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In this work, we study a recent extension to thewell-known
Steiner tree problem: the Generalized Group Steiner Tree
problemwith logical side constraints. In this variant, we aim
to identify a tree of minimum total cost, that spans a given
set of groups of nodes, like in the traditional Group Steiner
Tree problem. However, these groups are now subject to
logical relationships that either allow or disallow their im-
mediate presence in the tree. The logical constraints that
we investigate here include AND, OR, XOR, XNOR, NAND,
and IF/THEN (implication) relationships between the groups.
We provide mathematical formulations for this variant of
the Generalized Group Steiner Tree problem for each of
the possible logical relationship side-constraints. We also
present a numerical experiment to showcase the increased
computational effort required to solve this variant, as op-
posed to its traditional Group Steiner Tree counterpart. Our
experiments reveal that implication (IF/THEN) constraints
appear to be themost difficult to incorporate. We conclude
the work with a summary of our contribution and findings,
and report possible avenues for future exploration.
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1 | INTRODUCTION
Network design problems have found wide-ranging applications across diverse domains, including in transportation
and other infrastructure systems, supply chains and logistics, and biological networks, among others (see, indicatively,
a number of applications in [7], [4], [28]). A recurring theme in many of these problems is their quest for a minimum
cost structure that ensures connectivity among specified entities. Within this context, a tree, i.e., an acyclic network
on n nodes/vertices with n − 1 edges/arcs, is often the most fundamental structure to consider. Consequently, many
network design problems have an underlying minimum cost tree structure. Two of the most extensively studied
problems in this domain are the spanning tree and the Steiner tree. In the common spanning tree problem, the goal
is to span (connect) all vertices with a tree of minimum cost [24]; in the Steiner tree extension, we only require
connectivity for a subset of the nodes (also referred to as terminals), with other nodes (called Steiner nodes) being
potentially used to reduce the total cost [16]. A further generalization that has attracted interest lately is the Group
Steiner Tree problem, where nodes are partitioned into groups and the objective is to span at least one node from
each group [9]. In Figure 1, we present the three aforementioned problems and show their fundamental differences
in a simple graph where all edge costs are equal to 1.

The GST has proven an effective modeling framework for systems where entities have interchangeable alterna-
tives; for example, in a supply chain system, many suppliers can fill a role for a specific item, or in a biological system,
different entities may share functionality. However, a fundamental modeling limitation is the need to treat all groups
as independent and fully required in the optimal tree: in other words, every group must be spanned regardless of its
special relationships to other groups.

Inmany real-world applications and systems, this assumption is overly restrictive. Groups of entitiesmay be substi-
tutable for one another, mutually exclusive, conditionally dependent, or need to satisfy another logical relationship/rule,
usually imposed by policy, risk management requirement, or nature itself. For example, a supply chain network may
require that sourcing material from one region excludes sourcing from another; or the use of a particular facility for
processing requires also using materials from the vicinity of that facility. These relationships bring about logical and
combinatorial side constraints that need to be introduced and cannot be immediately captured by the traditional
Group Steiner tree problem.

Hence, in this paper, we focus on a recent variant of the Group Steiner tree problem: the Generalized Group
Steiner tree problem (GGST). The GGST aims to lift the previous limitation, by allowing the addition of logical con-
straints as side constraints. In the GGST, group inclusion in the tree is governed by a Boolean formula defined over
group-selection variables, allowing a modeler to add a series of relationships such as mutual exclusion, exclusive
choice, implication, and equivalence. The resulting optimization problem that we study still identifies a minimum cost
tree that though spans at least one node from each selected group, where the selected groups satisfy the prescribed
Boolean formula.

To further understand the GGST problem, let us again consider a supply network design problem associated with
manufacturing a product. In a simplified big-picture setting, the network consists of multiple suppliers, manufacturers,
distributors, and consumers. Each of these echelons can be treated as an individual group. However, depending on
the operating context, certain groupsmay be excluded from the network if their inclusion does not yield sufficient ben-
efit. For example, the distributor echelon may be bypassed entirely when direct manufacturer-to-consumer shipping
is economically more attractive. In addition, entities within each echelon may be further grouped based on shared
characteristics, such as suppliers providing the same raw material, manufacturers with similar production capability
or capacity levels, and distributors serving specific geographic regions or market segments. In such cases, it may be
sufficient to select entities from a subset of these groups (e.g., excluding supplier groups offering substitutable ma-
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(a) The original graph.
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(b) A Minimum Spanning Tree
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(c) Steiner Tree #1 for terminal nodes {1, 3, 7}.
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(d) Steiner Tree #2 for terminal nodes {1, 3, 7}.
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(e) Group Steiner Tree #1 spanning groups B1 = {1, 2} (in
red), B2 = {3, 5} (in green), and B3 = {6, 7} (in blue).
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(f) Group Steiner Tree #2 spanning groups B1 = {1, 2} (in
red), B2 = {3, 5} (in green), and B3 = {6, 7} (in blue).

F IGURE 1 In the graph presented in (a), we assume that all costs on the edges are equal to 1. We then show: a
minimum spanning tree in (b), two Steiner trees spanning terminal nodes {1, 3, 7} in (c)–(d), and two Group Steiner
trees spanning groups B1 = {1, 2} (red), B2 = {3, 5} (green), and B3 = {6, 7} (blue) in (e)–(f).
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terials or ignoring customer segments with low purchase probability). There may also exist custom rules governing
network design decisions, such as mandating or prohibiting the inclusion of certain entities, or imposing logical depen-
dencies that restrict how entities may coexist within the network. Such considerations naturally give rise to the GGST
formulation, where the goal is to identify the minimum-cost network that connects selected groups while satisfying
additional logical relationships (e.g., mutual exclusion) among the entities. In this paper, we focus on modeling and
solving the GGST problem. Specifically, we develop an integer programming formulation that accommodates these
additional constraints and we analyze the computational challenges introduced by this added flexibility relative to the
classical Group Steiner Tree problem.

From a modeling perspective, our variant generalizes several well-studied combinatorial optimization problems,
including the traditional GST and the prize-collecting Steiner tree and its variants [17]. At the same time, it enables us
to represent structural, logical constraints that cannot be otherwise expressed compactly in the above frameworks,
particularly as those related to logical incompatibilities or conditional dependencies between groups. From a compu-
tational perspective, we are interested in investigating whether the introduction of these side constraints significantly
alters the computational effort required when solving these problems as integer programs. Overall, our contributions
are threefold:

1. We formalize the GGST, establishing a unified framework for treating group selection.
2. We develop integer programming formulations for each of the logical relationships that are commonly encoun-

tered in network design problems.
3. We present a computational experiment that aims to isolate the impact that each logical constraint has on the

solver performance.

The remainder of the manuscript is organized as follows. First, in Section 2, we briefly discuss relevant literature,
including the mathematical formulations that motivated this proposed extension and its formulation as an integer
program. Section 3 formally introduces the Generalized Group Steiner tree problem, the logical constraints of interest,
and presents integer programming formulations. In Section 4, we perform a numerical experiment and discuss the
additional complexity that each of the logical constraints brings about. Wefinish ourworkwith our concluding remarks
and plans for future research in Section 5.

2 | BACKGROUND

As mentioned, we are motivated by a generalization to the group Steiner tree problem. In this section, we provide the
necessary background andmention relatedworks on the Steiner tree and the group Steiner tree problems. We provide
indicative formulations that inspire our formulation (especially those pertaining to the group Steiner tree problem) and
also present interesting applications. Seeing as the minimum spanning tree problem is well-known, we instead spend
more time in its more complex variants. For an excellent accounting of mathematical programming formulations for
optimal connected structures (including trees) as those appear in network design problems, we refer the interested
reader to the recent work of Rehfeldt, Franz, and Koch [31].



Anzoom, Baizhan, and Vogiatzis 5

2.1 | Notation and definitions
Throughout this manuscript, we let G = (V , E ) be an undirected graph (or, network) with vertex setV and edge set
E . We assume that the graph can be decomposed into groups: namely, there are K groups indexed by {1, . . . ,K }
and denoted by B = {B1,B2, . . . ,BK } with each Bk ⊆ V . When some node v ∈ V belongs to more than one group,
the groups are considered overlapping. However, there is well-known construction which allows us (without loss of
generality) to construct groups that are disjoint: following the approach in [9], we can replace every such vertex by
a small star-shaped auxiliary graph so that the resulting family B′ is pairwise disjoint and the cost structure of the
original graph is preserved. The transformation follows:

1. For every vertex v that occurs in m > 1 groups, create m new leaf vertices v (1) , . . . ,v (m) .
2. Connect each new leaf v (i ) to v with a zero-cost edge, forming a star of degree m rooted at v .
3. Assign each leaf v (i ) to a distinct group that originally contained v , and simultaneously remove v itself from all

groups it participated in.

After the transformation, every vertex appears in at most one group, so the new groups B′ = {B ′
1, . . . ,B

′
K } are

pairwise disjoint. Because the added edges have zero cost, any feasible Group Steiner tree for the original instance can
be converted to one in the transformed instance and vice-versa by simply expanding or contracting these zero-cost
stars; therefore the optimal solution is unaffected. The transformation introduces at most ∑v ∈V (degB (v ) − 1) new
vertices and the same number of zero-cost edges, so it is linear in the size of the total overlap.

Moreover, we introduce a set of relationships R that can exist among the groups. Each pair or subset of groups
may appear in any one of the relationship sets RAND, ROR, RXOR, RXNOR, and so on. We will present more details on
these inter-group relationships in Section 3.

Unless otherwise noted, we will use the following decision variables in our integer programs:

xi j =


1, if (i , j ) ∈ E is in the tree,

0, otherwise.

yi =


1, if i ∈ V is in the tree,

0, otherwise.

zk =


1, if at least one node i ∈ Bk is in the tree,

0, otherwise.

The last set of variables applies for every k = {1, . . . ,K } and it can be viewed as an activation variable: zk = 1 implies
that group Bk has been activated.

In general, with a slightmisuse of notation, wewill useG ′ ⊆ G to denote a subgraph (subnetwork)G ′ ofG . Wewill
then write that G ′ (V ′, E ′ ) is a subnetwork of G (V , E ) , ifV ′ ⊆ V and E ′ ⊆ E . Moreover, if E ′ = E ∩ (V ′ ×V ′ ) , then
we say that G ′ is an induced subgraph of G on nodesV ′ ⊆ V and we may write G ′ = G [V ′ ] . In some formulations,
a subset S ⊆ V of vertices may be designated as terminal nodes that must be spanned or partially satisfied according
to relationship constraints. Finally, we use ci j to denote the cost of selecting edge (i , j ) ∈ E .
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2.2 | Minimum spanning trees
A minimum spanning tree (MST) of a connected, undirected graph G = (V , E ) with costs ci j associated with edges
(i , j ) ∈ E is a subset of edges forming a tree that spans all vertices, such that the total cost (as in the summation of
all costs) of the selected edges is the smallest possible. Mathematically, we may write that the MST is

arg min
T ⊆E


∑

(i ,j ) ∈T
ci j : T forms a spanning tree.

 .
TheMST problem is one of the combinatorial optimization problems that are first introduced in network flows classes,
as it admits polynomial-time algorithms, including the well-known Prim’s with an overall complexity of O ( |E | log |V | )
[30], Kruskal’s with a complexity of O ( |E | log |V | ) [24], and Boruvka’s with a complexity of O ( |E | log |V | ) [29, 6].

2.3 | Steiner trees
The Steiner tree problem (STP) is another classical combinatorial optimization problem that has its origins in a geomet-
ric challenge dating back to the 17th century. It was initially posed with the goal of finding a set of lines with minimal
total length connecting a given set of points in the plane and was referred to as the metric Steiner tree problem. Later,
starting in the 1970s, a graph-based approach to this problem was formalized, giving rise to what is now known as
the Steiner tree problem in graphs, which is the variant we focus on here.

Given a graph G = (V , E ) with positive edge weights, along with a subset of vertices S ⊆ V , called the terminal
nodes, the goal is to find a subgraph of G of minimum cost that spans S . It is easy to see that the resulting subgraph
is always cycle-free, and hence a tree. Formally, ifTS = (V ′, E ′ ) is a tree with S ⊆ V ′ ⊆ V and the sum of the weights
of its edges is minimal, thenTS is called a Steiner tree. The set of vertices that are part of the tree but are not terminal
nodes (i.e., the setV ′ \ S ) are called Steiner nodes.

The Steiner tree problem is known to be NP-hard [18]. This computational intractability has motivated a vast
amount of research into different formulations, heuristics, and approximation algorithms. Early work in [14] and [16],
laid the groundwork, alongside smart heuristics and approaches that transformed the Steiner Tree problem into a
series of MSTs, as in Kou’s approximation algorithm [23]. More recently, the best known approximation ratio for the
Steiner tree problem is 1.39 [3], while heuristic approaches, such as the one presented in [33], achieve ratios close to
1.55 in practical settings. An early review of work on multiple different aspects of the Steiner tree problem is due to
Hwang and Richards [15], while a more recent fantastic collection of relevant work appeared in 2021 by Ljubic [27].

Since in our work, we focus on proposing integer programming formulations, we spend the remainder of this sub-
section discussing some fundamental formulations (see, for example, the review in [11]) for the Steiner tree problem.

2.3.1 | Cut-set formulation
For any subset of nodes P ⊂ V , we may define a cut δ (P ) as:

δ (P ) = { (i , j ) ∈ E | i ∈ P , j ∈ V \ P } .
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The cut includes all edges having one endpoint in P and the other inV \ P . Then the cut-based formulation of STP [1]
is given in (1):

min
∑

(i ,j ) ∈E
ci j xi j (1a)

s.t.
∑

(i ,j ) ∈δ (P )
xi j ≥ 1, [P ⊂ V : P ∩ S , ∅, S \ P , ∅ (1b)

xi j ∈ {0, 1}, [ (i , j ) ∈ E . (1c)

2.3.2 | Subtour elimination formulation
To avoid the formation of cycles, we may resort to a set of subtour elimination constraints, similar to the ones in the
traveling salesperson problem. That said, due to the existence of terminal nodes (that need to be spanned/connected),
we do not necessarily enumerate all subsets of nodes. A common classical form of subtour elimination constraints for
the traveling salesperson problem is [25]:

∑
i ,j ∈P
i,j

xi j ≤ |P | − 1, [P ⊂ V , 2 ≤ |P | ≤ |V | − 1 (2)

This can be adapted to the following set of subtour elimination formulation for the STP:

∑
(i ,j ) ∈E (P )

xi j ≤
∑

i ∈ (V \S )∩P
yi + |S ∩ P | − 1, [P ⊆ V : P ∩ S , ∅. (3)

These constraints guarantee that no subset that already contains a terminal node can form a cycle; equivalently, at
least one edgemust cross its boundary, otherwise the sum on the left would exceed the right-hand side. These Steiner
tree cuts eliminate internal cycles while recognizing that non-terminal vertices may or may not be chosen in the final
subgraph.

In specific cases where subset P contains only Steiner nodes, the stronger set of constraints in (4) further tightens
the relaxation by forbidding Steiner-only components from disconnecting a terminal subset [10]:

∑
(i ,j ) ∈E (P )

xi j ≤
∑

i ∈P \{k }
yi , [k ∈ P ⊆ V \ S . (4)

2.3.3 | Flow-based formulations
Another group of formulations for the Steiner tree problem is based on network flows. By choosing an arbitrary
terminal node r as the root, we ensure that flow is sent from r to every remaining terminal t ∈ S \ {r }. Two commonly
used formulations that help ensure connectivity are the multi-commodity flow formulation, where each terminal t ∈
S \ {r } is associated with its own commodity (see the formulation in (5)) and the single-commodity flow formulation,
in which a single unified flow is used to connect all terminals (presented in formulation (6)).

In the multi-commodity formulation, we work on the directed graph G (V ,A) obtained by replacing each undi-
rected edge e = (i , j ) ∈ E with two arcs (i , j ) and (j , i ) (with ci j = cj i = ce ). Then, for every terminal t ∈ S \ {r }, we
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introduce flow variables f t
i j
(one for each arc) to model one unit of commodity t being sent from r to t .

min
∑

(i ,j ) ∈A
ci j xi j (5a)

s.t.
∑

j :(r ,j ) ∈A
f tr j −

∑
j :(j ,r ) ∈A

f tj r = 1, [ t ∈ S \ {r } (5b)∑
j :(j ,t ) ∈A

f tj t −
∑

j :(t ,j ) ∈A
f tt j = 1, [ t ∈ S \ {r } (5c)∑

j :(i ,j ) ∈A
f ti j −

∑
j :(j ,i ) ∈A

f tj i = 0, [ i ∈ V \ {r , t } (5d)

0 ≤ f ti j ≤ xi j , [ (i , j ) ∈ A (5e)

xi j ∈ {0, 1}, [ (i , j ) ∈ A. (5f)

For the single commodity formulation, we continue to use the directed graph G (V ,A) but now introduce a single
family of flow variables fi j . In this model, the root r acts as the unique source supplying |S | − 1 units of flow, while
each terminal t ∈ S \ {r } serves as a sink with a demand of 1 unit:

min
∑

(i ,j ) ∈A
ci j xi j (6a)

s.t.
∑

j :(r ,j ) ∈A
fr j −

∑
j :(j ,r ) ∈A

fj r = |S | − 1 (6b)∑
j :(t ,j ) ∈A

ft j −
∑

j :(j ,t ) ∈A
fj t = −1, [ t ∈ S \ {r } (6c)∑

j :(i ,j ) ∈A
fi j −

∑
j :(j ,i ) ∈A

fj i = 0, [ i ∈ V \ ({r } ∪ S ) (6d)

0 ≤ fi j ≤ ( |S | − 1) xi j , [ (i , j ) ∈ A (6e)

xi j ∈ {0, 1}, [ (i , j ) ∈ A. (6f)

In this formulation, the conservation constraints are imposed at every vertex i that is neither the source r nor one of
the terminals (since the demand constraints (6c) for the terminals already handle the flow balance there).

2.4 | Group Steiner trees
The group Steiner tree problem (GSTP) is an immediate generalization of the Steiner tree Problem, where we aim to
span/connect a subset of groups of nodes in a network, rather than individual nodes [32]. The GSTP can be reduced
to the traditional STP: for each group Bk , k ∈ {1, 2, . . . ,K }, we add a new vertex v |V |+k and connect it to all v ∈ Bk

with edges of some large costM . We then regard these new K vertices as terminal nodes and solve the resulting STP.
Denote the new set of vertices and edges byV ′ and E ′, respectively. We show this reduction through an example in
Figure 2.

We still investigate integer programs for the GSTP, despite the existence of the transformation to traditional
STP. First, this transformation adds numerical instability and can significantly add to the size of the problem. The
transformation adds | B | extra terminals/nodes and | B | × |Bi | edges, which can more than double the model size.
Moreover, the selection of a proper “big-M ” cost parameter can be quite hard. Integer programming formulations for
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F IGURE 2 An example of the reduction from the GSTP to STP.

the GSTP eliminate those artifacts and enable tighter linear relaxations [8].
Second, in yet another variant of the Steiner tree problem, we can further impose “hop” constraints, where we

limit the number of edges one needs to traverse in the tree constructed [13, 5]. Here, more complex layered–graph
models that encompass hop limits or budgets exemplify this: a compact node–based layering of the original graph
provides much fewer variables than the classical arc-layer methods, yet dominates them in bound quality [26]. A
similar idea extends to hop-constrained group variants, where multiple roots share a single layered structure instead
of one digraph per root, yielding substantial savings in space required [12].

2.4.1 | Cut-set formulation
Similar to the STP, we can devise a cut-based formulation for the Group Steiner Tree. An extension of the traditional
STP cut-based formulation is first proposed in [8]. Specifically, they proposed a B-partition, which is defined as a
partition of the vertex set V into disjoint subsets (P1, P2, . . . , Pm ) , where each subset Pi fails to contain at least one
group entirely. Equivalently, for each subset Pi , there exists at least one group B j ∈ B with no vertices contained in
Pi . Thus, these partitions represent scenarios where groups are spread across multiple subsets, without any single
subset fully covering all groups. This extension leads to the integer program in (7).

min
∑

(i ,j ) ∈E
ci j xi j (7a)

s.t.
∑

(i ,j ) ∈δ (P1,...,Pm )
xi j ≥ 1, [(P1, . . . , Pm ) forming a B-partition ofV (7b)

xi j ∈ {0, 1}, [ (i , j ) ∈ E . (7c)
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For a B-partition (P1, . . . , Pm ) , the set δ (P1, . . . , Pm ) consists of all edges between vertices in different subsets:

δ (P1, . . . , Pm ) =
{
e = (i , j ) ∈ E : i ∈ Pℓ1 , j ∈ Pℓ2 , ℓ1 , ℓ2

}
(8)

Thus, δ (P1, . . . , Pm ) represents the edges required to ensure connectivity. This in turn implies that constraints (7b)
ensure connectivity, too. These inequalities, known as B-partition inequalities, prevent scenarios in which subsets
containing partial group information become completely disconnected from one another.

2.4.2 | Subtour elimination formulation
Similarly to how TSP-like constraints are utilized in STP, the same idea of subtour elimination can be used in the
GSTP setting, too. However, the implementation and purpose of these constraints in the GSTP setting are slightly
different, because we only require a subset of nodes (at least one node from each group) to be connected, rather
than all terminal nodes S . We observe that formulation (9) is almost identical to the subtour-based STP formulation.
The only difference is the additional Constraints (9b), which ensure that at least one node from each given group
is selected. While constraint (9c) handles cycles globally, subset acyclicity constraints (9d) provide a more localized
condition by preventing any subset P ⊂ V of chosen vertices from forming its own cycle. Specifically, the family of
constraints states that for any subset of vertices P , the number of edges in E (P ) must be atmost∑i ∈P yi −yi ′ . One can
interpret yi ′ as preventing an extra edge that would close a cycle within the subset P . Effectively, this condition forces
connectivity within any subset of chosen vertices to remain acyclic, ensuring it either forms a tree or is disconnected.

min
∑

(i ,j ) ∈E
ci j xi j (9a)

s.t.
∑
i ∈Bk

yi ≥ 1, [k = 1, . . . ,K (9b)∑
(i ,j ) ∈E

xi j ≤
∑
i ∈V

yi − 1 (9c)∑
(i ,j ) ∈E (P )

xi j ≤
∑
i ∈P

yi − yi ′ , [P ⊂ V , [i ′ ∈ P (9d)

xi j ≤ yi , xi j ≤ yj , [(i , j ) ∈ E (9e)

xi j , yi ∈ {0, 1}, [(i , j ) ∈ E , [i ∈ V . (9f)

We now proceed to extend the classical subtour-elimination formulation by leveraging the fact that some subsets
of nodes necessarily contain at least one chosen node due to the group-coverage requirements. By distinguishing
which subsets fully contain an entire group and which do not, one can impose simpler or stronger constraints to
prevent cycles. This idea is discussed in [34], and offers an alternative to the “standard” subtour elimination constraints,
where (10) replace (9d):

∑
(i ,j ) ∈E (P )

xi j ≤
∑
i ∈P

yi − yi ′ , [P ∈ Θ1, [i
′ ∈ P (10a)∑

(i ,j ) ∈E (P )
xi j ≤

∑
i ∈P

yi − 1, [P ∈ Θ2, [i
′ ∈ P (10b)



Anzoom, Baizhan, and Vogiatzis 11

The new constraints in (10) introduces the following ideas. For each P ∈ Θ1, the set P does not fully contain any entire
group Bk . Constraints (10a) are then similar to regular subtour elimination constraints. They ensure that if any node
in P is chosen (yi ′ = 1), then the chosen subgraph inside P is acyclic. Secondly, for each P ∈ Θ2, the set P completely
contains at least one group Bk . Constraints (10b) are similar, but they are stricter. Since some of Bk is fully contained
in P it means that we must chose at least one node. Otherwise, the right hand side will become negative and the
constraint cannot be satisfied.

By incorporating these constraints, and especially (10b), we reduce the number of constraints compared to for-
mulation (9). In addition to the smaller number of constraints, Salazar [34] observes that this extended formulation
leads to tighter linear relaxation bounds. However, it is worth noting that in general the number of constraints still
remain exponential to the number vertices in the graph.

2.4.3 | Flow-based formulation
Going back to the work in [8], the authors also introduce a flow-based formulation for the group Steiner tree problem.
Here, similarly to flow-based formulations for the STP, we introduce flow variables fi j : it is also worth reminding that
the problem becomes directed, thus the edges are now drawn from arcs (i , j ) ∈ A.

min
∑

(i ,j ) ∈A
ci j xi j (11a)

s.t.
∑

(i ,j ) ∈δ+ (P )
f ri j ≥ yr , [ P ⊆ V : P misses some Bk , [ r ∈ B1 ∩ P (11b)

xi j =
∑
r ∈B1

f ri j , [ (i , j ) ∈ A (11c)∑
r ∈B1

yr = 1 (11d)

f ri j ≥ 0, [ r ∈ B1, (i , j ) ∈ A (11e)

xi j ∈ {0, 1}, yr ∈ {0, 1}, [ (i , j ) ∈ A, [ r ∈ B1 . (11f)

In (11), exactly one vertex of the designated root group B1 is activated by constraint (11d). The resulting tree
therefore is rooted at a single root but is allowed to reach terminals in the remaining K − 1 groups in any order that
minimizes cost. Constraints (11c) aggregate the single-root flows on every arc. If an arc (i , j ) carries any amount of
commodity, the equality forces the corresponding binary variable xi j to one. Otherwise, when xi j = 0 no flow may
traverse the arc. Hence flow is confined to the selected arcs (with xi j = 1).

Constraints (11b) are a set of group-cut inequalities. In case subset P ⊂ V fails to contain at least one group Bk

and simultaneously holds a candidate root vertex r ∈ B1 ∩ S , then at least one unit of the r commodity has to leave
the boundary δ+ (P ) . Because each unit of flow can traverse only edges with xi j = 1 (by (11c)), every chosen root is
forced to reach a vertex of every missing group through the selected set of arcs. These cuts guarantee that the final
subgraph is connected across groups. That said, there are exponentially many such cuts to generate. Yet, as shown
in [8], they can be separated by a sequence of max-flow computations so that only the most violated inequalities are
added during branch–and–cut. Because the cut inequalities forbid the isolation of a chosen root from a missing group,
any feasible solution creates a connected subgraph that spans at least one vertex from every group. Or, equivalently,
any minimum-cost group Steiner tree can be oriented away from its unique root, routed as one unit of flow per root
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candidate, and shown to satisfy all constraints, which immediately implies that the model is exact.

2.5 | Variants and Generalizations of Group Steiner Tree Problem
Avariety of generalizations of theGroup Steiner Tree (GST) problemhave been proposed to address differentmodeling
objectives in network design. These include the Covering Steiner Tree [20] problem, which requires spanning at least
a specified number of nodes from each group, and the Fault-tolerant Group Steiner Tree problem [19], which enforces
survivability by requiring each node to be connected to a designated root through multiple edge-disjoint paths. In
addition, several variants impose structural constraints on the resulting tree, such as bounds on node degrees [21] or
minimizing maximum or total degree [22]. Building on this line of work, Anzoom, Nagi, and Vogiatzis [2] previously
introduced the Generalized Group Steiner Tree problem in trees and in the context of illicit supply chains. The current
paper extends this earlier work by developing a more compact integer programming formulation that makes this
selection mechanism explicit. We do so in the next section.

3 | THE GENERALIZED GROUP STEINER TREE PROBLEM WITH LOGICALSIDE CONSTRAINTS
Now that we have established the necessary background, we can turn to the version of the GGST problem that we are
interested in. Its distinction from the classic group Steiner tree problem lies in permitting richer logical relationships
among the groups, in the form of side constraints. In the conventional group Steiner tree problem, each group of
nodes must be satisfied independently, and all groups are required. In other words, for each group Bi , at least one
node from that group must be included in the Steiner tree, and this must hold for every group (an implicit AND across
all groups). We generalize this framework by introducing logical constraints, which allow more complex relationships
among group requirements. Instead of requiring all groups unconditionally, we can impose that certain groups be
included or excluded depending on the inclusion of others, following logical rules such as OR, XOR, XNOR, NAND,
AND and implication (IF/THEN). With these logical constraints, we can translate group requirements into a Boolean
formula that the solution must satisfy, giving us far more flexible ways to specify how groups must be connected.
Specifically, we formally define the GGST as:

Definition Let G (V , E ) be an undirected graph with costs ci j ≥ 0, [ (i , j ) ∈ E and a collection of subsets of nodes
B = {B1,B2, . . . ,BK }with eachBk ⊆ V . Then, we aim to identify a set of nodesT ofminimum total cost ∑

(i ,j ) ∈E∩T ×T
ci j ,

such that:

1. for every selected group Bk ,T includes at least one node from Bk ;
2. the group selection vector z = (z1, . . . , zK ) satisfies a given Boolean formula Φ (z ) ;
3. T induces a connected subgraph.

The Boolean formula Φ encodes logical relationships. Hence, we now proceed to discuss the main logical relationships
that are allowed in the formula.
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3.1 | Logical relationships
In this subsection, we provide the logical relationships/constraints that we use in our GGST framework. A summary
of the mathematical constraints and their explanation is also provided in Table 2.

3.1.1 | Logical AND
Explanation

This logical side constraint requires two or more groups to all be present in the final solution. For the RAND set of
relationships, all of the specified groups must be selected and connected in the solution. Note that if the superset
of groups defined by the AND constraint encompasses all set of groups in the instance (Bi ⊆ RAND for all i ), the
Generalized Group Steiner Tree problem effectively reduces to the classic Group Steiner Tree problem. Thus, the
AND constraint enforces that no feasible solution exists unless every group defined within it is represented within
the final connected subtree.

1Group 4 2 3 Group 4

4Group 3 5 Group 2

6Group 1

AND(Group 1,Group 2, Group 3,Group 4)
F IGURE 3 Illustrative instance with four groups and AND constraint on Groups {1, 2, 3, 4} (i.e.,
{B1,B2,B3,B4} ∈ RAND)

Example

Figure 3 illustrates an example of this scenario. The depicted instance demonstrates the classical Group Steiner Tree
problem as a special case of the Generalized Group Steiner Tree, due to the presence of an AND constraint that
explicitly includes all four groups. The edges forming the optimal solution are highlighted in red, clearly indicating
the selected minimal spanning subgraph. This solution ensures connectivity across all specified groups, fulfilling the
condition imposed by the AND constraint. Consequently, the resulting tree T spans each group exactly once while
maintaining minimal total cost.



14 Anzoom, Baizhan, and Vogiatzis

Constraint
The constraint can then be written as the simple:

zk = 1,[Bk ∈ r ,[r ∈ RAND .

3.1.2 | Logical OR
Description
This logical side constraint allows two or more groups to be substitutable with one another. This is a useful side
constraint in instances where we need at least one member from a set of groups, but we could pick more if need be.
Formally, the ROR set of constraints includes relationships where at least one of the included groups must be present
in the final tree; equivalently, the final solution cannot omit all the groups that are present in a constraint in ROR .

1Group 4 2 Group 3

3 Group 24

5

6Group 1

OR(Group 2, Group 3)
F IGURE 4 Illustrative instance with four groups andOR constraint on Group 2 and Group 3 (i.e., {B2,B3} ∈ ROR).

Example
In Figure 4, Group 2 and Group 3 (colored green and red, respectively) are specified within an OR constraint, meaning
that selecting either one of these groups suffices to satisfy the logical condition. However, the figure demonstrates
a non-trivial case where including both groups (consequently adding more nodes) actually reduces the overall cost of
the resulting subgraph. This behavior is analogous the Steiner Tree Problem, where the inclusion of optional Steiner
nodes (in addition to the mandatory terminal nodes S ) can result in a minimal-cost tree.

Furthermore, since nodes 4 and 5 do not belong to any group, they are not strictly required to be part of the final
solution. Consequently, the solution shown exploits the direct connection between Group 4 and Group 3, as a result
reducing total cost.

Alternatively, if node 2 (part of Group 2) was excluded from the final solution, connecting Group 4 would neces-
sitate adding the edges (3,5), (5,4), and (4,1), instead of the single edge (2,1). Such a choice would yield a feasible
but suboptimal solution. Therefore, although it may seem like OR constraints make the problem easier by “relaxing”
classical AND constraints, there are graph instances when the answer is not trivial.
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Constraint

The constraint can be written as a traditional covering constraint:

∑
Bk ∈r

zk ≥ 1,[r ∈ ROR .

3.1.3 | Logical XOR
Explanation

This logical side constraint dictates that two or more groups are mutually exclusive with one another. This appears
in situations where groups are substitutable, but they are simultaneously inconsistent with one another and cannot
both/all appear in the final solution. Hence, exactly one of the specified groups must be included in the Steiner tree
when using the XOR constraint. This implies exclusivity among the groups, which means that selecting more than one
would violate the XOR condition and omitting all would also fail to satisfy the requirement.

It is important to clarify a subtle distinction here. In classical logical XOR involving three or more entities (for
instance, A ⊕B ⊕C ), selecting exactly two entities can satisfy the XOR condition depending on parity. For instance, in
Table 1, the standard truth table for the XOR logic gate involving 3 inputs, one can verify that when all three inputs are
true (i.e., chosen) the output is true (constraint satisfied). However, within the scope of the present study, we simplify
the XOR generalization for any number of groups m ≥ 3 by strictly enforcing that exactly one group must be selected.
Thus, our implementation restricts XOR to a mutually exclusive choice among multiple groups, ensuring exactly one
group is present in the solution.

TABLE 1 Truth Table for XOR Logic Gate with Three Inputs (A XOR B XOR C)

A B C Output (A ⊕ B ⊕ C )
0 0 0 0

0 0 1 1

0 1 0 1

0 1 1 0

1 0 0 1

1 0 1 0

1 1 0 0

1 1 1 1

Example

Figure 5 demonstrates an example involving five groups, with an XOR constraint placed explicitly on Group 2, Group
3, and Group 5. The solution highlighted in red clearly satisfies this XOR condition by selecting nodes exclusively from
Group 2, while simultaneously connecting to the required groups outside the XOR constraint (Group 1 and Group 4).
The resulting minimal subtree respects the XOR exclusivity and maintains connectivity across the mandatory selected
groups, exemplifying a minimal-cost solution under this logical constraint.
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1Group 4 2
Group 5

3 Group 4

4Group 3 5 Group 2

6Group 1

XOR(Group 2, Group 3, Group 5)
F IGURE 5 Illustrative instance with five groups and XOR constraint on Group 2, Group 3 and Group 5 (i.e.,
{B2,B3,B5} ∈ RXOR)

Constraint
This constraint is an assignment constraint:

∑
Bk ∈r

zk = 1,[r ∈ RXOR .

3.1.4 | Logical equivalence (XNOR)
Explanation
This logical side constraint enforces a logical equivalence of all-included or all-excluded. When applied on two groups
of nodes, this is a logical equality: either both groups appear in the final solution, or neither can. More generally,
either all or neither of the specified groups in a logical side constraint in RXNOR must appear in the final Generalized
Group Steiner Tree. This is the logical XNOR (exclusive NOR) relationship, which holds only when the all groups in
the constraint share the same inclusion status (both included or both excluded). Therefore, a solution in which one
group appears without the other(s) is prohibited.

Example
The Figure 6 imposes an XNOR constraint on Group 2 (green nodes) and Group 3 (yellow node). Groups 1 and 4 are
required anchor nodes, and two graph arrangements are presented such that Groups 2 and 3 can either attach to
Groups 1 and 4 together or both be omitted. Including only one of them would violate the constraint.

In Figure 6a, the graph topology enforces to choose Group 2, because otherwise there is not other way to get to
Group 3. Consequently, we have to choose a node from Group 3 to in order to follow XNOR for the given instance,
which adds cost to our final graph.

In contrast, Figure 6b illustrates that by adding a direct edge between Group 5 and Group 4, the graph can be
further simplified. This allows for the omission of any groups involved in the XNOR constraint (Group 2 and Group 3).
Consequently, it becomes evident that in certain situations (specifically where it is possible to omit all groups defined
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1Group 2

2
Group 4

3
Group 3

4 Group 2

5Group 1

(a) Both groups are chosen

1Group 2

2
Group 4

3
Group 3

4 Group 2

5Group 1

(b) Neither group is chosen

XNOR(Group 2, Group 3)
F IGURE 6 Two illustrative instances (subfigure (a) and (b)) with XNOR constraint on Group 2 and Group 3 (i.e.,
{B2,B3} ∈ RXNOR).

by the XNOR constraint) the presence of the XNOR condition may result in more complex final structures. Such
complexities arise from adding many extra groups, which can increase computational complexity.

Constraint
Equivalence implies that all groups in the relationship are either all part of the tree or none at all. That is,

zk = zℓ , [Bk ,Bℓ ∈ r : k , ℓ, [r ∈ RXNOR .

3.1.5 | Logical NAND
Explanation
This logical side constraint serves as a budget constraint: among all groups in a set, not all of them can appear at the
final solution. It can be extended/relaxed to allow a smaller budget of groups, in the form of a NANDp (see Table 2).
For a pair of groups, a NAND constraint states that both groups cannot be included together; equivalently, it is the
negation of an AND logical relationship. At least one group must therefore be excluded. Unlike XOR, NAND does not
demand that at least one group be present; it only forbids the combination in which all of them appear at once.

Example
Figure 7 imposes NAND constraint on Group 2 (green nodes) and Group 3 (red nodes). This means that Group 2 and
Group 3 are never allowed to appear in the final tree simultaneously. Any other combination is legal: neither group is
chosen (as shown in subfigure 7b), only Group 2 is chosen (as shown in subfigure 7a), or only Group 3 is chosen. This
is the key difference from an XOR constraint: XOR would force us to pick exactly one of the two groups, whereas
NAND only rules out selecting both groups at once and still allows you to leave them both out entirely.

Note, nodes 1 and 2 (the white circles) are ordinary Steiner nodes, they do not belong to any group and are free
to be used or omitted as needed.

Subfigure 7a presents a practical case where choosing none of the constrained groups 2 and 3 is impossible. The
given graph contains two required groups, Group 1 (purple nodes) and Group 5 (orange nodes). Because of the graph’s
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1 2 3 Group 4

4
Group 3

5 Group 2

6Group 1

7Group 5

(a) Group 2 is chosen

1 2 3 Group 4

4
Group 3

5 Group 2

6Group 1

7Group 5

(b) None of the groups is chosen

NAND(Group 2, Group 3)
F IGURE 7 Two illustrative instances (subfigure (a) and (b)) with NAND constraint on Group 2 and Group 3 (i.e.,
{B2,B3} ∈ RNAND).

geometry, the only paths that link these two required groups pass through either Group 2 or Group 3. Consequently,
if we tried to satisfy the NAND constraint by selecting neither Group 2 nor Group 3, the tree would break apart as we
could not connect Group 1 to Group 5. Hence the algorithm is forced to include at least one of the groups restricted
by NAND, even though the constraint itself did not demand it. This example shows that a NAND constraint can look
trivial in isolation, yet the surrounding topology may still require the solution to choose one of constrained groups to
maintain global connectivity.

Subfigure 7b on the other hand shows a valid solution which satisfies the NAND constraint by leaving out both
Group 2 and Group 3. The tree instead links the required groups Group 1 (purple nodes), Group 4 (yellow nodes),
and Group 5 (green nodes) through the Steiner nodes 1 and 2, so connectivity is maintained without using either
prohibited group.

Constraint
This budget constraint, essentially prohibits all groups in a relationship to appear in the tree. Note that this can be
extended to a NANDp version, where at most |r | − p groups can appear. Mathematically, we have:

∑
Bk ∈r

zk ≤ |r | − 1, [r ∈ RNAND

, where we use p = 1 for the traditional NAND relationship.

3.1.6 | Logical implication (IF/THEN)
Explanation
This side constraint is useful in cases of conditional dependence. That is, the presence of one group immediately implies
the presence of other group(s) in the solution. More formally, we can write that Group A’s presence implies Group B’s
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presence: A ⇒ B . Group B may be represented in the final Steiner tree without A; however, the converse (having A

appear without B in the tree) is forbidden. Practically, including Group A “triggers” the inclusion of Group B .

1Group 2

2
Group 4

3 Group 3

4 Group 2

5Group 1

6Group 5

IF (Group 2) THEN(Group 4, Group 5)
F IGURE 8 Illustrative instance with four groups and IF/THEN constraint on Group 4, Group 5 and Group 2 (i.e.,
{B2} ∈ R IF). {B4,B5} ∈ RTHEN)

Example
Figure 8 demonstrates the IF/THEN constraint involving more than two groups, which can be interpreted as follows:
one may select groups specified in the THEN condition only if all groups listed under the IF condition have already
been selected. In this specific example, we want to select Group 2 to access a node associated with Group 3. However,
due to the IF/THEN constraint, selecting Group 2 additionally mandates including Group 4 and Group 5. Evidently,
the IF/THEN constraint can significantly complicate the structure of the resulting graph, especially when alternative
pathways to required nodes are limited, leading to additional computational burden.

Constraint
The implication constraint is there to enforce binary variable zk to be zero when all of the implied groups are not
selected. Given that the group members of relationship r ∈ RI F /T HEN can be separated into r = (r1, r2 ) , where r1

are the IF groups and r2 are the THEN groups. we may write:

zk ≤

∑
Bℓ ∈r2

zℓ

|r2 |
, [Bk ∈ r1, [r = (r1, r2 ) ∈ RI F /T HEN .

3.2 | Integer Programming Formulation for the Generalized Group Steiner Tree
Given a base instance of the group Steiner tree problem (G (V , E ), B) , we may extend it to its generalized group Steiner
tree variant by introducing additional logical constraints among the groups B. Specifically, let {RAND, ROR, RXOR, . . .}
represent sets of logical clauses that must be satisfied collectively. Each element r within these sets refers to a subset
of groups, and the constraints listed in Table 2 specify how such subsets must be chosen or omitted.

To provide an integer program, we first introduce a binary indicator variable zk for each group Bk ∈ B, becoming
1 if and only if group Bk is included in the tree, and apply the relevant constraints from Table 2.

We now introduce the following integer programming formulation tailored for the generalized group Steiner tree
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TABLE 2 Logical Constraints for Group Selection

Constraint Integer Program Definition Explanation
AND zk = 1, [Bk ∈ r , [r ∈ RAND All groups in r must be selected

OR ∑
Bk ∈r zk ≥ 1, [r ∈ ROR At least one group in r must be selected.

XOR ∑
Bk ∈r zk = 1, [r ∈ RXOR Exactly one group in r must be selected.

XNOR zk = zℓ , [Bk ,Bℓ ∈ r : k , ℓ, [r ∈ RXNOR Either all or none of the groups in r are selected.

NAND ∑
Bk ∈r zk ≤ |r | − 1, [r ∈ RNAND It is not permissible to select all groups in r . At most

|r | − 1 are allowed.

IF/THEN zk ≤
∑

Bℓ ∈r2 zℓ

|r2 | , [Bk ∈ r1, [(r1, r2 ) ∈ R IF/THEN A group in r1 can be chosen only if all groups in r2

are also selected. Equivalently, if not all groups in r2

are chosen, then no group in r1 can appear in the
solution.

ORp
∑

Bk ∈r zk ≥ p, [r ∈ RORp
At least p groups in r must be selected.

XORp
∑

Bk ∈r zk = p, [r ∈ RXORp
Exactly p groups in r must be selected.

NANDp
∑

Bk ∈r zk ≤ |r | − p, [r ∈ RNANDp
Up to ( |r | − p ) groups in r can be chosen. .

IF/THENp zk ≤
∑

Bℓ ∈r2 zℓ

|r2 |−p , [Bk ∈ r1, [(r1, r2 ) ∈ R IF/THENp
A group in r1 can be chosen only if at least ( |r2 | − p )

groups in r2 are selected.

with logical side constraints in (12). This formulation is adapted from the extended subtour elimination approach due
to [34] with additional variables and coupling constraints to handle the selection of groups.

min
∑

(i ,j ) ∈E
ci j xi j (12a)

s.t.
∑
i ∈Bk

yi ≥ zk , [k = 1, . . . ,K (12b)

yi ≤
∑

k :i ∈Bk
zk , [i ∈ V (12c)

xi j ≤ yi , xi j ≤ yj , [(i , j ) ∈ E (12d)∑
(i ,j ) ∈E

xi j ≤
∑
i ∈V

yi − 1 (12e)∑
(i ,j ) ∈E (P )

xi j ≤
∑
i ∈P

yi − yi ′ , [P ∈ Θ1, [i
′ ∈ P (12f)∑

(i ,j ) ∈E (P )
xi j ≤

∑
i ∈P

yi − 1, [P ∈ Θ2, [i
′ ∈ P (12g)

xi j , yi , zk ∈ {0, 1}, [(i , j ) ∈ E , [i ∈ V , [k = 1, . . . ,K . (12h)

The objective function ∑
(i ,j ) ∈E ci j xi j remains the same as in the original GST formulation, aiming to minimize

the total cost of the selected edges. However, the group-node relationship is now governed by group-to-node and
node-to-group coupling in (12b) and (12c), respectively. The constraints in (12b) ensure that whenever a group Bk is
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declared as selected (zk = 1), at least one node in Bk must also be chosen (yi = 1). The constraints in (12c) guarantee
that a node i can be included in the solution (yi = 1) only if it belongs to a group that has been selected (zk = 1).

All other constraints from the extended subtour elimination formulation for the GST remain. By adding the binary
variables zk , the formulation allows for the flexible selection (or exclusion) of groups, naturally accommodating fur-
ther logical constraints (or even cardinality or other budget constraints) on top of the GST. Moreover, through these
additional logical side constraints, the Generalized Group Steiner Tree problem becomes an expressive formulation
capable of handling a variety of logical interdependencies among the groups. This formal framework ensures that
the selected groups and the induced subgraph satisfy both the connectivity requirements of the Steiner tree and any
additional logical constraints imposed by the application at hand.

4 | COMPUTATIONAL EXPERIMENTS
In this section, we investigate the added complexity brought about by incorporating logical side constraints to the tra-
ditional group Steiner tree problem. Specifically, we compare the baseline GSTP (which requires at least one terminal
from every group) against extended variants that enforce constraints of type OR, XOR, XNOR, NAND, and IF→ THEN.

To obtain statistically meaningful results, we create a factorial experimental design that varies both graph size (n)
and group cardinality (k ). Specifically, for each combination of

n ∈ {500, 1000, 2000, 3000, 4000, 5000} and k ∈ {10, 20, 30, 40},

we synthesize 30 independent random graphs, resulting in 6 × 4 × 30 = 720 base instances.

Every instance is solved once under the classical GSTP constraints and once under each of the five logical-
relationship extensions, yielding 6 solver runs per graph and a total of 4320 runs. All experiments were performed
on an Apple M2 Pro Chip hardware in a single-threaded configuration to eliminate confounding effects of parallelism.

The following experimental setting was applied consistently across all conducted experiments. Specifically, the
groups involved in any constraints were chosen through a triangular discrete distribution over the group indices, with
its mode at 2+(k −1)

2 . This setup biases the selection toward the middle-indexed groups (for instance, if k = 10, the
distribution peaks around groups 5 or 6). By concentrating most selections around the median indices, this procedure
provides more robust outcomes and yields smaller variance in the experimental results. At the same time, it retains
sufficient variability among the groups to enable testing under a diverse range of scenarios. The main setup of our
experiments follows:

1. We generate g = 30 Barabási-Albert graphs with n = 500, 1000, 2000, 3000, 4000, 5000 and set m = 1.
2. We also set k = 10, 20, 30, 40 as the number of groups.
3. Using Girvan-Newman community detection algorithm, we obtain k groups inG . These serve as the set of groups

B.
4. We now solve the GST problem and report the average runtime and corresponding standard deviation (for all

g = 30 experiments).
5. For each extra type of constraint, we solve the GGST problem. That is, we solve the Group Steiner Tree + 1

constraint at a time. We then report the average time and standard deviation across g = 30 experiments.
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4.1 | Runtime complexity
Table 3 compiles the mean runtimes and accompanying standard deviations obtained from 30 randomBarabási-Albert
graphs for the baseline Group Steiner Tree model and for each individual logical constraint. Results are organized by
the vertex count n and the group count k . These numerical values provide the data for Figures 9 and 10.

TABLE 3 Runtime (ms) for the baseline and each individual constraint (mean ± std, rounded to one decimal).

n k Group IF_THEN NAND OR XNOR XOR

500 10 21.8 ± 1.1 139.1 ± 26.9 32.0 ± 2.2 35.2 ± 4.4 132.4 ± 34.6 61.8 ± 6.1

500 20 18.9 ± 0.4 88.1 ± 21.0 26.9 ± 2.0 31.0 ± 8.7 77.3 ± 19.6 59.0 ± 7.9

500 30 21.2 ± 2.4 80.4 ± 15.9 23.9 ± 1.9 24.5 ± 1.3 42.4 ± 11.1 47.8 ± 5.8

500 40 29.7 ± 5.0 68.7 ± 16.9 25.6 ± 2.6 25.6 ± 3.2 44.1 ± 10.5 43.4 ± 7.8

1000 10 112.6 ± 13.7 633.4 ± 96.2 320.7 ± 57.2 282.4 ± 75.6 509.5 ± 113.2 215.0 ± 44.8

1000 20 120.1 ± 13.1 487.9 ± 61.7 246.7 ± 49.2 261.0 ± 49.3 430.9 ± 49.3 190.1 ± 36.5

1000 30 122.0 ± 12.3 377.8 ± 65.8 146.3 ± 37.2 272.5 ± 45.5 281.9 ± 37.3 181.3 ± 27.0

1000 40 124.9 ± 11.9 270.6 ± 33.6 117.6 ± 25.7 196.4 ± 30.4 210.8 ± 26.2 148.2 ± 25.1

2000 10 468.6 ± 76.0 3611.5 ± 584.2 1470.3 ± 290.8 2293.1 ± 383.7 2880.4 ± 383.4 488.7 ± 92.2

2000 20 371.3 ± 38.4 2132.2 ± 279.6 938.0 ± 194.4 1381.4 ± 309.5 1650.5 ± 301.5 539.2 ± 89.8

2000 30 345.1 ± 27.0 1304.5 ± 255.0 668.7 ± 138.5 905.4 ± 188.0 922.4 ± 184.8 452.1 ± 55.4

2000 40 339.6 ± 19.9 998.3 ± 210.1 451.0 ± 94.0 656.4 ± 146.1 638.6 ± 147.7 438.2 ± 79.7

3000 10 1359.7 ± 197.8 8759.2 ± 1538.2 4971.8 ± 674.6 2827.0 ± 391.3 11046.7 ± 1550.2 2350.6 ± 541.5

3000 20 817.3 ± 83.7 5511.3 ± 1116.0 3018.2 ± 414.3 2146.9 ± 408.1 5518.7 ± 628.5 981.0 ± 107.8

3000 30 846.9 ± 92.7 3613.1 ± 838.8 1706.8 ± 378.0 1563.2 ± 611.6 2406.7 ± 531.4 823.5 ± 129.2

3000 40 676.3 ± 58.4 2787.1 ± 532.8 1146.7 ± 225.7 1468.5 ± 438.4 2241.6 ± 438.7 908.1 ± 152.4

4000 10 2568.6 ± 1763.3 25976.4 ± 5813.9 7625.5 ± 1520.1 20629.4 ± 7754.3 26508.0 ± 3466.1 2613.1 ± 2123.7

4000 20 1764.7 ± 473.0 12606.5 ± 3106.0 6330.4 ± 1208.0 6656.6 ± 1274.5 10720.9 ± 2148.2 2051.7 ± 721.8

4000 30 1306.4 ± 148.1 8244.3 ± 2189.0 2381.1 ± 570.6 3932.2 ± 1038.3 6650.8 ± 1440.7 1742.9 ± 246.3

4000 40 1289.0 ± 197.4 5686.0 ± 1424.1 1765.3 ± 529.2 3118.1 ± 467.5 5113.6 ± 1055.0 1508.2 ± 218.9

5000 10 3132.3 ± 2035.8 32985.9 ± 9871.8 14898.6 ± 3045.0 35315.6 ± 7332.1 51070.1 ± 8707.4 9201.9 ± 11260.0

5000 20 2428.3 ± 789.4 30207.5 ± 7016.2 9498.4 ± 2012.7 12342.0 ± 1992.0 21266.7 ± 4108.2 3664.7 ± 2101.4

5000 30 2372.8 ± 360.5 11972.3 ± 2314.5 5782.0 ± 1480.9 8089.3 ± 1876.9 13555.3 ± 3028.5 2640.6 ± 505.4

5000 40 1879.4 ± 253.6 10202.2 ± 3048.6 3646.8 ± 881.9 5322.3 ± 1107.5 10391.8 ± 1834.9 2610.3 ± 249.3

Although straightforward, we first verify whether the runtime complexity of the Group Steiner Tree indeed grows
exponentially with respect to the number of vertices in the graph, as depicted in Figure 9a.

4.2 | Effects of logical constraints on runtime
For each experiment, a baseline Group Steiner Tree algorithmwas run, as well as a version of the algorithm augmented
with a single additional logical constraint (one of IF/THEN, NAND,OR, XNOR, or XOR). Each constraint type was tested
independently, meaning that for each constraint the groups involved in that constraint were sampled separately from
the others.

In practice, this means that the specific groups tied together by a logical constraint (such as the two groups in-
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(a) Baseline Group Steiner Tree (b) Runtime difference for {IFTHEN, NAND, OR, XNOR, XOR}
constraints

F IGURE 9 Effect of different classes of logical constraints on the GGST solution time, as compared the
traditional GST. Each curve corresponds to a distinct class of group-level logic. The results demonstrate that
computational difficulty depends strongly on the structure of the logical relationships, even when the number of
groups and network size are held fixed. (a) Baseline Group Steiner Tree formulation. (b) Five variants with additional
inter-group logical constraints plotted together; see legend in the panel for mapping of markers to constraints.

volved in an IF/THEN relationship, or the two groups involved in an XOR) were chosen more often from the middle
of the range [2, k − 1]. The runtime of each augmented algorithm (Group+constraint) was directly compared to the
runtime of the baseline Group Steiner Tree algorithm on the same graph and group configuration. The runtime differ-
ence was computed as the runtime of Group + constraint minus the runtime of Group (baseline). This difference thus
represents the additional computational overhead introduced by the given logical constraint. Trials were performed
for each combination of graph size n , number of groups k , and constraint type, and the results were averaged to obtain
a representative runtime difference for each setting.

Figure 9b presents the runtime difference (in milliseconds) between the baseline Group Steiner Tree algorithm and
the constrained version, as a function of the number of nodes n , for each type of logical constraint. Each separate line
corresponds to one constraint type (IF/THEN, NAND, OR, XNOR, XOR), and shows how the computational overhead
grows with increasing graph size. Within Figure 9b, results for different numbers of groups (k = 10, 20, 30, 40) are
averaged, though all exhibit similar trends. As the number of nodes n increases, the runtime required by all versions
of the algorithm (with any added constraint) grows, and so does the difference in runtime compared to the baseline.
In other words, the impact of adding logical constraints becomes more pronounced for larger graphs. At the smallest
graph size (n = 500), the overhead due to a constraint is relatively minor (often only a small fraction of the baseline
runtime), but by the largest graph size (n = 5000), the overhead can be substantial. This indicates that the extra
conditions imposed by logical constraints tend to compound the complexity of the Group Steiner Tree problem as the
problem size grows.

Despite the general upward trend, there are noticeable differences between constraint types in how much over-
head they introduce. The IF/THEN and XNOR constraints stand out as the most computationally expensive among
the ones tested. For these two constraints, the runtime difference increases steeply with n , outpacing the others. By
n = 5000, both IF/THEN and XNOR constraints add significantly more runtime overhead than the other constraint
types. The IF/THEN constraint (an implication-type rule) likely forces the solver to satisfy an additional dependency
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(if a node from one specific group is in the solution, then a node from another group must also be in the solution),
which effectively couples the selection of groups and can drastically increase the search space or complexity of the
problem. Similarly, the XNOR constraint (logical equivalence between two groups’ selection) is highly restrictive: it
requires either both of two specific groups to be represented in the solution or neither of them. In the context of the
Group Steiner Tree problem, this means the algorithm must consider solutions where two groups are always taken
together or excluded together, adding a complex global condition that is challenging to handle. Ensuring this condition
holds can lead to significant backtracking or additional branching in the algorithm. As a result, the IF/THEN and XNOR
cases show a much larger slowdown compared to the baseline, especially for large graphs, than the other constraints.

In contrast, theNANDandOR constraints exhibit relatively smaller increases in runtime. The overhead from these
constraints grows more gradually with n , indicating that they introduce less computational burden. The OR constraint
allows one group to fulfill the requirement of another (i.e., at least one of the two specified groups must be satisfied,
rather than both separately), which can sometimes simplify the problem by relaxing the need to cover both groups
at once. Although adding the OR condition does require the algorithm to handle a logical choice, it appears to be
easier to accommodate than the IF/THEN or XNOR conditions, resulting in a modest runtime difference. The NAND
constraint (a negated AND, meaning the two particular groups cannot both be spanned in the solution) also does not
explode the search space as much as the more restrictive constraints do. This constraint might even prune certain
combinations of group choices (eliminating solutions where both groups are included together), which could mitigate
its cost. Consequently, forNANDandOR, the runtime curves in Figure 9b risemore slowly, and their overhead remains
comparatively low even at n = 5000. The effect of these constraints, while still noticeable, is much less dramatic than
in the IF/THEN or XNOR cases.

Finally, the XOR constraint shows an interesting non-monotonic behavior in its runtime impact. Unlike all the other
constraints, which exhibit a steadily increasing overhead as n grows, the overhead for XOR is not strictly increasing. In
Figure 9b, the curve for the XOR constraint’s runtime difference may rise from n = 500 to some intermediate n , then
unexpectedly fall or flatten out at certain points before rising again at larger n . This irregular pattern suggests that the
difficulty introduced by the XOR condition can vary in a non-linear way with graph size. The XOR constraint requires
exactly one of the two specified groups to be present in the solution (and the other excluded). Such a condition
has a conditional nature: depending on the graph and group properties, it might sometimes simplify decisions (for
instance, if one group is much easier to connect than the other, the algorithm can quickly commit to including the
easier group and excluding the other, incurring little overhead) or, conversely, complicate the search (if both groups are
individually beneficial, the solver must explore scenarios including each one while excluding the other, which can be
time-consuming). Additionally, implementation-specific factors (such as how the Gurobi solver prunes search space
for the XOR case) could lead to inconsistent performance scaling. As a result, the runtime difference for XOR does
not increase uniformly with n . Nonetheless, by the larger graph sizes, even the XOR constraint tends to introduce
a noticeable overhead, although it remains lower on average than the IF/THEN /XNOR overhead for comparable n .
The key observation is that the impact of the XOR constraint is more complex, and the relationship between graph
size and runtime penalty is not a simple one.

In summary, adding logical constraints to the Group Steiner Tree problem always incurs some runtime cost, and
this cost grows with graph size n . The extent of the growth, however, depends strongly on the type of constraint.
Constraints like IF/THEN and XNOR impose a heavy additional burden on the algorithm, especially evident in large
instances. Constraints like OR and NAND are less taxing, adding only modest overhead even as n becomes large. The
XOR constraint lies somewhere in between, generally adding moderate overhead but with non-monotonic behavior
that reflects its conditional nature. These results highlight that as the problem size increases, the algorithm’s perfor-
mance is increasingly sensitive to the presence of complex logical constraints, underlining the importance of designing
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efficient strategies for handling such constraints in large graphs.

4.3 | Effects of group size on runtime
For larger graphs (n ≥ 2000), the mean runtime tends to decrease as the number of groups k increases (as shown in
Figure 10 subfigures (c)–(f)).This trendmay seem counter-intuitive at first, since addingmore groups could be expected
to make the Group Steiner Tree problem harder. However, the structure of the graph and the way groups are formed
both significantly impact the search complexity in this scenario, as shown in Table 3.

The key factors are outlined below: The Barabási-Albert (BA) graphs are scale-free networks, meaning a few nodes
serve as high-degree hubs connectingmany other nodes. In our casewithm = 1, the graph is essentially a tree growing
by preferential attachment, so one or a few hub nodes link numerous peripheral branches.This hub-based topology
means that many nodes are just one or two hops away from a hub.

We assign groups based onGirvan-Newman community detection. TheGirvan-Newman algorithm identifies com-
munities by iteratively removing the bridges between densely connected regions (edges with highest betweenness).
In a BA tree, those bridge edges are typically the links originating from hub nodes that connect different branches.
Therefore, when k groups are formed, each group is essentially a cluster of nodes in one branch, loosely connected to
other groups by only a few hub edges.More groups (higher k ) means the communities are smaller and more isolated
from each other, often attached to the rest of the network via a single high-degree hub.

In the Group Steiner Tree problem, the goal is to pick at least one node from each group and connect all cho-
sen nodes with a minimum-weight tree. When groups are smaller, there are fewer candidate nodes in each group to
consider, which prunes the search space of possible combinations. Moreover, because each small community is con-
nected to the rest of the graph primarily through a hub, the optimal Steiner tree will tend to include those hub nodes
(as Steiner points) to connect all groups. Essentially, with many groups the solution often becomes a star-like tree: the
hub node (or a small set of hubs) connecting one representative from each group. This structure is relatively easy to
find and has a short total length (since each group’s node connects via one hub edge), resulting in faster runtime as k
increases (for sufficiently large n).

When the number of groups is small, each group is much larger in size. A large group offers many possible
choices for the Steiner tree, which greatly increases the search complexity because the algorithm must explore more
combinations of terminal choices within that group. Additionally, connecting a few big groups might require using
longer paths or multiple hubs, since each group spans multiple branches. These factors lead to higher runtimes for
small k . In general, the worst-case complexity of exact algorithms for Group Steiner Tree grows exponentially with
k . In our experiments, this typical complexity trend is offset (and even reversed) for large n because increasing k

via community detection simplifies the problem structure: each additional group splits the graph into a new, smaller
community, which is easier to connect through the existing hubs.

In summary, the Barabási-Albert scale-free structure (with hub nodes) and the Girvan-Newman grouping,yielding
small, well-separated communities, together constrain the Group Steiner Tree search space. For sufficiently large
graphs, adding more groups actually reduces the difficulty: the Steiner tree solution naturally leverages hub nodes to
connect many small clusters, leading to a decrease in runtime as k grows (for n ≥ 2000). This explains the observed
trend in the figure for the larger graph sizes.
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(a) n = 500 (b) n = 1000

(c) n = 2000 (d) n = 3000

(e) n = 4000 (f) n = 5000

F IGURE 10 Scalability of the GST with respect to the number of groups, presented in the form of runtime (ms)
versus number of groups k for the Group Steiner Tree on Barabási–Albert graphs (m = 1). Each panel shows a
different graph size n .
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4.4 | Effects of multiple constraints on runtime
In order to further study the complexity overhead of the constraints, each constraint type was applied progressively:
once, twice, and three times for the fixed graph size of n = 3000. Additionally, the runtime behavior over increasing
values of K (number of groups).

Tables 4 to 8 give the average runtimes obtained from the same thirty Barabási-Albert graphs used in the single-
constraint study, with the vertex count fixed at n = 3000. For each logical relation the experiment is repeated with the
constraint applied once, twice, and three times. These values are plotted in Figure 11, which highlights how runtime
grows when additional sets of each constraint type are introduced.

TABLE 4 Runtime (ms) with 1–3 repeated OR constraints (mean ± std).

n k OR×1 OR×2 OR×3

3000 10 2826.8 ± 1304.3 4475.7 ± 2120.6 2539.8 ± 1514.6

3000 20 2146.9 ± 682.6 3539.4 ± 895.0 3748.0 ± 1350.3

3000 30 1563.2 ± 203.9 2889.1 ± 712.1 4539.4 ± 1341.8

3000 40 1468.5 ± 146.1 1651.8 ± 355.0 3210.4 ± 1145.7

TABLE 5 Runtime (ms) with 1–3 repeated XOR constraints (mean ± std).

n k XOR×1 XOR×2 XOR×3

3000 10 2350.6 ± 541.5 8913.3 ± 1479.3 5574.6 ± 1486.8

3000 20 981.0 ± 107.8 4772.3 ± 1391.7 6364.0 ± 1511.2

3000 30 823.5 ± 129.2 3724.3 ± 1028.5 5141.8 ± 1057.5

3000 40 908.1 ± 152.4 4392.8 ± 1182.0 6205.2 ± 1690.5

TABLE 6 Runtime (ms) with 1–3 repeated XNOR constraints (mean ± std).

n k XNOR×1 XNOR×2 XNOR×3

3000 10 8678.3 ± 1550.2 10368.8 ± 1661.4 4302.3 ± 561.0

3000 20 4512.7 ± 628.5 6404.9 ± 1208.4 6846.3 ± 404.8

3000 30 1793.3 ± 194.9 3746.6 ± 886.5 5067.9 ± 281.4

3000 40 1589.9 ± 192.5 1893.1 ± 594.4 3458.8 ± 214.8

In Figure 11, the results of progressively adding the constraints for each logical constraints are presented. In every
plot the blue line is the unconstrained baseline (Group Steiner Tree), the green line adds one logical constraint, while
the red and purple lines add two and three constraints of the same type, respectively. It is important to note that
whenever additional constraints are introduced, it is ensured that each new constraint is not a subset of any existing
constraints. Consequently, scenarios where a new constraint would be redundant or would encompass an already
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TABLE 7 Runtime (ms) with 1–3 repeated NAND constraints (mean ± std).

n k NAND×1 NAND×2 NAND×3

3000 10 4972.3 ± 674.6 4724.5 ± 1397.0 4323.0 ± 1887.5

3000 20 3018.2 ± 414.3 3020.4 ± 628.5 4209.7 ± 1511.5

3000 30 1706.8 ± 378.0 2938.0 ± 793.9 3024.9 ± 1057.4

3000 40 1146.7 ± 225.7 2354.2 ± 438.7 3335.4 ± 2667.5

TABLE 8 Runtime (ms) with 1–3 repeated IF–THEN constraints (mean ± std).

n k IF_THEN×1 IF_THEN×2 IF_THEN×3

3000 10 8759.2 ± 1538.2 6205.2 ± 1690.5 3009.3 ± 196.5

3000 20 5511.3 ± 1116.0 12181.3 ± 4093.7 2739.6 ± 323.2

3000 30 3613.1 ± 838.8 6620.0 ± 1057.4 3824.3 ± 188.3

3000 40 2787.1 ± 532.8 4617.5 ± 1182.0 2566.3 ± 134.3

existing constraint are avoided.

A consistent trend emerged across all logic types, the computational overhead due to additional constraints is
largest for small K and decays quickly as K grows. One of the possible reasons can be that for smaller number of
groups it is harder to satisfy all of the constraints, as the % of the groups in the constraints is greater for small K
values.

A NAND forbids the simultaneous selection of two groups. Operationally this is a mutual exclusion and allows
the solver to prune entire sub-trees as soon as the first member becomes active. Hence, mutual exclusion constraints
increase the combinatorial burden by increasing the branching space over group selections. Consequently the green
curve (with single constraint) starts far lower (only ≈ 3.7× baseline at K = 10) and converges to virtually the same
runtime as the unconstrained model for K ≥ 40. Adding more NAND families increases the overhead, but the purple
line never exceeds 1.6× the baseline at any K . It is also possible that as the number of groups increases, it becomes
more feasible for NAND constraints to exclude entire sets of sampled groups altogether. This allows for simpler
solutions by connecting only necessary groups, thereby reducing complexity and runtime.

The IF/THEN constraint implication couples two groups asymmetrically : whenever an element of A is selected,
some element of B must also be selected. In our integer program this produces two large constraints plus a set of
linking binaries. The conditional nature hinders the solver’s incumbent-based pruning, which explains the almost
order-of-magnitude overhead for K =10 (approximately 6-8× the baseline). When K reaches 40 the hard requirement
that all remaining groups have to be covered anyway dampens the conditional effect and the ratio shrinks below 4×.

Overall, our computational experiment confirms that logical constraints on groups have a primary impact on the
solver time. Different logical relationships induce different computational behaviors, further reinforcing the need to
treat group-level inclusion and exclusion logic as a central modeling consideration, which our framework does, rather
than as an auxiliary feature.
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(a) OR Constraint (b) XOR Constraint

(c) XNOR Constraint (d) NAND Constraint

(e) IF/THEN Constraint

F IGURE 11 Scalability of the GGST with respect to the number of groups and the number of logical constraints.
As the number of groups increases, additional logical relationships introduce combinatorial interactions that impact
solver performance. The figure illustrates how logic density, rather than graph size alone, becomes another key
driver of complexity. The figure presents mean runtimes across increasing values of K for different logical
constraints applied to the Group Steiner Tree problem.
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5 | CONCLUSIONS AND FUTURE WORK
In this work, we investigate an extension of the group Steiner tree problem by integrating logical side constraints
among groups in the form of a Boolean formula. While Steiner tree variants have allowed for penalties, optional
terminals, and structural constraints in the past, none have explicitly modeled logical relationships among groups in
a unified framework like we do here. Prize-collecting Steiner trees associate costs with choosing to omit a terminal,
but do not capture logical incompatibilities or conditional dependencies. Matroid-constrained and survivable network
design models allow for alternatives through independence systems, but lack the modeling flexibility to encode any
arbitrary logical relationship. Therefore, the Generalized Group Steiner Tree has a distinct modeling position in the
literature, enabling the representation of group-level logic that cannot be compactly expressed in previously proposed
Steiner frameworks.

In our work, we use an integer programming formulation to identify and implement constraints representing
logical relationships (such as IF/THEN, NAND, OR, XOR, and XNOR). We then compare their computational impact
against a baseline GST formulation on random, Barabási-Albert graphs. Our experimental results indicate that even
a single logical constraint significantly increases computational complexity, with the magnitude of overhead strongly
depending on both the type of constraint and the graph structure.

We observe a clear exponential, or at least sub-exponential, runtime growth in the baseline GST problem as graph
size (n) increases. Adding logical constraints further exacerbates this runtime complexity, particularly in larger graphs.
The most computationally demanding constraints, IF/THEN and XNOR, introduce substantial overhead by imposing
strict coupling between group selections, severely restricting feasible solutions and expanding the search space. In
contrast, theNANDandOR constraints introduce relativelymodest overhead, often helping prune or simplify portions
of the search space. Interestingly, XOR constraints demonstrated non-monotonic overhead behavior due to their
conditional nature, occasionally simplifying but more often complicating the solution process.

We also analyze how group count (k ) affects complexity, uncovering a counter-intuitive trend: for large graphs
(n ≥ 2000), increasing the number of groups often reduces the runtime. This occurs because of the interplay be-
tween the scale-free network structure of Barabási-Albert graphs and the community-based grouping derived from
the Girvan-Newman algorithm in our experiments.

Moreover, when multiple logical constraints were progressively introduced, we found that their computational
overheadwas greatest for smaller numbers of groups, decaying quickly as the number of groups increased. Constraints
that enforce strict dependencies (such as IF/THEN) significantly hinder solver efficiency, whereas constraints that
enable pruning (such as NAND) show minimal incremental complexity, even with multiple instances.

Further research should explore more advanced integer programming methods, such as Lagrangian optimization
schemes or problem decomposition techniques, to handle logical constraints more efficiently. For instance, XOR con-
straints naturally decompose the generalized GST into multiple simpler GST problems, potentially offering significant
computational advantages and parallelization. This is another future avenue: leveraging parallel computing, selecting
optimized data structures, and adding specialized constraint-pruning strategies will be essential for deploying this
GGST framework in more practical applications. On the modeling side, extending the GGST to multi-period dynamic
and/or stochastic network settings would allow logical decisions to evolve over time.

Finally, given the applicability of the Steiner tree problem and the GGST framework in analyzing new and inter-
esting complex networks, such as criminal networks and illicit supply chains, as highlighted by recent literature (see,
e.g., [2] and [36]), or hazard-aware infrastructure planning [35] where potential groups could include zones in the
network for different risk types (flooding-prone, wildfire-prone, or seismic zones), new methodological developments
and computational analysis of these logical side constraints in the network design space will immediately have an
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impact in practice.
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