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Abstract

In this paper we consider an augmented Lagrangian method with general lower-level constraints,
that is, where some of the constraints are penalized while others are kept as subproblem constraints.
Motivated by some recent results on optimization problems on manifolds, we present a general
theory of global convergence when a feasible approximate KKT point is found for the subproblems
at each iteration. In particular, we formulate new constant rank constraint qualifications that
do not require a constant rank assumption in a full dimensional neighborhood of the point of
interest. We also formulate an appropriate quasinormality and relaxed-quasinormality conditions
which guarantee boundedness of the dual sequences generated by the algorithm. These assumptions
apply, in particular, to the current ALGENCAN implementation that keeps box constraints within
the subproblems.
Key words: Nonlinear optimization, augmented Lagrangian methods, constraint qualifications,
global convergence.
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1 Introduction

In nonlinear optimization, the first-order optimality conditions by Karush/Kuhn-Tucker (KKT) are a
primordial tool for solving an optimization problem and, in particular, for guiding an iterative proce-
dure towards a solution. Notably, approximate Lagrange multipliers (dual solutions) provide relevant
information that are exploited in an augmented Lagrangian iteration for speeding up convergence.

In order for the KKT conditions to hold at a local minimizer for any objective function, a constraint
qualification (CQ) must be imposed on the analytical description of the feasible set. The weakest
condition for this purpose is termed Guignard’s CQ and it requires the equality of the polars of
Bouligand’s tangent cone and the linearized feasible set. We are interested in more stringent CQs
(termed strict CQs in [18]) which can be used to guarantee global convergence of numerical algorithms.
In particular, even when a sequence of approximate Lagrange multipliers is unbounded, under a strict
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CQ one can conclude that the limit primal point satisfies the KKT conditions. We will focus on
two important strict CQs namely the constant rank of the subspace component (CRSC [16]) and the
quasinormality condition (QN [30, 19]) together with the recently introduced relaxed quasinormality
condition (RQN [14]). Condition QN (and RQN) is associated with boundedness of dual augmented
Lagrangian sequences [6, 26] which allows identifying a true Lagrange multiplier while also employing
a loose stopping criterion for the subproblems [22]. Condition CRSC is the weakest of a family of
constant rank conditions ([31, 36, 15, 34]) which have been defined mostly associated with global
convergence of algorithms. Notably, [31] introduced a constant rank condition in order to compute
the derivative of the value function while condition CRSC can be used to reformulate the feasible set
by identifying inequality constraints that can only be satisfied as equalities in the feasible set [16].
Constant rank conditions have been extended to the context of conic programming in [11, 9, 8, 12,
10], where, in particular, a nonlinear facial reduction property and a strong second-order necessary
optimality condition are proved under CRSC (see [10]). In addition, QN has also been extended to the
conic programming setting [39] and for mathematical programming with complementarity constraints
(MPCCs) [29]. Conditions CRSC and QN were recently extended to the more general context of
Riemannian manifolds in [2].

We are interested in safeguarded augmented Lagrangian methods as described in [24]. In an
augmented Lagrangian method, an approximate unconstrained stationary point of an augmented
Lagrangian function is sought at each iteration and an approximate Lagrange multiplier is computed
while a bounded/safeguarded variation of it is fed back to the augmented Lagrangian function for the
next subproblem. In practice, however, in the ALGENCAN implementation, box constraints are not
penalized and are kept as subproblem constraints. This is done in order to guarantee that a solution
for the subproblem always exists while also allowing that an active set method, which uses a spectral
projected gradient step, is used to solve the subproblems. In particular, the iterates computed always
satisfy exactly the box constraints.

An alternative approach keeps all equality constraints as explicit subproblem constraints, penal-
izing only bound constraints similarly to an interior point strategy [21]. Extensive numerical results
are presented for the convex quadratic case in [27]. When the constraints define a differentiable man-
ifold, one may keep feasibility of these constraints in the subproblems by means of an unconstrained
minimization algorithm for manifold optimization, which is associated with better numerical perfor-
mance [3]. Finally, recent analyses [5] indicate improved numerical stability of the dual sequence in
augmented Lagrangian algorithms applied to MPCCs when simple complementarity constraints are
kept explicitly in the subproblems, rather than penalized.

The augmented Lagrangian implementations mentioned previously are part of so-called augmented
Lagrangian methods with general lower-level constraints, that is, when any set of constraints can be
kept as subproblem constraints. Sequential optimality conditions of first- [1] and second-order [23] have
been defined in order to study global convergence of this general variant, but no associated constraint
qualification have been defined for this purpose. Sequential optimality conditions for abstract lower-
level constraints are considered in [28].

Motivated by the theoretical and numerical improvements observed when the lower-level set is
preserved in the subproblems (as in box-constraints, manifold-constraints, and MPCCs formulations
with simple complementarity constraints kept explicit), we introduce lower-level versions of the CRSC
and QN/RQN conditions. More precisely, we propose “lower-level” CRSC-type and quasinormality-
type conditions that allow us to prove global convergence and dual stability of augmented Lagrangian
methods with a general lower-level constraint under weak assumptions. In particular, these assump-
tions require conditions only on constrained neighborhoods of the point of interest, rather than on a
full neighborhood of the ambient space. Notably, these conditions are not constraint qualifications
in general; nevertheless, they are sufficient to obtain global convergence and boundedness of dual
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sequences for the algorithm.
We also investigate when these lower-level conditions actually become constraint qualifications.

This part of the analysis is motivated by the lower-level constraint qualifications defined in [3], where
the feasible set includes a manifold constraint, i.e., a set of equality constraints that remains linearly
independent near the point of interest, and by the condition proposed in [4], in which a manifold
is identified in the constraint set by requiring a CRSC property on the lower-level set. Moreover,
[4] introduces a “constrained” version of the QN/RQN conditions for the MPCC setting, which is
independent of the classical MPCC-QN condition available in the literature [33], and which ensures
Mordukhovich-stationarity [35] (a notion weaker than KKT stationarity, but widely accepted in this
context). Our results generalize these results under a version of QN/RQN considering a general
lower-level set.

In what follows, we provide a detailed development of our results. In Section 2, we recall basic
definitions and tools that will be used throughout the paper. In Section 3, we propose a constant rank
type condition adapted to the lower-level setting and analyze its consequences. Section 4 introduces
the notions of lower-level quasinormality and relaxed quasinormality conditions, discussing their main
properties and relations with existing conditions in the literature. An illustrative analysis of the
improvements obtained with the augmented Lagrangian method, as well as the fact that no constraint
qualification is required, is presented in Section 5. Finally, concluding remarks and perspectives for
future research are presented in Section 6.

Notations. Given vectors a, b ∈ Rℓ we define the componentwise maximum and minimum as
max{a, b} and min{a, b}, respectively. The non-negative orthant of Rℓ is denoted by Rℓ

+ while Rℓ
− :=

−Rℓ
+. We use ∥ · ∥ to denote the Euclidean norm in any Rℓ. The gradient of a differentiable function

f : Rn → R at x ∈ Rn is denoted by ∇f(x).

2 Preliminaries

Let us consider the general optimization problem

Minimize f(x) subject to x ∈ ΩL ∩ ΩU , (NLP)

where ΩL := {x ∈ Rn | h(x) = 0, g(x) ≤ 0} defines the lower-level set of constraints and ΩU := {x ∈
Rn | H(x) = 0, G(x) ≤ 0} defines the upper-level set of constraints. Here, f : Rn → R, h : Rn →
Rm, g : Rn → Rp, H : Rn → Rm̄, G : Rn → Rp̄ are continuously differentiable functions. We will abuse
the notation and refer to ΩL and ΩU in order to refer to the functions h, g and H,G, respectively. It
is to be understood that the lower-level set of constraints will be non-relaxable constraints, that is,
one may think that the objective function and/or the constraint functions defining the upper level are
not defined for x ̸∈ ΩL. Therefore, an algorithm for solving the problem must necessarily maintain
feasibility within its iterates with respect to ΩL. This is the case, for instance, in the ALGENCAN
software [24] where ΩL correspond to a compact box where the iterates lie or in the MANOPT software
for manifold optimization [25] where ΩL corresponds to a manifold where all iterates must lie.

We will consider the general lower-level safeguarded augmented Lagrangian method [24] which is
defined as follows. Given a penalty parameter ρ > 0 and safeguarded Lagrange multipliers v ∈ Rm̄,
and u ∈ Rp̄, we define the augmented Lagrangian function with respect to the upper-level constraints
as

x 7→ Lρ(x; v, u) := f(x) +
ρ

2

(∥∥∥∥H(x) +
v

ρ

∥∥∥∥2 + ∥∥∥∥max

{
0, G(x) +

u

ρ

}∥∥∥∥2
)
,

which will be approximately minimized in ΩL at each iteration, followed by a judicious update of the
parameters ρ, v, and u. The detailed algorithm is described as follows.
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Algorithm 1: General lower-level safeguarded augmented Lagrangian method

Step 0. Given non-empty compact sets Sm̄ ⊆ Rm̄ and Sp̄ ⊆ Rp̄, choose initial safeguarded
multipliers v̄1 ∈ Sm̄ and ū1 ∈ Sp̄. Choose a sequence of penalty parameters {ρk}∞k=1 → +∞
and a sequence of subproblem tolerances {εk}∞k=1 → 0+. Set k := 1.

Step 1. Compute xk ∈ ΩL, λ
k ∈ Rm, and µk ∈ Rp

+ such that

∥∇Lρk(x
k; v̄k, ūk) +

m∑
i=1

λk
i∇hi(x

k) +

p∑
j=1

µk
j∇gj(x

k)∥ ≤ εk,

∥min{−g(xk), µk}∥ ≤ εk.

Step 2. Define approximate Lagrange multipliers vk := v̄k + ρkH(xk), uk := max{0, ūk + ρkG(xk)}
and safeguarded variants v̄k+1 ∈ Sm̄ and ūk+1 ∈ Sp̄, respectively. Set k := k + 1 and go to Step
1.

Remark 1. In a practical implementation, the penalty parameter sequence {ρk}∞k=1 is computed during
the execution of the algorithm by measuring the progress in terms of feasibility and complementarity
of the upper-level constraints, where the penalty parameter is increased only when sufficient progress
is not obtained. For simplicity of the analysis, we fixed a sequence with ρk → +∞. Nevertheless, our
results also extend to the practical variant of the algorithm where the penalty parameter sequence may
remain bounded; see [24].

Remark 2. When ΩL is bounded, the problem of minimizing Lρk(x; v̄
k, ūk) subject to x ∈ ΩL admits a

solution. When ΩL satisfies a sufficient interior property [7], a point satisfying the conditions of Step
1 can be computed with an arbitrary precision εk > 0, even when a solution does not admit Lagrange
multipliers. Clearly, a KKT point of this problem also satisfies these conditions.

A classical global convergence result of this algorithm can be stated under the constant rank of the
subspace component (CRSC) condition, introduced in [16]. Its definition for an arbitrary feasible set
ΩL is given as follows.

Definition 2.1 ([16]). We say that a point x̄ ∈ ΩL satisfies the constant rank of the subspace
component (CRSC) condition for the constraint set ΩL when the gradients

∇hi(x), i = 1, . . . ,m, ∇gj(x), j ∈ J−

have constant rank for x in a neighborhood of x̄. The index set J− is defined as

J− :=
{
j ∈ {1, . . . , p} | gj(x̄) = 0 and −∇gj(x̄) ∈ KL(x̄, x̄)

}
,

where

KL(x, x̄) :=


m∑
i=1

λi∇hi(x) +
∑

j:gj(x̄)=0

µj∇gj(x) | λi ∈ R, µj ≥ 0

 .

The perturbed KKT cone KL(x, x̄) was defined in [17] and the reason for defining it for x ̸= x̄
will be clear later on when we discuss a cone-continuity property CQ (CCP, [17]). Notice that the
KKT conditions with respect to the problem of minimizing f̃(x) subject to x ∈ ΩL at a feasible
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point x̄ can be simply stated as −∇f̃(x̄) ∈ KL(x̄, x̄). Under CRSC, the KKT cone coincides with
the polar of the classical tangent cone, which implies that CRSC is a constraint qualification. See
[16]. A strong second-order necessary optimality condition can also be proved under a variation of
CRSC [10]. The set J− is the subset of active inequality constraints such that its gradients behave
as equality constraints in the definition of KL(x̄, x̄). In fact, it was proved in [16] that under CRSC
it holds that for j ∈ J−, it is always the case that gj(x) = 0 for all x ∈ ΩL in a neighborhood of x̄,
that is, the inequalities in J− are indeed locally equality constraints in disguise. It is shown in [16]
that CRSC implies a local error bound property. We are interested in global convergence properties
of Algorithm 1 under CRSC. The following result has been stated in [1] under a stronger CQ, which
was later updated to CRSC in [16]. See also [15, Corollary 2 and 3].

Theorem 2.1. Let x̄ be a limit point of a sequence {xk}∞k=1 generated by Algorithm 1. If x̄ satisfies
CRSC for the constraint set ΩL, then x̄ satisfies the KKT conditions for the problem

Minimize ∥H(x)∥2 + ∥max{0, G(x)}∥2, subject to h(x) = 0, g(x) ≤ 0.

And, if x̄ ∈ ΩL ∩ ΩU and satisfies CRSC for the constraint set ΩL ∩ ΩU , then x̄ satisfies the KKT
conditions for problem (NLP).

In [6, 26], a stronger result is obtained under the quasinormality (QN) condition, which is inde-
pendent of CRSC, for the case of unconstrained subproblems when the limit point is feasible. We
proceed with the definition of QN for a general feasible set ΩL.

Definition 2.2 ([30, 19]). A point x̄ ∈ ΩL satisfies quasinormality (QN) with respect to ΩL when
there is no 0 ̸= (λ, µ) ∈ Rm × Rp

+ with

m∑
i=1

λi∇hi(x̄) +

p∑
j=1

µj∇gj(x̄) = 0,

together with a sequence xk → x̄ such that for all k, λihi(x
k) > 0 when i ∈ I ̸= := {i | λi ̸= 0} and

gj(x
k) > 0 when j ∈ J ̸= := {j | µj > 0}.

This condition can be thought as a refinement of the classical Mangasarian-Fromovitz’s condition
in order to bound the sequence of dual approximations generated by the algorithm in the case of
unconstrained subproblems. Namely, when the dual sequence is unbounded, the corresponding primal
sequence {xk} must necessarily violate the constraints with the same sign as the sign of the corre-
sponding dual component. Condition QN simply requires that these sequences do not exist. The
statement of the theorem as in [26, 6] is as follows

Theorem 2.2. Let x̄ be a limit point of a sequence {xk}∞k=1 generated by Algorithm 1 with ΩL = Rn

and {xk}k∈K → x̄ for some infinite set K ⊆ N. Then x̄ is a stationary point for the problem

Minimize ∥H(x)∥2 + ∥max{0, G(x)}∥2.

And, if x̄ ∈ ΩU and satisfies QN with respect to ΩU , then the dual sequences {vk}k∈K and {uk}k∈K
are bounded. In particular, any limit point of these sequences are Lagrange multipliers associated with
x̄ with respect to problem (NLP).

We end this preliminary presentation with the formal definition of a recently introduced relaxation
of QN, termed relaxed-quasinormality.
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Definition 2.3 ([14]). A feasible point x̄ ∈ ΩL satisfies the relaxed-quasinormality (RQN) condition
with respect to ΩL when there is no 0 ̸= (λ, µ) ∈ Rm × Rp

+ with

m∑
i=1

λi∇hi(x̄) +

p∑
j=1

µj∇gj(x̄) = 0,

together with a sequence xk → x̄ such that for all k,

• λihi(x
k) > 0 when i ∈ I̸= := {i | λi ̸= 0} and gj(x

k) > 0 when j ∈ J̸= := {j | µj > 0};

• |hi(xk)| = o(w(xk)) for every i /∈ I̸= and gj(x
k)+ = o(w(xk)) for every j /∈ J̸=, where

w(xk) := min
{
min
i∈I ̸=

|hi(xk)|, min
j∈J ̸=

gj(x
k)+

}
.

While QN is independent of CRSC, the relaxed form RQN is implied by CRSC. More importantly,
RQN was shown to be equivalent, under mild assumptions (see [13, Theorem 3.3]), to an error bound
condition, which was shown to be the weakest condition that guarantees boundedness of the sequence
of dual multipliers generated by the safeguarded augmented Lagrangian method with unconstrained
subproblems, that is, the weakest assumption that can be used to replace QN in Theorem 2.2.

Next, we will propose generalizations of CRSC and QN/RQN that are more suitable to the global
convergence analysis of the algorithm with lower-level constraints. These conditions are motivated by
a previous work on manifold-constrained optimization [2]. There, the ambient space Rn was replaced
by a general manifold. Thus, following an intrinsic approach it makes little sense to consider points
outside of the manifold, therefore, constant rank conditions are formulated naturally considering a
neighborhood of the point of interest restricted to the manifold. In [3], a manifold embedded in Rn

is interpreted as a lower-level constraint, and generalizations of classical constant rank conditions
that consider only neighborhoods constrained to the manifold by using the theory developed in [2]
was defined. Later, in [4], a more general condition is proposed based on the local identification of
a submanifold, equivalently yielding a lower-level set satisfying CRSC and containing the original
feasible set. These generalized conditions are weaker than CRSC while still ensuring useful properties
such as global convergence of Algorithm 1 and a local error bound property. It turns out that a much
more general approach is possible, as we formulate next.

3 A lower-level constant rank constraint qualification

We start with the definition of Lower-CRSC. This is an extension of the definitions introduced in
[3, 4], where the lower-level constraint set is defined by linearly independent equality constraints or
by some constraints satisfying the CRSC condition.

Definition 3.1. Given x̄ ∈ ΩL ∩ ΩU , we say that Lower-CRSC holds at x̄ for the constraint set
ΩL ∩ ΩU with lower-level set ΩL when the gradients

∇Hi(x), i = 1, . . . , m̄, ∇Gj(x), j ∈ JU
− , ∇hi(x), i = 1, . . . ,m, ∇gj(x), j ∈ JL

−

have constant rank for all x ∈ ΩL in a neighborhood of x̄, where

JU
− := {j ∈ {1, . . . , p̄} | Gj(x̄) = 0 and −∇Gj(x̄) ∈ K(x̄, x̄)} ,

JL
− := {j ∈ {1, . . . , p} | gj(x̄) = 0 and −∇gj(x̄) ∈ K(x̄, x̄)} ,
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and

K(x, x̄) :=


m̄∑
i=1

vi∇Hi(x) +
∑

j:Gj(x̄)=0

uj∇Gj(x) +

m∑
i=1

λi∇hi(x) +
∑

j:gj(x̄)=0

µj∇gj(x) | vi, λi ∈ R;uj , µj ∈ R+

 .

The difference of Lower-CRSC with CRSC with respect to ΩL ∩ ΩU is that the constant rank
condition is assumed for feasible points with respect to ΩL. Hence, Lower-CRSC is strictly weaker
than CRSC. However, without additional assumptions about the lower-level set ΩL, this condition
alone does not qualify as a genuine constraint qualification, as the next example illustrates.

Example 1. For x := (x1, x2) ∈ R2, consider the optimization problem of minimizing f(x) := x1
subject to x ∈ ΩL ∩ ΩU , where ΩU := {x | G1(x) := x1 ≤ 0} and ΩL := {x | g1(x) := −x31 + x2 ≤
0, g2(x) := −x2 ≤ 0, g3(x) := x1 ≤ 0}. The point x̄ := (0, 0) is a global minimizer that satisfies Lower-
CRSC, since any subset of gradients have constant rank in the set ΩL = {(0, 0)}. Nevertheless, x̄ is
not a KKT point.

This example shows that further assumptions on ΩL are needed. In fact, we will show that it is
enough to assume Guignard’s CQ on ΩL in a neighborhood of x̄ to ensure that Lower-CRSC is a CQ,
which is weaker than the assumptions in [3, 4]. Now let us show that Lower-CRSC is strictly weaker
than CRSC. This example is particularly relevant to the ALGENCAN implementation due to the use
of box-constraints in the lower-level.

Example 2. Consider the feasible set given by ΩU := {x | H1(x) := x2x
2
1 = 0} and ΩL := {x |

g1(x) := −x1 ≤ 0, g2(x) := x1 ≤ 0, g3(x) := x2 − 1 ≤ 0} at the feasible point x̄ := (0, 1). The gradients
are given by ∇H1(x) = (2x1x2, x

2
1), ∇g1(x) = (−1, 0), ∇g2(x) = (1, 0), and ∇g3(x) = (0, 1) for all x.

Condition CRSC fails as the rank of the gradients ∇H1(x), ∇g1(x), ∇g2(x) is equal to 1 at x := x̄
and equal to 2 for x in any small neighborhood of x̄ with x1 ̸= 0. In contrast, Lower-CRSC holds as
for all x ∈ ΩL one has x1 = 0, and thus the rank of the same set of gradients is equal to 1 for all
x ∈ ΩL.

In order to simplify our proofs, inspired by [17], we will make use of the following weaker condition.

Definition 3.2. Given x̄ ∈ ΩL ∩ΩU , we say that the Lower Cone Continuity Property (Lower-CCP)
holds at x̄ for the constraint set ΩL ∩ ΩU with lower-level set ΩL when the mapping x 7→ K(x, x̄) has
the following property: every w ∈ Rn such that there exists a sequence {xk} ⊂ ΩL with xk → x̄ and
wk ∈ K(xk, x̄) with wk → w is such that w ∈ K(x̄, x̄).

This definition is simply the usual lower-continuity in ΩL of the point-to-set mapping x 7→ K(x, x̄).
When the lower-level constraint set satisfies some CQ for points in ΩL nearby a local minimizer x̄
of (NLP), then Lower-CCP ensures the KKT conditions hold. That is, Lower-CCP is a constraint
qualification, as we show next.

Theorem 3.1. If x̄ is a local minimizer of (NLP) that satisfies Lower-CCP for the constraints ΩL∩ΩU

with lower-level ΩL, and ΩL satisfies Guignard’s CQ at all points in ΩL in a neighborhood of x̄, then
x̄ is a KKT point of problem (NLP).

Proof. From a standard external penalty approach (see, for instance, the proof of [28, Theorem 3.3]),
there exists a sequence xk → x̄ such that, for all k, xk is a local minimizer of f(x) + 1

2∥x − x̄∥2 +
k
2 (∥H(x)∥2 + ∥max{0, G(x)}∥2), subject to x ∈ ΩL. For k large enough, since xk satisfies Guignard’s
CQ, there exist Lagrange multipliers (λk, µk) ∈ Rm × Rp

+ with min{−g(xk), µk} = 0 such that

∇f(xk) +
m̄∑
i=1

vki ∇Hi(x
k) +

p̄∑
j=1

ukj∇Gj(x
k) +

m∑
i=1

λk
i∇hi(x

k) +

p∑
j=1

µk
j∇gj(x

k) = (x̄− xk),
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where vk := kH(xk), uk := kmax{0, G(xk)}. Moreover, by the definition of K(x, x̄) in Definition 3.1,
we may write

wk :=

−∇f(xk)−
∑

j:Gj(x̄)<0

ukj∇Gj(x
k)−

∑
j:gj(x̄)<0

µk
j∇gj(x

k) + (x̄− xk)

 ∈ K(xk, x̄).

Notice that wk→ − ∇f(x̄). Indeed, since min{−g(xk), µk} = 0, it must be that µk
j → 0 whenever

gj(x̄) < 0. Also, ukj = 0 whenever Gj(x
k) < 0, which is the case for sufficiently large k when Gj(x̄) < 0.

By Lower-CCP we conclude that −∇f(x̄) ∈ K(x̄, x̄), which proves the desired result.

Theorem 3.2. Let x̄ ∈ ΩL∩ΩU satisfy Lower-CRSC for ΩL∩ΩU with lower-level ΩL, then x̄ satisfies
Lower-CCP. In particular, Lower-CRSC for ΩL ∩ ΩU with lower-level ΩL satisfying Guignard’s CQ
at all points in ΩL in a neighborhood of x̄ is a constraint qualification.

Proof. Let w ∈ Rn be such that there exist xk ∈ ΩL and wk ∈ K(xk, x̄) for all k such that xk → x̄
and wk → w. Let us show that w ∈ K(x̄, x̄). By the definition of K(xk, x̄), for all k, there exist
(vk, uk, λk, µk) ∈ Rm̄ × Rp̄

+ × Rm × Rp
+ such that

wk =
m̄∑
i=1

vki ∇Hi(x
k) +

∑
j:Gj(x̄)=0

ukj∇Gj(x
k) +

m∑
i=1

λk
i∇hi(x

k) +
∑

j:gj(x̄)=0

µk
j∇gj(x

k).

Using the sets JU
− and JL

− given in Definition 3.1, and defining JU
+ := {j | Gj(x̄) = 0}\JU

− and
JL
+ := {j | gj(x̄) = 0}\JL

−, we can write wk as

wk =
m̄∑
i=1

vki ∇Hi(x
k) +

∑
j∈JU

−

ukj∇Gj(x
k) +

m∑
i=1

λk
i∇hi(x

k) +
∑
j∈JL

−

µk
j∇gj(x

k)

+
∑
j∈JU

+

ukj∇Gj(x
k) +

∑
j∈JL

+

µk
j∇gj(x

k).

Now, let IU ⊆ {1, . . . , m̄}, JU ⊆ JU
− , IL ⊆ {1, . . . ,m}, and JL ⊆ JL

− be such that

∇Hi(x), i ∈ IU ; ∇Gj(x), j ∈ JU ; ∇hi(x), i ∈ IL; ∇gj(x), j ∈ JL (1)

form a basis of the subspace generated by

∇Hi(x), i ∈ {1, . . . , m̄}; ∇Gj(x), j ∈ JU
− ; ∇hi(x), i ∈ {1, . . . ,m}; ∇gj(x), j ∈ JL

−

at x = x̄. Since the dimension of this subspace is constant for all x ∈ ΩL in a neighborhood of x̄,
and the vectors in (1) at x = xk are linearly independent for all sufficiently large k, the vectors in (1)
also form a basis of this subspace when evaluated at x = xk. Therefore, for some new scalars ṽki ∈ R,
ũkj ∈ R, λ̃k

i ∈ R, µ̃k
j ∈ R, we can rewrite wk as

wk =
∑
i∈IU

ṽki ∇Hi(x
k) +

∑
j∈JU

ũkj∇Gj(x
k) +

∑
i∈IL

λ̃k
i∇hi(x

k) +
∑
j∈JL

µ̃k
j∇gj(x

k)

+
∑
j∈JU

+

ukj∇Gj(x
k) +

∑
j∈JL

+

µk
j∇gj(x

k).
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For each k, let Mk be the maximum of the absolute values of all the scalars in the sum above, and
assume that the sequence {Mk} is unbounded. Taking a subsequence if necessary, assume Mk→+∞.

Writing wk

Mk
and taking the limit in an appropriate subsequence such that the corresponding scalars

converge, say,

ṽki
Mk

→ ṽi, i ∈ IU ;
ũkj
Mk

→ ũj ≥ 0, j ∈ JU ;
λ̃k
i

Mk
→ λ̃L

i , i ∈ IL;
µ̃k
j

Mk
→ µ̃j , j ∈ JL

ukj
Mk

→ uj , j ∈ JU
+ ;

µk
j

Mk
→ µj , j ∈ JL

+

where the limits are not all zero, we arrive at

0 =
∑
i∈IU

ṽi∇Hi(x̄) +
∑
j∈JU

ũj∇Gj(x̄) +
∑
i∈IL

λ̃i∇hi(x̄) +
∑
j∈JL

µ̃j∇gj(x̄) +
∑
j∈JU

+

uj∇Gj(x̄) +
∑
j∈JL

+

µj∇gj(x̄).

Since the scalars associated with the inequality constraints are non-negative, by the definition of
the index sets JU

+ and JL
+, we have uj = 0, j ∈ JU

+ and µj = 0, j ∈ JL
+. The remaining equation

contradicts the linear independence of the vectors. Therefore, the sequence {Mk} is bounded and we
can take the limit in wk for a suitable subsequence such that the scalars converge, say,

w =
∑
i∈IU

ṽ∗i∇Hi(x̄)+
∑
j∈JU

ũ∗j∇Gj(x̄)+
∑
i∈IL

λ̃∗
i∇hi(x̄)+

∑
j∈JL

µ̃∗
j∇gj(x̄)+

∑
j∈JU

+

u∗j∇Gj(x̄)+
∑
j∈JL

+

µ∗
j∇gj(x̄),

where wk → w, ṽki → ṽ∗i , ũ
k
j → ṽ∗j , λ̃

k
i → λ̃∗

i , µ̃
k
j → µ̃∗

j , u
k
j → u∗j ≥ 0, and µk

j → µ∗
j ≥ 0. Now,

since JU ⊆ JU
− and JL ⊆ JL

−, when some scalar ũ∗j < 0 or µ̃∗
j < 0, one can rewrite the sum with new

scalars to conclude that w ∈ K(x̄, x̄), which establishes the first statement. Finally, assuming that
ΩL satisfies Guignard’s CQ at all points in ΩL in a neighborhood of a local minimizer x̄ and using
that Lower-CRSC implies Lower-CCP, we conclude from Theorem 3.1 that x̄ is a KKT point, which
completes the proof.

Although Lower-CRSC and Lower-CCP are not constraint qualifications in general (see Exam-
ple 1), they are sufficient for a global convergence result as long as the subproblems are approximately
solved by finding an exact feasible point for the lower-level constraints. Such a feasible point for the
lower-level constraint is always obtained, for instance, in the ALGENCAN implementation, where the
lower-level set corresponds to box constraints or in the MANOPT implementation, where the iterates
lie exactly on a Riemannian manifold as the lower-level constraints.

Theorem 3.3. Let x̄ be a limit point of a sequence {xk}∞k=1 generated by Algorithm 1. If x̄ satisfies
Lower-CCP for the constraint set ΩL with lower-level set ΩL, then x̄ satisfies the KKT conditions for
the problem

Minimize F (x) := ∥H(x)∥2 + ∥max{0, G(x)}∥2, subject to h(x) = 0, g(x) ≤ 0.

Additionally, if x̄ ∈ ΩL ∩ΩU and satisfies Lower-CCP for the constraint set ΩL ∩ΩU with lower-level
set ΩL, then x̄ satisfies the KKT conditions for problem (NLP).

Proof. Let K ⊆ N be such that {xk}k∈K → x̄. By Steps 1 and 2 of the algorithm and computing the
derivative of Lρk(x; v̄

k, ūk) evaluated at xk ∈ ΩL, we have

zk := ∇f(xk) +
m̄∑
i=1

vki ∇Hi(x
k) +

p̄∑
j=1

ukj∇Gj(x
k) +

m∑
i=1

λk
i∇hi(x

k) +

p∑
j=1

µk
j∇gj(x

k) → 0,

9



where vki = v̄ki + ρkHi(x
k), ukj = max{0, ūkj + ρkGj(x

k)}, and ∥min{−g(xk), µk}∥→0. Since ΩL is

closed, we have x̄ ∈ ΩL. If gj(x̄) < 0, then it must be µk
j

k∈K→ 0 since otherwise this would violate

∥min{−g(xk), µk}∥ → 0. Therefore, we can write

wk := zk −∇f(xk)−
m̄∑
i=1

vki ∇Hi(x
k)−

p̄∑
j=1

ukj∇Gj(x
k)−

∑
j:gj(x̄)<0

µk
j∇gj(x

k)

=
m∑
i=1

λk
i∇hi(x

k) +
∑

j:gj(x̄)=0

µk
j∇gj(x

k).

Then, it is easy to see that

wk

ρk

k∈K→ −
m̄∑
i=1

Hi(x̄)∇Hi(x̄)−
p̄∑

j=1

max{0, Gj(x̄)}∇Gj(x̄) = −∇F (x̄),

with wk

ρk
∈ KL(xk, x̄). By Lower-CCP we conclude that −∇F (x̄) ∈ KL(x̄, x̄), which proves the first

result.
Now, suppose x̄ ∈ ΩL∩ΩU and notice that if Gj(x̄) < 0 then, since ρk → +∞ and {ūkj } is bounded,

we have that ukj = 0 for sufficiently large k ∈ K. Therefore, we can define

w̃k := zk −∇f(xk)−
∑

j:Gj(x̄)<0

ukj∇Gj(x
k)−

∑
j:gj(x̄)<0

µk
j∇gj(x

k) ∈ K(xk, x̄)

with w̃k k∈K→ −∇f(x̄). By Lower-CCP we conclude that −∇f(x̄) ∈ K(x̄, x̄), and the result follows.

It is important to mention that the conditions in the last theorem ensure convergence to a KKT
point without requiring a constraint qualification. Let us emphasize that augmented Lagrangian
methods that penalize all constraints do not provide this type of theoretical guarantee. We illustrate
this with the next simple example.

Example 3. Consider the problem of minimizing f(x) := x1 − x2 subject to x ∈ ΩL ∩ ΩU where

ΩU := {x | G1(x) := x1 ≤ 0, G2(x) := −x2 ≤ 0} and ΩL := {x | h1(x) := x21 = 0, g1(x) := x2 ≤ 0}.

It is easy to see that x̄ := (0, 0) is the global minimizer of this problem, but it is not a KKT point and,
thus, no CQ is satisfied at x̄. Since ∇h1(x) = (0, 0) for any x ∈ ΩL = {0} × R− and the remaining
gradients are constant, it follows that x̄ satisfies Lower-CRSC for the constraint set ΩL ∩ ΩU with
lower-level set ΩL and Lower-CCP for ΩL with lower-level set ΩL.

For this objective function, Algorithm 1 fails to generate a sequence satisfying Step 1, because the
step requires computing approximate Lagrange multipliers such that[

(1, 0) + (1, 0)uk1 + (0,−1)uk2 + (0, 0)λk + (0, 1)µk
]
→ 0

with uk1 ≥ 0, uk2 ≥ 0, µk ≥ 0, which clearly does not exist. This behavior is consistent with the theory
developed.

On the other hand, let us consider minimizing f̃(x) := −x2 subject to x ∈ ΩL ∩ ΩU . The point
x̄ is also the global minimizer of this problem, which is a KKT point. Now, we affirm that x̄ can be
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reached by Algorithm 1. In fact, consider the sequence xk := (0,−1/ρ2k) ∈ ΩL, ρk > 0. For each k,
take ūk1 := 0, ūk2 ≥ 0 and λk := 0, µk := 1 + ūk2. We have

∇Lρk(x
k, uk) +∇h1(x

k)λk +∇g1(x
k)µk =

[
0
−1

]
+ (1/ρk + ūk2)

[
0
−1

]
+ µk

[
0
1

]
=

[
0

−1− (1/ρk + ūk2) + µk

]
=

[
0

−(1/ρk + ūk2) + ūk2

]
which converges to zero, when ρk → ∞. Moreover, in this case, the approximate Lagrange multiplier
sequence turns out to be bounded as uk = max{0, ūk + ρkG(xk)} = (0, ūk2 + 1/ρk), yielding true
Lagrange multipliers at its limit points, as Theorem 3.3 predicts, even though the problem does not
satisfy a constraint qualification.

4 Lower-level quasinormality and relaxed-quasinormality conditions

We now introduce the Lower-QN condition. This notion extends the definition given in [3] for manifold-
constrained optimization in Rn to the broader framework of a general lower-level set.

Definition 4.1. A point x̄ ∈ ΩL ∩ΩU satisfies Lower-QN with respect to ΩL ∩ΩU with lower-level set
ΩL when there is no (v, u, λ, µ) ∈ Rm̄ × Rp̄

+ × Rm × Rp
+ such that the following conditions hold

1.
m̄∑
i=1

vi∇Hi(x̄) +

p̄∑
j=1

uj∇Gj(x̄) +
m∑
i=1

λi∇hi(x̄) +
∑

j:gj(x̄)=0

µj∇gj(x̄) = 0;

2. (v, u) ̸= 0;

3. There is a sequence {xk} ⊂ ΩL with xk → x̄ such that for all k,

(a) viHi(x
k) > 0 for i ∈ I̸= := {i | vi ̸= 0} and Gj(x

k) > 0 for j ∈ J̸= := {j | uj > 0}.

Compared to the standard QN condition for ΩL ∩ ΩU (using Definition 2.2 for ΩL ∩ ΩU ), the
feasibility of the sequence with respect to ΩL replaces the usual sign requirements involving (λ, µ)
and the sequence {xk}. Also, the requirement (v, u, λ, µ) ̸= 0 is replaced by (v, u) ̸= 0. In contrast to
Lower-QN introduced in [3], when ΩL consists only of equality constraints with linearly independent
gradients, where it is proved that QN implies Lower-QN, in this more general setting QN and Lower-
QN are independent conditions, as shown by the following examples.

Example 4 (QN does not imply Lower-QN). For x = (x1, x2) ∈ R2, consider the upper- and lower-
level sets

ΩU := {x | G1(x) := x1 ≤ 0} and ΩL := {x | g1(x) := −x1 ≤ 0, g2(x) := −x2 ≤ 0}.

The feasible point x̄ := (0, 0) satisfies QN, since the condition

u

[
1
0

]
+ µ1

[
−1
0

]
+ µ2

[
0
−1

]
= 0

implies u = µ1 ≥ 0 and µ2 = 0. Moreover, there does not exist a sequence xk → x̄ such that
G1(x

k) := xk1 > 0 and g1(x
k) := −xk1 > 0. On the other hand, if we take u = 1, µ1 = 1, µ2 = 0, and

consider the sequence {xk := (1/k, 0)} ⊂ ΩL, then G1(x
k) > 0. This shows that Lower-QN fails at x̄.
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Example 5 (Lower-QN does not imply QN). For x = (x1, x2) ∈ R2, consider the sets

ΩU := {x | H1(x) := x2 = 0} and ΩL := {x | h1(x) := x = 0}.

Condition QN is not satisfied at the feasible point x̄ := 0, since 1 · ∇H1(x̄) + 0 · ∇h1(x̄) = 0 and
for the sequence xk := 1/k, we have H1(x

k) > 0. On the other hand, Lower-QN is satisfied because
v∇H1(x̄) + λ∇h1(x̄) = 0 implies λ = 0. If v ̸= 0, the only sequence xk ∈ ΩL is xk = 0, which violates
item 3 (a) in the Lower-QN definition. Therefore, Lower-QN holds at x̄.

Assuming that the Lower-CCP condition is satisfied at x̄ ∈ ΩL with lower-level ΩL, we can verify
that Lower-QN is a constraint qualification. To this end, we establish a more general result regarding
necessary conditions for a point to be a minimizer of (NLP), namely a Fritz–John type condition. This
result is a refinement of [20, Proposition 2.1] for the case where ΩL is not regular (see [38]), providing
a more precise relation. Indeed, in [20, Proposition 2.1], a similar relation is given, but in terms of the
limiting normal cone rather than KL(x̄, x̄). Note that with our assumptions, KL(x̄, x̄) coincides with
the normal cone, which differs from the limiting normal cone in the absence of regularity.

Theorem 4.1. Let x̄ be a local minimizer of problem (NLP) that satisfies Lower-CCP for the con-
straint set ΩL with lower-level set ΩL. Assume further that ΩL satisfies Guignard’s CQ at all points
in ΩL in a neighborhood of x̄. Then there exists (µ0, v, u, λ, µ) ∈ R+ ×Rm̄ ×Rp̄

+ ×Rm ×Rp
+ satisfying

the following conditions:

1. µ0∇f(x̄) +
m̄∑
i=1

vi∇Hi(x̄) +

p̄∑
j=1

uj∇Gj(x̄) +
m∑
i=1

λi∇hi(x̄) +
∑

j:gj(x̄)=0

µj∇gj(x̄) = 0;

2. (µ0, v, u) ̸= 0;

3. Let I ̸= := {i | vi ̸= 0} and J̸= := {j | uj > 0}. If I̸= ∪ J̸= ̸= ∅, there exists a sequence {xk} ⊂ ΩL

that converges to x̄ and is such that, for all k,

(a) f(xk) < f(x̄), viHi(x
k) > 0 for all i ∈ I̸=, and Gj(x

k) > 0 for all j ∈ J̸=;

(b) |Hi(x
k)| = o(w(xk)) for i /∈ I̸= and Gj(x

k)+ = o(w(xk)) for j /∈ J̸=, where

w(xk) := min

{
min
i∈I ̸=

|Hi(x
k)|, min

j∈J ̸=
Gj(x

k)+

}
. (2)

Proof. The argument essentially follows [20, Proposition 2.1] with additional observations that in
our setting KL(x̄, x̄)◦ = TΩL

(x̄)◦, the polar of the tangent cone to ΩL at x̄. We recall the main
steps for completeness. We can obtain sequences {xk} ⊂ ΩL, {vk := kH(xk)} ⊂ Rm̄, and {uk :=
kmax{0, G(xk)}} ⊂ Rp̄

+ such that

−

µk
0∇f(xk) +

m̄∑
i=1

vki ∇Hi(x
k) +

p̄∑
j=1

ukj∇Gj(x
k)

 ∈ TΩL
(xk)◦, ∥(µk

0, v
k, uk)∥ = 1,

which converge to some (µ0, v, u) ̸= 0. Since gj(x
k) = 0 implies that gj(x̄) = 0 for k in some subset

K and sufficiently large, we obtain by Guignard’s CQ that TΩL
(xk)◦ ⊂ KL(xk, x̄). Therefore, by the

definition of KL(xk, x̄), there are multipliers (λk, µk) ∈ Rm × Rp such that

wk :=

 m∑
i=1

λk
i∇hi(x

k) +
∑

j:gj(x̄)=0

µk
j∇gj(x

k)

 ∈ KL(xk, x̄) (3)
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and µk
0∇f(xk) +

∑m̄
i=1 v

k
i ∇Hi(x

k) +
∑p̄

j=1 u
k
j∇Gj(x

k) = −wk. Thus wk converges to some w. By the

Lower-CCP condition at x̄ ∈ ΩL, we obtain w ∈ KL(x̄, x̄). Hence, there is (λ, µ) ∈ Rm × Rp
+ such

that item 1 holds. The other items follow directly from construction of the sequences {xk}, {vk}, and
{uk}.

The previous result motivates the introduction of a lower-level condition, which generalizes Lower-
QN, which we call Lower relaxed-quasinormality (Lower-RQN) condition.

Definition 4.2. A point x̄ ∈ ΩL ∩ ΩU satisfies Lower-RQN with respect to ΩL ∩ ΩU with lower-level
set ΩL when there is no (u, v, λ, µ) ∈ Rm̄ × Rp̄

+ × Rm × Rp
+ such that the following conditions hold

1.
m̄∑
i=1

vi∇Hi(x̄) +

p̄∑
j=1

uj∇Gj(x̄) +
m∑
i=1

λi∇hi(x̄) +
∑

j:gj(x̄)=0

µj∇gj(x̄) = 0;

2. (v, u) ̸= 0;

3. There is a sequence {xk} ⊂ ΩL with xk → x̄ such that for all k,

(a) viHi(x
k) > 0 for i ∈ I ̸= := {i | vi ̸= 0} and Gj(x

k) > 0 for j ∈ J̸= := {j | uj > 0}.
(b) |Hi(x

k)| = o(w(xk)) for all i ̸∈ I̸= and Gj(x
k)+ = o(w(xk)) for all j ̸∈ J̸=, where

w(xk) := min

{
min
i∈I ̸=

|Hi(x
k)|, min

j∈J ̸=
Gj(x

k)+

}
.

It follows directly from Theorem 4.1 that both Lower-RQN and Lower-QN are constraint qualifi-
cations whenever the lower-level set ΩL is regular enough.

Corollary 4.1. Let x̄ ∈ ΩL ∩ ΩU be a local minimizer of (NLP) that satisfies Lower-CCP for the
constraint set ΩL with lower-level set ΩL. Assume further that ΩL satisfies Guignard’s CQ at all points
in ΩL in a neighborhood of x̄. If x̄ satisfies Lower-RQN (or Lower-QN) with respect to ΩL ∩ΩU with
lower-level set ΩL, then x̄ is a KKT point of (NLP).

Proof. From Theorem 4.1, there exists a vector (µ0, v, u, λ, µ) ∈ R+ ×Rm̄ ×Rp̄
+ ×Rm ×Rp

+ satisfying
items 1–3. If µ0 ̸= 0, we can divide the expression in item 1 by µ0. Using condition 3(a), it follows
that µj = 0 whenever Gj(x̄) < 0, and therefore x̄ satisfies the KKT conditions. On the other hand, if
µ0 = 0, then the Lower-RQN condition is not valid at x̄, which contradicts our assumption.

A notion of Lower-RQN was first introduced in [5], where the lower-level set is defined by simple
complementarity constraints,

xiyi = 0, xi ≥ 0, yi ≥ 0, i = 1, . . . , n.

In that context, the authors show that their condition is sufficient to ensure global convergence and
boundedness of approximate Lagrange multipliers generated by the augmented Lagrangian method
studied there, a method that admits M-stationary multipliers. In our framework, we extend their
result to a general lower-level set satisfying Lower-CCP.

Theorem 4.2. Let x̄ be a limit point of a sequence {xk}∞k=1 generated by Algorithm 1 with {xk}k∈K →
x̄ for some K ⊆ N. If x̄ ∈ ΩL ∩ ΩU and satisfies Lower-RQN (or Lower-QN) for the constraint set
ΩL ∩ΩU with lower-level set ΩL and x̄ satisfies Lower-CCP for the constraint set ΩL with lower-level
set ΩL, then the dual sequences {vk}k∈K and {uk}k∈K are bounded and any limit points of {vk}k∈K
and {uk}k∈K are Lagrange multipliers associated with x̄.
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Proof. Consider zk and w̃k as defined in the proof of Theorem 3.3. We have w̃k → −∇f(x̄) with

w̃k :=
m̄∑
i=1

vki ∇Hi(x
k) +

∑
j:Gj(x̄)=0

ukj∇Gj(x
k) +

m∑
i=1

λk
i∇hi(x

k) +
∑

j:gj(x̄)=0

µk
j∇gj(x

k). (4)

Let Mk := max{|vki |, i = 1, . . . , m̄; |ukj |, j : Gj(x̄) = 0} and suppose that {Mk}k∈K is unbounded.
Consider a subsequence K1 ⊆ K such that

Mk
k∈K1→ +∞,

vki
Mk

k∈K1→ ṽi ∈ R, i = 1, . . . , m̄,
ukj
Mk

k∈K1→ ũj ≥ 0, j : Gj(x̄) = 0,

where the limits are not all zero. Using that KL(xk, x̄) is a cone, we obtain w̃k

Mk
−

m̄∑
i=1

vki
Mk

∇Hi(x
k)−

∑
j:Gj(x̄)=0

ukj
Mk

∇Gj(x
k)

 ∈ KL(xk, x̄).

Taking the limit when k ∈ K1 and k → ∞, we conclude by Lower-CCP that

−
m̄∑
i=1

ṽi∇Hi(x̄)−
∑

j:Gj(x̄)=0

ũj∇Gj(x̄) ∈ KL(x̄, x̄).

From Step 2 of Algorithm 1,

vk = v̄k + ρkH(xk) and uk = max{0, ūk + ρkG(xk)},

moreover, ρk → +∞, {ūk} and {v̄k} are bounded, therefore we have viHi(x
k) > 0, i ∈ I̸= and

Gj(x
k) > 0, j ∈ J ̸=. Consequently, we obtain a sequence {xk} that contradicts Lower-QN. We now

show that this sequence also violates Lower-RQN.
Assume that there exists some index l such that vl = 0. Take i ∈ I ̸= and consider the sequence

{Ak} defined by

Ak :=
|v̄kl + ρkHl(x

k)|
|ρkHi(xk)|

=

∣∣∣∣ v̄kl
ρkHi(xk)

+
Hl(x

k)

Hi(xk)

∣∣∣∣ ,
which is well-defined in view of item 1 of the Lower-RQN definition.

If Ak ≥ ε > 0 for all k ∈ K1, we have |v̄kl + ρkHl(x
k)| ≥ ε|ρkHi(x

k)|, and therefore

0 < ε|ṽi| = lim
k∈K

ε
|v̄ki + ρkHi(x

k)|
Mk

= lim
k∈K

ε
|ρkHi(x

k)|
Mk

≤ lim
k∈K

|v̄kl + ρkHl(x
k)|

Mk
= |ṽl| = 0,

which is a contradiction. Thus, lim infk∈K1 Ak = 0. Consequently, passing to a subsequence if neces-
sary, we obtain

lim
k∈K1

|Hl(x
k)|

|Hi(xk)|
= lim

k∈K1

Ak = 0.

An analogous argument applies when l corresponds to a zero component of (v, u) and i to a nonzero
component of the other vector, i.e., when vl = 0 with ui > 0, or ul = 0 with either vi ̸= 0 or ui > 0.
By applying the same reasoning successively and passing to subsequences if necessary, we obtain item
2 of the Lower-RQN definition.
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Therefore, {Mk} is bounded and we can take a subsequence such that vki → ṽi ∈ R for i = 1, . . . , m̄
and ukj → ũj ≥ 0 for j with Gj(x̄) = 0, and take the limit in the expression of w̃k in (4). Using Lower-
CCP at x̄ ∈ ΩL, we conclude that

−∇f(x̄)−
m̄∑
i=1

ṽi∇Hi(x̄)−
∑

j:Gj(x̄)=0

ũj∇Gj(x̄) ∈ KL(x̄, x̄),

which completes the proof.

Remark 3. The feasibility of x̄ with respect to the upper-level ΩU is not essential in the proof above.
Hence, instead of assuming that the limit point x̄ is feasible with respect to the upper-level ΩU , one
can instead extend the definition of Lower-RQN to a possible infeasible point with respect to the upper
level with exactly the same formulation. By considering the index set {j : Gj(x̄) ≥ 0} in the definition
of w̃k in the proof above, one can obtain boundedness of the dual sequences in the same fashion, which
in turn implies feasibility of x̄ with respect to the upper-level ΩU due to the update formula for vk and
uk in Step 2 of the algorithm. See [14].

Finally, we note that, as an alternative, the Lower-CCP condition with respect to the lower-level
set ΩL can be replaced by the assumption that ΩL is regular at x̄, in the sense that the limiting normal
cone coincides with the classical normal cone at x̄, and that it also satisfies a constraint qualification
condition. In this case, [20, Proposition 2.1] (similar to Theorem 4.1) guarantees that the Lower-QN
and Lower-RQN conditions are valid CQs. In the same spirit, one could replace Step 1 of Algorithm
1 by

“compute xk ∈ ΩL such that −∇Lρk(x
k; v̄k, µ̄k) ∈ NΩL

(xk)”

where NΩL
(xk) denotes the limiting normal cone of ΩL at xk. In this way, we obtain a result analogous

to Theorem 4.2 for this modified method, now relying on regularity rather than continuity of the
mapping x 7→ KL(x, x̄).

5 Illustrations and further discussion of the algorithm

The convergence results established in Sections 3–4 show that the proposed lower-level constraint
qualifications (Lower-CRSC and Lower-QN/Lower-RQN), combined with the continuity properties of
the lower-level KKT cone, provide global convergence of Algorithm 1 under mild assumptions. In
this section, we complement these theoretical developments with examples and qualitative insights
illustrating why the use of lower-level constraints, rather than penalizing all constraints, leads to a
markedly different behavior of the augmented Lagrangian method. We highlight scenarios in which
the algorithm enjoys stable dual iterates, even in the absence of constraint qualifications, and contrast
this behavior with fully penalized augmented Lagrangian schemes.

5.1 When the assumptions of the main theorems do not represent a CQ

We have established global convergence of Algorithm 1 to KKT points under either one of the following
conditions:

• Theorem 3.3 - Lower-CRSC at x̄ for the constraint set ΩL ∩ΩU , together with Lower-CCP at x̄
for the constraint set ΩL;

• Theorem 4.2 - Lower-RQN at x̄ for the constraint set ΩL ∩ ΩU , together with Lower-CCP at x̄
for the constraint set ΩL.
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However, neither of these assumptions is a constraint qualification (and thus, they do not guarantee
that every local minimizer is a KKT point). To see this, consider the problem of minimizing f(x) := x
subject to x ∈ ΩL ∩ ΩU where

ΩU := {x | G1(x) := x ≤ 0} and ΩL := {x | h1(x) := x2 = 0}.

The feasible set is {0}, and the unique minimizer is x̄ := 0. Since ΩL consists only of the point x̄,
both above conditions are trivially satisfied at x̄. Nevertheless, x̄ is not a KKT point.

Theorems 3.3 and 4.2 assert something subtler: if Algorithm 1 generates a sequence {xk} with a
limit point x̄ that satisfies the corresponding assumptions, then this limit point must be a KKT point
of the original problem. In particular, in the example above, the algorithm cannot generate a sequence
{xk} such that ∥∇f(xk) +∇G1(x

k)vk +∇h1(x
k)λk∥ → 0 with xk → x̄, since x̄ is not a KKT point.

Therefore the subproblems must be ill-defined. See also Example 3.

5.2 Illustration: qualitative difference between lower-level and full penalization

We now illustrate how the assumptions of the main theorems lead to a qualitative difference between
Algorithm 1 and the method that penalizes all constraints.

Example 6. Consider the feasible set ΩL ∩ ΩU , where

ΩU := {x | G1(x) := −x1 ≤ 0} and ΩL := {x | g1(x) := −x1 ≤ 0, g2(x) := x31 exp(x
2
2) ≤ 0}.

We consider the feasible point x̄ := (0, 0). It is easy to see that ΩL = {0} × R and therefore

∇g1(x) =

[
−1
0

]
, ∇g2(x) =

[
3x21 exp(x

2
2)

2x2x
3
1 exp(x

2
2)

]
=

[
0
0

]
for all x ∈ ΩL.

Consequently, for every x ∈ ΩL near x̄ the cone generated by the lower-level constraints is

KL(x, x̄) = {µ1∇g1(x) + µ2∇g2(x) | µ1, µ2 ≥ 0} = R− × {0},

and this coincides with KL(x̄, x̄). Hence Lower-CCP for ΩL with lower-level set ΩL is satisfied at x̄.
In order to check Lower-QN, we consider items 1-2 of Definition 4.1 to form the system

u1∇G1(x̄) + µ1∇g1(x̄) + µ2∇g2(x̄) = 0

with (u1, µ1, µ2) ≥ 0 and u1 ̸= 0. However, since ∇G1(x̄) = (−1, 0) the only possibility is u1 = µ1 = 0.
This shows that Lower-QN holds. We have therefore verified that, at x̄, the assumptions of Theorem 4.2
are satisfied: x̄ satisfies Lower-QN for ΩL ∩ ΩU together with Lower-CCP for the constraint set ΩL.
Consequently, if a sequence {xk} is generated by Algorithm 1, any limit point will be a KKT point of
problem (NLP) and the dual sequence generated by the method via Step 2, will be bounded.

Suppose now we penalize all constraints. That is, we consider the same problem but with a different
partition ΩU := {x | G1(x) ≤ 0, g1(x) ≤ 0, g2(x) ≤ 0} and ΩL := R2. It is easy to see that x̄ := (0, 0)
is a global minimizer of f̃(x) := −x1 subject to x ∈ ΩL ∩ ΩU and that the KKT conditions are not
valid. Hence, no constraint qualification holds at x̄, and, in particular, no classical global convergence
result is available (RQN fails). Consider now f(x) := −x21 + x22 and the application of Algorithm 1
with all constraints penalized. The point x̄ := (0, 0) ∈ ΩL∩ΩU is a KKT point and a global minimizer.
Consider ρk := 2

3k
2 and xk :=

(
1/

√
k, 0
)
→ (0, 0). Along the sequence {xk},

G1(x
k) = −1/

√
k < 0, g1(x

k) = −1/
√
k < 0, g2(x

k) = (1/
√
k)3 > 0.
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Thus, the first-order stationary condition (Step 1 of Algorithm 1) is satisfied exactly as[
−2/

√
k

0

]
+ uk1

[
−1
0

]
+ µk

1

[
−1
0

]
+ µk

2

[
3/k
0

]
=

[
0
0

]
,

where uk1 := max{0, ūk1 + ρkG1(x
k)} and µk

1 := max{0, µ̄k
1 + ρkg1(x

k)} for some bounded sequences
{ūk1} and {µ̄k

1}, which implies uk1 → 0 and µk
1 → 0. Moreover, µk

2 := max{0, µ̄k
2 + ρkg2(x

k)} =
µ̄k
2 +

2
3

√
k for some bounded sequence {µ̄k

1}. Hence {µk
2} is unbounded, and the method fails to produce

a corresponding KKT multiplier.

Of course, the examples presented in this section serve an illustrative purpose. Nevertheless, our
results show that global convergence can be achieved even in the absence of any constraint qualification.
Numerical stability of the multipliers is also preserved in this setting without a constraint qualification.
This stability arises precisely because we avoid penalizing all constraints in our framework. This
phenomenon is consistent with the improved numerical performance observed in the literature, see for
instance [3, 5, 32].

6 Conclusions

In recent years, several new constraint qualifications have appeared with the goal of providing sharper
global convergence results for safeguarded augmented Lagrangian methods that penalize all con-
straints. The Constant Rank of the Subspace Component condition (CRSC, [16]) plays a major role
in this analysis, as it is the weakest condition within a family of constant rank conditions. Moreover,
the relaxed-quasinormality condition (RQN, [14]), which is equivalent to the error bound property
[13], has been shown to be the weakest condition guaranteeing boundedness of the dual augmented
Lagrangian sequences [13].

These conditions can also be used to analyze the version of the algorithm that keeps some of
the constraints within the subproblems; however, only recently has it been observed that a tailored
analysis can be carried out in order to obtain weaker conditions in the case of constrained subproblems.
There are at least two settings in which such an analysis has been conducted. The first corresponds to
subproblem constraints defining a manifold [3], as in the MANOPT implementation [25]. The second
concerns simple complementarity constraints [5], as in the implementation proposed in [29]. In [3],
tailored CRSC and quasinormality (QN) conditions were introduced, while in [5], tailored QN and
RQN conditions were defined.

In this paper, we define tailored CRSC, QN, and RQN conditions for an arbitrary choice of con-
strained subproblems. This is particularly relevant in the box-constrained case, since the ALGENCAN
implementation [24] considers box-constrained subproblems. Our developments take into account the
fact that all these implementations compute approximate solutions to the subproblems, but always
from within the subproblems’ feasible set. That is, the sequence generated by the algorithm remains
feasible with respect to the constrained subproblems.

Somewhat surprisingly, the conditions required for global convergence and stability of the algorithm
with constrained subproblems are not necessarily constraint qualifications. More precisely, when an
objective function associated with the KKT conditions is used, the algorithm behaves as expected,
whereas when the KKT conditions fail for a given objective function, the corresponding subproblems
become ill-defined.

Finally, we expect that further studies should be carried out in the context of constrained sub-
problems, in particular concerning the equivalence between RQN and the error bound property, as
well as the minimality of RQN with respect to boundedness of dual augmented Lagrangian sequences.
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Extensions to conic programming are also expected due to recent studies of CRSC [10] and QN/RQN
[39] in this context as well as extensions to infinite dimensional spaces [37].
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