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Abstract

Transportation network design, or the problem of optimizing infrastructure for a
societal goal, subject to individual travelers optimizing their behavior for their own
preferences arises frequently in many contexts. However, it is also an NP-hard prob-
lem due to the leader-follower or bi-level structure involving a follower objective that is
different from yet significantly affects the leader objective. Creating globally optimal
solution algorithms has been particularly difficult for the continuous network design
problem (CNDP), in which leader variables are continuous, because of the many nonlin-
earities arising therein. We present a globally optimal algorithm for the CNDP based
on using the high-point relaxation, i.e., the system optimal CNDP, and value func-
tion cuts to find lower bounds and solving the traffic assignment follower problem to
find upper bounds. We introduce a convex relaxation and a spatial branching scheme
to handle the non-convexity of value function cuts. This leads to a spatial branch-
and-cut algorithm that gradually cuts out bi-level infeasible points from the feasible
region of the CNDP. To enhance computational performance, we outer-approximate
nonlinear convex functions and use column generation to obtain a sequence of linear
programs that can be solved relatively quickly. We show that, for a predefined e, our
spatial branch-and-price-and-cut algorithm converges to e-optimality. Compared to
prior work on globally optimal solution algorithms for CNDP, we can find e-optimal
solutions for the same small test networks in much less time, or solve CNDP on prob-
lem instances based on networks that are two orders of magnitude larger than those
used in the literature.

Keywords: continuous network design problem; outer approximation; value function cuts;
traffic assignment; user equilibrium



1 Introduction

The transportation network design problem (NDP) (Farahani et al., 2013) is the problem
of deciding where to improve road network infrastructure so as to optlmlze some societal
goal such as minimizing traffic congestion. The difficulty in solving NDP comes from the
fact that the effects of new infrastructure depend on drivers’ behavior, and drivers usually
behave according to their own preferences such as minimizing their individual travel times.
The Braess (1968) paradox illustrates how well-intentioned network design decisions could
actually make the network worse off due to user equilibrium route choice. In other words, in-
frastructure design decisions must anticipate drivers’ behavior to achieve a targeted societal
goal. This creates a leader-follower game that can be represented as a bi-level optimization
problem, which was first identified by Leblanc (1975). Although the classic variant of the
problem involves building new road network links or adding capacity to existing links, net-
work design remains highly relevant with emerging technologies. For automated vehicles,
researchers have studied which lanes, roads, or regions should be dedicated to automated
vehicles (Chen et al., 2017; Levin et al., 2020; Seilabi et al., 2023). For electric vehicles,
researchers have studled where to locate charging stations (Chen et al.; 2016; Wang et al.,

2023; Mirheli and Hajibabai, 2023).

NDPs can be categorized into discrete NDP (DNDP), where the decision variables are
discrete, or continuous NDP (CNDP), where the decision variables can take on any value
within some continuous range. The different types of decision variables have a significant
effect on globally optimal solution algorithms. In DNDP, the discreteness means that the
feasible region of the design decision variables is finite, which can be used to guarantee
algorithm termination and global optimality. In CNDP, the continuous nature of leader
variables together with the non-linear non-convex follower optimality conditions forbids such
approaches. Consequently, existing globally optimal solution algorithms in the literature for
the CNDP are computationally intractable on even small problem instances. For example,
the small Sioux Falls test network has not been solved to global optimality.

Due to the bi-level structure, NDP is non-convex even if the leader objective and follower
objective are convex, and NP-hard to solve (Gairing et al.; 2017). Therefore, finding globally
optimal solutions is computationally difficult, and researchers who encounter NDP often use
metaheuristics such as genetic algorithms (Nayeem et al.; 2014; Arbex and da Cunha, 2015;
Levin et al.; 2020). Other recent work has developed methods proven to converge to a
stationary point (Wang et al., 2022; Guo et al., 2025). However, although it is possible that
the stationary point found by such algorithms is a global optimum, it is not guaranteed and
prior work did not attempt to prove it. Our goal is to find a globally optimal solution and
prove that it is € away from global optimality.

Recent approaches to finding globally optimal solutions to CNDP cannot scale to large
networks. Wang and Lo (2010) formulated the CNDP as a single-level mixed integer linear
program (MILP), using binary variables for complementary slackness to enforce the user
equilibrium behavior. Because travel time functions are typically nonlinear, they used a
piecewise-linear approximation. The large number of integer variables and the necessity of
enumerating path flow variables prevents finding solutions on large networks. Luathep et al.



(2011) used a link-based complementary slackness condition to avoid path enumeration, but
a MILP on multicommodity link flows still requires substantial computation time for large
networks. Du and Wang (2016) used the same complementary slackness formulation, but
used geometric programming to handle its nonlinearity. However, that approach introduces
difficulties with the linear constraints, and still requires enumerating all paths. Liet al. (2012)
does not require path enumeration, but instead solve a sequence of concave minimization
problems. Each subproblem is therefore NP-hard. The reported computation times from
these recent methods on the 6 node, 16 link network of Harker and Friesz (1984) range
from 1.5 minutes using Wang and Lo (2010)’s piecewise approximation to 12 hours from Li
et al. (2012). Globally optimal solutions on larger networks have not been reported in the
literature.

Since the CNDP is a continuous non-convex optimization problem, it is appropriate to
consider the concept of e-optimality which is widely used in global optimization (Liberti,
2008; Floudas, 2013) as a target for CNDP algorithms. The goal of this paper is to develop
a new solution algorithm for the CNDP that, given a predefined ¢ > 0, can find e-optimal
solutions much more efficiently and on significantly larger problem instances than prior
work. These prior methods involve complex subproblems that are difficult to solve, and do
not take advantage of the relatively simple subproblems that CNDP is related to. First, for
any fixed leader variable, the follower problem of traffic assignment can be solved efficiently
on large networks using dedicated algorithms (e.g. Dial, 2006; Bar-Gera, 2010). Second,
in many use cases (e.g. the Bureau of Public Roads travel time function), the high-point
relaxation of CNDP has a convex objective function and linear constraints (Beckmann et al.,
1956). By adding value function cuts to enforce follower optimality, we can form a single-
level non-convex nonlinear program that is equivalent to CNDP. We relax the non-convex
value function constraint with convex lower and upper bounds, and use spatial branching to
improve the tightness of the relaxation to iteratively converge to e-optimality. To enhance
computational tractability we also integrate a column generation approach that allows us to
exploit the path-based formulation of traffic assignment within our approach.

The contributions of this paper are as follows: we present a new spatial branch-and-
price-and-cut algorithm for the CNDP that is guaranteed to converge to e-optimal solutions.
Our approach exploits the high-point relaxation of the bi-level formulation and uses spatial
branching and value function cuts to gradually tighten this relaxation and obtain increasing
lower bounds. Computational tractability is further enhanced using outer approximation
(OA) to form a linear approximation of this problem and a column generation procedure to
scale up to larger networks. As this algorithm involves solving linear programs and traffic
assignment, it is far more efficient than existing methods, which we demonstrate on both the
Harker and Friesz (1984) network used in prior CNDP work and on much larger networks.

The remainder of this paper is organized as follows. Section 2 reviews the literature
on network design. We formally define the CNDP in Section 3 and present our proposed
solution method in Section 4. We show numerical comparisons in Section 5, and conclude
in Section 6.



2 Literature review

The discrete network design problem (DNDP) was first proposed by Leblance (1975), which
was followed soon after by the continuous network design problem (CNDP) by Abdulaal
and LeBlanc (1979). Although Leblanc (1975) proposed a branch-and-bound algorithm for
the DNDP, Abdulaal and LeBlanc (1979) proposed grid-based methods for the CNDP. This
theme of difficulty for solving the CNDP exactly has continued throughout the literature
on network design. Although CNDP has significant differences from DNDP, some concepts
and theory from DNDP are relevant to CNDP and our proposed algorithm. Hence, we first
review approaches for the DNDP then review those for the CNDP.

2.1 Discrete network design problem

As is typical of integer programming, DNDP algorithms are often based on finding lower
bounds from the high-point relaxation (which corresponds to a system optimal variant of the
problem), branching on discrete variables and comparing with upper bounds from solving the
traffic assignment follower problem. Leblanc (1975)’s seminal branch-and-bound algorithm
for the DNDP adopted this principle. Because Leblanc (1975)’s algorithm relies heavily on
traffic assignment to obtain upper and lower bounds, its computation time has improved
with the development of faster dedicated algorithms for traffic assignment.

Several studies used piecewise-linear approximations to handle the nonlinear travel time
functions, even though the approximation introduces some error. Farvaresh and Sepehri
(2011) developed a MILP using a piecewise linear approximation and a linearized version
of the user equilibrium condition. Fontaine and Minner (2014) revised the linear approx-
imation to use strong duality to achieve follower optimality. However, instances on Sioux
Falls and Berlin Mitte Center networks with 20 discrete leader decision variables remain
challenging (Rey, 2020).

Farvaresh and Sepehri (2013) used a similar branch-and-bound approach as Leblanc
(1975), but handled the nonlinearity in the high-point relaxation directly using OA (Du-
ran and Grossmann, 1986) instead of branching to obtain fixed leader decision variables.
Asadi Bagloee and Sarvi (2018) reformulated the DNDP as a mixed integer nonlinear pro-
gram (MINLP) to minimize the Beckmann objective function, and used OA there.

Other techniques were also studied for DNDP. Gao et al. (2005) attempted a generalized
Benders’ decomposition to separate the leader variables from the easier traffic assignment
subproblem, but Farvaresh and Sepehri (2013) showed that Gao et al. (2005)’s derivation
of the Benders’ optimality cuts used the incorrect dual values because both system optimal
and user equilibrium traffic assignment are involved. Wang et al. (2013) studied a variation
of the original link-addition DNDP of adding discrete levels of link capacity, which created
a similar situation as in the standard CNDP in which the follower solution is feasible for
all leader decisions. Consequently, their approach exploited value function cuts to gradually
enforce follower optimality.



2.2 Continuous network design problem

In contrast to DNDP, designing globally optimal algorithms for CNDP has been more difficult
due to the continuous leader variables. Abdulaal and LeBlanc (1979) proposed grid-based
methods using a line search or small step-size move. Consequently, after deriving some
theoretical results and a single-level reformulation, Marcotte (1986) proposed some heuris-
tics for solving the CNDP. Meng et al. (2001) later proposed a locally-optimal augmented
Lagrangian algorithm by reformulating the CNDP using the gap function, which was only
guaranteed to find local minima due to the non-convexity of the CNDP. However, one ad-
vantage of their algorithm was that its main work involved a variation of traffic assignment,
which can be solved quickly. Gao et al. (2007) exploited the similarities of the typical leader
and follower objective functions to create a different algorithm, although its global optimality
was also not guaranteed. Chiou (2005), Chiou (2007), and Chiou (2009) developed gradient
or subgradient methods for the CNDP, but they also have the possibility of becoming stuck
in local minima. Ban et al. (2006) created a single-level reformulation using the complemen-
tary slackness constraints of the follower traffic assignment problem, which they attempted
to solve directly.

Due to the difficulty of solving CNDP to global optimality, several papers have developed
methods that are proven to find a local minimum. Wang et al. (2022) proposed a “globally-
convergent line search algorithm” which finds a local minimum. Guo et al. (2025) used a
difference of convex functions approach to find a stationary point (local minimum), and Guo
et al. (2024) used a similar approach to find a stationary point for the related congestion
pricing problem. While it is possible that a stationary point found using a convergent
algorithm is a global optimal solution, this is not guaranteed, i.e., these globally convergent
algorithms are not able to prove global optimality of the obtained solutions. Unlike these
studies whose focus was to develop convergent algorithms to find stationary points for the
CNDP, our goal is to find a globally optimal solution.

The lack of global optimization approaches for solving the CNDP inspired Wang and Lo
(2010) to propose a MILP based on the single-level reformulation obtained using comple-
mentary slackness. To achieve linear constraints, the nonlinearity of the travel time function
was reformulated with a piecewise-linear approximation. Because their MILP formulation
required enumerating all paths, Luathep et al. (2011) extended that approach to mixed
continuous-discrete NDP where a link-based complementary slackness condition based on
multicommodity link flows is used instead. However, the authors use a piecewise linear
approach to handle nonlinear constraints arising in their formulation which does not en-
sure that a global optimum to the original nonlinear problem is found. Like Luathep et al.
(2011), Wang et al. (2015) also reformulated a mixed discrete and continuous network design
problem as a single-level MILP, and used outer approximation to create linear versions of
nonlinear constraints.

Li et al. (2012) used the gap function to design a globally optimal solution algorithm
for the CNDP. Their algorithm requires solving a sequence of concave minimization prob-
lems, which are NP-hard, and consequently they reported 12 hours computation times on
Harker and Friesz (1984)’s test network, which is commonly used within CNDP studies. Du



and Wang (2016) created another alternative globally optimal approach by reformulating
the single-level problem with complementary slackness constraints as a geometric program.
However, that required approximating some of the linear constraints relating link and path
flows, which created different computational challenges.

Overall, globally optimal methods for the CNDP in the literature are limited, and those
that exist require large computation times on small-scale problem instances because they
involve solving difficult subproblems. Our method combines elements from the literature on
DNDP and CNDP to achieve an algorithm using relatively simple subproblems that admits
solutions on much larger networks with reasonable computation times. Specifically, we can
solve CNDP to global optimality on much larger networks (over 900 links) in less than 1
hour, whereas prior work has required minutes or hours to solve CNDP to global optimality
on the 16 link Harker and Friesz (1984) test network (Li et al., 2012; Du and Wang, 2016).

3 Problem formulation

Although many of the NDPs encountered in specific contexts have context-specific defini-
tions, the CNDP has a standard problem definition from Abdulaal and LeBlanc (1979):
deciding how to add capacity to (some) existing links to reduce the combined objective of
total system travel time and cost of capacity additions. For the purposes of developing a
globally optimal algorithm for the CNDP, it is useful to solve this standard problem, and our
algorithm can be modified to apply to other CNDP variants that satisfy certain assumptions
discussed hereafter. We will therefore focus on solving the standard CNDP. As in previous
work, our main assumptions are based on minimizing total system travel time as the leader
objective, with drivers minimizing individual travel time as the follower objective, and the
use of mathematical properties satisfied by link congestion function such as the Bureau of
Public Roads travel time function.

3.1 Network definition

Consider a traffic network G = (N, A) with nodes N and links A. The set Z C N represents
the zones where trips start and end. Some (possibly all) links can be modified with extra
capacity. The problem is to decide y,, the extra capacity added to link a € A, so as to
minimize total congestion. We consider that y, is lower-bounded by 0 and upper-bounded
by Y,. For links where capacity cannot be added, Y, = 0 and those links are considered as
fixed. Each link a € A has a travel time function ¢,(x,,y,) that indicates the travel time on
a as a function of link flow x, and added capacity y,. For example, the Bureau of Public

Roads (BPR) function is
" T Pa
ta(Ta; Ya :ta I+ a, ! 1
) =t (140 (5 55) ) v

where C, is the base capacity, y, is the added capacity, tT is the free flow travel time, and
a, and p, are calibration constants. Let x and y be the vectors of x, and y,, respectively.




Assumption 1. x,t,(x,, ys) is convex in both x, and y,. Moreover, foxa to(w, ys)dw is convex
in both x, and y,.

Having convex upper-level and lower-level objectives is important for our algorithm de-
sign. While Assumption 1 may seem restrictive, Li et al. (2012) proved that it holds for the
widely-used BPR travel time function with capacity addition, Eq. (1), and also required
this assumption for their globally optimal algorithm. We note that ¢,(x,,y,) is typically
assumed to be increasing in z, and therefore foma to(w, yo)dw is convex in z,. Therefore, this
assumption is sufficiently general for a wide range of use cases.

Let gq(ya) be the cost of adding capacity to link a € A. This cost function is used in
the objective to minimize the weighted combination of total system travel time and costs for
added capacity.

Assumption 2. The functions g,(y.), for all a € A, are conver.

Under Assumption 2, the objective function of minimizing the combination of congestion
and costs for added capacity, is a sum of convex functions and is therefore convex.

min Z(x,y) = Z (Tata(Ta, Ya) + 9a(Ya)) (2)
acA

The travel demand from r to s, denoted d,, is assumed known, and is related to link
flows z, via the flow A™ on path 7:

To =Y OGhT (3)
mell

where II is the set of all paths and 67 € {0,1} indicates whether path 7 uses link a. All
demand must be assigned to a path:
> T =d,, (4)

wellys
where II,; C II is the set of paths from r to s.

Assumption 3. Drivers behave according to a Wardrop (1952) equilibrium, i.e. link flows
satisfy

h" [(Z 5;rta(xaaya)> _H'Ts] =0 (5)

acA

where p,s is the minimum travel time from r to s. In other words, either h™ = 0 or the travel
time of path m is equal to fi,.

This creates a leader-follower game where the leader, optimizing link extra capacities
y, aims to minimize congestion effects but is subject to the follower behavior of individual
drivers which determines link flows x potentially competing with the leader goals. For
example, the Braess (1968) paradox illustrates how a well-intentioned choice of y could
cause Z(x,y) to increase due to user equilibrium behavior.

7



3.2 Traffic assignment follower problem

For a fixed y, the follower problem is a y-parameterized user equilibrium traffic assignment
problem and can be written as

TAP(y) = argmin B(x,y) = Z/ to(w, Yo )dw (6a)
x,h acA’0
st Ta= Y 67" Ya e A (6b)
well
> hm=d, Y(r,s) € 22 (6¢)
TFEHTS
h™ >0 Vrell (6d)

The objective function B(x,y) is the Beckmann et al. (1956) function, chosen because the
KKT conditions match Assumption 3. The specific value of B(x,y) will be useful here in
adding cuts during the solution algorithm. From Assumption 1, we assume that t,(z4, ya)
is convex in both x, and y,, therefore B(x,y) is a sum of convex functions. Therefore
the follower problem has convex objective function and linear constraints, and an unique x
solution. While the path flow (h) solution is not unique, only x is used when calculating the
lower-level or upper-level objective functions. We will use X to denote the feasible space of
link flows defined by constraints (6b)—(6d) (which does not depend on y).

In this standard formulation, the choice of y does not affect the feasibility of x. In other
words, y, decides where to add extra capacity, but a link flow of z, is feasible even if y, = 0.
For standard CNDP this is a typical assumption because y, indicates the additional capacity
to existing links. Problems where the existence of links is determined by the leader variables
(e.g. forcing flow to be 0, z, = 0, if y, = 0) require discrete leader decision variables to
determine whether the link exists or not. Therefore, for this variation, we refer interested
readers to work on solving discrete network design.

3.3 Bi-level formulation of continuous network design problem

The continuous network design problem (CNDP) is

CNDP : rEg,n Z(x,y) = Z (Tata(Tas Ya) + 9a(Ya)) (7a)
’ acA

st. 0<y, <Y, Va € A (7b)

x € TAP(y) (7c)

which is a bi-level optimization problem. CNDP is primarily difficult due to its bi-level struc-
ture. The follower problem itself has been studied extensively, and fast algorithms (e.g. Dial,
2006; Bar-Gera, 2010) exist to solve it on large networks. The bi-level nature makes CNDP
a continuous non-convex problem. Our goal is to solve CNDP to e-optimality for a predefined



€ > 0. The concept of e-optimality is widely used in global optimization methods for non-
convex problems, notably if decision variables are continuous (Liberti, 2008; Floudas, 2013).
Formally, we aim to find (x*,y*) such that Z(x*,y*) is within € of the optimal objective
function value (OFV) of CNDP and B(x*,y*) is within € of min, B(x,y*).

We will start by working with the high-point relaxation of CNDP, i.e., the system optimal

CNDP (SO-CNDP):

SO-CNDP : Zlb = min Z<X7 Y> = Z (xata(mm ya) + ga(ya)) (8&)
*.y:h acA
st. 0<y, <Y, Va e A (8b)
To =Y OGhT Va € A (8¢)
mell

> hT =, Y(r,s) € 22 (8d)

mellys
h™ >0 Vr eIl (8e)

Formulation (8) has a convex objective function and linear constraints and can be solved
efficiently. However, its solutions are unlikely to be bi-level feasible, i.e., they may not
satisfy constraint (7c¢). Our approach starts by solving SO-CNDP and iteratively enforces
bi-level feasibility via branching and cutting schemes.

4 Solution algorithm

Our algorithm focuses on computing a sequence of progressively tighter upper and lower
bounds, as in several globally optimal algorithms for DNDP (Leblanc, 1975; Farvaresh and
Sepehri, 2013). Upper bounds are computed from solving traffic assignment for a fixed leader
solution y, whereas lower bounds are found by solving the high-point relaxation problem
augmented with value function cuts such as in Wang et al. (2013) to move towards follower
optimality.

The structure of our algorithm is as follows: we start by solving SO-CNDP and obtaining a
global lower bound Zy, of the optimal OFV Z* along with a point (x!,y!). An upper bound
is obtained by solving x' = TAP(y!) and computing Z(x',y'). If

Z(TAP(yY),y'") — Zp < € (9)

then we have found a solution that is e-optimal and we can terminate the search. Otherwise,
the algorithm explores the feasible region of SO-CNDP by performing spatial branching on
y-variables and adding value function cuts based on the follower best-response solution to
tighten the relaxation and eliminate bi-level infeasible points. We next present the main
components of our approach.



4.1 Value function cuts

Suppose solving the high-point relaxation (8) yields a solution (x!,y') where x! # TAP(y!),
i.e., it is bi-level infeasible. Because the follower problem (6) seeks to minimize the Beckmann
function B(x,y), by definition it holds that

B(x,y') > gg}(lB (x,¥") (10)

We add value function cuts to Formulation (8) requiring the opposite of Eq. (10) to
restrict x to follower-optimal points, resulting in the augmented high-point relaxation of
SO0-CNDP:

}I(T’lylylill Z(X, y) = ;(xata(xavya) +ga(ya)) (11&)
st. 0<y, <Y, Va € A (11b)
To =Y O5hT Va € A (11c)
mell

> KT =d,, V(r,s) € 22 (11d)

welly g
h™ >0 v eIl (11e)
B(x,y) < B(X,y) vx'e X (11f)

where constraints (11f) are the value function cuts. Formulation (11) is equivalent to CNDP be-
cause it rewrites constraint (7c) requiring follower optimality as a comparison of the follower
objective function against all feasible x’ in constraint (11f).

4.1.1 Generating value function cuts

It is impractical to consider all x" € X" for constraint (11f). Our approach consists of relaxing
constraint (11f) and iteratively generating such cuts at points violating this constraint. Let
U ={1,...,n"'} be the index set of x' points used in value function cuts, labeled x!(i) for i €
V. The set U will be built sequentially over iterations. In other words, ¥ provides a method
to access all saved points used for value function cuts. After combining Formulation (8) with
an index set of value function cuts 7', we obtain a partially augmented SO-CNDP formulation

10



named R-CNDP(7/):

R-CNDP(7) : Zip(V) = min  Z(x,y) = ) _ (¥ata(Ta, Ya) + ga(tia)) (12a)
oY acA
st. 0<y, <Y, Va € A (12b)
T, = Z(Sgh” Va € A (12¢)
mell

> hm=d, V(r,s) € 22 (12d)

ﬂ'EHrs
h™ >0 Vrell (12e)
B(x,y) < B (x'(i), ) Yiew (12f)

Note that constraint (12f) has a convex LHS and a convex RHS since B(x,y) is convex in
both x and y. Therefore constraint (12f) is non-convex due to its convex RHS.

Since Formulation (12) contains a subset of the constraints of Formulation (11) which is
itself equivalent to CNDP, we have shown the following result.

Proposition 1. Given an index set of value function cuts V', the optimal OFV of Formu-
lation (12) is a lower-bound on the optimal OFV of CNDP, i.e., Zy(V') < Z*.

The purpose of the value function cuts is to sequentially move from a feasible solution of
SO-CNDP to a solution of CNDP. To achieve convergence, adding a value function cut of the
form (12f) must cut out bi-level infeasible (x,y)-points from the feasible region of SO-CNDP.
This is demonstrated in the following result proving that we remove the prior (x!,y!) point.

Remark 1. Let (x',y') be the solution of R-CNDP(V'). Let x'(i') = TAP(y'). If x' ¢
argmin, B(x,y!), i.e., x! is not bi-level feasible, then extending the index set V' =V U {i'}
and adding the value function cut:

B(x,y) < B (x'(i),y) (13)
excludes (x',y') from the feasible region of R-CNDP (V).

Proof. Let x'(i') € argmin, B(x,y') (which is unique due to convexity of TAP) and x! # x'.
Then B(x!,y') > B(x!(#'),y!) and adding the cut B(x,y) < B(x'(i'),y) to R-CNDP(¥) re-
moves (x!,y!) from the feasible region of problem R-CNDP (¥'). O]

We note that extending the set ¥ of value function cuts after solving R-CNDP (7)) may
exclude more points than just the previously obtained solution. Since the newly gener-
ated value function cut B(x,y) < B (Xf(z" ),y) is valid for any y, the feasible region of
R-CNDP (7/")is reduced to the set of (x,y) points that satisfy this constraint.

Moreover, if we consider some fixed y’ # y and the best corresponding x’ from Formula-
tion (8) defined as

/

x e arg min Z(x,y') (14)
xEX:B(x,y/)SB(Xf,y)

11



it is possible that Z(x',y’) is relatively small. In this situation, cut (13) directly removes
some values of x from feasibility, but also causes some values of y to correctly be suboptimal
for problem R-CNDP (7).

Sequentially extending the index set of value function cuts 9" used within R-CNDP (7/) will
eventually cut away the values of X that are feasible for Formulation (8) but infeasible for
CNDP. Furthermore, we always obtain a lower bound on CNDP by Proposition 1, hence the
optimal OFV Z,(7') is non-decreasing as set ¥ is extended, forming a non-decreasing
sequence of lower bounds.

Value function cuts of the form (12f) are non-convex due to their right-hand side (RHS)
term. These cuts can be viewed as difference of convex functions since by Assumption 1
B(x,y) is convex in both x and y and therefore B(x(i),y) for any index i € ¥/ is convex in y.
As a consequence, Formulation R-CNDP (7/)is non-convex and cannot be solved efficiently by
existing optimization solvers. To address this non-convexity, we propose a linear relaxation
of the RHS of constraint (12f) and a spatial branching scheme to iteratively refine this linear
relaxation.

4.1.2 Relaxation and spatial branching scheme

To design the linear relaxation of the RHS of constraint (12f), we introduce variables 0, €
[0, 1] for all links a € A. Note that for links where no capacity can be added (i.e. y, = 0 is
the only choice), we do not need a 6, variable. Given lower bounds y and upper bounds ¥
satisfying y <y <y, we can rewrite the RHS of constraint (12f) using_ a convex combination
as

xa(l) a(Z)
<y 9a/ (0,5, )doo + (1 — ea)/ t(wy )dw| View (15a)
acA 0 0 -
Ya = eaya (1 —0 ) Ya - .A (15b)

In terms of implementation, we can assume that Y, = = 0 and g, = Y, (an upper bound on
added capacity) exist, such as due to limited physical space. Eq. (15a) may not be very tight
unless the difference y, — y_becomes small. Therefore, we introduce a spatial branching
scheme to iteratively reduce “these intervals. Given an interval Y, < Ya <Y,y We can reduce
that difference by splitting that interval into two: y < yo < Ja Or Jo < Yo < Y, Each of the
smaller intervals [y , 7.| and [§,,7,] have a tighter linear approximation to the convex RHS
of constraint (12f).
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We choose to branch on the link a € A such that the gap
(1) (i)
AL(6) = |04 / b (w0, )dw + (1 — 0,) / b,y o
0 0

zf (4)
_ / ta(w, 0T, + (1 — 00y, )dow (16)
0

is largest for a given zf(i). Because the left-hand side (LHS) of constraint (15a) is convex,
A,(0,) in Eq. (16) is concave, and the point where M#fa“) = 0 is the maximum gap. Branch-
ing on that point will minimize the gap of the two new intervals. For the commonly-used
BPR travel time function, after choosing link a to branch on, the best 6% for a specific £ (i)

point is

—C, —
iy = e i
where &5 is defined as
p+1
p+1 Ta
= —_— 18
@ &Gilp+1) 18)
with & defined as
£ (4) _ b (i)
(W, Y, )dw — [Tt (w,y )dw
51 _ fO ( Y ) f[) ( ga) (19>

(@a - ga> thaa(—pa — 1)

With different saved x'(i) points used to get closer to bi-level feasibility, we choose the
branching link as

a= argmax A, (0:(i)) (20)

acA, ie{l,...,nvf}

Fortunately, there are two advantages with this branching scheme. First, the augmented
high-point relaxation to be solved at each branch node is a linear program which can be
solved by commercial solvers. Second, in many DNDP or CNDP variants in the literature,
Yo = 0 for most links. In other words, the number of links with a leader decision variable that
requires branching is relatively small. That is a direct advantage in reducing the number of
dimensions of the branching, but it also helps with the value function cuts. Most of the RHS
value of constraint (15a) comes from links where y, = 0 and the saved point z! (i) provides
a globally optimal value for the Beckmann function. Consequently, a large interval [y ,7,]
may still have a numerically small gap for constraint (16), reducing the number of branches
required for convergence to a desired optimality gap.

Incorporating this linear relaxation within Formulation R-CNDP(7/), leads to a program
named LR-CNDP(7/):
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LR-CNDP(7) : min Z(x,y) = Z (Tata(Tas Ya) + 9a(Va)) (21a)

x,y,h,0
acA
st Ta= Y O7h" Vac A (21b)
mell
> hm=d,, V(r,s) € 2*

71'61_[7"5
(21c¢)
A" >0 vrell (21d)

Z/ to(w, ys)dw < Z lea/ ta(W,Y,)dw
acA 0 acA 0

@ (1)
+(1— Qa)/ ta(w,y )dw] VieV (2le)
0

a

Ya = gaya + (]- - ea)ga Va € A (21f)
0<6,<1 Vae A (21g)

Our approach consists of solving LR-CNDP (%) using the spatial branching scheme de-
scribed in Egs. (16)—(20). Solving LR-CNDP (%) at the root node of the search tree yields a
lower bound on the optimal OFV of CNDP and branching on y, variables will progressively
tighten this lower bound. We note that under Assumption 1, both the objective function of
Formulation LR-CNDP(%') and the LHS of constraint (21e) are convex. Thus, in this case,
Formulation LR-CNDP (%) is a convex program that could in principle be solved using classi-
cal techniques such as interior-point methods which are implemented in convex optimization
solvers (e.g. IPOPT). However, Formulation LR-CNDP (%) is path-based and it is imprac-
tical to enumerate all paths of a network in general. A possibility would be to reformulate
LR-CNDP (7)) using multicommodity link-based variables instead of path-based variables.
However, in the context of transportation network design, such link-based approaches have
been shown to be computationally less efficient compared to path-based approaches (Rey and
Levin, 2024). Since our goal is to solve CNDP at scale, including problem instances based on
large networks, we opt to retain the path-based network model and we propose to linearize
the objective function and the LHS of constraint (21e) using OA. This will allow us to obtain
a linear relaxation of LR-CNDP (/) that is amenable to column generation. We next describe
how these OA cuts are derived and generated within a spatial branch-and-price-and-cut
algorithm.

4.2 OA of the objective function

The objective function (12a) is nonlinear and convex. We propose to use OA to obtain a
more tractable formulation. This is motivated by observing that supporting hyperplanes are
always linear underestimators of a convex function (Duran and Grossmann, 1986). Therefore,
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by gradually adding supporting hyperplane cuts, we can approximate a nonlinear convex
function with linear constraints.
The standard OA of Z(x,y) involves taking a point (x,y) and adding the linear cut

Z(%.9)+ VaZ (%.3) - (x = %) + VyZ(%,5) - (y — §) < Z(x.y) (22)

The downside of OA is that we need a potentially large number of supporting hyperplanes
to form a tight approximation of Z(x,y). Furthermore, since the (X,y) points used in the
approximation are usually based on prior solutions of Formulation (12), that could involve a
large number of iterations, with a large number of linear programs to be solved, before the
approximation is tight. To address this challenge, we exploit the link-separability of leader
and follower objective functions to develop tighter OA models.

The supporting hyperplane on the LHS of Eq. (22) is centered on Z (x,y),

Z(%,9) = (data (o Ta) + ga ({a)) (23)
acA
and the gradient terms are
o . . | At (Za, Y L
VZ(%9) - xy —9) = X (= ) [ | e
acA @
and
. . | dE (T, Ya dg (9,
V2RI =9 = X (i) [ Gy ) (25)
acA @ @

Observe that both Z(x,y) and its OA are separable by link. Therefore, instead of using
the entire (X,y) for the OA, we can instead derive a link-based OA for the individual objective
function components for each link a. Let (, be the variable used for the OA of the term
corresponding to link a € A. Replacing Z(x,y) with approximation variable ¢, in Eq. (22),
we obtain

Z()A(,y)—FVXZ()A(,}A’) : (X—)A()—i-vyZ()A(,y) : (y_S’) S ZC& (26)
acA

as the OA cut with the objective of minimizing ) _ , (o- This cut can be decomposed into
link-based cuts of the form:

- [ dt (g
Ca > Zala (xm ya) + 9a (ya) + (xa o xa) Ia%

t, (@a,w}
dt Aa’ Aa d Aa
[ dt(z y)Jr 9 (Ua)

¥ (e~ %) {x“ dya iy, | 27
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4.3 OA of the LHS of value function cuts

We consider a link-based OA scheme for the LHS of constraint (21e). Let /3, be the variable
used for the OA of the term corresponding to link a € A. We replace the LHS of con-
straint (21e) with > _, B,. Given a point (x,y’) at which OA is performed, we add the
constraint

/

Zq m; dta .
oz [t b (o= al) o) + )+ [ Lelte)
0 0

dw 28
Ya ( )

for every link a.

In effect, for every (x,y) point used to generate an OA cut for either the objective
function Z(x,y) or the LHS of constraint (21¢), we instead obtain the equivalent of |A| cuts
on link-based variables (, and 3,. If we have n points for generating OA cuts, (x(i),y (7)) for
i =1...n, this yields |.A|™ OA cuts since every combination of points, e.g. (Z1(1),22(2),...)
yields a cut on (,.

4.4 Linear relaxation of LR-CNDP(7/)

Combining the OA machinery of the objective function of LR-CNDP(7') and of the LHS
of constraint (21e), we obtain a linear relaxation of LR-CNDP(¥'). Let € = {1,...,n%}
be index set of (X,y) points used to generate OA cuts on both Z(x,y) and the LHS of
constraint (21e), labeled as (x(i),y(7)) for i = 1...n°*. Analogously to value function cuts,
OA cuts will be added sequentially over iterations. Then, for given index sets ¥ of value
function cuts and € of OA cuts, Formulation (29) is a linear relaxation of LR-CNDP(7/):
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min Z Ca (29a)

7x1h)07 b
y ¢B ey

s.b. Ca = Za()ta (£a(2); Ga(?)) + ga (Ya(i)

: )
(oo = an(0) () UL g

dx,
A(l ' I A(l ' d Aa » .
+ (9o — () [@(i)dt Eal0),0a(0) | dg (0 @)} Va € A Vi€
dya dya
(29b)
Ta = Z 0q P Va € A (29¢)
mell
Z h" =d,, V(’I“, S) € Z?
w€ll,g
(29d)
h™ >0 Vr e II (29)
g (1)
Ba > / ta(w, Yo (1))dw + (24 — (1)) - ta(2 (1), vy (0))
0
g ()
+ (Yo — (1)) - / de Va € A,Vi € €
0 a
(29f)
w4 (1) @t (i)
Zﬁa < Z 9a/ ta(w, Y, )dw + (1 — Qa)/ to(w,y )dw| VieV (29g)
acA acA 0 0
Yo = 9(1@(1 + (1 - ea)ga Ya e A
(29h)
0<6,<1 Va e A (291)

For correctness, we show that adding cuts (29b), (29f), and (29g) still gives us a lower bound
on the optimal OFV of CNDP.

Proposition 2. After adding cuts in the form of constraints (29b), (29f), and (29g), the
optimal OFV of Formulation (29) is a lower bound on the optimal OFV of CNDP.

Proof. By Proposition 1, adding the cut B(x,y) < B(x', y) to obtain Formulation (11) yields
a lower bound. Because of convexity of B(x,y) by Assumption 1, the outer approximation
of the LHS satisfies

> Ba < Blx.y) (30)

acA
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In addition, the convex combinations of the RHS of constraint (21e) satisfies

af (4) af (4)
B(x',y) < Z lﬁa/o to(w,y,)dw + (1 — Ga)/o ta(w,ya)dw] (31)

acA

Therefore, any (x,y) point that is feasible for Formulation (11), in particular constraint (11f),
is also feasible for Formulation (29). Finally, constraint (29b) is the outer approximation of
Z(x,y) (which is a convex function), and is therefore creates a lower bound on Z(x,y). O

The relationship between OA and the original convex nonlinear expressions was shown
by Duran and Grossmann (1986):

Proposition 3. Asn® approaches infinity, Y. 4 Ca approzimates objective (12a) and ) . 4 Ba
approzimates B(X,y).

The proof of Proposition 3 follows from Theorem 2 of Duran and Grossmann (1986). The
number of points needed to obtain a sufficiently tight bound on objective (12a) was observed
to not be too high in numerical results.

4.5 Spatial branch-and-cut algorithm for the CNDP

We present a spatial branch-and-cut algorithm for CNDP which is summarized in Algorithm
1. We denote B the set of branch nodes, which is initialized to contain the root node with
no spatial branching in line 2. (The double bracket in line 2 indicates that B is initialized to
a set containing the root node, which is itself a set of constraints.) Each iteration, we choose
a branch node of the search tree and solve the Formulation (29) which is a linear program
under Assumption 1 to obtain a lower bound for that subproblem. If we are not sufficiently
close to the follower best response (line 14), then we choose one of the links a and divide its
interval into smaller pieces. With sufficient value function cuts, and improved tightness from
spatial branching, we show that our algorithm will converge to a global e-optimal solution.

Line 13 updates the upper bound if the follower solution Z(x',y') is better than the best
upper bound found thus far. Line 21 does the same with Z(x!,y') (the leader solution) if
it is within € of the best follower solution found by solving TAP(y!). Line 21 represents a
special case: where Formulation (29) obtains a bi-level feasible solution on its own. When a
converging algorithm like paired alternative segments is used to solve traffic assignment, the
Beckmann value B(x(i),y'(i)) may not represent the minimum Beckmann value possible.
Therefore, we used the dual of traffic assignment to obtain a lower bound on the minimum
Beckmann value to correctly check bi-level feasibility (Sugishita et al., 2025).

4.5.1 Convergence to e-optimality

Algorithm 1 always has correct lower bounds on CNDP (Proposition 2), and its upper bounds
come from feasible solutions to CNDP evaluated by TAP. For a given ¢ > 0, Algorithm 1
converges because with enough branches, value function and OA cuts, the solution from
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Algorithm 1: Spatial branching with cutting planes algorithm for CNDP

1 Set LB+ 0, UB < 00, i + 1, n°® « 0, n"f < 0, nP « 0.
2 Set B={{0 <y <¥ from input}}.
3 while UB — LB > e do
4 Remove a branch node b from B.
5 Solve problem (29) on the y intervals specified by b to obtain Zy,(b), x'(i), y'(i).
6 if Zi,(b) < UB then
7 for a € A do
8 Add cut (29b) on ¢, using (2} (), y.(7)).
9 L Add cut (29f) on 3, using (2! (4),v.(7)).
10 Set n°* <— n°* + 1.
11 LB < minyep Z1,(b).
12 Solve TAP (y'(i)) to obtain x'(i).
13 Set UB < min {UB, Z (x',y") }.
14 if B(x!'(i),y'(i)) — B(x'(i),y'(i)) > ¢ then
15 Add RHS of value function cut (29¢) using xf(i). Set n*f «+ n'f + 1.
16 Choose a for spatial branching.
17 Calculate branch split g, via Eq. (20).
18 Vet < bU {y, < Ga}. B BU{b}.
19 pieht < b U {y, > G, ). B« BU {brisht}.
20 else
21 L Set UB%min{UB,Z(Xl,yl)}.
22 Set 1 <— 1+ 1.

Formulation (29) will be within e of being bi-level feasible, i.e., a solution to TAP. At
that point, further branching becomes unnecessary and that node in the search tree can be
fathomed. Proposition 4 proves that sufficient (discrete) spatial branches ensure that the
solution to Formulation (29) is within € of optimal OFV of CNDP.

Proposition 4. For a given € > 0, with sufficiently tight bounds 'y and 'y, sufficient outer
approzimation cuts (29b), and sufficient value function cuts (29f), the solution (x',y') to
Formulation (29) will satisfy B(x',y') — miny, B(x,y') < €. Furthermore, for a given ¢ > 0,
Algorithm 1 will return a point (x*,y*) corresponding to the best upper bound UB found
during search such that the gap between the global lower bound LB on the optimal OFV of

CNDP will satisfy Z(x*,y*) — LB < e.

Proof. For each branch node b evaluated by Algorithm 1, there are three cases for the output
of the evaluation. Case 1: it is possible that Z),(b) > UB, and the branch can be pruned in
line 6 because it will never lead to a be better feasible solution than the best upper bound.
Case 2: the (x',y') solution to Formulation (29) may be within € of TAP(y'), and no further
branching is needed (line 14). Case 3: the follower best response is violated, and spatial
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branching continues. In this case, spatial branching will eventually terminate in cases 1 or 2
by e-optimality (Liberti, 2008; Floudas, 2013). [

4.5.2 Implementation discussion

Convergence of Algorithm 1 occurs as shown by Proposition 4. However, convergence can
be limited if traffic assignment is not solved to sufficient precision. If so, the Beckmann
value B(x,y) used in cut (29g) will fail to exclude enough x values from Formulation (29)
resulting in lack of convergence. Practically speaking, traffic assignment will be solved to
some level of precision, but not to exact optimality. The level of precision determines the
range of x values that are excluded by value functions using x' = TAP(y). The cut is always
valid because TAP(y) seeks to minimize B(x,y), but the cut may not be efficient unless TAP is
solved to sufficiently high precision. With dedicated, efficient traffic assignment algorithms,
it is possible to quickly solve traffic assignment to a high precision, e.g., 1le 712 (e.g. Bar-Gera,
2010) which is expected to be much lower than the precision expected for value function cuts
(€) and for solving CNDP globally (¢).

The largest issue with convergence comes from proving optimality, i.e., increasing the
lower bound found by the augmented high-point relaxation to be within € of the best solution.
Therefore, the choice of branch node in line 4 is typically the node with the lowest lower
bound. One potential advantage comes from having a small number of y, variables relative
to the number of links. For certain networks and scenarios, it is possible for Algorithm 1 to
converge without spatial branching simply by adding outer approximation cuts of (29f) and
value function cuts (29g) without changing the bounds on y.

Algorithm 1 involves solving a sequence of linear programs (29) with linear OA cuts in
line 5, and user equilibrium traffic assignment for fixed y in line 13. Commercial solvers
can solve linear programs efficiently, and dedicated algorithms can solve traffic assignment
efficiently on large networks (e.g. Bar-Gera, 2010). We will use column generation to further
speed up the solution of Formulation (29). Although many iterations may be required, each
iteration should be relatively fast.

4.6 Column generation and spatial branch-and-price-and-cut al-
gorithm

In Formulation (29), we explicitly write out path flow variables h™. Algorithms requiring
enumerating all paths 7 € II will not scale well to larger networks, and we therefore use col-
umn generation to avoid path enumeration. Some prior globally optimal solution methods
for CNDP enumerated all paths (Wang and Lo, 2010; Du and Wang, 2016) because they used
complementary slackness to enforce follower optimality and needed to ensure that comple-
mentary slackness holds for all paths. Our approach admits considering only a partial set of
paths through column generation.

First, we replace the h™ variables with origin-based link flows. Let z! be the flow from
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origin 7 on link a. Then constraints (29¢) and (29d) are replaced with
T =Y 2 V(i,j) € A (32a)

Yosezdes ifj=1

o= > =1 —dy ifjez VieN,VreZz (32b)
i€Inc(j) keOut(j) 0 else
2l >0 Va e A Vre 2 (32¢)

where Inc(j) and Out(j) are the sets of incoming and outgoing links to node j, respectively.
Similarly, Luathep et al. (2011) replaced the path-based complementary constraints in Wang
and Lo (2010) with link-based versions. However, this approach involves multi-commodity
link flow variables, which is still not efficient for large networks.

Since h™ only appears in two constraints in Formulation (29), implementing column
generation is fairly easy despite the sequential addition of value function and OA cuts. Let
1, be the dual variable of constraint (29¢), and let 0,5 be the dual variable of constraint
(29d). The reduced cost of A", denoted ¢, is

"= =0+ > s (33)

acA

Since the goal is to minimize congestion, larger link flows increase the objective. Therefore,
we can rewrite constraint (29¢) as

To—» O7HT >0 (34)
acA
which restricts the sign of ¥, to ¥, > 0 (Litbbecke and Desrosiers, 2005). Similarly, we can
rewrite constraint (29d) as

> b >d,, (35)

WEHTS

which restricts the sign of 0,4 to g,5 > 0.

If there are any paths where ¢™ < 0, adding corresponding path flow variables could reduce
the objective value of Formulation (29). We can search for such paths using a shortest path
algorithm on the dual link costs ¢,. Because ¢, > 0 after rewriting Eq. (29¢) as Eq. (34),
all link costs for this shortest path calculation are non-negative. The column generation
method for solving Formulation (29) in line 5 of Algorithm 1 is given in Algorithm 2.

5 Numerical results

The purpose of the numerical results is to demonstrate that our spatial branch-and-price-
and-cut algorithm solves CNDP to e-global optimality for a predefined ¢ > 0, and does so
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Algorithm 2: Column generation for solving Formulation (29) (line 5 of Algorithm
1)

1 repeat

2 Solve Formulation (29) on the restricted path set II to obtain link duals ¢, and
origin-destination duals o,.,.

3 | for (r,s) € Z? do

4 Tr < argming ey {405, } (shortest path)

5 ¢ 4= —Ops + D uea 5;%1%

6 if ¢+ < 0 then

7 L Add 7%, to the restricted path set II.

8 until ming, scz2 "= > 0.

faster than the alternatives in the literature. Towards that goal, we examine several recent
algorithms to find globally optimal solutions to CNDP. Wang and Lo (2010) formulated
CNDP as a MILP using complementary slackness to maintain follower optimality and a
piecewise-linear approximation of the nonlinear travel times t,(z,,%,). Due to the use of
complementary slackness, they required path enumeration and binary variables per path.
Du and Wang (2016) reformulated the single-level problem of Wang and Lo (2010) (us-
ing complementary slackness for follower optimality) using geometric programming. While
geometric programming can be solved relatively quickly, their approach also used path enu-
meration, and it is not clear how to use column generation within a geometric programming
framework. Furthermore, although geometric programming handles complementary slack-
ness well, it requires constructing approximations to linear constraints such as (6b) and (6¢),
which is inefficient. Li et al. (2012) avoided path enumeration by solving a sequence of
concave minimization problems (minimizing a concave function over a convex set). Concave
minimization is an NP-hard problem, and they solved it by enumerating over the extreme
points of the feasible region, which is also computationally intensive. Overall, all prior
globally optimal solution algorithms for CNDP require solving difficult subproblems. Con-
sequently, Wang and Lo (2010), Li et al. (2012), and Du and Wang (2016) all demonstrated
their algorithm on the small Harker and Friesz (1984) test network (Figure 1) with 6 nodes
and 16 links.

There are also several recent algorithms proven to find stationary points (local minima)
to CNDP (Wang et al., 2022; Guo et al., 2025). Our goal is to find a solution that is proven
to be within € of global optimality. Algorithms to find a local minima are likely to be faster
but cannot guarantee that the solution found is a global optimum. Therefore, stationary
point algorithms are not directly comparable to our BPC.

Our spatial branch-and-price-and-cut algorithm benefits from solving two relatively fast
problems: a linear program using column generation, and standard traffic assignment. We
aim to show a substantial reduction in computation time on the Harker and Friesz (1984)
network, and the ability to solve CNDP to global optimality on much larger networks. For
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reproducibility, all data and codes are made available at [public repository url will be provided
after peer-review).

e We implemented Wang and Lo (2010)’s MILP. Because it uses a piecewise-linear ap-
proximation, we calculated the objective value as Z(TAP(y*),y*) after obtaining y*
from solving the MILP.

e We studied the algorithm of Du and Wang (2016), but the geometric programming
reformulation of CNDP was not actually stated in Du and Wang (2016) and we were not
able to program an unformulated problem into CPlex. They provide a computational
comparison with Wang and Lo (2010) on the Harker and Friesz (1984) network, but
their computation times on the 16-link Harker and Friesz (1984) network are still 1
min or more, which is orders of magnitude greater than our computation time on that
network. Furthermore, they require path enumeration, which will not scale to large
networks, and it is therefore not clear whether they could solve their problem on larger
networks.

e We started implementing Li et al. (2012)’s algorithm. However, on the Harker and
Friesz (1984) network, it required 2997.7 sec to enumerate the extreme points using
the polytope Python package, and we were unable to enumerate the extreme points
on larger networks like Sioux Falls within a reasonable duration. Since enumerating
the extreme points is a subproblem of the concave minimization subproblem of their
method, and has to be solved multiple times, their method is clearly not competitive
in terms of computation time. We note that Li et al. (2012) reported requiring 12hrs
to solve CNDP on the Harker and Friesz (1984) network.

Overall, the reported results in the literature indicate that solving CNDP on Harker-Friesz
in less than 1 second (Table 1) is a massive improvement over existing algorithms. Moreover,
the literature on globally optimal CNDP algorithms is highly limited.

All algorithms were implemented in Python 3 using IBM’s CPlex solver for solving linear
programs and MILPs. Traffic assignment by paired alternative segments (Bar-Gera, 2010)
was used to solve traffic assignment. Reported computation times are from a Mac mini
desktop with a M4 processor. We assumed that g,(y,) were linear functions 7, - y, where
7o is the cost per capacity increase, and used the BPR travel time function with parameters
from published test networks.

5.1 CNDP on Harker and Friesz (1984) network

Network parameters for this network were published in Harker and Friesz (1984). Table
1 compares computation times of our spatial branch-and-price-and-cut algorithm and the
MILP of Wang and Lo (2010). We scaled the link costs 7, and the total trips to create
different scenarios. The number of pieces parameter for the MILP indicates how many
different bounds were used for z, and y, in the piecewise linear approximation for travel
time. We terminated both the MILP and our algorithm at a 1% optimality gap, meaning
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Figure 1: Harker-Friesz test network (reproduced from Li et al.; 2012)

that we found a solution that was proven to be within 1% of global optimality. For traffic
assignment, we required the solution to be within 0.1% of the optimal Beckmann value to
consider it to be bi-level feasible. The MILP was terminated after a 4hr time limit; in many
cases, the optimality gap was large, or no feasible solution was found. The MILP solution
differs slightly from the OA solution due to the piecewise linear approximation, but overall
the differences were not large when the MILP terminated with low optimality gap.
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Table 1: Results from Wang and Lo (2010)’s MILP and our spatial branch-and-price-and-cut algorithm on the Harker
and Friesz (1984) network.

demand cost Wang and Lo (2010)’s MILP Our BPC algorithm
scale  scale | 5 piece linear approximation | 7 piece linear approximation

obj rt (s) gap obj rt (s) gap obj rt(s) gap iter

0.25 1.0 | 56.5  10964.99 0.01 inf  14403.03f 56.5 0.03 0.0 18
0.5 1.0 | 116.8  7583.24 0.01 inf  14403.461 116.8 0.03 0.0 3
0.75 1.0 | 186.6 14403.48"  0.704 inf  14422.581 186.7 0.03 0.0 4
1.0 1.0 inf  14403.461 278.6 14415.87F  0.897 |278.7 0.04 00 4

1 2.0 | 557.5 14400.8"  0.805 inf  14403.957 286.7 0.03 00 4

1 4.0 |1114.9 14402.73"  0.66 | 1114.4 14403.71" 0.735 |2984 0.04 00 7

1 8.0 inf  14403.671 2228.8 14416.4F  0.878 | 3153 0.04 00 6

*Indicates termination without CPlex reporting a feasible solution
fIndicates termination due to 4hr time limit
SIndicates termination without spatial branching



The MILP is much slower than our algorithm in all instances. Furthermore, improving the
piecewise-linear approximation with more pieces tends to increase computation time. This
pattern is consistent with results published by Du and Wang (2016): for some scenarios,
they obtained fast results for the MILP, but for others, the MILP was very slow. Although
Du and Wang (2016) reported better computation times for their geometric programming
approach, their approach requires enumerating paths and is not expected to scale to larger
networks. On all instances, the proposed algorithm can solve CNDP on this network much
faster than the MILP approach, i.e., less than 1 second compared to 4 hours of computing
time.

5.2 Globally optimal solutions to CNDP on larger networks

The main benefit the proposed spatial branch-and-price-and-cut algorithm has over pub-
lished work is the potential to solve CNDP on larger networks than the Harker and Friesz
(1984) test network (Figure 1), which was the largest network that other algorithms could
be demonstrated on (Wang and Lo, 2010; Li et al., 2012; Du and Wang, 2016). We report
globally optimal solutions on networks with up to 914 links, which has not previously been
achieved in the literature on CNDP. The benefits of our algorithm is how it iteratively uses
two relatively simple subproblems — solving a linear program, and solving traffic assign-
ment. Both these subproblems can be solved quickly. We terminated our algorithm at a
1% optimality gap, meaning that we found a feasible solution that was proven to be within
1% of global optimality. For bi-level feasibility, we required the solution to be within 0.1%
of the optimal Beckmann value from traffic assignment. We used the dual of traffic assign-
ment (Sugishita et al.; 2025) to compute a lower bound on the optimal Beckmann value to
check bi-level feasibility.

Overall, the results in Tables 2 and 3 are on networks far larger than the Harker and
Friesz (1984) test network used in prior work, and we cannot even run prior algorithms (Li
et al., 2012; Du and Wang, 2016) on networks of this size to compare solutions. Recent
stationary point algorithms (Wang et al., 2022; Guo et al., 2025) can be run on such large
networks, but cannot guarantee that the solution found is within e of global optimality.

To demonstrate that our method robustly solves CNDP instances based on these net-
works, we consider different instances, shown in the “Inst.” column of Tables 2 and 3, with
different randomly generated costs and different links where y, > 0 is permitted. We vary
the number of y, variables that are permitted to be non-zero. As the number of non-zero
Yy, variables increases, the congestion in the network generally decreases, therefore instances
where y, > 0 is permitted for all links become less interesting.

For example, compare the total system travel times in Table 2 for instances on the same
network with different numbers of non-zero y, variables. Costs per capacity increase are
randomly generated because they are typically not published with standard traffic assignment
network data unless they are being used for CNDP. y, was limited to C,/2, for a maximum
of a 50% increase in link capacity. (The average value of the link cost is reported in the
“avg. cost” column in units of § per additional veh/hr capacity. We also varied the number
of y, variables that could be non-negative, shown in the “y, vars” column of Tables 2 and
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3, the average link cost, and the demand.

For each instance, we report the objective, gap at termination, and total system travel
time (which excludes the cost of link capacity additions from the objective). The difference
between the objective Z(x,y) and total system travel time indicates when y > 0 in the
optimal solution. We also show the total system travel time with 0 additional capacity for
comparison. The objective and total system travel time are from the best upper bound, i.e.
the best TAP solution for the y obtained from Formulation (29), so they are guaranteed to
be follower-optimal for CNDP. We terminated when the gap was below 1%. We also report
the total computation time (“Tot. time”), time spent on solving the traffic assignment
subproblem (“TAP time”), and the number of iterations (“iter.”) of Algorithm 1 before
termination.

Note that the number of iterations refers to the number of spatial branching nodes solved.
For some instances, Algorithm 1 terminated without spatial branching due to the low gap.
We added value function cuts to the root node to improve its lower bound, and in some
instances could achieve 1% gap without tightening the RHS of constraint (29g) with spatial
branching. Sioux Falls was observed to have some of the most difficult instances to solve in
terms of the number of iterations required for convergence. The cause of the large number of
iterations is the difficulty in finding solutions that have a sufficiently small follower objective
value to be bi-level feasible. The difficulty of Sioux Falls instances may be partially due to
the relatively small number of links on Sioux Falls. For a larger network like Anaheim, 60
Yo variables is only 6.5% of the links, so much of the numerical value of the value function
cut (29¢) does not vary with y,. In contrast, 20 y, variables on Sioux Falls is 26.3% of the
links.

We also report the average capacity added to links where y, > 0 is permitted as a
percentage of the current capacity, i.e. the average value of y,/C,. The possible value of
Ya/C, in our instances ranges from 0 to 0.5. The values obtained indicate that the optimal
solution is not choosing extreme ¥, values, but something in between, which is consistent
with the non-linearity of the problem. Furthermore, if we increase the average cost, there
is a clear decrease in the average y,/C,, indicating the importance of the costs for capacity
increase.

Computation time per iteration varies. During later iterations, column generation to
solve the augmented high-point relaxation is faster because the restricted path set has been
populated by prior iterations. In addition, the y' is often very similar between iterations, to
the point where the traffic assignment subproblem does not always need to be solved again.
The reported solution comes from the best follower-optimal solution to CNDP by solving
TAP(y') using the y' from Formulation (29), so it is a valid solution regardless of whether
TAP is solved again. Instead, the main work is in proving optimality by obtaining a tighter
(more correct) lower bound from Formulation (29).

27



8¢

Table 2: Performance of the spatial branch-and-price-and-cut algorithm on larger networks.

Network ‘ Non-zero y, vars ‘ Inst. ‘ Avg. cost ‘ Obj. Avg. y,/Cy gap TSTT ‘ Tot. time TAP time iter.
Sioux Falls 10 1 1.79¢-01 | 6859.7 0.323 0.27% 6859.7 1.99s 1.27s 6
2 2.85e-01 | 6864.2 0.354 0.00% 6864.2 2.63s 1.85s 7

24 nodes 3 2.13¢-01 | 6693.6 0.380 0.00% 6693.6 2.44s 1.73s 5

76 links 1 1.79e+01 | 7157.0 0.217 0.07% T7157.0 2.54s 1.44s 14

24 zones 2 2.85e+01 | 7133.3 0.128 0.11% 7133.3 3.00s 2.34s 4

3 2.13e+01 | 7023.1 0.165 0.00% 7023.1 1.99s 1.29s 5

360,600 trips 20 1 2.89¢-01 | 6399.7 0.312 0.00% 6399.7 3.49s 2.54s 9

2 2.53e-01 | 6237.5 0.387 0.10% 6237.5 5.13s 3.47s 21

3 2.50e-01 | 6262.9 0.315 0.31% 6262.9 4.01s 2.74s 14

1 2.89e+01 | 6930.5 0.105 0.07% 6930.5 8.77s 4.62s 51

2 2.53e+01 | 6847.6 0.147 0.16% 6847.6 13.32s 7.27s 67

3 2.50e+01 | 6866.6 0.149 0.05% 6866.6 15.52s 10.00s 60

0 7475.7 7475.7

Eastern-Massachusetts 10 9.22e-03 | 2055.8 0.345 0.75% 2055.8 60.19s 47.31s 18
7.94e-03 | 1743.6 0.350 0.99% 1743.6 66.39s 50.01s 18

74 nodes 9.29e-03 | 1878.6 0.410 0.80% 1878.6 66.63s 53.98s 18

248 links 9.22e-01 | 2058.0 0.104 0.77% 2058.0 58.70s 47.03s 18

74 zones 7.94e-01 | 1749.7 0.172 0.79% 1749.7 62.32s 48.16s 18

9.29e-01 | 1886.2 0.211 0.54% 1886.2 68.00s 54.65s 18

262,306 trips 30 9.47e-03 | 1282.7 0.339 0.76% 1282.7 88.92s 75.23s 18

9.89e-03 | 1600.8 0.275 0.92% 1600.8 99.43s 85.52s 18
9.36e-03 | 1904.7 0.436 0.64% 1904.7 92.81s 80.15s 18

9.47e-01 | 1299.3 0.210 0.74% 1299.3 90.46s 78.07s ik
9.89¢e-01 | 1610.8 0.089 0.97% 1610.8 70.64s 55.63s 18
9.36e-01 | 1920.9 0.150 0.66% 1920.9 95.21s 83.09s 18

W N WM WK WD -

0 2063.7 2063.7

TIndicates termination due to time limit
$Indicates termination without spatial branching



6¢

Table 3: Spatial branch-and-price-and-cut algorithm performance.

Network ‘ Non-zero y, vars ‘ Inst. ‘ Avg. cost ‘ Obj. Avg. y,/Cq  gap TSTT ‘ Tot. time TAP time iter.
Berlin Mitte Center 30 1 1.47e-01 12323.0 0.163 0.93% 12323.0 62.22s 24.70s 18
2 1.41e-01 | 11827.7 0.205 0.04% 11827.7 153.11s 42.90s 13

398 nodes 3 1.70e-01 12142.4 0.217 0.93% 121424 76.70s 26.65s 3

871 links 1 1.47e+00 | 12331.6 0.129 0.99% 12331.6 61.77s 24.72s 18

36 zones 2 1.41e+00 | 11955.0 0.218 0.97% 11955.0 175.24s 48.74s 15

3 1.70e+00 | 12155.9 0.142 0.99% 12155.9 84.69s 28.74s 3

22,963 trips 60 1 1.40e-01 | 12102.6 0.207 0.98%  12102.6 110.85s 31.33s 7

2 1.45e-01 | 12045.2 0.188 0.95% 12045.2 109.78s 33.34s 5

3 1.38e-01 | 118724 0.277 0.97% 11872.4 146.07s 35.30s 9

1 1.40e+00 | 12123.8 0.152 0.98% 12123.8 134.10s 36.71s 13

2 1.45e+00 | 12059.0 0.155 0.99%  12059.0 108.50s 34.32s 5

3 1.38¢+00 | 11897.2 0.191 0.99% 11897.2 142.10s 40.09s 15

0 12454.1 12454.1

Anaheim 30 2.18e-01 | 101757.5 0.238 0.84% 101757.5 | 209.73s 28.86s 13
2.52e-01 | 101313.4 0.310 0.88% 101313.4 | 203.47s 28.85s 18

416 nodes 2.77e-01 | 101354.3 0.289 0.95% 101354.3 | 200.49s 29.03s 18

914 links 2.18e+01 | 101848.6 0.033 0.95% 101848.6 | 203.65s 28.11s 18

38 zones 2.52e+01 | 101732.7 0.039 0.95% 101732.7 | 214.44s 28.13s 18

2.77e+01 | 101728.0 0.045 0.95% 101728.0 | 230.66s 28.05s 18

418,778 trips 60 2.28¢-01 | 95756.2 0.275 0.96%  95756.2 203.83s 32.20s 18

2.28e-01 | 100256.4 0.249 0.86% 100256.4 | 192.91s 33.91s 13
2.38e-01 | 100660.6 0.286 0.79% 100660.6 | 225.45s 32.14s 18

2.28e+01 | 96186.3 0.052 0.92% 96186.3 193.41s 30.66s 13
2.28e+01 | 100872.6 0.062 0.86% 100872.6 | 228.25s 29.36s 18
2.38e+01 | 101230.6 0.059 0.94% 101230.6 | 214.35s 30.31s 13

WN W RFRWN WD -

0 101889.2 101889.2

TIndicates termination due to time limit
$Indicates termination without spatial branching
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Figure 2: Comparison of computation time against demand scaling on the Berlin Mitte
Center network with 60 non-zero y, variables. The 3 instances (with randomly chosen
candidate links) correspond to the Berlin-Mitte-Center instances in Table 3.

5.2.1 Effect of changing demand on computation time

Higher demand could make the BPC less effective for two reasons. First, higher demand
makes traffic assignment more difficult to solve (relative to a network with relatively low
congestion). Second, the travel time function ¢,(x,, y,) becomes less linear as the volume-to-
capacity ratio increases, which makes the outer approximation less tight. Figure 2 shows the
relationship between computation time and demand on Berlin Mitte Center. As expected, as
demand increases, computation time starts to increase. However, at high levels of demand,
computation time started to decrease again. This is likely because at high demand levels,
the optimal solution is to choose the maximum capacity increase of Y,.

5.2.2 Effect of changing ¢ on computation time

Table 3 reports computation times for 1%-global optimality (i.e. solutions are within 1%
of global optimality). To study the effect of gap on computation time, we solved Berlin-
Mitte-Center instances using 0.1% gap as the stopping criteria. The results are reported
in Table 4. As expected, additional computation time and iterations are required to reach
the desired gap. From this, we conclude that our BPC can effectively solve instances to a
smaller optimality gap if desired.
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Table 4: Effect of 0.1% optimality gap on computational results for Berlin-Mitte-Center

Non-zero y, vars Inst.  Obj.  Avg. y,/C, gap TSTT Tot. time iter.

60 1 12016.9 0.117 0.04% 12016.9 470.8 s 25
2 11957.1 0.106 0.07% 11957.1  274.7 s 9
3 11794.9 0.154 0.02% 117949  596.6 s 47

SIndicates termination without spatial branching

6 Conclusions

The CNDP has been extensively studied in the literature, but existing methods for finding
globally optimal solutions to the CNDP require solving difficult problems creating large
computation times for small test networks. Recent work has primarily focused on efficiently
finding stationary points that are not guaranteed to be globally optimal (Wang et al., 2022;
Guo et al.; 2025). Consequently, there is a gap in the literature to create a computationally
efficient algorithm for finding globally optimal solutions

Using value function cuts and outer approximation (OA), we created one such algorithm
that sequentially solves linear programs and traffic assignment problems. Convergence occurs
because when x from the high-point relaxation SO-CNDP is not follower-optimal, we add
a value function cut based on the follower objective value to exclude x and other points
like it from the SO-CNDP mathematical program. Since such cuts are valid at follower
optimality, the revised SO-CNDP mathematical program yields a lower bound to CNDP, that
is gradually tightened. We used OA to reformulate the nonlinear leader objective and value
function cuts into a sequence of linear programs, which is valid when these nonlinear functions
are convex (which they are for the Bureau of Public Roads travel time function). Separating
the OA by link created a much stronger OA for faster convergence. Column generation
was used to more quickly solve the network-based linear programming subproblem. Spatial
branching is required in theory to convexify the value function constraints, but on larger
networks it may not be required to achieve a desired level of convergence.

Due to the computational complexity of their algorithms, prior work on finding globally
optimal solutions to CNDP required large computation times of 1 minute or more to solve
CNDP on the small Harker and Friesz (1984) test network with 6 nodes and 16 links (Wang
and Lo, 2010; Du and Wang, 2016). In contrast, we were able to obtain solutions within 1% of
global optimality on networks with up to 416 nodes and 914 links in reasonable computation
times. Our algorithm is faster because it relies on iteratively solving two simple subproblems
— a linear program and traffic assignment — which can both be solved quickly. The ability
to solve CNDP on problem instances based on networks that are two orders of magnitude
larger than those in the literature. Furthermore, we believe that our algorithm is significantly
easier to implement than methods from prior work as it relies on linear programs and traffic
assignment.

However, there are several limitations that would be good to improve on in future work.
From a computational standpoint, the SO-CNDP linear program remains difficult to solve
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for larger networks, and requires to be solved repeatedly to achieve convergence. Methods to
solve this subproblem faster would help for solving CNDP on larger networks. Furthermore,
our algorithm requires convexity of both the leader objective and the value function cuts
based on the follower objective. Although many network design problems are based on the
Bureau of Public Roads travel time function and satisfy these assumptions, in other contexts
these convexity assumptions are restrictive.
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