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ABsTRACT. We present an effective warm-starting scheme for solving large linear complementarity
problems (LCPs) arising from Nash equilibrium problems. The approach generates high-quality starting
points that, when passed to the PATH solver, yield substantial reductions in computational time and
variance. Our warm-start routine reformulates each agent’s LP using strong duality, leading to a master
problem with bilinear constraints that is equivalent to the original LCP. Bilinear terms emerge, for
example, from system-level variables in the overall equilibrium problem that are exogenous to individual
agent optimization problems. Approximate solutions are obtained using the difference-of-convex function
algorithm for bilinear terms (DCA-BL) or a spatial branch-and-bound method (SBB). Unlike conventional
bilinear approximation schemes, such as McCormick envelopes, DCA-BL does not rely on tight variable
bounds. We test the scheme on a realistic LCP instance derived from a stochastic natural gas equilibrium
model with nearly 100,000 variables. Without warm starts, PATH struggles to solve these instances
within 24 hours. With DCA-BL or SBB warm starts, solution times drop significantly; the largest instance
is solved in about one hour after two hours of warm start. While both warm-start approaches yield faster
and less variable computational times, experiments suggest that DCA-BL provides the best starting point,
as measured by the resulting PATH runtime. Although demonstrated on a specific LCP, the warm-start
method extends to any LCP derived from the KKT conditions of LPs for each agent combined with

linear system-level constraints.

1. INTRODUCTION

A widely used and flexible framework for modeling systems with multiple, non-cooperative decision-
makers, e.g., energy markets, is that of a Nash equilibrium. In this setting, markets are modeled
as non-cooperative games with rational agents, where each agent (or player) independently solves an
optimization problem while treating the strategies of all other players as fixed. The appropriate solution
concept for such games is a Nash equilibrium, at which no individual agent has an incentive to deviate
unilaterally. To formulate these models, the first-order Karush-Kuhn—-Tucker (KKT) optimality conditions
of each player’s problem are combined, together with any system-level or shared constraints, to obtain a
unified representation of the equilibrium system. This naturally leads to a linear, mixed complementarity
problem (MCP) formulation, which has become the standard approach for modeling and solving such
equilibrium problems [8, 11, 16, 21]. For example, such systems and associated MCP models are quite
common in energy markets but not exclusively to this domain. Additional applications include other
infrastructure networks, such as water or transport [1, 2, 5, 6].

Complementarity problems represent a challenging subclass of nonconvex optimization. In the special
case of MCPs, the resulting mathematical formulation is a feasibility problem with nonconvexities arising,
at least, from bilinear equality constraints of the form F;(z)z; = 0,Vi. When =z, F(z) > 0, this can be
written equivalently as F(z) 2 = 0 and we express the relationship in shorthand as 0 < F(x) 1 x > 0.
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Methods for solving MCPs generally fall into two categories: (1) pivoting methods and (2) continuous,
iterative methods. Pivoting methods, such as Lemke’s algorithm, offer a robust approach for small-to-
medium sized problems, but might not scale well for larger instances and often suffer from numerical
instability. As such, iterative methods, namely the PATH algorithm [10], are widely regarded as the
most successful. The associated PATH solver has become the standard for solving large-scale linear and
nonlinear complementarity problems. However, as is the case for many nonconvex optimization solvers,
PATH solver performance is highly dependent on the provided starting point.

In this work, we present a new approximation scheme for generating high-quality warm starts for linear
complementarity problems (LCPs). The approach is geared towards real-world applications of LCPs,
which may be ill-conditioned with large problem dimension, typically on the order of 10%-10° variables.
The large number of variables is a function of, for example, the number of agents in the market, length of
the temporal planning horizon or the number of stochastic scenarios.

In this setting, we seek a Nash equilibrium of a non-cooperative game in which each player solves a
linear program (LP), resulting in a large LCP when all the LPs’ optimality conditions are combined. In the
warm-starting scheme, rather than concatenating the KKT conditions of each player, we instead construct
a master problem that includes primal feasibility, dual feasibility, and strong duality for each player.
Because each player’s problem is linear, strong duality holds. The resulting formulation is comprised of a
set of linear constraints and one bilinear constraint for each player to represent strong duality. These
bilinear terms arise from the possible presence of decision variables in the primal objective function or
constraints of an individual player that are exogenous to that player, but endogenous to the overall LCP,
such as prices. The proposed warm-start routine seeks to approximate these bilinear terms to generate a
good starting point to pass to the PATH solver.

The bilinear approximation used in the warm-start routine is based on difference-of-convex (DC)
function programming [9], a subfield of nonconvex optimization concerned with finding the extrema of
functions expressed as the difference of convex functions. The routine relies on the recasting of bilinear
terms as the difference of scalar convex quadratic functions, a reformulation explored in general terms
in [12] and referred to as DCA-BL. The concave part of the resulting DC decomposition is iteratively
approximated using the standard general DC algorithm (DCA) from [17]. This presolve approach is
compared with Gurobi’s spatial branch-and-bound algorithm, which uses McCormick envelopes to build
out a spatial branch-and-bound tree. Contrary to these conventional approaches, a benefit of the DCA-BL
warm-start technique is that it does not explicitly rely on the derivation of tight bounds on variables
appearing in the bilinear constraints. Rather, DCA-BL determines the set of supporting hyperplanes for
these bilinear terms using a simple first-order Taylor series approximation. In addition to this benefit,
we find that DCA-BL generates better starting points than the spatial branch-and-bound algorithm,
as measured by the resulting PATH runtime from this starting point. Overall, extensive numerical
experiments indicate that both warm-start approaches generate high-quality starting points that result in

faster and less variable solution times from the PATH solver.

2. LINEAR COMPLEMENTARITY PROBLEMS

Consider a set of players indexed by the set P = {1,...,n,} competing in a non-cooperative game,
where each player p € P solves a linear program of the form
minimize c”(z77, v) P (1a)
x
st APxP > P (7P v) (AP) (1b)

P >0, (1c)
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where player p’s primal decision variables and Lagrange multipliers are denoted by the vectors 2P € R"»
and AP € R respectively. Moreover, 2P = {ac”/ :p' € P,p’ # p} is the set of decision variables for
the other players and v € R’ is a set of exogenously determined Lagrange multipliers determined via
{ affine system-level constraints, described below. Thus, 7P and v are exogenous to player p, so that
cP(x~P ) : RY» x RY — RN» and bP(xz~P v) : R¥» x RY — RM» are vector-valued, affine functions of
data that are exogenous to player p, with Np = Zp/ “p Np. This could include other player’s variables, or
system-level decisions not specific to a single player, such as price. Importantly, the vectors ¢’ and bP
that appear in player p’s optimization problem are functions of data that are endogenous, i.e., decision
variables, in the overall LCP.

The necessary and sufficient Karush-Kuhn-Tucker (KKT) conditions for player p’s optimization problem

are the following: find vectors (2P, A\?) such that
0< (@ Pv)—(AP)TX L 2P >0 (2a)
0 < APgP —bpP(z7Pv) L A >0 (2b)

which can be written more succinctly as:

0 —(AP)T\ [aP cP(x™P ) P
R

As a concrete example, in energy market modeling, the players can be producers, consumers or other
market agents. Their primal variables represent, for example, production or consumption quantities in a
certain time period, and price may be formed by the dual multiplier to a system-level, market-clearing
constraint. We do not delve into the details of such models here, but focus on their high-level structure
by keeping notation as general as possible.

In addition to the KKT conditions of each player, we consider a set of system-level constraints that
link the decisions of each player. In the context of energy market modeling, system-level constraints
often describe price formation in the market. The reader is referred to [11, 13| for further detail on price
formation in the context of complementarity modeling of energy markets. For this discussion, we consider
a general set of system-level constraints to emphasize the flexibility in the proposed warm-start approach.

In particular, consider the affine, system-level complementarity constraints

0> (k) aP+d; L v>0  Vi=1,...4 (4)
peP

N in system-level

where k? € RN» represents the vector of coefficients for player p’s decisions 2P € R
constraint 4, d; € R is a scalar and v; € R is the associated multiplier.

In the context of energy market equilibria, a common instance of a system-level constraint of the form
(4) is a market-clearing condition, which balances supply and demand to form the market price. The

presence of such a constraint is used to model perfect competition, or price-taking strategies by producers.

Given a discrete planning horizon T' = {1,...,n;}, the market-clearing condition in period t € T is
0<Y al =Dy L m>0, Vt=1,...,n, (5)
peP

where Dy is the (inelastic) market demand in time period ¢, 2 is the supply from player p in period
t and m; is the market price for period ¢. In the context of (4), the time index t = 1,...,n; takes the
place of i = 1,...,¢, coefficients k¥ = e, = [0,...,1,...,0]" (i.e., a null vector with 1 in the ¢th entry),
d® = —D; and v; = 7; is the market price in period t. However, (4) could represent multiple types of

linear system-level constraints. Another common example is a shared resource constraint, such as pipeline
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capacities in gas models. In this setting, the system-level constraint is of the form

0< =Y al+ka L na>0, VacdA, (6)
peP
where P is the flow of player p’s gas through arc a € A, and &, is the volumetric capacity in arc a. In
this example, the associated multiplier n, is interpreted as the congestion price.

Importantly, the associated dual variable, v; in its general form (4), or 7 or 7, in the examples (5)
and (6), respectively, must appear elsewhere in the MCP to maintain a square system [11]. In the context
of the market-clearing conditions (5) the dual variable 7; typically appears in the objective of each
profit-maximizing producer, and similarly for the congestion price 7,. These multipliers are grouped into
the vector of exogenous variables ¢?(x P, v).

Concatenating the KKT conditions (2) for each each player p € P, in addition to system-level

constraints of the form (4), results in a LCP of the form
0<Mz+q 1 z>0, (7)

where z = {(2P, \P),ep, v} are the decision variables, ¢ is a vector and M the LCP coefficient matrix.
The specific structure of the matrix M and vector ¢ in this general setting is derived in Appendix B for

interested readers.

2.1. Energy Market Equilibrium Example. Now, we consider a concrete example of an energy
LCP from [13]. We note that this is a much more simple model than the one used in the numerical
experimentation described in Section 5, which has stochastic scenarios and contracts. Nonetheless, the
models share similar attributes and application. The purpose of this discussion is to illustrate how the
warm-start routine can be employed on a simple LCP model. We begin by providing a concrete example
of how an LCP of the form (7) is constructed from a set of linear programs and system-level constraints.

In this example, we consider a set of producers P = {1,...,n,} participating in a Cournot game. Each

producer p must decide the quantity = of gas to produce in the market during period ¢ over a discretized

planning horizon T' = {1,...,n;}. In this setting, producer p solves the following profit-maximization
problem:
Nimi D —_ p iny P _ p
minimize f*(z,7) = Z (W +7"™)af — mal (8a)
* teT

s.t. fo < Xp,total ()\p,total) (Sb)

teT
xb < xProte (AP) vteT. (8c)
x>0 VteT. (8d)

The objective (8a) is to maximize profit (expressed equivalently as minimizing negative profit), where
costs are determined by the constant, marginal production cost 77 of each unit of gas plus the entry tariff
7" at a virtual hub, and revenue is given by the market price m;. Given the upper bounds X%t and
XPrete constraints (8b) and (8c) enforce volumetric and capacity constraints on production, respectively.
The objective function (8a) and all constraints are linear; hence, the KKT conditions are necessary and

sufficient for optimality, and are expressed as follows:

0< AP+ 7™M — 4+ AP g aptotal | gP > Vpe PiteT (9a)
0 < Xplotal N "gp | ol VpeP (9b)

teT
0< XPrete g 1 N >0 Vpe PteT. (9c)

For this example, we assume producers are price-takers, as opposed to price-makers, i.e., producers cannot
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directly influence the price in the market. As such, the market price m; is formed by the market-clearing
conditions

0<y 2l =Dy L m>0 VteT, (10)

peP

where D; is the demand in the market during period ¢. The market-clearing conditions (10) are an example
of a general system-level constraint of the form (4), with ¢ = |T| system-level constraints. Together, the
KKT conditions (9) for each player p € P, along with the market-clearing conditions (10), define the
overall LCP.

3. WARM-START MASTER PROBLEM

We now return to the general setting to outline a linear program with bilinear constraints that is
equivalent to the LCP (7). The resulting quadratically constrained linear program (QCLP) will serve
as the warm-start problem. Rather than concatenating the KKT conditions of each player, we instead
construct a master problem that includes primal feasibility, dual feasibility and strong duality for each
player. In the warm-starting schemes, we will compute an approximation to this master linear program to

use as a starting point for PATH. Counsider the corresponding dual LP to the primal LP (1) for player p

max)%mize W (xP,v) AP (11a)
st (AP)TAP < P(z7P,v) (zP) (11b)
AP >0, (11c)

where ¢P(x7P,v) and b?(z~P,v) are again vector-valued, affine functions of 77 and v. LP theory (see,
e.g., [3]) indicates that the KKT conditions are necessary and sufficient for optimality but so are: primal
feasibility, dual feasibility, and strong duality.

For the primal, dual pair (1), (11), strong duality states that at optimality c?(z=P* v*)TzP* =
bP (P %, v*) TAP* for (xP*, \P**) optimal to their respective primal and dual problems. Weak duality, by
contrast, states that for all primal feasible x” and all dual feasible AP, we must have cP(z P, v) 2P >
b?(z~P,v) T AP. The resulting new problem to solve includes the primal and dual feasibility for each
producer and consumer LP as well as either “reverse weak duality” or strong duality. Reverse weak
duality here is ¢(x7P,v) "2P < b(x~P,v) T AP, which, when combined with weak duality (automatically
satisfied for feasible primal and dual solutions to an LP), will result in strong duality. The computational
advantage of using reverse weak duality is that it admits a larger feasible region than strong duality for
the resulting QCLP.

We form the resulting optimization problem with an arbitrary objective function f(z, A,v) as:

minimize f(z, A, v) (12a)
sit. APzP > bP(z7P,v), 2P >0 Vp e P (12b)
(AP)TAP < cP(z7P ), AP >0 Vpe P (12¢)

PP, v) P <OP(z7P,v) T NP Vp e P. (12d)

Here, (12b) and (12c) represent primal and dual feasibility for player p € P, respectively, and (12d) is
the reverse weak duality constraint for player p. The objective f(z,\,v) could be any (linear) function
of z, A and v, including just f(z, A\,v) = 0. For example, f(x, \,v) could be to maximize social welfare
or minimize total emissions, see, e.g., [13], or a slack penalty term as described in Section 3.1. Note
that here we use x = {2P},cp, A = {\p}pep and v = {1;}¢_; to denote the vector of all primal and dual
decision variables for all players, and all system-level constraint multipliers.

For brevity, define A = diag(A',..., A™), b = {b?(z7P)},cp and ¢ = {P(z7P)},cp so that we can
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express (12) as

mininiize flz, A\ v) (13a)
st. Az >b,x>0 (13b)
ATA<e,A>0 (13c)

P(x7Pv) 2P <P (xP,v) T WP Vp € P, (13d)

where (13b) and (13c) represent primal and dual feasibility for all players. We denote by N =3 p(N;, +
M,) + £ the dimension of the decision vector (z, A, v) for the master problem (13).

The question now is how to deal with the system-level constraints (4). Generally, the disjunctive nature
of the complementarity condition (4) can be modeling using big-M constraints via the introduction of
binary variable b; € {0,1} and a suitably large constant M; for ¢ = 1,..., . The system-level constraints

(4) are then equivalent to:

0< ) () a? +di < Mi(1—1b;) i=1...,0 (14a)
pEP

OSVZ‘SMibi Z'ZI...7£ (14b)

b; € {0,1} i=1...,0 (14c)

By adding (14) to the master problem (13), we obtain a mixed integer program (MIP). Let zP and zP
denote the upper and lower bounds on player p’s primal decision vector zP. Then, based on (14a), a lower

bound on the sufficient value of M; is given by

M= >0 kE+ YT ket | max(0,d)  i=1,....0
pEP \j:k] ;>0 jikf ;<0

where kf ;1s the jth element of vector kY. Often times, the upper and lower bounds Z¥ and z? of player
p’s primal variables are easily derivable from problem-specific information. For example, in the energy
market equilibrium problem described in Section 2.1, player p’s primal decision ¥ is upper bounded by
the maximum production X?"***. Therefore, when applying the reformulation (14) to the market-clearing
conditions (10), the lower bound on M; is My <3 p XPT for each t € T.

Depending on the nature of the overall MCP, this MIP may be at least as computationally challenging
to solve as the original MCP. Since our goal is to efficiently compute an approximate solution to (13)
that can be used as a starting point, we do not need to solve (13)-(14) exactly. As such, we propose the

following options for dealing with (4) and producing an efficient warm start scheme:

1) Relax the integrality constraint (14c) in the big-M formulation (i.e., replace (14c) by 0 < b; <1
foralli=1,...,4).

2) Fix a subset, or all, of the binary variables b; based on problem-specific information to reduce,
or remove, the set of binary constraints. For example, if (4) is comprised of market-clearing
constraints of the form (5), assuming the price m; > 0 then we may fix the corresponding binary

variable b; = 1 and we are left with a set of linear constraints for the system-level conditions.

The choice of how to deal with system-level constraints may be specific to the problem formulation,

computational resources available and quality of warm start required.

3.1. Slack-Minimization Reformulation. Noting that ¢?(x~?,v) and b”(z~P,v) are vector-valued,
affine functions of 77 and v, the challenge in solving (13) is in the presence of bilinear terms in the

reverse weak-duality constraint (13d). To initially address this nonconvex constraint set, we first relax
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the inequality constraint by introducing the slack variable ¢ > 0, which is minimized in the objective:

mgigl})\ifgitze t (15a)
st. Az >b,z>0 (15b)
ATA<e,A>0 (15c¢)

Pz P w)TaP — P (2P, v) TN <t Vp € P. (15d)

t>0. (15¢)

Hence, when ¢ = 0, (15) is equivalent to (13) with f(x, A,v) = 0. In this sense, (15) is a relaxed version
of (13). The benefit of this approach is that we’ve now expanded the original feasible region, widening
the search space.

Lastly, we rewrite (15) to isolate the bilinear terms for clarity. The warm-starting routine for solving

the associated LCP (7) relies on finding approximate solutions to the QCLP

minimize ¢ (16a)
T\t
st. Ar>b,x>0 (16b)
ATA<e,A>0 (16¢)
&P (z, A\, V) + Z Friv; <t  VpeP, (16d)
i€TP
t>0, (16¢)

where ¢P(z, A, v) is a affine function of , A and v, and ¢ is a scalar. The bilinear terms to be approximated
are of the form z;v;, where i € 7P is the index of player p’s variables that require bilinear terms. Note that
some of the bilinear terms may be of the form ¥z, ”. However, for consistency of notation and brevity,
we express this term generally as z;v;. We note that in (16) there is only one bilinear constraint (16d) for
each player, and typically the number of players is significantly smaller than the overall dimension of the
LCP (i.e., |[P]| < N).

3.2. Energy Market Equilibrium Example. Next, we continue with the the price-taker energy
equilibrium example from Section 2.1 and derive the dual and master warm-start problem. The dual to

(8) can be written as follows:

maxi)\mize Xp,total)\p,total + Z ti,rate)\i7 (173)
teT

st AP F T - AP g aptetal > 00 () VteT (17b)

0< N\ VteT (17c)

0 < Aptotal, (17d)

Weak duality for producer p implies that
Xp,total)\p,total + Z Xf,?"ate)\;f < Z(%{) + Tm)l‘f _ thi)a (18)
teT teT

which must hold for all feasible solutions to the primal problem (8) and dual problem (17). If the
relationship (18) holds at equality, we have strong duality. Therefore, following the logic outlined in



8 D. C. FLOCCO, S. A. GABRIEL

Section 3.1, we introduce slack parameter ¢ > 0 and arrive at the following warm-start problem:

minimize ¢ (19a)
T, A\t
sty ab < xptow Vpe P (19b)
teT
xP < Xprete VieT,pe P (19¢)
AP 4+ T — 4+ X APtetal > g VteT,pe P (19d)
Z( D iny,.p Pl p,total y p,total p,rate yp
AP+ 7Y 2P — X A +) O XPTUA| <t Vpe P (19e)
teT teT
b A >0 VieT,pe P (19)
apstotal > Vpe P (19g)
t>0. (19h)

The bilinear term appears in the relaxed, reverse weak duality constraint (19e) as price times quantity
7 - 2f. While the market price m; is exogenous data to each producer solving (8), it is endogenous to
the overall LCP and formed by the system-level, market-clearing constraint (10). We note that for more
complex models, the strong duality constraint (19e) may include addition of bilinear terms. Regardless,
(19¢) is the only bilinear constraint, and there are just |P| of them. Without (19¢), (19) is a LP.

4. APPROXIMATING BILINEAR TERMS

In this section, we present a difference-of-convex function based method to approximate the bilinear

term x;v; that appears in (16).

4.1. Difference-of-Convex Functions Approach. As introduced in [12], we can model the bilinear
relationship z;v; with difference-of-convex functions (DC). Introduce the auxiliary variables u;, v; for each
i €T, where 7 = Upe p IP is the set of all bilinear indices in (16d). These auxiliary variables are related

to z;, v; via the following linear transformation:

(:) - N <Z> with N = [‘C‘ Zl . (20)

If N satisfies (i) ad — be # 0, (ii) ad + be = 0 and (iii) ac > 0, then N is invertible and there exist
constants «;, 8; > 0 such that x;v; = qu? — B;v?, where o; = ac and 8; = —bd (Theorem 1, Gabriel et al.
[12]). Denote by z = (z, A, v, v, u) the new vector of decision variables. Under this transformation, we
can express the bilinear terms x;v; as the difference of scalar quadratic functions. In particular, we can
express (16d) equivalently as

FP(z) = ¢P(z,v) + Z @ riv; = P (2, A\ v) + Z ¢F (ou? — Biv?), (21)

i€Zp iezr

where ¢P(x, \, ) is again an affine function of x, A and v, and ¢ is a scalar. Noting that «;, 5; > 0 for
all i € 7, (21) admits the following DC decomposition:

FP(2) = ¢P(z, A\, v) + Z P aui — Z @Bt | — Z Q¥ Biv? — Z ol | . (22)

i:q? >0 i:q? <0 i:q? >0 i:q? <0

Gr(z) HP(z)

The basic idea of DC function programming is to linearly approximate second DC part (i.e., the concave
part HP) of (22) via it’s first-order Taylor series. Generally, for a DC function F(z) = G(z) — H(z),
where G, H are convex, we approximate F at the current iterate ¥ as G(z) — [H(2%) + VH(2%) T (z — 2¥)].
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More specifically, given the current iterate z* = (ack7 UL uk), the convex approximation of (22) is

FP(2) = GP(2) — HP(z) = GP(z) — [HP (") + VHP (") T (z — 2M)] , (23)
where the the gradient VHP(z*) is comprised of the partial derivatives:
OHP(z* OHP(z*
OH?(z") = —2¢’auf and OH?(=") = 2¢P Bk
ou; Ov;
The result is a QCLP that approximates the solution to (16). This QCLP is given by
m%\nimizg prt (24a)
st. Az >b,x>0 (24b)
ATA< e, >0 (24¢)
(Z/i> — N (%) 7 YieIP,peP (24d)
Z; V;

GP(z) — [Hp(zk) + VHP (%) (2 — zk)] <t Vp € P, (24e)

where N* € R?*2 is a suitably defined matrix according to (20), with elements a,b, c and d satisfying
(i) ad — be # 0, (ii) ad + bc = 0 and (iii) ac > 0, and py > 0 is a penalty parameter. We note that
(24) has only |P| convex, quadratic constraints in (24¢), one for each player. Moreover, as noted in the
original work [12], the variables v and x may be substituted away with the auxiliary variables u and v
via the linear transformation (24d) in implementation (as the matrix N is invertible). This way, the
DC reformulation does not introduce additional decision variables compared to (16). Moreover, the slack
parameter t is introduced so that (24) is always feasible, as noted by Le Thi et al. [17]. Hence, assuming
the LCP (7) is solvable, (24) is feasible.

The resulting algorithm is presented in Algorithm 1 of [12] with (24) as the convex subproblem solved
at each iteration. The DC algorithm is also restated in Appendix A for completeness. This approach,
referred to as DCA-BL (DCA for bilinear terms), builds on the GDCA2 scheme from [17] using slack
variables and adaptive penalty parameter updates. Theorem 2 of [12] provides the main convergence result
for the algorithm presented in Appendix A, which states that if the algorithm stops, it is at a solution (16).
Convergence in the classical sense does not hold due to the lack of the Mangasarian-Fromowitz constraint
qualification of the LCP. Hence, DCA-BL should be viewed as a heuristic that computes approximate
solutions to the warm-start problem.

Another way to handle such bilinear terms is to approximate them with McCormick envelopes, which
form the basis of many spatial branch-and-bound algorithms and other relaxation techniques. The
general idea of McCormick envelopes is to approximate the bilinear function w; = x;v; using the upper
and lower bounds of x; and v; [19]. However, a shortfall in this approach is that the accuracy of this
approximation—and consequently the speed of algorithmic convergence—depends on the tightness of variable
bounds. While primal (physical) variables often have intuitive, or easily derived bounds based on problem
data, tight upper- and lower-bounds may be difficult to derive on the dual variables v and AP appearing
in (4) and (11), respectively. This difficulty is particularly amplified if the dual variable is free. Notably,
the DC reformulation (24) does not directly rely on tight upper- or lower-bounds of the variables that
appear in product terms. Rather, DCA determines the set of supporting hyperplanes for the bilinear

constraints (22) using a simple first-order Taylor series approximation.

4.2. Energy Market Equilibrium Example. Now, we complete the energy equilibrium example from
Sections 2.1 and 3.2 by applying the DCA-BL scheme to (19). Introduce auxiliary variables v}, v¥ for all
t € T and p € P, and scalar p; > 0, which is a penalty parameter that is updated each iteration. Then,
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the convex subproblem solved at each DCA iteration k is

e 259
sty af < Xt Vp € P (25b)
teT
ab < xpraete VteT,pe P (25c)
AP 7y 4 AP APtotal > VteT,pe P (25d)

[me Pl + [0 = of ()2 = 20fut (f - u?”“)”

teT
_ Xp,total/\pﬁtatal + fo,rateAzto] <t vp cP (256)
teT
Tt D uf
o = N} o VteT,pe P (25f)
¥ >0 VteT,pe P (25g)
A >0 VteT,pe P (25h)
Ap,total > 0 Vp e P, (251)
t>0, (25))

where N, a? and 7 are defined according to (20) and u?* and v"* are the values of u?, v? at the current
iteration k. The penalty parameter p; > 0 is updated at each iteration according to Algorithm 1 in
Appendix A, see, e.g., [12, 17, 20].

5. NUMERICAL RESULTS

We test the warm-start scheme on a set of large-scale LCPs arising from real-world application to
natural gas market modeling. The model encompasses a stochastic Nash-Cournot equilibrium problem
for computing equilibrium production quantities, consumption quantities and prices in the Brazilian
natural gas network. The model is comprised of a set of producers and consumers, each solving a linear
two-stage stochastic recourse problem (see, e.g., Birge and Louveaux [4] for more details). In the first
stage, producers and consumers must decide on the quantity of gas to consume in a bilateral contract
market, the prices of which are a function of a stochastic process. Then, their recourse decision is the
quantity of gas to produce/consume in the the spot market versus the contract markets while respecting
their contractual obligation decided upon in the first stage. The spot market price is determined via a
market-clearing constraint, similar to (5) and in the general form (4), which is formed exogenously from
any one agent’s optimization problem. Concatenating the necessary and sufficient KKT conditions of
each agent’s linear program, in addition to system-level constraints of the form (4), results in a LCP of
the form (7). The coefficient matrix for this LCP has the block structure shown in (30) in Appendix B.
For brevity and data-sharing restrictions, we do not go into extensive detail on the specific formulation of
the model but refer to [13] for details on a similar, deterministic model.

However, important to our numerical discussion is the role of time periods and scenarios in the model.
The recourse problem of each agent grows as a function of the number of periods and stochastic scenarios
considered in the problem instance. Specifically, each recourse decision variable and constraint is indexed
by time period and scenario. As such, the number of variables in the overall LCP grows with the number
of scenarios and periods. By modifying the number of periods and scenarios, we are able to generate a
large number of different-sized problem instances to test the proposed warm-start routine. In particular,

let n denote the number of LCP decision variables in the model formulation for one period and one
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scenario. Then, the total number of variables in the same model formulation with n,, scenarios and n;
periods is approximately N = n,, - n; - n. In our case, n = 650, and the model with n; = 12 periods and
n, = 12 scenarios has 92,919 total variables.

The goal of the numerical experiments is to explore the computational gain from the proposed
warm-start scheme for LCPs of varying size. We test two bilinear approximation methods for solving
the warm-start problem (13): DCA-BL from [12] and Gurobi’s off-the-shelf spatial branch-and-bound
algorithm, referred to as SBB [14]. The SBB algorithm relies on constructing convex relaxations of the
problem at each node of the search tree using McCormick envelopes [19]. Throughout the discussion, we
refer to the warm-start routine as Phase 1, and the PATH solve as Phase 2. Using these two approaches
for Phase 1, we compare the resulting Phase 2 runtime (i.e., PATH solve time) with no warm-start scheme
applied. As we will see, the most significant computational improvements from warm starting come for
large problem instances.

A natural question is whether using an intelligently devised, or guessed, starting point based on
problem-specific knowledge is useful. For example, if there is prior knowledge of the market price, or
distribution of a producer’s production between different markets, one could use this to generate an
adequate starting point. Such a starting point could be more accurate than using a trivial starting point
(i-e., a vector of zeros) and less computationally expensive than the proposed warm-start approaches.
However, in real-world applications, it is unlikely that such prior knowledge is known about all primal
(physical) decisions, and even less likely that a reasonable guess at dual multipliers can be easily derived.
We tested with this approach based on problem-specific knowledge of the natural gas equilibrium problem
used in experimentation, and the resulting PATH runtimes were almost identical to those obtained using
the baseline option (1) as a starting point. Since the derivation of an intelligent guess is problem-specific,
and not reproducible, we omit this comparison in the proceeding analysis. Rather, we argue that the
using even a poorly approximated solution to (15) as a starting point yields better PATH performance,

since all LCP variables can be approximated and no problem-specific knowledge is required.

5.1. Experimental Design. We generate 144 instances of the LCP by varying the number of periods
ng € {1,...,12} and number of scenarios n,, € {1,...,12}. The largest instance instance (with n; = 12
periods and n,, = 12 scenarios) has 92,919 total variables. Each instance is solved with PATH using three

different starting points, which are computed in Phase 1:

(1) The zero vector (i.e., no warm start), referred to as No-WS;

(2) Approximate solution to (15) computed by Gurobi’s spatial branch-and-bound algorithm, referred
to as SBB; and,

(3) Approximate solution to (15) computed by the DCA-BL scheme in [12], referred to as DCA-BL.

For each problem instance, we record the computational time required to solve the LCP with PATH
(Phase 2) from each starting point. If PATH converges within the prescribed time limit from any of the
starting points, a validation routine is run to ensure the computed solution is indeed a Nash equilibrium.
Specifically, after the equilibrium solution is computed, each individual agent’s LP (1) is solved with
all exogenous variables, i.e., 7P and v, fixed to ensure no agent is incentivized to deviate from their
current position. The system-level constraints in the model are market-clearing conditions of the form (5)
that form prices 7. In implementation of the warm-start problem, we make the assumption that = > 0
and remove these additional disjunctive constraints, i.e., we fix b; = 1 in the implementation of big-M
constraints (14). This is option 2 for dealing with system-level constraints from Section 3.

The time limit for Phase 2 is 6 hrs (21,600 seconds) and the time limit for Phase 1 (i.e., the time
allowed to compute an approximate solution to (15)) is set to 0.25 hrs (900 seconds). All experiments
were run on an Apple Silicon M2 Max processor with 64 GB RAM and 12 CPU cores running up to 3.49
GHz. The LCP and accompanying warm-start schemes are implemented using the Pyomo 6.9.2 [7, 15]
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FIGURE 1. Computational time (log scale) of PATH (Phase 2) with no warm start
(baseline) for varying number of LCP variables.

modeling package in Python 3.9.22. We use PATH 5.0.05 [10] to solve all LCPs and Gurobi 11.0.0 to solve
DCA subproblems. The off-the-shelf spatial branch-and-bound algorithm, i.e., SBB warm start, also uses
Gurobi 11.0.0. In the DCA-BL implementation, we use

) 1 1 .

N* = VieIP,pe P
1 -1

for the linear transformation in (24d). Based on limited testing performed in [12], the choice of linear

transformation appears to have little impact on algorithm performance.

5.2. Baseline Results. Figure 1 shows the solve time required by PATH (i.e., Phase 2) using the zero
vector as a starting point. These times will serve as the baseline for our warm-start experiment. With
no warm starting applied, PATH solved 80.6% of instances within the prescribed time limit of 6 hours.
An interesting observation is that the solution times show a consistent upward trend for small instances
with minimal deviation. However, for problem instances greater than 20,000 variables, the solution times
are much more variable. In particular, PATH reaches the time limit for some moderately sized instances,
shown by the red “x”s in Figure 1, but solves slightly larger instances in a reasonable amount of time.
This variability is exacerbated when analyzing instances larger than 40,000 variables, where PATH only
solved 14 of 37 instances (37.8%) with a standard deviation among successful solves of 3488.59 seconds

(about 1 hr). This variability is precisely what we would like to address with the warm-start approaches.

5.3. Warm-start Results. We analyze the computational times of PATH using the two proposed
warm-start schemes: SBB and DCA-BL. We compare the Phase 2 computational time using starting
points generated by these warm-start algorithms in Phase 1 with the baseline results shown in Section
5.2, referred to as No-WS. We note that except for small instances, specifically those with n < 5000, the
SBB and DCA-BL warm-start algorithms did not solve (15) exactly in the prescribed presolve (Phase 1)
time limit of 15 minutes, which is expected due to the size and complexity of the problem. Hence, Phase

1 should be viewed as computing an approximate LCP solution to (15) that is used as a starting point in
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FIGURE 2. Mean (top) and standard deviation (bottom) of PATH computational times
(Phase 2) using starting points generated by different warm-start routines (Phase 1).

Phase 2 by PATH to solve (7).

Figure 2 shows the geometric mean and standard deviation of the Phase 2 computational times for the
instances successfully solved by PATH within 6 hours, divided into bins based on problem size. First,
looking at the mean times shown in the top frame, observe that the mean time for No-WS is greater
than both warm-start schemes for all problem dimensions. This indicates that, as expected, providing
a high-quality starting point can be used to significantly improve the solution time of the PATH solver.
Similarly, the standard deviation of solution time for the PATH solver is highest in the baseline case for all
problem dimensions, as shown in Figure 2 (bottom). This further indicates that providing a high-quality
starting point can decrease the variability in PATH computational times.

Next, we compare the Phase 2 computational times for each warm-start scheme for varying problem
sizes, also using Figure 2. We first note that the bins used in Figure 2 represent a cumulative distribution
of instances (e.g., the instances summarized in the n > 20,000 bin are also in the n > 0 bin). Hence,
each bin does not have an equal number of problem instances. However, this is done intentionally
for two reasons: (1) to understand the benefit of warm-starting as the problem size grows and (2) for
data-visualization purposes. As shown in Figure 2, the standard deviation of Phase 2 runtime using No-WS
is 3645.0 seconds (1.01 hours) for n > 0 and increases to 4203.3 seconds (1.17 hours) for n > 60, 000.
This suggests that not only does the PATH solve time exhibit high variability when no warm start is
used, but this variability increases as the problem dimension grows. Conversely, when using SBB and
DCA-BL warm start for n > 0, the standard deviation in Phase 2 solve time is 1579.4 seconds (0.44 hours)
and 2273.1 (0.63 hours), respectively. Moreover, this variability decreases to 1566.4 seconds (0.43 hours)
and 1003.2 seconds (0.28 hours) for n > 60,000 with SBB and DCA-BL warm start, respectively. This
indicates (for these examples) that the warm-start schemes help in reducing the variability in PATH’s
computational time, and this performance gain increases as the problem size grows. Overall, DCA-BL
and SBB warm-start approaches provide a percent improvement of 53.2% (2.13 speed-up) and 62.9%
(2.69 speed-up) in average Phase 2 computational time across all instances (i.e., n > 0), respectively.!
IThe percent improvement of warm-start method s € {DCA-BL, SBB} is computed using the formula (to — ts)/to. For n > 0,

to = 1379.1 seconds is the mean Phase 2 computational time with No-WS, and ¢ is the mean Phase 2 time when using
warm-start scheme s, where ts = 645.2 for DCA-BL and t; = 511.8 for SBB. The speed-up of warm-start scheme s is given
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and Phase 2 is the solving the LCP with PATH from the starting point computed in
Phase 1.

When considering larger problems with size n > 40,000, DCA-BL provides the best percent improvement
in average computational time: 54.2% (2.18 speed-up) compared to No-WS and 43.3% (1.53 speed-up)
compared to SBB.

5.4. Impact of Extended Warm Start. Although the DCA-BL and SBB warm starts result in faster
and less variable Phase 2 solution times, PATH was still unable to solve some of the larger instances within
the 6-hour time limit even with the warm start applied. Therefore, to analyze the impact of a longer
warm-start period, we extend the Phase 1 time for the largest instance with 92,919 variables. Specifically,
we extend the time limit of Phase 1 to 2 hours, compared to 15 minutes used previously, allowing SBB and
DCA-BL more time to compute a warm-start solution. As shown in Figure 3, the resulting PATH (Phase
2) runtime is 3093.2 seconds (0.85 hours) and 3902.5 seconds (1.1 hours) using the DCA-BL and SBB
warm starts, respectively, compared to the baseline (No-WS) which timed out after 6 hours. As expected,
this suggests that the warm-start approaches are able to compute a more accurate approximation during
Phase 1 when more time is allowed, resulting in a higher-quality starting point. Moreover, as noted in
Section 5.3, the DCA-BL warm start leads to a slightly faster Phase 2 time compared to the SBB warm

start, suggesting that the DC-based approach is a more effective warm-start strategy.

6. CONCLUSIONS

We present an effective warm-starting scheme for generating high-quality starting points for large
linear complementarity problems arising from Nash equilibrium problems. The warm-start strategy yields
faster and more consistent solution times with the PATH solver. The proposed warm-start quadratically
constrained linear program leverages a strong duality formulation of each agent’s LP, yielding a master
problem with bilinear constraints that is equivalent to the original LCP. To approximate solutions to
this nonconvex bilinear program, we use two methods: (1) Gurobi’s spatial branch-and-bound algorithm
(SBB), and (2) the DCA-BL approach from [12]|. Contrary to conventional bilinear approximation schemes,
e.g., McCormick envelopes, a benefit of the DCA-BL warm start is that it does not explicitly rely on tight
variable bounds. This benefit is particularly amplified in the Nash equilibria setting, where tight bounds
on agents’ dual variables may not be easily obtained.

We test the warm-start schemes on a realistic LCP instance with varying size, derived from a stochastic

natural gas equilibrium model with nearly 100,000 variables. Experimentation shows that without warm

by the ratio to/ts.
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starting PATH struggles significantly in solving large-scale, realistic LCP instances, even with a 24-hour
time limit. Using approximate solutions from these warm-start routines as starting points, the PATH
solver performance improves substantially, particularly for large instances. In particular, both the variance
and the average computational time of PATH decrease significantly (as the problem size increases), leading
to a more efficient, consistent, and reliable solution process. Using the proposed DCA-BL warm-start
scheme, we are able to solve the largest LCP instance of nearly 100,000 variables in about 1 hour with
2 hours of presolve time, compared to more than 24 hours with no warm start applied. While both
warm starts yield improved PATH performance, experimentation suggests that DCA-BL produces a better
starting point than SBB, as measured by the resulting PATH runtime and distance to the true solution.
While our warm-start strategy is demonstrated on a specific LCP, it is broadly applicable to any LCP

formed from the KKT conditions of agent LPs combined with linear system-level constraints.
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APPENDIX A. DCA-BL PSEUDOCODE

Here, we restate the DCA-BL algorithm from the original work [12], which applies the GDCA2
framework from Le Thi et al. [18]. For the proposed DCA-BL warm start scheme, Algorithm 1 is used to
solve the QCLP (16).

Algorithm 1 DCA for Bilinear Terms (DCA-BL) [12]

1:

Initialization. Find an initial point z'. Choose parameters 61,82 > 0, an initial penalty parameter
value p; > 0, and set k = 1.

Subproblem. Solve the convex subproblem (24) to obtain an optimal solution (z**1 t*+1) and
corresponding Lagrange multipliers \*+1 € R?+1,

Convergence check. If 2FT1 = 2k and t**! = 0, then STOP and return z**! as an approximate
solution to (16). Otherwise, go to Step 4.

Penalty parameter update. Let

rp, = min {||2FT — 28|51 I+ 61 )

where || - ||; is the ¢1-norm and || - ||2 is the f2-norm. Set
sy = 470 if pr > 7k,
1= :
* Pr+ 02, if pr < 1.

Iterate. Set k + k+ 1 and go to Step 2.




REFERENCES 17

APPENDIX B. LCP SYSTEM STRUCTURE EXAMPLE

In this section, we outline the overall structure of the LCP for the general case. To clarify this structure,

we first derive the LCP structure for the energy market equilibrium example introduced in Section 2.1.

B.1. Example of LCP Matrix Structure. Consider the LCP defined by the concatenation of KKT
conditions (9) plus market-clearing constraint (10) with two players P = {1,2} and two time periods

T = {1,2}. The objective coefficients for player p’s objective are

p in
+7 -
ey = (T )
o _|_Tzn —Ty

which we write as the sum of two vectors to separate problem data from prices w1, w2, which are exogenous
to player p but endogenous to the overall LCP. These market prices play the role of the system-level
multiplier v in this example. The constraints (8b) and (8¢c) can be expressed in matrix-vector form

consistent with (1) as:

-1 -1 _Xp,total
AP=1-1 0|, and WP(z7P,v)= | —XxP"ote
0 -1 _Xg,rate

Putting this together, the related KKT conditions for player p includes the two primal variables 7, x5

and the three Lagrange multipliers A7, A5, A} for the 3 constraints (not including nonnegativity).
Together, the LCP (7) in 2 players and 2 time periods involves 12 variables: x1, 23 A1, A\l and A} for

player 1; 2, 22, A%, A3 and A3 for player 2; and, prices 7 and 72, the latter two constituting the vector v.

Thus, the vector z € R!? is then given as:
(1 1 31 41 1 2 2 2 12 42 T
z= (xl,xQ,)\l,)\Q,)\g,xl,xQ,)\1,)\2,)\3,771,7r2)

In this case, the complementarity dimension of the LCP is 12, and the linear system 0 < Mz + ¢ in (7) is

expressed as:

0 0 110/0 0 000|-1 0 - AL 4 7in
0 0 1 01/0 0 0000 -1 ) L 4 7in

-1 =10 0 O 0 0 0 0 O 0 0 \Lstotal Xll,total

-1 0 000[0 0 00O0|0 O Al X Lrate

0 -1 0000 0 0000 0 AL X2ate
o<| © 0 000f0o 0o 11 o0l-1 0 N N
“l o 0o o0o0o0[0 0 10 1[0 -1 @3 2 4 7in
0 0 00O0[-1 -1 00 0/0 0 AL total 2 total

0 0 00O0l-1 0 0000 0 A2 X 2rate

0 0 0000 10000 0 A2 x2ate

1 0 0001 0 00O0[0 O - _ Dy

0 1 0000 1 0000 0 ™ D,

M pe q

The resulting formulation is an LCP that is block separable by player, with linking variables and
constraints induced by the system-level complementarity conditions. In [13], the authors show that
this structure extends naturally to an arbitrary number of time periods and players, and under various
assumptions on price formation (e.g., price-taker and price-maker settings). Notably, in this example
the LCP matrix M is positive semidefinite, a property with important implications for the existence and
uniqueness of Nash equilibria in the overall system, which are also examined in [13]. Next, we extend this

example to derive the LCP structure of the general equilibrium model considered in the manuscript.



18 REFERENCES

B.2. Generalizing the LCP Structure. To generalize the LCP structure, we first re-express player p’s

objective in (1) to be more concrete. Specifically, define the optimization problem for player p as

minimize (2P) " uP + (2F) GPv + (xP) T HP2™P (26a)
P

st APxP > eP 4+ QPv + RPx™P (A\P) (26b)

P >0, (26¢)

where u? € RM and e? € R™>r are vectors, GP € RV»*¢ and QP € RM»*¢ are matrices representing the
coefficients of system-level multipliers v, and H? € RN»XNo and RP € RMr*Mp are matrices representing
the coefficients of other players’ decisions 27, with column dimension N, = > ptp Vp and M, = > ptp Mp.
In the context of (1), we have re-expressed the vectors ¢?(z~?,v) and b’(2?,v) to be more concrete.
Specifically, we express them as three separate affine maps to isolate exogenous variables in p’s optimization
problem:

(x7Pv)=uP +GPv+ HPz7? and bWP(z7P,v)=e’ + QPv+ RPz™P

In the context of the example in Appendix B.1, the components of player p’s objective are:

p n 1 0 _
e~ (312): (0 ) (3) e
Yo + T - T —

Note that HP = 0 since other player’s decision variables 7P do not appear in player p’s objective for
this example. Also, the prices m; and 7o play the role of system-level constraint multipliers v here. The

components of the right-hand-side vector are:
_Xp,total
e? = | —xPrete | and QP = RP =0.

p,rate
fXQ

Here, QP = RP = 0 since neither system-level multipliers v nor other players’ decisions ™7 appear in the
right-hand-side of player p’s constraints.

The necessary and sufficient KKT conditions for player p’s optimization problem are the following:
find vectors (2P, AP) such that

0<uP+GPv+HPz P —(AP)TX L 2P >0 (27a)
0<APgP —eP —QPv—RPz™” 1 N >0 (27Db)

which can be written more succinctly as:

0 —(AP)T D PGP HPy—P p
0< (AP) o u? + GPv + HPx NE: >0. (28)
AP 0 AP —eP — QPv — RPx™P AP
Concatenating the KKT conditions (27) for each each player p € P, in addition to system-level
constraints of the form (4), results in a linear complementarity problem (LCP) of the form

0< Mz+q L z>0, (29)

where z = {(z?, AP),ep, v} are the decision variables, comprised of player primal and dual decisions ?
and NP, and system-level multipliers v. Also, ¢ is a vector and M the LCP coefficient matrix. In this

general setting, the linear system Mz + ¢ has the form
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e\ Tl \
0 —(AHT H} 0 H} 0 HY 0 ]\ —el
(Al 0 ) (—R; 0 ~R} 0 -R, 0 Q! 22 u?
H? 0 0 —(AHT H? 0 H 0 G? A2 —e2
(—R? 0) <A2 0 ) -R? o) -R; 0 —Q? z3 ud
. _ wl e
H 0 Hy" 0 HY" 0 0 —(A™)T G :
-R* 0 B —Ry” o) ' (A"P 0 ) (-Q%) e e
(% 0) (x> o) (x5 0) . (5 0) 0 <)\> (—e”p>
L v 1 L d |
(30)

Here, we adopt the convention that capital letters denote the concatenation of vectors corresponding
to the vectors or functions denoted by lowercase letters. First, K? is a £ x [N, matrix whose ith row is

(KP)T for all p € P and d = (dy,...,ds)". Specifically, in the case of the general system-level constraint
(4), entries of the matrix K? are given by:

(k)T
K? = : . (31)
(k)"
For the example in Appendix B.1, whose system-level constraints are given by the market-clearing
conditions (10), K? = I,,,. Similarly, as shown above, G? = —1I,,, for this example, where n; = 2 is the
number of time periods. The matrices H} € RN>>XNo and R} € RM»*Mp are blocks of larger matrices HP
and RP, respectively. Each block captures the coefficients associated with a single other player’s variables
P in player p’s optimization problem. Accordingly, the full matrices appearing in player p’s optimization
problem (26) may be written as H? = diag(H} : p # p) and R? = diag(R} : p # p). As noted earlier,
HJ = Rj =0 for all p,p € P in the example in Appendix B.1.
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