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Abstract. For solution mappings of parameterized models (such as optimization problems, variational
inequalities, and generalized equations), standard stability inevitably fails as the parameter approaches
the boundary of the feasible domain. One remedy is relative stability restricted to a constraint set (e.g., the
feasible domain), which is our focus in this paper. We establish generalized differentiation criteria that
characterize stability and strong stability of a solution mapping relative to a broad class of nonconvex
constraint sets. Beyond this class, we give a counterexample that invalidates all known generalized
differentiation criteria. Applied to generalized equations, our results yield characterizations of relative
stability and relative strong stability of their solution mappings, which are further explicitly specified
for affine variational inequalities. Finally, we prove a global relative stability criterion, which provides
a different perspective on stability analysis and also generalizes the mean value theorem to set-valued,
non-smooth mappings.
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1. INTRODUCTION

For parameterized models arising from optimization, variational inequalities, game theory
and other fields in nonlinear and variational analysis, one is interested in how sensitive the
solution set S(p) is to changes in the parameter p. In addition to theoretical importance, stability
analysis also provides a useful guide for practice. There is a large and ever-growing literature
on stability analysis of parameterized models in optimization and other fields; see, e.g., [1, 2,
3,4,5,6,7,8,9, 10, 11, 12]. One prominent model in applications is that of generalized
equations [13] (which includes optimization problems and variational inequalities as special
cases): S(p) == {x€R":0¢€ f(p,x)+M(x)}, where f: R" x R" — R/ is single-valued and
M : R* = R! is set-valued. As S is usually set-valued (due to nonuniqueness of solutions),
stability concepts from variational analysis are employed. One widely used notion is the Aubin
property, which was introduced in [14] as an appropriate generalization of Lipschitz continuity
of single-valued mappings. The Aubin property of the solution mapping S at (p,X) € gphS :=
{(p,x) : x € S(p)} has been studied extensively by the optimization community. However, a
limitation of this concept is that it implicitly requires the reference point to be an interior point
of the feasible domain domS := {p : S(p) # 0}: the Aubin property of S at (p,%) can hold
only if p € int(domS) (see Remark 3.1 for details). That is, the Aubin property necessarily
fails when p is a boundary point of domS. It turns out that we need to consider the Aubin
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property relative to (i.e., restricted to) domsS (see Definition 2.9) in order to elicit stability in
such cases. Moreover, even when p is an interior point of domsS, it can happen that S enjoys
the Aubin property only after restriction to some constraint set Q C R”. Examples illustrating
these phenomena will be given in subsection 5.1 in terms of concrete linear complementarity
problems, an important class of variational inequalities. We also note that relative stability is
useful in applications where explicit constraints of the form p € Q are imposed.

To recognize relative stability, one needs characterizations (or at least sufficient conditions)
that are more tractable than the definitions. To orient the reader, we first recall relevant results
for standard (i.e., unconstrained) stability. As much as the Aubin property of S measures the
changes of S(p) against those of p, one may extrapolate, from results in differential calculus,
that stability can be characterized by generalized derivatives. This bold philosophy was amply
vindicated in the celebrated work of Mordukhovich [15] (known as the Mordukhovich criterion)
which characterizes the Aubin property via the coderivative, a generalized derivative widely
employed in variational analysis. It states that a set-valued mapping S : R" == R", which is
locally closed at (¥,¥) € gphS, has the Aubin property at (%,¥) if and only if D*S(x;y)(0) = {0};
moreover, the following equality holds:

lipS(x:5) = [D*s(x9)| (1)

where lipS(%;y) is the Lipschitz modulus of S at (%,7), D*S(X;y) is the coderivative of S at
(x,¥), and | -|* is the outer norm. There is another manifestation of the philosophy, known as
the Aubin criterion [16, 17], which utilizes the graphical derivative, also a commonly employed
generalized derivative. It states that (under the same assumption on §)

lipS(x%;y) = limsup DS(X;y)‘ , (1.2)
()2 (E5)
where DS(x;y) is the graphical derivative of S at (x,y) € gphS and |- |~ is the inner norm;

thus S has the Aubin property at (%,¥) if and only if the right-hand side of (1.2) is finite. As
alluded to above, both criteria are vast generalizations of the following simple observation: a
differentiable function f : R — R is locally Lipschitz continuous around X if and only if its
derivatives are bounded around X; moreover, the following equality holds

lipf (%) = limsup |/ (x)], (1.3)

X—X

Lf )= ()]

=]

where lip f(¥) := limsup
X, x' =%, x#£x
differentiable (or at least strictly differentiable) at X, the formula simplifies to

lipf(x) = |f(%)]. (1.4)

The concepts of relative stability were introduced in [4, 18, 19, 20]. Important results on relative
stability (and, in particular, directional stability) and their applications in optimization were
obtained in [18, 19, 21, 4, 20, 22, 23, 24, 25, 26]. However, generalized differentiation criteria
have only emerged recently in a series of works [27, 28, 29, 30, 31, 32, 33, 34] where stability
properties relative to a constraint set are characterized in several generalized Mordukhovich
criteria that are based on newly proposed variants of the coderivative. These characterizations
require the constraint set to be either convex [27, 28, 30, 31, 32, 33, 34] or a smooth manifold

is the Lipschitz modulus of f at x; if f is continuously
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[29]. This restriction is a potential barrier preventing wider applications of relative stability
since many constraint sets (e.g., domS) are neither convex sets nor smooth manifolds. A natural
question is whether one can establish generalized differentiation criteria for broader classes of
sets or even for all nonconvex sets.

The first contribution of this paper is a nuanced answer to the above question: the geometry
of the constraint set plays a vital role in controlling relative stability, unlike the standard (i.e.,
unconstrained) setting where generalized differentiation alone controls stability. Specifically,
we first construct a nonconvex constraint set for which all known generalized differentiation
criteria for relative stability fail to hold. This phenomenon suggests, we believe, that a criterion
for relative stability via generalized differentiation might be impossible for arbitrary nonconvex
constraint sets, due to their inherent “non-Lipschitzian” nature. Next we show that for a broad
class of nonconvex constraint sets which we call paratingentially Lipschitzian sets, relative
stability criteria via generalized differentiation can be established. This class includes not only
convex sets and smooth manifolds (the only constraint sets allowed in previous work [27, 29, 31,
32, 33, 34]), but also many more nonconvex sets such as prox-regular sets and o(1)-convex sets.
Thus we have made progress towards the precise demarcation of those constraint sets for which
generalized differentiation criteria hold. Our results have some other differences from previous
ones. The first is the use of graphical derivative in addition to variants of coderivative that have
been employed in previous works [27, 29, 31, 32, 33, 34]. We establish a generalized Aubin
criterion: a graphical derivative characterization of the relative Aubin property, extending (1.2)
in the unconstrained setting [16, 17]. A potential advantage in the use of graphical derivative is
that no new generalized derivative is needed whereas previous work rely on such new concepts
as projectional coderivative [27, 29], contingent coderivative [32], conic contingent coderivative
[31], and reduced coderivative' [33, 34]; therefore in our approach calculations and calculus
rules for graphical derivative available in the literature can be directly leveraged in the study of
relative stability. Another difference is a norm equality between graphical derivative and the
projectional coderivative defined in [27], via which we extend the generalized Mordukhovich
criterion in [27] (for convex sets) to the broader class of paratingentially Lipschitzian sets. This
equality also guarantees that any progress on stability criteria based on graphical derivative will
automatically translate to progress based on projectional coderivative, and vice versa.

As the second contribution of this paper, we introduce a relative version of the strong Aubin
property (where “strong” indicates existence of single-valued localization) and characterize it
via the strict graphical derivative for the class of paratingentially Lipschitzian constraint sets. To
the best of our knowledge, such generalized differentiation characterizations of strong stability
relative to a general constraint set are not available in the literature.

The third contribution of this paper consists of applications of the obtained relative stability
criteria to solution mappings of generalized equations. We first demonstrate the necessity and
usefulness of relative stability through some simple but illustrative examples taken from linear
complementarity problems. We then establish characterizations of relative stability and relative
strong stability for solution mappings of generalized equations. Our characterizations can be
explicitly determined for affine variational inequalities. Specifically, we obtain a “generalized
critical face condition”, which is necessary and sufficient for the Aubin property of solution

1We use this terminology to differentiate this notion from other variants of coderivative. In [33, 34] the “reduced
coderivative” is called “the coderivative relative to Q” where Q is the constraint set.
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mappings of affine variational inequalities relative to a paratingentially Lipschitzian domain,
extending previous works in the unconstrained setting [6] and the convex domain setting [28].
Moreover, we obtain a “strict generalized critical face condition” for the strong Aubin property
relative to a paratingentially Lipschitzian domain. The “strict” condition is genuinely different
from the “non-strict” condition, since relative stability and relative strong stability for affine
variational inequalities are not equivalent [28, Example 4.8], whereas standard stability and
standard strong stability for affine variational inequalities are equivalent [6, Theorem 1]. Thus
our “strict” condition for the relative strong stability of affine variational inequalities addresses
a gap in the literature.

To motivate the fourth contribution of this paper, we observe that the Mordukhovich/Aubin
criterion can be regarded as a “localized” mean value theorem for set-valued mappings. To
make this analogy explicit, recall the Lagrange mean value theorem, which states that for a
differentiable real-valued function f : R — R, for any a,b € R with a # b, there exists x € (a,b)

such that Fla)— £(b)
. a) —
fla)= ) = f()a—b), ie, DOZEE— p),
However, the mean value theorem in the above form does not hold for vector-valued maps (see
[35, 5.3.2] for a simple counterexample). Instead a weaker inequality form of the mean value

theorem remains valid for any differentiable map f : R" — R™. It states that (see, e.g., [36,
8.5.2]) for any a,b € R" with a # b,

WD ZTON < wp (o)), (15)
Ha_bH x€la,b]

where [a,b] :={0a+ (1—0)b €R" : 6 €[0,1]} and ||f'(x)]| is the operator norm of f’(x) as
a linear map. So the mean value theorem provides a bound for the global Lipschitz constant
of f via norms of derivatives of f. Comparing (1.1)-(1.5), it is clear that the Mordukhovich
criterion (1.1) and the Aubin criterion (1.2) can be regarded as limiting/localized “mean value
theorems” for set-valued mappings. This leads us to the question: is there a “global” version
of the Mordukhovich/Aubin criterion that is an analogue of the mean value theorem (1.5)? The
fourth contribution of this paper is an affirmative answer to this question: we prove that, under
appropriate assumptions, the relative inner norms of graphical derivatives provide a bound for
the global Lipschitz constant (measured in Hausdorff distance) of a set-valued mapping relative
to a convex constraint set (Theorem 6.1): for S : R” = R"™, for a,b € Q C dom S with a # b and
Q convex,

MS(a).SB) |

la—bl| xela,b],yeS(x) Tia ) (%)
where 4 is the Hausdorff distance. As far as we know, a result of this type is new. It hints at
a different perspective in stability analysis that emphasizes the global aspect (in addition to the
standard local aspect) and offers a potentially useful tool in that regard.

The rest of the paper are organized as follows. In Section 2, we recall preliminaries from
variational analysis. In Section 3, we introduce paratingentially Lipschitzian sets and establish
generalized differentiation criteria for relative stability with respect to this class of constraint
sets. In Section 4, we characterize relative strong stability using strict graphical derivative. In
Section 5, we apply our results to generalized equations and affine variational inequalities. In
Section 6, we establish a global Aubin criterion. Finally we conclude the paper in Section 7.

DS|(qp)(x:y) (1.6)
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Notation. Throughout the paper we denote by X,Y,Z W finite-dimensional real Hilbert
spaces. For a cone K, we write K* for its polar cone.

2. PRELIMINARIES

Definition 2.1 (Tangent Cone). The tangent cone (or contingent cone) to Q C X at ¥ € Q is
To(%) == {we X : 3" | 0,3k 5 % such that wk := x%‘ — w}, where x* 5 % indicates that
x* — x with x* € Q.
Definition 2.2 (Paratingent Cone, [16, Definition 4.5.4]). The paratingent cone to Q C X at
xeQis TH(%) :={we X : 3k L 0,3k, x* 5 % such that wk = )% — w}. Clearly To(X) C
T4 (%). By [16, Proposition 4.5.6], the paratingent cone mapping 75 (+) is outer semicontinuous:
for all x € Q, limsupTZ(x) = T (x). We remark that the standard notation is Po(X) instead
Q _
X—X
of TJ(x). In this paper we have avoided using Pq(X) due to its potential confusion with the
projection operator.

Definition 2.3 (Graphical Derivative). For a set-valued mapping F : X = Y with graph gph F :=
{(x,y) € X xY : y € F(x)}, its graphical derivative at (X,y) € gphF is DF (x;y)(u) :={veY:
(u,v) € Typnr (X,9) } foru € X.

Definition 2.4 (Strict Graphical Derivative, [16, Section 5.3]). For a set-valued mapping F :
X =2'Y, its strict graphical derivative (also called paratingent derivative) at (X,y) € gphF is
D.F(%,3)(u) :={veY: (uv)e Tg’;hF()E,y)} forueX.

Definition 2.5 (Normal Cone). The regular normal cone to Q C X at & € Q is No (%) := {v €

X : lim Sup o o) 0} = Tq(%)*. The (Mordukhovich/limiting) normal cone to Q at X € Q

=zl =

is Ng (%) := limsupxgjﬁg(x) ={veXx: It 5 %, 3k € No(x*) such that vk — v}.

Definition 2.6 (Coderivative). Let F : X =2 Y be a set-valued mapping. The regular coderivative
and the (Mordukhovich/limiting) coderivative of F at (¥,y) € gphF are D*F (%;y)(v) := {u €
X : (u,—Vv) € Ngphr (X,9)} and D*F (%;5)(v) :={u € X : (u,—v) € Ngphr (X,3)} forvey.

Definition 2.7 (Projectional Coderivative, [27]). The projectional coderivative of F : X =2 Y

relative to Q at (X,y) € gph F|q is the mapping D¢, — (%;¥) : Y = X defined by

uc DaprojF(X;)_)) <V> — (u7 _v) € limsup prOjTg(x)xYngth(x.,y)v (2.1
h
(e) 00k 5)

where projy,, )y is projection onto To(x) x Y.

Definition 2.8 (Inner and Outer Norms). Let H : X == Y be positively homogeneous (i.e., its
graph is a cone). The inner norm of H is |[H|™ := sup,cpinf,cp(y [|[y[|, where B is the closed
unit ball in X. Note that |H|, = oo if H(x) = 0 for some x € B. The outer norm of H is
[H | := sup cp Supyep(y) 1Y

For Q C X, S| : X =2 Y is defined by S|q(x) := S(x) if x € Q and S|q(x) := 0 if x ¢ Q. The
following definition is taken from [4, Definition 9.36].
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Definition 2.9 (Relative Aubin Property). Let S : X = Y be a set-valued mapping and Q a subset
of X. We say that S : X =2 Y has the Aubin property relative to Q around (&, y) € gphS|q, if S|o
is locally closed at (¥,y) and there exist a constant / > 0 and neighborhoods V of ¥ and W of y,
such that

Va,x' eVNQ, SE)NW c S(x)+1||x —x||B, (2.2)
where B is the closed unit ball in X. The Lipschitz modulus of S relative to Q at (%, ¥) is defined
to be infimum over all such I: lipoS(x;y) :=inf{{ >0 : IV € A (%),IW € A (¥),Vx,x' € QN
V,S(xX')NW C S(x) +1||x¥ — x||B}, where A () (resp. A4 (7)) is the family of neighborhoods
of X (resp. y). Note that lipg S(X;y) = o> means that no such / exists.

The standard Aubin property corresponds to the case = X. Explicitly, S: X = Y 1s said
to have the Aubin property (also called pseudo-Lipschitz property or Lipschitz-like property)
around (%,y) € gphsS, if S is locally closed at (¥,y) and there exist a constant / > 0 and neigh-
borhoods V of X and W of y, such that

Vx,xX' eV, SE)YNW CS(x)+1|]x' —x|B. (2.3)
The following definition is taken from [32, Theorem 3.11, (b)].

Definition 2.10 (Relative Metric Regularity). A set-valued mapping F : Y =2 X is said to be
metrically regular relative to ® C Y and Q C X at (y,X) € gphF, where y € O and ¥ € Q, if
gph F N (O x Q) is locally closed at (y,x) and there exist k¥ > 0 and neighborhoods W of y and
V of X such that

VyeWne,VxeVvnQ, dy,F '(x)N0)<kdx,Fy)nQ). (2.4)

The infimum over all such «x is called the metric regularity modulus of F relative to ® C Y and
Q C X at (J,X) and denoted by regg oF (7;%).

The standard metric regularity corresponds to the case ® =Y and Q = X. Explicitly, F : Y =
X is said to be metrically regular at (y,%) € gphF, if gphF is locally closed at (¥,%) and there
exist k > 0 and neighborhoods W of y and V of X such that

VyeW,VxeV, d(y.F'(x)<kd(x,F(y)). (2.5)

The proposition below, taken from [32, Theorem 3.11], establishes the equivalence between
relative metric regularity and relative Aubin property.

Proposition 2.1. F : Y = X is metrically regular relative to ® C'Y and Q C X at (y,%) € gphF,
where 5 €@ and % € Q, ifand only if F'|® .= F 'N@®: X =Y, x— F1°x):=F '(x)n®
has the Aubin property relative to Q at (%,7). Moreover, regg oF (V;X) = lipoF~'|®(%:5). In
particular, when ® =Y and Q = X, F is metrically regular at (3,%) if and only if F~' has the
Aubin property at (X,5¥).

Definition 2.11 (Strong Metric Regularity and Strong Aubin Property). F : Y = X is said to be
strongly metrically regular at (y,%) € gphF, if F is metrically regular at (,%) and F~! has a
localization at (,y) that is single-valued around £, i.e., there exist neighborhoods V of ¥ and W
of y such that for all x € V, F~!(x) "W is a singleton.. This terminology is standard [3].

S:X 3 Y is said to have the strong Aubin property at (¥,y) € gphS, if it has the Aubin
property at (X,y) and has a localization at (¥,y) that is single-valued around ¥, i.e., there exist
neighborhoods V of x and W of y such that for all x € V, S(x) "W is a singleton. This is not
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standard terminology but it parallels the standard terminology of “strong metric regularity”.
Indeed, it follows from Proposition 2.1 that strong Aubin property of S at (¥,y) is equivalent to
strong metric regularity of S~ at (¥, %).

One version of the Ekeland variational principle is given below.

Theorem 2.1 (Ekeland Variational Principle, [3, Theorem 4B.5]). Let (E,p) be a complete
metric space and f : E — (—o0,00| a lower semicontinuous function that is bounded from below.
Let i € domf. Then for every 8 > 0, there exists ug € E such that f(ug) < f(a) — 6p(ug,i)

and f(u) > f(us) — 0p(u,ug) for every u # ug.
The following result in general topology is needed later.

Theorem 2.2 (Continuity and Closedness, [37, Section 26, Exercise 8]). Let X be a topological
space and Y a compact Hausdorff space. Then f : X — Y is continuous if and only if its graph
is closedin X xY.

3. CRITERION FOR RELATIVE STABILITY

In this section we establish generalized differentiation characterizations of the relative Aubin
property.

3.1. Definition. We introduce the following notion which is used extensively in what follows.

Definition 3.1 (Relative Inner Norm). Let H : X =2 Y be positively homogeneous and A a subset
of X. The inner norm of H relative to A is [H | := sup,c4~p infyeq (v [|V]], where B is the closed
unit ball in X. By convention, we define |H|, :=0if ANB =0. When A =X, |H|, = |H|™ is
the inner norm of H. Note that if H(x) = 0 for some x € ANB, then |H|, = oo.

We first prove a simple lemma that is needed later.

Lemma 3.1 (Local Nonemptiness). Consider S : X =Y and Q C X. Suppose that S has the
Aubin property relative to Q at (x,y) € gphS|q. Then there are neighborhoods V of x and W of
y such that S(x) "W # 0 for all x e QNV.

Proof. By definition, S is locally closed at (X,y) and there exist a constant / > 0 and neighbor-
hoods V of ¥ and W of 7, such that for all x,x’ € QNV, S(x') "W C S(x) + {||x’ — x||B. Taking
X¥=x€QnNV andye S(x)NW, we get, for all x € QNV, y € S(x) +||x — x||B. This means
that for all x € QNV, S(x) N (¥ +1||x — x||B) # 0. Take V := %+ €B where € > 0 is small so
that V C V and y+[eB C W. Then for all x € QNV, we get S(x) "W D S(x) N (§+1eB) D
Sx)N (G +1|jx—x||B) #0. O

Remark 3.1. If we take Q = X in Lemma 3.1, we see that S having Aubin property at (X, ¥)
implies that X is an interior point of domS := {x € X : §(x) # 0}. On the other hand, when Q
is not the entire space X, S can have Aubin property relative to Q at (¥,y) even if X lies on the
boundary of domS. This observation also reveals the difference between S having the Aubin
property relative to Q and S| having the standard Aubin property, with the latter being strictly
stronger than the former. The capacity of dealing with boundary points in the domain leads to
broader applicability of the relative Aubin property, as will be illustrated in Example 5.1.
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3.2. Necessary Condition. We first give a necessary condition for the relative Aubin property.

Theorem 3.1 (Necessary Condition for Relative Aubin Property). Let S : X =Y be a set-valued
mapping and Q C X a nonempty set. Suppose that S|q is locally closed at (X,y) € gphS|q. Then
one has

3.1
To(x) G-

lipoS(%:7) > limsup  |DSla(x:y)

gphS\Q -

(xy) —"(%5)
Consequently, if S has the Aubin property at (%,y) relative to Q (which means that lipg S(%;y) <

o), then  limsup (Ds\g(x;y);
Q

() "0 5 5)
cones of Q) of the graphical derivatives of S|q around (X,5) are bounded.

) < oo, I.e., the relative inner norms (restricted to tangent
X

Proof. Let lg and cpg denote the left- and right-hand sides of (3.1), respectively. We need to
show that Ig > cps. When [g = oo, this trivially holds. When [g < oo, 1.e., S has the Aubin
property relative to Q at (%,7), there exists [ € [Ig,o0) such that there are neighborhoods V of x
and W of y such that for all x,x’ € QNV,

S(x)NW C S(X') +1]]x —x'||B. (3.2)

By Lemma 3.1 we can choose V in such a way that S(x) "W is nonempty for all x € QNV.
For any x € QNV and any u € To(x) N B, by definition, there are x* 5 x and ¢ 4 0 such that

2 7 == — u as k — o0. For each y € S(x) "W, substituting x’ = X (for all large k) into (3.2) gives
us some y* € S(x*) such that [|y* —y|| < I||x* — x||. Dividing the above inequality by ¥, we get
k k
Y=y X —x
= H <1~ (3.3)

Since the right hand side converges (to u € T (x) NB), the left hand side is bounded and we can
therefore take a convergent subsequence Vi := yk;—,;y — v. By the definition of u and v, we see
that (u,v) € Typp S| o (x:y). Taking limits (with respect to the convergent subsequence) in (3.3),
we get ||v|| < I||lu|| < (since u € B). So we have shown that for all x € QNV, forall y € S(x) N
W, for all u € To(x) NB, there exists v € DS|q(x;y)(u), such that ||v|| < I. By the definition of

relative inner norm (Definition 3.1), this means that ‘DS\ olxy |T < [. Taking limit superior

over (x,y) € gphS|q on the left hand side gives us limsup |DS|Q x;y }T <l

gphS|q

(oy) —" (%

Since the above inequality holds for all Lipschitz constants / of § at (x y), we conclude that

li )DS ;‘7 < Tipo S(E: 7). 0
MU e |PSIOO ) < HPRSES)

The inequality (3.1) provides a necessary condition for the relative Aubin property. We will
show that a reverse inequality (up to some constant factors) holds when the constraint set £
belongs to a class of sets which include convex sets, smooth manifolds, prox-regular sets, o(1)-
convex sets and many more. So for such constraint sets (which we will call paratingentially
Lipschitzian sets), we can obtain complete characterization of relative Aubin property.
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3.3. Counterexample. Before delving into cases where complete characterization is possible,
we first show that when € is an arbitrary nonconvex set, the reverse of inequality (3.1) may fail
completely, in the sense that boundedness of relative inner norms of graphical derivatives does
not guarantee relative Aubin property. We present a simple example below. We also prove that
all generalized differentiation criteria for relative Aubin property that we have identified in the
literature fail for this example.

Example 3.1 (Failure of Generalized Mordukhovich/Aubin Criteria). Consider the constraint
set Q:={(x1,x2) €R?: x; > 0;xp = x% or xy = —x%} and the parameterized optimization prob-
lem: for each x € R2, define

1 )
(Pr) lyglﬂgi(y—sgn(xz)|lﬂl), (3.4)

where sgn is the sign function and | - || is the />-norm. Let S : R? = R be the solution mapping.

Then
(
{\/x%—kx%}, if x :x%,)q >0,
S|a(x) := argmin P, = {_ /x%—l—x%}, it xp— 2 >0, (3.5)

@, otherwise.

\

Clearly (0,0) € gphS|q (where 0 = (0,0) € R?) and S|q is locally closed at (0,0). Write
(%,7) := (0,0) € R? x R. We will prove the following assertions.
(i) lipg S(%;7) = oo, i.e., S does not have the Aubin property relative to Q at (%,y) := (0,0).

(i)  limsup ‘DS la(x;y) < oo, This means that the generalized Aubin criterion (The-

gphS|g
(x7y) — ()C,y)

orem 3.2) proposed in this paper (for a class of sets including convex sets, smooth manifolds,
and prox-regular sets) does not hold for this example.

To(x)

(iii) ‘DaprojS(x; y) r < oo, where the subscript “proj” indicates that Daproj refers to the pro-
jectional coderivative defined in [27]. This means that the generalized Mordukhovich criterion
of [27, Theorem 2.4] (for closed convex sets) and [29, Theorem 4.3] (for smooth manifolds)
does not hold for this example.

J’_
@iv) ‘Df2 ContS()Z; )7)) < oo, where the subscript “cont” indicates that D, . . refers to the

contingent coderivative defined in [32]. This means that the generalized Mordukhovich criterion
of [32, Theorem 3.6] (for closed convex sets) does not hold for this example.

+
W) ‘D@S(}E;y)‘ < oo, where Dg' is the conic contingent coderivative defined in [31]. This

means that the generalized Mordukhovich criterion of [31, Theorem 4.5] (for closed convex

sets) does not hold for this example.
+
(vi) ‘DaredS (%;5) ’ < oo, where the subscript “red” indicates that Dé,red refers to the reduced

coderivative defined in [33]. This means that the generalized Mordukhovich criterion of [33,
Theorem 3] (for closed convex sets) does not hold for this example.
We now prove the above assertions.
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(1) We first prove claim (i). For x = (x1,x}) € Q and X' = (x1, —x}) € Q, we have %}W =

2 x%+x‘l‘ 1 . . . . .
——L—1 = /=5 + 1, which goes to infinity as x; — 0. This shows that lipgS(0;0) = co.

Zx% - x%
(2) The tangent cone of Q at x = (x1,xp) € Q is computed as follows:
{(uy,uz) eR?: up =2xyuy}, if xzzx%,xl >0,
To(x) = < {(u1,uz) € R?: u, = —2xjur}, if xp = —x%,xl >0, (3.6)
{(u1,0)6R2 T U ZO}, if x;=x=0.

(3) The graphical derivatives of S|q are computed as follows.
At (0;0) € R, we have

{ul,—ul}, if MGTQ(O),

DS|Q(0;O) (l/t) = DS|Q(0;0) (ul,uz) = { 0 otherwise. (3.7)

If x, = x7 and x; > 0, we have for y = S(x) = S(x1,x2),

2
(,/1+x%+\/x17)u1, it ue To(),

DS|a(x;y)(u) = 14 x? (3.8)

0, otherwise.

If x = —x? and x; > 0, we have for y = S(x) = S(x1,x2),

2
—(y/1+x3+ il Jup, if u€ To(x),
DSlaxiy) 1) — Ve ’

143 (3.9)

@, otherwise.

Then we have  limsup ’DS la(x;y)

gphS|q
(xay) — (070)

(4) The normal cone of gphS|q at (x,y) € gphS|q is computed as follows.

=1 < oo and claim (ii) follows.
TQ x)

nghS|Q (x,y) = nghS\Q(x7S(x)) =

r xZ
{(u1,u2,v) : u1+2x1u2+(\/1+x%+ 1 )v:O},xzzx%,xl >0,

2
X
{(u1,u2,v) : uy —2x1u2—(\/1+x%+ L _YWw=0},x= —x%,xl >0,

1+x%

:

{(ug,u2,v) tup <0,uyp <v < —up yU{(ur1,u2,v) cR3: v=du},x; =x =0.



STABILITY ANALYSIS RELATIVE TO NONCONVEX CONSTRAINTS 11

(5) The projection (onto the tangent cone of Q) of the normal cone of gphS|qg at (x,y) €
gphS|q is computed as follows.

PrOjTQ(x)xRnghS\g (x,y) = PrOjTQ(x)x]RnghS|Q (X7S<x)) =

( 2
{(ur,uz,v) : u1+2x1u2—|—(\/1+x%+ il )v:O,u2:2x1u1},x2:x%,
1+x%

2
/ * 2
{(ur,u2,v) = uy = 2x1up — (\/ 14+ x7 + L Vw=0,up = —2x1u1}, xp = —x%,

L{(u1,0,v) : ug =0} U{(u1,0,v) € R :u; >0,v==4u},x; =x,=0.
From these we can obtain the projectional coderivative [27, Definition 2.2] as follows:
Dg projS(0:0)(v) ={(0,0), (v,0), (—v,0)}. (3.10)

Then Dy, ,,:5(0;0)(0) = {0} and |D5Pr()J~S(0;O)\Jr =1 < co. This proves claim (iii).
(6) The intersection (with the tangent cone of Q) of the normal cone of gphS|q at (x,y) €
gphS|q is computed as follows.

Nepnsjo (%,3) N (Ta(x) X R) = Nph g1, (1, S(x)) N (Ta(x) X R) =

( 2
{(uy,uz,v) : u1+2x1u2—|—(\/1+x%+ Al )v:0,u2:2x1u1},x2:x%,
1+x%

2
{(ul,uz,v):u1—2x1u2—(\/1+x%+ il )v:O,u2=—2x1u1},x2:—x%,

({(u1,0,v) tuy >0,v=Hu},x; =x2 =0.
From these we can obtain the contingent coderivative [32, Definition 2.4] as follows:
DacontS(O;O)(V) = {(V70)7(_V70)}' (3.11)

Then D{, ;,5(0;0)(0) = {0} and \DZ‘mejS(O;O)Fr =1 < co. This proves claim (iv).

(7) By [31, Lemma 4.3], DG'S(0;0) = Dg, .,,«S(0;0). Then claim (v) follows from the above
calculation. 7

(8) The reduced proximal normal cone with respect to Q of gph S = gph S| at (x,y) € gphS|o

is computed as follows. First note that the reduced cone (see [33, p. 4] for the definition)
Roxr(x,S(x)) of @ x R at (x,5(x)) is {(0,0)} x R. By [33, Proposition 1, (ii)], we have

Q Q
N2 (y) = NP (6,S(x) = N2 o (6.5(x)) N R (6, S(x) =

{(0,0,0)}, x» :x%,xl >0,
{(0,0,0)}, x2 = —x3,x; >0,
{(0,0,0)}, X1 =X = 0.
From these we can obtain the reduced coderivative [33, Definition 5, Definition 6] as follows:

. {0}, V= 07
D, 1aS(0;0)(v) = {@ v#0.
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Then D, ,.45(0;0)(0) = {0} and |D{, ,.4S(0;0)|" = 0 < 0. This proves claim (vi).

Remark 3.2. Example 3.1 shows that the geometry of Q may cause the distance between S(x)
and S(x) to be very large relative to the distance between x and x’, even when the rate of change
of S is moderate (as measured by the norm of its derivative along Q). Intuitively, this is due
to the feature that as x and x’ approach x, the “intrinsic distance” between x and x' measured
within Q can be much larger than the “extrinsic distance” ||x —x’|| between x and x’ measured
in the entire space X.

3.4. Complete Characterization. A perusal of the geometry of Q in Example 3.1 suggests to
us the definition of a class of sets for which the “non-Lipschitzian” phenomenon explained in
Remark 3.2 could not occur. Before presenting the definition though, we mention a technicality
concerning projection onto a tangent cone.

For a set Q C X and for X € Q, the tangent cone T (X) is always a closed cone, but not nec-
essarily convex. Therefore the projection operator Projz, x) (+) is not single-valued in general.
But it can be shown that for any v € X, all elements in Projz, (v) have the same norm, so that
| Projz, 5 (v) || is always well-defined. We record this fact in the following lemma.

Lemma 3.2 ( Projection onto Tangent Cone). Let X € Q C X. Foranyv € X,
(1) all elements in Projr, ¢ (v) have the same norm.
(i) || Projg ) (V)] < V]
(iii) (u,v —u) = 0 for any u € Projg, 5 (v).

Proof. We consider two cases: 0 € Projz, (5 (v) and 0 & Projz, 5 (v).

If 0 € Projy, (5 (v), then we can show that Projy, 5 (v) = {0}. To see this, suppose on the
contrary that there exists u € Projg, (5 (v) with u # 0. Clearly the ray R, := {Au : A > 0} is
contained in Tq(X). Then we would have u € Projg (v) and O € Projg (v), a contradiction since
Ry is a closed convex set and Projp (-) is single-valued.

Consider then the case 0 ¢ Projy,, 5 (v). For any u,u’ € Projg, ) (v), let Ry, R,y be the corre-
sponding rays. Then Projg, (v) =u and Proj (v) = u'. This implies that (v,u) > 0and (v,u’) >0

since otherwise we would have Projg (v) = Projg ,(v) = 0. Then we have ||u|| = || Projg (v)|| =
VIVIZ=lIv—ull? and [|u']| = || Projg , (v)I| = /[[V[|* = [[v—w/[|2. Since [[v—ul| = [[v—u'|| =
inf( ) |lv —w]| by definition of the projection operator, we have ||u|| = ||«/||.
weTgq (X
Statements (ii) and (iii) also follow from the above discussion. [

Definition 3.2 (Paratingentially Lipschitzian Sets). A set  C X is called paratingentially Lip-
schitzian at X € Q if there exist k¥ > 0 and a neighborhood V of x, such that for all x,x’ € QNV,

IX" = x|| < & || Projg, o (' = ). (3.12)

The infimum of such « is written PLipq, (%) and called the paratingential Lipschitz modulus of
Q at X. When £ is an isolated point of Q, PLipq (¥) = 0; otherwise PLipq (¥) > 1 always holds
(by Lemma 3.2, (ii)). If PLipg (X) = 1, Q is called strongly paratingentially Lipschitzian at X.

Remark 3.3. By Lemma 3.2, Q is paratingentially Lipschitzian at a non-isolated point X € Q if
and only if there exista 6 € [0, 1) and a neighborhood V of &, such that for all x,x’ € QNV,

dTQ(x)(x'—x) <0|x —x|, (3.13)
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where d¢(v) is the distance from v € X to C C X. The constants 0 € [0,1) in (3.13) and k € [1, )

in (3.12) are related by 8 = /1 — #

Definition 3.2 encompasses a fairly large class of nonconvex sets.

Example 3.2 (Convex Sets Are Paratingentially Lipschitzian). By definition, a convex set Q C
X is strongly paratingentially Lipschitzian everywhere.

Example 3.3 (Smooth Manifolds Are Paratingentially Lipschitzian). By [29, Proposition 3.2,
(c)], one can show that a smooth submanifold © C X (for the precise definition, we refer the
reader to [4, Example 6.8]) is strongly paratingentially Lipschitzian everywhere.

Example 3.4 (Prox-Regular Sets Are Paratingentially Lipschitzian). A closed set Q C X is
called prox-regular at X € Q [38, Proposition 1.2], if there exist p > 0 and € > 0 such that for
all x € Q with ||x — || < &, all v € Ng(x) with ||v]| < €, and all X’ € Q with ||x’ —%|| < &, one has
(v,x' —x) < p||x’ —x||>. By [38, Theorem 1.3], a closed set Q is prox-regular at ¥ if and only if
it has the Shapiro property at x [39]: there exist ¢ > 0 and a neighborhood V of x such that for
all x,x’ € QNV, one has dg, () (X' —x) < c[|x’ — x||>. Comparing this with (3.13), we see that
if Q is prox-regular at X (i.e., has the Shapiro property at ), then it is strongly paratingentially
Lipschitzian at Xx. Examples of prox-regular sets [40] include convex sets, smooth manifolds,
weakly convex sets [41], proximally smooth sets [42], and strongly amenable sets [40]. Prox-
regular sets play an important role in optimization, variational analysis, and geometric measure
theory (where they were introduced by Federer under the name of “sets with positive reach”
[43]), due to their nice projection properties.

Example 3.5 (o(1)-Convex Sets Are Paratingentially Lipschitzian). A closed set Q C X is

called o(m)-convex (m > 1) at ¥ € Q [39] if there exist a neighborhood V of x and a function

k(x,x") with lim k(x,x") = 0 such that for all x,x" € QNOV, dy, () (¥ —x) < k(x,x)[]x" —x|™.
X

xx'—

Similarly, Q is called O(m)-convex (m > 1) at ¥ € Q [39] if there exist a neighborhood V of
and a constant ¢ > 0 such that for all x,x" € QNV, dr, () (x' —x) < c||x’ —x|™. Clearly the class
of o(1)-convex sets is the most general one; moreover O(2)-convex sets are just prox-regular
sets (Example 3.4). By Remark 3.3, if Q is o(1)-convex at &, then it is strongly paratingentially
Lipschitzian at x. Indeed, one can show that Q is o(1)-convex at X if and only if Q is strongly
paratingentially Lipschitzian at X. Note that (non-strongly) paratingentially Lipschitzian sets
are much more general than o(1)-convex sets.

We now present the generalized Aubin criterion relative to a constraint set that is paratin-
gentially Lipschitzian at the reference point. This result is more general than those obtained in
previous works [27, 29, 32, 31], which hold for either convex sets or smooth submanifolds.

Theorem 3.2 (Generalized Aubin Criterion for Paratingentially Lipschitzian Sets). Let S: X =
Y be a set-valued mapping and let Q C X be a set that is locally closed at X and paratingentially
Lipschitzian at X with PLipq (¥) = ko > 0. Suppose that S is locally closed at (X,y) € gphS|q.

Then one has
cps+4/1—1/K3
, (3.14)
1—4/1-1/Kk3

lipg S(%;9) <
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where cps := limsup ’DS|Q(x;y)

gphSlg
(xvy) — (va)

property at (X,y) relative to Q if and only if cps < 0. Moreover, the following estimates hold:

CDS—f—\/l—l/ngz
cps < lipg S(%7) < . (3.15)
1—4/1-1/K3

In particular, if Q is strongly paratingentially Lipschitzian at X (i.e., Ko = 1), then one has

o By Theorem 3.1, this implies that S has Aubin

TQX

lipg S(%:5) =  limsup (DS|Q(x;y) (3.16)

gphS|q, _ _
(xy) —"(%.9)

To(x)

Proof. Let lg and Mpg denote the left- and right-hand sides of (3.14), respectively. If cpg = oo,
then Mpg = oo and there is nothing to prove.
Suppose that cpg < co. Then for any ¢ > cpg, there are neighborhoods V of X and W of j such

that for all (x,y) € gphS|q N (V x W), we have )DS|Q(x;y) < ¢. By Definition 3.1, this

To(x)
means that

Vu € To(x), Iv € DS|o(x;y)(u), suchthat |[|v|| <clu]. (3.17)

The neighborhoods V and W can always be chosen to be closed. Moreover, we also choose V
and W to be small enough so that QN V and gphS|q N (V x W) are closed.

Suppose that ¥ > ko = PLipg(x). By Definition 3.2, this means that there is a neighborhood
V of X (which we can assume to be the same V that appears in the last paragraph) such that
for all x,¥ € QNV, [[x — || < k|| Projy, 5 (x — X)||. This implies that whenever x 7 % and u €
Proj,, 5 (x — %), we have

[(x=%) —ul| < \/1-1/K2|x— ], (3.18)

since (x — X) — u and u are orthogonal to each other by Lemma 3.2.

Our goal is to show that for all X', x” € QNV, for all y’ € S(x”") "W, there exists y' € S(x)
such that ||y’ —y"|| < M||x’ —x"||, where M can be arbitrarily close to Mpg as ¢ approaches cpg
and x approaches Kq. This would imply /s < Mpg.

To that end, consider the vector space E := X x Y with metric p defined by the ¢; norm
16, ¥)|11 := ||x]| + ||y]|]. Then (E,p) is clearly a complete metric space. Given any x' € QN
V., consider the function ¢ : E — R, (x,y) — @(x,y) := [|x = X'|| + Ogpnsjon(vxw) (£, ), where
Bphs|on(vxw) 18 the indicator function. The function ¢ is bounded from below by zero. It is
lower semicontinuous since the norm function is continuous and gphS|g N (V x W) is closed.

/1= 2
Given (x”,y") € gphS|oN(V x W), for any 6 € (0, %), we apply Ekeland’s variational

principle (Theorem 2.1) to ¢, obtaining the existence of (£,7) € gphS|o N (V x W) such that

@(£,9) < o(x",y") = 8]|(£,9) — (x",y")[[1, and @(£,9) — 8| (x,y) — (£,9)[[1 < @(x,y), V(x,y) €
gphS|aN(V x W), V(x,y) # (£,9). By the definition of ¢, we get

1# =)l < [l =[] = 811 (&, 9) = (", 5" 1, (3.19)
and for all (x,y) € gphS|oN(V x W) with (x,y) # (£,9),
1£ =2l = 811(x,y) = (£,9) 11 < llx =] (3.20)
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We would like to show that £ = x’ holds, which would imply, through (3.19), that y' := § €
S(£) = S(x') satisfies ||y’ —y"|| < (5 — 1)[|x’ —x"||. Since § — 1 can be arbitrarily close to
ct/1-1/x2 1-/1-1/2
1—/1-1/K2 c+1
c approaches cpg and K approaches kg, we would have Iy < Mpg. With that said, we now move
on to show that £ = x'.

Suppose on the contrary that £ # x’. Take u € Projg, ;) (' —£). By (3.18), we have [|(x' —
%) —ul| < /1—1/Kk2||xX — £||. By (3.17), we obtain the existence of some v € DS|q(£;7)(u)
k

(by the assumption & < ) and the latter can be arbitrarily close to Mpg as

such that ||v|| < c||u||. By definition of graphical derivative, this means that there are x 53
PN k_ g
yk — § with y* € S(x*), 7€ | 0 such that u* := x];—;x — u € Proj, ;) (¥’ — %) and k= e
Substituting x = x* and y = y¥ into (3.20), we get
1=l < [l =+ 81 (45 = (£, 9)
= 2+ o =]+ S([|7hu | + M)

/ k. k k / k / k k k (3.21)
=[f—x+Tu —T(E—x)+ T (E =) ||+ T0(]u’]| + V)
< (U=l = ||+ 2l 2 = [+ TS (] 1VEID,

which implies that || —x'|| < [|uf +£ — || + 8 (||u¥|| + ||v¥]|). Letting k — oo in this inequality,

_ _ 2
we get, by 6 < %,

1 =21 < flue— ("= )| + S ([faell + [IV]])
<l — =2+ S+ 1) [ul|

(3.22)
< (J1=1/K2+8(c+1)|¥ — 2|

a /
< ||x —X ||7
a contradiction. Therefore we must have £ = x’. This completes the proof. U

3.5. Norm Equality. Next we establish an equality between outer norm of the projectional
coderivative (defined in [27]) and relative inner norms of the graphical derivative. It generalizes
[3, Theorem 4C.3] to the relative setting and enables us to extend the projectional-coderivative-
based generalized Mordukhovich criterion [27, Theorem 2.4] for convex constraint sets to the
larger class of paratingentially Lipschitzian ones.

Theorem 3.3 (Norm Equality). Let Q C X be locally closed at x € Q and S : X = Y be localy
closed at (%,y) € gphS|q. Then one has

- +
hmh;UP ’DS|Q(x;y)(Tg(x)=‘Dmij(f;y‘) ) (3.23)
(e3) =2 (%)
where D¢, projS (x;¥) is the projectional coderivative defined in [27] (see Definition 2.7).

Proof. 1t follows from [27, Definition 2.2] that
+
D projS (% )7)’ = limsup sup sup [Projz, () ()]]- (3.24)

gphS|g, _ _ vEBueD*S|q(xy) (v
()C.,y) _>Q(x7y) ‘Q( y)( )
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- +
o We first prove cps > |Dg i S(X:¥)| . Suppose

Write cpg := hmsup ‘DS|Q x;y)
To(x

PhSlo o -

(e3) =2 (5)

¢ps < k. Then for all (x,y) € gphS|q close to (%,¥), for all w € BN Tq(x), there exists ||z < k

such that (w,z) € Tgpns|, (%) C TphS|Q(x y). Take any (u,v) € Ngphs|,, (x,y). Then (w,u) +

miIIlB (Z',v) < (w,u) + (z,v) < 0. This implies that for w € BN T (x), (w,u) < k||v||. Taking
ek

wi= ﬁ with i € Projy, () (u) and using Lemma 3.2 give us || Projg, () (u)|| < k||v||. A limiting
argument then tells us that for all (u,v) € Ngphs|, (¥,¥), it holds that | Projg, v (u) || < x|[v]].
Thus the desired inequality follows from (3.24).
+ +
We next prove cps < |Dg, i (x; )7)‘ . Suppose ‘DaprojS (%;9)| < k. By (3.24), for (x,y) €
gphS|q close to (%,7), for (1, —v) € Ngphs|, (¥, ),
[ Projrg (o ()| < v, (3.25)

In particular, if (u,0) € Ngpns), (x,), then |[Projz, ()| =0, ie., u € No(x). We will show
that for each w € BN Tq(x),

({w} x kB) N Ty g1, (x,¥) # 0. (3.26)

Suppose on the contrary that there exists w € BN Tq(x) such that ({w} x kB)N Tooh Sla (x,y) =0.
Then by the strong convex separation theorem [4, Theorem 2.39] and the conical structure of

Toons|q (%) there exists (u,v) € Niphsiq (x,¥) with

(u,w) 4+ min (v,z) > 0. (3.27)

zekB

We claim that v # 0. Otherwise (u,0) € Ngph s, (¥, ¥), which implies u € Nq(x) (as shown below
(3.25)). This contradicts (3.27) (which now reads (u,w) > 0) since w € T (x). So without loss of
generality we assume ||v|| = 1. For any & € Projr, ) (u), it is easy to show that (u, i H> (u,w')
forall w' € BNTq(x). By (3.27), we get || Projg, () (u)[| = (u, \M||> > (u,w) > sup,c,p (v,2) = K,
a contradiction to (3.25). Therefore the claim (3. 26) holds. By [3, Lemma 4C.4], we know that

for each w € BN T (x), ({w} x KB) N Typhs), (x,¥) # 0. This implies ‘DS|Q(x;y) ;
Q

) < x and
X

the desired inequality follows. 0
Theorem 3.4 (Generalized Mordukhovich Criterion for Paratingentially Lipschitzian Sets). Let

Q C X be locally closed at X € Q and S : X =3 Y be localy closed at (X,7) € gphS|q. Suppose
that Q is paratingentially Lipschitzian at X. Then S has the Aubin property relative to Q at (X,y)

if and only if Dg, ,.,;S(¥;9)(0) = {0}.

Proof. If Q is paratingentially Lipschitzian at X, by Theorem 3.2 and Theorem 3.3, S has the
+

Aubin property at (¥,) relative to Q if and only if |Dg profd (%;¥)| < oo, which is equivalent to

Dg 110;8(%:5)(0) = {0} by [4, Proposition 9.23]. 0

4. CRITERION FOR RELATIVE STRONG STABILITY

We introduce relative strong stability and characterize it for paratingentially Lipschitzian
constraint sets.
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Definition 4.1 (Relative Strong Aubin property). A set-valued mapping S : X =2 Y is said to
have the strong Aubin property relative to Q C X at (,y) € gphS|q, if it has the Aubin property
relative to Q at (%,y) and has a localization at (X,y) that is single-valued in Q NV for some
neighborhood V of x.

Definition 4.2 (Relative Strong Metric Regularity). A set-valued mapping F : Y = X is said to
be strongly metrically regular relative to ® C Y and Q C X at (7,%) € gphF N (O x Q), if F
is metrically regular relative to ® C Y and Q C X at (¥,%) and F~! has a localization at (%, )
that is single-valued in Q NV for some neighborhood V of x. It follows from Proposition 2.1
that this is equivalent to strong Aubin property of F~1|® := F~'n@®: X =2 Y,x— F1(x)NO
relative to Q at (X, ).

The following theorem extends [3, Theorem 4D.1] to the relative setting. We note that when
X € intQ, relative strong Aubin property reduces to strong Aubin property and in this case our
theorem reduces to [3, Theorem 4D.1].

Theorem 4.1 (Criterion for Relative Strong Aubin Property). Let S : X = Y be a set-valued
mapping and Q a subset of X. If S has strong Aubin property relative to Q at (X,y) € gphS

Q
then
y € liminfS|q(x), (4.1)
ng
and .
D.Sla(E9)| <o, ie, DSla(®H)(0) = {0}. 4.2)

Conversely, if gphS|q is locally closed at (%,5), Q is locally closed and paratingentially Lips-
chitzian at X with Kg = PLipq (%) > 0, then conditions (4.1) and (4.2) are also sufficient for the
strong Aubin property of S relative to Q at (X,¥). In this case one has

cp.s+1/1—1/K3
cp,s < lipeS(%y) < : (4.3)
1—4/1-1/K3

+
where cp,s = ‘D*S|Q(f;y)‘ . If Q is strongly paratingentially Lipschitzian at X (i.e., Ko = 1),

one has N
lipo S(5:9) = |D.Sla(%:7)] (44)

Proof. Suppose that S has strong Aubin property relative to Q at (,7). Then there exist a
constant k > 0 and neighborhoods V of X and W of y such that for all x € QNV, S(x) "W is
single-vlaued and for all x,x’ € QNV andy € S(x) "W,y € S(X')NW, ||y —y|| < k||x —x||. We
note that (4.1) follows from [28, Theorem 4.7, (ii)) = (i)] (which holds without any assumption

J’_
on S or Q). Then we only need to show )D*S la(%; )7)‘ < oo, which means, by Definition 2.8,

that V(u,v) € gph D.S|q(%7), ||v|| < x|lul|. Letv € D.S|q(%;7)(u). By Definition 2.4, there are

Xk, 7 £ %and YK 7% —= 3, % | 0 such that y* € S|q(x*), % € S|o (&), uf := ’% — u and

oo YT
T k
T

k_ ok
y -y
<K

— v. Then we have, for all large k, ||y* — 7*|| < x||x* — #||. Dividing by ¥, we have

©—zk
Tk

+
. Taking limit, we have ||v|| < k||u||. This also shows that ‘D*S|Q(X;)7)’ <

lipg S(%: 7).
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+
Conversely, suppose that (4.1) holds and ‘D*S lo(%; )7)) <K <oo:

W(u,v) € gph D, Sla(%5), V] < xfull (4.5)

Our goal is to show that S has strong Aubin property relative to Q at (&, y).

We first show that S|q has a localization around (%, ¥) that is nowhere multi-valued. Suppose
on the contrary that this is not true. Then for any neighborhood V' of ¥ and any neighborhood
W of 3, gphS|o N (V x W) is the graph of a multi-valued mapping. This implies that there are
ek 10, x S5, YK, 3% € S|a(x*) such that y* # §* and ||y* — 7*|| < &*. Define v* := ykr;kyk where
7k .= ||y¥ — || > 0. Since ||v¥|| = 1 for all k, {V*};cn has a convergent subsequence. Without
loss of generality, we assume that v* — v where ||v|| = 1. Since u* := x% — 0, we see that
v € D,S|a(%;7)(0) by definition. This contradicts (4.5). So S|q has a localization around (&, y)
that is at most single-valued. That is, there exist bounded neighborhoods V| of X and W of y
such that for all x € QN Vy, S(x) "W is either empty or a singleton. We now show that S(x) "W
is actually always single-valued. Condition (4.1) implies that there exists a neighborhood V, of
% such that for all x € QN V,, S(x) "W is nonempty. Taking V3 := V| NV,, we see that for all
x € QNV3, S(x) NW is nonempty, hence a singleton by the previous discussion. Since gphS|o
is locally closed at (%,7), Q is locally closed at x, and V,W are bounded, applying Theorem 2.2
tells us that the single-valued mapping x — S(x) "W is continuous on QNV, where V C V3 is
a closed neighborhood of .

We will show  limsup ‘DS|Q(x;y) ol < limsup ’D*S|Q(x;y) r

gphSlg,_ _ QX gphS|g ,_ _
(xy) —"(x.9) (xy) —"(%.9)

that S has the Aubin property relative to Q at (¥, ¥) by Theorem 3.2. Combined with the previous
paragraph, this would imply the strong Aubin property of S relative to Q at (%, 7).

< oo, which implies

+
We first show that  limsup ‘D*S lo(x; y)) < oo, Suppose on the contrary that this does

gphSlg
(X,y) — (xvy)

not hold. Then there exist x** € Q, y* € S(x¥), (uF,v*) € gphD.S|q(x*;y%) such that x* — %,
yK — 3, and ||v¥|| > k||u*||. We consider two possible cases.

Case 1: there exists a subsequence {u*i};cry of {u*}eny such that uk = 0 for all i. Since
D..S(xi;y1,) is positively homogeneous, we may assume that ||[v%i|| = 1. Let v be a cluster point
of {%};cn. Taking limit, we obtain v € D,S|q(%;7)(0) by the outer semicontinuity of the strict
derivative. This contradicts (4.2).

Case 2: u* # 0 for all large k. We may assume that ||u¥|| = 1 for all large k. Then ]}1_r>n V|| =

co. Consider wk := HE—I,EH € D*S|Q(xk;yk)(ﬁ). Let w be a cluster point of {w*}. Then passing

to the limit we obtain w € D.S|q(%;¥)(0) with ||w|| = 1, which contradicts (4.2).
Combining the two cases, we assert that  limsup ’D*S la(x;y) ’Jr < oo. We next show that
() 205 )
’DS|Q(x;y)‘TQ(x) < ’D*S|Q(x;y)‘jL for all x € QNV where V is the neighborhood of ¥ con-

structed in the previous discussion. We first need to show that for all u € Tg(x), DS|q(x;y) (1) #

0. By definition, there exist x* S x and ¢ 1 0 such that ka;x — u. By the previous dis-
cussion, S(x*) "W is a singleton. Take y* € S(x*) NW. Then y* — y by the continuity of
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X — S(x')NW at x. Define v* := ykr—;y We will show that {v*} is bounded. Suppose on the

contrary that ||v¥|| is not bounded. Without loss of generality we assume that ||v¥|| — 0. Define
N k k__ N _ k_ . k_
£k .= 7K||vk|| and wk := ”:—k” = . Then 2k — 0 and x% = W — 0 since ** — u and

|[VK|| — oo. Since ||w|| = 1, we can asssume without loss of generality that w* — w for some w
with ||w|| = 1. Then we obtain w € DS|q(x;y)(0) C D.S|q(x;y) with w # 0. This means that

+
)D*S |Q(x;y)‘ = oo, a contradiction. Therefore {1¥} is bounded. Taking a cluster point v of V¥,
we obtain v € DS|q(x;y)(u). Then we have DS|q(x;y)(u) # 0 for all u € Tg(x). This implies

- - + -

that ’DS|Q(X;}7)} < ‘DS]Q(x;y) < ‘DS|Q(X;}/)‘ < ‘D*S|Q(x;y)‘ < oo, The proof is
To(x) To(x)

completed. U

5. RELATIVE STABILITY OF GENERALIZED EQUATIONS AND AFFINE VARIATIONAL
INEQUALITIES

In this section we apply results in Section 3 and Section 4 to solution mappings of generalized
equations and obtain explicit characterizations for affine variational inequalities.
Given z € Z and w € W, the problem is to find x € X such that

0€z+ f(w,x)+M(x). (5.1)

Here Z,W,X are finite-dimensional real Hilbert spaces, f : W x X — Z is single-valued, and
M : X — Z is set-valued. The generalized equation (5.1) depends on z and w (with z called
“canonical perturbation”). Writing p = (z,w), we study relative stability of the solution map-
ping S: ZxW = X:

S(p) =S(z,w) ={xeX :0€z+ f(wx)+M(x)}. (5.2)

The generalized equation (5.1) encompasses many important problems. When M (x) = N¢(x)
for a closed convex set C C X, it is a variational inequality. When C is polyhedral and f(w,x) =
Ax for a matrix A, it is an affine variational inequality:

0€g+Ax+Nc(x), (5.3)

where we have written ¢ for z, conforming with common notations in the literature. When we
further assume that C = R’} , it is a linear complementarity problem:

0€g+Ax+Ngy(x), ie, x>0,g+Ax>0, (x,qg+Ax)=0. (5.4)

5.1. Examples Illustrating Importance of Relative Stability. Before we begin the study of
relative stability of S, we first demonstrate the value of this concept. The following examples
are certainly too simple to be practically relevant, but they do illustrate, in the most elementary
way, the necessity and usefulness of relative stability.
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Example 5.1. In the linear complementarity problem (5.4), let n =2 and A = 0. It is easy to
obtain the solution mapping as follows:

( {(070)}7 if ¢1>0,g2>0
{O}XR+7 if g1 >0,90=0,
S(q) =S(q1,92) = { Ry x {0}, if ¢1=0,92>0, (5.5)
Ry xRy, if g1 =0,92=0,

\ 0, otherwise.

Then domS = R? and int(domS) = R2 .. For each g € int(domS) and & = (0,0), S has the
Aubin property at (g;X) € gphS (since S is constant around g). If g; > 0 and g, =0, then g €
bdry(domS) and S does not have the Aubin property at (g;X) € gphS since S(g) can be empty
even when ¢ is arbitrarily close to g. Nonetheless S has the Aubin property at (7;%) € gphS
relative to Q := R | x {0} since S is constant on Q.

The example above, trivial as it is, illustrates vividly two crucial facts: (i) the standard Aubin
property necessarily fails at a boundary point of the domain; (ii) for such points, relative Aubin
property may still hold when restricted to an appropriate subset of the domain. The following
example illustrates another crucial fact: (iii) even when the reference point is an interior point
of the domain, it may still happen that standard Aubin property fails but relative Aubin property
prevails.

Example 5.2. In the linear complementarity problem (5.4), letn =2 and A = G :i) tis

not hard to obtain the solution mapping as follows:
{(0,0)}, if g2>¢q1 20
{(0,0),(0,g2)}, if ¢q1>g2>0,
S(q) = {(0,0}U{(x1,:2) ERL :xi —x2 = —q1 = —qo}, if q1=q2>0, 56
{(x1,x2) ER%r X1—x=—q1=—q}, if q=¢2<0,
{(=91,0)}, if ¢2>q1,91 <0
0@, otherwise.

\

ThendomS=R2 U{geR?: ¢ < q2,q1 <0}. Letg=(1,1) € int(domS) and ¥ = (100,101) €
S(g). One can show that S does not have Aubin property at (7,x) but S has Aubin property at
(g, %) relative to Q= {q € R?* : q1 = q»}.

5.2. Relative Stability of Generalized Equations. We propose a necessary and sufficient con-
dition for the relative Aubin property of the solution mapping (5.2) associated with a generalized
equation.

Theorem 5.1 (Relative Stability of Generalized Equations). Consider S :Z xW = X defined in
(5.2) where f: W x X — Z is C! and M : X = Z has closed graph. Let X € S|q(Z,W) where Q :=
domS C Z x W is locally closed and paratingentially Lipschitzian at (Z,w). Then S has Aubin
property at (Z,w;X) relative to Q if and only if there exist a constant k¥ > 0 and a neighborhood
V of (Z,w,X) such that for all (z,w,x) € (gphS|q) NV, for all (u;,u,,) € To(z,w), there exists uy
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such that ||uy|| < x| (ug,uy)|| and
—tty = Voo f (W, )ity — Voo f (W, X)ux € DM (x; =2 — f (w,x)) (1) (5.7)

Proof. Note that gphS|q = {(z,w,x) € Qx X :0 € z+ f(w,x) +M(x)} = (¢~ (gphM)) N (Q X
X) where g(z,w,x) = (x,—z— f(w,x)). The Jacobian of g at (z,w,x) is

0 0 !
Vg(z,w,x) = (_] —wa(W,X) —fo(wvx)> oy

where [ is an identity matrix of appropriate size. It is easy to see that the rows of Vg(z,w,x)
are linearly independent. Since Q = domS, we have gphS|q = gphS = ¢~ !(gphM). By [4,
Exercise 6.7], we have
Tgphsm(z,w,x) ={u€ZxWxX:Vg(z,w,x)u € Topnpm(x,—z2— f(w,x))}
:{(MZ7 Uy, tty) : =ty — Vi f (W, X))y, — Vi f (W, x)u € DM (x; —2 — f(W7x))(ux)}-

Thus u, € DS|o(z, w;x)(ug,u,) if and only if

—u; — Vi f (W, X))ty — Vi f (W, x)uy € DM (x;—2z— f(w,x))(uy). (5.9)
By Theorem 3.2 and Definition 3.1, the assertion follows. O

We next give a necessary and sufficient condition for the relative strong Aubin property of S.

Theorem 5.2 (Strong Relative Stability of Generalized Equations). Consider S : ZxW = X
defined in (5.2) where f: W xX — Z is C' and M : X = Z has closed graph. Let X €
S(z,w). Suppose that domS is paratingentially Lipschitzian at (Z,w). Then S has strong
Aubin property at (Z,w) for X relative to domS if and only if the following conditions hold:

X € liminf (S S(z,w) and

—VifW,X)u, € DM (%, —7— f(W, %)) (uy) = u,=0. (5.10)
Proof. As in the proof of Theorem 5.1, we have gphS = {(z,w,x) : 0 € z+ f(w,x) + M(x)} =
g '(gphM) where g(z,w,x) = (x,—z — f(w,x)) and the Jacobian of g at (Z,w,x) has linearly

independent rows. By adapting the proof of [4, Exercise 6.7] to paratingent cones, we can
obtain the following equality

T 510G 0) = {u € ZX W x X : Vig(z,0, 8w € Ty (. —2 = £ (9.,5) }

:{ (st 1) —tty — Voo f (9, D)ty — Vi f (9, D)ty € DM (T —7 — f(w,x))(ux)}.
Thus u, € D,S(Z,w;X)(u;,u,) if and only if
ity — Vo 9, Rty — Vo f (9, Bty € DM (T —7 — f(9, %)) (). (5.11)

By Theorem 4.1, the assertion follows. 0J

5.3. Relative Stability of Affine Variational Inequalities. In this subsection we will obtain
explicit conditions (which are necessary and sufficient) for relative stability and relative strong
stability for solution mappings of affine variational inequalities. We will use [v]* to denote the
orthogonal complement of the linear subspace [v] spanned by v.
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Theorem 5.3 (Relative Stability of Affine Variational Inequalities). Let S(g) := {x:0 € g+Ax+
Nc(x)} be the solution mapping of the affine variational inequality (5.3). Let x € S(G). Suppose
that Q := domS is paratingentially Lipschitzian at p € Q. Then S has the Aubin property at
(g, X) relative to & if and only if there exists K > 0 such that for all (q,x) € gphS close to (g,X),

Vu € Ta(q), Iv € R"such that —u € Av+ Nk, (v), |[v]| < x||ul], (5.12)

where Ky := Te(x) N [q +Ax]*. If G € intQ or Q is polyhedral, then condition (5.12) can be
reformulated as: for all closed faces F\ D F of K; 3,

—No (%) D (A(F — R))" N (F — F). (5.13)

Proof. From the proof of Theorem 5.1, we have v € DS(q;x)(u) if and only if —u — Av €
DN¢(x; —g — Ax)(v). By the reduction lemma [6], this is equivalent to

—u—Av € Nk, (v), (5.14)

where K,  := {w € Te(x) : w L (—g —Ax)} is the critical cone. By Theorem 5.1, S has Aubin
property at (g, x) relative to Q if and only if there exists k¥ > 0 such that for all (¢,x) € gphS
close to (g,x), for all u € To(q), there exists ||v|| < x||u|| such that

—u € Av+Ng, . (v). (5.15)

Thus the first assertion holds. This condition implies, in particular, that —Tq(q) C AK, «+ Ky .
Taking polar cones of both sides, we obtain, by [4, Corollary 11.25], —Na(q) D (AK,x)* MKy

Now suppose that G € intQ or Q is polyhedral. It follows that No(q) = No(g) N [g — g)* for
all g € Q close to g [28]. Then we have

_NQ(q) ) _NQ(Q> ) _NQ<Q) ) (AKq,x)* qu,x- (5-16)

From the proof of [6, Theorem 2], we know that the critical cones K , (with (g,x) € gphS close
to (g,X)) are exactly the cones of the form F| — F, where F| D F, are closed faces of K; ¢. Then
condition (5.16) can be restated as: for all closed faces F; D F> of Kj z,

—No () D (A(Fi — B)) N (F — F). (5.17)

So we have proved that (5.15) implies (5.17). The converse also holds. Indeed, recall that
Q :=domS and in this case the proof of [28, Theorem 4.4] tells us that (5.17) is equivalent
to the condition D, S(g;%)(0) = {0}. By Theorem 3.4, this implies the Aubin property of S at
(g, %) relative to Q and therefore condition (5.15). O

Remark 5.1. In Theorem 5.3, we assume that Q := domJS is paratingentially Lipschitzian.
Since S is the solution mapping of the affine variational inequality (5.3), it is known [44, Theo-
rem 2.5.15] that dom S is a finite union of polyhedral sets. It is natural to ask whether paratin-
gential Lipschitzness holds automatically in this case. The answer is negative. For example,
consider the set Q := {(x,y) € R? : y = k|x|} where k > 0, which is a union of two polyhedral
sets. It is not hard to show that Q is paratingentially Lipschitzian at (0,0) if k < 1 but Q is not
paratingentially Lipschitzian at (0,0) if k > 1.

Theorem 5.4 (Strong Relative Stability of Affine Variational Inequalities). Let S(q) :={x:0 €
q+Ax+ Nc(x)} be the solution mapping of the affine variational inequality (5.3). Let X € S(G).
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Suppose that Q := domS is paratingentially Lipschitzian at p € Q. Then S has strong Aubin
property at (q,X) relative to Q if and only if X € liminfS(q) and
Q _
q9—q

v=v|—vy and —Av € Nk, . (v1) —NKq’X(vz)] = v = . (5.18)

Proof. From the proof of Theorem 5.2, we have v € D..S(g;X)(u) if and only if

—u—Av € D.Nc(x;—q —Ax)(v). (5.19)
By the reduction lemma [6], we can show that Tg[;)h Ne (x,w) = gph Nk, . — gph Nk, ., where

K; ¢ :=Tc(X)N[g+Ax)*. Then v € D,S(g;X)(u) if and only if

v=vi—vy and —u—Av ENK(N(V]) —NKW(VQ). (5.20)

By Theorem 5.2, S has strong Aubin property at (g, ) relative to Q if and only if X € liminfS(g)
Q _
-4

and (5.18) holds. [

Remark 5.2. We compare our results with related work. For the solution mapping S of the
affine variational inequality (5.3), it is known [44, Theorem 2.5.15] that dom S is a finite union
of polyhedral sets (hence nonconvex). The Aubin property of S is characterized via the “critical
face condition” in [6, Theorem 2]. The Aubin property of § relative to domS is characterized
via the “generalized critical face condition” (5.13) in [28, Theorem 4.4] where domS is re-
quired to be convex (hence polyhedral). In Theorem 5.3 a characterization for paratingentially
Lipschitzian domains is proved. This is a genuine extension of [28, Theorem 4.4]: for exam-
ple, for the solution mapping S in Example 5.2, domS is not convex but still paratingentially
Lipschitzian.

It is proved in [6, Theorem 1] that Aubin property and strong Aubin property for the solution
mapping of an affine variational inequality are actually equivalent. This is no longer true in the
relative setting [28, Example 4.8]. To the best of our knowledge, characterization of relative
strong Aubin property seems to be lacking in the literature. Theorem 5.4 fills this gap and
characterizes strong Aubin property of S relative to its domain via the “strict generalized critical
face condition” (5.18).

6. GLOBAL AUBIN CRITERION

In this section we prove a global version of the generalized Aubin criterion (Theorem 3.2),
which can be considered as a mean value theorem for set-valued mappings.

Definition 6.1 (Excess and Hausdorff Distance, [3]). Let C, D be subsets of X.
The excess of C beyond D (also called the one-sided Hausdorff distance from C to D) is
e(C,D) :=supd(x,D) = sup inlf) d(x,y) with the convention that e(@,D) := 0 for nonempty D
xeC xeCYe
and e(C,0) := o for any C (in particular, ¢(0,0) := oo).
The Hausdorff distance between A and B is h(C,D) := max{e(C,D),e(D,C)}.

From the definition we see that the Aubin property of S: X =2 Y relative to Q C X at (%,y) €
gphS|q as defined in Definition 2.9 is equivalent to the following property: S|q is locally closed
at (x,y) and there exist a constant / > 0 and neighborhoods V of ¥ and W of y, such that for
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all x,x’ € QNV, e(S(x')NW,S(x)) <I||x' — x||. The infimum over such / equals the Lipschitz
modulus of S relative to Q at (%, 7).

By global Aubin property, we mean the Lipschitz continuity with respect to the Hausdorff
distance.

Definition 6.2 (Lipschitz Continuity of Set-Valued Mappings, [3]). A set-valued mapping S :
X =27 is said to be Lipschitz continuous relative to Q C dom S if S is closed-valued on € and
there exists / > 0 such that Vx,x' € Q, h(S(x),S(x')) <I||x —x'|| where h(A,B) is the Hausdorff
distance between A and B.

We need the following well-known triangle inequality for excess.
Lemma 6.1 (Triangle Inequality for Excess). e¢(A,B) < ¢(A,C) +¢(C,B).

Now we state and prove the global Aubin criterion, which can be regarded as a mean value
theorem for set-valued mappings.

Theorem 6.1 (Global Aubin Criterion). Let S : X = Y be a set-valued mapping and Q C
domS a closed convex set. For a,b € Q, suppose that gphS|, ;) is compact, where [a,b] :=
{(1—=1t)a+1tb : t €[0,1]} is the line segment between a and b. Then

e(S(a>>S(b)) S]Wa,b||a_b||7 (61)
where M, :=  sup DS| (4. (x:¥) . Thisalso implies that
x€la,b],yeS(x) / Tiap) (x)
h(S(a),S(b)) < Myplla—Db. (6.2)

Consequently, S is Lipschitz continuous relative to € (see Definition 6.2) if M, j, remains uni-
formly bounded for all a,b € Q.

Remark 6.1. The analogy between (6.2) and the mean value theorem (1.5) is evident. It is
worth pointing out, perhaps, that even for § being single-valued and differentiable, (6.2) refines
(1.5) in that it gives the following sharper estimate:

15(a) = S()]] :
—r o < sup [|S°(0)]ja-p] | (6.3)
la=sl = Sy 15 Ol

where [a — b] is the one-dimensional linear subspace spanned by a — b. Actually, estimate (6.3)
is implicit in the textbook proof of (1.5).

Proof. To ease notation, we write M for M, , in the proof.
If a = b, then e(S(a),S(b)) = 0 and the assertion holds trivially. If M = oo, the assertion also
holds trivially. So we assume that a # b and M < co.
Let € > 0 be an arbitrary positive number.
For any y, € S(b), it holds that ~ limsup ‘DS (0,5 (533)

hSlp,
() 5 )
M. So the generalized Aubin criterion (Theorem 3.2) tells us that S has the Aubin property

relative to [a,b] at (b,y,). This means that there exists an open neighborhood V,, x W,, of
(b,yp) such that for all x,x" € [a,b] NVj,, we have e(S(x) "W, S(x')) < (M +¢€)||x—x'||. Since
we have assumed that gph S|, ;) is compact, we know that {b} x S(b) is compact. The family

i < M by the definition of
T[a,b] (x)
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v, x Wyb}ybes of open sets, being an open covering of the compact set {b} x S(b), has a
finite subcovermg V. X Wy}] yen ’VYZV X WYZV' Therefore we can find an open ball V,, centered at
b such that V}, C Vy;; for i = 1,...,N. This implies that for any y, € S(b), there exists iy, €
{1,2,...,N} such that (b,y;) € Viyb X Wiyb. By the Aubin property of S relative to [a,b] at

(b, yZy ), we have for all x, X’ € [a, b]ﬂVb C [a b]ﬂV,}h, e(S(x )ﬂW,)b,S(x’)) < (M+e)|x—X|.
In particular, letting x = b, we get for all X' € [a, b]ﬂVb, (S(b)ﬂW%,S(x’)) < (M+e)||b—X|.

Since yj, € S(b) "W i, , we have, by the definition of excess,
b

d(yp,S(X)) < (M +¢€)||b—X|, VX €la,b]NV,.
Taking supremum over y, € S(b), we have
e(S(b),S()) < (M+e)[b—X||, V' €[a,b]NV}. (6.4)

If a € Vp, then e(S(D),S(a)) < (M +¢€)||b — a|| and the desired estimate follows, since € > 0
is arbitrary. If a ¢ Vj,, we will prove the existence of some ¢ € [a,b] NV}, with ¢ # a,b such that
e(S(c),S(a)) < (M +¢€)|lc—all. Since c €V}, we have e(S(b),S(c)) < (M +¢€)||b—c||. This
would imply, through the triangle inequality for excess, that e(S(b),S(a)) < e(S(b),S(c)) +
e(S(c),S(a)) < M+¢€)(||[b—c||+|[c—a||) = (M +€)||b—al|. This gives the desired estimate.

To show the existence of such ¢, we choose some d € [a,b] NV}, with d # a,b. Define the
following subset of [0, 1]:

I:={re]0,1] : e(S((1—t)a+1td),S(a)) < M+e)t|d—al}. (6.5)

The set I is nonempty since O € I by definition. Let v := supl. We will show that y = 1, which
would imply the existence of some 7. € I that is sufficiently close to y =1 so that ¢ := (1 —t.)a+
t.d is sufficiently close to d. Since d € V}, and V}, is an open ball, we have ¢ € V;,. On the other
hand, the definition of / means that we have the desired estimate e(S(c),S(a)) < (M+¢€)||c—al|.
Suppose on the contrary that sup/ =: ¥ < 1 and write p := (1 —y)a+ 7d.
Choose p| € [p,d] with p; # p. For any y,, € S(p1), S has Aubin property relative to [a, b]
at (p1,yp, ). Then there exists an open neighborhood V x W, »y Of (P1,¥p,) such that

e(S(x)NWy, SE)) < (MA+¢€)|x—X|, Vx,x €la,b]NV. (6.6)

Crucially, we will choose V to be the largest possible open ball centered at p; such that the
estimate (6.6) holds with respect to the given (M + €) and the given Wy, - In other words, define

Yy, =P+ rmaxintB where rmax € (0,0] is defined as follows:

Fman 1= sup { > 0 e(S(x) "W, ,S()) < (M+ &) x =, vx,2' € [a,b] N (p1 +7B) }. (6.7)

We need to show that estimate (6.6) holds for Vyp1 := p1 + rmaxintB. Suppose this is not true.
Then there exist x,x" € [a,b]NV;, such that (6.6) fails. But Vy, is an open ball, so there must
exist an open ball Vy’p1 centered at p; with radius 7 < rpax such that x,x’ € Vy/m . Since (6.6) fails
for x,x' € Vy’p], this means that ¥ > rpax, a contradiction. Summarizing the above discussion,
we have obtained an open ball Yy centered at p; and a neighborhood Wy, of y,, such that

e(S(xX)NW, ,S(X)) < (M+e)llx—x||, Vx,x €[a,b]NV, . (6.8)
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Moreover, the open ball Vy, is maximal in the sense that any enlargement of its radius would
make the estimate (6.8) fail (for the given (M + €) and the given Wy, )-

Since we have assumed that S|, ; is compact, we know that {p;} x S(p;) is a compact
set. The family {V, o X Wy, }ym es(py) Of open sets, being an open covering of the compact
set {p1} x S(p1), has a finite subcovering V}q X Wy})l e ’Vyl’ﬁl X Wygl. Among these finitely
many open sets, we denote by Vy - X Wy, - the one that has the smallest open ball Voo . Then
for any y,, € S(p1), there exists iy, € {1 .,K} such that (p1,y,,) € V1>p1 X W’>P1 By the

Ypy Ypi

relative Aubin property of S at (p; ,yzvf Y), for all x,x" € [a,b]NV5,-CV o1 we have e(S(x) N
py

Wi, S() < (). Letting x = py, we get e(S(pu) Wy, S1¥)) < ()l ~

’|| for all x' € [a,b] N V5, Since y,, € S(p1) ﬂW,ypl , this 1mp11es that d(yp,,S()) < (M+

Ypi
€)||p1 — x’||. Taking supremum over y,, € S(p1), we have

e(S(p1),S()) < (M +e)llpr = x|, Vx' € [a,b] N V5, (6.9)

If p € Vy,, then there exists some 7, € I that is sufficiently close to ¥ := sup/ so that p_ :=
(L—tp_)a+t,_p € Vy,~. Then e(S(p1),S(p-)) < (M +e¢)|p1 —p-|| (since p— € V5,) and
e(S(p-),S(a)) < (M +¢€)||p— —a|| (since t, € I). Then the triangle inequality for excess
implies that e(S(p1),S(a)) < e(S(p1),S(p-)) +e(S(p-),S(a)) < (M +¢)|[p1 —p-|| + (M +
e)llp— —all = (M +é€)||p1 —al|. Let 1, be the unique number such that p; = (1 —1,,)a+1p,d.
The above estimate tells us that 7, € I but we also know that z,, > ¥ :=sup/ (since p; € [p,d|
and p; # p), a contradiction. We then have to conclude that our hypothesis ¥ < 1 is wrong,
which means that Y = 1. Then we are done, by the argument presented early on.

If, however, p ¢ Vi, we define pp := L +2p L and repeat the above procedure. Inductively, we
define pyi1 := 252 € [p, pi] C [p,d] for each k > 1 with py — p as k — . For each k > 1,

we run the procedure described previously to obtain some ¥, € S(px), a neighborhood Wy, of
Ypi» and an open ball V- o centered at py that is maximally large for the relative Aubin property
of S at (p,yp,) with respect to M + € and WW‘ Ifpe VW for some k, then we are done, as
the argument in the previous paragraph can be applied in the same way. Now we show that this
must happen: there exists some k > 1 such that p Vm.

Suppose on the contrary, that p ¢ Vi for all k. Remember that the open ball Vi centered at
P 1s produced in such a way that any enlargement of its radius would destroy the relative Aubin
property of S at (p,yp,) with respect to (M + €) and Wy, Then there exists an open ball V—
centered at py such that V 1s strictly larger than V5 - but does not contain p. Moreover there
exist xg,x; € [a,b] ﬂVTk such that S(xx) N Wy~ ¢ S(xk) (M + €)||xx — x;||B. This means the
existence of some yy € S(xi) N Wy~ such that

Vi & S(x}) + (M + €)[]xx — x; || B. (6.10)

Since py — p but p ¢ Voo for all k, we conclude that the radius of V- - converges to zero.
Similarly the radius of VTk converges to zero. Since xy,x) € Vypk we conclude that x,x, —
p- The sequence (xi,yi) € gphS|j,p) is bounded since we assume that gphS|j, ) is compact.
Without loss of generality, we can assume that (x,yx) — (p,yp). Then (p,yp) € gphS]|(, -
Since S has the Aubin property relative to [a,b] at (p,y,), there exist neighborhoods V,, of p
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and Wy, of y, such that for all x,x’ € [a,b] NV}, S(x) "W, C S(x') + (M +¢€)||x — x'||B. For
large k, we have xi,x; € [a,b] NV, and y; € S(x;) NW,,, since (x,yx) — (p,yp). Then we have
vk € S(x) + (M + €)||xx — x||B. This is a contradiction to (6.10). So we conclude that there
must exist some k > 1 such that p € VW' The proof is completed. OJ

7. CONCLUSIONS

In this paper we studied stability of parameterized models relative to nonconvex constraint
sets. First, employing both graphical derivative and projectional coderivative, we established
characterizations of stability relative to a class of nonconvex constraint sets broader than those
in previous work. Second, we characterized relative strong stability via the strict graphical
derivative. Third, we applied these results to solution mappings of generalized equations and
obtained characterizations of their relative stability and relative strong stability, which are then
explicated for affine variational inequalities. Fourth, we proved a global Aubin criterion, which
bounds the global Lipschitz constant of a set-valued mapping relative to a convex constraint set
by the relative inner norms of graphical derivatives. This result can be viewed as a generalization
of the mean value theorem to set-valued mappings and provides a new perspective on stability
analysis. In this paper our results are stated and proved in finite dimensional spaces. It is useful
to extend them to infinite dimensional spaces, which is a direction of our future research.
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