution to (4.12)
with finite objective function value, which is a contradiction. O

Before we end this section, we present a brief detour on the relationship between niceness and
facial exposedness. It is known that a nice closed convex cone must be facially exposed [29]. Here,
we also show a corollary of Proposition 6.4 that a nice closed convex set must be facially exposed.

Corollary 6.6. A nice closed convez set is facially exposed.

Proof. Let C < & be a nice closed convex set, F' be an arbitrary face of C, and a e ri F.

Then, F is the minimal face of C containing a by (2.3). Let Cy := C and Cy := {a}. Then, F}
and F2, asin (3.2) must be such that FL. = F and F2, = {a}.

Applying Lemma 5.1 to C7 and Cs, we conclude that, for some ¢ > 0, there exists a sequence of
faces F = (F}l, F2)i_, generated by some (si,0)i_, € (EXT;) such that

in

F!=F and F?={a}.

By Proposition 6.4(ii), there exists G = (G}, G3)%_, generated by some (uj,, v, (L, uz, v3, (F)i_o €
Feas(EXT;-nice) such that F = G. From the definitions of H ch and Gf; in (6.5) and (6.6), respec-
tively, and noting that Z;;é uj € domoc, we know that F = F}! = G} is exposed as face of C by
the hyperplane I;'il_l which satisfies

i—1 k—1
Efztl = {z | {z, Zu{> = UC(Z u{)}

=0 =0

Since F' is arbitrary, we conclude that C' is facially exposed. 0
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7 An Example

In this section, we give an example inspired by [33, Example 4] to illustrate Algorithm 1 and the
extended dual discussed in Sections 5 and 6. In what follows, we let S™ denote the space of n x n
real symmetric matrices and S7 the positive semidefinite cone in §™. Let f: 8% — R U {+w} be
such that )

i X e,

+00  otherwise.

-]

and let g := dg with S := {X € 8 | X33 < 0, X11 + 2Xp3 = 1}. Asin (1.1) we consider the problem
of minimizing f + g which can be written as follows.
X2
min  f(X) =1
XeR3x3 2 (7.1)
s.t. XEdOHlfﬁSZSiﬁ{XGSg‘X22<O,X11+2X23:1}.
Suppose that X is feasible for (7.1). The constraint Xoo < 0 implies X33 = 0 and X2 = Xo1 =
X23 = X32 = 0. Therefore, Xll = 1. It follows that

1 0 8
domfnS={X|X=[0 0 0|eS}, witha>0,eR}. (7.2)
8 0 «

Hence the optimal value of (7.1) is v = 0.5. Moreover, (7.1) does not satisfy Slater’s condition
since for any X € ri(dom f), Xo5 > 0 must hold so X ¢ S, implying ri (dom f) nri(S) = &.

Our first task is to write down the Fenchel dual of (7.1) as in (1.2). The function f is the sum of
the function X — Xlel with 533;. As the domain of the former is the whole space, the conjugate of

the sum is the exact infimal convolution of the conjugates, e.g., see [33, Theorem 16.4]. Therefore

P =i {5 (2) Y+ 2= 0¥ = 0vi) # (1)

Y,Z 2
A Aqs
Avr — 2)2 z 12 13 )
= leiIl % | A21 A22 A23 € 781
Az1 Azz Ass

The set S is polyhedral and is the intersection of P; := {X € 83 | Xoo < 0} and P, = {X €
83| X11 + 2Xo3 = 1}. Therefore, the support function of S is the infimal convolution between the
indicator function of the polar cone of Py, i.e., P{ = {X € 83 | X202 > 0,X;; = 0, (i,5) # (2,2)},
and the support function of P», which satisfies

Zn i {(ﬁ°°)|ﬂ m}
if Ze 0028 € :
UP2<Z)= " 080
+00  otherwise.
Overall, we have
800
Z11 ifZE{(Oa,@>|5€]R,Oé>0};
080

+00  otherwise.

0'5<Z) =
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Making use of auxiliary variables, the Fenchel dual problem of (7.1) can be written as

max _ (A —2)? — Ay
A€S3 z,a,BelR 2
2 0 0 B0 0 (7.4)
s.t. 0 —a —-p E—Si, A=10 a B|,felR,a=0.
0 -8 0 0 8 0

Suppose that A, z,«, is feasible for (7.4). From the first constraint in (7.4) we have § = 0.
From the second constraint, we have § = Aj; and, therefore, Aj; = 0 holds. So the maximal
value achievable by —% — Ay; = —22/2 is zero, which can be obtained by letting A = 0,
a = =2z=0. Noting that vy =0 # 0.5 = v;’;, there is a positive duality gap, making the problem
difficult to solve.

Indeed, we tried to solve (7.1) with the modelling tools JuMP [24], CVX [6] and different choices
of solvers such as SDPT3 [43, 44], SeDuMi [41], Hypatia [5] and Clarabel [9]. In all cases, the solvers
fail to compute the correct optimal value of (7.1).

Applying Facial Reduction Let C; := dom f = 83 and C5 := S. We apply Algorithm 1 to Cy
and Cs in hopes of closing the duality gap. The first step is obtaining Sy that separates properly
Cy and Cs. For that, we will compute (Co — C1)*. Here we are using S instead of sg to emphasize
that Sy is matrix. We have

g 0 0
C¥ = 0 a Blla<0,8=0
0 8 O
Since Cf = —8%, we have from Lemma 2.2 that
0 0 0
(02—01)*=C§(\Cf= 0 a O |Oé<0 (75)
0 0 0
We can select
0 0 0
So= 0 -1 0 EC;(\C;=(CQ—01>*, 902001(50)=07 (76)
0 0 0
and
Hoz{SO}L:{XESS|X22:0}.
Then,
a 0 8 o B
Fl=CinHy=4{10 0 0 esi( )esi :
B v
g 0 v

F12=020H0={X683|X22=0,X11+2X23=1}.
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We can now readily check that
1 00
0 0 0feri(F)nri(F?),
0 0 1

which implies that ri (F}) n1i(F2) # . Moreover, recalling (7.2), we have F! n FZ = C; n Cs.
The facial reduction algorithm therefore terminates and produces

Fr%lin:Fllv F2

min

= F}.

‘We have
X1 X2 X3

X X
(Fhin)°® = Xo1 Xoo Xo3 |€8?%| (XH X13> e-82 %,
X311 X3z Xz3 3 3 (7.7)
GF&nn = 5(Fx}1in)o,

Ta(FL ) = O(p2

min

)J. .
Similar to (7.3), we obtain

0

. 500
)(Z):O‘F2 (Z): le le€{<8g§>|,8€R,CX€IR}, (78)

Taft(F2 min
+00  otherwise,

min

in 1s an affine subspace. Let f: 8% - R be the function
mapping X to X7 /2. Then f = f + 535; is vertically nice by Corollary 4.11. Therefore,

where the first equality holds because F?2

¥ = a0, ) = (f+0s2 ) Doanr, ) = (ffE0_s2)T0am(rr, ) = fFE(0_s2 Doagrr, ),

(fim

min

where the third equality comes from [35, Theorem 16.4]; the last equality follows by the associativity

. . . 1 3 _ 3 . .
of the infimal convolution. Since F;, < 8, oag(rr ) = 01 o and S is a nice cone, we have

min

(Flin)® = =83 + (FL;,)* and 0_s3 C10amr(FL, ) = 0—s3 +(F1, )+ = Oy, )o- Therefore,
~ A1 — 2)? A
(fipe )*(A) = F* @06 ye(A) = min A —2)° (7 ) e-—s2t. (7.9)
z 2 Asi Ass

)*(=A) = (9)r2,,)*(A), which,

min

Using (7.8) and (7.9), we consider the problem of maximizing —(f|z1

min

after introducing auxiliary variables, becomes

2
ax Gl k) S
AeS3,z,a,8eR 2

Lo (7.10)
s.t. <O 0) E—Si, A=

,beR,a e R.

o o™
™ L ©
o™ O
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Theorem 3.1 asserts that (7.1) and (7.10) satisfy strong duality. Indeed, letting

and z = 0, we obtain a feasible solution (7.10) whose corresponding objection function value is
0.5 = v,y. We have thus closed the duality gap.

Formulae for 0 and op2 The discussion so far required the computation of F1; and F2, .
Next, we will pretend that we do not know the pair FL. | F?

nins Froin and, using Theorem 5.3, we will
compute op1. and o2 without explicitly determining F!

1., and F2. beforehand. Of course,

there is no magic here, so we must assume that we know f and g “well enough”, including its

conjugate functions, faces of the domain and so on.
In principle, as we do not know Fl. and F?>

n min’

we also do not know that the joint singularity
degree is SD = 1 (i.e., facial reduction stops in one step). However, we have access to the upper
bound ¢ in (3.11), which only depends on our knowledge of the faces of C; = dom f and Cy = dom g.
Asleo, =4, Lo, = 2, dim(E) = 6, we know that

{=min{4 +2—-2,6+1} =4.

This tells us that invoking Theorem 5.3 with ¢ = 4 is enough.
First, we determine Feas(EXT;). Then, for any (5,0x);_, € Feas(EXT;), for any k = 0,1,
(Sk, O1) takes three possibilities:

(M (5, ék) € (Cy—C1)* that generates C; and Cy, i.e., a non-FRA reducing step. By the formula
of (Co — Cy)* in (7.5), we must have (5x, 0x) = (0,0).

(I1) (8, ék) € (Cy — C1)* that generates F}' and Fj, which can only appear up to once. From
(7.6) we know that

0 0 O
§k: 0 a O With()é<07 Gk:O.
0 0 0
(1) (8,0k) € (F2 — F})*. Using Lemma 2.2, we have
(Ff = FI)* = (F})* n (F))°
800 X11 Xi12 Xa3 3 X1 X 2
= le% 2 R 1 p 11 13 _ .
{(8ﬂg>|ﬂ OOZG]R,}ﬂ{(ﬁ;ﬁ;;ﬁz;)ES ‘(X31X33)e S+
Therefore,
See (P2 -Fh* = {(

ocoo
oQ o
coco

)|ozEIR}7 by, = 0.
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Collecting the above three possibilities together, we conclude that

Feas(EXT;) = {((0,0),(0,0))}U{((o,0),(51,91)) | 51 = (g%g) with o < 0,6, = o}U
{(Sk,ek)llczo | so = (%%(8)) with o < 0,0p = 0; 81 = (%%%) with o € IR, 0, =O}.

Before we go through the trouble of computing Feas(EXTs), we consider the expression in (5.10).
For every j € {1,2} and every i > SD, in order to compute the right-hand-side of (5.10), we need
to consider sums of the form 22;10 ri and ZL;IO pr. with (rg, pr)i_, in span (Feas(EXT;)). We will
save the reader the trouble of checking that increasing 7 do not change the possible values that the
sums Z;c_:lo r, and 22;10 pr. can take. This makes sense in view of our forbidden knowledge that
SD is in fact one. _ _

So for i« = 1, the possible values of the sums 22;10 rp = 1o and Z;;lo Pk = po is as follows:

k=0

-1 1-1 0 0 0
{(Z Thy Z pk> | (1, pr)j—o € SPan (FeaS(EXTl))} = 0 a 0],0)]aeR ;. (7.11)
k=0 0 0 0

Next, for j = 1 and ¢ = 1, we consider the expression in (5.10) in view of (7.11). First, we
analyze the term inside the “cl”, i.e., just the infimum part in (5.10). Now, o¢, is the indicator

function of —83%, so, since the “sum of the p;’s” part in (7.11) is zero, the infimum in (5.10) is 0 or
+00. The infimum will be 0 if and only if there exists a € IR such that

0 0 0
X—-|0 a 0|edomoc, =-83.
0 0 0

Put otherwise, the infimum is 0 if and only if X belongs to —S% +span ({E}), where E = <§ —21 §).

However, —S?% + span ({£}) is the cone of feasible directions of —S? at E, see (2.4). The closure of
dir(E, —8%) is the tangent cone of —S% at E. Therefore, (5.10) corresponds to the assertion that
op1  satisfies

o o1

min

Also, in view of (2.5) and [30, (28.4)], we have

=cl 5dir(E,—5§) = 5tanConc(E,—si)-

X1 X2 Xis X X
tanCone(E, —83_) = X21 X22 X23 € 83 | (le)j X;:) € —Si
X31 X3z Xs3

This shows that the expression for o1 obtained through Theorem 5.3 is, as expected, the indicator

function of F2. as computed in (7.7). This also shows that the closure operation in Theorem 5.3

min
cannot be omitted in general.
As for op2_, using the same techniques and recalling the formula of o¢, in (7.3), we can readily

verify the formula of o2 ~as in (7.8).
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Utilizing niceness In this example, f and g are vertically nice, C; and C5 are both nice, so the
techniques of Section 6 apply. Here we play the same game as before and pretend that we do not
know Fl. and F2, .
sets Cp,Cy. Then, the goal is to compute the graph of Tpi for j € {1,2} using Theorem 6.5. This,
by its turn, requires that we determine Feas(EXT;-nice) for some ¢ > SD. As before, in view of
(3.11), it is enough to take i = 4.

First we compute Feas(EXT;-nice). This requires understanding the tangent spaces of the
epigraphs of o¢, and o¢,. Since o¢, = d¢co, we have epiog, = C7 x Ry = —Si x IRy. Then, for
any X € domog,,

On the other hand, we assume we know deeply the structure of the individual

tan (X, 0¢, (X)), epioe,) = tan ((X,0),C] x R4)
(7.12)
=tan (X, C7) x tan (0,R4) = tan (X, —S3) x {0}.

The tangent space of —S? at some X € —S§2 is well-understood. It can be computed, for example,

using (2.5), see also [30, Proposition 28.1] or the discussion in [28, Section 2.5]. Meanwhile, recalling

Bo 0 0
oc, in (7.3), for X = 0 o 30) € domoe, with ag > 0, we have
0 Bo O

{<<€gg) 6) a,ﬂeR}, if ag > 0,
tan (X, oc, (X)), epioc,) = 0p0

B0 (7.13)
{((006>,ﬁ) 56R}, if ag = 0.
040

Next, let (uj,v}, (L, uz, v3,(2)i_o € Feas(EXT;-nice). For k = 0 we have the following con-

straints:

(ug, v5,¢8) € domog, x gra Taff(C1)>» (ud, v, ¢2) e domog, x gra Taff (Cs)s (7.14)
u(l) + vé = —u% - vg and o¢, (u(l)) + o0, (u(z)) + C& + <§ <0.

Since aff(C1) = 8* and hence graougc,) = {(0,0)}, we know vj = 0 and ¢ = 0. Noticing that
aﬁ(C’g) = {X eS3 | X1 +2X93 = 1}7 it holds that

300
le 1fZ€{<005>|ﬁ€IR},
Oafi(Co)(Z) = 080

+00  otherwise.

oo™
@R o
owo

Recall from (7.3) that domog, = {(

ag = 0 such that

) |feR,a > 0}. Then, there exist 31,32 € IR and

9 B1 0 0 9 B2 0 0
Uy =1 0 a B |, vg=1| 0 0B ).
0 B 0 0 B2 0
Then,
Bi+B2 0 0
U(Q) + U(Q) = ( 8 Baoﬂ 51-(‘;,52) = —u(l) € —domog, = Si, 0'02(114%) + O'aff(cz)(’l}g) = p1 + fBa.
1+52

As —u$ = u + v3 must be positive semidefinite, 31 + B2 = 0 holds. This implies that

oc, (ug) + (5 = 00, (ud) + Tagr(cs) (v5) = 0.
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Therefore, any (u, v}, (L, u3, v3, (3) satisfying (7.14) must be of the form

1 0 00 1 9 o 000 L )
u0=(8_308)7 v =0, U0+U0=<80608)a G =0, G =P (7.15)

with ag = 0.
In view of (7.12) and (7.13), if oy > 0 we have

0 vip; O
tan ((ué,acl (u(l))),epi Ucl) = tan(u(l), —Si) x {0} = ({ (vém Va1 1153,1> € SS}> x {0},
(7.16)

0 vipy O
_ 800
tan ((ug, oc, (ug)), epioc,) = {((8 o g), 5)

If ap = 0, the tangent space tan ((u(l),acl (ud)), epi 0(;1) only contains the zero element. And,
tan ((ud, oc, (ud)), epioc,) becomes as in the second case of (7.13).

Here we will also omit the computations showing that if we increase ¢ the right-hand-sides in
(7.16) do not change. This is consistent with the fact that SD = 1. And, indeed, the right-hand-
sides in (7.16) correspond to the graphs of o, Fr oy and o2, respectively. This follows from
(7.7) and (7.8), respectively. Plugging f*, Feas(EXT;-nice) in (7.15), and the right-hand-sides
of (7.16) into (6.25) gives an extended dual that is equivalent to (7.10).

a,BeIR}.

8 Concluding Remarks

The goal of this work was to design a facial reduction algorithm appropriate for handling the
problem (1.1) in order to regularize it so that Slater’s condition is satisfied. More genrally, given
two nonempty convex sets C; and Cz, our proposed Algorithm 1 is able to either find faces F1, , F2,
as in (3.2), or to verify that their intersection is empty. We can then apply this to (1.1) by setting
C1 = dom f and C5 = dom g.

Restricting f and ¢ to faces of their respective domains leads to the problem of computing the
conjugates f\*Fl. and g’;z. . By its turn, this provides a natural motivation for the notion of nice
convex sets and the class of vertically nice functions considered in Section 4. We then leverage these
tools to obtain extended duals that, while fairly technical, to do not require that FL; and F2, be
explicitly determined beforehand. This is first done in as much generality as possible (Theorem 5.4)
and, then, under closedness and niceness assumptions (Theorem 6.5).

In conic linear programming there are many applications of facial reduction and its natural to
wonder which ones could be extended to general convex programs in a natural way. For example,
in [23, 16, 17, 15, 14] the authors used a framework based on the facial reduction algorithm and
the so-called facial residual functions to deduce error bounds for conic linear programmings. The
idea of using facial reduction algorithm to deduce error bounds dates back to Sturm’s pioneering
work [42]. This inspires one possible direction of future research: can we use the facial reduction
algorithm proposed in this paper to deduce error bounds for general convex feasibility problems as
in (3.1)?

Finally, we remark that while this work was in its finishing stages, a paper by Scott [39] was
released that has a very similar motivation as ours: extending facial reduction ideas from the conic
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setting to the general convex optimization case. Along the way, Scott proves several interesting
results such as one that is analogous to Theorem 3.1, e.g., see [39, Corollary 5.5]. That said, apart
from the philosophical similarities, we believe the technical development of both papers is fairly
distinct. In particular, the bilateral facial reduction algorithm presented in [39] seems quite different
from Algorithm 1 described here. Furthermore, as far as we could see, the discussions and results
described in Sections 4, 5 and 6 do not seem to have a counterpart in [39].
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A Proofs of Section 2

Proof of Lemma 2.1. (i) Let s € ri(C) and denote the right-hand side set of (2.1) by G.
For any z € aff(C), by the definition of relative interior, there must exists ¢ € (0,1) such that
tr+ (1—1t)s = s+t(x—s) e C. Then letting z = x — s, we have x = s+ 2z, which means « € G and
so aff(C') € G.

Conversely, suppose that there exist ¢ € (0,1) and z such that s + tz € C. We then have
tz € C—s < span (C' —s), and hence z € span (C'—s). It follows that s+z € s+span (C—s) = aff(C)
and so G < aff(C).

(ii) For any x € aff(Cy n Cs), there exists k € N, v; € C; n Cy for i = 1,2,...,k, and {a;}F_,
with Z?=1 o; = 1 such that x = Zle a;v;. Since v; € Cy N Cy for all 4, we have x € aff (C1) naff(Cs)
as well.

For the converse, we start by observing that ri (Cy n Cy) =11 (C7) nri(Cs) holds, since ri (Cy) N
ri (Cq) # I, e.g., see [35, Theorem 6.5]. Let s € ri (Cy n Cq) =ri(C1) nri(Cy) be arbitrary. For
any z € aff(C1) n aff (Cy), applying (2.1) for Cy and Cy, respectively, there exist ¢1,t2 € (0,1) and
z such that x = s+ z, s + t1z2 € Cq and s + t2z € Cy. By the convexity of C; and Cs, it holds that
s + min{ty,t2}z € C1 n Cy. Applying (2.1) for C; n Cy, we see that x = s + z € aff (C; N Cy).

(iii) For any x € aff(Cy — Cy), there exists k € N, v; € Cy, u; € Oy fori =1,2,... k and {o;}F_,
such that x = Zle a;(v; —u;). Then x = Zle v — Zle a;u; € aff (Cy) — aff (Cy).

For the converse, as in the previous item, we have ri (Cy n Cy) =11 (C1) nri(Cs), since 11 (Cy) N
ri (Cs) # . Moreover, from [35, Corollary 6.6.2], it holds that ri(Cy — C3) = 1i(Cy) — 1i(Cy)
and hence 0 € 1i(C7 — Cs). Let s € 1i(Cy n C3) = ri(C1) nri(Cs) be arbitrary. For any x €
aff(Cy) — aff(Cy), applying (2.1) for Cy and Cy, respectively, there exist t1,t2 € (0,1) and 21,
zo such that ©* = s+ 21 — s — 20 = 21 — 20 with s + t127 € C7 and s + t329 € C3. By the
convexity of C7 and Cy, it holds that s + min{ty,t2}2z; € C; and s + min{t,¢2}29 € Cy. Then
s+ min{ty, ta}z1 — s — min{ty, ta}zo = 0 + min{ty, t2} (21 — 22) = 0 + min{ty, t2}z € C; — Cs. Since
0 eri(Cy — Cy), then by (2.1), we obtain x € aff(C; — C3). O

Proof of Lemma 2.2. For any y € C¥ n C7, it holds that {(x1, y) < 0 and {z2, y) > 0 for any

x1 € C1 and x5 € Co, which follows that (xg — z1, y) = 0 for any 27 € Cy and x5 € Cy and hence
y € (Co — Cp)*.
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Conversely, since 0 € Cq, we have Co € Cy — C; and hence (Cy — C1)* < C¥. Moreover,
for any ¢ € C; n Cy, since C is a closed convex cone, x + ¢ € Cy for any x € C;. Then —z =
c—(x+c¢)e Cy — (4, e, —C; € Cy — C1, which implies that (Cy — C1)* < Cf. Therefore, we
have (Cy — C1)* < CF n Cf and consequently (Cy — C1)* = C¥ n CY. O

Proof of Lemma 2.5. (i) Since cl f; < f; for any i € Z, we have infez cl f; < inf,ez f;. Taking
the closure on both sides and noting that the closure operation is order-preserving, we have

llIlf 1 i < CllIlf i
¢ ZEIC i€l
COIl\/eISely, fOI aIly T e S, we ha\/e

X (b)
@ Jim inf inf fi(y) < liminf f5(y) for all j € 7, (A1)

Yy—>T i€ Yy—>T

clinf fi(x)

where (a) comes from the definition of the closure of a function; (b) holds since the limit infe-
rior is order-preserving and inf;ez f; < f; for all j € Z. Furthermore, for any j € Z, cl fj(z) =
liminf,_,, f;(y), which together with (A.1) imply that clinf;er fi(z) < cl f;(z) for all j € Z. There-
fore, we conclude that
clinf f;(z) < infcl f;(2).
i€l i€l

Since clinf;ez fi(z) is lower-semicontinuous (by definition) and the closure operation is order-
preserving, we obtain
clinf f;(z) < clinf cl f;(x).
i€l i€l

(74) For any i € Z, we have C; < C, which implies that

inf f(x) > inf f(x),

zeC;

and hence

o . |
inf inf f(z) > inf f(z)

Since f is proper, its epigraph is nonempty, so inf,cc f(z) < +00. Next, we divide in two cases.
First suppose that inf,cc f(z) is finite. Then, for any € > 0, there exists T € C such that

f(@) < inf f(z) +e.
zeC
Since | ;o7 Ci = C, then T € C; for some j € Z. Therefore,

inf f(z) < f().

:CECj

It follows that

WL < g T < J@) < BT e

As this holds for any € > 0, we must have

BT = T

56



The second case is when infec f(z) = —o0. Then, we let L < 0 be arbitrary and take Z such that
f(Z) < L holds. Following a similar sequence of arguments, we conclude that

inf inf f(z) < inf f(z) < f(T) <L

€L zeC; zeC

Therefore, as L is arbitrary, inf;ez infec; f(2) < infiec f(2) holds in this case as well. O

Proof of Lemma 2.6. Notice that

Tai(0)(2) = 0Leta(x) = sup{z, y +a) = sup (z, y) + (x, a) = oz, (x) + {z, a).
yeLc yeLc
Because L¢ is a subspace, then domoys. = £ and oz, (z) = 0 for any @ € £5. Therefore,
Tai(c) = s ay + (51%. Using the formula of o,g(¢c), we can obtain that

re (aff(0))° & ougo)(z) <0 = z€ £ and (z,a) <0 < z e L n {a}°.

Then it holds that (aff(C))° = L n {a}°. O

Proof of Lemma 2.7. Notice that

sup{s, zy = sup {(s,xy>= inf (s, z)>= inf (s, x),
zeCy 2eC1nCy zeC1nC> zeCy

where the first and last inequalities come from the facts that & # C1nCy € C; and & # C1nCy <

Cs. This and the assumption infycc, (s, x) = 6 > sup ., (s, ) imply that all inequalities hold as

equalities, leading to the desired statement. Since C; n Cy # J, this also implies that s € domo¢,,

s € —domogc,, and s € domog, ~c,. Moreover, 6 = sup,cc, ~c,{5, ) = infzeo, ~c, (s, ) implies

that (s, ) = 6 for all x € C; n Cy, hence we have C1 nCy € H = {z | (s, z) = 0}. O

Proof of Lemma 2.8. We first prove C n Hy n Hy, =C n H.

() CnH nHy=, then CnHy nHy € C n H. Next we assume C n Hy n Hy # (J,
then we can pick z € C n Hy n Hs. By definition, z € C, {(s1, 2) = o¢(s1) and {s3, 2) = oc(s2).
Then, we have {(s1 + 82, 2) = (81, 2) + (S2, 2) = 0¢(s1) + 0c(s2). Thus, z € H, and since z € C,
then z € C n H and hence C n Hy n Hy € C n H.

(2) Conversely, similar to previous, we can assume C n H # (J, then we pick z € C n H.
By definition, z € C and {s1 + s2, 2) = o¢(s1) + oc(s2). By the definition of support functions,
we have (s1, 2) < o¢(s1) and (s2, 2) < o¢(s2). This gives (s1, 2) + (s2, 2) < oc(s1) + gc(s2).
From {s1 + s2, 2) = o¢(s1) + oc(s2), equality must hold in both support function inequalities,
so {(s1, zy = oc(s1) and {sa, z) = oc(s2). Thus, z € Hy n Hy. Since z € C, it follows that
CnHcCCnH N Hs.

Next, we prove C n Hy n Hy = C n H. Since C n Hy n Hy = C H, we only need to show
that CnH = C ~ H. Note that C n H = C n Hy n Hy # . Pick any z € C n H. We then have
z € H and see from the subadditivity of a support function that

{(s1+ 82, z) = 0c(s1) + oc(s2) = oc(s1 + s2).
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This together with (s1 + s2, 2) < 0¢ (81 + $2) yields that z € H and therefore C n H < C n H.
Since C' n H # &, we see from C n H € C n H that there exists some ce Cn H < C n H.
Consequently, ce H n H and therefore

oc(s1+ s2) = (s1+ s2, ¢) = oc(s1) + oc(s2),

which implies that H = Handthus CnH=CnH. O
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