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Abstract

In model extraction attacks, the goal is to reveal the parameters of a black-box machine
learning model by querying the model for a selected set of data points. Due to an increasing
demand for explanations, this may involve counterfactual queries besides the typically considered
factual queries. In this work, we consider linear models and three types of queries: factual,
counterfactual, and robust counterfactual. First, for an arbitrary set of queries, we derive novel
mathematical formulations for the classification regions for which the decision of the unknown
model is known, without recovering any of the model parameters. Second, we derive bounds on
the number of queries needed to extract the model’s parameters for (robust) counterfactual queries
under arbitrary norm-based distances. We show that the full model can be recovered using just
a single counterfactual query when differentiable distance measures are employed. In contrast,
when using polyhedral distances for instance, the number of required queries grows linearly with
the dimension of the data space. For robust counterfactuals, the latter number of queries doubles.
Consequently, the applied distance function and robustness of counterfactuals have a significant
impact on the model’s security.

1 Introduction

As machine learning models become progressively more prevalent in research and real-world applica-
tions, there is an increasing attention to their impact on privacy, security, and explainability. Recent
work outlines attack techniques that threaten model security and privacy, such as model extraction
[Rigaki and Garcia, 2023]. Model extraction aims to reconstruct a target black-box model by querying
specific data points and using their outcomes to find the original model’s parameters or train a sur-
rogate model that replicates the original model’s behavior. Model extraction attacks can jeopardize
the model integrity and the intellectual property of the model owner. In combination with model
inversion attacks [Fredrikson et al., 2015] or attacks that reconstruct training data [Boenisch et al.,
2023, Ferry et al., 2024], this poses privacy risks, which are especially relevant when models are trained
on sensitive data, e.g., in medical or financial domains.

Besides, as machine learning models become more complex, their inner workings become less
comprehensible to human users. This decrease in explainability leads to the continuously growing
field of Explainable Artificial Intelligence (XAI), providing tools for explanations for a large variety of
machine learning models, such as counterfactual explanations [Wachter et al., 2017]. A counterfactual
for a given factual instance is a (small) perturbation of the instance itself such that the decision of
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the model flips, answering the question: “In what situation would the outcome be B instead of A?”.
However, as counterfactual explanations can enhance transparency and trustworthiness, significant
security risks are introduced, as the explanations can expose sensitive information about data and the
underlying black-box model [Shokri et al., 2021, Nguyen et al., 2024, Milli et al., 2019, Oksuz et al.,
2024]. Attackers may exploit counterfactuals to extract the true model parameters [Khouna et al.,
2025].

Model extraction methods using factual or counterfactual queries were already studied in several
works. Lowd and Meek [2005] demonstrated that the parameters of linear classifiers on continuous
data can be extracted within an (1 + ϵ) factor using a polynomial number of factual queries. Tramèr
et al. [2016] extend on this and present model extraction attacks for other model classes, including
logistic regression, neural networks, and decision trees. The authors consider the machine learning-as-
a-service setting, where partial feature vectors can also be queried to obtain confidence values for the
model predictions. Besides, Reith et al. [2019] focus on model extraction of Support Vector Regression
models using equation-solving attacks. By querying data points, they find a system of equations that
find the model parameters. Another approach that has been studied tries to minimize the query cost
by framing model extraction as an active learning problem [Chandrasekaran et al., 2020, Pal et al.,
2020].

Other works additionally consider counterfactual queries. In Berning et al. [2024] and Goethals
et al. [2023], the authors describe the privacy issues when the counterfactual mechanism uses an
actual existing data point, e.g., another person’s data. These works present how a trade-off between
privacy and the quality of counterfactual explanations can be made using an anonymization method.
A different approach is presented by Aı̈vodji et al. [2020] and consists of creating a dataset of factual
instances, then querying a set of counterfactual queries to obtain a balanced dataset to train a surrogate
model. In their work, Wang et al. [2022] propose a two-step approach that uses counterfactuals of
counterfactuals to obtain the parameters of a linear classifier. Here, they assume the counterfactuals
are not lying on the decision boundary. They show the effectiveness of their model experimentally.
However, no theoretical bounds on the number of queries needed to extract the original model are
presented. Dissanayake and Dutta [2024] use the ℓ2-norm for theminimal edit counterfactual to obtain
polytope approximations of classifiers whose decision boundary is convex and has a continuous second
derivative. The authors also discuss the reconstruction of neural networks with ReLU activation
functions using counterfactual queries. Lastly, Khouna et al. [2025] use counterfactual queries to
reconstruct decision trees exactly and provide guarantees on the complexity of the number of queries
required for model extraction. However, for many model classes, theoretical bounds on the required
number of queries for complete model extraction are still not researched.

In this work, we focus on linear models and consider three types of queries: (i) factuals, (ii)
exact counterfactuals, and (iii) exact robust counterfactuals. We study the research questions (i) how
much arbitrary queries reveal about the classification regions, and (ii) how many queries are needed
to recover the model parameters. By applying techniques from robust optimization, we first derive
novel mathematical formulations for the classification regions for the situation where an arbitrary
set of query results is given. This extends the current literature to the situation where hand-crafted
queries cannot be performed. Second, we show that with a small number of targeted queries the exact
model parameters can be recovered. The derived bounds extend the current literature by considering
more general setups of counterfactuals, involving arbitrary norm-based distance functions, and robust
counterfactuals. Our developed theory shows the effect of the distance function and the robustness of
the counterfactuals on the number of required queries for model extraction.

While the performance of linear models in machine learning is restricted due to their limited
complexity, they are widely used because of their interpretability. In highly regulated fields like
banking, there are often restrictions on using nonlinear predictors. Regulatory frameworks such
as the BCBS [Basel Committee on Banking Supervision, 2026], the GDPR’s rules on automated
decision-making [European Union, 2016], and the SR 11-7 Guidance on Model Risk Management
[Federal Reserve System, 2011] emphasize explainability, documentation, and transparency, which
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favors the adoption of inherently interpretable models like linear regression. Besides, the simple
structure of linear models allows us to derive precise mathematical formulations for the subsets of the
classification regions and exact bounds on the number of (robust) counterfactual queries needed to
extract the model parameters exactly. This analysis provides a foundation that may be extended to
more complex classifiers in future work.

Our contributions consist of the following:

1. We derive novel and computationally tractable characterizations for the data points for which
we can detect the classification without querying the model again, when provided an arbitrary
set of (i) factuals, (ii) exact counterfactuals, or (iii) exact robust counterfactuals.

2. We extend on the current literature by providing upper bounds on the number of (robust)
counterfactual queries needed to fully extract the linear classifier’s parameters for general norm-
based distance functions. Our results show that the choice of the distance measure for (robust)
counterfactuals has a significant impact on the number of queries needed for model extraction.

2 Preliminaries

In this work, we denote vectors in boldface. Subscripts are used to index vector components, while
superscripts are used to index different vectors. We denote the standard basis vectors of Rp with
e1, . . . , ep. We use superscripts in parentheses, x(i) to denote data points in a collection {x(i) | i ∈ I}.

Consider a trained classifier ha,b : X → {−1, 1} which maps each data point x in the data space
X ⊆ Rp either to class −1 (‘No’ ) or 1 (‘Yes’ ). Concretely, we consider linear classifiers given by the
hyperplane of the form a⊤x− b = 0 such that

ha,b(x) =

{
1, if a⊤x− b ≥ 0;

−1, if a⊤x− b < 0,

where a ∈ Rp\{0}, b ∈ R. We denote (a, b) as the parameter vector of the linear classifier h. Note that
classification models involving non-linear transformations of a linear model of the form f(a⊤x) ≥ α
fall in our framework if f is monotonic and invertible, since in this case we can equivalently reformulate
a⊤x ≥ f−1(α) and set b := f−1(α). Hence, all results in this work can be applied to logistic regression
where f is the sigmoid function.

We make the following general assumptions:

(A1) We assume that X is the full real data space, i.e., X = Rp.

(A2) We assume a non-zero a, i.e., there exists an i ∈ {1, . . . , p} with ai ̸= 0. Hence, both ‘Yes’ and
‘No’ points exist.

Evidently, two hyperplanes given by (a, b) and (â, b̂) are equivalent iff there exists a non-zero scalar

λ such that (a, b) = λ(â, b̂). Hence, hyperplanes are invariant under scaling.

Definition 1 (Equivalent Hyperplane). Given a hyperplane with parameters (a, b) such that a⊤x−b =
0, an equivalent hyperplane is given by (â, b̂) such that â⊤x− b̂ = 0 if and only if a⊤x− b = 0.

Next, we define the different query mechanisms we consider in this work, (i) factual, (ii) counter-
factual, and (iii) robust counterfactual, which are also depicted in Fig. 1.

Definition 2 (Factual Query). A factual query qF : X → {0, 1} maps a data point x ∈ X to the label
of the linear classifier, i.e., qF (x) := ha,b(x).

A mechanism often used in XAI is the counterfactual query. This mechanism outputs a minimal
edit to a data point to get a desired output from the original model.
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Definition 3 (Counterfactual Query). Given an arbitrary norm ∥ · ∥N1
(norm-1), a counterfactual

(CF) query qCF : X → X maps a data point x ∈ X to an optimal solution x∗
CF of the problem

min
xCF

∥xCF − x∥N1

s.t. ha,b(x) ̸= ha,b(xCF ),

xCF ∈ X .
(1)

Note that with slight abuse of notation, we use the minimum operator instead of the infimum
operator in the latter problem. Since the region for points which are classified as ‘No’ is open, it may
happen that the latter optimization problem has no optimal solution. However, in practical settings,
a counterfactual is usually calculated over the closure of the region, both for points classified as ‘Yes’
or ‘No’. Therefore, when defining the classification regions or calculating (robust) counterfactuals we
will consider the closure of the classification regions.

A drawback of counterfactual queries is the lack of robustness; a counterfactual lies on a decision
boundary, meaning it is highly sensitive to slight changes in the data point. To combat this problem,
we also consider robust counterfactuals which were proposed in the literature, e.g., see Maragno et al.
[2024].

Definition 4 (Robust Counterfactual Query). For a given robustness set S and an arbitrary norm
∥ · ∥N1

, a robust counterfactual (RCF) query qRCF : X → X maps a data point x ∈ X to an optimal
solution x∗

RCF of the problem

min
xRCF

∥xRCF − x∥N1

s.t. ha,b(x) ̸= ha,b(xRCF + s) ∀s ∈ S,
xRCF ∈ X .

(2)

The definition of a robust counterfactual ensures that for each perturbation of the point by a point
in the robustness set S, the perturbed point remains a counterfactual. Note that a common class of
robustness sets is the class of norm-balls of a given radius, where the norm does not have to coincide
with the norm used in the objective function of problem (2). To prevent confusion, we use ∥ · ∥N2

(norm-2) to define the robustness set, i.e., S := {s | ∥s∥N2
≤ ρ} for ρ > 0. Geometrically, a robust

counterfactual is the closest point to the factual instance, such that the whole norm-2-ball around the
point lies on the other side of the decision boundary; see Figure 1.

In the following, we distinguish between norms that are differentiable at any point x ∈ X \ {0}
and norms that do not have this property. We will respectively refer to these norms as differentiable
norms and non-differentiable norms. Examples of differentiable norms are ℓp-norms with 1 < p <∞,
while ℓp-norms with p ∈ {1,∞} are examples for non-differentiable norms.

Table 1 presents a summary of our key results on model extraction using the various query mech-
anisms introduced above. From this table, we can conclude that using a non-differentiable norm-1
preserves privacy more than a differentiable norm. Moreover, when using robust counterfactuals, we
see that more queries are needed to extract the model’s parameters than for regular counterfactuals.
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Figure 1: Illustration of the definitions.

Query Type
Norm-1

differentiable
Reconstruction #Queries Result

Factual - ϵ-approx. O(log(ϵ−1) + size(c)) Lowd and Meek [2005]
CF Yes Exact 1 Theorem 8
CF No Exact p+ 1 Theorem 14
RCF Yes Exact 1 RCF & 1 Factual Theorem 17
RCF No Exact p+ 1 RCFs & p+ 1 Factuals Corollary 21

Table 1: Information of hyperplane extraction by different query types. Lowd and Meek [2005] assume
the model parameters have magnitude either 0 or in [2−c, 2c].

3 Factual Queries

In Lowd and Meek [2005], it was shown that by smartly performing up to log(ϵ−1) factual queries for
the classifier ha,b, the hyperplane parameters a, b can be recovered up to relative accuracy of ϵ > 0.
However, the latter result relies on the situation that we are able to query a potentially large number
of points. On the other hand, if only an arbitrary number of query results is given and we do not
have the possibility to perform the required amount of queries, the question remains whether we can
already know the query outcome of certain points without querying the model. For example, if we
have a set of points given for which we know the model returns the classification 1, then we know
that every point in the convex hull of the given points must be classified as 1 as well. We next discuss
how much information is extracted regarding the ‘Yes’ and ‘No’ regions by an arbitrary set of factual
queried data points and show novel mathematical formulations for these regions which extend beyond
the convex hull.

Suppose we have a set of data points {x(i), i ∈ I} where I is the index set. Moreover, assume that
the output of the factual query for x(i) is ‘No’ for i ∈ I0, and is ‘Yes’ for i ∈ I1, where I0 ∪ I1 = I.
We then get the following convex region (polyhedron) as possible values for the unknown parameters
a, b:

UF
a,b = {(a, b) | a⊤x(i) − b ≤ 0 ∀i ∈ I0, a⊤x(i) − b ≥ 0 ∀i ∈ I1}. (3)

We now consider the question: For a given data point x̄ ∈ X , can we already know –based on the
information given by the factual queries– whether the classifier yields a ‘Yes’ or ‘No’? Clearly, each
point in the convex hull of x(i),∀i ∈ I0, will yield a ‘No’, and each point in the convex hull of
x(i),∀i ∈ I1, will yield a ‘Yes’.
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However, we can show that there are many more data points for which we can detect their clas-
sification without querying the model again. We refer to all data points for which we can detect the
classification will be ‘No’ without querying the model again as the ‘No’ region (X‘No’). Similarly, the
‘Yes’ region (X‘Yes’) refers to all data points for which we can detect that the classification will be
‘Yes’ without querying the model again. We can test whether we will obtain a ‘No’ for x̄ by solving
the following linear optimization problem:

max
a,b
{a⊤x̄− b : (a, b) ∈ UF

a,b}.

If the optimal value of this problem is at most 0, this means that for all possible (a, b) ∈ UF
a,b, the

original classifier will output a ‘No’ for x̄. This results in the following convex set for the ‘No’ region:

X‘No’ := {x | a⊤x− b ≤ 0 ∀a, b ∈ UF
a,b} = {x | max

a,b∈UF
a,b

a⊤x− b ≤ 0}. (4)

On the other hand, if there exists an (a, b) ∈ UF
a,b such that a⊤x̄− b > 0 we cannot know whether x̄

will be classified as ‘No’ without factual querying x̄. Similarly, if the optimal value of the following
linear optimization problem

min
a,b
{a⊤x̄− b : (a, b) ∈ UF

a,b}

is larger than 0, the original classifier will output ‘Yes’ for x̄. Moreover, note that the set of points,
for which we know for sure that we will obtain a ‘Yes’ from the original classifier, is the following
convex region:

X‘Yes’ := {x | a⊤x− b ≥ 0 ∀a, b ∈ UF
a,b} = {x | min

a,b∈UF
a,b

a⊤x− b ≥ 0}. (5)

By dualizing the optimization problems described in (4) and (5), we get different equivalent for-
mulations of the ‘Yes’ and ‘No’ regions. In the following theorem, we derive such a mathematical
formulation for the regions for which we can detect the classification without additional queries.

Theorem 5. Given data points x(i), i ∈ I such that each x(i) is classified as ‘No’ for i ∈ I0 and as
‘Yes’ for i ∈ I1, where I0 ∪ I1 = I. Then, the ‘No’ and ‘Yes’ regions are given by

X‘No’ =

{
x | ∃u :

∑
i∈I0

ui −
∑
i∈I1

ui = 1,
∑
i∈I0

x(i)ui −
∑
i∈I1

x(i)ui = x, u ≥ 0

}
,

and

X‘Yes’ =

{
x | ∃u :

∑
i∈I1

ui −
∑
i∈I0

ui = 1,
∑
i∈I1

x(i)ui −
∑
i∈I0

x(i)ui = x, u ≥ 0

}
,

respectively.

The results of Theorem 5 show that finding out whether a data point x̄ is in X‘No’ or X‘Yes’ is
computationally tractable since this can be done by optimizing a trivial objective function over the
feasible set described in Theorem 5 resulting in a linear optimization problem which can be solved
by state-of-the-art optimization solvers efficiently. Moreover, we notice that if we set ui = 0, ∀i ∈ I1,
then the ‘No’ region boils down to the convex hull of the points x(i), i ∈ I0. An example of ‘Yes’ and
‘No’ regions is depicted in Fig. 2.

4 Counterfactual Queries

In this section, we first discuss how much information is extracted about the ‘Yes’ and ‘No’ regions
by a set of factual and counterfactual data points. Afterwards, we examine how many counterfactual
queries are needed to retrieve the original hyperplane exactly.
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Figure 2: Example of ‘Yes’ and ‘No’ regions for a set of given factuals.

4.1 Classification Regions

Suppose that, besides factual queries, we also get (minimal edit) counterfactuals for some points of our
dataset. Concretely, for points x(j) from an index subset j ∈ J0 ∪ J1 = J ⊆ I we get a counterfactual

x
(j)
CF := qCF (x

(j)). Suppose the minimal edit is with respect to a certain norm ∥ · ∥N1
, and let

ρj = ∥x(j)−x
(j)
CF ∥N1

. Then, we know that each point z in the ball with center x(j) and radius ρj will
be classified similarly to x(j), i.e., this ball lies on the same side of the hyperplane as x(j). Hence, we
know

a⊤z − b ≤ 0 ∀z : ∥z − x(j)∥N1
≤ ρj ∀j ∈ J0, (6)

a⊤z − b ≥ 0 ∀z : ∥z − x(j)∥N1
≤ ρj ∀j ∈ J1. (7)

Moreover, we know that a counterfactual has a classification that is opposite to its corresponding
factual. Concretely, this means

a⊤x(j)
CF − b ≥ 0 ∀j ∈ J0, (8)

a⊤x(j)
CF − b ≤ 0 ∀j ∈ J1. (9)

Since constraints (6) and (7) also hold for z = x
(j)
CF , the inequalities in (8) and (9) can be replaced by

equalities. With this extra information, we can characterize the uncertainty set of a, b as UCF
a,b given

by the following set of constraints:

a⊤x(i) − b ≤ 0 ∀i ∈ I0,

a⊤x(i) − b ≥ 0 ∀i ∈ I1,

a⊤z − b ≤ 0 ∀z : ∥z − x(j)∥N1 ≤ ρj ∀j ∈ J0,

a⊤z − b ≥ 0 ∀z : ∥z − x(j)∥N1
≤ ρj ∀j ∈ J1,

a⊤x(j)
CF − b = 0 ∀j ∈ J.

Similar to the case with the factuals, we can write the ‘Yes’ and ‘No’ region as

X‘Yes’ = {x | min
a,b∈UCF

a,b

a⊤x− b ≥ 0} and X‘No’ = {x | max
a,b∈UCF

a,b

a⊤x− b ≤ 0},

respectively.
Using this new formulation of the uncertainty set UCF

a,b , we need perspective functions to dualize
the inner optimization problem to obtain a dual characterization for the ‘Yes’ and ‘No’ regions.
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Theorem 6. Consider a dataset of points x(i) for i ∈ I such that qF (x
(i)) = −1 for all i ∈ I0 and

qF (x
(i)) = 1 for all i ∈ I1 = I \ I0. Moreover, consider the points x

(j)
CF for j ∈ J ⊆ I such that

x
(j)
CF = qCF (x

(j)). Let J0 ⊆ I0, J1 ⊆ I1, and J = J0 ∪ J1. Then, the ‘No’ and ‘Yes’ regions are
characterized by the conic quadratic sets

X‘No’ =



x | ∃t,u,v,y : −
∑
i∈I0

ti +
∑
i∈I1

ti −
∑
j∈J

yb −
∑
j∈J

vj = −1,∑
i∈I0

tix
(i) −

∑
i∈I1

tix
(i) +

∑
j∈J

y(j)
a +

∑
j∈J

vjx
(j)
CF = x,

uj(∥y(j)
a /uj − x(j)∥N1

− ρj) ≤ 0 ∀j ∈ J0,

uj(y
(j)
b /uj + 1) = 0 ∀j ∈ J0,

uj(∥y(j)
a /uj + x(j)∥N1

− ρj) ≤ 0 ∀j ∈ J1,

uj(y
(j)
b /uj − 1) = 0 ∀j ∈ J1,

y(j) = (y
(j)
a , y

(j)
b ) ∈ Rp+1 ∀j ∈ J

t ∈ R|I|
≥0, u ∈ R|J|

≥0, v ∈ R|J|.


and

X‘Yes’ =



x | ∃t,u,v,y : −
∑
i∈I0

ti +
∑
i∈I1

ti −
∑
j∈J

yb −
∑
j∈J

vj = 1,∑
i∈I0

tix
(i) −

∑
i∈I1

tix
(i) +

∑
j∈J

y(j)
a +

∑
j∈J

vjx
(j)
CF = −x,

uj(∥y(j)
a /uj − x(j)∥N1

− ρj) ≤ 0 ∀j ∈ J0,

uj(y
(j)
b /uj + 1) = 0 ∀j ∈ J0,

uj(∥y(j)
a /uj + x(j)∥N1

− ρj) ≤ 0 ∀j ∈ J1,

uj(y
(j)
b /uj − 1) = 0 ∀j ∈ J1,

y(j) = (y
(j)
a , y

(j)
b ) ∈ Rp+1 ∀j ∈ J

t ∈ R|I|
≥0, u ∈ R|J|

≥0, v ∈ R|J|.



,

respectively.

Theorem 6 shows that finding out whether a data point x̄ is in X‘No’ or X‘Yes’ is computationally
tractable, because of its conic quadratic formulation. To find out whether a data point x̄ is in X‘No’

or X‘Yes’, we can optimize a trivial objective function over the set of constraints as described in
Theorem 6. The resulting conic quadratic optimization problem can be efficiently solved using state-
of-the-art solvers. In Figure 3, we show a two-dimensional visualization of the classification regions
when there is one data point and a corresponding counterfactual, i.e., |I| = |J | = 1. We consider three
cases, when the counterfactual mechanism uses the (i) ℓ1-norm, (ii) ℓ2-norm, and (iii) ℓ∞-norm. We
see that for the non-differentiable norms (ℓ1, ℓ∞) there are still areas for which we cannot conclude the
classification. For the differentiable ℓ2-norm, however, it seems only one factual and corresponding
counterfactual extracts the whole model. In the next section, we verify this hypothesis.

4.2 Extracting the Hyperplane

We will show in this section that the number of counterfactual queries needed to recover the linear
classifier ha,b depends on the norm ∥ · ∥N1

used in problem (1). We first use classical optimality
conditions to derive general conditions on the linear hyperplane parameters a and b.

In the following we denote by ∂f(x0) the subdifferential set of a function f : Rp → R at point x0,
i.e.,

∂f(x0) := {v ∈ Rp : f(x0)− f(x) ≥ v⊤(x0 − x) ∀ x ∈ X}.

8



(a) N1 = ℓ1. (b) N1 = ℓ2. (c) N1 = ℓ∞.

Figure 3: Example of the classification regions given one data point classified as ‘No’ and correspond-
ing counterfactual for different choices of norm-1.

Lemma 7. Let xF ∈ X be an arbitrary factual instance and qCF (xF ) = x∗
CF with x∗

CF ̸= xF be its
corresponding optimal counterfactual under an arbitrary norm f(x) = ∥x∥N1

. Then, there exists a
scalar λ∗ ∈ R \ {0} such that

a⊤x∗
CF = b,

λ∗a ∈ ∂f(x∗
CF − xF ).

The latter lemma indicates that if f is differentiable, then ∂f is a singleton, which provides us
the direction of a, while for non-differentiable norms ∂f may be an infinite set, concealing the true
direction of a. We analyze both cases in the following two subsections.

4.2.1 Differentiable Norms

For differentiable norms, the subdifferential set in Lemma 7 contains only the gradient of f . Hence,
in this case a can directly be extracted, which shows that we only need one counterfactual query to
recover the hyperplane of the classifier.

Theorem 8. Let xF ∈ X be an arbitrary factual instance and qCF (xF ) = x∗
CF with x∗

CF ̸= xF

be its corresponding optimal counterfactual under an arbitrary differentiable norm f(x) = ∥x∥N1
.

This one counterfactual query is enough to extract the original classifier’s parameters since for â =
∇f(x∗

CF −xF ) and b̂ = â⊤x∗
CF it holds that the hyperplane given by â, b̂ is equivalent to the original

hyperplane with parameters a, b.

Note that Theorem 8 finds a hyperplane equivalent to the one used by the original classifier,
however to obtain an equivalent classifier, we still need to know which side of the hyperplane is
classified as 1 and which one as −1. This can be done by one factual query of a point lying outside
of the hyperplane. Note that the assumption xF ̸= x∗

CF in Theorem 8 is not too restrictive since it
is only violated if xF lies on the hyperplane. However, for a randomly drawn point xF ∈ X , this
happens with probability zero. In case we have a point xF which lies on the hyperplane, we may
query p linearly independent points around xF , e.g., the points xF + ei for i = 1, . . . , p. Then at
least one of these points does not lie on the hyperplane, and we can apply Theorem 8 to recover the
hyperplane.

4.2.2 Non-differentiable norms

Unfortunately, Lemma 7 implies that, in general, one counterfactual query does not extract the
original hyperplane if the norm ∥ · ∥N1

is non-differentiable. This is because the subdifferential for
non-differentiable norms is not necessarily a singleton but an infinite set. Figures 3a and 3c show,
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in the case of non-differentiable norms, that the uncertainty in a, b leads to regions for which the
classification is not known. In this case, the subdifferential set of the norm-function f(x) = ∥x∥N1 in
Lemma 7 can be reformulated as

∂f(x) = {v ∈ Rp : v⊤x = ∥x∥N1 , ∥v∥∗N1
≤ 1},

where ∥ · ∥∗N1
is the dual norm; see Rockafellar [1997]. This leads to the following result.

Corollary 9. Let xF ∈ X be an arbitrary factual instance and qCF (xF ) = x∗
CF under an arbitrary

norm ∥ · ∥N1
. Then, x∗

CF is an optimal counterfactual if and only if there exists a λ ∈ R \ {0} such
that

a⊤x∗
CF = b,

λa⊤(x∗
CF − xF ) = ∥x∗

CF − xF ∥N1
,

∥λa∥∗N1
≤ 1.

To extract the original hyperplane, we need additional counterfactual queries. We note that a set
of p linearly independent points {x(1), . . . ,x(p)} on the hyperplane, i.e.,

a⊤x(i) − b = 0 ∀i = 1, . . . , p (10)

is enough to extract a, b. Thus, by finding p linearly independent counterfactual points, we can extract
a hyperplane revealing the original classifier.

Remark 10. In the case that one of our counterfactual queries returns 0 as a counterfactual for
a certain point, we know that b = 0 since 0 lies on the hyperplane. Therefore, the solution space
of a, b boils down to the solution space of a, which is one-dimensional when we have p − 1 linearly
independent points {x(1), . . . ,x(p−1)}. The system of equations described in (10) then simplifies to

a⊤x(i) = 0 ∀i = 1, . . . , p− 1.

Since we only need the direction of a (any scaling leads to the same hyperplane), the latter equation
system allows us to recover the classifier. Thus, if 0 is a counterfactual, then by finding p− 1 linearly
independent counterfactual vectors, the optimality conditions in Corollary 9 still ensure that we retrieve
a hyperplane equivalent to the original classifier.

To obtain a set of p linearly independent points on the hyperplane, we strategically choose the
factual instances to query. The following two lemmas are helping us with that.

Lemma 11. Let xF ∈ X be an arbitrary factual instance that does not lie on the hyperplane and
qCF (xF ) = x∗

CF under an arbitrary norm ∥ · ∥N1
. Then,

x∗
CF = xF + dxF

v, (11)

with dxF
= b−a⊤xF

∥a∥∗
N1

is an optimal counterfactual if and only if ∥v∥N1 ≤ 1 and a⊤v = ∥a∥∗N1
.

The lemma demonstrates the existence of a direction v such that, for any factual point, there is
a corresponding counterfactual point obtained by perturbing the factual point in the direction of v.
Especially, the direction is independent of the factual instance. From the definition of the dual norm
it follows that

∥a∥∗N1
= max

∥v∥N1
≤1

a⊤v, (12)

and hence, we know that the direction v must be a maximizer of the latter problem.
If multiple optimal counterfactuals exist, one counterfactual query might perturb the original

point in direction v(1) := x
(1)∗
CF − x

(1)
F , while another counterfactual query might perturb the original

10



point in direction v(2) = x
(2)∗
CF − x

(2)
F with v(1) ̸= v(2). A consequence of Lemma 11 is that if such

multiple optimal counterfactuals exist, we can always retrieve a counterfactual in the direction of v(1).

Concretely if for two factual points x
(1)
F ,x

(2)
F ∈ X we have

x
(1)∗
CF = x

(1)
F + v(1) and x

(2)∗
CF = x

(2)
F + v(2),

where v(1) ̸= v(2) and v(1),v(2) ̸= 0. Then

x̄
(1)∗
CF = x

(1)
F +

∥v(1)∥N1

∥v(2)∥N1

v(2) and x̄
(2)∗
CF = x

(2)
F +

∥v(2)∥N1

∥v(1)∥N1

v(1)

are also optimal counterfactuals. This follows from Lemma 11 because if for one factual point there
exists a counterfactual in the direction of v(1), then for any point there exists a counterfactual in the
direction of v(1). If for another factual point, there exists a counterfactual in a different direction,
we obtain the distance between the counterfactual and the factual. To obtain a counterfactual in the
direction of v(1), we only have to rescale the perturbation to match this distance between the factual
and the counterfactual.

Example 12 (ℓ1 and ℓ∞ norm). For both the ℓ1 and ℓ∞ norms, a maximizer of (12) over the
corresponding norm ball is attained at a vertex of the feasible region. Hence, for every factual instance
xF ∈ X there exists an optimal counterfactual of the form x∗

CF = xF + dxF
v, where v is a vertex of

the norm ball.
For N1 = ℓ1, this means that there exists an optimal counterfactual that modifies only one coor-

dinate j0 of xF . This becomes clear when choosing v = sgn(aj0) e
j0 , where j0 ∈ argmaxj=1,...,p |aj |.

Then, ∥v∥1 = 1 holds and a⊤v = |aj0 | = ∥a∥∞ = ∥a∥∗1. However, the counterfactual query does
not need to return a vertex solution when multiple optimal counterfactuals exist, i.e., when a higher-
dimensional face of the ℓ1-ball with center xF and radius ∥xF − x∗

CF ∥1 intersects the hyperplane.
Suppose that the query returns an optimal x∗

CF = xF +
∑p

i=1 die
i with at least two indices i1, i2 such

that di1 , di2 ̸= 0. Then, x̃CF := xF +
(∑p

i=1 di

)
ei1 lies on the same face of the ℓ1-ball and it has

the same ℓ1-distance to xF . Hence, x̃CF is also an optimal counterfactual and it changes only one
coordinate of the factual instance.

For N1 = ℓ∞ we can choose v =
∑p

i=1 sgn(ai)e
i. Then, ∥v∥∞ = 1 and a⊤v =

∑p
i=1 |ai| = ∥a∥1 =

∥a∥∗∞, so there is an optimal counterfactual obtained by translating xF towards a corner of the ℓ∞-
ball. Again, when a higher-dimensional face of the ℓ∞-ball with center xF and radius ∥xF − x∗

CF ∥∞
intersects the hyperplane, the query may return a non-corner optimal point x∗

CF = xF +
∑p

i=1 die
i

with at least two indices i1, i2 such that |di1 | ≠ |di2 |. Let j ∈ argmaxi=1,...,p |di|, then x̃CF :=

xF + dj
∑p

i=1 sgn(di)e
i lies on the same face of the ℓ∞-ball and it has the same ℓ∞-distance to xF .

Thus, x̃CF is an optimal counterfactual obtained by translating xF via a corner point of the ℓ∞-ball.
Consequently, for both norms, there always exists an optimal counterfactual that moves the factual

instance along a vertex direction of the respective norm ball, and this optimal counterfactual can be
reconstructed from any optimal solution.

Lemma 13. Let v be a vector from Lemma 11 and V = {v,v2, . . . ,vp} be a basis of Rp. If vCF

denotes the optimal counterfactual of v and vi
CF the optimal counterfactual of vi as given by (11),

then we have the following:

(i) If vCF ̸= 0, then the set of counterfactuals {vCF ,v
2
CF , . . . ,v

p
CF } is linearly independent.

(ii) If vCF = 0, then the set of counterfactuals {v2
CF , . . . ,v

p
CF } is linearly independent.

Lemmas 11 and 13 show that we can always construct a counterfactual of the form xCF = xF +
dxF

v, and if we have a basis V such that v ∈ V , then querying counterfactuals for the whole basis V
will lead to a linearly independent set of points that lie on the hyperplane. This allows us to recover
all parameters a, b.
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Since we do not know a, b a priori, we also do not know the vector v from Lemma 11. However,
after one counterfactual query for factual xF such that xF ̸= xCF we can obtain v from Lemma 11
as

v =
1

dxF

(xCF − xF ) .

Afterwards, we can use the Gram-Schmidt process to create a basis V that contains v. This procedure
is described in Algorithm 1.

Algorithm 1 Extracting â, b̂ using counterfactuals with non-differentiable norm ∥ · ∥N1

Input: Counterfactual query qCF , norm f(x) = ∥x∥N1
.

for i = 1, . . . , p do

Query x
(i)∗
CF ← qCF (e

i)

if x
(i)∗
CF ̸= ei then

v ← x
(i)∗
CF − ei

break for-loop
end if

end for
Create basis V such that v ∈ V using the Gram-Schmidt process
Query the points vi

CF ← qCF (v
i) for all vi ∈ V

â, b← find solution to the set of linear equations (10)

return â, b̂

Theorem 14. Assuming x
(1)∗
CF ̸= e(1), Algorithm 1 uses p+1 counterfactual queries to return param-

eters â, b̂ of a hyperplane, which is equivalent to the original hyperplane with parameters a, b.

Note that the assumption in Theorem 14 is not too restrictive since an arbitrary point as e(1) is
unlikely to lie on the hyperplane. Removing this assumption, it could be possible that all directions
ei need to be queried to find v. However, then we would already have found p independent points
on the hyperplane, so we can retrieve a, b. When v is found after querying p − 1 directions, then
Algorithm 1 will query a newly created basis, hence in total 2p− 1 counterfactual queries are needed
in the worst case.

Example 15. We demonstrate the effectiveness of our approach using a simple two-dimensional
example shown in Figure 4. Consider the hyperplane given by 2x1 − x2 = 3, i.e., a = (2,−1), b = 3.
We examine a counterfactual mechanism with N1 = ℓ∞ as minimal edit. First, we ask a counterfactual
query for the point (3, 0), which yields its optimal counterfactual point (2, 1). This gives us the direction
of the counterfactuals, (2, 1) − (3, 0) = (−1, 1). Next, we use a counterfactual query for the point
(−1, 1), which outputs qCF (−1, 1) = (1,−1). Note that we have already obtained a linearly independent
set of equations to determine the hyperplane parameters:

2a1 + a2 = b, a1 − a2 = b.

By setting b = 1, we obtain the solution a = 1
3 (2, 1). So, we found a hyperplane that is equivalent to

the original hyperplane.

5 Robust Counterfactual Queries

Building upon the results of the counterfactual queries, we will first discuss in this section the number
of robust counterfactual (RCF) queries needed to extract the original hyperplane. Additionally, we
will show how the induced ‘Yes’ and ‘No’ regions are characterized when not enough queries are
given.
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Figure 4: Example of extracting the hyperplane using counterfactual queries with N1 = ℓ∞.

5.1 Extracting the Hyperplane

In the following, we will show that the number of RCF queries needed to recover the linear classifier
ha,b(x) depends on the norm of the robust counterfactual problem (2) but is independent of the norm
used for the robustness set. The results show that the number of queries needed doubles compared to
the classical counterfactuals, which indicates that in our setup, where the robustness radius ρ is known,
robust counterfactuals provide an additional level of privacy compared to classical counterfactuals.
We first show the following lemma, which is the robust counterpart of Lemma 7.

Lemma 16. Let xF ∈ X be an arbitrary factual instance and x∗
RCF ̸= xF be a corresponding optimal

robust counterfactual under an arbitrary norm f(x) = ∥x∥N1
and robustness set S = {s | ∥s∥N2

≤ ρ}
with ρ > 0. Then, there exists a scalar λ∗ ∈ R \ {0} such that

b = a⊤x∗
RCF + qF (xF )ρ∥a∥∗N2

,

λ∗a ∈ ∂f(x∗
RCF − xF ).

As for the classical counterfactuals, the lemma indicates that for differentiable norms, only one
query is needed, while the situation with non-differentiable norms is more complicated.

5.1.1 Differentiable Norms

For differentiable norms, the subdifferential in Lemma 16 is a singleton, containing only the gradient
of f . Hence, in this case the parameters of a can directly be extracted. The following theorem shows
that we only need one counterfactual query to recover the hyperplane of the classifier.

Theorem 17. Let qRCF be a robust counterfactual mechanism using an arbitrary differentiable norm
f(x) = ∥x∥N1

and robustness set S = {s | ∥s∥N2
≤ ρ}. One robust counterfactual query and one

factual query for an arbitrary data point xF ∈ X are needed to extract the original model’s parameters.
In particular, for qRCF (xF ) = x∗

RCF , let â = ∇f(x∗
RCF − xF ) and b̂ = â⊤x∗

RCF + qF (xF )ρ∥â∥∗N2
.

Then, it holds that the hyperplane given by â, b̂ is equivalent to the original hyperplane with parameters
a, b.

Note that Theorem 8 finds an equivalent hyperplane as used by the original classifier, but it could
be that the two different classification regions are interchanged. To obtain an equivalent classifier, it
suffices to check the outcome of a single factual query, which is already done in Theorem 8. Recall
that one counterfactual query sufficed for extracting the original model parameters, but an additional
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factual query is required to determine the classification of the regions. Therefore, extracting the model
parameters requires one more query when using robust counterfactuals, while finding an equivalent
model requires the same number of queries.

5.1.2 Non-differentiable Norms

For non-differentiable norms, the subdifferential set in Lemma 16 can be larger than a singleton, so
Theorem 17 no longer holds. In order to extract the hyperplane, we follow a similar procedure as for
the counterfactual queries. The robust counterpart of Corollary 9 is derived in the following.

Corollary 18. Let xF ∈ X be an arbitrary factual instance and qRCF be a robust counterfactual
query under an arbitrary norm ∥x∥N1

and robustness set S = {s | ∥s∥N2
≤ ρ}. Then, x∗

RCF ̸= xF is
an optimal robust counterfactual if and only if there exists a λ ∈ R \ {0} such that

a⊤x∗
RCF + qF (xF )ρ∥a∥∗N2

= b,

λa⊤(x∗
RCF − xF ) = ∥x∗

RCF − xF ∥N1
,

∥λa∥∗N1
≤ 1.

To retrieve the original hyperplane, we need additional robust counterfactual queries resulting in
a system of equalities which has solution a, b. Unlike counterfactuals, robust counterfactuals do not

lie on the hyperplane. When we have a set of p linearly independent RCF points {x(1)
RCF , . . . ,x

(p)
RCF },

we have the following system of equations

a⊤x(i)
RCF − b+ qF (x

(i)
F )ρ∥a∥∗N2

= 0 ∀i = 1, . . . , p, (13)

which is nonlinear in a, b due to the term ∥a∥∗N2
. When we know the classification of the original

factual, we know qF (x
(i)
F ). After scaling we can also assume ∥a∥∗N2

= 1 and (13) can be reformulated
as

a⊤x(i)
RCF − b+ qF (x

(i)
F )ρ = 0 ∀i = 1, . . . , p, (14)

∥a∥∗N2
= 1.

The first p equations have a one-dimensional solution space since it is a linear system in dimension
p+ 1 with p linearly independent equations. By solving the latter system and afterwards scaling the
solution to ∥a∥∗N2

= 1, we retrieve a hyperplane equivalent to the original classifier. Note that the
latter discussion indicates that for each of the constructed factual points, we need to perform a factual
query, which was not needed for the classical counterfactual case.

Remark 19. In the case that 0 is a robust counterfactual for an arbitrary point x ∈ X , we obtain
by the optimality conditions that b = −qF (xF )ρ∥a∥∗N2

. If we know the original classification of x, the
solution space of a, b boils down to the solution space of a, which is one-dimensional when we have
p− 1 linearly independent points {x(1), . . . ,x(p−1)} such that

a⊤x(i) − b+ qF (x
(i)
F )ρ = 0 ∀i = 1, . . . , p− 1,

∥a∥∗N2
= 1.

Thus, if 0 is a robust counterfactual, then, by finding p−1 linearly independent counterfactual vectors,
the optimality conditions in Lemma 18 still ensure that we retrieve a hyperplane equivalent to the
original classifier.

The latter discussion indicates that we have to find a set of p linearly independent RCF points.

To achieve this, we have to smartly choose the factual instances x
(i)
F . To approach this we show the

following lemma.
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Lemma 20. Let xF ∈ X be an arbitrary factual instance and qRCF (xF ) = x∗
RCF under an arbitrary

norm ∥ · ∥N1 and robustness set S = {s | ∥s∥N2 ≤ ρ}. Then,

x∗
RCF = xF + dxF

v,

with dxF
=

b−a⊤xF−qF (xF )ρ∥a∥∗
N2

∥a∥∗
N1

is an optimal robust counterfactual if and only if ∥v∥N1 ≤ 1 and

a⊤v = ∥a∥∗N1
.

The lemma shows, similar to the results for counterfactuals, that there exists a direction v such
that for any factual point, there exists a robust counterfactual which is the factual point perturbed into
this direction v. Especially, the direction is independent of the factual instance. From the definition
of the dual norm it follows that

∥a∥∗N1
= max

∥v∥N1
≤1

a⊤v,

and hence, we know that the direction v must be a maximizer of the latter problem. Especially, the
direction v is the same as for classical counterfactuals.

By combining Lemma 13 with Lemma 20, we can apply the same algorithm used for counter-
factuals to recover the hyperplane using robust counterfactuals when norm-1 is non-differentiable.
Specifically, in Algorithm 1, we replace qCF with both qRCF and qF . Consequently, we need p + 1
robust counterfactual queries and p+1 factual queries to solve the system of equations (14) and obtain

hyperplane parameters â, b̂ that are equivalent to the original hyperplane parameters a, b.

Corollary 21. Let qRCF be a robust counterfactual mechanism using an arbitrary non-differentiable
norm f(x) = ∥x∥N1

and robustness set S = {s | ∥s∥N2
≤ ρ}. Then, with only p+1 robust counterfac-

tual queries and p+1 factual queries, we can recover hyperplane parameters â, b̂ which are equivalent
to the original hyperplane parameters a, b.

Example 22. We demonstrate our approach using a simple two-dimensional example shown in Fig. 5.
Consider the hyperplane given by 2x1 − x2 = 3, i.e., a = (2,−1), b = 3. We examine a counterfactual
mechanism with N1 = ℓ∞ as minimal edit and robustness set given by S = {s | ∥s∥N2

≤ 1} with
N2 = ℓ1. First, we ask a factual query for (3, 0), which outputs ‘No’. A robust counterfactual
query for the point (3, 0) yields qRCF (3, 0) = 1

3 (4, 5). This gives us the same direction as for the
counterfactuals, (−1, 1). Next, a factual query (−1, 1) yields ‘Yes’ and a robust counterfactual query
for the point (−1, 1) outputs qRCF (−1, 1) = 1

3 (5,−5). Note that we have obtained the following
equations:

1

3
(4a1 + 5a2)− b− ∥a∥∞ = 0 and

1

3
(5a1 − 5a2)− b+ ∥a∥∞ = 0.

By setting ∥a∥∞ = 1, we obtain the solution b = 3
2a1, a2 = a1

10 − 3
5 . Moreover, since we enforce

∥a∥∞ = 1 we have max{|a1|, |a1

10 − 3
5 |} = 1 implying that a1 = −1 or a1 = 1. For a1 = −1, we

have the hyperplane a = (−1,− 7
10 ), b = − 3

2 . Then, for point x = 1
3 (4, 5), we would have a⊤x − b =

− 4
3 + 3

2 = 1
9 > 0 which contradicts with x being a robust counterfactual of (3, 0). Therefore, we

conclude a1 = 1 giving us the hyperplane a = (1,− 1
2 ), b =

3
2 , which is an equivalent hyperplane to the

original one.

5.2 Classification Regions

In the previous section, we used Theorem 17 to conclude that if ∥ · ∥N1
is differentiable, then the full

hyperplane is extracted using one factual and one counterfactual query. Hence, we exactly know the
full classification regions. However, for non-differentiable norms, this is not the case.

Now, suppose that, next to a set of arbitrary factuals, we also have an arbitrary set of robust
counterfactuals (RCFs). This means that for points x(j) from an index subset j ∈ J0 ∪ J1 ⊆ I0 ∪ I1
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Figure 5: Example of extracting the hyperplane using robust counterfactual queries with N1 = ℓ∞
and robustness set given by S = {s | ∥s∥N2 ≤ 1} with N2 = ℓ1.

we get a RCF x
(j)
RCF . Then, we know that every point z in the robust region S around the robust

counterfactual will be classified differently from the corresponding factual. Concretely,

a⊤z − b ≥ 0 ∀z : ∥z − x
(j)
RCF ∥N2 ≤ ρ ∀j ∈ J0, (15)

a⊤z − b ≤ 0 ∀z : ∥z − x
(j)
RCF ∥N2

≤ ρ, ∀j ∈ J1. (16)

Besides, Lemma 16 tells us a is a subgradient of norm f(x) = ∥x∥N1
at (x

(j)
RCF − x(j)). That is,

a ∈ ∂f(x
(j)
RCF − x(j)) ∀j ∈ J. (17)

With this extra information, we can characterize the uncertainty set of a, b as URCF
a,b as given by

the following set of constraints:

a⊤x(i) − b ≤ 0 ∀i ∈ I0,

a⊤x(i) − b ≥ 0 ∀i ∈ I1,

a⊤z − b ≥ 0 ∀z : ∥z − x
(j)
RCF ∥N2

≤ ρ ∀j ∈ J0,

a⊤z − b ≤ 0 ∀z : ∥z − x
(j)
RCF ∥N2

≤ ρ, ∀j ∈ J1,

a ∈ ∂f(x
(j)
RCF − x(j)) ∀j ∈ J.

We remark that for norm-1 equal to ℓ1 or ℓ∞, constraint (17) can be linearized as the subgradient
of these norms can be modeled using linear constraints. The rest of the uncertainty set is of a similar
structure to UCF

a,b as presented for the counterfactual queries. Therefore, using the same techniques as
presented in Section 4.1, a computationally tractable characterization of the ‘Yes’ and ‘No’ regions
can be derived.

However, we know more information about a, b. We know that the robust region S will touch the
hyperplane since otherwise a closer robust counterfactual would exist. We generally cannot character-
ize where the robust region around the robust counterfactual touches the hyperplane without knowing
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the model parameters. This is a key difference with general counterfactuals, where we know that the
counterfactual point lies on the hyperplane. Using this information, we can rewrite constraints (15)
and (16). To this end, we first rewrite constraint (15) for the worst case scenario to get an equivalent
constraint

a⊤x(j)
RCF − b− ρ∥a∥∗N2

≥ 0 ∀j ∈ J0.

Moreover, since we also know S touches the hyperplane, equality should hold for this constraint,
resulting in the first optimality condition of Lemma 16. Similarly, constraint (16) can be replaced by
the following stronger constraint:

a⊤x(j)
RCF − b+ ρ∥a∥∗N2

= 0 ∀j ∈ J1.

Therefore, a stricter uncertainty set of a, b denoted by URCF

a,b can be described using the following
constraints

a⊤x(i) − b ≤ 0 ∀i ∈ I0,

a⊤x(i) − b ≥ 0 ∀i ∈ I1,

a⊤x(j)
RCF − b− ρ∥a∥∗N2

= 0 ∀j ∈ J0

a⊤x(j)
RCF − b+ ρ∥a∥∗N2

= 0 ∀j ∈ J1,

a ∈ ∂f(x
(j)
RCF−x(j)) ∀j ∈ J.

Unfortunately, these equality constraints in the uncertainty set URCF

a,b make the inner optimization
problems for the ‘Yes’ and ‘No’ regions,

X‘Yes’ = {x | min
a,b∈URCF

a,b

a⊤x− b ≥ 0} and X‘No’ = {x | max
a,b∈URCF

a,b

a⊤x− b ≤ 0}

intractable due to the non-linearity of ∥ · ∥∗N2
. In fact, the reformulation in the previous sections relied

on a duality argument that cannot be applied in the latter situation.

Using the abovementioned uncertainty set, URCF

a,b , we visualize the classification regions when there
is one data point classified as ‘No’ and a corresponding robust counterfactual, i.e., |I| = |J | = 1. We
examined nine cases, combining norm-1 and norm-2 pairs from {ℓ1, ℓ2, ℓ∞}. The results are depicted
in Figure 6, where we see that for norm-1 non-differentiable, i.e., ℓ1, ℓ∞, there are areas where we
cannot conclude the classification.

Two notable insights result in conditions on a, b, which can be added to URCF
a,b such that the

dualization for the inner optimization problems for the ‘Yes’ and ‘No’ region remains tractable.
First, we see in Figure 6 that for norm-1 non-differentiable, the ‘No’ region is a translated pointed

cone. The vertex point of this cone is not always equal to the original factual queried data point. In
the following, we will characterize this point x̄. This results in an extra data point for which we know
the classification, which reduces the uncertainty in a, b.

Lemma 23. Let xF be a data point and let x∗
RCF be an optimal robust counterfactual under ∥ · ∥N1

-
distance and with robustness set S = {s | ∥s∥N2 ≤ ρ}. Furthermore, assume that ∥a∥∗N2

≤ C∥a∥∗N1

for all a ∈ Rp. Then, for v = (x∗
RCF −xF )/∥x∗

RCF −xF ∥N1 the point x̄ := xRCF − dv has the same
classification as xF if d ≥ ρC.

We can conclude from the latter lemma the following special cases.

Corollary 24. Under the same assumptions as in Lemma 23 the following results hold:

(i) For N1 = ℓ1 and N2 = ℓq with q ≥ 1, the point x̄ has the same classification as xF when
d ≥ ρp1−1/q.
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(ii) For N1 = ℓ∞ and N2 = ℓq with q ≥ 1, the point x̄ has the same classification as xF when d ≥ ρ.

(iii) If N1 = N2, then xS = x∗
RCF − ρv lies on the hyperplane.

The latter corollary shows that in the case when N1 = N2, see, e.g., Figure 6d and Figure 6g, it is
possible to characterize an exact point xS , where the robust region S around the robust counterfactual
touches the hyperplane. Using this point, constraints (15) and (16) can be reformulated to inequalities
stating the robustness set to be on the desired side of the hyperplane, while adding constraint a⊤xS−
b = 0.

(a) N1 = ℓ2, N2 = ℓ∞. (b) N1 = ℓ1, N2 = ℓ∞. (c) N1 = ℓ1, N2 = ℓ∞.

(d) N1 = ℓ1, N2 = ℓ1. (e) N1 = ℓ1, N2 = ℓ2. (f) N1 = ℓ∞, N2 = ℓ1.

(g) N1 = ℓ∞, N2 = ℓ∞. (h) N1 = ℓ∞, N2 = ℓ2. (i) N1 = ℓ∞, N2 = ℓ2.

Figure 6: Examples of the classification regions given one ‘No’ factual and corresponding robust
counterfactual for different norms.

6 Conclusion

In this work, we presented how factual, counterfactual, and robust counterfactual queries can be used
to extract information of linear classifiers in p-dimensional feature space. We provided computationally
tractable characterizations of the ‘Yes’ and ‘No’ regions given an arbitrary set of factual, counterfac-
tual, or robust counterfactual queried points. This allows us to efficiently check which points will be
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classified as ‘Yes’ and which as ‘No’ without querying the model again. For factual queries, we have
demonstrated that the classification regions extend beyond the convex hull of the factual data points.
When we additionally consider counterfactuals, we gain more information about the classification re-
gions. In particular, we have proven that only one counterfactual can extract the full hyperplane when
the minimal edit distance function is differentiable. When this distance function is non-differentiable,
p + 1 counterfactual queries suffice to retrieve the full hyperplane. We have seen that these results
can be generalized for robust counterfactuals. We show that deriving tractable formulations for the
‘Yes’ and ‘No’ regions is more difficult than for classical counterfactuals but can be done for certain
special cases. We have also shown that one pair of factual and robust counterfactual queries suffices
to extract the original hyperplane when the minimal edit distance function is differentiable. When
this distance function is non-differentiable, p + 1 pairs of factual and robust counterfactual queries
are needed. Notably, the norm used to define the robust region does not affect the number of queries
needed to extract the model, but can affect the information gained on the classification regions. In
summary, our results show that to increase privacy of a linear model, using non-differentiable norms
for the distance of the counterfactuals is beneficial. Furthermore, providing robust counterfactuals
adds an additional layer of privacy, since for recovery of the model parameters additional factual
queries are needed.

Our results naturally come with limitations. Since we assume unconstrained factual and coun-
terfactual queries in Rp, the results presented in this paper are not evidently generalizable to non-
continuous data, e.g., categorical or binary. In practice, some features may be immutable, leading to
constrained counterfactuals, which we do not address. Future work includes extending our approach to
linear models with kernels and to other non-linear models, such as classifiers using quadratic polyno-
mials. It could also be applied to extract classification regions and parameters of decision tree models,
which rely on separating hyperplanes. Furthermore, our work relies on the assumption that the
queried (robust) counterfactuals are exact, i.e., optimal solutions of the corresponding optimization
problems. In practice, often heuristic methods are used, returning non-optimal (robust) counterfac-
tuals. Extending our work for this situation could be of practical interest. Finally, another direction
is to develop defense mechanisms against the model-extraction techniques proposed in this work.
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A Proofs

A.1 Factuals

Theorem 5. When we examine the inner optimization problem of (4), we can use dualization with
respect to a, b to get an equivalent system of equations:

max a⊤x− b ⇐⇒ max (x,−1)⊤a, b
s.t. a, b ∈ UF

a,b. s.t. (x(i),−1)⊤a, b ≤ 0 ∀i ∈ I0,

(−x(i), 1)⊤a, b ≤ 0 ∀i ∈ Ii.
⇐⇒ min 0

s.t.
∑

i∈I0
uix

(i) −∑i∈I1
uix

(i) = x,
−∑i∈I0

ui +
∑

i∈I1
ui = −1,

u ≥ 0.

Hence, the ‘No’ region can be written as the following polyhedral set:

X‘No’ =

{
x | ∃u :

∑
i∈I0

ui −
∑
i∈I1

ui = 1,
∑
i∈I0

x(i)ui −
∑
i∈I1

x(i)ui = x, u ≥ 0

}
.

Similarly, using dualization the ‘Yes’ region can be described as

X‘Yes’ =

{
x | ∃u :

∑
i∈I1

ui −
∑
i∈I0

ui = 1,
∑
i∈I1

x(i)ui −
∑
i∈I0

x(i)ui = x, u ≥ 0

}
.

A.2 Counterfactuals

Theorem 6. To characterize the ‘No’ region, we need to check when the inner optimization problem
as described in equation 4 is at most 0. Using the uncertainty set of a, b this optimization problem
becomes

max
a,b

a, b⊤(x,−1)
s.t. a, b⊤(x(i),−1) ≤ 0 ∀i ∈ I0,

a, b⊤(−x(i), 1) ≤ 0 ∀i ∈ I1,
a, b⊤z ≤ 0 ∀z ∈ Uj ∀j ∈ J0,
a, b⊤z ≤ 0 ∀z ∈ Uj ∀j ∈ J1,

a, b⊤(x(j)
CF ,−1) = 0 ∀j ∈ J,

where the uncertainty sets for j ∈ J0 are given by

Uj = {z := (za, zb) | ∥za − x(j)∥N1
≤ ρj , zb = −1}

and for j ∈ J1 by
Uj = {z := (za, zb) | ∥za + x(j)∥N1 ≤ ρj , zb = 1}.

We clearly see that for each j ∈ J the uncertainty set can be written as Uj = {z | fjk(z) ≤ 0,∀k ∈ Kj},
where fjk is a convex function and Kj the set of indices of constraints that defines uncertainty set
Uj . Besides, we see that the uncertainty sets are bounded. Using the dualization results, primal worst
is dual best, as presented in Bertsimas and den Hertog [2022, equation (2.45)], we can conclude this
optimization problem is equivalent to:

min
t,u,v,z

0

s.t.
∑
i∈I0

ti(x
(i),−1) + ∑

i∈I1

ti(−x(i), 1) +
∑
j∈J

vj(x
(j)
CF ,−1) +

∑
j∈J

ujz
(j) = (x,−1),

z(j) ∈ Uj ∀j ∈ J,

t,u ∈ R|I|
≥0, v ∈ R|J|, z(j) ∈ Rp+1 ∀j ∈ J.
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Let yj = (yj
a, y

j
b) = ujz

(j). Then, following Bertsimas and den Hertog [2022, Theorem 2.2], we write
it as the following conic quadratic problem:

min
t,u,v,y

0

s.t.
∑

i∈I0
ti(x

(i),−1) +∑i∈I1
ti(−x(i), 1),

+
∑

j∈J vj(x
(j)
CF ,−1) +

∑
j∈J(y

(j)
a , y

(j)
b ) = (x,−1),

uj(∥y(j)
a /uj − x(j)∥N1

− ρj) ≤ 0 ∀j ∈ J0,

uj(y
(j)
b /uj + 1) = 0 ∀j ∈ J0,

uj(∥y(j)
a /uj + x(j)∥N1

− ρj) ≤ 0 ∀j ∈ J1,

uj(y
(j)
b /uj − 1) = 0 ∀j ∈ J1,

t ∈ R|I|
≥0, u ∈ R|J|

≥0, v ∈ R|J|, y(j) ∈ Rp+1 ∀j ∈ J.

Since the objective of the latter optimization problem is constant 0, finding out whether x will be
classified as a ‘No’ can be determined by checking if there exist t,u,v,y that meet the constraints.
The proof for the ‘Yes’ region follows a similar argumentation.

Lemma 7. Without loss of generality, we may assume that xF is classified as ‘No’. Given the classifier
ha,b, a potential counterfactual point must lie in the half-space a⊤x ≥ b. Since we are minimizing the
distance to xF , an optimal counterfactual actually lies on the boundary of the half-space a⊤x = b.
Hence, the optimization problem (1) can be reformulated as

min
xCF

∥xCF − xF ∥N1

s.t. a⊤xCF = b.

The latter problem has a convex objective function and one linear equality constraint. Hence, we
know that every optimal solution x∗ must fulfill the KKT-conditions

a⊤x∗ = b,

0 ∈ ∂xL(x∗, λ∗),

where λ∗ is a dual optimal solution and L is the Lagrangean dual function

L(x, λ) = ∥x− xF ∥N1 − λ(a⊤x− b).

We have ∂xL(x, λ) = ∂f(x−xF )− λa which proves the result. Note, that since xF ̸= x∗
CF we know

that 0 /∈ ∂f(x∗
CF − xF ), and hence, λ∗ ̸= 0 must hold.

Theorem 8. Without loss of generality, we assume that xF is classified as ‘No’. We apply Lemma 7
to the case where the norm is differentiable. Then, there exists an λ∗ ̸= 0 such that

λ∗a = ∇f(x∗
CF − xF ),

b = a⊤x∗
CF .

By defining â = ∇f(x∗
CF−xF ) and b̂ = â⊤x∗

CF , we have λ
∗a = â and λ∗b = λ∗a⊤x∗

CF = â⊤x∗
CF = b̂.

Hence, we 1
λ∗a, b = a, b for a λ∗ ̸= 0 and the hyperplane given by a, b is equivalent to the original

hyperplane with parameters a, b which proves the result.

Lemma 11. We note that a ̸= 0, hence ∥a∥∗ ̸= 0 and dxF
is well defined. Besides, since we consider

points xF that do not lie on the hyperplane, we know dxF
> 0. Moreover, we have ∥a∥∗N1

:=

sup∥x∥N1
≤1 a

⊤x. Since the unit ball defined by ∥x∥N1
≤ 1 is a compact region and the map x 7→ a⊤x

is continuous, we know the supremum is attained at a certain point v such that ∥v∥N1
≤ 1 and

a⊤v = ∥a∥∗N1
.
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First we consider an vector v with ∥v∥N1
≤ 1 and a⊤v = ∥a∥∗N1

and show that x∗
CF = xF +dxF

v
is an optimal counterfactual. We use this v and dxF

to show that the optimality conditions described
in Corollary 9 are met. For the first condition we have

a⊤x∗
CF = a⊤(xF + dxF

v) = a⊤xF +
b− a⊤xF

∥a∥∗N1

a⊤v = a⊤xF +
b− a⊤xF

∥a∥∗N1

∥a∥∗N1

= a⊤xF + b− a⊤xF = b.

The second and third conditions require a λ ∈ R. Set λ =
∥v∥N1

a⊤v
sgn(dxF

). Then, the third condition
is met:

∥λa∥∗N1
= |λ|∥a∥∗N1

= |λ|a⊤v =
∥v∥N1

|a⊤v| a
⊤v ≤ ∥v∥N1

≤ 1.

Lastly, the second optimality condition is also satisfied:

λa⊤(x∗
CF − xF ) = λdxF

a⊤v =
∥v∥N1

a⊤v
sgn(dxF

)dxF
a⊤v

= |dxF
|∥v∥N1 = ∥dxF

v∥N1 = ∥x∗
CF − xF ∥N1 .

We conclude that x∗
CF = xF + dxF

v is an optimal counterfactual.
Second, we consider an optimal counterfactual x∗

CF = xF +dxF
v and will show that a⊤v = ∥a∥∗N1

with ∥v∥N1 ≤ 1. Since x∗
CF is an optimal counterfactual, Corollary 9 states that the two optimality

conditions are met. The first condition tells us

a⊤x∗
CF = a⊤(xF + dxF

v) = a⊤xF +
b− a⊤xF

∥a∥∗N1

a⊤v = b.

Rearranging the terms yields

a⊤v
∥a∥∗N1

=
b− a⊤xF

b− a⊤xF
= 1.

Hence, we have a⊤v = ∥a∥∗N1
. The second optimality condition tells us that there exists a λ ∈ R such

that the following relation holds:

λa⊤(x∗
CF − xF ) = λdxF

a⊤v = ∥x∗
CF − xF ∥N1

= ∥dxF
v∥N1

= |dxF
|∥v∥N1

.

Using the fact that a⊤v = ∥a∥∗N1
, we can rearrange the terms to find

λ = sgn(dxF
)
∥v∥N1

∥a∥∗N1

.

The last optimality condition implies a bound on ∥λa∥∗ ≤ 1:

∥λa∥∗N1
= |λ|∥a∥∗N1

= |λ|∥a∥∗N1
=
∥v∥N1

∥a∥∗N1

∥a∥∗N1
= ∥v∥N1

≤ 1.

Therefore, it must hold that ∥v∥N1 ≤ 1 and a⊤v = ∥a∥∗N1

Lemma 13. Note that Lemma 11 proves the existence of v. Since the set {v,v2, . . . ,vp} is linearly

independent, we know that for i = 2, . . . , p the counterfactuals are nonzero, i.e., vj
CF = vj+dvjv ̸= 0.

(i) Assume vCF ̸= 0. Consider λ, λ2, . . . , λp such that

λvCF +

p∑
i=2

λiv
i
CF = 0.
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By construction of the counterfactuals, we have

λvCF +

p∑
i=2

λiv
i
CF = λ (v + dvv) +

p∑
i=2

λi

(
vi + dviv

)
= v

(
λ+ λdv +

p∑
i=2

λidvi

)
+

p∑
i=2

λiv
i = 0.

This implies that λ2 = . . . = λp = 0, since otherwise v is a linear combination of vectors
v2, . . . ,vp which contradicts with V being a basis. The resulting equation is λ(1 + dv)v =
λvCF = 0. Since vCF ̸= 0, it must hold that λ = 0. Hence, the set {vCF ,v

2
CF , . . . ,v

p
CF } is

linearly independent.

(ii) Assume vCF = 0 and consider λ2, . . . , λp such that

p∑
i=2

λiv
i
CF = 0.

By construction of the counterfactuals, we have

p∑
i=2

λiv
i
CF =

p∑
i=2

λi

(
vi + dviv

)
=

p∑
i=2

λiv
i + v

p∑
i=2

λidvi = 0.

This implies that λ2 = . . . = λp = 0, since otherwise v is a linear combination of vectors
v2, . . . ,vp which contradicts with V being a basis. Hence, the set {v2

CF , . . . ,v
p
CF } is linearly

independent.

Theorem 14. It follows directly from Lemmas 11 and 13 that Algorithm 1 finds p linearly independent
vectors on the hyperplane to retrieve the original hyperplane exactly. Since we assume λe1 is not on
the hyperplane, it takes one counterfactual query to find the direction of the counterfactuals, v. Then
only p counterfactual queries are needed for the newly created basis V to obtain a linearly independent
system of equations to retrieve the original hyperplane exactly.

A.3 Robust Counterfactuals

Lemma 16. Without loss of generality, we let xF be classified as ‘No’ and reformulate (2) as

min
xRCF

∥xRCF − x∥N1

s.t. a⊤(xRCF + s) ≥ b ∀s ∈ S.
Using the classical robust optimization reformulation, we can rewrite the infinite set of constraints as

a⊤(xRCF + s) ≥ b ∀s ∈ S ⇔ a⊤xRCF + min
s:∥s∥N2

≤ρ
a⊤s ≥ b

⇔ a⊤xRCF − ρ∥a∥∗N2
≥ b,

where ∥ · ∥∗N2
is the dual norm of ∥ · ∥N2 . The latter constraint is linear in the optimization variable

xRCF . Since the objective function is convex, we know that every optimal solution x∗ must fulfill the
KKT-conditions

b− a⊤x∗ + ρ∥a∥∗N2
≤ 0,

0 ∈ ∂xL(x∗, λ∗),

λ∗(b− a⊤x∗ + ρ∥a∥∗N2
) = 0,

λ∗ ≥ 0,
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where λ∗ is a dual optimal solution and L is the Lagrangian dual function

L(x, λ) = ∥x− xF ∥N1
+ λ(b− a⊤x+ ρ∥a∥∗N2

).

We have ∂xL(x, λ) = ∂f(x − xF ) − λa. Note that since xF ̸= x∗
RCF , we have 0 /∈ ∂f(x∗

RCF − xF )
and hence, λ∗ > 0 must hold. Applying this to the third KKT results in

b− a⊤x∗ + ρ∥a∥∗N2
= 0,

which makes the first condition redundant. This proves the result.

Theorem 17. First, we query xF such that we know the value of qF (xF ). Then, we apply Lemma 16
to the case where the norm is differentiable. Then, there exists an λ∗ > 0 such that

λ∗a = ∇f(x∗
RCF − xF ),

b = a⊤x∗
RCF + qF (xF )ρ∥a∥N2

.

By defining â = ∇f(x∗
RCF − xF ) and b̂ = â⊤x∗

RCF + qF (xF )ρ∥â∥N2
we have λ∗a = â and λ∗b =

λ∗a⊤x∗
RCF + λ∗qF (xF )ρ∥a∥N2

= â⊤x∗
RCF + qF (xF )ρ∥â∥N2

= b̂. Hence, we 1
λ∗ (â, b̂) = (a, b) for a

λ∗ ̸= 0 and the hyperplane given by a, b is equivalent to the original hyperplane with parameters a, b
which proves the result.

Lemma 20. We note that a ̸= 0, hence ∥a∥∗N1
̸= 0 and dxF

is well defined. Besides, because qF (xF ) ̸=
0 we have dxF

> 0. Moreover, we have ∥a∥∗N1
:= sup∥x∥N1

≤1 a
⊤x. Since the unit ball defined by

∥x∥N1
≤ 1 is a compact space and the map x 7→ a⊤x is continuous, we know the supremum is

attained at a certain point v such that ∥v∥N1 ≤ 1 and a⊤v = ∥a∥∗N1
.

First, we consider a vector v with ∥v∥N1
≤ 1 and a⊤v = ∥a∥∗N1

and show that x∗
RCF = xF +dxF

v
is an optimal robust counterfactual. We show the optimality conditions described in Corollary 9 are
met. For the first condition we have

a⊤x∗
RCF = a⊤(xF + dxF

v) = a⊤xF +

(
b− a⊤xF − qF (xF )ρ∥a∥∗N2

∥a∥∗N1

)
a⊤v

= a⊤xF + b− a⊤xF − qF (xF )ρ∥a∥∗N2

= b− qF (xF )ρ∥a∥∗N2
.

The second and third conditions require a λ ∈ R. Set λ =
∥v∥N1

a⊤v
sgn(dxF

). Then, the third condition
is met:

∥λa∥∗N1
= |λ|∥a∥∗N1

= |λ|a⊤v =
∥v∥N1

|a⊤v| a
⊤v ≤ ∥v∥N1

≤ 1.

Lastly, the second optimality condition is also met:

λa⊤(x∗
RCF − xF ) = λdxF

a⊤v =
∥v∥N1

a⊤v
sgn(dxF

)dxF
a⊤v

= |dxF
|∥v∥N1 = ∥dxF

v∥N1 = ∥x∗
RCF − xF ∥N1 .

We conclude that x∗
RCF = xF + dxF

v is an optimal robust counterfactual.
Second, we consider an optimal counterfactual x∗

RCF = xF + dxF
v and show that a⊤v = ∥a∥∗N1

with ∥v∥N1 ≤ 1. Since x∗
RCF is an optimal counterfactual, Corollary 18 implies the corresponding

optimality conditions are met. The first condition tells us

a⊤x∗
RCF = a⊤(xF + dxF

v) = a⊤xF +

(
b− a⊤xF − qF (xF )ρ∥a∥∗N2

∥a∥∗N1

)
a⊤v

= b− qF (xF )ρ∥a∥∗N2
.
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Rearranging the terms yields

a⊤v
∥a∥∗N1

=
b− a⊤xF − qF (xF )ρ∥a∥∗N2

b− a⊤xF − qF (xF )ρ∥a∥∗N2

= 1.

Hence, we have a⊤v = ∥a∥∗N1
. The second optimality condition tells us there exists a λ ∈ R such that

the following relation holds.

λa⊤(x∗
RCF − xF ) = λdxF

a⊤v = ∥x∗
RCF − xF ∥N1 = ∥dxF

v∥N1 = |dxF
|∥v∥N1

Using the fact that a⊤v = ∥a∥∗N1
, we can rearrange the terms to find

λ = sgn(dxF
)
∥v∥N1

∥a∥∗N1

.

The last optimality condition implies a bound on ∥λa∥∗ ≤ 1.

∥λa∥∗N1
= |λ|∥a∥∗N1

= |λ|∥a∥∗N1
=
∥v∥N1

∥a∥∗N1

∥a∥∗N1
= ∥v∥N1 ≤ 1.

Therefore, it must hold that ∥v∥N1
≤ 1 and a⊤v = ∥a∥∗N1

.

Lemma 23. Without loss of generality, assume that xF is classified as ‘No’. From Corollary 18 it
follows that there exists a λ ∈ R \ {0} such that

a⊤x∗
RCF = b+ ρ∥a∥∗N2

, (18)

λa⊤v = 1, (19)

∥λa∥∗N1
≤ 1. (20)

Furthermore, from the second condition the definition of v and since a⊤x∗
RCF ≥ b ≥ a⊤xF , it follows

that λ > 0 must hold. From the latter conditions and the equivalence of the norms, we obtain for the
inner product of a and x̄

a⊤x̄ = a⊤ (x∗
RCF − dv)

= b+ ρ∥a∥∗N2
− dλ−1

≤ b+ ρC∥a∥∗N1
− dλ−1

= b+ λ−1 (ρC − d) ,

(21)

where the second equality follows from (18) and (19), the first inequality follows from the equivalence
of the dual norms, and the last equality follows from (19) and (20) since λ−1 = a⊤v ≤ ∥a∥∗N1

≤ λ−1.

Hence for d ≥ ρC we have a⊤x̄ ≤ b.

Corollary 24. The statements (i) and (ii) follow from applying Lemma 23 together with classical results
for dual ℓp-norms and equivalence between ℓp-norms. Statement (iii) follows since the inequality in
(21) is an equality with C = 1, if N1 = N2.
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