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Abstract

Distributionally robust optimization (DRO) has emerged as a powerful paradigm
for reliable decision-making under uncertainty. This paper focuses on DRO with
ambiguity sets defined via the Sinkhorn discrepancy—an entropy-regularized
Wasserstein distance—referred to as Sinkhorn DRO. Existing work primarily
addresses Sinkhorn DRO from a dual perspective, leveraging its formulation as a
conditional stochastic optimization problem, for which many stochastic gradient
methods are applicable. However, the theoretical analyses of such methods often
rely on the boundedness of the loss function, and it is indirect to obtain the worst-
case distribution associated with Sinkhorn DRO. In contrast, we study Sinkhorn
DRO from the primal perspective, by reformulating it as a bilevel program with
several infinite-dimensional lower-level subproblems over probability space. This
formulation enables us to simultaneously obtain the optimal robust decision and the
worst-case distribution, which is valuable in practical settings, such as generating
stress-test scenarios or designing robust learning algorithms. We propose both
double-loop and single-loop sampling-based algorithms with theoretical guarantees
to solve this bilevel program. Finally, we demonstrate the effectiveness of our
approach through a numerical study on adversarial classification.

1 Introduction

Distributionally Robust Optimization (DRO) has emerged as a powerful framework for decision-
making under uncertainty, aiming to find models that perform well under a set of plausible data
distributions, known as the ambiguity set. A prominent approach defines this set using the Wasserstein
distance [3, 4, 20, 22]. However, the practical application of Wasserstein DRO is limited by two
things. First, the resulting optimization problem is often intractable for general cases, except under
some special conditions on the loss function and transportation cost [20, 22, 45, 54, 58], and its
worst-case distributions are typically discrete, which can be unrealistic for underlying continuous
data and lead to overly conservative decisions.

The Sinkhorn DRO formulation [2, 64, 66, 68, 70] addresses these issues by employing an entropy-
regularized Wasserstein distance [15], or called the Sinkhorn discrepancy. This regularization brings
two critical benefits. First, this problem is tractable for a broad class of loss functions. Second, it
naturally encourages continuous worst-case distributions, often leading to improved generalization.
Due to these advantages, Sinkhorn DRO has found success in various applications such as hypothesis
testing [69, 73, 80], experimental design [18, 36], machine learning [7, 51, 57, 59], etc.

Despite its promise, the development of efficient algorithms for Sinkhorn DRO remains an active
area of research. Existing methods solve the Sinkhorn DRO from its dual perspective, where
the dual objective can be expressed as an expectation of the logarithm of another conditional
expectation on the exponential of the risk function. It falls into the class of conditional stochastic
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optimization (CSO) [30], and therefore many stochastic gradient methods, such as multi-level Monte-
Carlo gradient methods, can be applied to solve it [30–34]. However, this dual approach has notable
limitations. To achieve rate-optimal convergence, existing results require the restrictive assumption
that the risk function is bounded [32, 68]. Although recent work has relaxed this assumption [81], it
suffers from a sub-optimal convergence rate.

Recently, generative artificial intelligence (GenAI), especially the score-based generative models [1,
40, 42, 60, 61], have drawn much research attention, given their state-of-the-art performance in image
and text generation. These models operate by learning the score function from collected samples,
and next sampling from the score function to bridge Gaussian noise to plausible data samples via
Langevin dynamics. In contrast, Sinkhorn DRO aims to learn a worst-case distribution that maximizes
a given risk function, rather than choosing a target distribution as a priori. Based on samples from
this worst-case distribution, an optimal robust decision is then trained to minimize the worst-case
risk. Inspired by GenAI, this paper investigates the following question:

Can we simultaneously obtain the optimal robust decision and corresponding
samples from the worst-case distribution in Sinkhorn DRO using a framework
similar to that of score-based generative models?

In this paper, we propose a novel primal perspective and iterative sampling algorithms for solving
Sinkhorn DRO. Our main contributions are summarized as follows.

Reformulating Sinkhorn DRO as Infinite-Dimensional Bilevel Program. We consider the soft-
constrained Sinkhorn DRO formulation using n samples, where the Sinkhorn discrepancy ball
constraint is put in the objective as a penalty term. We show that this type of formulation can be
equivalently formulated as a bilevel optimization with n lower-level subproblems (See Problem (5)).
Each subproblem seeks the worst-case distribution from the smooth density constructed from the
empirical sample point, and the estimated worst-case distribution for Sinkhorn DRO is the average
among all worst-case distributions constructed from lower-level problems. This reformulation inspires
us to leverage existing methods from the bilevel program to solve Sinkhorn DRO.

Naı̈ve Double-Loop Algorithm. We first develop a double-loop algorithm to solving the bilevel
program: at each iteration, we randomly sample a lower-level problem, run an inner loop for a large
number of steps to generate the sampling point close to the worst-case distribution of the lower-level
problem, and use it to construct a hyper-gradient estimator. We show that under the smoothness
assumption of the loss together with a bounded variance condition, this double-loop algorithm finds a
ϱ-stationary point of the bilevel program with complexity O(ϱ−6), where the complexity is defined
as the number of queries to the gradient of the loss function.

Single-Loop Algorithm. Next, we develop a single-loop algorithm by jointly updating the upper-
level decision variable and lower-level sampling points. Specifically, at each iteration, we update
several sampling points associated with a randomly-sampled batch of lower-level problems, generate
a hypergradient estimator, and employ a momentum update for the upper-level decision variable. For
theoretical analysis, we make an extra assumption that the upper-level hypergradient estimator is
constructed using the limit of finitely many sampling points described by a mean-field density. Then,
we show that the iteration complexity becomes O(ϱ−4) for finding ϱ-stationary point. Compared
with the double-loop algorithm, this new algorithm only updates O(1) lower-level problems by one
Langevin dynamics step at each iteration, which is computationally and storage efficient.

Numerical Study. Finally, we examine our algorithms in numerical study of adversarial classifi-
cation. When taking hypergradient estimator as finitely many sampling points for the single-loop
algorithm, we still observe convergence of the proposed algorithm. Also, our single-loop algorithm
provides both estimated upper-level decision and estimated sampled points for worst-case distribu-
tions of Sinkhorn DRO, which is beneficial for practical high-stake environments that require stress
testing.

1.1 Related Literature

During the preparation of this manuscript, we became aware of the concurrent work of Xu and
Zhu [79], which also studies sampling-based approaches for general DRO problems and derives
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convergence rates. Our focus and our analysis differ from theirs in the following ways. First, we
presented both double-loop and single-loop algorithms to solve Sinkhorn DRO, whereas they focused
only on the double-loop algorithm. Second, there exists a technical flaw in their analysis, since the
constant step size makes the last component of the equation above [79, Appendix C4] non-vanishing.
Instead, we provided a rigorous analysis with less restrictive assumptions.

Next, we review papers on several related topics.

DRO and GenAI. Recent work seeks to explore the integration of GenAI with DRO [11, 74, 78, 83].
Specifically, Xu et al. [78] and Cheng et al. [11] proposed a flow-based generative model to jointly
learn the worst-case distribution and the robust decision for Wasserstein DRO. This framework
provides an efficient sampler for the worst-case distribution, which is valuable for stress tests and
high-stakes environments [71, 72]. The convergence rate of this framework was later analyzed by
[11, 83]. In a different approach, Wen and Yang [74] constructed a new DRO framework with an
ambiguity set defined using the diffusion model. While these works integrate generative models into
the DRO framework itself, our approach employs Langevin dynamics, a foundational tool for the
inference of these models, as a key component for solving the Sinkhorn DRO subproblems.

Bilevel Optimization. Sinkhorn DRO can be formulated as a bilevel optimization with multiple
lower-level subproblems, which has been studied in recent literature [25, 28, 29, 33]. Especially, the
complexity of the algorithms in [25, 28, 29] grows linearly with the number of lower-level problems
n. Hu et al. [33] provided a double-loop algorithm that finds the ϱ-stationary point with complexity
O(ϱ−4), which is independent of n and matches the lower bound for general stochastic optimization.
However, all these papers assume that the lower-level subproblems are finite-dimensional and strongly
convex programs. Our work extends this line to the infinite-dimensional setting, where each lower-
level subproblem is an optimization over a probability distribution. Our framework is closely related
to Marion et al. [47] and Xiao et al. [77]. These two references only consider bilevel optimization
with a single lower-level infinite-dimensional subproblem, which is not applicable to our setting. In
addition, Xiao et al. [77] provides a double-loop algorithm, which could be computationally and
storage inefficient. We integrate the idea of the single-loop algorithm in [47] and the momentum-based
gradient estimator in Hu et al. [29] to design our algorithm in Section 4.

Infinite-Dimensional Optimization. DRO is a special instance of infinite-dimensional optimiza-
tion. Traditional approaches to these problems can be broadly categorized into three perspec-
tives: discretization, duality, and Frank-Wolfe methods. First, discretization of the decision space
provides a straightforward solution by solving a finite-dimensional tractable approximation prob-
lem [6, 9, 23, 44, 63]. However, this approach suffers from the curse of dimensionality and becomes
infeasible in high-dimensional settings. Second, duality is a powerful approach when the number
of constraints is finite, reformulating the primal problem into a finite-dimensional dual via strong
duality [3, 22, 55, 56, 75, 82]. A significant drawback is that the resulting dual problem often contains
intractable, infinite-dimensional, or nonconvex subproblems. Third, Frank-Wolfe methods provide a
flexible framework for optimization over probability spaces by iteratively solving linear minimization
subproblems [35, 37, 53, 67]. While each iteration involves a finite-dimensional task, this subproblem
is often non-convex and high-dimensional, making it difficult to apply without additional problem
structure. A more recent line of work leverages Langevin dynamics for a specific class of problems:
entropy-regularized linear optimization over probability distributions [10, 17, 19, 46, 65]. This ap-
proach efficiently produces sampled points of the optimal distribution, providing a practical pathway
for solving a broad class of infinite-dimensional problems. This insight also lays the foundation of
modern diffusion models. In this work, we adapt and extend the Langevin dynamics framework to
design efficient Sinkhorn DRO algorithms.

1.2 Notations

For an integer n ≥ 1, we define [n] = {1, 2, . . . , n}. We write Eµ[f ] or Ez∼µ[f(z)] to denote the
expected value of f(z) with respect to z ∼ µ. Denote by P(Rd) the set of probability distributions
supported on Rd. Throughout the paper, we assume the desired accuracy level ϱ, δ > 0 is sufficiently
small. We use the notation O(·) to denote the order in terms of ϱ or δ, and Õ(·) hides terms having
the polylog dependency on ϱ or δ. We provide a list of key mathematical notations and definitions in
Appendix A.
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1.3 Organizations

In Section 2, we provide a brief review of the existing Sinkhorn DRO results, based on which we
reformulate this problem as a bilevel optimization with several infinite-dimensional lower-level
problems. In Section 3, we provide a double-loop iterative sampling algorithm for solving the bilevel
program, and analyze its convergence rate. In Section 4, we provide a single-loop sampling algorithm
for solving the bilevel program, and analyze its convergence rate. In Section 5, we provide the
numerical study of the distributionally robust classification problem to validate the effectiveness of
our proposed algorithms. In Section 6, we provide several concluding remarks.

2 Setup of Sinkhorn DRO

We consider the Sinkhorn DRO problem, which takes the form of the minimax optimization:

min
θ

max
µ:Sϵ(µ̂,µ)≤ρ

Ez∼µ[fθ(z)], (1)

where θ ∈ Rdθ represents the model parameters, fθ(z) is the loss function, and Sϵ(µ̂, ·) is the
Sinkhorn Discrepancy (see Definition 2.1) that defines an entropy-regularized ambiguity set around the
reference distribution µ̂. Following reference [68], we provide the definition of Sinkhorn Discrepancy
and the strong duality result of Sinkhorn DRO below.

Definition 2.1 (Sinkhorn Discrepancy). For regularization parameter ϵ ≥ 0, the Sinkhorn Discrepancy
between two distributions µ and ν is defined as

Sϵ(µ, ν) = inf
γ∈Γ(µ,ν)

{
1

2
E(x,y)∼γ [∥x− y∥22] + ϵE(x,y)∼γ

[
log

dγ(x, y)

dµ(x) dy

]}
,

where Γ(µ, ν) denotes the set of joint distributions with marginal distributions being µ and ν,
respectively.

We take the reference distribution µ̂ as an empirical distribution supported on n available data
samples {x(1), . . . , x(n)}, i.e., µ̂ = 1

n

∑n
i=1 δx(i) . In this context, Problem (1) can be interpreted as

an entropy-regularized approximation of the classical Wasserstein DRO problem with a quadratic
cost function. While our focus is on this specific setup, the framework can be extended to general
cost functions and reference distributions, which we leave for future work. The penalized version of
Problem (1) admits a strong duality result [68], leading to a tractable finite-dimensional reformulation
that is crucial for our algorithmic development.

Theorem 2.2 (Strong Duality [68]). Consider the penalized counterpart of Problem (1):

min
θ

{
max

µ∈P(Rd)
Ez∼µ[fθ(z)]− λSϵ(µ̂, µ)

}
. (2)

Up to an additive constant independent of θ, Problem (2) is equivalent to:

min
θ

{
λϵ

n

n∑
i=1

[
logEz∼N (x(i),ϵId)

[
efθ(z)/(λϵ)

]]}
.

Define the density function

uθ,i(z) :=
dµθ,i

∗ (z)

dz
= αi · exp

(
fθ(z)− 1

2λ∥x
(i) − z∥22

λϵ

)
, (3)

where αi =
( ∫

exp
(

fθ(z)− 1
2λ∥x

(i)−z∥2
2

λϵ

)
dz
)−1

, i ∈ [n] denotes the normalizing constant. For
fixed θ, the worst-case distribution of Problem (2) has density given by

dµθ
∗(z)

dz
=

1

n

n∑
i=1

uθ,i(z). (4)
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Remark 2.3 (Soft-Constrained Sinkhorn DRO). The penalized formulation in (2) is a Lagrangian
counterpart to the constrained original Problem (1). Here, the radius ρ is replaced by a penalty param-
eter λ > 0. In practice, achieving good out-of-sample performance requires tuning hyperparameters:
either (ρ, ϵ) in the constrained formulation or the equivalent pair (λ, ϵ) in the penalized one. Our
algorithmic development in subsequent sections focuses on solving the penalized formulation (2).
The constrained problem can then be addressed via bisection over λ (see Algorithm 2 in [68]).

The expression for the worst-case distribution µθ
∗ in Theorem 2.2 reveals that Problem (2) is equivalent

to a bilevel optimization problem:

min
θ

F (θ) =
1

n

n∑
i=1

Ez∼µθ,i
∗
[fθ(z)], (Upper Level)

µθ,i
∗ = argmin

µ∈P(Rd)

DKL

(
µ
∥∥∥uθ,i(·)

)
, ∀i ∈ [n], θ, (Lower Level)

(5)

where the upper-level problem minimizes the worst-case risk, and for fixed θ, each lower-level prob-
lem involves approximating the target distribution with density uθ,i(·). The lower-level problem is not
a standard finite-dimensional optimization, but rather a functional problem over a space of probability
distributions. Consequently, standard bilevel optimization algorithms for finite-dimensional problems
are not directly applicable. To address this, we develop algorithms that leverage the structure of the
lower-level problems and combine with sampling techniques inspired by Langevin dynamics. We
provide theoretical guarantees for these methods in the following sections.

3 Naı̈ve Double-Loop Iterative Sampling Algorithm

A natural approach for solving the bilevel problem in (5) is stochastic gradient descent (SGD). The
hypergradient of the objective in (5) is given by

∇F (θ) =
1

n

n∑
i=1

Ez∼µθ,i
∗
[∇θfθ(z)]. (6)

A direct Monte Carlo estimator for ∇F (θ) requires i.i.d. samples zi ∼ µθ,i
∗ for i ∈ [n]. However,

exact sampling from µθ,i
∗ is intractable. The primary challenge is that µθ,i

∗ is a complicated dis-
tribution with density given in (3), and we cannot sample from it exactly, preventing an unbiased
gradient estimator. We must therefore rely on biased estimators derived from approximate sampling.
Algorithm 1 presents a naı̈ve sampling method by iteratively sampling a point whose distribution is
sufficiently close to µθ,i

∗ and next updating θ using stochastic gradient descent.

Algorithm 1 Naı̈ve Iterative Sampling Algorithm

Require: Stepsize parameter η, initial guess θ0
1: for k = 0, 1, 2, . . . , Tout − 1 do
2: Sample ik randomly from {1, . . . , n};
3: Draw a sample z ∼ µ̃ such thatW2(µ̃, µ

θk,ik
∗ ) ≤ δ;

4: Update θk+1 = θk − η∇θfθk(z).
5: end for

Output θ̂ uniformly selected from {θ1, . . . , θTout}.

The key step in Algorithm 1 is to sample from µθ,i
∗ , whose density function is given in (3). There

are many approaches to finish this task, such as Langevin dynamics and its variants [12, 13, 24, 26],
particle-based methods [16, 43, 50], flow-based methods [21, 76], etc. In this work, we provide
theoretical guarantees for Algorithm 1 when the sampling in Step 3 is performed using Langevin
dynamics, due to its efficiency and well-understood convergence properties.

For fixed θ, i ∈ [n], by definition of KL-divergence, the distribution µθ,i
∗ minimizes the following

free energy functional:

µθ,i
∗ = argmin

µ∈P

{
Eµ

[
−fθ(z)

λ
+

1

2
∥x(i) − z∥22

]
− ϵH(µ)

}
.
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A standard method to sample from such a distribution is Langevin dynamics. The corresponding
gradient flow is described by the Stochastic Differential Equation (SDE):

dZt = −
(
−∇zfθ(Zt)

λ
+ (Zt − x(i))

)
dt+

√
2ϵ dWt,

where {Wt}t is the standard Brownian motion. Algorithm 2 presents the discrete-time implementation
of this Langevin dynamics. With a sufficiently small step size and a sufficient number of iterations,
the output provides an approximate sample from µθ,i

∗ .

Algorithm 2 Langevin Stochastic Descent

Require: Stepsize parameter τ , initial distribution µ0 that is easy to sample.
1: Initialize z0 ∼ µ0

2: for t = 0, 1, 2, . . . , T − 1 do
3: Sample ζt ∼ N (0, Id)

4: Update zt+1 ← zt − τ
(

−∇zfθ(zt)
λ + (zt − x(i))

)
+
√
2τϵζt

5: end for
Output zT

Remark 3.1 (Comparison with Wasserstein DRO). If we do not add entropy regularization (e.g., set
ϵ = 0), Algorithm 2 is the noiseless gradient descent method for unconstrained optimization

max
z

{
fθ(z)−

λ

2
∥z − x(i)∥22

}
,

and Algorithm 1 reduces to the stochastic gradient descent (SGD) for optimizing the dual objective
of the soft-constrained Wasserstein DRO [58]:

min
θ

{
1

n

n∑
i=1

[
max

z
fθ(z)−

λ

2
∥z − x(i)∥22

]}
. (7)

This perspective reveals a key computational advantage of Sinkhorn DRO over its unregularized
counterpart. The convergence of SGD for the Wasserstein DRO problem (7) typically requires the
inner maximization to be strongly concave, which in turn requires a sufficiently large Lagrangian
parameter λ. In contrast, as we will show, the entropy regularization (ϵ > 0) in our setting ensures the
sampling algorithm converges without requiring strong concavity, leading to convergence guarantees
under milder assumptions.

3.1 Convergence Analysis of Algorithm 2

To study the convergence of Algorithm 2, we impose the following two assumptions.
Assumption 3.2. (I) For any (θ, z), the loss function fθ(z) is continuously differentiable in z

and satisfies for any z, z′ that ∥∇zfθ(z)−∇zfθ(z
′)∥2 ≤ Lf,2∥z − z′∥2.

(II) For any θ, i ∈ [n], the target distribution µθ,i
∗ satisfies the log-Sobolev inequality (LSI) with

constant α > 0.

Assumption 3.2(I) is common in the convergence guarantees in optimization. Assumption 3.2(II)
is crucial for establishing the global convergence of Algorithm 2, and it holds for a broad class
of loss functions. One sufficient condition of Assumption 3.2(II) is the log-concavity of µθ,i

∗ , i.e.,
λ is sufficiently large such that z 7→ fθ(z) − λ

2 ∥z − x(i)∥22 is strongly concave. In the following
proposition, we provide some milder sufficient conditions of Assumption 3.2(II). The proof of
Proposition 3.3 is provided in Appendix B.

Proposition 3.3 (Sufficient Conditions of LSI). For fixed θ, the following two conditions ensure µθ,i
∗

satisfies LSI:

• Suppose fθ(z) is bounded such that sup fθ(z)− inf fθ(z) < B for some constant B > 0,
then µθ,i

∗ satisfies LSI with constant α = 1
ϵ exp(−

4B
λϵ ).

6



• Suppose ∥∇zfθ(z)∥2 ≤M for any θ and z with some constant M > 0, then µθ,i
∗ satisfies

LSI with constant

α =
1

2ϵ
max

{
e−4M2/λ2

√
2d/π,

(
4 + (M/λ+

√
2)2(2 + d+ 4M2/λ2)eM

2/(2λ2)
)−1

}
.

Next, we present the complexity analysis of Algorithm 2 in the theorem below, following the similar
analysis of [65]. Its proof is provided in Appendix B.
Theorem 3.4 (Complexity of Algorithm 2). Assume Assumption 3.2 holds. Specify the parameters in
Algorithm 2 as

τ =
αϵ

4(1 + Lf,2/λ)2
·min{1, δ2α/(8d)}, T =

⌈
1

ατϵ
log

4DKL(µ0∥µθ,i
∗ )

δ2α

⌉
= Õ(δ−2).

Then, the law of the output of Algorithm 2, denoted as µT , satisfies thatW2(µT , µ
θ,i
∗ ) ≤ δ.

Remark 3.5 (Choice of Initial Distribution). We recommend taking the initial distribution µ0

in Algorithm 2 as N (x(i), ϵId). In this case, the KL-divergence DKL(µ0∥µθ,i
∗ ) = 1

λϵEµ0 [fθ(z)].
Assume ∥∇zfθ(z̃)∥2 ≤M for some z̃, then it can be shown that DKL(µ0∥µθ,i

∗ ) = O(d), whereO(·)
hides constant related to ϵ,M , and ∥x(i) − z̃∥2.

3.2 Convergence Analysis of Algorithm 1

In this subsection, we provide the convergence analysis of Algorithm 1. In our analysis, we measure
computational complexity as the total number of gradient evaluations of fθ(z) (with respect to either
θ or z). This metric dominates the total computational time from Algorithms 1 and 2. We further
impose the following assumptions.

Assumption 3.6. (I) For any θ, the distribution µθ,i
∗ , i ∈ [n] satisfies that

Var(i,zi)∼Uniform([n])⊗µi,θ
∗

(
∇fθ(zi)

)
≤ σ2 (8)

for some constant σ2 > 0.

(II) For any (θ, z), the loss function fθ(z) is continuously differentiable in θ and satisfies for any
z, z′ that

∥∇fθ(z)∥2 ≤ Lf,1,

∥∇θfθ(z)−∇θfθ(z
′)∥2 ≤ Lf,2∥z − z′∥2,

∥∇θfθ(z)−∇θ′fθ(z)∥2 ≤ Lf,2∥θ − θ′∥2.

(III) For any (θ, z), the loss function fθ(z) is continuously differentiable in z and satisfies for any
θ, θ′ that ∥∇zfθ(z)−∇zfθ′(z)∥2 ≤ Lf,2∥θ − θ′∥2.

Recall that in Algorithm 1, we constructed the hypergradient estimator of (6) as

∇̂F (θ; z) = ∇θfθ(z), (9)

where the random vector z follows the distribution µ̃ withW2(µ̃, µ
θ,i
∗ ) ≤ δ and i is a random sample

from [n]. The following lemma provides bias, variance, and computational complexity analysis
regarding our estimator. Its proof is provided in Appendix B.
Lemma 3.7 (Bias, variance, and complexity of hypergradient estimator). Assume Assumptions 3.2
and 3.6 hold, then the estimator in (9) satisfies that

(I) (Bias)
∥∥∥E[∇̂F (θ; z)

]
−∇F (θ)

∥∥∥
2
≤ Lf,2δ.

(II) (Variance) Var(∇̂F (θ; z)) ≤ V := 2σ2 + 2L2
f,1

√
αδ + 2L2

f,2δ
2.

(III) (Complexity) The computational complexity of constructing (9) is Õ(δ−2).
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A random vector θ is said to be a ϱ-stationary point if E∥∇F (θ)∥22 ≤ ϱ2. As the bilevel program (5)
is nonconvex in general, we focus on finding its stationary point using Algorithm 1. We provide its
computational complexity in the theorem below. Its proof is provided in Appendix B.
Theorem 3.8 (Complexity Bounds). Assume Assumptions 3.2 and 3.6 hold. In order to use Algo-
rithm 1 to obtain a ϱ-stationary point, it suffices to specify parameters in Algorithm 1 as

Tout = O(ϱ−4), η =
1√

ToutV
, δ =

ϱ

2Lf,2
,

where O(·) hides constant depending only on the initial guess, V, and Lf,2. Consequently, the total
computational complexity of Algorithm 1 to find a ϱ-stationary point is Õ(ϱ−6).
Remark 3.9 (Comparison with [79]). In this section, we present a double-loop algorithm similar to
[79]. We remark that there are some differences in the convergence analysis part. First, the complexity
result in [79, Theorem 2] uses a constant stepsize, which leads to a non-vanishing optimization error
(bias) in the gradient estimator (see the last component of the equation above [79, Appendix C4]).
In contrast, our decaying stepsize schedule ensures this error vanishes asymptotically. Second,
our variance assumption (Assumption 3.6(I)) is made on the ideal gradient at the true worst-case
distributions µθ,i

∗ . We then explicitly control how the sampling error propagates to the variance of
our practical estimator (Lemma 3.7(II)). Their analysis assumes a uniform bound on the variance of
the approximate stochastic gradients, which is a stronger condition.

4 Mean-Field Single-Loop Sampling Algorithm

The double-loop algorithm (Algorithm 1) is conceptually simple but can be computationally expensive,
as each outer update requires running an inner loop of Langevin dynamics to high accuracy. To
improve efficiency, we now propose a single-loop algorithm that interleaves the updates of the
upper-level parameter and the lower-level distribution estimators.

For i ∈ [n], our algorithm initializes the worst-case distribution estimators µ(i)
0 = N (x(i), ϵId) for

the i-th lower-level subproblem. At the beginning of each iteration k, we sample a set of lower-level
subproblems with index i ∈ Ik. Next, we update the distribution estimator µ(i)

k+1 such that each
particle is updated using one-step of Langevin dynamics:

z
(i)
k+1 =


z
(i)
k − τ

(
−
∇zfθk(z

(i)
k )

λ
+ (z

(i)
k − x(i))

)
+
√
2τϵζ

(i)
k , if i ∈ Ik

z
(i)
k , otherwise.

µ
(i)
k+1 = Law

(
z
(i)
k+1

)
.

(10)

We then update the gradient estimator of the upper-level objective as

vk+1 =
1

|Ik|
∑
i∈Ik

E
z
(i)
k ∼µ

(i)
k

[
∇θfθk(z

(i)
k )
]
. (11)

Compared with the true gradient ∇F (θk) defined in (6), we replace the average over all indices
i ∈ [n] with the average over sampled indices i ∈ [Ik], and replace the true worst-case distribution
µθk,i
∗ with its estimator µ(i)

k obtained from the last iteration. Finally, we maintain the moving average
estimator rk+1 for the gradient estimator vk+1 and update the upper-level decision θk+1 using rk+1.
The detailed procedure is provided in Algorithm 3.
Remark 4.1 (Mean-Field Update). We call Algorithm 3 a mean-field algorithm because the gradient
estimator vk+1 in (11) uses the population expectation E

z
(i)
k ∼µ

(i)
k

[·], corresponding to the limit of an
infinite number of particles. In practice, this expectation is approximated by a sample average over a
finite set of particles. The technical difficulty of the analysis for the finite-particle case is that this will
make the estimator vk+1 stochastic provided that Ik is fixed. A possible solution is the propagation of
chaos [8, 48, 49, 62, 84], a theory that quantifies the difference between the dynamics of a system of
finitely many particles and its limiting behavior described by their mean-field densities. In this work,
our convergence analysis (Theorem 4.5) focuses on the idealized mean-field dynamics (population
expectations). Analyzing the finite-particle case via propagation of chaos is an important direction
for future work.
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Algorithm 3 Mean-Field Single-Loop Iterative Sampling Algorithm

Require: Stepsize parameters η, τ , initial guess µ(i)
0 , i ∈ [n], moving average estimator r0, moving

average parameter β0, number of iterations T , mini-batch size |Ik|.
1: for k = 0, 1, 2, . . . , T − 1 do
2: Randomly sample indices Ik ⊆ [n]
3: for i ∈ [n] do
4: Update µ

(i)
k+1 according to (10)

5: end for
6: Update gradient estimator vk+1 according to (11)
7: Update rk+1 = (1− β0)rk + β0vk+1

8: Update θk+1 = θk − τηrk+1.
9: end for

Output θ̂ uniformly selected from {θ1, . . . , θT }.

4.1 Convergence Analysis of Algorithm 3

In this subsection, We outline the key steps of the convergence analysis; detailed proofs are deferred
to Appendix C. We first build the error bound for the objective at k-th and (k + 1)-th iterations in the
lemma below.
Lemma 4.2 (Descent Lemma). Assume Assumption 3.6(II) holds and the stepsize parameters satisfy
ητ ≤ 1

2Lf,2
. Consider the update in Step 8 of Algorithm 3, it holds that

F (θk+1) ≤ F (θk) +
τη

2
∥∇F (θk)− rk+1∥22 −

τη

2
∥∇F (θk)∥22 −

τη

4
∥rk+1∥22.

The critical step for our analysis is to bound the difference between the true hypergradient ∇F (θk)
and its estimator rk+1. To this end, let us define the auxiliary gradient

∇F (θk;µ
(1:n)
k ) :=

1

n

∑
i∈[n]

E
z
(i)
k ∼µ

(i)
k

[∇fθ(z(i)k )]. (12)

Denote by Gk the σ-algebra generated by all the randomness up to iteration k. Conditioned on Gk−1,
it can be shown that vk+1 is the unbiased estimator of∇F (θk; µ̃

(1:n)
k ), as the former uses mini-batch

random samples Ik ⊆ [n]. In the following, we provide the upper bound of the difference between
∇F (θk) and rk+1 using ∇F (θk;µ

(1:n)
k ) and vk+1.

Lemma 4.3 (Gradient Difference Lemma). Assume Assumption 3.6(II) holds, and the parameter
β0 ∈ (0, 1], then it holds that

E
[
∥∇F (θk)− rk+1∥22

∣∣Gk−1

]
≤ (1− β0)∥∇F (θk−1)− rk∥22 +

4L2
f,2τ

2η2

β0
∥rk∥22

+ 4β0

∥∥∥∇F (θk)−∇F (θk;µ
(1:n)
k )

∥∥∥2
2
+ β2

0E
[∥∥∥∇F (θk;µ

(1:n)
k )− vk+1

∥∥∥2
2

∣∣∣∣Gk−1

]
.

(13)

A key technical challenge arises in bounding the third term of (13). By Pinsker’s Inequality [14],∥∥∥∇F (θk)−∇F (θk;µ
(1:n)
k )

∥∥∥2
2

=

∥∥∥∥∥∥ 1n
∑
i∈[n]

[
E
z∼µ

(i)
k

[∇fθk(z)]− E
z∼µ

θk,i
∗

[∇fθk(z)]
]∥∥∥∥∥∥

2

2

≤
L2
f,1

n

∑
i∈[n]

TV(µ
(i)
k , µθk,i

∗ )2 ≤
L2
f,1

2n

∑
i∈[n]

DKL(µ
(i)
k , µi,θk

∗ ).

This error depends on the KL-divergence between our running estimators µ(i)
k and the true optimal dis-

tributions µ∗i,θk . Unlike standard bilevel optimization where lower-level solutions lie in a Euclidean
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space, here they are probability distributions. Therefore, standard techniques (such as [29, 52]) for
Euclidean norm bounds, especially the triangular inequality, do not apply. To overcome this, we
adapt and extend the SDE-based techniques from sampling literature [47, 65] to our setup, which
contains multiple target distributions, and each distribution is time-varying. Lemma 4.4 provides the
desired error bound, relating the cumulative KL error to algorithm parameters and the momentum
gradient norm ∥rk+1∥22.
Lemma 4.4 (KL-Divergence Bound). Assume Assumptions 3.2 and 3.6 hold, then it holds that

T∑
k=0

E
[
DKL(µ

(i)
k ∥µ

i,θk
∗ )

]
≤ 4n

ατ |Ik|
DKL(µ

(i)
0 ∥µi,θ0

∗ ) +
12ηL2

f,1Tn

λϵα|Ik|
+

32τϵdL2
G,2T

α
+

20ηn

λϵα|Ik|

T−1∑
k=0

E
[
∥rk+1∥22

]
.

Combining the lemmas above, we derive the convergence theorem for Algorithm 3 below.
Theorem 4.5 (Convergence Analysis of Algorithm 3). Assume Assumptions 3.2 and 3.6 hold, and
with the following choices of parameters in Algorithm 3:

β0 ≤
ϱ2|Ik|
6L2

f,2

, τ ≤ ϱ2α

384ϵdL2
G,2L

2
f,1

,

η ≤ min

(
ϱ2λϵα|Ik|

144L2
f,1L

2
f,2n

,
λϵα|Ik|
160L2

f,2n

)

T ≥ max

(
12E[F (θ0)− F (θ∗)]

ητϱ2
,
6E∥∇F (θ0)− z1∥22

β0ϱ2
,
48L2

f,2

ατ |Ik|ϱ2
n∑

i=1

DKL(µ
(i)
0 ∥µi,θ0

∗ )

)
,

Algorithm 3 finds a ϱ-stationary solution of Problem (5). The total computational complexity of
Algorithm 1 to obtain a ϱ-stationary point is O(ϱ−6 · n

|Ik| ), where O(·) hides constants depending
only on λ, ϵ, α, Lf,1, Lf,2, and the initial guess.

In Theorem 4.5, the obtained ϱ−6 complexity is likely suboptimal compared to the ϱ−4 lower bound
for general nonconvex stochastic optimization. We hypothesize this gap stems from two sources: (i)
the discretization error of the Langevin step, which requires careful control of the KL divergence
between iterated distributions, and (ii) the conservative nature of our KL-divergence bound (Lemma
4.4) compared to error bounds typically available for finite-dimensional strongly convex subproblems.
Also, in our complexity analysis, we do not specify the mini-batch size |Ik| in each iteration. This
offers a trade-off: using |Ik| = 1 minimizes per-iteration cost, while larger |Ik| reduces the number
of iterations T needed, which can be exploited in parallel computing settings

5 Applications

In this section, we validate the performance of our proposed algorithms for the adversarial classifi-
cation task and follow the similar experiment setup as in [58]. It aims to solve the distributionally
robust optimization problem

min
θ

{
max
µ

E(x,y)∼µ[ℓ(fθ(x), y)]− λSϵ(µ̂, µ)
}
,

where fθ(x) denotes a neural network classifier consisting of 8 ∗ 8, 6 ∗ 6, and 5 ∗ 5 convolutional
filer layers with ELU activations followed by a fully connected layer and softmax output, ℓ(ŷ, y)
denotes the cross-entropy classification loss, and the Sinkhorn discrepancy peanlty only considers the
perturbation for the data feature part instead of the data label part. The reference distribution µ̂ is
constructed using the empirical samples from the MNIST [41] or CIFAR-10 [39] training dataset.

5.1 Visualization of Worst-Case Distributions

In this subsection, we visualize the samples from worst-case distribution by solving the bilevel
program (5) using Algorithm 3. We specify the hyper-parameters ϵ = 0.1 and λ = 20. The results
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(a) MNIST Dataset

(b) CIFAR-10 Dataset

Figure 1: Raw and adversarial samples found by the Sinkhorn DRO. Two subfigures represent
numerical experiments for two datasets (MNIST and CIFAR-10). For each subfigure, plots on the top
represent the raw samples, and plots on the bottom represent the perturbed samples using Algorithm 3.

are provided in Figure 1, which shows the qualitative changes from the original images to perturbed
images for the MNIST or CIFAR-10 datasets. The figures demonstrate that Sinkhorn DRO induces
more meaningful contextual changes to the original images to confuse the classifier, which is more
aligned with our intuition for the adversarial classification task.

5.2 Ablation Study

Next, we quantitatively validate the effectiveness of Algorithm 3. We fine-tune the regularization
for Sinkhorn DRO or Wasserstein DRO such that the ℓ2-norm between the original image X and the
perturbed one is controlled within C2 = 0.04 ∗ Eµ̂[∥X∥2]. To assess the robustness of the proposed
models, we apply a Projected Gradient Method (PGM) attack with ℓ2-norm constraints to the test
datasets. The perturbation magnitude ∆ is normalized by the average ℓ2-norm of the test features.
We examine the performance using the misclassification rate on perturbed datasets.

Figure 2 reports the classification accuracy of the proposed method and the baseline under various
adversarial perturbations. On MNIST, our approach consistently outperforms the baseline across
all noise levels. When the perturbation budget is small, ε = 0.1 yields the highest accuracy; as the
budget increases, ε = 1 becomes superior. This observation indicates that a larger ε strengthens
robustness against stronger attacks. On CIFAR-10, the same trend holds, ε = 0.01 already improves
upon the baseline. In our experiments the proposed defense is highly sensitive to the choice of ε.
Setting ε = 1 prevents the model from completing the classification task: during training, clean
accuracy collapses to 10%, indicating that the training set itself is being perturbed to the point where
the network can no longer learn any meaningful image features.

6 Conclusion

In this work, we developed sampling-based algorithms for solving Sinkhorn DRO, by reformulating
it as a bilevel program with multiple infinite-dimensional lower-level subproblems over probability
spaces. We proposed a double-loop algorithm (Algorithm 1) with a Õ(ϱ−6) complexity guarantee and
a more efficient single-loop, mean-field algorithm (Algorithm 3) that achieves comparable complexity
within an interleaved update framework. Our analysis extends conventional bilevel optimization
techniques to handle infinite-dimensional lower-level subproblems by leveraging tools from sampling
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Figure 2: Results of adversarial training using MNIST or CIFAR-10 datasets for Wasserstein DRO
or Sinkhorn DRO models. For each plot, the x-axis refers to the level of adversarial perturbation of
PGD attack, and the y-axis refers to the misclassification rate on the perturbed testing dataset.
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theory (such as properties of LSI and SDE-based analysis) to control the error from approximate
sampling.

There are several promising directions to explore. First, our framework could be extended to more
general bilevel optimization with infinite-dimensional lower-level variables, such as those arising
in meta-learning for generative models (e.g., diffusion or flow-based models). Second, it is an
open question to use iterative sampling-based algorithms to achieve the optimal complexity rate.
Integrating accelerated sampling techniques and developing sharper theoretical analysis could lead
to improved guarantees. Finally, it is interesting to study the Sinkhorn DRO with more general
transportation costs and broader classes of loss functions
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A Notations and Definitions

We provide a table consisting of related mathematical notations and a list of useful definitions below.

Table 1: Common Mathematical Notations
Notation Meaning
θ Decision
z Random vector
d Dimension of random vector z
ϵ Entropic regularization parameter of Sinkhorn DRO
λ Soft-constrained penalty parameter of Sinkhorn DRO
x(i) i-th collected sample
µθ
∗ Worst-case distribution for fixed decision θ

µθ,i
∗ Worst-case distribution for i-th observation and fixed decision θ

Lf,1, Lf,2 Lipschitz constants for fθ(z) and ∇fθ(z), respectively
α Log-Sobolev inequality constant for the worst-case distribution
σ2 Variance of gradient estimator ∇fθ(z) for z ∼ µθ,i

∗ and i ∼ Uniform([n])
δ Accuracy level of Algorithm 2
ϱ Error tolerance of bilevel optimization Problem (5)
µ
(i)
k Estimated worst-case distribution for i-th observation at k-th iteration of Algorithm 3

z
(i)
k Random sample following distribution µ

(i)
k

vk+1 Constructed gradient estimator at k-th iteration of Algorithm 3
rk+1 Constructed momentum gradient estimator at k-th iteration of Algorithm 3
β0 Momentum parameter
τ Stepsize parameter for one-step update of Langevin dynamics
η Stepsize parameter for Algorithm 1 or scaled stepsize parameter for Algorithm 3
Tout Number of iterations for Algorithm 1
T Number of iterations for Algorithm 2 or 3
Ik Random sampled set of indices from [n] at k-th iteration

KL-divergence. For two probability distributions µ and ν, define the KL-divergence

DKL(µ∥ν) =
∫

log

(
dµ(z)

dν(z)

)
dµ(z).

Suppose v(·) is the density function of ν, we also write DKL(µ∥v(·)) to represent DKL(µ∥ν) for
notational simplicity.

Wasserstein Distance. For two probability distributions µ and ν and p ∈ [1,∞), define the
p-Wasserstein distance

Wp(µ, ν) = inf
γ∈Γ(µ,ν)

{(
E(x,y)∼γ [∥x− y∥p2]

)1/p }
,

where Γ(µ, ν) denotes the set of joint distributions with marginal distributions being µ and ν,
respectively. Especially, when p = 1, the Wasserstein distance has the strong dual reformulation:

W1(µ, ν) = sup
f : ∥f∥Lip≤1

{
Ez∼µ[f(z)]− Ez∼ν [f(z)]

}
.

Total variation distance. For two probability distributions µ and ν, define the total variation
distance

TV(µ, ν) = sup
f : ∥f∥∞≤1

{
Ez∼µ[f(z)]− Ez∼ν [f(z)]

}
.

Fisher divergence. For two probability distributions µ and ν, define the Fisher divergence

FD(µ∥ν) =
∫ ∥∥∥∥∇z log

(
µ[z]

ν[z]

)∥∥∥∥2 µ[z] dz,
where for a distribution µ, µ[z] denote its density function at z.
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Entropy. For a probability distribution µ, define its (differential) entropy

H(µ) = −
∫

log(µ[z])µ[z] dz.
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B Proofs of Technical Results in Section 3

Proof of Proposition 3.3. The first part of this proposition follows from [27]. The second part follows
a similar proof idea as in [38].

Proof of Theorem 3.4. It can be shown that Vi(θ, z) := − 1
λϵfθ(z) +

1
2ϵ∥z − x(i)∥22 is LV,2-smooth

with

LV,2 :=
1

ϵ

(
1 +

Lf,2

λ

)
.

Also, µi,θ
∗ [z] :=

dµi,θ
∗

dz (z) ∝ exp(−Vi(θ, z)) satisfies LSI with constant α. Based on [65, Lemma 3],
it holds that

DKL(µT ∥µθ,i
∗ ) ≤ e−ατϵTDKL(µ0∥µθ,i

∗ ) +
8τϵdL2

V,2

α
.

Since τ ≤ αϵ
4(1+Lf,2/λ)2

· δ
2α
8d , we derive

8τϵdL2
V,2

α
≤ αδ2

4
.

Since T ≥ 1
ατϵ log

4DKL(µ0∥µθ,i
∗ )

δ2α , we derive

e−ατϵTDKL(µ0∥µθ,i
∗ ) ≤ αδ2

4
.

Combining those terms together, we obtain that

DKL(µT ∥µθ,i
∗ ) ≤ αδ2

2
.

As µθ,i
∗ satisfies Talagrand’s inequality with constant α, we derive that

W2(µT , µ
θ,i
∗ ) ≤

√
2DKL(µT ∥µθ,i

∗ )

α
≤ δ.

The proof is completed.

Proof of Lemma 3.7. • For the bias part, it holds that∥∥∥E[∇̂F (θ; z)
]
−∇F (θ)

∥∥∥
2

≤Ei∼Uniform([n])

∥∥∥Eµ̃i,θ

[
∇θfθ(z)

]
− Eµi,θ

∗

[
∇θfθ(z)

]∥∥∥
2

≤Ei∼Uniform([n])

[
W1(µ̃

i,θ, µi,θ
∗ ) · Lf,2

]
≤Ei∼Uniform([n])

[
W2(µ̃

i,θ, µi,θ
∗ ) · Lf,2

]
≤ δ · Lf,2,

where in the first inequality, we denote by µ̃i,θ the probability distribution such that
W2(µ̃

i,θ, µi,θ
∗ ) ≤ δ.

• For the variance part, it holds that

Var(∇̂F (θ; z)) =
1

n

n∑
i=1

Ai,

where

Ai = Ez∼µ̃θ,i

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µ̃θ,i [∇θfθ(z)]

∥∥∥∥∥
2

2

.
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Based on the triangular inequality,

Ai ≤ Ez∼µθ,i
∗

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µ̃θ,i [∇θfθ(z)]

∥∥∥∥∥
2

2

+

∣∣∣∣∣∣Ez∼µθ,i
∗ −µ̃θ,i

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µ̃θ,i [∇θfθ(z)]

∥∥∥∥∥
2

2

∣∣∣∣∣∣
(14)

Note that in the expression above, we write Eµ−ν [f(z)] to denote the difference between
Eµ[f(z)] and Eν [f(z)] for generic probability distributions µ, ν and measurable function
f(z). For the first component on the right-hand side of (14), it can be further bounded as

2Ez∼µθ,i
∗

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µθ,i
∗
[∇θfθ(z)]

∥∥∥∥∥
2

2

+ 2

∥∥∥∥∥ 1n
n∑

i=1

Ez∼µ̃θ,i−µθ,i
∗
[∇θfθ(z)]

∥∥∥∥∥
2

2

≤2Ez∼µθ,i
∗

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µθ,i
∗
[∇θfθ(z)]

∥∥∥∥∥
2

2

+ 2L2
f,2δ

2.

For the second component on the right-hand side of (14), from the proof of Theorem 3.4, it
can be shown that

TV(µθ,i
∗ , µ̃θ,i) ≤

√
1

2
DKL(µ̃θ,i∥µθ,i

∗ ) ≤ δ
√
α

2
,

and ∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µ̃θ,i [∇θfθ(z)]

∥∥∥∥∥
2

2

≤ 4L2
f,1,

and therefore∣∣∣∣∣∣Ez∼µθ,i
∗ −µ̃θ,i

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µ̃θ,i [∇θfθ(z)]

∥∥∥∥∥
2

2

∣∣∣∣∣∣ ≤ 2
√
αδL2

f,1.

Combining these bounds togehter, we arrive that

Var(∇̂F (θ; z))

≤ 1

n

n∑
i=1

2Ez∼µθ,i
∗

∥∥∥∥∥∇θfθ(z)−
1

n

n∑
i=1

Ez∼µθ,i
∗
[∇θfθ(z)]

∥∥∥∥∥
2

2

+ 2L2
f,2δ

2

+ 2
√
αδL2

f,1

≤2σ2 + 2L2
f,2δ

2 + 2
√
αδL2

f,1.

• The last part of this lemma follows from Theorem 3.4.

Proof of Theorem 3.8. Denote by F̂ (θ) the objective corresponding to the gradient E∇̂F (θ). We
have the following error decomposition:

E∥∇F (θ̂)∥22 ≤ 2E∥∇F̂ (θ̂)∥22 + 2E∥∇F̂ (θ̂)−∇F (θ̂)∥22
≤2E∥∇F̂ (θ̂)∥22 + 2L2

f,2δ
2.

As F̂ (θ̂) is Lf,2-smooth in θ, according to the convergence analysis in [5], the output in Algorithm 1
with constant stepsize η satisfies

E∥∇F̂ (θ̂)∥22 ≤
2
(
F̂ (θ0)−minθ F̂ (θ)

)
ηTout

+ Lf,2ηV.
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We specify the stepsize η = 1/
√
ToutV, then

E∥∇F̂ (θ̂)∥22 ≤
√
V
(
2
(
F̂ (θ0)−minθ F̂ (θ)

)
+ Lf,2

)
√
Tout

In order to ensure E∥∇F (θ̂)∥22 ≤ ϱ2, we take

2L2
f,2δ

2 ≤ 1

2
ϱ2,

√
V
(
2
(
F̂ (θ0)−minθ F̂ (θ)

)
+ Lf,2

)
√
Tout

≤ 1

4
ϱ2.

Thus, we take δ = ϱ
2Lf,2

and

Tout ≥ 16V
(
2
(
F̂ (θ0)−min

θ
F̂ (θ)

)
+ Lf,2

)2
ϱ−4.

The proof is completed.
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C Proofs of Technical Results in Section 4.1

Proof of Lemma 4.2. It is easy to verify that F (θ) is Lf,2-smooth in θ. It follows that

F (θk+1) ≤ F (θk) +∇F (θk)
⊤(θk+1 − θk) +

Lf,2

2
∥θk+1 − θk∥22

= F (θk)− ητ∇F (θk)
⊤rk+1 +

Lf,2τ
2η2

2
∥rk+1∥22

= F (θk) +
ητ

2
∥∇F (θk)− rk+1∥22 −

τη

2
∥∇F (θk)∥22 +

(
Lf,2η

2τ2

2
− ητ

2

)
∥rk+1∥22,

where the first equality is by the relation that θk+1 = θk − ητrk+1.

Since ητ ≤ 1
2Lf,2

, it holds that Lf,2η
2τ2

2 − ητ
2 ≤ −

ητ
4 . Therefore, the desired result holds.

Proof of Lemma 4.3. By the relation rk+1 = (1− β0)rk + β0vk+1, it follows that

E
[
∥∇F (θk)− rk+1∥22

∣∣Gk−1

]
=E
[
∥∇F (θk)− (1− β0)rk − β0vk+1∥22

∣∣Gk−1

]
=E
[∥∥(1− β0)(∇F (θk−1)− rk) + (1− β0)(∇F (θk)−∇F (θk−1))

+ β0(∇F (θk)−∇F (θk;µ
(1:n)
k )) + β0(∇F (θk;µ

(1:n)
k )− vk+1)

∥∥2
2

∣∣Gk−1

]
=
∥∥(1− β0)(∇F (θk−1)− rk) + (1− β0)(∇F (θk)−∇F (θk−1))

+ β0(∇F (θk)−∇F (θk;µ
(1:n)
k ))

∥∥2
2
+ β2

0E
[∥∥∇F (θk;µ

(1:n)
k )− vk+1

∥∥2
2

∣∣Gk−1

]
,

(15)

where the last equality is because, conditioned on Gk−1, the term

A1 := (1−β0)(∇F (θk−1)−rk)+(1−β0)(∇F (θk)−∇F (θk−1))+β0(∇F (θk)−∇F (θk;µ
(1:n)
k ))

is deterministic, and E[∇F (θk;µ
(1:n)
k )− vk+1 | Gk−1] = 0.

Furthermore, due to the relation ∥a+ b∥22 ≤ (1 + β)∥a∥22 + (1+ 1
β )∥b∥

2
2 for any β > 0, it holds that

∥A1∥22 ≤ (1 + β0)(1− β0)
2∥∇F (θk−1)− rk∥22

+ (1 +
1

β0
)∥(1− β0)(∇F (θk)−∇F (θk−1)) + β0(∇F (θk)−∇F (θk;µ

(1:n)
k ))∥22

≤ (1 + β0)(1− β0)
2∥∇F (θk−1)− rk∥22

+ 2(1 +
1

β0
)
[
(1− β0)

2∥∇F (θk)−∇F (θk−1)∥22 + β2
0∥∇F (θk)−∇F (θk;µ

(1:n)
k )∥22

]
≤ (1− β0)∥∇F (θk−1)− rk∥22 +

4

β0
∥∇F (θk)−∇F (θk−1)∥22

+ 4β0∥∇F (θk)−∇F (θk;µ
(1:n)
k )∥22

(16)
where the second inequality uses the relation ∥a+ b∥22 ≤ 2∥a∥22 + 2∥b∥22, and the last inequality uses
the assumption that β0 ∈ (0, 1].

By the Lipschitz smoothness assumption of F (θ),

∥∇F (θk)−∇F (θk−1)∥22 ≤ L2
f,2∥θk − θk−1∥22 = L2

f,1τ
2η2∥rk∥22. (17)

Combining relations (15), (16), and (17), we obtain the desired result.

Proof of Lemma 4.4. Throughout the proof, we use the stepsize parameters

τ ≤ min

(
1,

1

LG,2
,

√
λ

ϵL2
f,2

,
1

α
,

α

4L2
G,2

)
, η ≤ 1. (18)
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Let us define the auxiliary distribution µ̃
(i)
k+1 as the law of z̃(i)k+1, where

z̃
(i)
k+1 = z

(i)
k − τ

(
−
∇zfθk(z

(i)
k )

λ
+ (z

(i)
k − x(i))

)
+
√
2τϵζ

(i)
k , Law(z

(i)
k ) = µ

(i)
k .

Therefore, it holds that

E
[
DKL(µ

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk]
=

(
1− |Ik|

n

)
E
[
DKL(µ

(i)
k ∥µ

i,θk+1
∗ )

∣∣Gk]+ |Ik|
n

E
[
DKL(µ̃

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk], (19)

where E[· | Gk] refers to the expected value with respect to the randomness conditioned on Gk, i.e.,
taking the expected value over the randomness of the sampling indices Ik. We upper bound each of
the component on the right-hand-side in the following.

Bounding E
[
DKL(µ

(i)
k ∥µ

i,θk+1
∗ )

∣∣Gk]. Define θk+1 as the output at time τ of the dynamics

ϑt = θk − tηrk+1, t ∈ [0, τ ]. (20)

For a given probability measure µ, we write µ[z] for the density function dµ(z)
dz . For fixed Ik, by the

chain rule, it holds that

d

dt
DKL(µ

(i)
k ∥µ

i,ϑt
∗ ) = −

∫
µ
(i)
k [z]

µi,ϑ
∗ [z]

d

dt

(
µi,ϑt
∗ [z]

)
dz. (21)

Define the function Vi(θ, z) := − 1
λϵfθ(z) +

1
2ϵ∥z − x(i)∥22 and scalar Zi,θ :=

∫
Vi(θ, z) dz. Then

the density µi,ϑt
∗ [z] = exp(−Vi(ϑt, z))/Zi,ϑt . By the chain rule, it holds that

d

dt

(
µi,ϑt
∗ [z]

)
=

〈
d

dϑt

(
µi,ϑt
∗ [z]

)
,
dϑt

dt

〉
=
〈
−∇1Vi(ϑt, z) · µi,ϑt

∗ [z] + E
z∼µ

i,ϑt
∗

[
∇1Vi(ϑt, z)

]
· µi,ϑt

∗ [z], −ηrk+1

〉
=

η

λϵ
µi,ϑt
∗ [z] · ⟨∇θfϑt

(z) + E
z∼µ

i,ϑt
∗

[
fϑt

(z)
]
, rk+1⟩.

(22)

Substituting (22) into (21), we obtain that

d

dt
DKL(µ

(i)
k ∥µ

i,ϑt
∗ ) = − η

λϵ

∫
⟨∇θfϑt

(z) + E
z∼µ

i,ϑt
∗

[
fϑt

(z)
]
, rk+1⟩ · µ(i)

k [z] dz

≤ η

λϵ
(L2

f,1 + ∥rk+1∥22).

By the fundamental theorem of calculus, it holds that

DKL(µ
(i)
k ∥µ

i,ϑt
∗ ) ≤ DKL(µ

(i)
k ∥µ

i,θk
∗ ) +

ηt(L2
f,1 + ∥rk+1∥22)

λϵ
, ∀t ∈ [0, τ ].

Therefore, we obtain that

E
[
DKL(µ

(i)
k ∥µ

i,θk+1
∗ )

∣∣Gk] ≤ DKL(µ
(i)
k ∥µ

i,θk
∗ ) +

ητL2
f,1

λϵ
+

ητ

λϵ
E
[
∥rk+1∥22

∣∣Gk]. (23)

Bounding E
[
DKL(µ̃

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk]. Define

Gi(θ, z) = −
fθ(z)

λ
+

1

2
∥z − x(i)∥22. (24)

It can be shown that Gi(z, θ) is LG,2-smooth in z with

LG,2 := 1 +
1

λ
Lf,2. (25)
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Let us define ρ0 := µ
(i)
k with z0 ∼ ρ0, and

dzt = −∇2Gi(θk, z0) dt+
√
2ϵ dBt, Law(zt) = ρt.

Then, µ̃(i)
k+1 has the same distribution of the output of the SDE above at time τ . Recall we define θk+1

as the output at time τ of (20). Following the same calculation procedure as in [47, Appendix B], we
find the time derivative

d

dt
DKL(ρt∥µi,ϑt

∗ ) = −FD(ρt∥µi,ϑt
∗ )

+

∫ 〈
∇ log

(
ρt[zt]

µi,ϑt
∗ [zt]

)
, ∇2Gi(θk, zt)− Ez0∼ρ0|t [∇2Gi(θk, z0) | zt]

〉
ρt[zt] dzt

+

∫ 〈
∇ log

(
ρt[zt]

µi,ϑt
∗ [zt]

)
, ∇2Gi(ϑt, zt)−∇2Gi(θk, zt)

〉
ρt[zt] dzt

+
η

λϵ

∫ [
⟨∇fϑt(zt), rk+1⟩ − E

µ
i,ϑt
∗

[⟨∇fϑt(zt), rk+1⟩]
]
ρt[zt] dzt.

(26)

Denote by the second, third and fourth components of the right-hand-side above as A2,A3,A4,
respectively. We provide upper bound on those expressions below.

• By the law of total expectation, it holds that

A2 =

∫ 〈
∇ log

(
ρt[zt]

µi,ϑt
∗ [zt]

)
, ∇2Gi(θk, zt)−∇2Gi(θk, z0)

〉
ρ0,t[z0, zt] d(z0, zt)

≤
∫ (

∥∇2Gi(θk, zt)−∇2Gi(θk, z0)∥22

+
1

4

∥∥∥∥∥∇ log

(
ρt[zt]

µi,ϑt
∗ [zt]

)∥∥∥∥∥
2

2

)
ρ0,t[z0, zt] d(z0, zt)

≤L2
G,2E(z0,zt)∼ρ0,t

∥zt − z0∥22 +
1

4
FD(ρt∥µi,ϑt

∗ ),

where the first inequality is based on the relation ⟨a, b⟩ ≤ ∥a∥22 + 1
4∥b∥

2
2, and the second

inequality is because Gi(θ, z) is LG,2-smooth in z. Based on Lemma D.1, it further holds
that

A2 ≤
4t2L4

G,2

α
DKL(ρ0∥µi,θk

∗ ) + 2t2dL3
G,2ϵ+ 2tϵdL2

G,2 +
1

4
FD(ρt∥µi,ϑt

∗ ). (27)

• Using the relation ⟨a, b⟩ ≤ ∥a∥22 + 1
4∥b∥

2
2, again, it holds that

A3 ≤
∫ ∥∇2Gi(ϑt, zt)−∇2Gi(θk, zt)∥22 +

1

4

∥∥∥∥∥∇ log

(
ρt[zt]

µi,ϑt
∗ [zt]

)∥∥∥∥∥
2

2

 ρt[zt] dzt

≤
L2
f,2

λ2
∥ϑt − θk∥22 +

1

4
FD(ρt∥µi,ϑt

∗ )

=
L2
f,2t

2η2

λ2
∥rk+1∥22 +

1

4
FD(ρt∥µi,ϑt

∗ ),

(28)
where the second inequality is because

∥∇2Gi(θ, z)−∇2Gi(θ
′, z)∥2 =

1

λ
∥∇zfθ(z)−∇zfθ′(z)∥2 ≤ Lf,2/λ.

• Using the relation ⟨a, b⟩ ≤ 1
2∥a∥

2
2 +

1
2∥b∥

2
2, it holds that

A4 ≤
η(L2

f,1 + ∥rk+1∥22)
λϵ

. (29)
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As µi,ϑt
∗ satisfies α-LSI,

DKL(ρt∥µi,ϑt
∗ ) ≤ 1

2α
FD(ρt∥µi,ϑt

∗ ). (30)

Sustituting (27), (28), (29), and (30) into (26), we obtain

d

dt
DKL(ρt∥µi,ϑt

∗ )

≤− αDKL(ρt∥µi,ϑt
∗ ) +

4L4
G,2t

2

α
DKL(ρ0∥µi,θk

∗ )

+ 2dL3
G,2ϵt

2 + 2ϵdL2
G,2t+

L2
f,2η

2t2

λ2
∥rk+1∥2 +

η(L2
f,1 + ∥rk+1∥22)

λϵ

≤− αDKL(ρt∥µi,ϑt
∗ ) +

4L4
G,2τ

2

α
DKL(ρ0∥µi,θk

∗ )

+ 2dL3
G,2ϵτ

2 + 2ϵdL2
G,2τ +

L2
f,2η

2τ2

λ2
∥rk+1∥2 +

η(L2
f,1 + ∥rk+1∥22)

λϵ
.

Since τ ≤ 1
LG,2

, η ≤ 1, and
L2

f,2τ
2

λ ≤ 1
ϵ , we further obtain

d

dt
DKL(ρt∥µi,ϑt

∗ )

≤− αDKL(ρt∥µi,ϑt
∗ ) +

4L4
G,2τ

2

α
DKL(ρ0∥µi,θk

∗ )

+ 4ϵdL2
G,2τ +

L2
f,2η

2τ2

λ2
∥rk+1∥2 +

η(L2
f,1 + ∥rk+1∥22)

λϵ

≤− αDKL(ρt∥µi,ϑt
∗ ) +

4L4
G,2τ

2

α
DKL(ρ0∥µi,θk

∗ ) + 4ϵdL2
G,2τ +

η(L2
f,1 + 2∥rk+1∥22)

λϵ
.

Define constants

C1 =
4L4

G,2τ
2

α
DKL(ρ0∥µi,θk

∗ ),

C2 = 4ϵdL2
G,2τ +

η(L2
f,1 + 2∥rk+1∥22)

λϵ
.

By Grönwall’s inequality in Lemma D.3, we find

DKL(ρt∥µi,ϑt
∗ )

≤ (C1 +C2)e
−αt(eαt − 1)

α
+DKL(ρ0∥µi,θk

∗ )e−αt

≤2(C1 +C2)τe
−ατ +DKL(ρ0∥µi,θk

∗ )e−αt

=2C2τe
−ατ +

(
1 +

8τ3L4
G,2

α

)
DKL(ρ0∥µi,θk

∗ )e−αt

≤2C2τe
−ατ +

(
1 +

ατ

2

)
DKL(ρ0∥µi,θk

∗ )e−ατ ,

where the second inequality is because αt ≤ ατ ≤ 1 and eαt ≤ 1 + 2αt and the last inequality is

because
8τ3L4

G,2

α ≤ ατ
2 . By taking the time t = τ , we finally obtain that

DKL(µ̃
(i)
k+1∥µ

i,θk+1
∗ ) ≤ 2C2τe

−ατ +
(
1 +

ατ

2

)
DKL(µ

(i)
k ∥µ

i,θk
∗ )e−ατ .
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Therefore,

E
[
DKL(µ̃

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk] ≤ (1 + ατ

2

)
e−ατDKL(µ

(i)
k ∥µ

i,θk
∗ ) + 2τe−ατ

(
4ϵdL2

G,2τ +
ηL2

f,1

λϵ

)

+
4ητ

λϵ
· e−ατ · E

[
∥rk+1∥22

∣∣Gk]
≤
(
1− ατ

4

)
DKL(µ

(i)
k ∥µ

i,θk
∗ ) + 2τe−ατ

(
4ϵdL2

G,2τ +
ηL2

f,1

λϵ

)

+
4ητ

λϵ
· e−ατ · E

[
∥rk+1∥22

∣∣Gk],
(31)

where the second inequality is due to ατ
2 ≤

1
2 and

(
1 + ατ

2

)
e−ατ ≤ e−ατ/2 ≤ 1− ατ

4 .

Bounding E
[
DKL(µ

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk]. Substituting (23) and (31) into (19), we obtain that

E
[
DKL(µ

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk]
=

(
1− |Ik|

n

)
E
[
DKL(µ

(i)
k ∥µ

i,θk+1
∗ )

∣∣Gk]+ |Ik|
n

E
[
DKL(µ̃

(i)
k+1∥µ

i,θk+1
∗ )

∣∣Gk]
≤
(
1− |Ik|

n

)(
DKL(µ

(i)
k ∥µ

i,θk
∗ ) +

ητL2
f,1

λϵ
+

ητ

λϵ
E
[
∥rk+1∥22

∣∣Gk])

+
|Ik|
n

((
1− ατ

4

)
DKL(µ

(i)
k ∥µ

i,θk
∗ ) + 2τe−ατ

(
4ϵdL2

G,2τ +
ηL2

f,1

λϵ

)

+
4ητ

λϵ
· e−ατ · E

[
∥rk+1∥22

∣∣Gk])

≤
(
1− ατ |Ik|

4n

)
DKL(µ

(i)
k ∥µ

i,θk
∗ ) +

3ητL2
f,1

λϵ
+

8τ2ϵdL2
G,2|Ik|
n

+
5ητ

λϵ
E
[
∥rk+1∥22

∣∣Gk].
Taking the full expectation, we obtain that

E
[
DKL(µ

(i)
k+1∥µ

i,θk+1
∗ )

]
≤
(
1− ατ |Ik|

4n

)
E
[
DKL(µ

(i)
k ∥µ

i,θk
∗ )

]
+

3ητL2
f,1

λϵ
+

8τ2ϵdL2
G,2|Ik|
n

+
5ητ

λϵ
E
[
∥rk+1∥22

]
.

Taking summation over k = 0, . . . , T , we have that
T∑

k=0

E
[
DKL(µ

(i)
k ∥µ

i,θk
∗ )

]
≤ 4n

ατ |Ik|
DKL(µ

(i)
0 ∥µi,θ0

∗ ) +
12ηL2

f,1Tn

λϵα|Ik|
+

32τϵdL2
G,2T

α
+

20ηn

λϵα|Ik|

T−1∑
k=0

E
[
∥rk+1∥22

]
.

The proof is complete.

Before showing the proof of Theorem 4.5, we provide the following error bounds:

• Based on the expression in (12), it holds that∥∥∥∇F (θk)−∇F (θk;µ
(1:n)
k )

∥∥∥
2
≤ 1

n

∑
i∈[n]

∥∥∥E
µ
(i)
k −µ

i,θk
∗

[∇fθk(z)]
∥∥∥
2

≤ 1

n

∑
i∈[n]

Lf,1 · TV(µ
(i)
k , µi,θk

∗ )

≤Lf,1

n

∑
i∈[n]

√
1

2
DKL(µ

(i)
k , µi,θk

∗ ),
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which further implies

∥∥∥∇F (θk)−∇F (θk;µ
(1:n)
k )

∥∥∥2
2
≤

L2
f,1

2n

∑
i∈[n]

DKL(µ
(i)
k , µi,θk

∗ ).

• Since Var(vk+1 | Gk−1) ≤ E[∥vk+1∥22 | Gk−1] ≤ L2
f,1, it holds that

E
[∥∥∥∇F (θk;µ

(1:n)
k )− vk+1

∥∥∥2
2

∣∣∣∣Gk−1

]
≤

L2
f,1

|Ik|
.

• Substituting the error bounds above into (13), we obtain

E
[
∥∇F (θk)− rk+1∥22

∣∣Gk−1

]
≤ (1− β0)∥∇F (θk−1)− rk∥22 +

4L2
f,2τ

2η2

β0
∥rk∥22

+
2β0L

2
f,1

n

∑
i∈[n]

DKL(µ
(i)
k , µi,θk

∗ ) +
β2
0L

2
f,1

|Ik|
.

Consequently, it holds that

T∑
k=0

E
[
∥∇F (θk)− rk+1∥22

]
≤ 1

β0
E
[
∥∇F (θ0)− r1∥22

]
+

4L2
f,2τ

2η2

β2
0

T∑
k=1

∥rk∥22 +
2L2

f,1

n

∑
i∈[n]

T∑
k=1

DKL(µ
(i)
k , µi,θk

∗ ) +
β0L

2
f,1T

|Ik|
.

(32)

Proof of Theorem 4.5. The average over gradient norms can be bounded as

1

T + 1

T∑
k=0

E
[
∥∇F (θk)∥22

]
≤2E[F (θ0)− F (θ∗)]

ητT
+

1

T

T∑
k=0

E
[
∥∇F (θk)− rk+1∥22

]
− 1

2T

T∑
k=0

E[∥rk+1∥22]

≤2E[F (θ0)− F (θ∗)]

ητT
+

E
[
∥∇F (θ0)− r1∥22

]
β0T

+
4L2

f,2τ
2η2

β2
0T

T∑
k=0

E
[
∥rk∥22

]
+

2L2
f,1

nT

∑
i∈[n]

T∑
k=1

E
[
DKL(µ

(i)
k , µi,θk

∗ )
]
+

β0L
2
f,2

|Ik|
− 1

2T

T∑
k=0

E[∥rk+1∥22],

wjere the first inequality is based on Lemma 4.2 and we denote θ∗ the optimal solution of minθ F (θ),
and the second inequality is by (32).
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Based on Lemma 4.4, we further obtain that

1

T + 1

T∑
k=0

E
[
∥∇F (θk)∥22

]
≤2E[F (θ0)− F (θ∗)]

ητT
+

E
[
∥∇F (θ0)− r1∥22

]
β0T

+
4L2

f,2τ
2η2

β2
0T

T∑
k=0

E
[
∥rk∥22

]
+ 2L2

f,2

[
4

ατ |Ik|T

n∑
i=1

DKL(µ
(i)
0 ∥µi,θ0

∗ ) +
12ηL2

f,1n

λϵα|Ik|
+

32τϵdL2
G,2

α
+

20ηn

λϵα|Ik|T

T−1∑
t=0

E
[
∥rk+1∥22

]]

+
β0L

2
f,2

|Ik|
− 1

2T

T∑
k=0

E[∥rk+1∥22]

=
1

T

{
2E[F (θ0)− F (θ∗)]

ητ
+

E∥∇F (θ0)− z1∥22
β0

+
8L2

f,2

ατ |Ik|

n∑
i=1

DKL(µ
(i)
0 ∥µi,θ0

∗ )

}

+

∑T
k=0 E

[
∥rk∥22

]
T

[
40ηL2

f,2n

λϵα|Ik|
+

4L2
f,2τ

2η2

β2
0

− 1

2

]

+
β0L

2
f,2

|Ik|
+

64τϵdL2
G,2L

2
f,2

α
+

24ηL2
f,1L

2
f,2n

λϵα|Ik|
.

By setting

β0 ≤
ϱ2|Ik|
6L2

f,2

, τ ≤ ϱ2α

384ϵdL2
G,2L

2
f,2

, η ≤ ϱ2λϵα|Ik|
144L2

f,1L
2
f,2n

, (33)

it holds that

β0L
2
f,2

|Ik|
+

64τϵdL2
G,2L

2
f,2

α
+

24ηL2
f,1L

2
f,2n

λϵα|Ik|
≤ ϱ2

6
+

ϱ2

6
+

ϱ2

6
≤ ϱ2

2
.

By setting the number of iterations

T ≥ max

(
12E[F (θ0)− F (θ∗)]

ητϱ2
,
6E∥∇F (θ0)− z1∥22

β0ϱ2
,
48L2

f,2

ατ |Ik|ϱ2
n∑

i=1

DKL(µ
(i)
0 ∥µi,θ0

∗ )

)
, (34)

it holds that

1

T

{
2E[F (θ0)− F (θ∗)]

ητ
+

E∥∇F (θ0)− z1∥22
β0

+
8L2

f,2

ατ |Ik|

n∑
i=1

DKL(µ
(i)
0 ∥µi,θ0

∗ )

}

≤ϱ2

6
+

ϱ2

6
+

ϱ2

6
≤ ϱ2

2
.

By setting

η ≤ λϵα|Ik|
160nL2

f,2

, ητ ≤ β0

4Lf,2
, (35)

where the latter condition is automatically satisfied for sufficiently small ϱ, it holds that∑T
k=0 E

[
∥rk∥22

]
T

[
40ηL2

f,2n

λϵα|Ik|
+

4L2
f,2τ

2η2

β2
0

− 1

2

]
≤ 0.

In summary, with proper choices of parameters as in (33), (34), and (35), it holds that

1

T + 1

T∑
k=0

E∥∇F (θk)∥22 ≤ ϱ2,

and the output of Algorithm 3 finds ϱ-stationary point in T iterations.
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D Additional Results

Lemma D.1. Let us define ρ0 := µ
(i)
k with x0 ∼ ρ0, and

dzt = −∇2Gi(θk, z0) dt+
√
2ϵ dBt, Law(zt) = ρt.

Then

Eρ0,t
∥zt − z0∥22 ≤

4t2L2
G,2

α
DKL(ρ0∥µi,θk

∗ ) + 2t2dLG,2ϵ+ 2tϵd.

Proof of Lemma D.1. It is noteworthy that zt has the same distribution as

z0 − t∇2Gi(θk, z0) +
√
2tϵζ0,

where ζ0 ∼ N (0, Id) is an independent random vector. Therefore,

Eρ0,t∥zt − z0∥22 = Eρ0,t∥t∇2Gi(θk, z0)−
√
2tϵζ0∥22

≤t2Eρ0∥∇2Gi(θk, z0)∥22 + 2tϵd

≤t2
[
4L2

G,2

α
DKL(ρ0∥µi,θk

∗ ) + 2dLG,2ϵ

]
+ 2tϵd

≤
4t2L2

G,2

α
DKL(ρ0∥µi,θk

∗ ) + 2t2dLG,2ϵ+ 2tϵd,

where the second inequality is by Lemma D.2 and LG,2 = 1 + Lf,2/λ.

Lemma D.2 (Lemma 12 in [65]). Suppose ν satisfies α-LSI and ν[z] ∝ e−f(z), with f(z) being
L-smooth in z ∈ Rd. For any distribution ρ, it holds that

Ez∼ρ[∥∇f(z)∥22] ≤
4L2

α
DKL(ρ∥ν) + 2dL.

Lemma D.3 (Grönwall’s inequality). For any given function u : [0, T ) → R with T ∈ (0,∞], of
class C1 satisfying the differential inequality

u′ ≤ au

for some a ∈ R, it also satisfies the pointwise estimate

u(t) ≤ eatu(0), ∀t ∈ [0, T ).

29


	Introduction
	Related Literature
	Notations
	Organizations

	Setup of Sinkhorn DRO
	 Naïve Double-Loop Iterative Sampling Algorithm 
	Convergence Analysis of Algorithm 2
	Convergence Analysis of Algorithm 1

	Mean-Field Single-Loop Sampling Algorithm
	Convergence Analysis of Algorithm 3

	Applications
	Visualization of Worst-Case Distributions
	Ablation Study

	Conclusion
	Appendix
	Notations and Definitions
	Proofs of Technical Results in Section 3
	Proofs of Technical Results in Section 4.1
	Additional Results

