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ABSTRACT. Piezoelectric material behavior is mathematically described by coupled hyperbolic-elliptic partial
differential equations (PDEs) governing mechanical displacement and electrical potential. This paper presents
advancements in the theory of identifying material parameters in piezoelectric PDEs. We focus on modeling
and analyzing the inverse problem assuming matrix-valued Sobolev-Bochner parameters to encompass a time
and space-dependent setting and thus external physical influences. This is followed by results regarding the
existence, uniqueness and improved regularity of solutions to the piezoelectric PDE. Based on these findings,
well-definedness and regularity of the parameter-to-state map and Fréchet differentiability of the observation
operator are proven. Finally, the inverse problem is formulated using a minimization approach, where weak
lower semi-continuity of the objective functional, first-order optimality conditions and the derivation and anal-
ysis of the adjoint PDE are presented.
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1. INTRODUCTION

Piezoelectric materials are extensively utilized in numerous electrical devices nowadays, being prevalent
not only in households but also in industrial and medical settings. The versatility of piezoelectric materials
extends across a diverse range of products, including microphones and headphones as well as ultrasound
imaging devices and power generation systems. The underlying piezoelectric effect, which is the funda-
mental property of these applications, describes a coupling phenomenon between electrical and mechanical
fields, where mechanical pressure generates an electric potential and vice versa. Thoroughly understanding
the behavior of these materials is essential, especially given their time and space dependent characteristics.
Their temporal and spatial dependence can occur implicitly via the influence of external physical quan-
tities such as temperature, which appears as temporally and spatially varying functions, on the material
parameters. Simplistically, the piezoelectric material is described by a system of coupled PDEs for the
mechanical displacement and the electrical potential. The material behavior depends significantly on the
material parameters occurring in this PDE system. Hence, the inverse problem aims at identifying mate-
rial parameters from observations C(p, z) of the state and the parameters. As the observed data is usually
contaminated with noise, we have given noisy measurements y°. Employing the reduced method, i.e.,
the model is eliminated by introducing a parameter-to-state map .S, in an optimization approach results in
solving

o1 5112

(1.1) min SI1E®) = 3"+ Ralp),

where F : X — Y, F(p) = C(p,S(p)) is called the forward operator. If the preimage space X is
a Sobolev space of higher order, implementing regularization methods on this preimage space becomes
particularly challenging and, in many cases, impractical. To address this issue, it is beneficial to leverage the
physical behavior of material parameters by parameterizing them in terms of a relevant physical quantity.
We consider, for example, the dependence of the parameters on a known temperature function 6, which is
a function of space and time. It is reasonable to assume a polynomial or Hadamrd exponential structure
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of the material parameters with respect to the temperature function, see [10]. The coefficients of these
polynomials or exponential functions are constant parameters. This means that we can reconstruct these
parameters by reconstructing constant matrices of appropriate size for each parameter, which transfers an
optimization problem in higher order Sobolev spaces to an optimization problem in a real-valued finite
dimensional vector space. As this surrogate modeling approach is a linear transformation into higher order
Sobolev spaces, the analysis of the individual components of the inverse problem must be conducted in the
framework of an infinite-dimensional function space, including the analysis of the underlying PDE and the
associated adjoint PDE, in order to preserve generality.

Related Work. Existence, uniqueness and regularity of solutions of the piezoelectric dynamical system
have been studied in [[1]], [3[], [4], [11], [13], [16], [19], [18]], [20], [21]] and [23]], among others and the
references therein. For example, in [11]] and [20] existence and uniqueness of solutions of the undamped
inhomogeneous piezoelectric PDE is discussed, where the material parameters are constant. In [1]] the ma-
terial parameters are spatially dependent L>°(€2) functions and inhomogeneities are included. An optimal
control problem for the electrical flux (boundary control problem) is studied in [3]], where an existence and
uniqueness result is given for solutions of the undamped piezoelectric PDE and the corresponding adjoint
differential PDE with spatially dependent L°°(2) material parameters. The papers [23]] and [21]] consider
a boundary control problem, where existence and uniqueness results for solutions of the undamped ho-
mogeneous piezoelectric PDE are discussed, where [21] deals with constant material parameters and [23]]
focuses on an elasticity parameter comprised of spatially dependent C%(€2) functions, a permittivity param-
eter comprised of spatially dependent L>°(£2) functions and a constant piezoelectric coupling parameter. In
[4], an existence and uniqueness result is given for solutions of the undamped piezoelectric PDE coupled
to a parabolic temperature equation and the magnetic field in the form of an elliptic equation, similar to
the electrical equation of the classical piezoelectric system, where the parameters have C%! () regularity
or L>°(Q) regularity in the space. In [18], respectively in [19]], a shape optimization problem is studied,
where an existence and uniqueness result for solutions of the undamped inhomogeneous piezoelectric PDE
is given for time/space-constant parameters and the corresponding adjoint PDE is presented. Furthermore,
[13]] gives a result heavily based on [7]], [16], [1], and [20], on existence and uniqueness of solutions for
the Rayleigh damped homogeneous piezoelectric PDE, where the material parameters are constant.

Contribution. The aim of this paper is to model and analyze the inverse problem. We establish the well-
definedness, existence, and regularity of the parameter-to-state map. For this purpose, we have to extend
and generalize previous existence and uniqueness results for piezoelectric PDEs, by considering matrix
valued Sobolev-Bochner functions as material parameters and also Sobolev-Bochner density- and damp-
ing functions. Moreover the Rayleigh damped piezoelectric system is extended by a further damping
term and Sobolev-Bochner inhomogeneities, which allows the application of the contributed existence and
uniqueness theorem not only to the state equation but also to the adjoint PDE. Subsequently, we define the
observation operator, demonstrating that its well-definedness requires higher regularity of the state. For
this an a-priori energy estimate was established, which has not yet been treated in this general setting.
Consequently, we provide a rigorous Dirichlet lift Ansatz and contribute a result that provides arbitrary
Sobolev regularity in space, for sufficiently regular boundary data and right-hand sides, to satisfy the well-
definedness requirement. We prove Fréchet differentiability of the observation operator, leading to the
definition of the forward operator, which inherits the properties of both the observation operator and the
parameter-to-state map and prove its weak-to-strong continuity. We model the inverse problem as a min-
imization problem of an objective functional and prove the existence of a minimizer. Furthermore, we
formulate the necessary first-order optimality conditions. Motivated by this, we derive the adjoint PDE
and analyze it with respect to the existence and uniqueness of solutions by employing the main existence
and uniqueness result of this article. Additionally we give insights in the structure of the derivative of the
objective functional.

To the best of our knowledge, this generalized problem has not been previously addressed in the literature.

Structure of the paper. The structure of this paper is as follows: The second section addresses the mod-
eling of the underlying PDE to the inverse problem, as well as notations and the introduction of necessary
definitions and lemmata essential for the paper’s objectives. The third section proves existence, uniqueness
and regularity of weak solutions for the generalized damped piezoelectric PDEs. Furthermore, results on
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an a-priori energy estimate and arbitrary Sobolev regularity in space for sufficient regular boundary data
and right-hand sides are proven. The fourth section models and analyses the forward operator, including
the well-definedness and Fréchet differentiability of the observation operator and the existence and reg-
ularity of the parameter to state map. Then, the inverse problem is formulated as minimization problem
and first-order optimality conditions are derived. The derivation and analysis of the adjoint PDE concludes
this section. The fifth section discusses a numerical example and the final section briefly summarizes the
contributions of this paper.

2. MODELING

Let T > 0 be the end time of the observed time period (0,7 and denote the geometry of the considered
piezoceramic, i.e., the domain, with  C R3. For the latter we assume that its boundary can be represented
as the disjoint union 9Q := T',UGUT,,. Thereby T, describes the boundary segment which is excited
electrically with a known excitation signal ¢¢ and I'y refers to the boundary segment which is grounded.
This setting can be modeled in the system of PDEs as mixed Dirichlet boundary conditions. For the
regularity of 2 and ¢°¢ we will employ the following assumptions:

Assumptions 2.1.
D1 € is a bounded Lipschitz domain and ¢¢ € H'! (0, T;Hz= (09, R))

D2 Qis a bounded C™!'-domain and ¢¢ € H'! (0, T; H"“r%(aﬂ, R)) for some m > 2, m € N.
D3 Q is a bounded Lipschitz domain and ¢¢ € H* (0, T) is spatially constant on I,.

The boundary segment I',, is included in the PDE by Neumann boundary conditions. We denote the
non-empty mixed Dirichlet boundary with I'y := I'.UL, i.e., 92 := I';Ul',, and we assume that every
boundary part has a positive two-dimensional Hausdorff measure. We will denote time derivatives of a
function f with f , and spatial derivatives with V f. Furthermore, n = (ng, n,, n) is the three-dimensional
normal vector corresponding to the normal derivative with respect to V, Bf is the symmetric gradient of a
function f in Voigt notation and V is the corresponding normal matrix with respect to B, where

a 0 0 ne 0 0
0 0o = 0 0 n
— 0. _ z
B= 0 % aj ’ N = 0 n., ny
% 0 aﬁz n, 0 ng
o
o os 0 ny ng 0

Since all derivatives are understood in the distributional sense, we use the standard Sobolev space H 1 (Q,R)
associated with V, and

HE(QLR?) == {f € L*(L,R®) : Bf € L*(QL,R%)}

equipped with the norm

1/2
11|y .msy = (Hf||2L?(Q,R3) + ||Bf||2L2(Q,R6)) :

as H'-Sobolev space associated with the spatial differential operator B. Since () is at least Lipschitz, due
to Assumption Korn’s inequality implies that Hj;(£2, R?®) and H'(©2,R?) coincide as Hilbert spaces
with equivalent norms. The H'-Sobolev space whose functions vanish only on Iy is defined by

H(%,Fd(QﬂR) = {f € Hl(QJR)‘ f|Fd = 0}'

Furthermore, we denote the dual of a Hilbert space H with H*. Then, the three-dimensional mechanical
displacement u(t, x) and the one-dimensional electrical potential ¢ (¢, x) of a piezoceramic specimen can
be described by the following piezoelectric dynamical system



4 RAPHAEL KUESS®, DANIEL WALTER®, AND ANDREA WALTHER®

pil + api — BT (cEBu + BcP Bu + eTV¢) =0 inQx(0,7),
—V - (eBu—€eVp)=0 inQx(0,7),

¢=0 onTyx(0,7),

¢o=0¢° onl, x(0,T),

n-(eBu—eVe)=0 onl, x (0,T),

NT (FBu+ BcPBu+e'Ve) =0 ondQ x (0,7),
u(t=0)=wup inQ,
u(t=0)=wu; inf.

where p is the mass density, ¢, e and € are the material parameters describing the given piezoceramic and
«, B are damping parameters. Since we consider the same time interval throughout the paper, we skip it
when referring to Bochner spaces.

Assumptions 2.2.

Al The damping parameters v € H'(L>*(Q,R)), 8 € H'(L>(,R)), are non-negative and uni-
formly bounded, and there exists 5* > 0 such that

Bt,x) > B* forae. (t,x) € (0,T) x Q.
A2 The density p € H?(L>(£2,R)) is uniformly bounded, and there exists p* > 0 such that
p(t,x) > p* forae. (t,x) € (0,T) x Q.

A3 The elasticity parameter is of the form

c{;l(t,x) c%(t,x) C%(t,l‘) 0 0 0
c}g(t,z) c}sl(t,z) cg(t,x) 0 0 0
cE(t z) = cis(t, @) eps(t, @) egs(t, @) . 0 0 0
’ 0 0 0 ey (t, o) 0 0 ’
0 0 0 0 B (t,x) 0
0 0 0 0 0

3 (i (t,2) — cfa(t, 7))
where cfy, cfy, cfs, cks, i) € H*(L=(Q,R)), ie., ¥ € H*(L>*(Q,R%5)), and is uniformly
positive definite, meaning that there exists ¢, > 0 such that
ETCE(t2)€ > c,|¢)? forall ¢ € RS
and for a.e. (t,z) € (0,T) x .
A4 The piezoelectric coupling parameter is of the form

0 0 0 0 615(t,1’) 0
e(t,z) = 0 0 0 e1s(t, ) 0 0],
631(7f7 37) €31 (t, Z‘) 633(t, l‘) 0 0 0

where e15, €31, €33 € H (L™ (L, R)), i.e., e € H2(L>®(Q,R3*9)).
A5 The permittivity parameter is of the form

Ell(t,IZ?) 0 0
e(t,xz) = 0 €11(t, x) 0 ,
0 0 633(t, {E)

where €11, €33 € H? (L°° (Q, R)), ie., e € H? (L°° (Q, R?’XS)), and is uniformly positive definite,
meaning that there exists €, > 0 such that

nTe(t,x)n > e |nl? for all n € R?
and for a.e. (¢t,z) € (0,T) x Q.
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In particular, Assumptions [A3|and |A5|imply that ¢ (¢, x) and (¢, z') are invertible for almost all (¢,z) €
(0,T) x Q, and that their inverses are uniformly bounded. If the parameters depend on e.g., a known
temperature function 6, we have that (c”(xz,t),e(z,t),e(x,t)) = p(x,t) = p(0(x,t)) and the following
parametrizations can be proposed

(2.1 (cB(x,t),e(x,t), € Zaj (z,t) Zb@xt Zk 0(z,t) |,
=0
(ajaijk]) c RGXG % R3><6 % ]RSXS7 0 < ] < n,
(2.2) (cB(x,t),e(x,t), e(x,t)) = (ecle(“) + ¢, 9@ 1y em0@t) 4 mo> ,
(cjylj,mj) € ROXC x R3XO » R3*3, j=0,1,

where in the exponential is understood component-wise, i.e. as the Hadamard exponential. The
coefficient matrices in these parameterizations are to be chosen such that the structural symmetries and the
uniform positive definiteness of c” and e are preserved for all relevant temperature values.

Finally, o and g are the so-called Rayleigh damping parameters. If o = 0, then 3 is called the Kelvin-Voigt
damping parameter and can be interpreted as a relaxation parameter. Hence, the Rayleigh damping model
generalizes the Kelvin-Voigt damping model.

3. EXISTENCE, UNIQUENESS AND REGULARITY

In order To discuss weak solvability, we homogenize the mixed Dirichlet boundary conditions using a
Dirichlet lift Ansatz. Therefore, let Assumption hold. AsT. NTy = () and § is Lipschitz, the trace
operator Tr : H' (2, R) — H'/?(T) is continuous and surjective, and admits a continuous right inverse.
Hence there exists xy € H' (H' (€, R)) with the property that

(3.1) Tr(X(t))Z{z:e(t) On? a.e. in time.
only

Hence, with ¢o(t) € Hjp, (Q,R), we rewrite ¢ as ¢(t) = ¢o(t) + x(t) ae. in time. Plugging this
representation in our piezoelectric dynamical system leads to

(3.2) pii + apit — BT (cFBu + 5cEBu +eT'Vego) = BT Vy in Q x (0,7)
(3.3) —V - (eBu—€eVegg) = -V - eVy in Qx(0,T)
(3.4) n-(eBu—eVey) =n-eVy on I';, x (0,T)
(3.5 NT (FBu + BCEBu +ef'Vgo) = —NTel vy on 90 x (0,T)
(3.6) u(t =0) = ug in Q

3.7) U(t=0)=1u on .

We now derive the weak formulation of the system above. For this purpose, we consider the weak form of
(3:2) and (3:3) separately and include the corresponding boundary conditions (3.5) and (3.4). Note that by
simply adding both forms, we obtain the weak form of the whole system, since we have to use different test
functions for (3.2) and (3.3). We start deriving the weak form of (3.2)) for almost all ¢ € (0,7") by testing
the system (3:2)-(3.7) with (v, 0), where v € H} (2, R3), i.e.,

/ piiTv + api®v + (cEBu + BcP Bu + eTVqSO)T Bv dQ2
Q

__ / TV TBudQ + | NT(TV)Tvdl + [ NT (¢BBu+ B Bi+ eTVy)  vdl
Q oQ o0
@—NT(eTVX)T

3.8)

@/ piitv + apulv + (CEBu + BcF Bu + eTV¢0)T BvdQ = — / (eI Vx)TBvdQ.
Q Q
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To derive the weak form of (3.3) for almost all ¢ € (0,T'), we test the system (3:2)-(3.7) with (0, w), where
w e H&,Fd(Q,R), ie.,

/ (eBu — V)" Vw dQ — / n - (eBu— Vo) wdl — / n - (eBu — Vo) wdl
Q r, ——— Ty

=n-eV
= X

= 0
wEHl (Q R)

/(EVX)TVUJ dQ — / - (eVx)wdl — / n- (eVy)wdl
Q L

= 0
wEHl (Q R)

(39 < / (eBu — eVep)' Vw dQ = / (eVx)TVwdQ.
Q Q

As we used different test functions for (3.8) and (3.9), we can define the time-dependent variational iden-
tities corresponding to the PDE system (3.2)-(3.7) by

B((uad)O)a (Ua ’LU)) =
(3.10) / pii" v + api"v + (cFBu+ BcF Bi + eTwso)T Buv + (eBu — V)" VwdQ
Q

(3.11) L(v,w):/ —(TVX)TBv + (eVY)TVwdQ.
Q

To prove existence and uniqueness of solutions to the piezoelectric system (3:2)-(3.7), we use Chapter
XVIII in [5]l, especially Theorem 1 in Paragraph 5 and Remark 9 in Paragraph 6. Using the following
lemma, we will exploit that ¢Z and e are continuously differentiable in time.

Lemma 3.1. Let (0,T) C R, k, k1, ko € N and Assumption|D1|hold. Then, one has

(3.12) H*(L™(Q)) = C*1([0, T]; L=(%))

(3.13) H* (H*2(Q)) — cM~1([0, T); C*72(Q)).

Proof. Let U C R. Due to Theorem 6, Chapter 5.6.3 in [[7] one obtains for k > % the existence of a con-
tinuous embedding ¢y : H*(U) < C*~1:2(U) with 1, (f) = f almost everywhere. Since C*~1:2 () —

C*=1(U), one has H*(U) < C*~13(U) < C*~'(U), meaning that there is a constant C¥,__ ., > 0
such that

vf € HY(U) : | fllowoy < ChiecsonllF L)
Analogously, due to Theorem 6, Chapter 5.6.3 in [7]] one obtains for & > % that there exists a continu-
ous embedding ¢35 : H*(Q) — C*~22(Q) with 13(f) = f almost everywhere. Furthermore, it holds
that C*=2:2(Q) — Ck2({), which yields H*(Q) < C*232(Q) < C*2(Q), i.., for a constant
Clonz >0,

Vi€ H Q) : || fllor-2)y < Crecson—allFllancoy

is valid. Hence, there exists a constant Cz(qki) ck—1 > 0 such that

Ve H LX) : [ fller- 1[0, ThL= () S CHk:%ck M ek (oo ()

which proves that H*(L>(2)) < C*~1([0, T]; L°°(£2)) continuously.
By the same argument we conclude that H*1 (H*2(Q)) < C*1=1(]0, T]; H*2(12)), i.e., there is a constant
Cg),f)_)ckl_l > 0 such that

T
(3.14) V€ H" (H™(Q) ¢ (|l oy @) < Con oyt Il (s )

Furthermore, there exists a constant C2,., ., ,—» > 0 such that for all f € C*=1([0, T]; H*2(12))

(315) Hf”ckl*1([07T];Ck2*2(ﬁ)) < Cszngz 2||f||ck1 L([0,T7; Hk2(Q))
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holds. Together, the inequalities (3:14) and (3.13) yield the existence of a constant

Q 0,7
C:= CH’%L»C’CT?C;J’HLC’H” >0

such that
(3.16) Vfe H" (sz(Q)) : Hf“ckl*1([O,T];Ck2*2((l)) < C”fHHkl(H’W(Q))’
which proves that H*1 (H*2(Q)) — C*F~1(C*2=2(Q)) continuously. O

As we also want to use the following result for the analysis of the adjoint system, we introduce an additional
damping function a € H?(L*(Q,R)) and inhomogeneities (f, g) € L*(H5(Q,R?)*) x L*(L*(, R)) to
the piezoelectric system (3-2)-(3.7).
Theorem 3.2 (Existence and Uniqueness). Let Assumption [DI| and Assumptions 2.2] hold. Let a €
H?(L*(Q,R)) be non-negative and uniformly bounded, and let (f, g) € L*(H5(Q,R?)*) xL?(L?(Q,R))
be inhomogeneities. Then, for any initial values
ug € Hlli’(QaRs)a up € LQ(QvRB)a
and any ¢°¢ according fo Assumption with x € H! (O, T; H (9, R)) and Tr(x(t)) defined as in (3-1)),
there exists a unique weak solution
(u, o) € L*(Hg(Q,R?)) x L*(Hj (L, R))

with

u e L*(Hj(Q,R?)), i € L*(Hp(Q,R*)*)

to the system

(3.17) pii + apiv + au — BT (cEBu + BcP Bu + eTV¢0) = f+ BTV inQx(0,7T),
=V (eBu—eVgy) =g—V-eVx inQx(0,7T),
n-(eBu—eVey) =n-eVy onl, x(0,T),
NT(PBu+ BcPBu+e" Vo) = —NTe'Vx  ondQ x (0,7),
u(t=0)=up inf,
(3.18) Wt =0)=u in .

Proof. Set V := HE(Q,R?) and H := L*(Q,R3). By Korn’s inequality, V = H'(Q,RR?) as Hilbert
spaces with equivalent norms. Similarly to (3:9) we obtain an affine linear mapping in ¢y,

(3.19) / (Vo) Vw dQ = / (eBu)"Vuw — (eVx)'Vw — gwdQ.
Therefore, we define f:r almost all t € (0,7 Szhe linear operator

(3.20) ¢*+ Hp(QR?) = Hop, (R), u(t) = é5(1),

where do(t) = @9(t) + (1) = C*(u(t)) + 65(t) by satisfying

(3.21) /Q (eV¢ (u)TVw dQ = /Q (eBu)TVuw.

By the lemma of Lax-Milgram together with coercivity of €(¢) and boundedness of €(¢), this determines
¢*"(u) € Hjr,(92,R) uniquely. Choosing w = ¢*(u) and using coercivity together with the Poincaré
inequality on Hé)rd (©2,R) , we obtain with some C; > 0 that
||<t(u)||Hé‘Fd(Q,R) < Cyl|u(t)[lv
for almost every ¢t € (0, 7). Hence,
HCt(U)HLZ(H&Fd(Q,R)) < Chllullzz(vy-
Moreover, we define ¢ € L*(Hj (€2, R)) by
(3.22) / (e(t)V5 ()T VwdQ = — /
o

(e(t)Vx(t))TdeQ—/g(t)wdQ
Q

Q



8 RAPHAEL KUESS®, DANIEL WALTER®, AND ANDREA WALTHER®

for all w € Hjp (Q,R) and almost all ¢ € (0,T). Using the same arguments as above results in the
existence of a unique ¢j(t) € Hg -, (92, R) for almost all ¢ € (0, 7)) and a constant C > 0, such that by
integration over time we obtain

(3.23) 190ll 28 1. (@my) < Co (||X||L2(H1(Q,R)) + Hg||L2(L2(Q,R)))-
Since Hjp (Q,R) < H'(,R) continuously, we also have ¢j € L*(H'(Q,R)) and thus ¢o(t) =

C*(u(t)) + ¢f(t). Hence, we obtain an equivalent weak form of the inhomogeneous piezoelectric PDE
including the Dirichlet lift similarly to (38) through the following weak form

/ pii" v + api”v + au’ v+ (P Bu + BeF B + eTvgt(u))T Bv dQ
Q
(3.24) = / fo—(e"V(x+85) BvdQ.
Q
We now define the operators for almost all ¢ € (0,7T)
ag(t,u,v) := / ulv + (CE(t)Bu)T Bv + (e(t)TVCt(u))T B dS,
Q
ay(t,u,v) := /(a(t) — DuTvdQ,
Q
bo(t, u,v) := / ulv + (ﬂ(t)cE(t)Bu)TBv dQ,
Q
bu(t,u,0) = [ (@(®p(t) - ple) - DuTvde,
Q
= Ty dQ
c(t, u,v) /Qp(t)u vdQ?,
(3.25) (Fe)oh = [ £00 = (T V+ 05 (0) Bode,

where ag; = ag + a1 and bg; = bg + by. Using these operators, we have to prove existence and uniqueness
of u € L*(V) with

(3.26) %c(t; a(t), ) + bor (t; u(t), v) + aoi (t; u(t),v) = (f(t),v)

for all v € V, together with u(0) = ug € V, 4(0) = u; € H and f € L?(V*). To show that f € L*(V*),
we denote the unit ball with B}, (.2 Vielding

2 T, _ 2 q
[ oy A L) P

T
< [ s ()i = 0TI + G5(0). Be) e
0 wvedB!

H1(Q,R3)
T T r 2 2
< sup | etV + B Oy 1013 e
0 UeaBgl(n,mﬂ)
T 2 2
+ / sup )2 gy 1020 o ey
0 vE@B}{l(Q’RS)

2 12 2 2
(3.27) < llellz oo (1o (0,rox0) (||¢o||L2(H1(Q,R)) + ||XHL2(H1(Q,R))) + LIz o, rey -y < 00
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As our function space setting are real Hilbert spaces and due to

/Q(eTV(t(u))TBUdQ:/Q(VCt(u))TerdQ:/Q(eBU)TVCt(u)dQ

e diag.

(3.28) @/Q(evct(v)) V¢i(u)dQ = /Q(evct(u)) V¢t (v) dQ

— @UT tU = 6T tUTU
& | (B’ V) a0 /Q( Ve ()" Bud,

we immediately conclude that ag and by are Hermitian. Furthermore, note that by assumption [A3]it holds
for almost all ¢ € (0, T') that

(" (O)Bul(t), Bu(t)) 2(a,re) > ex(Bu(t), Bu(t)) 12(o,r%)-
by positive definiteness of cZ. With this we conclude that there exists some constant o € Rt with
(3.29) o:=min{l,c.} > 0,
such that

ao(t,u,u):/ﬂuTudQ—F/Q(CE(t)Bu)TBudQ—i—/Q(e(t)TVCt(u))TBudQ

& 220 5y + /Q (cP(t)Bu)" BudQ + /Q (e(t) V¢t (w) " V¢t (u)de
> |ullZe @re) + cllBulZaame) + 1(6) T oo (oo (qmoney I VE (W Z2 0 rs)

(3.30) > oflullFy om0

To prove that the mapping ¢ — ag (¢, u, v) is one time continuously differentiable, we use the regularities

of the material parameters together with Lemma [3.1] For the continuous differentiability of the mapping
t = ¢'(u) € Hjp, (9, R) we obtain for almost every t € (0,7) and all w € Hjj (2, R) that

/Qe(t)%(vft(U))TVw 40 = /

. . + T
; (e(t)Bu —€(t)V¢ (u)) Vw d2.

Choosing w = % (V¢*(u)) and using coercivity, boundedness of the coefficients, and the previous estimate
for ¢*(u), we deduce that there exists C3

d

g

for almost every ¢ € (0, 7). Integrating over (0, T") yields
¢ w)

Combining the last estimate with the L2-bound for {(u) proves that there exists a constant C; > 0 such
that

(3.31) ‘

¢t (w)

< Gy (Ia®lly + llullv )
HY p, (UR) Hir, (1)

< C ( W(t r )
L2(H§ p (R) s(l[e@®) 20y + [l 2 vy

‘t <C 1(1)).-
¢ (U)HHI(H&%(Q’R)) < Cullull vy

Consequently, the mapping ¢ — ag(t, u, v) is one time continuously differentiable with derivative
. T
(3.32)  ao(t,u,v) = / a(tyu’v + (C'E(t)Bu)T Bv + (é(t)TVCt(u) + e(t)TVCt(u)) BvdQ.
Q

Moreover, the mapping ¢ — a1 (¢, u,v) is continuous, and

(3.33) la1(t,u,v)] < lla(t) = Ulze@mllullmllvlla < Ca(l+ llallp= o @) llullv o]y
Next, with
(3.34) Bo :=min {1, 8%c,} > 0,
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we have
bo(t, u,u) = / uludQ + / (ﬁ(t)cE(t)Bu)T Bud2
Q Q
(3.35) = ”uH%Z(Q,H@) +5*C*HBUH%2(Q,R6) > 5OHU||?{;3(Q,R3)'
the mapping ¢ — b; (¢, u, v) is continuous, and

(3.36) [b1(t, u, 0)| < [la(t)p(t) = p(t) = Ul L@ lullzllvla < Cp, [ullv|v]v

with Gy, = C(l + ||ap — p||Loo(Loo(Q’R))>. Finally, the mapping ¢ — ¢(t, u, v) is one time continuously
differentiable and

(3.37) é(t,u,v) = / p(t)utvdQ.
Q
Moreover,
(3.38) c(t,v,0) > p*l|vl|f2qpsy  forallv e H.

Thus all assumptions of Theorem 1, Paragraph 5, Chapter X VIIIL in [5]] are satisfied, while further conditions
on c are ensured by Remark 9 in Paragraph 6 of the same chapter. Therefore, (3.26) admits a unique solution
u with the asserted regularity. Setting

do(t) = ¢'(u(t)) + ¢5(t)
yields the unique weak solution (u, ¢) of (3-17)-(3-18). O

To prove boundedness of the operators in Section ] the following theorem is beneficial.

Theorem 3.3 (Energy estimates). Let the assumptions of Theorem hold. Then there exists a constant
K > 0 such that

”aH%Z(Hé(Q,Rf’)*) + ”u”zLOO(LZ(Q,RB)) + HU||2L0<>(H}3(Q,R3)) + ”aH%Z(Hé(Q,Rf*)) + ||¢0H%2(H[}1Fd(Q,R))
< K(||U1H%2(Q,R3) + ”'UJO”ZH};(Q,]R?’) + ||¢6||%2(H1(Q,R))

+ HX”%Q(Hl(Q,R)) + ||f||2L2(H1(Q,R3)*) + HgH%?(L?(QJR)))'
Proof. Define

X(7) = e(m i), (7)) + ao(7, u(r), u(r)) + 2 /O "o, i(s), u(s))ds
:/p(r)a(T)Tu(T)dQ—i—/u(T)Tu(T)dQ+/ (CE(T)BU(T))TBU(T)dQ
Q Q Q
+ / (G(T)TVCT(U(T)))TB’LL(T)dQ+2 /0 /Q a(s) T a(s)dQds

Q
+ 2/ / (B(s)cP(s)Bu(s))” Bi(s)dQds.
0 Q
By (328), (330), and (339), with
k := min {p*,O'7 ||(€)71||Z’}°(L°°(Q7R3X3))’ﬂo} > Ov

we obtain

X(r) 2 plla() 22 .pe) + ollulm) 1 re) + /Q (e(n)VE (w(m)" V¢ (ulr))dQ
Jrﬂo/o ||@(3)||§1,15(Q,R3)d5

(339 > k(Hu(T)HQL?(Q,Rs) + ||U(T)||?'—]é(ﬂ,R3) + ”VCT(U(T))H%Z(Q,]W) +/0 ||u(3)||§ié(ﬂ,R3)dS)'
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Moreover, with

Co ‘= maX{||p||Loo(Loo(Q7R)), ].7 ||CE||L00(L00(Q’]R6><6)), ||€||LOO(LOO(Q)R3><3))} s

we have
(3.40) X(0) < CO(||U1H%2(Q,R3) + lluollZ2(qrsy + 1Buolliz(q re) + ||VCO(U0)||%2(Q,R3))~

From our previous results and [5], Chapter X VIII, Paragraph 5, section 4.1, we know that
X(r) = X(0) + 2/(; (s, u(s), u(s))ds — Q/OT by (s, ils), i(s))ds

(3.41) — /OT é(s,u(s), u(s))ds + QAT<f(s)7u(s)>ds

holds. Using @) @) and Cauchy-Schwarz, there exists Ky > 0 such that

G40 [ dalsuls)uls)ds < Ko (lulaynney, + IV D nsmn)-

Furthermore, by (3.36) and (3.37),

G432 [ i) ale)ds - [ is i) ile))ds < Kl gy

for some constant K; > 0. By (3.27) and Young’s inequality,

2 [0 alo))ds < N Bncvey + il

(3.44) < C(Hf||2L2(v*) + X2 o ry) + ||¢S||2L2(H1(Q,R))) + Hunizmém,w)y
Combining (3.41), (3:42), (3:43), and (3.44)), we obtain a constant Ko > 0 such that

X(r) < X(0) + K / (1) By ) + IV () B g + 1) 23 0,30 ) b

(3.45) + Ks (H¢6H%2(H1(Q,R)) + Xl oy + Hf||2L2(H1(Q,]R3)*))'
Now (3:39) and (3:43) imply
(3.46)

k(1) s + 1) g + IV ) e + [ 0y 000045) < X7
< X+ Ks | ()0 + 19 @0z + 1i66) iy 0

347  + K2(||¢6||2L2(H1(Q,R)) + ||XH%2(H1(Q,R)) + ”f”%?(Hl(Q,RB)*))'
By Gronwall’s lemma, there exists C' > 0 such that
||7~.L||2L°°(L2(Q,R3)) + HUHioo(Hg(Q,RS)) + ”aH%%Hé(Q,H@)) + HV(C(U))HQLW(L?(Q,R?’))
< C(Jln 32z + ol @.m9) + 1€ @)z 0 z0) + 6611321 2
(3.48) + Xl ) + ||f|\2L2(H1(Q,R3)*)>-
Testing (3:21) with (" (u(7)), we obtain

(3.49) IV (w()) || r2(0,r2) < llellpoe (noe @,r2x6)) (€)™ | Loo (oo (o maxay) [|Bul(T) | L2 (0 r0)-

In particular,

(350) HVCO(Uo)H[g(Q,Rs) S ||6||L00(L00(Q}R3><6)) H(6)71 ||Loo(Loo(Q’R3><3)) ||BUO||L2(Q7R6).
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Moreover, there exists some C,. > 0 such that

17 2 o e | D6y < [ (95T PG00
< ||€HLoo(Loo(Q,R3X3))||VX(7')||L2(Q,R3)||V¢6(7)HL2(Q,R3) + ||9(7')||L2(Q,1R)||¢6(7')HL2(Q,R3)
< ||6Hi°°(L°°(Q,R3><3)) (HVX(T)||iz(Q,R3) + ||V¢6(T)||iz(g,ms)) + ||g||iz(L2(Q,]R)) + ”Qj)S(T)”i?(Q,H@)
< Gy (VX1 e zs) + 1960 s sy + 1913220z ) -
Thus, there exists some constant C' > 0 such that for almost all 7 € (0, T)
H@(T)Hzm(sz,ﬂ@) + HU(T)Hzé(Q,RS) + ||ﬂ\|iZ(o,T;Hg(sz,R3)) <C <||U1||iz(sz,k3) + ||u0H12LIé(Q,R3)
+||¢6||i2(H1(Q,]R)) + HX||2L2(H1(Q,R)) + ||f||2L2(H1(Q,1R3)*) + HgHiz(Lz(Q,R)))
and therefore
”ﬂHiW(LZ(Q,R?')) + ”uHiOO(Hé(Q,H@)) + Hu||iz(Hé(Q,R3)) <C <||u1||i2(Q,R3) + ”uO”?{é(Q,H@)
(3.51) +||¢6H%2(H1(Q,]R)) + ”XHi?(Hl(Q,R)) + ||f||iz(H1(Q,R3)*) + ||9||2L2(L2(Q,]R))) :
It remains to estimate 4. Testing @) with v € V', we obtain
(p(T)ii(7),v) L2 (0,r2) = (F(7), V)vev — ((T)p(T)i(T),v) 202y — (a(T)u(r), v) 2(0r2)
— (¢B(m)Bu(7), Bv) 12 (q,re) — (B(7)e® (1) Bi(T), Bu) £2(0 ey
- (e(T)TVCT(U(T))»BU)L?(Q,R6)~
Hence, using Cauchy-Schwarz, (3:49), and p(7) > p*, there exists G > 0 such that
(ii(7),v) 2,20 < G(11f(7)]

Taking the supremum over v € B{,, squaring, and integrating over (0, T") and repeatedly applying Young’s
inequality yields

v =+ [[a(m)llv + Hu(T)Ilv)Hvllv-

L2 TNk . 2 2
(g o) < 3G? (HmeHl + () Iy . + ||u<T>||H,13<Q,R3)) .

5 (QR3)*

Integration over (0, T"), employing (3.27) and (3:31)) as well as using

Ci = 3G? maX{||€||2Loo(Loo(Q,R3X6>> + min{CLT}’ bt min{iT}}
results in
||ﬁ||%2(Hé(Q,R3)*) < 5ﬁ(||u1||%2(Q7R3) + ||U0||§{g(Q,R3) + 166112221 ()
(3.52) +HX||2L2(H1(Q,R)) + ||f||2L2(H1(Q,R3)*) + HQH%%L?(Q,]R)))'

Finally, testing (3:19) with ¢o(7), using coercivity of €(7), Cauchy-Schwarz, and Poincaré’s inequality, we
obtain

_1n—1
1) [l (e (o IV B0l T2 (0,) < ‘ /Q (Vo) Vey dﬂ‘

/Q(eBu)TVr,bo — (GVX)TV% — géo dQ‘

< (IleBull paq) + 169X a(am) ) IV So0ll s (m) + 9] 22z 190 20z

(3.53) < (HGBU”L?(Q,RS) + HEVXHL2(Q,R3)> IVéollL2q,rsy + CPI9I 2 m) IV P02 (0 )
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After dividing by [[Vo|[ 2 rsy > 0. (
of the H&Fd- norm and the L2-norm of the gradient, integrating over time and applying Holder’s inequality
there exists a constant Cy such that

[Véollp2(qrs) = 0 s a trivial case), using the norm equivalence

(3.54) ||¢0|\L2(H31Fd(sz,ﬂz)) <Cy (HUHLOO(Hé(Q,R?’)) + Xl 21 )y + ||9||L2(L2(Q,R))) :
Combining (3.31)), (3.532), and (3.534) proves the claim. O

Remark 3.4. Note that if g € L>°(L*(Q,R)) and x € H* (H*(,R)) N L> (H'(Q,R)) then we do not
necessarily have to integrate (3.53) over time after dividing by [|V¢o| 12(qs) > 0, since by taking the

essential supremum, there exists a constant C’¢ such that

||¢0||L°°(Hé,rd($l,R)) <Cy (HUHLOQ(HZ%(Q,H@)) + XN poe (rr1 (@,m)) T ||g||Loo(L2(sz,R))> :
This motivates the definition of the state space W.
Definition 3.5. The state space W is defined as
W= {(u,¢0) € H' (Hg(,R?)) x L*(Hj 1, (L R)) : @€ L®(LE(Q,R?)), i € L*(Hg (L R*)*)}.
We aim for improving the regularity in space, in order to prove well-definedness of the observation operator
in Section 4] For this purpose, the following remark is beneficial.
Remark 3.6. If solutions in spaces with higher regularity are aimed for, we have to perform the Dirichlet

lift in higher order Sobolev spaces, where we distinguish the following cases.

1. Assumption holds: we have y € H'! (Hm+2 (Q, R)) according to the trace theorem in [|17,
Chapter 3].

2. Assumption D3| holds: according to Theorem 4.12 in [17], we have x € H' (H™(Q,R))). As ¢°
is constant in space the compatibility condition is fulfilled.

In both cases Tr(x(¢)) is defined as in (3-1).

Corollary 3.7 (Regularity). Let m € N, m > 2 and the assumptions of Theorem [3.2] be satisfied
with e,e € H'(0,T) constant in space and (f,g) € L*(HZ(Q,R?)) x L*(Hjr (Q,R) N H™(Q,R)).
Suppose either Assumption [D2] or Assumption [D3] with x according to Remark [3.6 hold, then for any
ug € HF (4, R3), uy € HE' (2, R3) there exists a unique solution

(3.55) (u, o) € L*(HE (Q,R?)) x L*(Hj p, (2, R) N H™(Q,R))
with
(3.56) w € L*(HE(Q,R?) and i € L*(HE(Q,R?)*)

to the system (3.17)-(3-18).

Proof. We follow the proof of Theorem but now on the higher-order space V,,, := HZ'(Q,R3). We
equip V;,, with the norm

A
lull¥,, = lulfyomsy + D 10*Bullzqps)-
1<|IA|<m—1

Furthermore, we equip Hj (2, R) N H™ (2, R) with the norm

2 — 2 A 2
||¢0||Hé,rd(Q,R)ﬂHm(Q,R) = ”(bOHHé,Fd(Q,]R) + Z 10°VollZ2(ore)-
1< [<m—1
Since 2 is Lipschitz, Korn’s inequality implies that || - ||v;, is equivalent to the standard H™(£2,IR3)-
norm. Now consider the linear mapping defined in (3:20) and observe that for every multi-index A with
1< [N <m—1,¢"(0M) € Hjp,(Q,R) is well-defined for 9*u € Hj(Q,R?). Moreover, using (3.21)
yields

/Q(evgt(aku))TVw 40 = /

(V¢ (u)TVw dQ = / (e*V(¢9)T Vw dQ
Q

Q

(3.57) = / (ed*Bu)T Vw,
Q
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which yields by testing (3.57) with ¢*(0*u) for almost all ¢ € (0,T) that ¢§ € Hj (2, R) N H™ (2, R).
Thus we define, similarly to the proof of Theorem [3.2] for almost all ¢ € (0,T")

G+ HE'(QR?) — Hyp, (Q,R) N H™(Q,R), u(t) — ¢y(t),

where ¢o(t) = ¢Q(t) + ¢p(t) = (b, (u(t)) + ¢p(t) by satistying equation 3:37). As Hjp, (2, R)!
H™(Q,R) C H™(Q,R) we use the higher spatial regularity of y and g define ¢}, € L2(H™(,R)) in a
similar manner as above by satisfying equation (3.22)) in this setting. We obtain the same weak form of the
inhomogeneous piezoelectric PDE including the Dirichlet lift and thus the bilinear form (3.24), which we
employ to define the operators

i = ao(t,u,v cF A T Ao eIVt (0 Mu r A
ao(t,u,v) := ap(t,u, )+1<)\Iz<:m1 /Q( 7 B(0 )) B(0 )dQ—i—/Q( A )) B(0"v)dQ

ar(t,u,v) == ay(t,u,v) — Z /Q(C?B(a/\u))TB(a’\v)dQ—i—/(e?VCt(aAu))TB(aAv)dQ )

1< <m—1L @

bo(t,u, v) := bo(t,u,v) + Z /Q(ch(a/\u))TB(akv)dQ )

1<\ |<m—1L

bi(t,u,v) ==bi(t,u,v) — > /Q (FB(0 )" B9 v)an

1<A|<m—11L

(3.58)
é(t,u,v) = c(t, u,v)

where c‘,E and e; € R3%% are of the same form as the material parameters, where the non-zero entries are

kept constant 1. Then, ag; = ag + a1 and by; = 130 + 51 have the same form as in proof of Theorem
B2l so the evolution equation itself is unchanged. Note that the right hand side of equation (3:17) is
f+BTIVy = fe L2(H2 (2, R?)). Therefore, the requirements of Theorem 1, Paragraph 5, Chapter
XVIII of [3]] for the right hand side are satisfied. Following the same structure as in proof of Theorem [3.2]
now with the higher regularity assumptions we see, by (3.28)), applied with u and v replaced by 9*u and
v, that

/ (e(t)"VCH (0 ) B0 v)dQ = / (e(t)VCH (@ )V (0Mv)de

Q Q

(3.59) = / (e(t)"VCH (0 ) B0 u)dD
Q

holds. As aq and by are Hermitian, both ag and 130 are Hermitian as well. Therefore, with the same 0 € RY
defined in (3:29) we use (3:30) and obtain for every 9 u that

CALO (t; u, U) = Qg (ta u, U) +

l / (FB(0*u)) " B0 u)d0 + / (eIV¢ (0 )T B0 u)dQ
1<|A[<m—1L7¢ @

> olluldyom to Y (IB@WEazs) = ollul?,.
1<[A<m—1

Thus ay is coercive on V,,,. In the same way, using (3.35), we obtain
bo(t, u,u) > Bollull}, Vu € V.

Furthermore, continuous differentiability of the mappings ¢ +— do(¢, u v) and ¢ — a1(t, u,v) follow

immediately from Theorem E Moreover, the correction terms in a; and b; are bounded on V;,, X V.
Hence there exists C' > 0 such that

@ (t,u, )] + b1t w,v)| < Cllullv, lollv, Vv € Vin.
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Finally, ¢ = c has the same properties as in the proof of Theorem Therefore all assumptions of
Theorem 1, Paragraph 5, Chapter XVIII in [5] are satisfied on the space V,,,. Hence,

uwe L*(H™(Q,R%),  aecL?*(H™Q,R?), icL?*(H™QR).
and with ¢g = ¢}, (u) + ¢f, we obtain

¢o € L*(Hyp,(2,R) N H™ (L, R)).

4. ANALYSIS OF THE FORWARD OPERATOR

Before we define the model operator, we have to specify the parameter space.
Definition 4.1. The parameter space X is defined as
X = {(CE,e,e) € H3(H3(Q,R*6)) x H3(H3(Q,R3*5)) x H3(H3(Q,R3*3)) :
¢ e, e are of structure as in Assumptions @-@]},
and we assume that there exists a constant // > 0 such that
HCEHHB(HS(Q,RﬁXﬁ)) + [lell s a3 (,r3xoy) + [l€ll a3 (s @ rsxsy) < M
for all (c¥, e, ¢€) € X.

Uniform boundedness of X is a physically reasonable assumption, since otherwise the corresponding ma-
terial parameters would attain unrealistically large values and the model would cease to describe the un-
derlying system in a meaningful way. We now define the model operator corresponding to (3.2)-(3.7).

Definition 4.2 (Model operator). We abbreviate p = (¢, e, ¢€) as well as 2 = (u, ¢g) and identify the
piezoelectric model operator A : X x W — W* in the dual pairing using (3.10) and (3.TT)) by

T
(A(p, z), (v, w))w+w = / /pﬁTv + apiv + (PBu + B Bu + eTquo)T Bv
o Ja
4.1) + (eBu — eVo)" Vo + (e7Vx) T Bo — (eVx) T Vw dQ dt .
For the classic reduced approach, we need the parameter-to-state map, motivating the following definition.

Definition 4.3 (Parameter-to-state map). We define the parameter-to-state map

S: X =W,
p—z
via satisfying the model
(4.2) Vpe X: Ap,S(p) =0,

such that
VzeW: [(p,z) e X xW A A(p,z) =0] = z=5(p),
with the model operator defined in Definition 4.2]

Thus, well-definedness of the forward operator needs the existence of the parameter-to-state map S. This
is achieved by exploiting the Implicit Function Theorem, i.e., we employ the condition

(4.3) ACAV(p,2) € X x W Al(p,2)~" existsand ||A,(p,2)"'|| < Ca.

The following remark guarantees existence and uniqueness of our piezoelectric dynamical system under

consideration (3.2)-(3.7).
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Remark 4.4 (Existence and Uniqueness of (3:2)-(3.7)). Let Assumption [DI] hold. For the piezoelectric
dynamical system (3:2)-(3.7) with p € H*(L*°(£,R)) being positive and uniformly bounded, «, 3 €
H3(L>*(9,R)) being non-negative and uniformly bounded, and material parameters in X of Definition
1] we obtain the same or partially even more regularity of damping and material parameters than in
Theorem [3.2] Furthermore, a = f = g = 0. Therefore, all assumptions of Theorem [3.2] are satisfied,
yielding the existence of a unique weak solution (u, ¢o) € W of 3.2)-(37) with u € L*(Hz(Q,R?)) N
L>®(L2(,R3)) and i € L*(Hj5(Q2,R?)*) and due to Theorem [3.3the existence of a constant Cj, such
that

w2 .2 2 .12 2
”uHLQ(Hé(Q,Rf’)*) + el oo (p2(0re)) T Hu||L°°(H}3(Q,R3)) + ”uHLz(Hé(Q,Rf’)) + H¢0HL2(H§YFd(Q,R))
<G <||U1||2L2(Q,R3) + ||U0H§rg(9,ur3) + ”QSSHi?(Hl(Q,]R)) + ”XH%Q(Hl(Q,R))

2 2
ANz 0,3y + ||gHL2(L2(Q,]R))) :

Note, that the model operator of Definition 4.2 includes all boundary conditions and is bijective on W for
fixed p € X due to Remark Furthermore with an arbitrary direction £ = (pu,v) € W the Géteaux
derivative §, A(p, 2)§ = A.(p, z)§ with respect to the state can be identified as

T
(Az(p, 2)§, (v, W) w- w = / /pﬂTv +app"v+ (FBu+ BB+ eTVV)T Bv
0o Ja
(4.4) + (eBu — V)T VwdQdt,
which is also bijective on W for fixed p € X due to Remark [4.4]

Lemma 4.5 (Existence and Regularity of S). The parameter-to-state map S of Definition #-3] exists and it
holds that S € C*(X,W).

Proof. In order to apply the Implicit Function Theorem we first have to prove Fréchet differentiability of
A with respect to the state. Therefore, we consider

<A(p7 Z+ f), (Uv w)>W*,W - <A(p7 Z)v (’U7 w)>W*,W - <Az(p7 2)57 (U7 w)>W*,W

Due to the affine linearity of A with respect to the state, it holds that

<A(p, z+ g)a (’U, w)>W*,W - <A(p, Z)? (U’ w)>W*7W - <Az(p7 Z)f, (vv w)>W*,W
T
. . . T
= (A(p, 2), (v, w))w=w + / / pii" v + appv + (CEBM + BcE B+ 6TVV) B
0 Ja
+ (eBp — eV)" VwdQdt — (A(p, 2), (v, w))yw=w — (AL (p, 2)&, (v, w))w+=w _=_ 0.
ED.63

This yields Fréchet differentiability of A with respect to the state. As A is also affine linear in the material
parameters, similar arguments yield Fréchet differentiability of A with respect to the material parameters.
Furthermore, the Fréchet derivative of A is continuous as it is linear with respect to the respective variable
and bounded due to Theorem Therefore, we have that A € C1(X x W, W*). Since A is affine linear
in z, the derivative A,(p,z) = A.(p) is linear and independent of z. Furthermore, due to linearity of

A, (p, z)€ in &, boundedness of A, (p, z)& as well as bijectivity of A, (p, ) on W for fixed p € X it holds
due to the Bounded Inverse Theorem that

ACAV(p,z) e X x W, Vf e W*: A;l(p, z)f exists and HA;l(p7 Z)f”W < Callflly--

Taking the operator norm of A7 !(p, z) yields A,(p)~! € L(W*, W).Together with assumption @#.3), all
assumptions of the Implicit Function Theorem are satisfied. Therefore, there exists a uniquely determined
parameter-to-state map S € C'(X, W) as in Deﬁnition O

Due to Remark the parameter-to-state map S € C1(X, W), see Deﬁnitionis well-defined, as for
an arbitrary fixed p € X it is not possible to have more than one state z € W. Furthermore, .S is non-linear,
which can be seen by the structure of the model operator, which is used to define S.
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To state and solve an inverse problem we need additional observations. In our case we obtain a measured
charge pulse. Therefore, the observation operator reads as

C(p,2) = / (eBu — eVpg — eVx) - ndl',
Le

which means that the electrodes are conductive and thus the charge is distributed equally on the loaded
electrode. As (u, o) € W and x € HY(H*(,R)), due to Theorem | there exists a constant L, > 0,
such that [|ul[ e (g1 (o r3)) < L, ||g150||Lz(HlF QR) S L and ||XHH1(H1(Q R)) < L. Therefore

(4.5) eBu =: hy € L*(L*(Q,R?))
(4.6) Voo =: hy € L*(L*(Q,R?))
(4.7) eVy =: hs € H'(L*(Q,R?)),

which yields that C is not well-defined as we have a boundary integral with L2-functions, which in general
cannot be evaluated. However, this boundary integral can be converted into a volume integral on an open
neighborhood of the boundary I, denoted by U, (') with v > 0, if one lacks in space regularity of the
state. This requires the continuous extension of the normal vector in this neighborhood, which is obtained
by solving the eikonal equation.

Definition 4.6 (Observation operator). Lety > 0 be fixed and small enough and Y = L?(0,T)). Then, we
define the observation operator as C7 : X x W — Y by

C(p.2) = LIS CO™ [ (eBu— Vo~ evx) - Thag
U, (r.)

where b solves the eikonal equation
(4.8) HVbHLQ(UV(FE)) =1 in Uy(T)
4.9) b=0 on oU,(T.).

This operator is well-defined and bounded, as for some fixed and small enough v > 0, we obtain
2 2 2 2
1C7(p,2)lly < Cb (Hh1||L°°(L2(Q rey) T P2l 22 ey + sl 2, R3)))
2
<Co <||U1||L2(Q,R3) + HUOHHl(Q r3) T H%”LZ(HI(Q R)) T ||X||L2 (HL(2,R))

(4.10) +||inQ(H1(Q7]R3)*) + H9||L2(L2(Q,R)))

for some constant C, Cp > 0, due to Remark and Definition @ Note that for some fixed and
small enough v > 0 the observation operator C7 is affine linear in the state z and the parameters p.
Furthermore, C is continuously Fréchet differentiable with respect to the state, as for an arbitrary fixed
direction & = (i, v) € W, the Géteaux derivative reads as

4.11) C7(p,2)& = |Te||UL(Te)| ! / (eBu — eVv) - Vb dQ.
U, (T

yielding

(4.12) C'(p,z+&) —C7(p,z) — CJ(p,2)6 =0.

By similar arguments, we deduce that C” is continuously Fréchet differentiable with respect to the material
parameters. Due to [6], the eikonal equation admits a classical solution which is the proper extension of
the normal vector on I'. and therefore converges for v — 0 to the normal vector on I'.. This yields that
cr— C.
v—0

Remark 4.77. Note that for solutions with higher regularity, i.e., solutions as in Corollary @] with m > 2,
the observation operator will be C, as it is well-defined and bounded due to similar arguments as in @.10).
Furthermore, we deduce in the same manner as above (see(d.11)-(4.12)), that C' is continuously Fréchet
differentiable with respect to the state and the material parameters.
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In real world application the assumptions of Corollary with at least m = 2 are usually fulfilled. From
now on, if the assumptions of Corollary 3.7 with at least m = 2 are not fulfilled, we fix a sufficiently small
~ > 0 and abbreviate C' = C7, otherwise we use C' = C' and adapt X and W according to the given higher
regularities.

Inserting S(p) into the observation operator C' identifies the forward operator F' : X — Y i.e.,

C(p,5(p)) = F(p) = v.
This casts the problem into a single operator equation for the unknown p. Hence, the forward operator
F acts directly on p and returns the data y. Note that due to the properties of the parameter-to-state map
and the observation operator, we can conclude that the forward operator is well-defined, non-linear and
continuously Fréchet differentiable as it inherits these properties from C' and S. By denoting the noisy
measurements with ¢° and introducing a weakly lower semi-continuous regulariser R, : X — R with an
regularization parameter ;. > 0, we now define the regularized target functional J : X — R by

1 2
(413) J(p) = iHF(p) _y6|‘L2(07T) +R#(p)'
Using an optimization approach, the inverse problem aims at finding a minimizer of
4.14 inJ(p).
4.14) min J (p)

Theorem 4.8. Let
(cE enen) € X C X N (HX(H?(Q,RO)) x HX(H?(Q,R3*6)) x HX(H*(Q,R>*3))).
Then the forward operator
F:X =Y,  F(p):=C(p,Sp),
is weak-to-strong continuous, i.e., if p, — p weakly in X, then
F(p,) = F(p) strongly in'Y.
Proof. Let p, = (cf,en,en) = p = (c¥,e,€) weakly in X. Then (p,) is bounded in X. By com-
pactness of the embedding H?(2) ¢ C(£2) together with Corollary 4 in [25] implies, after passing to a
subsequence, the strong convergence

E E
¢, —c”, en — e, €n — €

in C([0,T] x Q)), componentwise. By uniqueness of the weak limit, the whole sequence converges in this
way. Now set

Zn = S(pn) = (una¢0,n)a Z = S(p) = (u7¢0)~
Since A(pn, zn) = 0 and A(p, z) = 0, we have
Because A is affine linear with respect to the state variable, this yields
Az(pn)(zn — 2) = —(A(pn, 2) — A(p, 2)).

Hence, by (.3),
Hzn - Z”W S OAHA(pna Z) - A(p7 Z)HW*
It therefore remains to show that ||A(p,, z) — A(p, 2)||w+ — 0. Let (v, w) € W. By @),

|(A(pn, z) — A(p, 2), (v, w))w+ w|

’ T
< / / |((cf — cP)Bu+ B(cf — P)Bu+ (en — e)TV¢0) Bv‘ dQ dt
0o Ja

T
Jr/ / |((€n —e)Bu — (e, — €)Veo — (en — G)Vx)TVw| dQ de.
o Jo
Using Holder’s inequality and the strong convergence of p,, to p in L>°((0,7T) x ), we obtain
[A(Pn, 2) — A(p, 2)lw+ — 0.

Consequently,
Zn — 2 strongly in W.
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We now prove strong convergence of the observations. We split

F(pn) - F(p) = C(pm Zn) - C(p, Z) = (O(pna Zn) - C(pna Z)) + (C(pna Z) - O(pa z))
For the first term, by and Holder’s and Poincaré’s inequality there exists ¢; > 0

ICns 20) = Clons 2lly < ex (lun = ull gy + 190, = doll 2y, @ moy) -

Since z,, — z strongly in W, this term converges to 0. For the second term, by Holder’s inequality and
Theorem [3.3]there exists co > 0

C(pn,2) = C(p, 2)|ly <2 (Hen —ellp= ||BU||LOO(LOO(Q,R3X6)) + [len — 6||Loo(Loo(Q,]RSXG))) )
which converges to 0 because p,, — p strongly in L>°((0,T") x Q). O

Corollary 4.9. Let the Assumptions of Theorem hold and let the regulariser R, be weakly lower
semi-continuous. Then there exists a minimizer of the functional J : X — R defined in (4.13).

Proof. First, we directly obtain that X is convex and closed, since all eigenvalues of ¢ and € are bounded
away from 0. Second, we prove that J : X — R defined in @13) is weakly lower semi-continuous.
By Theorem U F is weak-to-strong continuous. Let p,, — p weakly in X. Since F is weak-to- strong
continuous and y° € Y is fixed, we obtain

F(pn) —y° = F(p) —y° strongly in Y.
Since Y = L2(07 T) is a Hilbert space, the norm is weakly lower semi-continuous. Hence,

1F () — o1} < liminf | F(p,) — o[-

Therefore, ||F(p) — y°||% is weakly lower semi-continuous. As the sum of weakly lower semi-continuous
functions is weakly lower semi-continuous, we obtain weakly lower semi-continuity of J. Hence, existence
of a minimizer to the optimization problem (#.14)) is guaranteed by Tonelli’s Theorem. O

In the parametrization approaches (Z.1) and (2.2), the admissible set X = X consists only of constant
real-valued matrices with the same structural properties as before. Hence, X remains bounded, convex
and closed, and is a subset of a finite-dimensional real vector space. We now derive first-order optimality
conditions in the smooth case. Assume from now on that R, is continuously Fréchet differentiable on
X, and let p* € int(X) be a minimizer of J. Since J is continuously Fréchet differentiable and p* is an
interior minimizer, the first-order necessary optimality condition reads

4.15) J'(p*) = 0.
Thus, we obtain the following first-order optimality conditions:
o A(p*,S(p*)) =0 (state equation),
o AL(p*,S(p*))*q = —CL(p*,S(p*))* (C(p*, S(p*)) — ¥°) (adjoint equation),

where the superscript * denotes the adjoint operator, and ¢ = (q1,¢92) € W denotes the adjoint state.
Moreover, for an admissible parameter direction h = (h.z, he, he), we have

4.16) J'(p)[1] = (AL (0", SON], @)y gy + (Cp 0" SE)R], CO*, S (7)) =4 )y + R, (%) [1].

Furthermore, using that same admissible parameter direction %, we identify
T T
(A0 SO @y = [ [ (esBut BhosBi+ hTV60) B

+ (heBu - hEquo)Tqu + (thX)TBq1 - (hEVX)Tng aQ dt.

Moreover, depending on the space regularity of the state, we obtain the following expressions for the
derivative of the observation operator. If C' = C, then

(Cy(p, SP))[A], C(p. S(p)) —¥°)y = /OT (/F (heBu—heVéo — heVx) - n dF)

. (/ (eBu—eV¢o feVX) ‘n dFy5) dt.
e



20 RAPHAEL KUESS®, DANIEL WALTER?, AND ANDREA WALTHER®
If C = C7, then

T
(ot SENIL. O 5e) =5y = [ P2 [ (heBu= Voo = hTx) - Vb ag

L (T0)
: (/ (eBu — Vo — eVX> Vb dQ — [T~ |U, (L) y5> dt,
U, (T)

where b solves @.8)—@.9). Hence, the adjoint state is essential.

We now focus on the unique existence of the adjoint state, which can be seen as revealing the influence
of a cause on a target functional. Therefore, it naturally arises in the context of parameter identification
problems, especially in computing gradients of the regularized target functional using Lagrange formalism.
To derive the adjoint PDE system of the piezoelectric dynamical system (3.2)—(3.7), we differentiate the
model operator, see Definition [4.2] with respect to the state. Similarly to (#.4), we consider an arbitrary
direction  := (d, ) € W with d satisfying the initial conditions d(0) = d(0) = 0, as & can be viewed as
an infinitesimal perturbation of the solution. Then

T y . . T
(AL (p, 2)k, (VW))W w = / /pdTv + apd’v + (cEBd + BcFBd + eTV1/1) Bv
0o Jo
+ (eBd — eVp)! Vw dQ dt .

Denoting the adjoint state by ¢ = (¢1,¢2) € W, we obtain

(AL(p,2)k, Qyw+w = /OT /dequ + apd’q + (CEBd + BcPBd + eTV1/J)T Bq
4.17) + (eBd — eVp)! Vo dQ dt .
We consider every single term individually, with the terminal conditions
a(T)=0 and ¢(T)=0 inf.
Let g1, := pq1, i.e.
01p(T) = pq(T) =0,  G1p(T) = pqu(T) + piu(T') = 0.
Then, for the first term in @), we have

T .y T .
/ / pd"q dQ dt / / d¥qy, dQ dt
0 Q 0 Q
T . T
- / / d'q1, dQ dt = / / d" gy, dQ dt.
0 Q 0 Q

For the second term in @.17)), define q14, := apqi, i.e.

Q1ap(T) = apqi (T) = 0.

T T T
/ / apdq dQ dt = / / dT(Jmp dQ dt = —/ / dTQ1ap dQ dt.
0o Ja 0o Ja 0o Ja

For the third term in #17), using the symmetry of ¢, we obtain

T T T
/ / (cPBd)" By dQ dt = — / / BT (c"Bqr)" d d dt + / NT(PBg)" d dr dt.
0 Q 0 Q 0 o0

For the fourth term in @.17), let

Then

a5 = Bc" By
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/OT/Q (ﬂcEBd)TBql a0 dt:/OT/Q (Bd)TqB dQ dt

T
- / (Bd)" 5 d§ dt
Q

T T
= / / dTBT 45 dQ dt — / / dTNT g dI' dt.
0 Q 0 o0

Finally, the remaining three terms in (4.17) yield

T T T
/ / (eva)TBql dQ dt = —/ / V -(eBg1)y dQ dt +/ / n-(eBgy) v dT dt,
0 Q 0 Q 0 o0
T T T
/ / (eBd)" Vg dQ dt = — / / d"B (" Vgs) dQ dt + / / d" N (e"Vqy) dT dt,
o0

// (eV) Vg dQ dt = //v v, wdet—// ("Vg2) 4 dT dt.

As we deal with terminal conditions, we perform the time transformation ¢ — 7' — ¢ and define ¢(t) :=
q(T —t). Then

Then

q(t) = —¢(T —t),  q(t) =gG(T —1).
Moreover,
Qiap = (&p+ap) @ + apdi, Gip =P +2pq1 + pa,
and .
s = (B + BeF ) Bay + BB
Furthermore, we introduce
ru(p, S(p)) == ClL(p, S(p))* (C(p. S(p)) — ¥°).
roo (0 S(p)) = Cly (0, S(p))* (C(p, S(p)) — ¥°).
Then, we obtain the time-transformed adjoint PDE
pagr+ (25 +ap)au + (p+ &p+ ap) G
4.18)  —BT (((,8 + 1) 4 ﬁcE> B + BeEBG + éTvqg) = (5, S(P))
! (éB(jl - gTVCb) r o(ﬁv S(ﬁ)) in €2 x (OvT)a
n-(éBg — &' Vi) =0 onl, x (0,T),
NT(((§+1)EE+35 )Bq1+ﬂc Bg +¢éTVi,) =0 ondQ x (0,T),
@(0)=0 inQ,
(4.19) H(0)=0 inQ.

in Q x (0,7),

Corollary 4.10 (Existence and Uniqueness of the adjoint system). Let Assumption [2.2] hold, but with
p € HY(L*®(Q,R)), o, € H3(L*(Q,R)), and let Assumptlonmhold Suppose furthermore that the
material parameters are elements of X defined in Deﬁnltlon | and that there exists ¢ > 0 such that

(1= P)c” = peFle = e veeR

for almost all (¢, z) € (0,T) x €. Assume, in addition, that one of the following two conditions is satisfied:

(i) ap—2p>0,and p—ép—ap>0ae.in (0,7) x Q.

(ii) p is constant in time and & < 0 a.e. in (0,7") x Q.
Then there exists a unique weak solution

(G1,42) €W
with
G € L(HYQEY) N L¥(LA(URY), G € LP(HA(QRY))
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to the system (#.18)—@.19) with the more general right-hand side
(f,9) € L2 (Hg(QR)") x L*(L*(Q, R)).
Furthermore, there exists a constant C, > 0 such that
||51||%2(H;5(Q,R3)*) + ||§1||2Loo(L2(Q,R3)) + H(ilH%OO(Hé(Q,]R@)) + H(h”%?(Hé(Q,ﬂ@))
(420) 1820220y, < Co (112 amer) + 1313222z -
Proof. We rewrite the transformed adjoint system (@.18)—@.19) in the form

Padd1 + CadPaads + aads — BT (Co,aaBa1 + C1.2aBq1 + eraVi2) = f,
—V - (eaaBG1 — €aaV§2) = §,
where we set .
Pad = P, Cp,ad = ((B + 1) 4 35E> , Cl.a := B P,

ead = é; ead = g; aad = p~+ dﬁ + dﬁ?
and, since p is uniformly positive,
_2p+ap
Qad 1= ——.
Since p € H4(L>°(Q, R)) is positive and uniformly bounded, it follows that
paa = 7 € HY(L®(,R))

is positive, uniformly bounded and, by Lemma [3.1] three times continuously differentiable in time. As p
is bounded away from zero, the reciprocal 1/ has the same time regularity. Hence, a,q is well-defined.
Moreover, « € H3(L>(,R)) is non-negative and uniformly bounded. Thus, & € H?(L> (), R)) is
non-negative, uniformly bounded and, again by Lemma [3.1] two times continuously differentiable in time.
If condition (i) holds, then
2p+ap=(ap—2p)(T—1) >0
and
Gaa = p+ap+ap=(p—dap—ap)(T—t)>0.
If condition (ii) holds, then p is constant in time, hence p = p = 0, and therefore
2p+Gp = ap > 0.
Moreover,
ad = p+ ap+ap=ap=—a(T —t)p > 0.
Thus, in either case,
26+ ap € H3 (L™ (,R))
is non-negative and uniformly bounded, and a,q € H?(L>((2,R)) is non-negative and uniformly bounded.
Consequently,

Qad = M_Tap € HS(LOO(QvR))

is non-negative and uniformly bounded. Next, by Definition .1} time reversal, and Lemma 3.1] the trans-
formed coefficients ¢¥, €, € have the same regularity as the original ones. In particular,

Coaa = ((B+1) "+ BEE) = (1= B)e® - BeP)(T 1),

and therefore Cj ,q is uniformly positive definite by the standing assumption of the corollary. Furthermore,
Chad = Bl is uniformly positive definite, since B>p>0 by Assumption and ¢¥ is uniformly
positive definite. Likewise, e,q = € and €,q = € satisfy the same structural assumptions as in Theorem@
and €,q is uniformly positive definite.

Therefore, all coefficients of the transformed adjoint system possess the same regularity and coercivity
properties as those used in the proof of Theorem [3.2] Moreover, the initial conditions are homogeneous,
the right-hand side (f, §) has the same regularity as (f, g) in Theorem and the Dirichlet boundary is
homogeneous, i.e. x = 0. Hence, the proof of Theorem@ carries over to the present system, with Cp aq
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and C ,q replacing the coefficients ¢ and 3c”, respectively. This yields the existence and uniqueness of
a weak solution

(G1,G2) €W
with the asserted regularity. Repeating the proof of Theorem [3.3| with the same substitutions then gives the
stated estimate. O

Our adjoint system (@.I8)-(@.19) has a right-hand side with the same temporal regularity as in Corol-
lary More precisely, for every admissible parameter p € X, one has

7=, 50)), gz%@,sw».

Hence, under the assumptions stated above, Corollary [4.10] applies and yields a unique adjoint state for
every given state S(p). In this sense, the adjoint variable is not merely a Lagrange multiplier associated
with a minimizer, but a uniquely determined auxiliary state corresponding to each admissible state of the
model.

At a local minimizer p*, an additional abstract operator-theoretic interpretation can be made. Since

AL(p", S(p) W — W™
is an isomorphism, its adjoint

AL(p*,S(p*))* : W — W*
is an isomorphism as well. Consequently, there exists a unique adjoint state ¢ = (g1, ¢2) € W satisfying
4.21) AL(p", S(p) g == CL(P", S(P))* (C(r*, S(p")) — ¢°).

Thus, at a minimizer, the adjoint state is characterized both analytically, as the unique solution of the adjoint
PDE, and variationally, as the unique multiplier in the reduced first-order optimality system.

5. A NUMERICAL EXAMPLE

To computationally solve the inverse problem, we follow the discretize-then-optimize approach where we
discretize the problem setting, i.e., the forward operator and the corresponding spaces first and optimize
afterwards. Here, easy access to the first derivative of the forward operator I is provided by algorithmic
differentiation (AD), see [9]. The central concept is that the computation of a discretized operator can be
decomposed into a finite sequence of elementary operations, where then the chain rule is applied systemat-
ically. The reverse mode of AD can be seen as a discrete analogue of the continuous adjoint PDE enabling
an efficient gradient calculation. The analysis of the continuous adjoint system ensures that, with appropri-
ate discretization, the discrete adjoint state converges to the continuous adjoint state as the discretization
gets finer. Hence, the analysis of the continuous problem (4.18) - (@.19) is, an important prerequisite for
the discretize-then-optimize approach. For the space discretization we use a classic finite element method
(FEM) implemented by the finite element tool FEniCS [2] in dolfin version 2019.2.0.dev0, using AD via
the dolfin adjoint [22]] library of FEniCS in version 2019.1.0. For the temporal discretization, we employ
the Crank—Nicolson scheme. Therefore, we set z = @ and 2 = i and rewrite the weak form of system

GI7)-@I8) forallv € Hi(?),w € Hyp (2),y € Hi(Q) as
(p2,v) 12(0) + a(pz, V) r2(q) + (¥ Bu, Bv) 12(q) + (B¢ Bz, Bv) 12 (a)
5.1 +(eT'Vo, Bv) 12(q) + (eBu, Vw) 12(q) — (€V$, Vw) 2(q) =0
(5.2) (U, y)2() — (2,¥)L2() = 0.
Then we obtain the Crank-Nicolson time discretized system,
2pznt1,0)12(2) — 2(pZn, V) 12(0) + Ala(pzn, V) L2(0) + Ata(pzni1, V) L2(0)
+ A Bun, Bv) 12 (0) + AT Bupir, Bv) 20y + AtB(cPBzn, Bv) 120
+AtB(cE Bzyi1, Bv) r2(0) + At{e" Vo, Bu)r2(q) + At(e’ Vi1, Bv) 20
+AHeBun, Vw) 20y + At(eBun 1, Vw) 12() — ALV dn, Vw) r2(0) — A(eVdni1, Vw)r2q) =0
Y)

2(Un41,Y) L2(Q) — 2(Un, ¥) 12(0) — At{Zni1,Y) L2(Q) — Az, ¥) 12(0) = 0,
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where At is the time step size, which will be chosen in the numerical realization as 1076 and n is the
current step up to N = 1000.

As geometry we consider a piezoelectric ring, with outer radius of 6.35 mm, inner radius of 2.6 mm
and thickness of 1mm. Hence, the geometry is rotationally symmetric. To reduce the computational
effort we exploit the inherent rotational symmetry and transform the ring into a rectangular domain by
adopting cylindrical coordinates rather than Cartesian coordinates, where the z-axis is selected as the axis of
rotation. In this coordinate system, the piezoelectric ring is assumed to be a homogeneous and transversely
isotropic material. The latter is physically essential to exploit the rotational symmetry. In addition, we have
converted the setting from seconds to milliseconds, which results in a better condition number of the PDE
system, as the magnitudes of the material parameters differ significantly less.

As an example for the numerical realization of the inverse problem, we assume that the elasticity parameter
and the permittivity parameter are constant, i.e., parameterized in a polynomial way as in identity (2-1)), with
a polynomial order 0 and the coupling parameter e is parameterized as in identity (2.1)), with an polynomial
order 1, where 0(t) := 25 + 7\ﬂ0.01t). Since the problem of identifying the material parameters is
extremely challenging due to very different orders of sensitivities even in the frequency dependent case,
see e.g., [12], [14], [16], [24], we want to reconstruct one entry of the coupling parameter e, namely e33.
To simulate the data we started with the following set of material parameters

ek =151400, F =132700, cf; =83600, L =128800, cF, =25900, €1 = 2700
(5.3) €33 =5500, e15=110(t) + 9125, ez = —70(t) — 5025, ez3 = 240(t) + 13300.

The constant parameters are chosen according to material parameters and damping parameters presented
in [8]]. The polynomial parameters of the entries of the piezoelectric coupling parameter are chosen such
that they equal the entries of the piezoelectric coupling parameter in [8]] at 25C°. To generate the noisy
data y° we contaminate the exact simulated data y, generated with the parameters defined above, additively
with uniformly distributed random noise with a noise level of 1%. The excitation signal ¢.(t,), applied
via the Dirichlet boundary condition at the top surface, is defined as a discrete triangular pulse, i.e.,

n forl1 <n <10
(5.4) be(tn) =107-820—n forll <n<19.
0 forn > 20
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FIGURE 1. Identification of e33, and e33,.
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Note that specifying the Dirichlet lift function y used for stating the system (3.17)-(3.18) is not necessary,
as it is possible to directly implement mixed Dirichlet conditions in FEniCS. As optimization method we
use the GRSE method, see [15]], which employs a Tikhonov-type regularization with 0.5 as decay factor
and 4 as growth factor of the regularization parameters. We started with the initial regularization parameter
7o = 1075, As initial Quasi-Newton matrix we used the scaled identity with scale 10=6. The initial
guesses for polynomial parameters of the piezoelectric coupling parameter e33(6(t)) are chosen with a
2.5% deviation to the ground truth in (5.3). Furthermore, we scaled the first order polynomial parameter
with 5 and the zero order polynomial parameter with 10~2, to reach similar orders of magnitude. The
numerical results for the identification of the polynomial parameters egz3, and es3,, which are the first and
zeroth order polynomial parameters of the piezoelectric coupling parameter ez3(6(t)) showed convergence
to the exact parameter, as illustrated in Figure I}

6. CONCLUSION

We modeled and analyzed an inverse problem governed by a piezoelectric system represented by a cou-
pled hyperbolic-elliptic PDE with matrix-valued Sobolev-Bochner functions as parameters and Sobolev-
Bochner density and damping functions. We extended the PDE with an additional term based on a Sobolev-
Bochner function and the mechanical deformation as well as inhomogeneities, ensuring the applicability
of our generalized existence and uniqueness theorem on the associated adjoint PDE. In addition, an a pri-
ori energy estimate and conditions for arbitrary Sobolev regularity in space were established to ensure the
well-definedness of the observation operator of the inverse parameter identification problem. Then, we
proved the Fréchet differentiability of the observation operator and discussed the treatment of the observa-
tion operator given that PDE solutions have lower regularity. With respect to the modeling and regularity
of the forward operator of the parameter identification problem in the reduced approach, we considered
the well-definedness, existence and regularity of the parameter-state map. Furthermore, we modeled the
inverse problem as an optimization problem in which a target functional consisting of the forward operator,
the given data and a regularizer is minimized. To provide a framework for the computation of solutions to
the inverse problem, we showed that there exists a minimizer and derived first-order optimality conditions.
This motivated the derivation of the adjoint PDE, where we used our existence and uniqueness results to
analyze the adjoint PDE, demonstrating its utility. Finally, a numerical example was given, where the
proposed parameterization approach for describing the material parameters was used.
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