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Abstract

Over the last decades, using piecewise-linear mixed-integer relaxations of nonlinear
expressions has become a strong alternative to spatial branching for solving mixed-integer
nonlinear programs. Since these relaxations give rise to large numbers of binary variables
that encode interval selections, strengthening them is crucial. We investigate how to exploit
the resulting combinatorial structure by integrating cutting-plane techniques directly in
the binary variable space. At the core lies a multipartite generalization of the bipartite
implication polytope, capturing conditional relations between several groups of multiple-
choice variables and an implied selection. We analyze the polyhedral structure of this
polytope and a natural set-valued variant, deriving a unifying family of valid inequalities and
characterizing all nontrivial facets. Building on this theory, we design a generic separation
algorithm and embed it into standard multiple-choice and incremental piecewise-linear mixed-
integer relaxations of mixed-integer nonlinear programs. We further exploit structure in
the underlying nonlinearities to precompute strong cuts for relevant application classes
such as pooling problems and Gaussian processes. Extensive computational experiments
on MINLPLib instances demonstrate that the proposed cuts significantly tighten the linear
relaxations and thereby reduce solution times.

Keywords: Piecewise-Linear Approximations, Mixed-Integer Nonlinear Programming, Cutting
Planes, Boolean Quadric Polytope, Bipartite Implication Polytope, Multipartite Implication
Polytope

1 Introduction

Mixed-integer nonlinear programs (MINLPs) are pivotal in modeling complex systems across
various disciplines. They combine discrete and continuous variables and involve nonlinear
(nonconvex) relationships, which makes them challenging to solve in practice. A prevalent
strategy to address this difficulty is to employ piecewise-linear (PWL) relaxations of nonlinear
functions inside a disjunctive programming approach. This transforms the original MINLP into
a mixed-integer linear program (MIP) that can be treated with state-of-the-art solvers. The
appeal of this methodology is that it builds on mature branch-and-cut technology and yields
a solution framework that is often much more tractable than directly branching on nonlinear
variables. A central aspect for the practical performance of such MIP-based approaches is the
strength of the continuous relaxation. Weak relaxations typically lead to large branch-and-bound
trees and long solution times.
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Consequently, recent advances have to a large extent focused on tightening linear relaxations,
both by improved formulation techniques and by algorithmic enhancements in the solution
process; see for instance [4, 10} 14, [15]. Strong and compact formulations for piecewise-linear
models have been studied extensively; we refer to the survey in [18] and to the unifying framework
in [19], as well as to recent advances for nonconvex PWL functions in [6].

The most widely used cuts, such as McCormick envelopes [12], primarily act on continuous
variables to tighten convex relaxations of nonlinear terms. In the context of separable nonconvex
piecewise-linear objective functions, families of valid inequalities have been derived and embedded
into branch-and-cut frameworks [§]. This line of work has been extended to lower semicontinuous
PWL functions [20], and a detailed polyhedral analysis of the associated piecewise-linear opti-
mization polytope together with further facet-defining inequalities is provided in [22]. Beyond
PWL objectives, polyhedral strengthening has also been studied for structured PWL constraint
systems. In [I3], the piecewise-linearized-flow polytope arising in network optimization is in-
vestigated and valid inequalities are derived. On a broader MINLP level, disjunctive cutting
planes derived from convex disjunctions have been proposed to strengthen nonlinear relaxations
in branch-and-cut frameworks; see, for instance, [16l, 2]. To the best of our knowledge, however,
the combinatorial structure induced by interval-selection variables in general PWL relaxations
has not yet been systematically exploited within a dedicated cutting-plane framework.

Such relaxations introduce binary variables that encode interval selections and satisfy
structured dependencies induced by the discretized nonlinear expression. This creates the
opportunity to leverage these relations directly in the binary variable space, whereas generic MIP
cuts are typically not tailored to this PWL-induced structure. A notable polyhedral structure
that encapsulates these relations is the bipartite implication polytope (BIP) from [5], which
models conditional relations across three sets of binary variables. This polytope captures such
conditional relationships and forms the basis for deriving valid inequalities that strengthen
the linear relaxation. In this work, we extend this theory from relations across two implying
sets to relations across arbitrarily many sets and term the resulting structure the multipartite
implication polytope (MPIP).

Contribution. The main contribution of this work is to show that the binary structures
induced by piecewise-linear relaxations of nonlinear expressions can be systematically exploited
at the level of the interval-selection variables via implication polytopes. Building on the bipartite
implication polytope introduced in [5], we show that this structure arises not only in isolated
nonlinear constraints, but also as a recurring substructure in expression-tree based reformulations
of general MINLPs. We extend this framework to the multipartite implication polytope, allowing
for an arbitrary number of implying sets, and to a set-valued variant that models cases in which
several implied indices are admissible.

For these polytopes, we derive a unifying family of valid inequalities, the general MPIP
inequalities, and prove that, up to trivial bounds, every facet is induced by an inequality of
this type. On the algorithmic side, we develop a generic separation routine for general MPIP
inequalities that operates directly in the binary variable space and can be integrated into standard
multiple-choice [7] and incremental piecewise-linear relaxation formulations [I1]. In addition, we
exploit special structure in the underlying relation mappings of selected application classes to
precompute strong problem-specific cuts, such as corner and stripe inequalities, which can be
added to the formulation a priori.

A computational study on a broad subset of MINLPLib instances, including pooling and
kriging peaks problems, demonstrates that these enhancements significantly tighten the linear
relaxations and lead to substantial reductions in solution time, while rendering multiple-choice
formulations competitive with incremental formulations.



Structure of the Paper The remainder of the paper is organized as follows. Section |2| recalls
the definition and polyhedral description of the bipartite implication polytope and explains how
this structure arises in piecewise-linear relaxations, both for elementary operators and along
expression trees. Section [3|introduces the multipartite implication polytope and its set-valued
extension, develops the corresponding polyhedral theory, and characterizes the facets via the
class of general MPIP inequalities. Section {4] shows how these inequalities can be embedded
into different piecewise-linear MIP reformulations of general nonlinear constraints. Section
focuses on application-specific structure and describes how to precompute families of corner and
stripe inequalities for pooling and kriging peaks instances. Section [6] reports the results of a
computational study on MINLPLib, comparing standard and MPIP-enhanced formulations. We
conclude with a summary and directions for future research.

2 The Bipartite Implication Polytope and its Connection to
Piecewise-Linear Approximations

In this section, we recall the definition and polyhedral description of the bipartite implication

polytope (BIP) introduced in [5] and relate it to standard piecewise-linear (PWL) relaxations of

nonlinear constraints. We first summarize the essential structural properties of the BIP and

the associated family of valid inequalities. We then show how BIP structures naturally arise in

PWL formulations, both for isolated operators such as bilinear terms and, more generally, along
expression-tree based reformulations.

2.1 Introduction to the Bipartite Implication Polytope

The BIP captures conditional relations across three sets of binary variables: choosing one variable
in each of two implying sets enforces the choice of exactly one variable in an implied set. This
situation arises naturally, for example, when products of binary variables are grouped by identical
costs or when scenario variables are coupled to underlying decision variables. The BIP was
introduced and analyzed in detail in [5], where a complete polyhedral description was derived.

2.1.1 Definition
Let a,w, 8 € N and let
x! € {0,1}%, x? € {0,1}*, y € {0,1}/

be three vectors of binary variables, subject to multiple-choice constraints in each block. The
implication pattern is encoded by a mapping

¢ [a] x [w] = [B],

where ¢(j1, j2) specifies which y—variable must be activated if :Ujl , = 1and m32~2 = 1. The set of
feasible 0—1 points is therefore

J1732

a w B
Z led = Z x?z :Zyl - 1}'
=1

P(p) = conv{(x" 3% y) € {0,174 - ol a2 <y, V(ird) € [a] x [,

Ji1=1 j2=1

For the remainder of this paper we assume a = w since it simplifies notation.



2.1.2 Convex Hull Description

In [5], a new family of valid inequalities, called n-block inequalities, was introduced for the BIP
and shown to provide, together with the trivial bounds, a complete linear description of P(¢p).
In the notation used here, these inequalities have the form

Z a}lx}l + Z a?zxi < Z biyi +n,

j1€la] j2€la] le[p]

where the respective variable coefficients are given by

aj, ={k € [n] : j1 € Xz}, € [al,
af, =[{ken :joc XP}, J2€lal,
b=max{ken]:1cZM(n)}, 1€lp].

Here, the sets X} C [a] and X7 C [o] define a nested family of blocks in the implication structure,
and the sets Z3([n]) encode which y—indices arise in the intersection of at least & blocks.
The central structural result for the BIP in [5] is the following.

Theorem 1 (Convex hull description of the BIP [0, Theorem 4.2]). The full convez-hull
description of P(p) is given by the multiple-choice constraints, the non-negativity constraints
and the n-block constraints for n < n for some fizted n € N.

2.2 Introduction to MINLPs and Piecewise-Linear Relaxations

We consider mixed-integer nonlinear programs (MINLPs) with linear objective functions and
linear as well as nonlinear constraints. This does not reduce generality for our purposes, as a
nonlinear objective function can be reformulated by introducing an auxiliary variable and an
additional nonlinear constraint. The variables are mixed-integer, i.e., each component of the
variable vector is either real-valued or integer-valued. The formulation of such an MINLP with
m linear constraints, & nonlinear constraints, ¢ continuous variables and p integer variables is
given as follows.

min ch (1a)
X

s.t. Ax < b, (1b)

f(x) <0 forall feF, (1c)

XL <X < Xv (1d)

x € RY x ZP. (le)

The objective function in is defined by the linear objective vector ¢ € R4, In , the
linear constraints are given using A € R™*(@+2) and b € R™. Let F be a finite set of nonlinear
functions. Then, all nonlinearities are represented in Constraint by nonlinear real-valued
functions f: Dy — R with domains Dy C R?"P. The variable vector x might be bounded from
below and above by x; € (RU{—00})?"? and xy; € (R U {o0})?*?, see (1d).

To overcome the complex nature of MINLPs, piecewise-linear (PWL) approximation ap-
proaches aim to reformulate MINLPs as MIPs and exploit the performance of modern MIP
solvers. This approach comes with one restriction: Any variable x* that appears in nonlinear
expressions must be bounded by some 7, X%J € R. The main idea of PWL approximations is to
partition the domain of a function into multiple segments and to determine in which segment
a point lies using a set of breakpoints. When n segments are introduced, n 4+ 1 breakpoints
10,1, - - - , M are needed. In this work, we assume all nonlinearities to be one-dimensional, i.e., we
only have functions of the form f : R — R, or bilinear, i.e., f : R2 — R with f(x!, x?) = x’x%
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Figure 1: Nonlinear function f(x) = x? (black) with approximation (dashed blue) and relaxation
(transparent blue). The breakpoints 7 are given as black circles.

By introducing auxiliary variables, any nonlinear expression can be decomposed into elementary
univariate or bilinear operations with the use of expression trees that are explained later on in
Section 2.3.21

Every approximation introduces approximation errors. Thus, the obtained solution is only
feasible up to some tolerance €. The graphs coincide at the breakpoints; between breakpoints
the approximation deviates by at most €. To ensure that the full feasible set of the MINLP is
contained in the feasible set of the reformulated problem, approximations can be extended to
relaxations by including a surrounding region around the approximation.

A graphical example of a nonlinear function, and a possible approximation and relaxation
with 4 segments and 5 breakpoints is given in Figure [I]

PWL relaxations can be described with MIPs. For the linearization, each nonlinear expression

fix) =2

is replaced by additional constraints and artificial variables. The number of variables and
constraints depends on the model that is used. In [3], the most common models for reformulating
MINLPs using PWL are presented and compared. One of the state-of-the-art models is the
incremental method — introduced by [I1] back in 1957. It is defined by

m+ Y 6i(ni —nic1) = X, (2a)
i=1
Fo) + D6 (fm) — f(niz1)) = =, (2b)
i=1
(51 § 1, (20)
5i+1 <z for all 1 € [TL — 1], (Qd)
x; <0 for all i € [n], (2e)
dp >0, (2f)
x; € {0,1} for all i € [n]. (2g)



Another model is given by the multiple-choice method:

n
d X=X (3a)
=1

(miXi + tizs) = =, (3b)
i=1
Zl‘i =1, (3c)
i=1
zini-1 < Xi for all i € [n], (3d)
Xi <z for all i € [n], (3e)
z; € {0,1} for all i € [n]. (3f)

In this formulation, each part of the piecewise-linearity is represented by a linear equation
m;Xi + ti.

Many other models rely on the convex combination method [19] [6]. As we are not using
these models in this work, we do not go into further detail here.

These MIP models have in common that active segments are modeled using auxiliary
binary variables. The exact number and usage of binary variables depends on the formulation.
Depending on that, we can apply our theory there, see Section {4] for more details.

2.3 Appearance of Bipartite Implication Polytope Structures in MINLPs

The piecewise-linear relaxations introduced in the previous subsection give rise to auxiliary
binary variables that encode interval membership of the original continuous variables. Whenever
these binary variables are coupled through discretized images of multivariate operators (such as
bilinear terms), the resulting combinatorial structure is naturally described by instances of the
BIP. In this section we formalize this connection for bilinear terms under a piecewise constant
relaxation and illustrate it on a small example. We then explain how similar structures arise
systematically when expression trees are used to reformulate general nonlinear constraints.

2.3.1 Piecewise Constant Relaxation of Bilinear Terms

Consider a bilinear constraint
€= x"x%
where x! € [x}, x5, x? € X3, x%], and € € [€, &u]. Let

1 1 1 1 1
XL ="M <M < <1y =XUs
2 2 2 2 2
XL =m <m <+ <mny =Xy, and,
§L:T0<7'1<"'<T5:£U

be discretizations of the domains of x', x?, and &, respectively. Define intervals
‘[]11 = [77]1'171777]1‘1)7 ]1 e [a]7 I]22 = [77?‘271777]2'2)7 jQ 6 [a]7 Jl = [Tl7177—l>7 l E [5]
Introduce binary variables
le'l S {07 1}a J1€ [a]7 ‘T?Q € {07 1}7 J2 € [a]v € {0, 1}7 le [/6]7
encoding the selected intervals of x!, x2, and &. A standard multiple-choice formulation imposes

a B
ijl1:17 Zm??,:lv Zyl=1,
=1

Jji=1 jo=1



and links the continuous variables to the discrete choices by suitable linear constraints ensuring

1 1 1 2 2 2
The remaining task is to model the graph of the bilinear mapping ¢ = y'x? at the level of
interval selections. To this end, define a set-valued mapping

® :[a] x [o] — 217

by
q)(jlvj2) e {l € [ﬁ] ’ {X1X2 : Xl € Ijll? X2 € I]22} mJl 7é 0}

A piecewise constant relaxation of the bilinear term at the level of interval indices enforces the
logical implication

]: pr—

x]l

1, 3332'2 =1 = y; =1 for some | € ®(j1,7J2),

i.e., whenever x! and 2 fall into intervals (1 }1,I ]22), the variable & must lie in one of the intervals
J; with index | € ®(j1, j2). This bipartite implication structure is similar to a BIP instance with
the difference that the relation function @ is set-valued. We will address the extension of BIP
theory to set-valued relation functions later in Section In this sense, every bilinear term
discretized by a piecewise constant relaxation gives rise to an embedded structure similar to the

BIP in the mixed-integer relaxation.

—

i ] {1

2| {1 {12} {12}

3 {13 {12} | {2,3} | {23}

4 {1y {12} | {23} | {34}

Figure 2: Set-valued mapping ® for the bilinear expression & = y!x2. Cell (ji,jo) displays
(1, J2)-

Figure 3: Expression Tree for exp((21)? - (22)?) + sin(z122)



Example 1. Assume bounded domains x*,x* € [0,4), & € [0,16). Discretize each domain into
4 intervals:

I]1 :[jl_lvjl) fO?"Xl,
'[]22 = [.72 - 17j2) fOT’ X27
Ji=[4(1 = 1),40) for &,

where j1,jo2,l € [4]. Binary variables xll,x]zg,yl indicate membership in I} 12 . J;, respectively.

J J1’ 727
The relation mapping ®: [4]2 — 24 is defined such that ®(j1, j2) contains | if there exist x* € I'

Ji’
;e IJZ2 with x'x? € J;. Using the explicit bounds of the intervals, we obtain

(j1,52) = {1 € [4] : [(Jh — (2 — 1), jijz2) N [4(1 —1),41) # 0}
Figure [3 visualizes ®, where cell (jy, j2) lists the set ®(j1,j2). For instance:
o ®(1,1) = {1} since x* € [0,1), x* € [0,1) implies & = x'x? €[0,1) C [0,4) = J;.

o $(2,4) = {1,2} since x' € [1,2), x? € [3,4) implies £ = x'x? € [3,8) = [3,4) U[4,8) C
J1 U Jo.

(to be continued in Example [5)

2.3.2 Expression Tree

Beyond the explicit model equations, additional instances of the BIP arise from expression
trees, i.e., graph-based representations of how a complex nonlinear expression is built from
simpler subexpressions using basic operators. When using expression trees [9] to reformulate
the problem such that it contains only one-dimensional nonlinear functions, relations between
original variables and artificially created variables emerge naturally and can again be encoded
through bipartite implication structures after discretization.

Example 2. Consider the constraint
exp((21)? - (22)?) + sin(z120) = 0.

The corresponding expression tree is shown in Figure[3. Each gray node represents an operation
applied to its children, and each leaf corresponds to an original variable. Introducing an auxiliary
variable for each gray node yields the one-dimensional expressions

23 =24+ 25
z4 = exp(z6) z5 = sin(zy)
Z6 — Z8%9 27 = 2129

Suppose now that the variables at the root and at the leaves are discretized, e.g., by partitioning
the domain of each such variable into finitely many intervals and introducing binary variables
that select one interval per variable. For any subtree whose root and leaves are discretized, the
intervening operations induce bipartite implication relations. The bilinear maps for example
z = 28 - 29 and zy = z1 - zo induce relations of the same type as in the bilinear case discussed
above. In addition, we obtain the implication structure from the equation zg = (21)%(22)%. In
aggregate, a single nonlinear constraint such as exp((z1)?(22)?) + sin(z122) = 0 can generate
several overlapping BIP instances, all embedded in the same mized-integer formulation.



Figure 4: Univariate example for the tightening of the PWL relaxation. The standard PWL
relaxation yields the parallelograms (north-west hatching). The BIP-based n-block inequalities
restrict (x,z) to the boxes (north-east hatching). The feasible set of the strengthened PWL
model is their intersection.

2.4 Tightening the Piecewise-Linear Approximation

For a fixed discretization, the PWL approximation of a nonlinear constraint is a mixed-integer
model: continuous variables are linked to binary interval selectors by linear constraints. The
projection of this MIP onto the original variables yields the PWL relaxation REWE. In the simple
univariate example of Figure |4 a standard PWL approximation of a function z = f(z) on [—1, 1]
with two intervals for x produces two oblique parallelograms in the (x, z)-plane (north-west
hatching); these parallelograms represent precisely RV for this example.

When this PWL model is embedded into a larger reformulation based on an expression tree,
the interval selectors for different occurrences of the same variable or for algebraically related
subexpressions are not independent. Each such subexpression induces a BIP structure on the
corresponding binary variables, and the associated n-block inequalities express consistency of
the interval choices across the tree. Adding these inequalities excludes certain 0—1 patterns that
were allowed by the standard PWL model.

In the example of Figure [d] the BIP constrains the set of feasible points to the axis-aligned
boxes (north-east hatching). The feasible set of the strengthened PWL relaxation is then the
intersection

RE}AP/L _ RPWL N ]%D7
where RY denotes the union of these boxes. Only points lying in both the parallelograms and the
boxes remain feasible. In this particular example, the region removed by the n-block inequalities
is exactly the part of the parallelograms lying below z = 0; in general, it is the portion of RFWI
that falls outside R™. Since the n-block inequalities are linear constraints on the binaries, they
simultaneously tighten the MIP formulation and its linear relaxation.

3 [Extensions to the Bipartite Implication Polytope

In the previous section, we observed the appearance of BIP structures when we have subtrees in
the expression tree where the root and all leaves correspond to discretized variables. If there are
more than two leaves, the implication structure is no longer bipartite but multipartite. In the
previous section, the relation mapping ® was set-valued. This demands an extension to the BIP
theory.



3.1 Extension to Multiple Implying Sets

We formally define the problem. At its core is the concept of conditional relations between
binary variables across multiple sets, which we represent and analyze through the multipartite
implication polytope.

We consider an instance involving v € IN implying sets, where, without loss of generality,
each implying set has cardinality o € N. From each implying set, a single element must be
chosen. For the i-th implying set, the choice of the element is denoted by an index j; € [a].

The choices across all implying sets are represented by an index vector j = (j1,...,Jy) € [&]".
The choices in the implying sets imply a corresponding element [ € [§] from the implied set.
The implication relationship between a potential choice in each implying set and the result in
the implied set is defined by a mapping

@:la]” =8, §= (- dy) = L,

where ¢(j) = | determines the index [ of the corresponding element in the implied set. W.l.o.g.,
we assume the mapping ¢ is surjective, ensuring every element in the implied set is conditioned
by at least one combination of implying set choices. Therefore, the implied set cardinality g is
bounded by a”. We speak of an multipartite implication instance, if parameters «, v, 8 and
mapping ¢ are given.

To analyze the relations mathematically, we model the possible choices with binary vectors.
The selection in the i-th implying set is encoded using a binary vector x* € {0,1}%, where

- 1 ifj=j;,
T = J J.Z for all j € [a].

0 otherwise,
The selection in the according implied set is represented analogously by a binary vector y € {0,1}7.
The requirement to select exactly one element from the i-th implying set is modeled as a multiple
choice constraint

> i =
J

j€le]
The binary points fulfilling the multiple choice constraints for all implying sets and the implied
set are captured by the set

MC:= ¢ (x1,...,x7,y) € {0,1}*+F ‘ Y ah=1forall ic[y], > y=1
J€la 1€[f]

This set ensures that each x’ represents a valid selection from its corresponding implying set
and that y represents a single element in the implied set. Using the mapping ¢, we restrict the
set MC to ensure only feasible relations. This is formalized in the set

S(p) = {(xl,...,xw,y) € MC ‘ H CL';Z < Y for all j= (ji,..., ) € [a}”}. (4)
icp]

The multipartite implication polytope is defined as its convex hull, i.e., P(p) := conv(S(¢)).
For the sake of clear presentation, we define column vector z := ((x!)7,...,(x")7,y") 7. Given
an objective vector w € R*8 we state the minimization problem over the set S(¢)

min W'z

Xy (5)
s.t. (x',...,x7,y) € S(y).

x1

This is a binary nonlinear optimization problem, falling under the class of MINLP. Such problems
are computationally challenging in general, as they involve both nonlinearity and integrality.

10



In theory, for our case, one could solve by enumerating all vectors in S(¢) and picking a
vector that results in the smallest objective value. Though, we focus on multipartite implication
instances which are substructures of large MINLP problems, where enumeration is not possible.

To obtain a computationally facilitated problem, we want to linearize the nonlinear constraints
in problem . For that, we employ the McCormick envelope, a convex relaxation technique for
the optimization of non-convex NLPs. This relaxation provides a linear approximation for the
nonlinear constraints, allowing to redefine the set as

Sin(p) =< (x!,...,x7,y) € MC ’ Z xél < Yp) v — 1forall je[a]”
i€[v]

Note that these sets are the same, therefore,
P(p) = conv(5(p)) = conv(Siin())-
The reformulated optimization problem
iy

s.t. (x',...,x7,y) € Sin(p).

is now a binary linear problem. However, while both binary sets S(y) and Sy, () are equal,
their continuous relaxation cont(-) differ in general. This refers to the relaxation of all binary
variables into continuous variables within [0, 1]. It holds that cont(S(y)) C cont(Sin(p)).
Now, we explore properties and theoretical results related to the multipartite implication
polytope with v implying sets. Let «, «, 8 and ¢ be arbitrary but fixed. An inequality in the

variable space has the form .
D D aas ) bwyite (6)
i€l] j€[ le(p]

with variables x* € R® for all i € [y] and y € R®. The coefficients are a* € R* for all i € [4],
b e RA, and c € R.

There is a one-to-one correspondence between all index combinations j € [a]” and all vertices
of P(p). This is due to the combinatorial structure of S(¢p), as any binary point in S(y) gives a
vertex of its convex hull P(y). Since every binary point in S(y) can be written as (x!,...,x7,y)
for a j € [a]7, we can define each vertex v; = (x',...,x7,y). We can also give an explicit
representation of the vertices, independent of vectors x*. The vertex corresponding to a particular
j € [a]" is given by

v = Z €(i—1)a+j; + Cay+o(j) € {0, l}a’H_’B.
i€[]
The vector e, for s € [ary + 3] denotes the s-th standard unit vector in R®*#. Thus, we can

rewrite set to
S(e)= U {vs}

J€la]”
Turning from the inner description by vertices to the outer one by inequalities, we note that an
arbitrary inequality is valid for the multipartite implication polytope, if and only if it is valid for
every vertex of P(y). We present a useful result to verify the validity of an inequality in the
variable space.

Lemma 1. If an inequality

Yo > aai< ) byite (7)
lels]

i€[v] j€la]



satisfies

by > max {Z a;'-i — c} , for alll €[], (8)

Jela]7,p(§)=1 iep]

it is valid for P(p).

Proof. Let v; be a vertex of P(y¢) corresponding to a particular j € [a]”. This vertex is
representable as vj = (x!,...,x7,y). Inserting these binary vectors into inequality we obtain

> @ S by +e

i€[y]
By condition , this inequality holds. As vertex v; was chosen arbitrarily, @ is fulfilled for
every vertex of P(¢p), implying it is valid for P(yp). O

Building on the characterization of valid inequalities from Lemma [I, we now formalize a
definition for a specific set of valid inequalities.

Definition 1. Let

Z Z a;:c; Z biyr + ¢

i€[v] j€la] lels]
be an inequality in the variable space. We define S as the set that includes all such inequalities
satisfying the two conditions

by = max { Z a; } for alll € [B], and (a)

je[a]7 p(3)=1 ze['y]
al s — b < bmax — buin for all i € [v], (b)
where a’ . = mMaxeq] a§ and a' ;= = minj¢[q] a

With condition we restrict S to inequalities that fulfill the validity characterization
with equality. This is a proper restriction, since one can construct a valid inequality for P(y)
that fulfills the validity characterization only with strict inequality. For instance, we can increase
the value of each coefficient b; on the right-hand side and maintain validity.

With (]E[) we enforce another proper condition to the inequalities in S as we show in the next
example.

Example 3. Set v = a = § =2 and define the surjective mapping

N R R ES ((RINCRY)!
L M rah
Inequality

:E%§y1+y2

satisfies property @ as

T ie{dni ) {
by =

+a }:a%—i—a%:l—}—O:l,

1 2 _ _
JE{(12)(22)}{ +a }—a2+a2_1+0—1,

and 1is, therefore, valid for P(yp). However, property @ does not hold for i =1, since

Uax — G =1 —0=1>0=1—1= byay — binin-

max
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Note that, inequalities in & don’t have a unique representation. Besides scaling the inequality’s
coefficients, we can add or subtract multiple choice constraints

S'Z.%;-:S, i€ [y,

J€la]

for some s € R to obtain equivalent inequalities. Another useful property, which we will require
later in a proof, is shown in the following lemma.

Lemma 2. If inequality

Yo > aai< ) byite 9)
le[p]

i€[v] jelal

satisfies

by = max ai —cy, or all l € |B], 10
" Sl ()= ZEZ[;] & I 2 (1)

it holds true that

Z al . = bmax +c.
ic[]

for each i € [y] and ¢(j') = I'. Inserting

Proof. "<": There exists a j’ € [«]” such that a?;_ = a0

the corresponding vertex vy into inequality @ we obtain

Z a’rinax = Z a’;; < by + ¢ < bmax + ¢
i€l €[]

">": Because ¢ is surjective, there exists a j’ € [a]” such that ¢(j') =" and by = bmax. Because
of condition , without loss of generality, it is by = > ;[ ag{ — ¢. Then, it holds that

Z afnax > Z a;Z’ = by + ¢ = bpax +C.
€[] i€[y]

O]

With this prework we can state the main theorem in this section, that allows us to characterize
facets of P(y).

Theorem 2. Let F be a facet of P(p). Then, either F is induced by a lower bound or by an
inequality in S.

Proof. We refer to Appendix [A] O

Theorem [2] shows that, when considering an inequality in the variable space, which is not a
lower bound, properties and (]ED from Definition (1| are necessary conditions for being a facet.
That is, for an arbitrary mapping ¢, all facets of the multipartite implication polytope P(yp),
which are not induced by lower bounds, are induced by inequalities in S. However, conditions
@ and are not sufficient, since we find inequalities in S that are not facets. We underline
this in the next example.

13



Example 4. Suppose we have the setting v = 8 =4, a = 2, and mapping
e: 2" =M, j— (1 +j2+js+js—4) mod4)+1.
We want to illustrate Definition [1] and Theorem |3 Inequality
2ry + 207 < —y1+y2 + Yz +ya+3 (11)

fulfills both properties @ and (]ED and belongs, therefore, to S. We find siz vertices of P(p), for
which holds tight. All six vertices are affine independent, which means that the dimension
of the corresponding facet is five. Since facets of P(p) have dimension siz, is not a facet
defining inequality.

3.2 Extension to Set-Elements in the Implied Set

We introduce an extension to the multipartite implication polytope where the selection of a
combination of elements in the implying sets necessitates the selection of an element from a
specific subset of the implied set, rather than a single unique element.

Let @ : [a]” — 281\ {0} be a set-valued mapping. For a choice of indices j € [a]” in the
implying sets, the selected element in the implied set must be contained in the set ®(j). The
multipartite set implication polytope is defined as the convex hull of valid binary points

PS(®) := conv ({(xl,...,XV,y) e MC ‘ H $;1 < Z y, forallje [a]”}) :

i€[y] 1ed(j)

Here, the product constraint ensures that if the combination j is active (all a:él = 1), then at
least one y; with [ € ®(j) must be set to 1. Since y is constrained by MC to have exactly one
non-zero entry, this enforces the set implication logic.

We now generalize the concept of valid inequalities for this structure. In the standard case,
we examined inequalities based on variable coefficients a’ for the implying sets. Here, we adapt
this to define multipartite set-valid inequalities. Consider an inequality of the form @ To
ensure validity and tightness, the coefficients b; for the implied set must be sufficiently large to
cover the pressure exerted by the implying coefficients a’. Analogous to the construction in the
standard multipartite case, we define the coefficients for the implied set variable y; based on the
maximum contribution from any implying configuration j that allows [.

Definition 2. We call an inequality of the form @ a general MPIP inequality if it satisfies the
two conditions

b = oralll € |B], and aSet
L= JE[oc]“f l€<1> G3) { ;] Ji } f [6] ( )
afnax —a' < bmax — buin for all i € [y]. (bSet)

Lemma 3. All general MPIP inequalities are valid for P(®).

Proof. The vertices of P°(®) are given by the set
V(@) = {vi € {0,137 |j e [a]", L€ 2(j)}
where

Vil = D €i-1atj + €arii € {0,177
i€[7]

14



is the vertex corresponding to selecting indices j and implied element . Consider an arbitrary
vertex vj; € V(®). The left-hand side of the inequality (6] evaluates to > i The right-hand
side evaluates to b; + c¢. Since [ € ®(j), by definition (aSet)), we have

by > Za;-i—c.

i€[y]

1
] %5 -

1;,

% < by + ¢, which proves validity. O

Rearranging yields Ziem a
We now characterize the facet-defining inequalities of the set implication polytope.

Theorem 3. Let F be a facet of PY(®). Then, either F is induced by a lower bound or by an
inequality satisfying (aSet)) and (bSet]).

Proof. The proof proceeds analogously to that of Theorem O

Separation for the multipartite set implication polytope can be performed similarly to the
bipartite case. Given a fractional point (X!,...,X?,¥), the separation problem seeks coefficients
of a general MPIP inequality that is violated by the point:

max Y (@)X =Y bGi—(y-1) (12)

al,.,avb

i€[y] 1€[4]
st b > Y dl—(y=1) Vi€, VIe (),
i€[v]
a' € [0,1]* Vie [y,
b € [0,1)°

The following theorem shows that optimal vertices of this LP yield valid inequalities satisfying
both defining conditions. Note that the theorem requires all entries of the point to be strictly
positive. For a point with zero entries, this assumption can be satisfied by slightly perturbing
the entries to obtain a nearby strictly positive point.

Theorem 4. Let (Z!,...,27,y) > 0 be a strictly positive point that fulfills > j€lal :13; =1 for

all i € [v] and Xocp 91 = 1. Then every vertex (al,...,a7,b) of the set of feasible points that
mazximizes the separation LP (12) yields coefficients satisfying conditions (aSet]) and (bSet|).

Proof. Let (a',...,a7,b) be an optimal solution of . The constraints of the separation LP
imply

by > max {Zdéi—(v—l)} Vielp].

- jela]r:led(j) ieh]

Since y; > 0 for all [ € [3], any increase of b; beyond this maximum would decrease the objective
value (as we maximize — Y ; bjy;). Therefore, at optimality, the inequality must hold with
equality. This establishes condition .

To prove condition , we first show @', = buax = 1 for all i € [y]. We know

Zz‘e[w] il — (Y — 1) = bpax, otherwise we could decrease byax while staying feasible and

increasing the objective value. Assume @’ =1 — e for an arbitrary ¢ € [y], 0 < e < 1. Then
we can use the multiple-choice condition on the point (X!,...,%X7,y) to both add and subtract
¢ from all entries of 8% and b, while staying feasible and without altering the objective value.

This contradicts the assumption that (a!,...,a7,b) was a vertex. O
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Example 5 (Example [l| continued). We return to the piecewise constant relaxation of & = x*x?
with the relation mapping ® established above in Example [1. The pure binary feasible set
associated with the piecewise constant relazation is

SSET((I)) = {(CEI,I'Q,y) eM ‘ x]llx?Z < Z Y, \v/(jlajZ) € [4]2}a

1le®(j1,j2)
4 4 4
M = {(:El,:r2,y) € {0,1}'% | Z le‘1 = Z x?z = Zyl = 1}.
j1=1 ja=1 =1

This set coincides with the integer points of an extended MPIP. One general MPIP inequality is
x§+2x}1+x§+2xi < w2+ 2y3 + 2ys + 2.
It cuts off the non-integer point
sp1=(0,3,18) 5,2=1(0,0,1,2), s,=(1,0,0,0).
Indeed, evaluating the inequality at this point yields
LHS=%+2-1+142.2=8  RHS=0+0+0+2=2,

so the inequality is violated. At the same time, its validity can be verified by checking all 24
integer points in SSTT(®). This illustrates how the BIP-based n-block inequalities strengthen the
relaxzation obtained from the naive discretization of & = x'x>.

4 General MPIP Inequalities for Piecewise-Linear Relaxations
of GGeneral Nonlinear Expressions

In this chapter, we describe how the MPIP theory can be applied to piecewise-linear relaxations.
As discussed in Section PWL-based MIP formulations introduce auxiliary binary variables
to identify the active segment of each discretized variable.

In such formulations, the selection of a segment for one variable restricts the feasible segments
of other variables whenever they jointly appear in a nonlinear expression. Consequently, the
choice of binary variables for one or more discretized variables can limit the admissible choices
for others. This dependency structure is a key prerequisite for the occurrence of MPIP patterns.

In particular, we consider the case where a discretized variable is restricted through two
other discretized variables. This can happen when all these discretized variables occur in the
same nonlinear expression. Assuming an expression tree for this nonlinearity, if one variable
¢ is a parent node to both, x!' and x?, then we say that the choice of x' and x? restricts the
possible choices for £ and this naturally forms an MPIP structure.

A motivating example is given in the following.

Example 6. Let us assume that the nonlinear term
sin (z% + z%) =z3

is contained in some MINLP. When creating a piecewise-linear relaxation, this term is first
reformulated using expression trees, resulting in

sin(z4) = 23,

24 = 25 + 26,

Z5 = %71,
26 = 23.



Then, the variables contained in nonlinear equations are discretized. Here, this is 21,29 and z4.
We assume bounds —4 < z1 < 4 and —2 < z9 < 2. Then, also z4 is bounded by —8 < z4 < 24.

As one can see, the variables zy and zo are child nodes of z4 and, thus, we have an MPIP
structure here when using

—

2
X =21, X7 =29, €= z4.

For the discretization, we define equidistant breakpoints for x', x? and &:

7]5:_47 77%:—37 LR} n§:47
m=-2,n=-15 ..., 0}=2,
T0=-8 11 =—4, ..., 78 =24.

For identification of the active segment, we use the one-hot encoded vectors
z' € {0,1}%, 2% € {0,1}® and y € {0,1}5.

Further, let fi(x'), f2(x?) and f3(€) be the piecewise-linear relazations of 2, x3 and sin(z).
Then,we obtain

f3(&) = 23,
f = Zz5 + 26,
Z5 = fl(Xl), (13)
zZ6 = J?2(X2),

where z3, z5 and zg are continuous non-discretized variables.

2 24
1.5 20
1 16
0.5 12
w
L0 8

-0.5

-1
-1.5 —4
-2 -8

-4 -3 -2 -1 0 1 2 3 4
!

(a) Continuous values for & (b) Discrete values for £

'S

Possible discretization of £

=}

Figure 5: Visualization for & = fi(x!) + fo(x?) where fi(x!) and fo(x?) are the piecewise-linear
relaxations for 27 and 25. In the continuous result is given. Contrary, in the plot is
colored depending on the segment in which ¢ lies when it is discretized.

Fz'gure shows a plot for € = fi(x) + fa(x?) of System . Fz'gure shows the same term,
but the values of & are colored depending on the segment where £ lies when evaluating fg(f).
Each segment is defined by some binary variable. So, the choices of the segments for x' and x>
restrict the feasible segment choices for £. Two possible segment choices are shown in Figure [5l:

e Segment choice 51:513 =1,4e,-1<x'<0 and a:g =1, i.e., 0.5 < x? < 1. This results in
0.125 < £ <2, and, thus, £ can only lie in the segment between o = 0 and 73 = 4.

e Segment choice xé =1,de,2<x' <3 and 23 =1, ice., =1 < x? < —0.5. This results in
3 < € < 8.875, and, thus, £ can lie in all segments between 7o = 0 and 75 = 12.
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In terms of the MPIP, this means ®(3,5) = {2} and ®(6,2) = {2,3,4}. Further values of ® can
be determined equivalently.

In the following, we introduce different MIP reformulations. These reformulations differ —
besides others — in how the segments are modeled using binary variables.

4.1 Multiple-Choice Model

The multiple-choice model [7] uses a quite simple idea: A vector x containing n binary variables
indicates the segment in which a point lies. Further, n continuous variables X1, ..., X» are used
to model the exact value of x. The sum of all z; - X;, i.e., only the value of the variable x; where
the corresponding binary variable x; is active, then equals x.

Recall that the binary variables are defined by

d ai=1, (3| rev.)

=1
Tini—1 < Xi for all i € [n], (3d] rev.)
Xi < xin; for all i € [n], (3] rev.)

and, thus, are one-hot encoded and can directly be used for modeling an MPIP structure.

4.2 Classical Incremental Model

The classical incremental method also uses a vector X € {0,1}" of n binary variables. In contrast
to the multiple-choice method, this vector is not one-hot encoded. Instead, if segment i is active,
the variable &; and all variables ;- with i~ < ¢ are active, while all variables z,+ with ¢4 >4
are inactive. For all continuous variables ¢ it holds that §,- = 1 and d,+ = 0. The variable ¢;
can take any value between 0 < §; < 1 and indicates how far the point lies in the interval. Recall
the definition of the binary variables in the classical incremental method:

01 <1, (2¢| rev.
dit1 < & for all i € [n — 1], (2d| rev.

2 <6 for all i € [n], (2¢| rev.
o, > 0. (2f rev.

As x is not one-hot encoded we cannot apply the MPIP theory directly. Instead, a new binary
vector x can be created:

T = 1-— i‘l,
Ti = Bi_1 — Ty foralli e {2,...,n—1},

Ty = Tp—1.

Now, these variables again indicate the active segment directly and can be used for MPIP theory.

5 Precomputing General MPIP Inequalities for Specific Appli-
cations

While the cutting plane algorithm described in previous sections is designed to identify and
separate violated inequalities dynamically during the branch-and-bound process, specific appli-
cation domains often exhibit predictable, repetitive structures in their relation matrices. In such
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cases, relying solely on a generic separation oracle is computationally inefficient. Instead, we can
exploit the known analytical properties of the underlying functions to precompute families of
strong valid inequalities—specifically corner inequalities and stripe inequalities—and add them
to the model formulation a priori. This approach tightens the formulation at the root node and
reduces the computational overhead associated with the separation routine. We demonstrate this
methodology using two classes of problems frequently encountered in the MINLPLib: pooling
problems and kriging peaks functions.

i=2 i=2
P 1 2 3 4 5 [ P 1 2 3 4 5 6
1 (U IR CS i IR R B E AN B CS A Bt Y 1 [{4.56} {34} | {2,3} [ {12} | {1} | {1}
2| {3 [ | {1 {2y {12 {12} 2 {456} {34} [ {23} ({12} | {1} | {1}
_ 3 {1 {3 [ {2y [ {12} [ {23} ] {23} 3 |{a56}] {34} [{L23} {12} {1} | {1}
: 4 {1} {2y [ {12} [ {23} [{2:3.4}] {34} l 4 {4563 {34} {123} {1} | {1} [ {1}
5 {13 [ {12} [ {23} [{2:3.4}|{3.4.5}| {4,5} 5 {456} {34} ({123} {1} | {1} | {1}
6 {1 {12} [ {2.3} | {34} | {45} | {5.6} 6 [{45.6} {34} {123} {1} [ {1} | {1}
b by +af ol ol rag < Ele[ﬁ]\{l}yz+1 Zje[a]le' +ai+ad+ag <yity2+1
w3 +ah+xp+ag+2d g <Yy vt L D e @it Syatys +ys+1
Figure 6: Example Corner Inequalities Figure 7: Example Stripe Inequalities

5.1 Pooling Problems

Pooling problems are frequent in chemical applications, modeling the blending of intermediate
products in storage tanks. These problems are characterized by bilinear expressions representing
the product of flow and proportion, denoted as & = x1-x2. Extensive research has been conducted
on the global optimization of these problems, notably by [I].

When utilizing piecewise-linear approximations for these bilinear terms, the resulting relation
matrix ¢ exhibits a distinct monotonic or staircase structure. This monotonicity arises because,
for positive domains, as the values of operands x and x increase, the product £ generally increases.
Consequently, the level sets of the relation mapping form contiguous rectangular regions in the
discretized domain. To capture this structure efficiently, we utilize corner inequalities. A corner
inequality is derived by identifying a rectangular block of indices in the implying sets—the
discretized domains of the operands—and determining the minimal set of implied indices required
to satisfy the relation.

We illustrate this concept with the instance pooling _adhyalpgq, as shown in Figure [6] This
instance involves the constraint y = x1 - x2 with variable bounds x1 € [0, 1], x2 € [0, 30], and
¢ €10,30]. The grid illustrates the mapping ¢, where the valid entries naturally cluster, leaving
empty or forbidden regions in the corners. For example, the bottom-right region of the matrix
corresponds to high values for both y; and y2. We use the binary variables lel for j1 € [a], 33?2
for ja € [a] and y; for I € [B]. In the specific block illustrated, defined by indices i € {5,6} for x!
and j € {3,4,5,6} for 22, the product strictly maps indices that are not 1. The corresponding
corner inequality,

T3+ xg + 23 + 25 + 73 + 2§ < Z y+1
le[6]\{1}
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, enforces that if the binary variables corresponding to this high-input block are active, the
output variable £ cannot take the value in the first interval. Similarly, the top-left region captures
the implication that low input values necessitate low output values. By precomputing these
corner inequalities, we effectively cut off the rectangular regions of the binary hypercube that do
not map to the selected output range, enforcing the monotonic geometry of the bilinear function
directly in the constraints.

5.2 Kriging Peaks

A second class of problems suitable for precomputation involves Gaussian process regression,
often referred to as kriging. In optimization problems such as the peaks function benchmark
described by [17], reduced-space formulations are employed where intermediate variables are
substituted out. These instances frequently contain terms involving the Euclidean norm, such as

£ x2) = a(xi)? + b(x2)2

Unlike the monotonic staircase structure observed in pooling problems, the relation matrices
for these functions often exhibit a stripe pattern. This pattern emerges when the function
value is significantly more sensitive to one variable than the other, or when the discretization
grid aligns such that specific columns in the relation matrix map to a small, constant subset
of implied values regardless of the row choice. To exploit this structure, we introduce stripe
inequalities. These are a generalization of corner inequalities where the block extends across the
entire domain of one implying variable.

Consider the example from instance kriging peaks-red020 presented in Figure [7], which ap-
proximates the term & = 0.73(x1)% +9.84(x2)? with bounds x; € [~0.80,0.20], x2 € [—0.83,0.16],
and ¢ € [0,7.29]. We again use the binary variables zj for ji € [a], 23, for j2 € [a] and y,
for [ € []. The visualization reveals vertical stripes where the valid set of output indices is
determined almost exclusively by x2. For instance, when 2 is active for one of the indices in
{4,5,6}, the output y is constrained to the lower indices {1,2}. This holds true regardless of
the active binary x!. The resulting stripe inequality,

ooal +af+alta <y t+ya+1,

J1€[6]
1

sums over all indices of 2!, effectively treating it as a constant contribution, and restricts 22 to
the specific subset. A second stripe inequality is visible for the first column, where fixing 22 to
index 1 forces the output into the higher range. By detecting these column-wise or row-wise
dependencies during the preprocessing phase, we can generate a compact set of inequalities
that capture the dominant structural features of the function, significantly aiding the solver in
pruning the search space.

6 Computational Study

Implementation Environment All computational experiments were conducted on a vir-
tual machine equipped with an Intel Xeon processor with 28 cores operating at 2.70 GHz
base frequency and 64 GB of RAM. We employed Gurobi Optimizer version 13.0.0 as the
mixed-integer programming solver, configured with default parameter settings. All model
implementations and data processing were developed in Python 3.11.13. For the computa-
tional study, we developed a git repository for reading MINLP-Lib instances, decomposing all
expressions to one-dimensional forms, and creating a piecewise-linear relaxation with either
the multiple-choice or the incremental method. The solver, named alpaca (Adaptive Linear
Piecewise Approximation with Combinatorial Augmentation), is public and accessible under
https://github.com/utnopt/alpaca.
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Instances Solved over Time
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Figure 8: Number of instances solved over time for different methods. Total number of instances:
236

6.1 General MPIP Inequality Separation Routine for MINLP-Lib

We first evaluate the performance of the proposed general MPIP inequality separation routine
on a general set of 236 instances from the MINLP-Lib [21]. Instances are selected based
on two criteria: the presence of MPIPs and the requirement that all discretized variables
are bounded after optimization-based bound tightening. The goal is to assess whether the
dynamic separation of General MPIP Inequalities improves the solvability of piecewise-linear
MIP reformulations compared to the standard formulations without these valid inequalities. We
compare four configurations: the standard multiple-choice formulation, the standard incremental
formulation, and their respective counterparts enhanced with the MPIP separation routine.

Figure [§ illustrates the number of solved instances over time for the considered methods.
The results indicate a clear advantage for the MPIP-enhanced formulations. The MPIP multiple-
choice method, represented by the solid line, solved significantly more instances within the first
1000 seconds compared to the standard multiple-choice approach. Specifically, while the standard
multiple-choice method solves 151 instances in this timeframe, the MPIP variant solves 172.
This suggests that the separation of General MPIP Inequalities effectively tightens the relaxation
early in the branch-and-bound tree, allowing the solver to prune nodes more efficiently.

A similar trend is observed for the incremental formulation, where the MPIP variant (dashed
line) consistently lies above the standard incremental formulation (dotted line). Although the
standard formulation eventually solves a comparable total number of instances as the time
limit of 7200 seconds approaches, we observe superior performance of the MPIP methods in the
low-to-medium runtime range. After 1000 seconds the standard formulation solves 172 instances,
while the MPIP variant solves 179. The overhead introduced by the separation routine appears
to be well-compensated by the reduction in the search space.

Notably, the introduction of the separation routine renders the multiple-choice method
competitive with the incremental method. This aligns with the computational study in [3],
which observed that while the multiple-choice method effectively generates high-quality primal
solutions, it typically falls short to the incremental method in providing dual bounds and closing
the optimality gap. The separation of general MPIP inequality appears to bridge this deficiency,
significantly enhancing the multiple-choice method by addressing this specific weakness.
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6.2 Precomputed General MPIP Inequalities for Specific Application In-
stances

In addition to the dynamic separation routine, we analyzed the impact of adding precomputed
application-specific inequalities—corner inequalities for pooling problems and stripe inequalities
for kriging peaks functions—directly to the model formulation.

6.2.1 Corner Inequalities for Pooling

The results for the pooling problem instances are summarized in Table[l] The inclusion of corner
inequalities leads to a substantial reduction in computational time across the majority of the
test set. We observe an overall geometric mean speedup of a factor of 3.23 when comparing the
MPIP method to the standard approach.

The performance improvement is particularly striking for the digabel instances. For example,
in pooling digabell16 and pooling digabell9, the standard approach fails to solve the instances
within the 5 hour time limit, whereas the MPIP formulation solves them in under 40 seconds.
This corresponds to speedup factors of over 900 and 400, respectively. These results confirm
that the corner inequalities effectively capture the monotonic structure of the bilinear terms,
preventing the solver from exploring infeasible regions that satisfy the standard relaxation but
violate the logical implications of the discretization. While there are a few instances such as
pooling__foulds5tp where the overhead of the cuts results in a slowdown (speedup < 1), the
dramatic gains on the harder instances validate the effectiveness of the precomputation strategy
for pooling problems.

6.2.2 Stripe Inequalities for Kriging-Peaks

Table [2] presents the computational results for the kriging peaks function instances. Here, the
precomputed stripe inequalities provide a consistent improvement, achieving an overall geometric
mean speedup of a factor of 2.58.

The instance kriging peaks-red020 demonstrates the potential of this approach, with the
runtime decreasing from over 11, 000 seconds to approximately 1, 170 seconds, yielding a speedup
of 9.49. Similarly, kriging peaks-red050 sees a six-fold improvement in solution time. The stripe
inequalities exploit the property that certain variables in the Gaussian process regression term
dominate the function value, creating stripes in the relation matrix that can be used to find
general MPIP inequalities efficiently. Unlike the pooling set, where some instances exhibited
slowdowns, the MPIP method for kriging remains competitive even in cases where the speedup
is minimal, such as kriging peaks-red500, where the performance is essentially identical to the
standard approach. This suggests that stripe inequalities are a safe and generally beneficial
addition to the formulation for this class of problems.

7 Conclusion

In this paper, we have demonstrated that piecewise-linear relaxations of mixed-integer nonlinear
programs give rise to rich combinatorial structures that can be systematically exploited to
tighten the underlying mixed-integer formulations. Starting from the bipartite implication
polytope introduced in earlier work, we identified its occurrence not only in isolated bilinear
terms but also throughout expression-tree based reformulations of general nonlinear constraints.
This observation motivated the development of the multipartite implication polytope, which
accommodates an arbitrary number of implying sets, as well as a natural set-valued extension
that captures situations where multiple implied indices are admissible for a given combination
of implying choices.
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Table 1: Geometric mean runtime (s) comparison between Standard and MPIP methods over all

seeds.

Instance Standard (s) MPIP (s) Speedup
pooling digabell6 | 20 18000.00 19.60 918.56
pooling_ digabell9 | 20 18000.00 37.71 477.30
pooling digabell8 | 20 13817.49 289.88 47.67
pooling_adhyalstp | 20 1897.33 49.51 38.32
pooling_rt2stp | 20 4956.50 132.65 37.37
pooling_rt2pq | 20 940.12 27.85 33.76
pooling_sppb0tp | 10 14992.52 539.55 27.79
pooling_ rt2tp | 20 455.81 25.48 17.89
pooling_sppaOtp | 10 873.28 69.90 12.49
pooling__adhya2stp | 30 1513.61 129.34 11.70
pooling _sppalstp | 10 3435.23 308.44 11.14
pooling adhyalpq | 30 1736.99 172.85 10.05
pooling adhya2pq | 30 216.87 22.16 9.78
pooling sppb0Ostp | 10 18000.00 1972.64 9.12
pooling__adhya3stp | 20 242.89 27.75 8.75
pooling_sppaOpq | 10 379.59 55.69 6.82
pooling_adhyadpq | 30 652.19 95.99 6.79
pooling_sppb0Opq | 10 605.95 201.00 3.01
pooling__adhyadstp | 20 74.59 29.92 2.49
pooling_sppa9pq | 20 1536.66 824.82 1.86
pooling fouldsdstp | 30 1143.95 622.27 1.84
pooling adhyaltp | 30 202.67 112.97 1.79
pooling sppc3tp | 10 3173.43 1927.30 1.65
pooling_ fouldsdpq | 40 1384.20 879.08 1.57
pooling sppa9tp | 10 146.64 98.12 1.49
pooling_ sppb2pq | 10 477.28 326.18 1.46
pooling _sppa9stp | 10 274.91 194.96 1.41
pooling_sppcOpq | 5 35.92 25.81 1.39
pooling_sppc3pq | 10 2129.82 1580.48 1.35
pooling sppclstp | 5 342.99 257.31 1.33
pooling _adhya3tp | 40 376.08 984.29 1.32
pooling sppcOstp | 5 113.28 90.33 1.25
pooling _sppadstp | 10 267.75 218.10 1.23
pooling sppcOtp | 5 37.49 30.84 1.22
pooling _sppe3stp | 5 214.66 177.97 1.21
pooling sppclpq | 5 71.72 63.48 1.13
pooling__adhya2tp | 40 95.98 86.39 1.11
pooling_sppcltp | 5 76.84 73.11 1.05
pooling_sppabtp | 10 83.36 80.48 1.04
pooling_sppb2tp | 10 335.75 333.33 1.01
pooling_ foulds5stp | 30 2096.71 2115.22 0.99
pooling _sppb2stp | 10 892.22 945.59 0.94
pooling fouldsdtp | 30 396.99 433.25 0.92
pooling_sppabpq | 10 60.58 68.58 0.88
pooling foulds3tp | 30 418.55 538.62 0.78
pooling adhyadtp | 30 146.29 191.32 0.76
pooling foulds3stp | 30 1195.89 1833.84 0.65
pooling foulds5tp | 30 685.69 1332.53 0.51
pooling_fouldsbpq | 40 1182.46 2316.81 0.51
pooling_foulds3pq | 30 129.14 415.78 0.31
Overall 612.09 186.14 3.23
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Instance Standard (s) MPIP (s) Speedup

kriging peaks-red020 | 20 11098.92 1169.68 9.49
kriging peaks-red030 | 20 1393.52 152.33 9.15
kriging peaks-red050 | 20 7091.18 1143.28 6.20
kriging peaks-red010 | 20 26.07 22.05 1.18
kriging peaks-red200 | 10 3251.68 2869.09 1.13
kriging peaks-red100 | 10 739.11 685.65 1.08
kriging peaks-red500 | 5 10155.65 10300.34 0.99
Overall 1833.97 710.07 2.58

Table 2: Geometric mean runtime (s) comparison between Standard and MPIP methods over all
seeds.

For both the multipartite implication polytope and its set-valued variant, we established
a complete characterization of the nontrivial facets. Specifically, we showed that every facet
not induced by a variable bound belongs to the class of general MPIP inequalities, which
arise from nested block structures in the relation mapping. This characterization provides the
theoretical foundation for the design of separation algorithms that operate directly on the binary
interval-selection variables introduced by the piecewise-linear reformulation.

On the algorithmic side, we developed a generic separation routine for general MPIP
inequalities and demonstrated its integration into standard multiple-choice and incremental
piecewise-linear formulations. The separation problem reduces to a linear program whose
size depends on the discretization granularity, making it amenable to efficient implementation
within a branch-and-cut framework. Furthermore, we exploited structural properties of specific
application classes to precompute families of strong valid inequalities a priori. For pooling
problems, the monotonic staircase pattern of the relation matrix led to corner inequalities, while
for kriging peaks instances the dominance of certain variables resulted in stripe inequalities.
Both families can be generated during a preprocessing phase and added to the formulation before
the solver is invoked.

The computational study on a broad subset of instances from the MINLPLib confirmed the
practical value of the proposed approach. The dynamic separation of general MPIP inequalities
yielded consistent improvements across a diverse set of problems, with the enhanced multiple-
choice formulation becoming competitive with the incremental method. For the application-
specific instances, the precomputed inequalities led to substantial speedups, with geometric
mean improvements exceeding a factor of three for pooling problems and a factor of two and a
half for kriging peaks functions. Particularly noteworthy is the observation that several instances
which could not be solved within a five-hour time limit by the standard formulation were solved
in under one minute after adding the proposed cuts.

Several directions for future research emerge from this work. First, the present study focused
on the multiple-choice and incremental piecewise-linear reformulations; applying the multipartite
implication polytope theory to other formulations, such as convex combination methods remains
an open task that may reveal further structural insights and algorithmic opportunities. This
might be especially interesting when considering its logarithmic variants. Second, while the facet
characterization established here is complete in a theoretical sense, identifying subclasses of
general MPIP inequalities that admit closed-form coefficient descriptions for relevant families of
relation mappings would simplify both the analysis and the implementation of separation routines.
Finally, embedding the proposed cutting-plane techniques into an adaptive piecewise-linear
solving procedure, where the discretization is refined dynamically based on solution information,
constitutes a promising avenue for combining the strengths of polyhedral tightening with adaptive
approximation strategies.
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A Proof of Theorem 2|

Let

Yo Y aEy< Y byt (16)

i€[y] j€lal le[g]

be the facet defining inequality for facet F' of P(¢). Since we work with rational polytopes,
without loss of generality, we assume the coefficients aé-, b; and c to be integer.

Case 1: Suppose for an implying set i € [7], there exists an index j' € [a] such that for
every vertex vj € F, it holds true that j; # j’. This means x?, = 0 for every vertex v; € F.
Therefore, it follows that F' is contained in the hyperplane

H={(x}...,x",y) e R’ xé-/ = 0}.

Since we know the structure of vertices, there exists a vertex vj € P(¢) \ F with j; = j/, and
it holds P(y) € H. Because of the facet-property of F', it is then F' = H N P(p). This means,
that F' is induced by the lower bound :zj-, > 0.

Suppose analogously for the implied set, there exists [ € [3] such that for every vertex v € F'
holds ¢(j) # I. Then, facet F' lies in the hyperplane

H={(kx!...,x"y) e Ry =0}.

Since ¢ is surjective, there exists a vertex vj € P(¢)\ F with ¢(j) = [. Therefore, it is P(¢) ¢ H
and F' is induced by the lower bound y; > 0.

Case 2: Now, excluding the previous cases, we show that properties and (]ED from
Definition [1| are true for the facet defining inequality .
Property (j)): Since inequality is valid, for any vertex vj of P(yp), j € []”, it holds

that ‘
by Z D a, —c.
i€[v]
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Consider I’ € [3] arbitrary but fixed. Because ¢ is surjective, there exists at least one j € [a]”
with o(j) =1'. Tt is
by > > al —c forall je€[a]’, where ¢(j)=1.
ic[]

Since we exclude the upper case, there exists at least one v; € F' with ¢(j) = I. For all such
vertices, inequality holds with equality, i.e.,

by = Z a;'-i —c.
i€[v]

Therefore, we conclude that property @ holds.
Property (]ED: First, we construct an inequality equivalent to , that takes the form

Z Z - max + bmax - bmin) .T}; < Z (bl - bmin) Yy + (7 - 1)(bmax - bmin)y (17)
€l jeld] le[p]

=:a’

=:b =:é
j 1

and which construction we explain in the following.
To achieve the equivalent form , we "align" all maximum coefficients at byax — bmin. For
the left hand side, we add the following scaled multiple choice constraint to ,

(_afnax ~+ bmax — bmin Z $ max ~+ bmax — bmina (18)
Jj€lo]

for every i € [y]. Then, for all i € [], the maximum coefficient a? .. in satisfies
dfnax = a’rinax - afnax + bmax — bmin = bmax — bmin- (19)
Further, for the left hand side, we add the following scaled multiple choice constraint to

0= _bmin Z y + bmin- (20)
le[p]

Then, for the maximum coeflicient Bmax in |) it is Bmax = bmax — bmin. Note, that for all
l € [B] it holds

by = b, — bin > 0. (21)

Constant ¢é in we compute by gathering all constants that we add with for i € [y] and

with . ) to ( , ie.,

i€[v]

=c— Z CL?r:nax + ’Y(bmax - bmin) ~+ bmin
i€[v]

=Cc- Z afnax + bmax + (7 - 1)(bmax - bmin)
i€[v]

Leména 2 (7 - 1)(bmax - bmin)-

Then, we obtain inequality , that is equivalent to and therefore, also facet defining. So,
we have clarified the derivation of .
Now, due to property @ on , for every [ € [5], it holds

by = max al—e %, 22
l je[aw,m>=Z{%§] 7 } 22
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We define another inequality,

> aiah <> by +¢, (23)

with new coefficients @ := max{0,a}} for i € [y], j € [a]. For all i € [y] and j € [a], by
definition it is . . , A
&‘Z] Z d; = (],:Lj — (I;L,nax + bmax - bmi[h

which means that dominates .
Assume property does not hold for , i.e., for at least one i € [y], it holds

AT _ i )
Omin = %min — %max + bmax - bmin < 0.

Consequently, inequality strictly dominates inequality . In addition to strict dominance,
if we proof the validity of inequality for P(y), this would contradict the facet defining
property of (17)), and we have proven property (b))

Assume inequality is not valid for P(y). Then, leveraging the characterization in
Lemma [1] there exists I’ € [3] and j’ € [a]” such that

a;/—A.bl/<Z —¢é=_ma as—ép,
Jela]” #’(J) " iepy

i€] i€[]
resulting in A
>y < )4
ic[] ic[]
Due to the integrality of all coefficients in , we collect in index set I C [y] all indices ¢ € [v]
for which it holds

aé-; — afnax + bmax — bmin < —1. (24)

¢ ax < bmax — bmin for the other i € [y]\ I. We conclude

Za/— Z {—afnax‘i‘bmax_bmin)

Then, it is a;., —a
[

€[] €[]
9 _| | + Z max bmax - bmin)
ieb\1 (25)
< _|I| + Y= ’ID(bmax - bmin)

(
(v = [)(

<
< (7 - 1)(bmax - bmin) =C.

bmax - bmin)

From equality , it follows

by =) ay—¢ < e—é=0,
icp]

which is a contradiction to . This means, that inequality is valid for P(y) and property
() holds for all i € [4] for inequality (L6]).
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