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Abstract

We introduce a new class of semidefinite programming (SDP) relaxations for sparse box-
constrained quadratic programs, obtained by a novel integration of the Reformulation Lin-
earization Technique into standard SDP relaxations while explicitly exploiting the sparsity of
the problem. The resulting relaxations are not implied by some of the most widely-used LP and
SDP relaxations for this class of optimization problems. We establish a sufficient condition under
which the convex hull of the feasible region of the lifted quadratic program is SDP-representable;
the proof is constructive and yields an explicit extended formulation. Although the resulting
SDP may be of exponential size in general, we further identify additional structural conditions
on the sparsity of the optimization problem that guarantee the existence of a polynomial-size
SDP-representable formulation, which can be constructed in polynomial time.

Keywords: nonconvex quadratic programming, sparsity, convex hull, Reformulation-Linearization
Technique, semidefinite programming relaxation, polynomial-size extended formulation.

1 Introduction

We consider a nonconvex box-constrained quadratic program:

min z' Qr+c'x (QP)
st. xe€l0,1]",

where ¢ € R" and Q € R™" is a symmetric matrix that is not positive semidefinite. Following
a common practice in nonconvex optimization, we linearize the objective function of Problem
by introducing new variables Y := zx ", thus, obtaining a reformulation of this problem in a lifted
space of variables:

min (Q,Y)+c'z (/QP)
st. Y =zxx'
xz € [0,1]",

where (@, Y) denotes the matrix inner product. Given a set S, we denote by conv(S) the convex
hull of the set S. We then define

n(n+1)

(
QP,, := conv{(:c,Y) eR™ 2 Y =uz', zel0, 1]"}
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Constructing strong and cheaply computable convex relaxations for QP,, has been the subject of
extensive research over the last three decades [39, 45, 2] 6] (111, [3, 36l 5]. The most popular convex
relaxations of Problem are semidefinite programming (SDP) relaxations [42]. The key idea
is to replace the nonconvex set defined by the constraint Y = zz | by its convex hull defined by
Y = 2z, to obtain the following convex relaxation for QP,,:

n(n+1) [1 !

CSPP .— {(x,Y) eR" 2 Y} =0, diag(Y) <=z, z €0, 1]”},

where diag(Y’) denotes the vector in R™ containing the diagonal entries of Y. In [I1], the authors
investigated some fundamental properties of QP,. In particular, they studied the relationship
between QP,,, and its well-known discrete counterpart; namely, the Boolean quadric polytope [34]:

n(n—1)
BQP,, := conv {(x,Y) eR™™5 Yy, = gy, VI<i<j<n, xe {0, 1}"}.

The Boolean quadric polytope is a well-studied polytope in the context of binary quadratic pro-
gramming, and the max-cut problem and its facial structure has been thoroughly investigated in the
literature [34) 23]. The authors of [I1] obtained a sufficient condition under which a facet-defining
inequality for BQP,, defines a facet of QP, as well. Their result implies that the McCormick
inequalities [32] given by:

Yij >0, Vi >wxi+x;—1, Yy <x, Vi <wxj, VI<i<j<n, (1)
and the triangle inequalities [34] given by:

Yij +Yip <+ Y
Yij+ Y < a5+ Y
Yie + Y <xp + Y35
i+ a;+ap—Yi; —Yig - Y <1

Vi<i<j<k<n, (2)

define facets of QP,,. We then define two stronger convex relaxations of QP,,, the first one is
obtained by adding McCormick inequalities to C3PT:

(n+1)
+n n2

CSDPHMC . {(x,Y) € R" :(2,Y) € CSPP| (2, V) satisfy inequalities } (3)

while the second one is obtained by adding triangle inequalities to CEDPJFMC:
. n(n+1)
CODP+MCHTr {(m,Y) e RV (z,Y) € C5PP | (2,7) satisfy inequalities (T)) — } (4)

In [6], building upon the results in [I0], the authors proved that if n = 2, then QP,, = CSPP+MC,
Moreover, they showed that if n = 3, then QP,, € CSPP+MC+Tri Ip fact, to date, obtaining an
algebraic description for QP53 in the original space remains an open question. It is important to
remark that in [6] the authors present a disjunctive SDP representable formulation of QP35 obtained
by triangulating the unit hypercube and using the fact that the convex hull of X = zz " with n < 3
over a simplex is given by its double-nonnegative relaxation.

Since Problem is N'P-hard in general, unless P = NP, one cannot construct in polynomial
time a polynomial-size extended formulation for QP,,. However, the key observation is that many
quadratic programs are sparse; i.e., ¢;; = 0 for many pairs 7, j. Motivated by the same observation



in the context of binary quadratic programming, Padberg [34] introduced the Boolean quadric
polytope of a sparse graph G = (V, E):

BQP(G) := conv {(x, Y) € {0,1}VVE . Vi; = waj, Wi, j} € E}

Recall that, given a convex set C C R", an extended formulation for C is a convex set Q C R"7",
for some r > 0, such that C = {z € R" | Jy € R" such that (z,y) € Q}. It can be shown that if C
admits a polynomial-size extended formulation that can be constructed in polynomial time, then
optimizing a linear function over C can also be performed in polynomial time. In [31} 26, 9], the
authors proved that for a graph G = (V, F) with treewidth tw(G) = &, the polytope BQP(G) has
a linear extended formulation with O(2%|V|) variables and inequalities. This result implies that
if k € O(log|V|), then BQP(G) admits a polynomial-size linear extended formulation. Moreover,
from [13| 1] it follows that the linear extension complexity of BQP(G) grows exponentially in
(tw(@))® for some universal constant § > 5. Recall that given a polytope P, the linear extension
complexity of P is the minimum number of linear inequalities and equalities in a linear extended
formulation of P. Hence, roughly speaking, a logarithmic treewidth for G is a necessary and
sufficient condition for the existence of a polynomial-size linear extended formulation for BQP(G).
Motivated by these results for sparse binary quadratic programs, in [22], the authors considered
sparse box-constrained quadratic programs. They then introduced a graph representation for this
class of optimization problems, which we define next. Consider a graph G = (V, E, L), where
V' denotes the node set of G, E denotes the edge set of G in which each {i,j} € E is an edge
connecting two distinct nodes i,j € V, and L denotes the loop set of G in which each {i,i} € L is
a loop connecting some node ¢ € V to itself. We then associate a graph G with Problem (or
with Problem (QP)), where we define a node i for each independent variable z;, for all i € [n] :=
{1,---,n}, two distinct nodes ¢ and j are adjacent if the coeflicient ¢;; is nonzero, and there is a
loop {i,i} for some i € [n], if the coefficient ¢;; is nonzero. Moreover, we say that a loop {i,:} is
a plus loop, if g;; > 0 and is a minus loop, if q; < 0. We denote the set of plus loops and minus
loop by LT and L™, respectively. Henceforth, for notational simplicity, we denote variables z; by
z;, for all ¢ € [n], and we denote variables Y;; by z;;, for all {4,j} € EU L. To further exploit the
structure of G, similarly to [22], we consider the following reformulation of Problem (¢(QP):

min > gz +2 Y Gzt Y iz (lQP(G))
{ii}eL {i,j}eE eV
st oz > 21-2, v{i,i} € LT
2 < 22, Vi,i} € L™
zij = zizj, Vi, j} € E
€[0,1], Vie V.
Notice that since ¢; > 0 for all {i,i} € LT (resp. ¢; < 0 for all {i,i} € L7), at any optimal

solution of Problem ((QP(G)), the corresponding inequality z; > 22 (resp. z; < 22) holds at
equality. Furthermore, we define:

QP(G) := conv {z e RVVEVL - 5 > 22 W{i,i} € LT, 2y < 22, Y{i,i} € L™, zij = #i%j,
V{i,j} € B, z € [0,1],¥i € V}.

In [22], the authors proposed a new second-order cone (SOC) representable relaxation for QP(G).
They then examined the tightness of the proposed relaxation; namely, they proved that if the set



of nodes of G with plus loops forms a stable set of G, then QP(G) is SOC-representable. While
the proposed SOC relaxation may be of exponential size in general, they proved if G admits a tree
decomposition whose width is bounded and the cumulative sizes of the bags containing each node
with plus loop are also bounded, then the proposed SOC formulation is polynomial size.

In this paper, we introduce a new class of SDP relaxations for box-constrained quadratic pro-
grams. QOur proposed relaxations are obtained via a novel incorporation of the Reformulation-
Linearization Technique (RLT) [40] into existing SDP relaxations and are not implied by some of
the most widely-used LP and SDP relaxations for this class of optimization problems. The main
contributions of this paper are as follows:

(1) We introduce a new class of SDP relaxations for box-constrained quadratic programs by com-
bining the existing RLT framework and SDP relaxations, while exploiting the sparsity of the
problem to control the size of the resulting relaxation. Given a set P of nodes with plus loops
and a set M of additional nodes, the proposed relaxations are obtained by first multiplying
positive semidefinite matrices involving subsets of the variables indexed by P’ C P by non-
negative RLT polynomial factors involving the remaining variables in (P \ P’) U M, and then
linearizing the resulting polynomial matrix inequalities in an extended space (see Theorem .
We prove that, when |P| = 1, the proposed construction recovers, after projection, the SOC
relaxation of [22], while for |P| > 1 it implies and in fact is often stronger than the relaxation
of [22] (see Proposition [2] and Corollary [1)). We further show that the proposed relaxations
can be obtained as a particular choice of constraints from a Schmiidgen-type SDP hierarchy
(see Proposition [9)).

(7i) We examine the tightness of the proposed SDP relaxations and obtain sufficient conditions
under which QP(G) is SDP-representable. We prove that if every connected component of the
subgraph of G induced by the nodes with plus loops has cardinality at most two, then our
proposed SDP relaxation yields an extended formulation for QP(G) (see Theorem [5)). More
generally, we prove that if a formulation for QP is available, then it can be combined with a
decomposition scheme and disjunctive programming over the neighboring nodes without plus
loops to obtain an extended formulation for QP(G) whenever every connected component of
the subgraph of G induced by nodes with plus loops has cardinality at most p (see Theorem@.
In particular, using the known disjunctive SDP formulation for QP [6], we prove that QP(G)
is SDP-representable whenever every such connected component has cardinality at most three
(see Corollary [3).

(7i7) In general, the proposed SDP relaxation may be of exponential size. We then identify sufficient
conditions based on the structure of graph G, under which QP(G) admits a polynomial-size
SDP-representable formulation that can be constructed in polynomial time. Roughly speaking,
our sufficient condition states that if the treewidth of G and the degrees of nodes with plus
loops are both bounded, then the SDP formulation is guaranteed to be of polynomial size
(see Theorem [7| and Corollary . In the special case in which the nodes with plus loops form
a stable set, our sufficient condition is equivalent to the sufficient condition for polynomial-size
SOC-representability given in [22]. While [22] leaves open the complexity of checking their
sufficient condition, our equivalent characterization can be checked in polynomial time, hence
settling their open question (see Corollary |§| and Proposition .

As we detailed above, our theoretical results significantly generalize those of [22]. However, this
generalization comes at a cost: the proposed SDP relaxations are computationally more expensive to
solve than the SOC relaxations in [22]. A related line of work studies instance-dependent exactness
of SDP relaxations, deriving sufficient conditions and, in some cases, complete characterizations
of the problem data ) and ¢ under which an SDP relaxation attains the same optimal value



as Problem see, e.g., [25, [43, 136, 12]. Finally, in [24] 21], the authors obtain sufficient conditions
under which Problem can be solved in polynomial time. The proposed algorithms rely on
parametric dynamic programming and hyperplane arrangements.

Organization. The remainder of the paper is structured as follows. In Section we intro-
duce a new class of SDP relaxations for box-constrained quadratic programs. In Section (3| we
examine the tightness of the proposed SDP relaxations and obtain sufficient conditions for the
SDP-representability of QP(G). In Section {4} we derive sufficient conditions under which QP(G)
admits a polynomial-size SDP-representable formulation that can be constructed in polynomial
time. Finally, in Section [5] we detail the connections between our proposed relaxations and the
existing SDP hierarchies.

2 The RLT-enhanced SDP relaxations

In this section, we introduce a new class of SDP relaxations for box-constrained quadratic programs.
Our proposed relaxations are obtained by a novel incorporation of the RLT framework into existing
SDP relaxations. Moreover, our SDP relaxations exploit the sparsity of the optimization problem.
We start by describing the main idea behind our construction. Consider a graph G = (V, E, L).
Let P C V be a set of nodes with plus loops and let M C V' \ P. For any R = {i1,...,i,} C P,
define Mg := (PU M)\ R. It then follows that the following LMI is valid for QP(G):

1 Zil e ZZ'T
z?& Ziyiy T Rig Ry =0 (5)
Zip  ZiyZi. ot Zigiy
Moreover, for any J C Mg, we have
Hzi H (1—Z¢) 2 O,
i€J  ieMg\J
over the unit hypercube. Hence,
1 Zi1 ce Zi,

(0= I10-=) [T 0

ieJ ieMg\J

Zip  ZinZip  c Zigiy
is valid for QP(G). Our proposed SDP relaxations are obtained by imposing (6] for various choices
of R C P and J C Mg, expanding the resulting polynomial matrix inequalities, and linearizing all
monomials in an extended space. As we detail in the following, a careful selection of the subsets
P, M plays a key role in the strength and the computational cost of the proposed relaxation. We

next briefly review the notions needed to formalize this construction.

2.1 The Reformulation-Linearization Technique

The nonnegative polynomial factors appearing in @ are precisely the factors used in the RLT
framework. The RLT is a systematic procedure for constructing a hierarchy of increasingly stronger



LP relaxations for binary polynomial optimization problems [40], in which the nth-level relaxation,
where n is the number of variables, coincides with the convex hull of the feasible set. Although
RLT was originally developed for 0-1 problems, several extensions have been proposed for contin-
uous optimization problems [39, 41l [4, [§]. These approaches yield strong relaxations for general
nonconvex problems, but they typically do not characterize the convex hull. In contrast, in [22], the
authors present an extension of RLT for box-constrained quadratic programs and obtain sufficient
conditions under which the proposed SOC-representable relaxations characterize QP(G). Their
construction combines classical RLT constraints with convex quadratic inequalities of the form
zi > z2. In this paper, we significantly generalize this convexification framework by developing a
novel way to integrate RLT constraints into existing SDP relaxations.

In the following, we provide a brief overview of the RLT terminology and notation that we need
to present our relaxations. Consider Problem . For some d € [n], define the polynomial
factor

fOh D) == ]]0-=), JRClhl, hnk=0 [LURl =d (7)
i€J1  i€J>
where we define zy = 1. Since z € [0, 1]", it follows that f(Ji, J2) > 0 for all Ji, Jy satisfying the
above conditions. We then expand these polynomial factors and rewrite them as

f(Jl, JQ) = Z (*1)'“ H Z HZi.
t:tCJ2 iceJq i€t
Next, we linearize the polynomial factors by introducing new variables
ZJUt = H ziHZia vt g JQ; (8)
i€Jy 1€t
to obtain the following valid linear inequalities:

0T, Ja) =Y (=DWzp >0, S, Clnl, ANJR=0, |[J1UJ| =d (9)
t:tCJo

We refer to inequalities (9) with |.J; U Jo| = d as the level-d RLT inequalities.

Observation 1. In [40], the authors proved that for any 1 < d < n, the system of inequalities
0(Jy, J3) >0 for all Jy, Jo C [n] satisfying J; N Jy = 0 and |J; U J2| = d is implied by the system of
inequalities ¢(J1, J3) > 0 for all Jy, Jo C [n] satisfying J; N Jo = @) and |J; U Jo| = d + 1. The proof
uses the fact that for any &k € [n] \ (J1 U J3) we have

f(J1, J2) = f(JLU{k}, J2) + f(J1, J2 U {k}),

implying that the nonnegativity of ¢(.J, J2) follows from the nonnegativity of ¢(J; U {k}, J2) and
0(Jy, JoU{k}) (see Lemma 1 in [40]).

We should remark that the McCormick inequalities are obtained by letting d = 2 in @D,
while the triangle inequalities are implied by inequalities @D with d = 3. To further extend the
RLT framework to box-constrained quadratic programs, we need to linearize the diagonal entries
of @ To this end, we also introduce variables involving z;. In the remainder of this paper, for
polynomial factors , we include the case J; = Jo = 0, for which f(0,0) = ¢(0,0) = 1. For any
disjoint J1, J2 C [n] and any i € [n] \ (J1 U Ja), define

9(i, J1, J2) == zii f (J1, J2). (10)



We expand and linearize ¢(i, J1, J2) by introducing new variables

Z;»?Ut = Zy H 25, vt - JQ, (11)
jeJ1UL
where we define Z?i := z;. Hence, we obtain
p(i.Ji, o) = > (D)UY 0y =0, i€ n]\ (JUL). (12)
t:tCJ2

2.2 New SDP relaxations

Given two convex sets S C R™ and C € R"t4 for some d > 0, we say that C is a convex relazation
of § if the projection of C onto the space of S contains S; i.e., {x € R" : Jy € R, (2,9) €C} D S.
Moreover, whenever we give an explicit description for C in which some of the variables in & are
not explicitly present, we imply that those variables can take any value in R and we still say that
the explicit description defines a convex relaxation for S.

We are now ready to formally state the proposed SDP relaxation.

Theorem 1. Let G = (V,E, L) be a graph, let P C V be a set of nodes with plus loops, and let
M CV \ P. Define
Mp:=(MUP)\R, VRCP.

Then the following defines a convex relaxation of QP(G):

0, Mr \ J) CTULIY, Ma\J)  LJTUfis}, Ma\J) - LJU{i}, Ma\J) ]
CTUL Y, MR\ ) plin, J,Me\J) LT U {ir,isk, M\ J) -+ £JU{i1,ir}, Mg\ J)
Z(JU{Z'Q},MR\J) é(JU{il,iz},MR\J) p(iz,J,MR\J) f(JU{iQ,iT},MR\J) EO
(T Ui}, MR\ J) 6T U {ir,in}, Mg\ J) (T U {iz,ir}, Mg\ J) - plir, J, Mg\ J) |

VR :={i, - iy} C P, V.J C Mr. (13)

Proof. We first establish the convexity of the set defined by constraints (13]). Two cases arise: if
R = 0, we have Mr = M U P; it then follows that inequalities simplify to level-|M| + |P|
RLT inequalities, which are linear; i.e., 4(J,(M UP)\ J) > 0 for all J C MUP. If R # 0,
then by definition of ¢(.,.) and p(.,.,.), each constraint in is the inverse image of the positive
semidefinite cone under an affine mapping, hence, defining a convex set.

Next, we show that the set defined by is a convex relaxation of QP(G). Letting R = (),
as we described above, we obtain level-| M| + |P| RLT inequalities which are valid inequalities for
QP(G). Now let R = {i1,--- ,ir} for some 1 <r < |P|. Let G denote the subgraph of G induced
by R. Then the following linear matrix inequality (LMI) defines a convex relaxation for QP(Gr)
and therefore it is a convex relaxation for QP(G):

1 Zi1 Zir

Ziy  Riyiy Zitir
. 0 (14)

Ziy Ry Zipiy



To see this, define the matrix Y € R™" as Y}; = z;z; for all i # j € R and Yj; = z;; for all i € R.
Write z;; = 22 + s; for all i € R. Notice that by the definition of QP(G) we have s; > 0 for all
i € R. Define z = (2;);cg. We then have Y = 22T + diag(s), implying that Y — 2z = diag(s) > 0.
Therefore, the LMI is a valid relaxation for QP(G).

Now, for any J C Mpg, consider the polynomial factor f(J, Mg \ J) as defined by (7). Recall
that f(J, Mr\J) > 0 over the unit hypercube. Multiplying the LMI by f(J, Mg\ J), using
and to deduce the following relations

f(JU{i}, MR\ J) =z f(J,Mgr\J), Vi€ R
f(JU{i,j},MR\J) = Zijf<J,MR\J), Vi£j€EeR
g(i,J,MR\J) = Ziif(J,MR\J), Vi € R,

and linearizing the resulting monomials using and , we obtain . Therefore, the set
defined by the collection of LMIs defines a convex relaxation of QP(G). O

The relaxation of Theorem [I] contains both the standard RLT and SDP relaxations as special
cases. In particular, letting R = ) in yields the level-| P|+| M| RLT inequalities on the variables
indexed by P U M. At the other extreme, if M = () and R = P, then reduces to the standard
LMI . More generally, for any nonempty R C P, the collection of LMIs over all J C Mg
implies LMI (14). Thus, the proposed construction strengthens the standard SDP relaxations
by combining them with RLT polynomial factors. Now, consider a pair P, M corresponding to
LMIs , and suppose that there exists some node k € M such that {k,k} € LT. Define
P :=PU{k} and M' := M \ {k}. Then all LMIs (|13) corresponding to P, M are present in the
system corresponding to P’, M’. Hence, the relaxation associated with P’, M’ is at least as strong
as the relaxation associated with P, M. Therefore, when comparing relaxations associated with a
fixed set P U M, it suffices to consider choices for which M contains no node with a plus loop. The
following proposition establishes a simple criterion for selecting P and M that result in stronger
relaxations. Henceforth, for a pair P, M, we denote by Sp s the projection of the set defined by
LMIs onto the space of the original variables z;, l € VU FE U L.

Proposition 1. Let G = (V,E, L) be a graph. Then the following statements hold:
(i) Let P C P’ be two sets of nodes with plus loops, and let M C V \ P'. Then Sp/ pr € Spu.
(ii) Let P be a set of nodes with plus loops, and let M C M' CV \ P. Then Spar € Spu.

Proof. Part (i) follows since all principal sub-matrices of a positive semidefinite matrix are positive
semidefinite as well. Indeed, for any R C P, letting R’ := RU (P’ \ P) gives (M UP')\ R =
(M U P)\ R, and the LMI corresponding to P, M, R is a principal submatrix of the LMI
corresponding to P, M, R’.

Now consider Part (ii); without loss of generality, let M’ = M U {k} for some k ¢ M U P. As
before, for any R C P, define Mg := (M UP)\ R and My, := (M'UP)\ R = MrU {k}. Without
loss of generality, let R := {1,---,p} for some p > 0. Then for any J C Mp, we have:

F(TU{1}, MR\ J) 9(1,J, Mg\ J) - f(JU{l,p}, Mr\ J)
f(TULpy, Mr\ J)  f(JU{Lp}, Mr\J) --- g(p, J, Mr \ J)



[F(TU{k}, M\ (JULRY)  f(JU{Lk} MR\ (JU{K}) - f(JU{p,k}, Mp\ (JUK))

FTU{LEL M\ (JUK))  g(1,J ULk}, MR\ (JU{R}) -+ f(JU{Lp Kk}, M\ (JUK))
_|_

Lf(JU{p.k}, M\ (JUK))  f(JU{L,p,k}, M\ (JUK)) - g(p,JU{k}, Mz \ (JU{k}))
[ (L MR\ J) fIU{IL, MR\T) - f(JU{p}, MR\ J)
fFTU{1}, M\ J) g9(1,J, Mg \ J) o J(JU{Lp}, MR\ J)

LF(JU{ph, MR\ J)  f(JU{Lp}, Mg\ J) - g(p, J, Mg\ J)
Using @D and to linearize the polynomial factors, we obtain:

T 0, MR\ J) JU{1}, Mr\J) - JU{p}, Mr\J)
(JU{1Y, Ma\J)  p(1,J,Mg\J) - LJU{Lp}, Mg\ J)

(T U{p}, Mr\J) €(JU{L,p}, Mr\J) - p(p,J, Mg\ J)
(T U{k}, M\ (JU{K}Y) L(JU{Lk} MR\ (JULK}) -+ L(JU{p,k}, Mp\ (JUK))

(T U{L Kk} MR\ (JUK))  p(L JU{k}, MR\ (JU{R}Y) -+ &(JU{L,p,k}, M\ (JUK))
+

Le(JU{p, k}, MR\ (JUK)) £(JU{L,pk}, M\ (JUK)) - p(p, JU{k}, Mg\ (JU{k}))
[ A(J, MR\ J) QJU{1}, Mg\J) -+ L(JU{p}, Mg\ J)
K(‘]U{l}vM}/%\J) p(lv‘]:MI/%\J) K(JU{LP}:M}/%\J)

L(JU{p}, MR\ J) £(JU{L,p}, Mp\J) - p(p, J, Mg\ J)

It then follows that the LMI for some J C Mp is implied by two LMIs of the form , one
for J € My, and one for J U {k} C My, Therefore, the statement of Part (ii) follows. O

For a given choice of P, M, system consists of at most (@ + 1)2|M‘+‘P| variables, 21MI+1P
linear inequalities, and 2/ (3!P1—2IP1) LMIs. Moreover, each LMI in has order |R|+1 < |P|+1.
The extended variables in this formulation are zg for all S C M U P such that |S| > 2 and S ¢ E,
and 27 for all J C M U P\ {i} and for all i € P. Therefore, to obtain a polynomial-size SDP
relaxation, it suffices to choose

[M] € O(logy([V])) and | P| € O(logs(|V]))-

This mirrors the situation in the RLT hierarchy, where lower-level inequalities are implied by
higher-level ones and the level-d LP relaxation contains 2¢ variables and inequalities. Therefore the
proposed relaxation is particularly effective for sparse quadratic programs for which the relevant
sets P and M remain small.

2.3 Comparison with existing relaxations

In this section, we compare the strength of the proposed SDP relaxations with several existing SOC
and SDP relaxations for box-constrained quadratic programs. We first examine the connections



between our SDP relaxation and the SOC relaxation introduced in [22]. In the following, we briefly
recall the relaxation of [22]. Let G = (V, E, L) be a graph and consider a node i € V' with a plus
loop and let

N(i) :={j e V\{i} : {i,j} € E}

denote the neighborhood of i. Let M C N (i) and define M := M U {i}. Proposition 5 of [22] gives
the following SOC-representable relaxation for QP(G):

(e U}, M\ )
DY M\

(15)
JCM

0(J, M\ J)>0, VJCDM. (16)

The next proposition shows that the relaxation f can be obtained as the special case with
|P| =1 of our proposed SDP relaxation.

Proposition 2. Let G = (V,E,L) be a graph, let {i,i} € LT, and let M C N(i). Consider the
SDP relaxation with P = {i}. After projecting out the variables 22 with O # S C M, the

resulting formulatzon is given by (|15) . .

Proof. Without loss of generality, let ¢ = 1. Since P = {1}, system consists of the constraints
corresponding to R =) and R = {1}. For R = (), we have Mr = M U {1}, and reduces to

7

0(J,MU{1}\ J) >0, VJ C M U{l}, (17)
which coincides with (16]). For R = {1}, we have Mp = M, and reduces to

O, MNJT) LT UL M\ )

Uiy, M\g)  p g\ | =0 WEM (18)

By Observation inequalities imply £(J, M\ J) > 0, for all J C M. Therefore, constraints
can be equivalently written as

(e(Ju {1}, M\ 7))
0T, M\ J)

p(1,J, M\ J) > . YJCM, (19)

where we define 0/0 := 0. We next prove that by projecting out variables zfl, for all nonempty
S C M, from system , we obtain

211 > Z

which coincides with . To see this, we first prove that inequality is implied by inequali-
ties . From it follows that

Z p(l,J,M\ Z Z |t\ JUt

JCM JCM t:tCM\J

Z Z 1)IsI=118

JCM SCM: SDJ

=3 25 S (s

SCM JCS

(e(Ju{1}, M\J))
J, M\ J) '

(20)
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= Z11-

Recall that by definition z?l = z11. Therefore, summing inequalities over all J C M yields .
To complete the proof, we show that for any z satisfying , we can find zﬁ, 0#SC M,
such that is satisfied. For notational simplicity, for each J C M, denote by w; the right-hand

side of . For any z satisfying , let

= u;,  VSCM: S#£0 (21)
JDS

Substituting in , we obtain

p(1,J, M\ J) = Z 1)IS1=H13)
CM:S2J
2 Z 1SS e
SDJ KDS

(—1)/SI-11

CSCK

I
z ”M‘

where the inequality follows from — and z?l = z11. Moreover, the last equality follows since

K[| .
NSV K[ =11\, vk g gkl L K =1,
Sgs:g(( 1) kZO < . )( k= (1-1) 0 K

Therefore, inequalities are satisfied. Hence, after projecting out the variables zfl, h+£SCM,

system is exactly f. O

As an immediate consequence of Proposition [I] and Proposition [2} we deduce that the proposed
SDP relaxation with |P| > 1 dominates the relaxation of [22].

Corollary 1. Let P be a set of nodes with plus loops and let M C V' \ P. For each i € P, define
P :={i} and M; := N(i)N(PUM). Then

Spm C ﬂ SpM;,
i€P
where, by Proposition@ each Sp, v, coincides, with the SOC relazation of [22] associated with node
i and the set M;.

Proof. Fix i € P and define P; := {i} U (PN N(7)) and M; := M N N(i). By Proposition
Spv € Spai, € Sp,ar,- Moreover, M; = M; U (B \ {i}). Starting from the pair (P;, M;) and
successively moving the nodes of P; \ {i} from the second set to the first yields Sp, yz. € Sp, u;-

Hence, Spar € Sp, v, Since this holds for every ¢ € P, the stated inclusion follows. O

We emphasize that Corollary [1| establishes weak dominance only; it does not imply that the
containment is strict. However, Examples [2| and |3| below show that the containment can indeed be
strict. Finally, it is important to contrast the derivation of the two formulations. The relaxation
of [22] is derived separately for each plus-loop node i. Using the identity

Yo II= II a-2) =1,

JCM jeJ  jeM\J

11



the proof of Proposition 5 in [22] writes

Z=> #[s I a-2)

JCM  jeJ  jeM\J

_ Z (Zl HjEJ Zj HjEM\J(l - Zj)>2.

JCM HjeJ Zj HjeM\J(l )

The numerator and denominator of each quadratic-over-linear term are then linearized using aux-
iliary variables, and the inequality z; > zi2 yields ([15)). This derivation is tailored to a single node
with a plus loop. Indeed, this particular derivation does not provide a mechanism or even any in-
sight to simultaneously incorporate several plus-loop variables. In contrast, our construction starts
from a positive semidefinite matrix associated with an arbitrary set R C P of plus-loop nodes,
multiplies this matrix by nonnegative RLT polynomial factors of the form f(J, Mr\ J), J C Mg,
and linearizes the resulting polynomial matrix inequalities. In this sense, the proposed construction
can be viewed as a natural matrix-valued generalization of the RLT framework for box-constrained
quadratic programs. Moreover, the construction is systematic and applies without modification to

sets P of arbitrary cardinality.

Next, we compare our proposed relaxation with the popular SDP relaxations introduced in Sec-
tion |1} namely, CTSLDPJFMC defined by and CSDP+MC+Tri defined by . As we detailed above,
n [22], the authors consider the special case with |P| = 1; they prove that if |[M| = 1, then the
proposed convex relaxation is implied by C,SZDP‘FMC , while if |[M] > 1, then the proposed relax-
ation is not implied by CTSLDP“\/ICJFTKi . The following proposition provides a complete comparison
between our SDP relaxation and the existing ones.

Proposition 3. Consider a graph G = (V, E,L). Let P C'V be a nonempty set of nodes with plus
loops, and let M C V' \ P. Suppose that:

(i) the subgraph of G induced by P is connected;
(ii) every node in M is adjacent to at least one node in P.

Define p :=|P| and m := |M|. Then the following statements hold:

1. if p+m < 2, then Sp is implied by CEDH'MC defined by ;
2. if p+m >3, then Spr is not implied by CSPTTMEHT gefined by ().

Proof. Part 1 follows from theorem 2 of [6] stating that QP,, = CSPPTMC for n = 2. Now consider
part 2. We claim that there exist three nodes 4,5,k € P U M such that ¢ € P, {i,j} € E and
{i,k} € E. If p =1, then m > 2, and by assumption (ii) every node in M is adjacent to node
i€ P. If p>2and m > 1, choose any £k € M and let i € P be a node adjacent to k. By
assumption (i) and the fact that p > 2, node i has a neighbor j € P, and again we have {i,j} € E
and {i,k} € E. Finally, if m = 0, then p > 3. Since the subgraph of G induced by P is connected
and has at least three nodes, it contains a node ¢ having at least two neighbors j, k € P.

Now fix 4, 7, k such that {i,j} € E and {i,k} € E. Let Py = {i}, My = {j, k}. In Proposition 7
of [22], the authors proved that Sp, s, is not implied by the relaxation CSPP+MEHTr e then
have the following cases:

e p=1,m > 2: in this case P = Py and My C M. Hence, by Part (ii) of Proposition
Spr C Spy.y, and therefore Spyy is not implied by CHPP+MC+Tri,

12



e p>2,m>1:let P, = PyU{j} and My = Mo\{j} = {k}. From the definition of relaxation (L3),
it follows that Sp, v, € Spy m,- Since Py C P and M; C M, parts (i) and (ii) of Proposition
imply Spar € Spar, € Spy - Hence, Spar € Spy i, and therefore Sp s is not implied by
CSDP+MO+TH

ep >3m=0:let P, = PpU{j,k} and M; = My \ {j,k} = 0. From the definition of
relaxation , it follows that Sp, v, € Spy,m,- Since P C P, part (i) of Propositionimplies
Spy C Sp, 9. Hence, Spy C Spy uy, and therefore Spy is not implied by C5PP+MC+Tr,

The proof of Part (ii) then follows from the three cases above. O

2.4 Examples

The following examples illustrate the application and strength of the proposed SDP relaxations for
box-constrained quadratic programs. In particular, in Examples |2 and |3} we compare the strength
of our relaxation with the SOC relaxation of [22] and the popular SDP relaxation C5PP+MC+Tr
defined by . In these examples, given a graph G = (V, E, L) for notational simplicity, instead of
2{ij..k} for some {ij---k} CV, we write 2;...x.

Example 1. Consider the graph G = (V, E, L) with V = {1,2}, E = {{1,2}}, and L = Lt =
{{1,1},{2,2}}. In this case, we have P = V and M = () and the proposed SDP relaxation for
QP(G) is given by:

1 21 zZ9
z1 211 z12| =0
Zo 212 %92

(20 212 1—20 21— 212
>0, =0
Z12 Zif}] B [21 — 212 211 — Zl{%}] (22)

21 212 1—21 29— 212
mwm| =0, m| =0
212 299 29 T 212 222 T Z99

21220, 21 — 21220, 29 —2122>0, 1 — 21 — 29+ 212 > 0.

We will prove in the next section that, as a direct consequence of the work by Anstreicher and
Burer [6], the above relaxation is tight; i.e., it is an extended formulation for QP(G) (see Lemma [4)).

Notice that this formulation contains two extra variables zi{%}, zé{;} .o

Example 2. Consider the graph G = (V,E,L) with V = {1,2,3}, £ = {{1,2},{1,3},{2,3}},
LT ={{1,1},{2,2}}, and L~ = {{3,3}}. In this case, we have P = {1,2} and M = {3}, and the
proposed SDP relaxation for QP(G) is given by:

Z3 213 293 1—23 21— 213 29 — 293
{3} =0, |21 — L - =0
213 2710 z123| =0, |21 — 213 211 — 277 212 — 2123 | =
3 3
| 223 2123 2;(2} 29 — 293 212 — 2123 222 — Zég}
223 2123 29 — %23 Z12 — 2123 Z3 — %23 213 — 2123
(231 = 0, 2y 3| =0 3y 23| =0
2123?11 212 — 2123 211 T *11 213 — 2123 211 T 211

1— 29 — 23+ 203 Z1 — Z12 — 213 + 2123
>0,

{2} {3} {2,3}
21 — 212 — 213 + 2123 211 — 211 — 211+ 21
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213 2123 Z1 — 213 212 — %123 Z3 — 213 2923 — %123
[ {13}] = 0, [ 1} 2{1,3}] =0, [ By (3] =0,
22

2123 %99 12 — R123 29y — 223 T R123  R9o" T %9
1— 21 — 23+ 213 Zo — 212 — %23 + 2123 0
{1} {3} {130 =%
29 — 212 — 223 + 2123 222 — 29y’ — Zgy + 29y

2123 2 0, 212 — 2123 > 0, 213 — 2123 > 0,203 — 2123 > 0,21 — 212 — 213 + 2123 = 0
2o — 212 — 223 + 2123 > 0,23 — 213 — 223 + 2123 > 0,1 — 21 — 20 — 23 + 212 + 213 + 223 — 2123 > 0
Z33 < Z3. (23)

Notice that we have included the inequality z33 < z3 because {3,3} € L~. We will prove in the
next section that the above formulation is tight; i.e., it is an extended formulation for QP(G)
(see Theorem . To demonstrate the strength of the proposed relaxation compared to existing
techniques, let us consider an instance of Problem (QP)) with n = 3, defined by
5849 5767
qu1 = 5080, q12 = ———, @13 = ——, @22 =5, @23 = —912, gs3 = —40,
c1 = —254, co = 1824, ¢35 = 37.

Utilizing the above relaxation, we find that the optimal solution of Problem (QP)) is given by

6103
~ 10160’

and its optimal value is —4.0024. If instead we use CSPP+MC+Tr to convexify the problem,
the optimal value of the resulting SDP is —177.36; that is, we obtain a very weak lower bound.
Alternatively, we can use the relaxation proposed in [22], which for this example, by Proposition
can be equivalently written as

I xTo = 1.0, r3 = 0.0,

233 < 23
223 2123 Z2 — 223 212 — %123 23 — 223 213 — %123
2 =0 2 2 =0 2 =0
{2,3} ) {2} {2,3} ) {3} {2,3} ’
2123 211 212 — 2123 211 T *11 213 — 2123 211 T *11

1— 29 — 23+ 293 Z1 — Z12 — 213 + 2123

20, e

>0,
Z1 — 212 — 213 + 2123 211 — 211 — ?11

213 2123 Z1 — 213 Z12 — 2123 23 — 213 %23 — 2123
(33| = 0, 1 3| =0 3y 3| =0
2123 299 212 T 2123 R99° T 299 223 T 2123 299 T 299
1—21— 23+ 213 29 — Z12 — Z23 + 2123 o
@y, | =0
Z9 — 212 — 223 + 2123 222 — Z99" — 299 F 299

2123 2 0, 212 — 2123 = 0, 213 — 2123 = 0,223 — 2123 > 0,21 — 212 — 213 + 2123 = 0

29 — 212 — 223 + 2123 > 0,23 — 213 — 223 + 2123 > 0,1 — 21 — 29 — 23 + 212 + 213 + 223 — 2123 > 0.

The optimal value of the above relaxation is given by —4.53. This example demonstrates that the
containment established in Corollary [I] can be strict. This relaxation can be further strengthened
by adding the LMI:
1 Z1 z9 z3
21 211 %212 %13
Z2 Z12 %22 %23
Z3 %13 %23 %33

= 0. (24)
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The optimal value of the resulting SDP is —4.32. Therefore, while for this example, incorporating
the inequalities proposed in [22] leads to a significantly stronger relaxation than the popular re-
laxation , it still exhibits an 8% relative gap. However, our SDP relaxation solves this problem
exactly. ¢

Example 3. Consider the graph G = (V, E, L) with V = {1,2,3}, E = {{1,2},{1,3},{2,3}}, and
L =1L"={{1,1},{2,2},{3,3}}. In this case, we have P = V, M = (), and the proposed SDP
relaxation for QP(G) is given by:

1 Z1 Z9 z3
21 %11 ~12 <13 =0

2k Zik  Zjk 1— 2z Zi — Zik 2j — Zjk
Zik zi{i} Zijk | =0, |2 — zik Zz'i—Zz{i} Zij —zijk | =0, Vi, ke {1,2,3} i <j,i#k, jF#k
{k} , g g {k}
| Zjk  Zijk % Zj T Ak Zij T Zijk Zjj T 2

>

z Zijk Zj — Zjk Zij — Zijk 2k — Zjk Zik — Zijk
j i J j j J j j
R 7738 Rt USSR ') SR 3 il (O B 13 SR 3 8 el U8
Rijk i Zij = Rijk % Zii Rik — Zijk %y Zii
1—Zj—Zk+ij Zi — Zij — Zik + Zijk
{5} {k} {4k}
z —Zzy 0tz

i

=0, Vi,jkef{l,2,3} 1 j<k i#j itk
% — Zij — Zik t Zigk Zi o~
2123 2 0, 212 — 2123 > 0, 213 — 2123 > 0,293 — 2123 > 0,21 — 212 — 213 + 2123 > 0

29 — 212 — 223 + 2123 > 0,23 — 213 — 223 + 2123 > 0,1 — 21 — 20 — 23 + 212 + 213 + 223 — 2123 > O,

where we define zj; := z;; for 1 < i < j < 3 and z;j, = 2123, for all ¢« # j # k € {1,2,3}.
To demonstrate the strength of the proposed relaxation compared to existing techniques, let us
consider an instance of Problem (QP]) with n = 3, defined by

4923
q11 = 8, qi12 = 1366, q13 = = 11, go3 = —2980, ¢33 = 3500,

Cc1 = 2, Cy = 140, Cc3 = 4523.

For this example, the above formulation turns out to be tight and the optimal solution is given by

r1=1, 20 =0, 3= —,

1 y T2 3% 35
with the optimal value —1—70 ~ —1.43. If instead we use C5PP+MC+T to convexify the problem,
we obtain a lower bound of —173.93, which as in the previous example is very weak. Alterna-
tively, we can use the relaxation proposed in [22], which for this example by Proposition [2, can be
equivalently written as

Zjk  Zijk Zj — Zjk Zij — Zijk Zk — Zjk Zik — Zijk
j ij J j j J j j
713 Y N IS ) SR v % = UR I 1 S 8 Jpal U
Rijk i Rij = Rijk % Zii Rik — Zijk Ry Zii
ll—zj—zk—l-zjk zi—zij—zik—l—zijk
z

) N (1

=0, Vi, kef{l1,2,3}:j<k, itj ik
i T Zig — Zik t Zijk i %

2123 2 0, 212 — 2123 > 0, 213 — 2123 > 0,293 — 2123 > 0,21 — 212 — 213 + 2123 > 0
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zg — 212 — 223 + 2123 2> 0,23 — 213 — 223 + 2123 > 0,1 — 21 — 22 — 23 + 212 + 213 + 223 — 2123 > O,

Utilizing the above relaxation, we obtain a lower bound of —2.93. This example demonstrates that
the containment established in Corollary [I] can be strict. We can further strengthen the above
relaxation by adding LMI to it. The resulting SDP yields a lower bound of —2.23. If in
addition we add the upper bounds z;; < z; for i € {1,2, 3}, then we obtain a lower bound of —2.06.
Therefore, the strongest existing relaxation for this example results in about 44% gap, whereas our
proposed relaxation is tight. ¢

3 Exactness and SDP-representability

In this section, we examine the exactness of the SDP relaxations introduced in Section [2] and obtain
sufficient conditions under which QP(G) is SDP-representable. Denote by V., ¢ € C the connected
components of the subgraph of G induced by the nodes with plus loops. Building on the results
from [22], we first present a scheme to decompose QP(G). We then prove that if |[V.| < 2 for all
¢ € C, then the proposed SDP relaxation applied to certain subgraphs of G determined by the
decomposition scheme, together with a formulation for a related multilinear polytope [15], yield an
extended formulation for QP(G). Finally, we show that an extended formulation for QP, can be
used to obtain an extended formulation for QP(G) whenever |V;| < p for all ¢ € C. Applying this
construction to the known SDP extended formulation for QP5 [6], we deduce that if |V| < 3 for all
¢ € C, then QP(G) is SDP-representable. We should remark that the last result is merely a SDP
representability result and does not assert exactness of proposed SDP relaxations in this paper.

3.1 A decomposition scheme for QP(G)

In this section, we show that to obtain an extended formulation for QP(G), one can first decompose
this set into simpler subsets. To apply the decomposition, we need to introduce some auxiliary
variables that represent products of more than two original variables. To represent the resulting
sets, we make use of hypergraphs. Recall that a hypergraph G is a pair (V| E), where V is a finite
set of nodes and E is a set of subsets of V' of cardinality at least two, called the edges of G. In this
paper, we consider hypergraphs with loops; i.e., G = (V, E, L), where V| E are the same as those of
ordinary hypergraphs and L denotes the set of loops of G. As for graphs with loops, we partition
the loop set of hypergraphs as L = L~ U L™, where L~ and L™ denote the sets of minus loops
and plus loops of G, respectively. With any hypergraph G = (V, E, L), we associate the convex set
PP(G) defined as

PP(G) := conv {z e RVVEVL . 5 > 22 Wi,iy € LT, 2y < 22, V{i,i} € L™, 2. = Hzi, Ve € FE,
i€e

5e0,1], Vie V}. (25)

In the special case where G is a graph, PP(G) simplifies to QP(G). Moreover, if the hypergraph G
does not have any loops, then PP(G) coincides with the well-studied multilinear polytope MP(G)
in the context of binary polynomial optimization [I5] 16l [I8]. In the next three lemmata, we review
some basic properties of PP(G) that we will later use to prove our results. Let G = (V, E, L) be a
graph and let G’ = (V, E’, L) be a hypergraph such that E C E’. The next lemma indicates that a
formulation for PP(G’) serves as an extended formulation for QP(G).

Lemma 1 (lemma 4 in [22]). Consider two hypergraphs G1 = (V, E1, L) and Gy = (V, Ea, L) such
that By C Ey. Then a formulation for PP(G3) is an extended formulation for PP(G1).
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The next result implies that, to construct QP(G), one can essentially ignore the minus loops.

Lemma 2 (lemma 5 in [22]). Consider a hypergraph G = (V, E, L), where L = L~ U L. Define
G' = (V,E,L"). Then an extended formulation for PP(G) is obtained by adding the following
linear inequalities:

2ii < 2, 25 € [0, 1], \V/{Z,Z} e L, (26)

to an extended formulation for PP(G').

We say that a hypergraph G = (V, E, L) is a complete hypergraph if E contains all subsets
of V of cardinality at least two. Given a hypergraph G = (V,E,L), and V' C V, the section
hypergraph of G induced by V' is the hypergraph G' = (V', E’, L), where E' = {e € E : e C V'}
and L' = {{i,i} € L :i € V'}. Moreover, if a loop is a plus (resp. minus) loop in G, it is also a plus
(resp. minus) loop in G’. Given hypergraphs G; = (Vi, E1, L1) and Go = (Va, E2, Lo), we denote
by G1 N Gy the hypergraph (V1 NVa, By N E2, L1 N Lg), and we denote by G1 U G the hypergraph
(ViUVa, By U Es, L1 U Ly). In the following, we consider a hypergraph G, and two distinct section
hypergraphs of G, denoted by G; and Ga, such that G; U G2 = G. Given a vector z € PP(G), we
denote by 2 the subvector of z containing the components of z corresponding to nodes and edges
in G1NGoq; for i = 1,2, we denote by z¢ be the vector containing the components of z corresponding
to nodes and edges in G; \ (G1 N G2). Using these definitions, we can now write, up to reordering
variables, z = (2!, 2", 2%). We say that PP(G) is decomposable into PP(G1) and PP(G3) if the
system comprising the description of PP(G1) and the description of PP(G2) is the description of
PP(G); i.e.,

(z1,27) € PP(Gy), (27,2?) e PP(Gy) < (24,27, 2%) e PP(G).

The next proposition provides a sufficient condition for the decomposability of PP(G). This result
is a consequence of theorem 1 in [17] regarding the decomposability of the multilinear polytope.

Lemma 3 (corollary 1 in [22]). Let G = (V, E, L) be a hypergraph. Let G1,G2 be section hypergraphs
of G such that G1 U Ga = G and Gy N Gy is a complete hypergraph. Suppose that the hypergraph
G1 N Gy has no plus loops. Then, PP(G) is decomposable into PP(G1) and PP(Gs).

Now consider a graph G = (V, E, L). In the remainder of the paper, for any S C V, we denote
by Gg the subgraph of G induced by S. Moreover, define the neighborhood of S as:

Ng(S) :={ieV\S:{ij} € E, for some j € S}. (27)

By Lemma 2| if G has no plus loops, then QP(G) is a polyhedron. Henceforth, suppose that
LT # () and we denote by VT the set of nodes with plus loops. Denote by V., ¢ € C the connected
components of Gy,+. The next result indicates that there exists an extended formulation for QP(G)
whose structure depends on the “size” of the connected components V., ¢ € C. In the following,
by putting together formulations for a collection of sets, we mean imposing all constraints from the
respective formulations simultaneously, using the same variables for coordinates that are common
to more than one formulation.

Proposition 4. Let G = (V,E, L) be a graph and denote by V't the set of nodes with plus loops.
Denote by V., ¢ € C the connected components of Gy+. Define the hypergraph G' = (V,E', L),
where
E:=EU|J{eCN(.):e| >2}.
ceC
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For each ¢ € C, denote by G.. the section hypergraph of G' induced by V. U N(V.), and denote by
G|, the section hypergraph of G' induced by V \ V. Then QP(G) admits an extended formulation
obtained by putting together formulations for PP(GL), ¢ € C U{0}.

Proof. Since E C FE’, by Lemma (1} a formulation for PP(G’) serves as an extended formulation
for QP(G). Hence, it suffices to prove that PP(G’) admits an extended formulation obtained by
putting together formulations for PP(GL), ¢ € C U {0}.

First, notice that N(V,)NV*+ = (), for all ¢ € C. Indeed, if a node in N(V.) had a plus loop, then
it would be adjacent to a node in V. and hence would belong to the same connected component of
Gy+ as V.. Consequently, all edges in £’ \ E contain only nodes in V\ V. If C = (), then V* = ()
and, by definition, Gf, = G’. Hence the statement follows. Suppose therefore that C # (). Consider
a connected component Vz for some ¢ € C. Denote by H the section hypergraph of G’ induced
by V'\ Vz. Recall that G% is the section hypergraph of G’ induced by Vz U N(Vz). We claim that
G' = GLUH. To see this, consider an edge e € E'. If eNV; = (), then e is an edge of H. Otherwise,
e must belong to F, since every edge in E’ \ E is contained in V' \ V*. Since G is a graph, in this
case e = {u,v} for some u € Vz. If v ¢ Vz, then by definition v € N(Vz). Hence e C VzU N(V;),
and therefore e is an edge of G%. The same conclusion is immediate if both endpoints of e belong
to Vz. Thus every edge of G’ belongs to G% or H, proving the claim. Moreover, G:N H = G?V(Vg)'
By the definition of E’, every subset e C N(V;) with |e| > 2 is an edge of G’. Hence G;N H is a
complete hypergraph with node set N(Vz). Furthermore, as observed above, N(Vz) N VT = (), and
therefore G; N H has no plus loops. Thus all assumptions of Lemma are satisfied, and PP(G’) is
decomposable into PP(G%) and PP(H).

We now apply the same argument to H. Consider any ¢ € C\ {¢}. Since Vz and V; are distinct
connected components of Gy +, no node in V;z is adjacent to a node in Vz. Hence N(Vz) NVz = 0.
It follows that G% is a section hypergraph of H. Let K be the section hypergraph of H induced
by V'\ (VzUVz). Exactly as above, we have H = G,UK, and G: N K = G’N(Va). The latter is a
complete hypergraph with node set N(Vz) and has no plus loops. Therefore, by Lemma PP(H)
is decomposable into PP(G%) and PP(K).

Repeating this argument for every connected component V., ¢ € C, we obtain a decomposition
of PP(G') into the sets PP(GL), ¢ € C, together with the section hypergraph remaining after all
nodes in V't have been removed. By definition, this remaining hypergraph is G{. Hence PP(G’) is
obtained by putting together formulations for PP(GY.) for all ¢ € C U {0}. O

Proposition 4| reduces the construction of an extended formulation for QP(G) to constructing
formulations for the sets PP(GY), ¢ € CU{0}. Notice that G{, has no plus loops, while for each ¢ € C,
the hypergraph G, has exactly |V.| plus loops. By Lemma to characterize PP(Gj), it suffices to
characterize the multilinear polytope MP(GY{), a polytope that has been extensively studied in the
literature [15), [16] 19, 20]. Therefore, it remains to understand the structure of the sets PP(GY),
c € C. In the next section, we use this decomposition result to establish exactness of the proposed
SDP relaxation when |V.| < 2 for all ¢ € C.

3.2 Exactness of the proposed SDP relaxation

In this section we obtain a sufficient condition under which the SDP relaxations introduced in
Section [2| provide an extended formulation for QP(G). To this end, by Proposition 4| and Lemma
it suffices to characterize the set PP(G), where G is a complete hypergraph with p plus loops. As
we detail next, the cases with p € {0, 1} has already been settled in the literature. In this section,
we settle the case with p = 2.
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First, let p = 0; by Lemma [2| to characterize PP(G), it suffices to characterize the multilinear
polytope MP(G), and the latter can be obtained using the RLT framework.

Theorem 2 (J40]). Let G = (V, E) be a complete hypergraph with n nodes. Then the multilinear
polytope MP(G) is given by level-n RLT inequalities; namely,

ULVNJ) >0, YICV, (28)
where ((J,V \ J) is defined by (9).

Next, let p = 1. In this case, the authors of [22] obtain a SOC-representable formulation for
PP(G).

Theorem 3 (theorem 1 in [22]). Let G = (V, E, L) be a complete hypergraph with n nodes. Suppose
that L = Lt = {{j,j}} for some j € V. Then PP(QG) is given by:

(60, V\ )2
3 = JQVZB o TTVGEVAD) (29)

0, V\J)>0, VJICV.

In this section, we consider the case where the complete hypergraph G has two plus loops
and obtain an SDP-representable extended formulation for PP(G). Recall that a set is SDP-
representable if it is the projection of a higher-dimensional set defined by LMIs.

Theorem 4. Let G = (V,E, L) be a complete hypergraph and L = LT = {{i,i},{j,7}} for some
i # j € V. Consider the conver set PP(G) defined by . Then an extended formulation for
PP(G) with |V|+ |E| — 1 additional variables is given by:
LIV (J Ui 4)) (J Ui, VA (JUudeg})  LJU{iL VA (JUdig))
(JUd{i}, VA (JU{ig}) p(i, VA (J U{i, j})) LTV, 1V (UL h) | =0, VI SV \{i,j}
(JU{Gh VAN Udig}) LT udi bV (JUdi,f)) p(, L,V (J UL j}))

(30)
[ Z(JJ'/\ (JU{i}))' Z(JL'J {ih, VA (J U.{i}))] >0, ¥J C V\ {i} (31)
(JUih, VA (JUdid)  p(, L,V (JU{i}))
[ (VA (JU{j}) €(JU{J‘}7V\(JU{J‘}))} =0, VI CV\ {5} (32)
(JUGHVAN UG pGAVANGUEY) | B
W V\J)>0, YICV. (33)

To prove Theorem [4] we first show that if G consists of two adjacent nodes with plus loops, then
the proposed SDP relaxation is an extended formulation for QP(G). This result is a consequence
of the following well-known result of Burer and Anstreicher [6]:

Proposition 5 (theorem 2 in [6]). Consider the set
C= {(21,22,31172127222) L211 = 21, 212 = 2129, 222 = 23, 21,22 € [0, 1]2}- (34)

Then the convex hull of C is defined by the following inequalities:

1 21 zZ9
21 z11 z12| =0
29 212 222

211 < 21, 222 < 29

21220, 21 —212 20, 22 =212 >0, 1 — 21 — 22 + 212 > 0.
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We then have the following result:

Lemma 4. Consider the graph G = (V,E,L) with V. = {1,2}, E = {{1,2}}, and L = LT =
{{1,1},{2,2}}. Then QP(G) is defined by the following inequalities:

1 z1 2
Z1 k11 R12 E 0 (35)
22 Z12 222
2 2 2 2
z 21 — %12 z zZ9 — 212
Z112£+¥, anﬁ_’_g (36)
Z9 1-— Z9 21 1-— Z1
21220, 21 — 21220, 22— 21220, 1 — 21 — 22+ 212 > 0. (37)

Proof. Define the sets
) 2 _ 2 2
Ci = {(21, 22, 211, 212, 222) : 211 > 27, 212 = 2122, 222 > 23, 21,22 € [0,1]},

and
Coo := {(21, 22, 211, 212, 222) : 21 = 22 = 212 = 0,211 > 0, 292 > 0}.

We then have that Cy = CBC, where the set C is defined by and @ denotes the Minkowski sum
of sets. This, in turn, implies that QP(G) = conv(C4) = conv(Cx) @ conv(C). From Proposition
it follows that:

1 Z1 Z92
QP(G) = {(21322,211 +a,z12, 200+ 8) 1 |21 211 ziz| = 0,211 < 21, 202 < 29, 212 > 0, 29 — 212 > 0,
Zo 212 222

z1 — 212 > 0, 1—21—22—1—21220,&20,520}.

Defining 2}, = z11 + @, 2by = 229 + 8, rewriting the positive semidefiniteness condition in terms
of the nonnegativity of the principal minors and using Lemma 2 in [14] to remove the redundant
principal minor inequality, we conclude that QP(G) is obtained by projecting out variables o and
B from the following system:

21220, 21 =212 20, 22 —212 20, 1 =21 — 22+ 212 20
e, B2
(z11 — @ = 2])(zhy = B — 2) = (212 — 2122)°
o<, 2y < 2
a>0,8>0.
Notice that the inequalities in the first line of the above system coincide with McCormick in-
equalities (37). To project out «, 8 from the remaining inequalities, first, consider the inequalities
containing a:
2 —a> z%
2 2 2
(211 —a = 27) (259 — B — 23) > (212 — 2122)
2y —a<z
a > 0.
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Projecting out « from and yields 27 < 21, which is implied by the McCormick inequali-

ties . Projecting out a from and we get
21 > 22 (42)
Projecting out « from and gives
(21 — Z%)(ZQQ -B- Zg) > (212 — 2122)27
while projecting out « from and gives
(211 = 21)(2hp = B = 23) = (212 — 2122)".

Next, consider the remaining inequalities containing [3:

Zhy — B> 25 (43)
259 — B < 29 (44)
(21 — 27)(2hy — B — 23) > (212 — 2122)° (45)
(211 — 21) (2 — B — 25) > (212 — 2122)° (46)
8> 0. (47)

Projecting out 8 from and yields 25 < z9, which is implied by inequalities . Projecting
out 3 from and yields

2ho > 23 (48)
Projecting out 5 from and yields:
(21 — 22) (2 — 23) > (212 — 2122)°. (49)

We now show that inequality is implied by the McCormick inequalities (37)). First, suppose
that z12 — 2129 > 0. In this case, by z19 < 21, we have z12 — 2120 < 21(1 — 22), while by 219 < 29,
we have z12 — 2122 < z9(1 — z1). Multiplying the two inequalities and using zj2 — 2122 > 0, we
obtain . Next, suppose that z12 — 2129 < 0. In this case, by 212 > 21 + 29 — 1, we have
2120 — 212 < 2129 — 21 — 29 + 1, while by 212 > 0, we have z129 — z19 < 2129. Multiplying these two
inequalities and using 2129 — 212 > 0, we obtain .

Projecting out 8 from and yields (2] — 23) (22 — 23) > (212 — 2122)?. It can be checked
that, this inequality can be equivalently written as the first inequality in . Projecting out
from and gives (21 — 22)(2hy — 23) > (212 — 2122)?. Again, it can be checked that, this
inequality can be equivalently written as the second inequality in . Finally, projecting out

from and , we obtain

(211 = 21) (202 — 23) 2 (212 — 2122)" (50)
By Lemma 2 in [I4], the three inequalities , , and are equivalent to LMI . Therefore,
the statement follows. O

Observation 2. It can be checked that, inequalities — can be obtained by projecting
out variables sz},zg} from system (22)). Namely, the proposed SDP relaxation is an extended
formulation for QP(G) in this case. Moreover, notice that inequalities are not redundant. To
see this, consider the point z; = 2o = %, Z11 = %, Z1a = 0, Zoo = 1. It is simple to check that
this point satisfies and .2N0W consider the first inequality in . Substituting Z in this

inequality we obtain: % Z0+ % = %
2
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We make use of the following two lemmata to establish our convex hull characterization.

Lemma 5 (lemma 2 and lemma 3 in [22]). Let G = (V, E, L) be a hypergraph and consider the
convez set PP(G) as defined by (25)). Then:

(i) PP(G) is a closed set.
(ii) The set of extreme points of PP(G) is given by:

ext(PP(@)) = {z c RVVEVL € [0,1),Vi e Vi {i,i} € LT, 2 €{0,1},Vi € V : {i,i} ¢ LT,

zp:Hzi,VpEEUL},

1EP
(iii) The recession cone of PP(G) is given by:
rec(PP(G)) = {z € RVVEVL . 4> 0.V{i,i} € Lt 2 < 0,¥{i,i} € L™, 2, = 0,¥p € V' U E}

Lemma 6. Let C,S% S! be three convex sets such that C = conv(S° U S'). Suppose that S° and
St are extended formulations for S° and S*, respectively. Then C := conv(S°U S1) is an extended
formulation for C.

Proof. Suppose that the sets C,S?, S! lie in the space € R”. Since S° and S' are extended
formulations for S and S!, we can write Sy = proj, Sp and S; = proj, Si, where proj, denotes
the projection onto the x space. We then have:

C = conv((proj, Sp) U (proj, S1))
= conv(proj,(So U S1))
= proj,, conv(Sy U S1)
=proj, C,

where the second equality follows since projection commutes with union, and the third equality
follows since projection commutes with taking the convex hull. O

We are now ready to prove Theorem [4]

Proof of Theorem[] First, observe that system — is obtained from system by defining
P = {i,j} and M := V \ {i,j}. Namely, LMI is obtained by letting R = P, LMI is
obtained by letting R = {i}, LMI is obtained by letting R = {j}, and the RLT inequalities
are obtained by letting R = (). Therefore, system — is a valid convex relaxation for PP(G).
We next prove that this system provides an extended formulation for PP(G).

We prove by induction on the number of nodes in M. In the base case, we have M = (),
implying that V = P = {i,j}. Using the identities £(0,0) = 1, £(i,0) = z;, p(i,0,0) = 2z, it can
be checked that, in this case system - simplifies to system (after replacing V' = {1, 2}
with V' = {i,j}). By Lemma 4] and Observation [2| system is an extended formulation for
PP(G).

Henceforth, let |[M| > 1. Let k € M. Let PP%(G) (resp. PP}(G)) denote the face of PP(G)
defined by z; = 0 (resp. zr = 1). Since by part (i) of Lemma |5, PP(G) is a closed set, by part (ii)
of Lemma [5| at every extreme point of PP(G) we have z; € {0, 1}, and by part (iii) of Lemma [5| at
every extreme direction of PP(G) we have z, = 0, it follows that:

PP(G) = conv(PP’(G) U PP(Q)). (51)
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Let G = (V \ {k}, E, L) be a complete hypergraph, and let L = L* = {{i,i},{j,j}}. Since G is a
complete hypergraph with two plus loops and with one fewer I_10de in M than the hypergraph G,
by the induction hypothesis, an extended formulation for PP(G) is given by:

(VA (JU i, k) (IO}, V(T U{i,5, k) LTU{HL VN (JU{,5,k})
(UL VN (T UG, kY) e LV (JULLGEY) (Ui ah V(Ui k)| =0,
(IO VN (TULE5, kD) (UL VN T ULGGEY)  pG LV (U {64, k}))

vJ C VA {i,j, k}

[ I,V (JU{i, k}) 0JU{i}, V\ (JU{i, k}))
(IO VN (TULLRY)  pG,J VA (JU LKD)

(LVN(TUGEY) e Uu{GhV\ (JU{G kD)
[aJuULV\uu{mm» p(, L,V \ (JU{5,k}))
UV (JU{k})) >0, VJCV\{k}

] =0, VJ CV\{ik}

}zo, VISV (k)

Denote by z the vector consisting of all variables z,, v € V \ {k}, 2. for all e € E, 2 for all
J CV\{ik} and z for all J C V' \ {j,k}, where as before we define zw = z;; and zg)] = zj5. It
then follows that

PPY(G) = {ZERVUEUL 325, J CV\{i},J #0,2],J CV\{j},J # 0 such that 2, = 0,2 =0,

Eag ¥

Vee E:esk,z =0 CV\{i}:J3k, =, —OVJCV\U}JBkzePHGﬁ

PPY(G) = { eRVVEVL .30 g Cc v\ {i}, J# 0,20, J CV\{j},J #0suchthat 2z, = 1,2, = Ze\{k}»

I ]]7

Vec E:e>k,z) —zJ\{k}VJCV\{Z} Jok,z

[t 13

zePHGﬁ.

I\ .
M T CV\ G ok,

’J]

From , Lemma |§|, and the standard disjunctive programming technique [7, 37], it follows that
an extended formulation for PP(G) is given by:

(@53
\)

)\0—|—)\1:1 A >0, A1 >0

zv:z —I—z YveV

ze—z —|—z Vee E

J _ 1,7 .
zii—z +z , VJ C VA {i}

z]J]—zOJ ]1]J7 vJ CVA\{j}

(@3
w

A~ N N N N AN N N
ot ot
(=) =~

— — Y N~ Y~~~ ~—

(@)1
ot

(@)
3

20 =0
2=0,VecE:e2k
T=0,vJCV\{i}:J>k
2 =0, VI CV\{j}: T2k
OV (JU{i,j5,k}) Ul V(T ULig k) O UGV (UG kD)
CTULELVN UL kY) PGSV UL EY) POV UG5 kD) | =0,
ULV UG kD) CTU{LEVN I ULLGEY) 26 LV (JU{6 5 kY))
VJ C V{4, j,k} (61)
TV (JU{i, k})) CTULEL VN (TU{i kD)
CTU{ VN UL kD) e LV (T U {6 k)

S v Ot
S ©

=0, VJ CV\{ik} (62)
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OV (JU{G,kD) CTU{G} VA (JU{G,k})

CTU{LEVNVUGED) 070 L VN (UL k)
OV (JU{k}) >0, VJCV\{k} (64)
i =\ (65)
z;:z;\{k}, Vec E:e>k (66)
zlll‘] = zl-li"]\{k}, VJCVA\{i}: T2k (67)
A =M v cva )Tk (68)
CLV (JU{i,5,k)) CTU{ VN U{igkD) U {THV\(JU {65, k))

CTU{a, VA (JULi g, k}) P! (i, LV (JU {3, 4, k})) CTU{i b VAN (UL kD) | = 0,
CTU{GHE VN U{G5kY) UG VN UGG ED) e 6LV (UL, k))
VJ CVA{i, g, k} (69)

[ GV ULLEY) A IUGLV (U {i’k}))] =0, VJ CV\ {i, k) (70)
AUV ULLRY) o @IV (TUik) | -
[ CELVNIUGED) ATV U, k}))] =0, VJ CV\ {j,k} (71)
CUUELVNTUGA) o GAVANTUGAD) | T -
VN (JULRY) 20, YISV {k}), (72)

where we define

2=\

0 0

OVNTULRD) = Y (DG, v CV\{k}
t:tCV\(JU{k})

P T VNTULLED) = Y (DY v v {6k}

£:tCV\(JU{i,k})

Zé =\

CIVNGULRD) = Y (DM, v C v\ {k}
t:tCV\(JU{k})

P T VN (TULi kD) = Y (=DM vIc v\ ik

t:tCV\ (JU{i,k})

That is, £°(-,-) (resp. £}(-,-)) is obtained from £(-,-) by replacing z, with 20 (resp. z}) for allv € V,
ze with 20 (resp. z}) for all e € E and z, with zg (resp. zé) Similarly, p°(i, -, -) (resp. p'(i,-,-)) is
obtained from p(i, -, -) by replacing z;} with z?i"] (resp. zili’J) for all J C V' \ {i}.

In the remainder of the proof, we project out variables Ao, A\1,2%, z! from the above system

and show that the resulting system coincides with system — . First, from , ,
and it follows that

)\0 =1- 2k )\1 = Zk- (73)

Next, from , , and , we get that:
z;:zg\{k}:ze Vee E:e>k (74)
zg\{k} =Ze\(k} — 2 Ve€E:edk (75)
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Similarly, from , , , , , and it follows that

o = ME iV (i} Tk (76)
d N G MEY T g c v\ {i} TSk (77)
AL A S < AT SV Y (78)
A AL A A AN ) S VY (79)

We use equatlon ) to project out )\0,)\1, equation . ) to project out 2z} for all v € V' \ {k}
and for all z! for all e € E, equat10n ) to project out 20 for all v E V\ {k} and 20 for all
e € E, equation (76]) (resp. equation ) to project out zl o (resp. z]] 7Y for all J C V \ {3, k}
(resp. J C V'\ {j,k}), and we use equation (77) (resp. (79)) to project out Zn'J (resp. Y ) for all
J CV\{i,k} (resp. J CV\{j,k}). By making these substitutions, for any J C V' \ {k}, we get:

OCUVNTUED)) = >0 (D0 = zpopu)

tCV\(JU{K})
=SV (JU{R})) = 6 U{E}L VA (JU{R})
=((J,V\ J) (80)
CUVNGUR) = > (DM
ICV\(JU{K})
=0(JU{E},V \ (J U {k})). (81)

Similarly, for each J C V '\ {i, k}, we get:

P2, LV (JU{i, k})) = Z (_1)|t\(zi/zjut B Ziu{k}ut)

tCV\(JU{ik})
=p(i, J,V\ (JUL{i, k) = p(i, JULEE VA (J UL, k}))
=p(i, J,V\ (JU{i})) (82)
Z (_1)|t\zéu{k}ut
tCV\(JU{i,k})
=p(i, JU{k}, V\ (JU{i, k})). (83)
First, substituting and into and we get RLT inequalities . Next, substitut-
ing and into LMI , we get
S,V (JU i g1) (Jud{i, VA (Ui g)h) LU V(Ui g))
(T VAN ULg) e VAT ULLG) LU b VAUl ) | = 0,V C V{4, j, kb,
(UL VAUl g)) 0l VAN Uligg)  eG LV (JU LG G)

p'(i, LV (J Ui, k}))

(84)
Similarly, substituting (81)) and ( into LMI (|69)), we get
OJULRYL VA (JULi g, k}) (T U{e,kE VA (JULG k) LT UG kL VN (J USG5, k)
(JU{i, kL VAN (JULi g k) p(, JULEE VN (J UGG k) 6T ULa,5,kE VA (UL, 5,k) | = 0,

(JULG kL VA (T UGG k) €U 5, kEVN (JULGLG,EY) - p( J ULk VA (T UGG, k)
VJ CVA{i, g, k} (85)
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The two LMI systems and can be equivalently written as one LMI system given by .
Similarly, substituting and into LMI (62)), we get

[ (LVANTU{i}) LU {i}, VA (T Udi})
(Ui, VA(JULi)  ple LV (JULd})

while substituting and into LMI , we get

[ WTULEY, VN (UL KD) LI UL kYL VA (JU {6 E)))
IO kL V\ (JUTLEY)  pi, JU KNV (JU{i, kD))

The two LMI systems and can be equivalently written as one LMI system given by .
By symmetry, following an identical line of argument, we deduce that by projecting out the extra
variables from LMIs and , we obtain LMIs . Therefore, system — is an extended
formulation for PP(G). Finally, observe that the extra variables in this extended formulation are
27 for all nonempty J C V' \ {i} and zji]j for all nonempty J C V' \ {j}. Since G is a complete
hypergraph, V' U E consists of all nonempty subsets of V. Therefore, we have |V|+ |E| — 1 extra
variables. O

] =0, VJ CV\{ik}, (86)

] =0, VJ CV\{ik} (87)

By Theorem [4 and Lemmal [T} the following result is immediate:

Corollary 2. Let G = (V,E,L) be a graph with L = LT = {{i,i},{4,7}}. Then an extended
formulation for QP(G) is given by inequalities — .

We next show that if the graph G is sparse, thanks to Proposition [ one can obtain a significant
generalization of Corollary [2|

Theorem 5. Let G = (V,E, L) be a graph, let V' denote the set of nodes with plus loops, and
let V., ¢ € C, denote the connected components of Gy+. Suppose that |V.| < 2 for all ¢ € C. For
each c € C, consider system with P =V, and M = N(V.). Then an extended formulation for
QP(Q) is obtained by putting together these formulations, inequalities zi; < z; for all {i,i} € L~
together with any linear extended formulation for MP(Gy), where Gf is the residual hypergraph
in Proposition []) after removing the minus loops,

In particular, QP(G) is SDP-representable and the linear extended formulation of MP(G{) can
be chosen so that the resulting extended formulation has O(2!V1) variables and constraints, and all

its LMIs have order at most three.

Proof. By Lemma [2| it suffices to construct an extended formulation for QP(G) after deleting the
minus loops and then impose z; < z; for all {i,i} € L~. By Proposition |4} it therefore suffices to
construct formulations for PP(G%), ¢ € CU{0}. Fix ¢ € C, and let G, be the complete hypergraph on
the node set V.UN(V.), with plus loops precisely at the nodes in V. If |V,| = 1, then by Theorem
and Proposition [2, system with P = V. and M = N(V_) is an extended formulation for
PP(G,). If |V| = 2, the same conclusion follows from Theorem 4| Since G, is obtained from G.
by deleting edges, Lemma [l| implies that the corresponding system is an extended formulation for
PP(G.). Next, consider Gj; since G{, has no plus loops, after deleting its minus loops, PP(GY})
coincides with the multilinear polytope MP(G)). Consequently, by Proposition {f and Lemma
putting together the above SDP representable formulations with any linear extended formulation
for MP(Gj), and inequalities z; < z; for all {i,i} € L™ gives an extended formulation for QP(G),
which is SDP-representable.

It remains establish an upper bound on the size of this extended formulation. Since N(V.) C
V \ VT and |V.| < 2, the size bound for established in Section [2| implies that each local
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formulation has O(2‘V\V+|) variables and constraints and LMIs of order at most three. By Theo-
rem [2| and Lemma (1} level-|[V \ V| RLT inequalities on the node set V' \ VT define an extended
formulation for MP(G}), with O(2/V\V"1) variables and inequalities. Since |C| < [V*|, we deduce
that the total size of the extended formulation is O((|[V | + 1)2|V\V+‘) = 0(2IV1), where we used

VH 4+1 <2Vl O

It is important to note that extended formulation of Theorem [5| may not be of polynomial size.
In the next section, we obtain a sufficient condition under which QP(G) admits a polynomial-size
SDP-representable formulation that can be constructed in polynomial time.

3.3 Extensions to larger components with plus loops

Theorem [ establishes exactness of the proposed SDP formulation when every connected component
of Gy+ has cardinality at most two. We next show how an extended formulation for QP,, not
necessarily SDP-representable, can be combined with the decomposition scheme of Proposition []
and a disjunctive programming argument to obtain an extended formulation for QP(G) whenever
Vo] < pforall ceC.

Theorem 6. Let G = (V, E, L) be a graph, let V't denote the set of nodes with plus loops, and let
Ve, ¢ € C, denote the connected components of Gy+. Let p > 1 and suppose that |V.| < p for all
c € C. Let Fy, be an extended formulation for QP,. Define

Fpi={(MA2):A>0, Z€ F}. (88)

Let G!., ¢ € CU{0}, be the hypergraphs defined in Proposition || after removing the minus loops.
Fiz c € C and relabel |Ve| of the node indices of F,, by the elements of V,, with the corresponding
relabeling of the pair coordinates. Then the following system is an extended formulation for PP(G):

< Z (_1)‘T‘ZJUTa 5J> € ﬁpa vJ - N(%)) (89)
TCN(Vo\J

Z; = Z g{], Vi € ‘/a (90)
JCN(Ve)

>y E; Vi eV, (91)
JCN(VL)

Zij = Z 5;5, V{i,j} € E: i,j €V, (92)
JCN(Ve)

= Y. Z V{i,o} €E: i€ V., veN(V,). (93)

JCN(V.): ved

Moreover, an extended formulation for QP(QG) is obtained by putting together these local formula-
tions for all ¢ € C, inequalities z;; < z; for all {i,i} € L™, and any linear extended formulation for
MP(GY).

Proof. By Lemmal2] it suffices to consider L = L*. Fix ¢ € C and write G, = (V.U N(V,), E, L.).
For each J C N(V.), denote by PP’ (G") the face of PP(G’) defined by z, = 1 for all v € J and
zy =0 for all v € N(V,) \ J. By Lemma |5, as in the proof of Theorem (4], we have

PP(G’C):conv< U PPJ(G’C)>. (94)

JCN(Ve)
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The projection of F, onto the node and pair coordinates indexed by V. is QPy,|. Fix J C N(V¢).
Then an extended formulation for PP7(GY) is given by

zZ € Fp,
zi = %, Zii > Zii, Vi€V,
zij = Zij, V{i,j} € E, i,j €V,

1. ScJ
Y 2=h ez scnw,
= {o, ST 75 EN(Ve)

Zi, UV EJ, ) .
Ziy = V{i,v} e E, i€V, ve N(V.).
0 {o, veNWV)\J, ti} ‘ (Ve)

From , Lemma @, and the standard disjunctive programming technique [7), 37], it follows that
an extended formulation for PP(GY) is given by

doa=1 A=0, VJCN(V), (96)
JCN(Ve)
a= Y z, VIEV.UN(V.)UE,UL, (97)
JCN(Ve)

and, for every J C N(V,),

(As,27) € Fp,

o=z, >%Z, viev,
5 =75 Wi j}eE, ijeV,
A SCJ 98
=07 =Ty £ S C N, (98)
0, S¢1J,
>J
: cJ
z) = Z5, wed, V{i,v} € E, i€ V., ve N(V,).
0, wveNWV)\J,

To see this, first observe that F, is a convex cone, since F, is convex. By definition, for every

Ay > 0, we have
=J

A7) eF, — i—J € Fp.

If A\; = 0, the definition of .7?p implies that z/ = 0. It follows from that
7/ =0 VIeV,UN(V.)UE.,, z.>0 VieV,.

By Lemma |5, such a vector belongs to the recession cone of every face PP (GY), H C N (V).
We now project out the variables z/ and \; from system —. Substituting into
gives f and
zg= Y A, VSCN(W), (99)
SCJCN(Ve)

where S = () gives the normalization equation in . The diagonal inequalities are equivalent to
(91), since any nonnegative difference between z;; and ) ; El{ can be assigned to one diagonal copy.
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For every J C N(V¢), implies
(ENVOND = D> (=) Mzp0r

TCN(Ve)\J

= Z AH Z (—1)‘T‘:AJ.

JCHCN(Ve)  TCH\J

Conversely,
> ULNWV)\J) =25, VS CN(V).
SCICN(Ve)

Thus is equivalent to Ay = £(J, N(V,) \ J) for all J C N(V,). Substituting these equalities
into the constraints in gives . The inequalities Ay > > 0 are also implied by (89)), since every
point of ]: has nonnegative first coordlnate Therefore is an extended formulatlon for
PP(G).

Finally, since G{, has no loops, PP(G{;) = MP(G{)). The statement then follows from Proposi-
tion 4 and Lemma [21 O

As discussed earlier, Anstreicher and Burer [6] obtained an SDP extended formulation for QP54
by triangulating [0, 1]3. Let II denote the six permutations of {1,2,3}, and define

Ar:=[0 e, em +en 13 € RP 7 ell,

where e; is the ith unit vector in R? and 1; is the vector of all ones in R*¥. The columns of A,
are the vertices of one tetrahedron in this triangulation. Applying Theorem [0] to the extended
formulation of [6] gives the following result.

Corollary 3. Let G = (V,E, L) be a graph, let V' denote the set of nodes with plus loops, and let
Ve, ¢ € C, denote the connected components of Gy +. Suppose that |V.| < 3 for all c € C. Let G,
c € CU{0} be the hypergraphs defined in Proposition |4 after removing the minus loops. Fix ¢ € C
with |V,| = 3 and, after relabeling, let V. = {1,2,3}. For each J C N(V.) and 7 € II, introduce a
symmetric matric W™ € S*. Then the following system is an extended formulation for PP(GL):

w'T =0,  W’T >0, VJ C N(V,), me1l, (100)
Sywlm = > (1), VJ C N(V,), (101)
well TCN(V\J
= D D el AWy, VieV,, (102)
JCN(V,) mell
> Y > el AW Ale, Vi eV, (103)
JCN(V,) m€ll
Zp= Y, Y el AWITAle, v{i,j} € E: i,jeV,, (104)
JCN(V,) well
= Y, > el AW, V{i,v} € B:ie V., ve N(V,). (105)
JCN(V,) mell
ved

Moreover, an SDP-representable extended formulation for QP(G) is obtained by putting together

a copy of (100)—(105) for each component of cardinality three, system with P = V. and
M = N(V,) for each component of cardinality at most two, inequalities z;; < z; for all {i,i} € L™,
and a linear extended formulation for MP(GY).
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Proof. By [6], the following system defines an extended formulation F3 for QPj:

Wr =0, Wr >0, Ve 11,
> LWeli=1, (106)
well
Zi = Z ez—‘l—AWleﬁla Vi € [3],
mell
Zij= ) el AaWrAges, V1<i<j<3.
well

Replacing the right-hand side of the normalization equality by A > 0 gives an SDP description
of F3 as defined in (88). Fix ¢ € C with |V;| = 3, and let V, = {1,2,3} after relabeling. For
each J C N(V,), substitute A = £(J, N (V) \ J) into this SDP description of F3. The first three

constraints of ((106)) become ([100)—(101f), and the remaining equalities yield

7 =) el AW, Vie[3),
mell

= el AWITALe;, V1<i<j<3.
mell

Substituting these equalities into f and projecting out 'zvzf] and Ez‘g gives f. There-
fore, by Theorem |§|, system f is an extended formulation for PP(GY).

For components of cardinality one or two, system with P = V., and M = N(V,) gives
an extended formulation for PP(G’) by Theorems |3| and {4} Proposition |2, and Lemma |1 as in
the proof of Theorem [5} Putting together these local formulations, any linear extended formula-
tion for MP(Gj), and the minus-loop inequalities therefore gives an SDP-representable extended
formulation for QP(G) by Proposition {4 and Lemma O

4 Polynomial-size SDP-representable formulations

In this section, we obtain a sufficient condition under which the extended formulation of Theorem
is of polynomial size. To present our result, we first introduce some terminology and tools. Consider
a graph G = (V, E,L). For any S C V, we denote by Gg the subgraph of G induced by S. A tree
decomposition of G is a pair (X,T), where X = {Xy, -+, X, } is a family of subsets of V, called
bags, and T is a tree with m nodes, where each node of T corresponds to a bag such that:

2. For every edge {v;, v} € E, there is a bag X; for some i € [m] such that X; 3 v, vg.
3. For each node v € V, the set of all bags containing v induces a connected subtree of T'.

The width w(X) of a tree decomposition (X,T) is the size of its largest bag X; minus one. The
treewidth tw(G) of a graph G is the minimum width among all possible tree decompositions of
G. Given a hypergraph G = (V, E), the intersection graph of G is the graph with node set V,
where two distinct nodes v,v’ € V are adjacent if v,v’ € e for some e € E. We define the tree
decomposition and treewidth of a hypergraph G = (V| E), as the tree decomposition and treewidth
of its intersection graph. For a graph (resp. hypergraph) with loops, i.e., G = (V, E, L), we define
its tree decomposition and treewidth as the tree decomposition and treewidth of the corresponding
loopless graph (resp. hypergraph); i.e., (V, E).

In [44, 31, @], the authors proved that if a hypergraph G has a bounded treewidth, then the
multilinear polytope MP(G) admits a polynomial-size extended formulation.
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Proposition 6. Let G = (V,E) be a hypergraph with tw(G) = k. Then MP(G) has a linear
extended formulation with O(2%|V]) variables and inequalities. Moreover, if k € O(log(|V| + |E|)),
then a polynomial-size linear extended formulation for MP(G) can be constructed in polynomial
time.

4.1 Sufficient conditions for polynomial-size formulations

We are now ready to present the main result of this section.

Theorem 7. Consider a graph G = (V,E,L). Let VT denote the set of nodes with plus loops,
and denote by V., c € C, the connected components of Gy +. Let GV\V+ be the graph obtained from
Gy\v+ by making N (V) a clique for every c € C, where N(V.) is defined by ([27). Suppose that the

following conditions are satisfied:

(i) |Ve| <2 forall c € C.
(ii) tw(Gy\y+) € O(log |V]).

Then the SDP extended formulation of Theorem [ can be chosen to have polynomial size and can
be constructed in polynomial time. In particular, the formulation obtained by using system for
each ¢ € C and a suitable linear extended formulation for MP(G{) has polynomial size.

Proof. By Lemma [2] it suffices to consider L = LT. The minus loops can be restored at the end
by imposing z;; < z; for all {i,7} € L™, which adds at most |V| variables and inequalities. By
assumption (i) we have |V¢| < 2 for all ¢ € C. By Proposition {4} an extended formulation for
QP(G) is obtained by putting together formulations for PP(GY) for all ¢ € CU{0}, where, for every
¢ € C, the hypergraph G/, has node set V. U N(V,) and has |V| plus loops, while G, has node set
V' \ VT and has no plus loops. We first consider the hypergraphs GZ, ¢ € C. By construction, we
have N(V,) C V \ VT. Indeed, if a node in N(V,) had a plus loop, it would belong to the same
connected component of Gy + as V.. Moreover, by definition of @V\V+, the set N(V.) induces a
clique in Gy\y+. Hence, [N(Ve)| < tw(Gy\p+) + 1 € O(log|V]) for all ¢ € C, where the inequality
follows from the fact that the cardinality of every clique of a graph is at most its treewidth plus
one. Therefore, [V¢| + [N (Ve)| € O(log|V]) for all ¢ € C.

For each ¢ € C, let G. denote the complete hypergraph on the node set V. U N(V,) with the
same plus loops as Ci’c Since the edge set of G/, is a subset of the edge set of @C, by Lemma |1} a
formulation for PP(G,) yields an extended formulation for PP(GL). If |V;| = 1, system with
P =V.and M = N(V,) gives such a formulation by Theorem [3| and Proposition [2} if |V.| = 2, this
follows from Theorem In either case, the number of variables and constraints is O (2 Vel +IN (VC)‘).
Since |V;|+|N(V.)| € O(log [V]), it follows that PP(G.) admits a polynomial-size SDP-representable
extended formulation for every ¢ € C. Since |C| < |V, the total size of all such local formulations
is polynomial in |V/|.

It remains to consider the hypergraph G{. Since G, has no loops, PP(GY) coincides with the
multilinear polytope MP(Gf). We claim that the intersection graph of Gf, is precisely GV\V+-
Indeed, the node set of G, is V' \ V. Its edges consist of the original edges of G with both
endpoints in V' \ VT, together with all subsets of N(V.) of cardinality at least two for all ¢ € C.
Consequently, two distinct nodes of V'\ VT are adjacent in the intersection graph of G} if and only
if either they are adjacent in Gy -+ or they both belong to N(V;) for some ¢ € C. This is exactly
the definition of Gy\y+. Hence, tw(Gp) = tw(Gy\y+) € O(log|V]). Tt follows from Proposition@
that MP(GY)) admits a polynomial-size linear extended formulation.

Finally, we verify polynomial-time constructibility. The graph GV\V+ can clearly be constructed
in polynomial time from G. Moreover, since [N (V.)| € O(log |V]), the complete hypergraph on each
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N(V,) contains at most 2N(Ve)l = poly(]V]) edges. Since |C| < |V], all hypergraphs G, ¢ € C, and

{ can be constructed explicitly in polynomial time. The formulations for PP(GY) are constructible
in polynomial time by Theorem and Theorem while the formulation for PP(GY}) is constructible
in polynomial time by the constructive part of Proposition [f] Combining these formulations as
in Proposition [4f therefore yields a polynomial-size SDP-representable formulation for QP(G) that
can be constructed in polynomial time. O

The two assumptions in Theorem [7| have different roles. The condition |V.| < 2 ensures the
local proposed SDP relaxations are exact. The treewidth condition controls the sizes of both the
local formulations and the extended formulation for MP(GY). First, it bounds | N (V.)| because each
N(V,) is a clique and hence its size is upper bounded by the treewidth of GV\V+ plus one. Second,
it bounds the treewidth of G}, because its intersection graph is Gy\y+. More quantitatively, let
k= tw(Gy\p+). It then follows that the total number of variables and constraints in the proposed
extended formulation is given by

O <|V\ + ) 2lN el +2”V\V+|> = 0(2"|V]).

ceC

Thus the exponential dependence is in the neighborhood sizes and the treewidth, rather than in
the total number of nodes. By using the SDP extended formulation for QP5 of [6], we obtain a
polynomial-size SDP formulation for QP(G) under a weaker restriction on the cardinalities of the
connected components of Gy +.

Corollary 4. Let G = (V,E, L) be a graph, let VT denote the set of nodes with plus loops, and
let V., ¢ € C, denote the connected components of Gy+. Suppose that |V.| < 3 for all ¢ € C
and tw(Gy\y+) € O(log|V|). Then QP(G) admits a polynomial-size SDP-representable extended
formulation that can be constructed in polynomial time.

Proof. As in the proof of Theorem (7 the treewidth assumption implies |[N(V;)| € O(log|V|) for
every ¢ € C. For components of cardinality three, use the SDP-representable formulation in Corol-
lary [3, whose size is O(2/V(Vo)l). For the remaining components, retain the local formulations used
in Theorem The formulation for MP(GYj,) is unchanged. The same size and constructibility
arguments therefore apply. O

A natural question is whether one can obtain a sufficient condition for the SDP-representability
of QP(G) in terms of the treewidth of the original graph G. To this end, we make use of the next
lemma. In the following, given a tree decomposition (X, T) of G, we denote by V(T') the node set
of the tree T'. Hence, we can write X = {X; : t € V(T)}.

Lemma 7. Let G = (V,E, L) be a graph, let VT denote the set of nodes with plus loops, suppose
that V* # (. Denote by V., c € C, the connected components of Gy +. Let C_}V\V+ be the graph
obtained from Gy \y+ by making N (V) a clique for every c € C. Let (X,T) be a tree decomposition
of G. For everyt € V(T), define

X, = (X, \VHu U N(V,).

c€eC:
XNVe#D

Then the following hold:
(i) (X,T), where X := {X; : t € V(T)}, is a tree decomposition of GV\V+.

32



(ii) Define dpax := maxeec |[N(Ve)|. Then
tw(Gy\y+) < (tw(G) + 1) max{dmax, 1} — 1.

Proof. First consider part (i). We need to check that (X, T) satisfies the three properties of a tree
decomposition. Every node of V' \ V* remains in each bag in which it originally appeared, and
hence all nodes of C_?V\V+ are covered; that is, property 1 holds. Moreover, every edge of Gy\y+
remains covered. If {u,w} is an edge added when making N (V;) a clique for some ¢ € C, then every
modified bag corresponding to an original bag intersecting V. contains N (V.) and hence contains
both u and w. Therefore every edge of GV\V+ is present in some bag of X', implying that property 2
of a tree decomposition holds.

It remains to verify property 3 for (X, T). For each u € V, define T,, := {t € V(T) : u € X;}.
Since (X, T) is a tree decomposition of G, by property 3, the set T, induces a connected subtree
of T'. For each ¢ € C, define T, := UveVC T,. We first observe that T, is connected. Indeed, since
Gy, is connected, for any two nodes v, w € V, there exists a path v = vy, v1,...,v, = w in Gy,. For
each i € {0,...,7—1}, the edge {v;, vi41} is contained in some bag of X, and hence T, N Ty, # 0.
Therefore T.. is connected. Fix u € V' \ VT, and define T}, := {t € V(T) : u € X;}. We claim that

T,=T.u |J T. (107)

ceC:
ueN(Ve)

To see this, first let ¢ belong to the right-hand side of . If t € Ty, then u € X;. Since u ¢ V1,
we have u € X; \ VT C X,, and hence t € T,,. On the other hand, if ¢t € T, for some ¢ € C with
u € N(V,), then t € T, for some v € V,, and hence X; NV, # (). By the definition of X;, this implies
N(V.) C X;. Since u € N(V,), we again obtain u € X;, and therefore t € T,,. Conversely, suppose
that t € T,,. By the definition of X, either u € X; \ V*, in which case ¢t € T, or there exists some
¢ € C such that X;NV, # 0 and u € N(V,). In the latter case, t € T.. This proves . It remains
to show that T, is connected. If u € N(V,), then u is adjacent in G to some v € V.. Hence some
bag X; contains both u and v, which implies T,, N T}, # @), and therefore T, N T, # (. Thus every
connected subtree T, appearing on the right-hand side of intersects the connected subtree
T,. Consequently, T, is connected. Therefore property 3 holds for (X, T).

We next prove Part (ii). Let s := tw(G), and let (X, T') be a tree decomposition of G of width
#. By Part (i), the corresponding (X,T) is a tree decomposition of Gy\y+. For each t € V(T),
define C; := {c € C: X; NV, # 0}. Since the sets V., ¢ € C, are pairwise disjoint subsets of VT,
each component in C; contains a distinct node of X; N V*. Therefore, |C;| < |X; NV T|. It follows
from the definition of X; that

Xy <X\ VT + Z IN(Ve)l
ceCy
<X\ V| + diax|Ci|
<X A\ VT + dimax| X N VT
< max{1, dmax} (| X: \ V| + [ X, N V)
= max{1l, dmax }| X¢|

Hence the width of (X, T) is at most (k + 1) max{1, dmax} — 1, and this completes the proof. [

The following result is then a direct consequence of Corollary 4] and Lemma
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Corollary 5. Let G = (V,E, L) be a graph with no isolated nodes and let V™ # () denote the set
of nodes with plus loops. Define by V., ¢ € C the connected components of Gy+. Define

ot = d .
max eg(v)

Suppose that the following conditions hold:

(i) |Ve| <3 forallceC.
(ii) tw(G) -6t € O(log |V]).

Then QP(G) admits a polynomial-size SDP-representable formulation that can be constructed in
polynomzial time.

Proof. Since |V.| < 3 for all ¢ € C, we have [N(V,)| < Y, ¢y, deg(v) < 36% for all ¢ € C. Hence,
defining diax := maxeec | N(V;)], we have dmax < 367 It follows from Part (ii) of Lemma [7] that

tw(Gy\y+) + 1 < (tw(G) + 1) max{1, dmax} < 3(tw(G) +1)87 € Olog|V]),

where the last inequality holds since by assumption G has no isolated nodes. The result then follows
from Corollary [4 O

4.2 Comparison with the SOC-representability condition of [22]

In [22], the authors present a sufficient condition under which QP(G) admits a polynomial-size
SOC-representable formulation using a different proof technique. To state this result, they define
the spread of node v with respect to a tree decomposition (X,T") of G, as:

(@)= 30 (x| -0, (108)

i€lm]: X;5v

Proposition 7 ([22]). Let G = (V,E, L) be a graph and denote by V' the set of nodes with plus
loops. Denote by (X,T) a tree decomposition of G satisfying the following properties:

(C1) For each bag X € X, there exists at most one node v € X such that v € V7.
(C2) w(X) € O(log |V]).
(C3) s,(X) € O(log |V]) for allv e VT.

Then QP(G) has a polynomial-size SOC-representable formulation.

The authors of [22] leave open the question of whether a tree decomposition of G satisfying
conditions (C1)-(C3) can be constructed in polynomial time. Thanks to Theorem |7, we obtain the
following result on the SOC-representability of QP(G):

Corollary 6. Consider a graph G = (V,E,L). Let V' denote the set of nodes with plus loops and
suppose that V' is a stable set of G. Let G'V\V+ be the graph obtained from Gy\y+ by making
N({v}) a clique for every v € V', where N({v}) is defined by 7). If tw(Gyy+) € O(log|V]),
then QP(G) admits a polynomial-size SOC-representable formulation that can be constructed in
polynomial time.

As we prove next, when V7 is a stable set, the condition tw(Gy\y+) € O(log [V]) is equivalent
to the existence of a tree decomposition satisfying conditions (C1)-(C3) of Proposition The
advantage of our new characterization is that it is stated directly in terms of the treewidth of an
explicitly constructible graph. In the logarithmic-treewidth regime, a tree decomposition of this
graph of width O(log |V]) can be constructed in polynomial time [27].
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Proposition 8. Let G = (V,E,L) be a graph and let VT denote the set of nodes with plus
loops. Suppose that V' is a stable set of G. Then G admits a tree decomposition satisfying
conditions (C1)—(C3) of Pmposz’tz’on@ if and only if tw(Gyy+) € O(log |V]).

Proof. First, suppose that G admits a tree decomposition (X, T) satisfying (C1)—(C3). Since VT
is a stable set, its connected components are singletons. Moreover, by (C1), each bag contains at
most one node of V*. Hence, the bags constructed in Lemma [7| satisfy

X _{Xt, XtﬂV+:@,
(X \{v}) UN(v), X;nV+t={v}.

By Lemma (X, T) is a tree decomposition of év\v+- For every v € V1, we have [N (v)| < s,(X),
since every neighbor of v appears together with v in at least one bag. Thus, if X; N VT = {v},
we have | X;| < |X¢| — 1+ |[N(v)| < w(X) + s,(X). If Xy N VT =0, then | Xy| = | X¢| < w(X) + 1.
Conditions (C2) and (C3) therefore imply tw(Gy\y+) € O(log [V]).

Conversely, suppose that tw(Gy\y+) = k € O(log|V]), and let (X, T) be a tree decomposition
of Gy\y+ of width k. For each v € VT, the set N(v) is a clique of Gy\v+ and hence is contained in
some bag X;,. Attach a new leaf to ¢, with bag X, := N(v)U{v}. The resulting collection of bags
is a tree decomposition of G. Every new bag contains exactly one node of V*, while the original
bags contain none, so (C1) holds. Since N (v) is a clique of a graph of treewidth k, |N(v)| < k + 1.
Hence the width of the resulting decomposition is at most &k + 1, and therefore (C2) holds. Finally,
each v € V' belongs to exactly one bag, namely X,,, and thus s,(X) = |[N(v)] < k+1 € O(log [V]).
Therefore (C3) holds and this completes the proof. O

Proposition [8] answers positively the question raised in [22], in the logarithmic-width regime
considered in Proposition [7] Indeed, whenever G admits a tree decomposition satisfying condi-
tions (C1)—~(C3), the graph Gy y+ has treewidth O(log|V|). A tree decomposition of Gy\y+ of
width O(log|V]) can then be constructed in polynomial time using standard single-exponential
treewidth algorithms [27], and the constructive proof of Proposition |8 transforms it in polynomial
time into a tree decomposition of G satisfying (C1)—(C3). Thus, such a decomposition need not be
provided as part of the input.

5 Connections with SDP hierarchies

The moment/Sums of Squares (SOS) hierarchy provides a sequence of SDP relaxations for poly-
nomial optimization problems, based on the duality between truncated moment sequences and
SOS-based positivity certificates [29, [35]. For polynomial optimization over a compact basic semial-
gebraic set satisfying an Archimedean condition, the sequence of SOS relaxations converges asymp-
totically to the global optimum [28]. In particular, when minimizing a polynomial over the unit
hypercube, the Archimedean property holds automatically, ensuring asymptotic convergence of the
hierarchy [28]. Finite convergence at some fixed relaxation level is not guaranteed in general, but
a result of Nie [33] shows that it holds under certain conditions at the global minimizers, and
therefore finite convergence is achieved generically (that is, finite convergence holds in the entire
space of input data except on a set of Lebesgue measure zero).

In the case of binary polynomial optimization, it is well-known that each level of RLT is implied
by the same level of Lasserre relaxation [30]. This implication relies crucially on the identity 3312 =z
for z; € {0,1}, which collapses higher-degree monomials and ensures that moment constraints
encode all RLT inequalities. In contrast, for polynomial optimization over the unit hypercube, a
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given level of Lasserre hierarchy does not necessarily dominate the same level of RLT hierarchy.
Since our proposed SDP relaxation with r := |P| + |M| implies level-r RLT, we deduce that
this relaxation is not implied by level-r Lasserre relaxation either. However, as we describe next,
our SDP relaxations can be obtained as a special case of a more general hierarchy, often referred
to as the Schmiidgen hierarchy [38] or the Lasserre hierarchy with preordering in the literature.

We start by introducing some notation and terminology. We write R[z]| for the ring of real
polynomials in the x variables. A polynomial o € R]z] is called a SOS polynomial if it can be
written as

o(x) = q(x),
j=1

for some polynomials ¢; € R[z]. We denote by X[z] the cone of all SOS polynomials in R{z]. The
preordering associated with the unit hypercube is defined as:

T = { > onn@) (I, d2) 00 € Slal, V1, T2 C [n]},

J1,J2C[n]

where f(J1,J2) is the polynomial factor as defined by . Since the unit hypercube is a compact
set, Schmiidgen’s Positivstellensatz [38] implies that every polynomial that is strictly positive on
this set belongs to 7. For a polynomial p € R[], let deg(p) denote its degree. Fix an integer d > 1.
The truncated preordering at level d is defined as

Ta = { > onn@)f(Ji,J2) 0y, € Sla), deg <0J1,J2f(J1,J2)> < d}-

J1,J2C(n]

Here d bounds the total degree of the certificate terms. Under the usual moment/SOS convention,
relaxation order ¢ corresponds to the degree bound d = 2t. Restricting the sum to J; N Jo = () and
taking the multipliers to be nonnegative constants gives, in the moment dual, the inequalities

(Jy,J2) >0, JiNJy =0, |J1| + |J2] < d.

These are precisely the RLT inequalities up to level min{d,n}. Now, consider the problem of
minimizing a polynomial function g(x) over the unit hypercube. The associated Schmiidgen-type
lower bound is given by:

max{y € R: g(z) —v € Ta}.

The moment/SOS duality framework introduced by Lasserre [29] shows that the above problem
can be equivalently expressed as an SDP in terms of truncated moment sequences. Because the
unit hypercube is compact, the bounds produced by this hierarchy converge monotonically to the
global minimum of g(z) over [0,1]" as d — oo [29].

We next show that our proposed SDP relaxation is the dual of a restricted Schmiidgen relax-
ation. For this construction, consider a quadratic objective with ¢; > 0 for all ¢ € V, and let
G = (V,E,L") be its interaction graph. We compare the restricted Schmiidgen relaxation with
system for P=V* and M =V \ V*. For an objective with negative diagonal coefficients,
the construction can be applied after replacing q,,x? by giix; for every g; < 0; by Lemma [2| this
reformulation preserves the minimum over the unit hypercube. For a polynomial p € R|z], let
supp(p) C V denote the index set of variables on which p depends nontrivially. We then consider
the following restricted version of the Schmiidgen hierarchy:
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e Bounded SOS degree: each multiplier o, j, 7 € X[z] is a sum of squares of affine polynomials;
ie.,

deg(O'J17L]27T) < 2. (109)

The intuition behind this restrictive assumption is that the objective function g(x) is quadratic.

e Disjoint support: for each Jy, Jo C V with J1NJo = 0 and each T C V1 \ (J1UJ»), the variables

on which o, 7, 7 depends correspond to some nodes of G’ with plus loops and are disjoint from
the variables in the product factors; i.e.,

supp(o, ) CT C VTN (J1 U J2). (110)
This assumption in particular implies that if J; U J; 2 VT, then oy, j, 7 is a nonnegative
constant.
For each d € {2,--- ,|V| + 1}, we refer to any triple (J1, J2,T) satisfying
Ji,Jo CV, JiNJy =10, TCVT\ (J1UJ),
and

|J1| + | 2] < d, T =0,
|Ji| 4+ [ o] +2<d, T#0,

as an admissible triple. Using assumptions (109)) and (110)), we define the cone:

Edisj — { Z on g r(@)f(J1,J2) 04, 0,17 € Elzx], deg(oy,,1o.1) < 2, supp(o, 1,1) C T}.

(J1,J2,T):
admissible

(111)

We then obtain the following lower bound on the minimum value of a quadratic function g(x) over
the unit hypercube: N
max{y € R : g(z) — v € T3, (112)

Notice that by definition, Tfisj C T4. Hence the full Schmiidgen relaxation gives a lower bound
at least as strong as the restricted relaxation at the same degree. We now obtain the dual of
Problem and relate it to our SDP relaxations. Let G = (V, E, L) be a graph and let VT
denote the set of nodes with plus loops. By Proposition [d] without loss of generality we assume
that the subgraph Gy+ of G induced by VT is connected and that every node in V \ V7T is
connected to some node in V*. For any admissible triple (Ji, Jo, T), let vp(z) = (1,24, € T)T.
Let y = (ya)|a|§d be a truncated sequence of with yg = 1. For any polynomial p with monomial
expansion p(z) = 3~ ,<qPat®, define the associated linear functional

Ly(p) == Y PaYa-
laf<d
Since deg(o., .7,,7) < 2, each multiplier admits a Gram representation:
011,00,7(x) = v1(2) " Quy oy vr (2),

where @y, 7,7 = 0 and is of size (1 4+ |T|) x (1 4+ |T|). Applying L, to the constraint set of
Problem ([112]) yields

Lyg)—v= > (QJl,Jz,T Ly (f(J1, J2) UT”?)) :

(J1,J2,T):
admissible
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For any admissible (J1, J2,T'), define the localizing moment matriz as
M7 (y) o= Ly (f(J1, Jo) vrvg).
From the definitions @ and , it follows that:
(1, J2) = Ly(f(J1, R)), i i, T2) = Ly(af f(Jr, )

Therefore, letting T = {i1,- - ,i,}, we deduce that the localizing moment matrix M;l"h (y) can be
equivalently written as:

E(Jl,z]2) E(Jl U{il},JQ) K(Jl U{ir},JQ)
Mj‘{l"b(y) _ K(JlU{il},Jg) p(il,Jl,Jg) g(JlU{il,ir},Jg)
K(Jl U{ir},Jg) E(Jl U{Z"l,ir}ﬂfg) p(ir,j1,J2)

By self duality of the positive semidefinite cone, dualizing the constraints @, j, 7 = 0 we obtain

MM (y) = 0 for all admissible (J1, Jo,T). Tt then follows that the dual of Problem (T12) is the
following SDP:

min Ly,(g)
y=(Ya)|a|<d

s.t. Yo = 17 (113)
MP2(y) = 0 for all admissible (J1, Ja, T).

The following proposition establishes that our proposed SDP relaxation is the dual of a restricted
version of the Schmiidgen hierarchy:

Proposition 9. Let G = (V,E, L") be a graph and let n := |V|. At degree d = n + 1, the
projection of the feasible set of (113|) onto the coordinates zg = Ly(HjeS zj) for all) #S CV,
and 25 = Ly(z? [Ljeszj) for alli € V*, S CV\{i} coincides with the set defined by system
with P=VT and M =V \VT.

Proof. For each RC V*t and J C V\ R, the triple T = R, J; = J, Jo = (V\ R)\ J is admissible at
d =n+ 1, and its localizing matrix coincides with the matrix in indexed by R, J. Thus every

constraint of appears in (113]).
Conversely, let (J1, J2,T) be an admissible triple and define U := V'\ (J1UJ2UT). The identity

f(, k) =Y f(hUK, ,U(U\K))

KCU

implies that
J1,J JIUK, JoU(U\K
MTl 2(y): Z MTI 20U\ )(y)
KCU

Each matrix on the right-hand side of the above equality belongs to system with R = T.
Therefore every remaining constraint of (113)) is implied by . Since no moment coordinates
other than those listed in the statement occur in the constraints of (113), projecting out the
remaining moment coordinates gives exactly system . O
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By Theorem [5] and Proposition [9 the restricted moment relaxation is exact at degree n + 1
whenever |V.| < 2 for all ¢ € C. Since the full Schmiidgen moment relaxation implies the restricted
relaxation, we deduce that it is also exact at degree n + 1. It is however important to note that
the size of our proposed SDP formulation is significantly smaller than that of the full Schmidgen
relaxation. In particular, the positive semidefinite matrices in with P=V+tand M =V \V*
have order at most |[V*| + 1, whereas the full Schmiidgen relaxation at degree n + 1 contains a
moment matrix of order ("ﬂ(”:l)/ 2J). It is natural to ask whether the additional constraints in the
full Schmiidgen relaxation yield exactness under weaker restrictions on the connected components
of Gy +. In particular, we leave as an open question whether the the full Schmiidgen moment
relaxation at degree n + 1 is exact when |V,| < 3 for all ¢ € C.
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