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Abstract

Quasinormality is a classical constraint qualification originally introduced by Hestenes in
1975 and subsequently extensively studied in nonlinear programming and in problems with
abstract constraints. In this paper, we extend this concept to the setting of nonlinear semidefinite
programming (NSDP). We show that the proposed condition is strictly weaker than Robinson’s
constraint qualification, while still guaranteeing the existence of exact penalty functions, local
error bounds, and boundedness of dual sequences generated by augmented Lagrangian methods.
As a consequence, convergence to Karush—Kuhn—Tucker points can be established for a broader
class of NSDPs under mild regularity assumptions. In addition, a pseudonormality condition is
introduced and explored.

Key words: Nonlinear Semidefinite Programming, Augmented Lagrangian Methods, Constraint
Qualifications, Quasinormality, Pseudonormality

AMS subject classifications: 90C30, 90C22, 65K05.

1 Introduction

Nonlinear semidefinite programming (NSDP) generalizes classical nonlinear programming by in-
corporating semidefinite constraints. These problems arise in numerous practical applications, in-
cluding control theory, structural and material optimization, robust estimation, and eigenvalue
problems (see, for instance, [16-18, 21, 22, 27, 31, 32]). From a theoretical perspective, key topics
such as optimality conditions, duality theory, and constraint qualifications have received consid-
erable attention in the literature, alongside the development of numerical algorithms for solving
NSDPs [1, 24, 30, 33, 35].

A common feature of modern methods for NSDP is their primal-dual nature: they generate
iterates of both the primal variable and Lagrange multipliers. To guarantee convergence, classi-
cal regularity conditions such as Robinson’s constraint qualification or nondegeneracy are often
imposed [29, 33]. However, these conditions may be too restrictive for many practical problems,
particularly in the presence of redundancies or degeneracies in the constraints.

To address these limitations, weaker constraint qualifications have been introduced in recent
years. Notably, constant rank-type conditions and their sequential variants [5] have proven effective
in analyzing convergence under milder assumptions. Nonetheless, much remains to be explored
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regarding the theoretical foundation of NSDPs, especially when compared to classical nonlinear
programming (NLP), where a broad array of constraint qualifications such as the Mangasarian-
Fromovitz condition (MFCQ), linear independence (LICQ), and constant positive linear dependence
(CPLD) has been extensively studied [1, 11].

In the NLP literature, quasinormality was originally introduced by Hestenes [20] as a relatively
weak constraint qualification that nonetheless guarantees the existence of Lagrange multipliers
and the validity of the KKT conditions at local minima. While weaker than classical conditions
such as LICQ or MFCQ, quasinormality plays a fundamental role in the theoretical analysis of
constrained optimization by ruling out certain pathological multiplier sequences. Later, Bertsekas
and Ozdaglar [11] proposed the related concept of pseudonormality, which admits a geometric
interpretation and is strictly stronger than quasinormality.

More recently, quasinormality has also been recognized as a key condition in the convergence
analysis of primal-dual algorithms. In particular, it has been shown that, under quasinormality,
the sequences of approximate Lagrange multipliers generated by augmented Lagrangian methods
remain bounded, a crucial stability property both for the practical performance of these algorithms
and for their complexity analysis.

Motivated by the fact that classical quasinormality may fail in the presence of equality con-
straints written in redundant or degenerate forms, Andreani, Haeser, Schuverdt, and Secchin intro-
duced in [9] a relaxed version of quasinormality, called relaxed quasinormality (RQN). This condition
is designed to treat equality constraints in a more flexible manner, inspired by the notion of in-
formative Lagrange multipliers, while preserving the main stability properties of quasinormality.
In particular, they proved that RQN is sufficient to guarantee the boundedness of dual sequences
generated by safeguarded augmented Lagrangian methods.

These notions have since been explored and generalized in several directions. In particular,
Guo, Ye, and Zhang [19] extended quasinormality and pseudonormality to mathematical programs
with complementarity constraints (MPCCs) and to problems with geometric constraints in Banach
spaces, emphasizing their relevance to sensitivity analysis, exact penalization, and refined station-
arity concepts. Their work establishes a connection between quasinormality-type conditions and
the existence of enhanced KKT (eKKT) multipliers, which not only satisfy standard stationarity
conditions but also allow for the computation of directional derivatives of the value function; see
also Ye, Zhang, and Zhang [34]. These enhanced multipliers provide deeper insight into problem
sensitivity and lead to sharper optimality conditions in generalized frameworks.

Inspired by these developments, this work investigates the extension of quasinormality-type
conditions to the semidefinite setting. Our main goal is to identify regularity conditions that
ensure the boundedness of dual sequences generated by augmented Lagrangian methods, even in
the absence of classical assumptions such as Robinson’s condition.

Main Contributions.
The main contributions of this work are summarized as follows:

e We introduce a spectral notion of quasinormality for nonlinear semidefinite programming
(NSDP) that extends the classical nonlinear programming concept in a way that is intrinsic
to the semidefinite structure and aligned with the eigenspaces of the constraints and their
associated multipliers.

e We compare our notion of quasinormality with the componentwise quasinormality proposed
by Guo et al. [19], providing strong evidence that the two notions capture different regularity
mechanisms. In particular, we show that the componentwise condition may fail even in very
simple (diagonal) NSDPs, whereas the proposed spectral formulation remains satisfied and
offers a more faithful geometric interpretation in the semidefinite setting.



e We show that quasinormality guarantees the existence of exact penalty functions and local
error bounds for NSDP.

e We establish that, under quasinormality, dual sequences generated by augmented Lagrangian
methods, including a scaled stopping-criterion variant, are bounded, and that every accumu-
lation point satisfies the Karush—Kuhn—Tucker conditions.

e We introduce a relaxed version of quasinormality for NSDP and show that boundedness of
dual sequences and convergence properties of augmented Lagrangian methods can still be
obtained under this weaker assumption.

e We also discuss pseudonormality conditions in the NSDP setting, and analyze their relation-
ship with the proposed quasinormality condition.

The paper is organized as follows. In Section 2, we present the notation and preliminaries required
for our analysis and review classical and recent constraint qualifications for NSDP. Section 3 intro-
duces quasinormality-type conditions and investigates their properties. In Section 4, we establish
boundedness of the dual sequence generated by augmented Lagrangian methods and propose a
scaled variant of the method, showing that boundedness is preserved. Section 5 introduces a re-
laxed notion of quasinormality for NSDP and investigates its implications for boundedness of dual
sequences and convergence of augmented Lagrangian methods. Section 6 discusses theoretical ap-
plications of quasinormality, including exact penalization and local error bound results for NSDP.
Finally, Section 7 provides concluding remarks and outlines directions for future research.

2 Preliminaries

2.1 Notations

Let R™ denote the n-dimensional Euclidean space equipped with the standard inner product (-,-)
and the associated Euclidean norm || - [|. Let S™ be the space of real symmetric m X m matrices,
endowed with the Frobenius inner product

(A, B) = tr(AB), A,BeS™,

and the corresponding Frobenius norm ||A|| := /(A4, A). We denote by S (resp. S™) the cone of
positive semidefinite (resp. negative semidefinite) matrices in S™. For A, B € S™, we write A = B
or B = Ato indicate that A—B € S and A = B or B < A when A— B is positive definite. Given a
matrix A € S™ and an orthogonal matrix U that diagonalizes A, we denote by AV (A),..., AU (A) the
diagonal entries of U T AU in the order that they appear. That is, U AU = diag(A\Y (A),..., AU (A4)).
The superscript U indicates the ordering induced by this diagonalization. When the superscript is
omitted, the eigenvalues A\i(A),..., A, (A) are assumed to be listed in nondecreasing order. In this
setting, the projection of A onto the cone S'* can be computed as:

[A]+ = Udiag(max{)\llj(A), 0},...,max{\Y (A), 0}) U'.
The projection [-]+ is nonexpansive with respect to the Frobenius norm, that is,
H[A]+ — [B]JFH <|[A—B| forall A,BeS™.
Let T: R®™ — S™ be a smooth mapping. The derivative of T at a point x € R" is the linear
operator DT'(z): R™ — S™ defined by

DT(zx)h:=Y Ti(x)hi, heR",
=1



where T;(x) = Bg—f) € S denotes the matrix of partial derivatives of T'(x) with respect to the i-th

component of x. The adjoint operator of DT (z), denoted DT (x)*: S™ — R™, is given by
= —_ —\\ 7 —_
DT (z)*E = ((T1(z),Z),...,(Ta(2),E))", ZeS™

Finally, for a function f: R™ — R, we denote by Vf(z) its gradient at z. Moreover, given a
cone K C R", its polar cone is defined by

K°:={weR"|(w,d) <0 forallde K}.

2.2 Constraint qualifications for nonlinear semidefinite programming

In this work, we consider the following nonlinear semidefinite programming problem:

min - f(z),
st. H(z) =0, (NSDP)
G(z) 20,

where f: R" - R, H: R” — S, and G: R® — S™ are continuously differentiable functions. We
denote by F the feasible set of problem (NSDP). In our formulation, matrix equality constraints
are explicitly included. There are several motivations for adopting this setting. First, in the NSDP
literature it is common to reformulate the negative semidefinite constraint G(z) < 0 as an equality
by introducing symmetric slack variables, as in [19, 23]. Moreover, matrix equality constraints
naturally arise in convergence analyses of interior-point methods for conic constraints, as discussed
in [7]. These examples indicate that including constraints of the form H(x) = 0, with H(x) € S,
not only generalizes the modeling framework but is also consistent with existing theoretical and
numerical approaches in semidefinite optimization.
The Lagrangian function associated with problem (NSDP) is defined as

LR xS xS™ R, L(z,A Q) := f(z) + (H(z),A) + (G(z),Q).

The Karush-Kuhn-Tucker (KKT) conditions for NSDP are given as follows. A point z € R" is
called a KKT point if there exist multipliers A € S* and Q € S such that

Vf(z)+ DH(z)"A+ DG(z)*Q2 =0, (1)
H(z) =0, (2)

G(z) =<0, (3)

(G(7),Q) =0. (4)

Condition (4) is known as the complementarity condition. The following lemma shows that com-
plementarity can be expressed in several equivalent forms.

Lemma 1 ([10, Lemma 2.2]). Let X € S™ and Y € S'!. The following statements are equivalent:
(a) (X,Y)=0;
(b) XY =0;



(c) There exists an orthogonal matriz U such that
UTXU = diag(\{ (X),...,A\0(X)) and U'YU = diag(\{(Y),..., A% (Y)),

and
W)W (y)y=0, i=1,....m.

That is, X and Y are stimultaneously diagonalizable by U, and their eigenvalues are comple-
mentary according to the ordering induced by U.

When (X,Y) = 0 with X € S” and Y’ € ST, the matrix U in Lemma 1(c) may be taken such that
the eigenvalues are ordered, that is, AV (X) = X\;(X) and AV (Y) = X;(Y) for all i. To guarantee that
the KKT conditions hold at a local minimizer of (NSDP), appropriate constraint qualification (CQ)
conditions are required. Such conditions also play a central role in the global convergence analysis
of iterative algorithms, as they ensure that every accumulation point of a sequence generated by the
method satisfies the KKT conditions. We next recall the most commonly used and computationally
relevant CQs for nonlinear semidefinite programming.

Definition 1. Let £ € R” be a feasible point. We say that x satisfies the nondegeneracy condition
if the following holds. Let r = rank G(z), and let {e1, ..., em—r} C R™ be an orthonormal basis for
the null space of G(Z). Let {s1,...,s,} C R’ be an orthonormal basis of R’. Then the set of vectors

l

m—r

{(eiTGl(:Z")ej, .. ,eiTGn(:E)ej)} U {(SIHl(f)Sj, ol siTHn(aE)sj)}

i,j=1 i,j=1

is linearly independent in R™.

Definition 2. A feasible point T € R" is said to satisfy Robinson’s constraint qualification if the
operator DH(Z): R™ — S’ is surjective and there exists a direction d € R” such that

(i) DH(z)d = 0;
(ii) G(z) + DG(z)d < 0.

Analogously to the classical NLP setting, Robinson’s condition is equivalent to the nonempti-
ness and boundedness of the set of Lagrange multipliers at a local minimizer. In contrast, the
nondegeneracy condition, also known as the transversality condition, ensures the uniqueness of the
multipliers. Thus, it plays a role similar to the linear independence constraint qualification (LICQ)
in standard nonlinear programming, although the analogy is not exact. For instance, when G(z) is
diagonal, nondegeneracy does not reduce to LICQ. Lourenco, Fukuda, and Fukushima [23] showed
that if the NSDP is reformulated as an NLP by introducing slack variables, then the nondegeneracy
of = for the original NSDP is equivalent to LICQ for the reformulated problem.

Recent works have introduced new CQ conditions for NSDP inspired by constant-rank-type
(CRCQ) assumptions from NLP [4]. These include weak-nondegeneracy, weak-Robinson, and weak-
CRCQ conditions, which capture sparsity patterns in eigenvectors and provide flexible frameworks
for ensuring algorithmic convergence. Variants such as weak-nondegeneracy and weak-CRCQ ex-
plore matrix sparsity, offering more relaxed alternatives to classical assumptions. For diagonal
problems, weak-nondegeneracy condition is equivalent to LICQ.

Moreover, Andreani et al. first introduced in [6] a facial constant rank constraint qualification
for NSDP. Subsequently, in [3], the authors proposed a minimal face constant rank CQ for reducible
conic programming. This latter approach provides a geometric interpretation based on facial re-
duction, leading to stronger second-order necessary optimality conditions, even in situations where



Robinson’s condition fails. The use of facial reduction allows for a local reformulation of the prob-
lem in terms of appropriate cone faces, thereby enhancing robustness in NSDP formulations. In
this framework, the facial-CRC(Q condition ensures a second-order necessary optimality condition
stronger than the one obtained under Robinson’s condition, while the constant rank of the subspace
component (CRSC) and strong-CRSC conditions [3] characterize unique constant-rank subsets,
further enriching the theoretical landscape of NSDP and related conic optimization problems.

Building on these recent developments, the present paper extends the notion of quasinormality
to NSDP. This extension provides new insights into the structure of feasible and optimal points
and aims to reinforce both optimality conditions and convergence analyses, bridging classical and
emerging theories in nonlinear conic programming.

3 Quasinormality and pseudonormality conditions for NSDP

In NLP, constraint qualifications play a fundamental role in ensuring the existence of Lagrange mul-
tipliers, the validity of optimality conditions, and the convergence of numerical methods. Among
the various conditions proposed in the literature, the quasinormality condition (QN) stands out as
a relevant and relatively weak qualification that has found applications in exact penalization, sen-
sitivity analysis, and algorithmic stability. Originally introduced by Hestenes [20], quasinormality
was later explored and extended in several directions [11, 34], particularly in settings where stronger
assumptions such as MFCQ or LICQ fail. In this work, we extend Hestenes’ definition to the setting
of NSDP by incorporating the spectral structure of the semidefinite constraints into the notion of
constraint activity.

Definition 3. A feasible point Z of problem (NSDP) is said to satisfy the quasinormality condition
if there does not exist a pair (A, 2) € S* x ST, with (A, Q) # 0 and a sequence {z*} — Z, such that

DH(z)*A + DG(z)*Q = 0, (5)
and

(i) A\¥(H(2%)AY (A) > 0 for all i such that AY (A) # 0,

(ii) Ak (G(2%)) > 0 for all i such that AV(Q) > 0,

where Vi, Uy, V and U are orthogonal matrices that diagonalize H (2*), G(2*), A and €, respectively,
such that Uy, —» U and Vi, —» V.

We will show in Section 4 that the quasinormality condition is indeed a constraint qualification
for NSDP.

Remark 1. We will prove later that Definition 3 reduces to the classical notion of quasinormality
in NLP when G and H are diagonal mappings. In this case, G, H, as well as the multipliers 2 and
A, are all diagonal matrices, and conditions (i)—(ii) reduce to componentwise inequalities. More
precisely, for indices i such that Q;; > 0, one has (G(z*)); > 0, while for indices i such that Ay # 0,
one has (H(2*))s;As > 0. These sign conditions coincide with those appearing in the classical NLP
definition of quasinormality.

The requirements U, — U and Vj, — V enforce a spectral pairing between G(z*) and Q, and
between H(x*) and A, ensuring that the sign control is checked along eigendirections that are
consistent in the limit.



Remark 2. The multipliers whose existence is ruled out by Definition 3 necessarily satisfy the
complementarity relation with the limiting constraints. Indeed, since G(z*¥) — G(z) and Uy, — U,
we have that G(Z) and € are simultaneously diagonalizable by U. For any index with AY (€2) > 0,
condition (ii) gives )\ZU’“ (G(z*)) > 0 for large k, hence by continuity A (G(z)) > 0. Feasibility of z
implies AY (G(z)) = 0. Thus, by Lemma 1, we have (G(z), ) = 0.

An earlier extension of quasinormality was proposed by Guo, Ye, and Zhang [19] within the
broader framework of Mathematical Programming with Geometric Constraints (MPGC). Their
approach is formulated in a fixed coordinate system and does not act directly on the underlying
geometric constraint. This is a natural and powerful idea in the general MPGC setting, where
the constraints do not necessarily exhibit a specific algebraic or geometric structure, thus allowing
the analysis to proceed in a manner similar to NLP. However, when one restricts attention to
NSDP, which constitutes a particular class of MPGCs, this formulation does not fully exploit the
rich spectral structure inherent to semidefinite constraints. Also, their condition includes a slack
variable that reduces significantly its applicability, making it fail in very simple examples, as we
will show next.

More specifically, when the MPGC-based definition is specialized to NSDP, a slack variable
Y € S™ is introduced so that G(x)—Y = 0. The resulting conditions are then written componentwise

~ 1 - A +1
using a fixed basis {E;}¢; of S™ and {E;}¢, of S*, where d = mm +1) and d = u

2
Definition 4 ([19]). Let {E;}%, be a basis of S™ and {E;}?_, of S’. A feasible point Z of prob-
lem (NSDP) is said to satisfy the componentwise quasinormality if there does not exist (A,Q) €
St x ST, with (A, €2) # 0, and a sequence {(z*, Y3, )} C R™ x S™ x ST converging to (T, G(Z), ),
such that (5) holds together with the following conditions:

L (%, Yy) = 0;
2. For every i such that (A, E;) # 0, it holds that
(A E;) - (H(z®),E;) >0, for all k.

3. For every i such that (Q, E;) # 0, it holds that
(Q,E;) - (G(zF) = Yy, E;) > 0, for all k.

In contrast, the quasinormality condition introduced in Definition 3 differs structurally, as it
is formulated in a spectral basis dynamically adapted to the problem data. In our approach,
the directions along which the sign control is evaluated vary with z* and are determined by the
eigenvectors of G(z") and by the multipliers Q. This allows complementarity to be analyzed within
eigenspaces that accurately reflect the local geometry of the matrix constraint. Consequently, even
if one were to replace the fixed basis used in the framework of Guo et al. with a spectral basis, the
lack of alignment between the basis directions and the multipliers would prevent their condition
from recovering ours. Thus, the formulation proposed in this work provides a more natural and
geometrically meaningful extension of quasinormality to the NSDP setting, as it aligns the notion
of constraint activity with the spectral structure of G(x) and with the directions defined by €.

The following example illustrates that the componentwise quasinormality condition may fail even
in a very simple setting, whereas the proposed spectral quasinormality condition remains satisfied.
In particular, the example is fully diagonal and involves no structural complexity beyond that of
a basic NSDP formulation. This highlights a potential limitation of the componentwise definition,
showing that it may exclude benign situations where no genuine pathological behavior is present.



Example 1. Consider the NSDP constraint

2
G(w)z(éﬂ 8)50, z € R,

and the feasible point Z = 0. Fix the Frobenius-orthonormal basis of S? given by

1 0 1 /0 1 0 0
1) m ) 50 9

(i) Quasinormality holds at Z. Since G(z) =< 0 for all x, there is no sequence 2*¥ — Z along which
G(2*) has a positive eigenvalue in any direction associated with a positive eigenvalue of Q > 0.
Hence the violating configuration in our definition cannot occur, and our condition holds at z.

10

0 0) = 0,Q # 0. Then, DG(z)*Q =

(ii) Componentwise quasinormality fails at T. Let Q = Ey = (
0 and (G(z),9) = 0. Define 2% = 1/k?, t}, = 1/k,

1t 1/ —t _
_ — p— k =< _ .
Qk_(tk ti) 0—Q, V= k( b1 0—0=0G(x)

Then

=12 D () w1 (8 et (-}) -0

Moreover, since (€2, E1) = 1 is the only nonzero coordinate of €2 in the fixed basis, the sign condition

reduces to )

1
_F + E >0
for all large k. Therefore, the nonexistence statement in the definition of componentwise quasinor-
mality is violated, and therefore it does not hold at Z.

(G(a*) = Vi, Br) = (G(*) = Vi) =

Although we believe that the proposed spectral quasinormality condition and the component-
wise quasinormality condition are independent, we were not able to provide the converse counter-
example. This is mainly due to the fact that it is hard to find an example such that componentwise
quasinormality holds. We recall that the componentwise formulation relies on auxiliary slack vari-
ables and enforces sign conditions in a fixed basis chosen a priori, which may introduce artificial
restrictions unrelated to the intrinsic geometry of the semidefinite constraint. In contrast, in our
approach the directions along which the sign control is evaluated vary with z* and are determined
by the eigenvectors of G(z*) and by the associated multipliers .

Note that the previous example does not satisfy Robinson’s condition at z = 0. Indeed, G(Z) +
DG(z)[d] = 0 for all d. Moreover, Robinson’s condition can be equivalently expressed in a dual
form. More precisely, following the characterization given in [14, Prop. 2.97], Robinson’s condition
holds at a feasible point = if and only if the implication

DH(z)*A + DG(2)*Q =0, (G(z),Q) =0, Q=0 = (A,Q)=(0,0), (6)

is satisfied. In this form, it becomes apparent that Robinson’s condition implies quasinormality.
Furthermore, the previous example shows that this implication is strict.

Before proceeding further, it is instructive to clarify the relationship between the proposed quasi-
normality condition for NSDP and the classical notion of quasinormality in NLP. Since diagonal
semidefinite constraints naturally reduce to a collection of scalar inequalities, this setting provides
a convenient framework in which the spectral formulation introduced here can be directly com-
pared with its NLP counterpart. The next result shows that, in the diagonal case, our spectral
quasinormality condition is equivalent to the classical quasinormality condition for NLP.



Remark 3. We do not claim that treating an NLP as a diagonal NSDP would be a reasonable
approach to deal with an NLP. Rather, more conveniently would be to treat an NLP as multiple
one-dimensional semidefinite constraints. Our claim here is that our notion of quasinormality in
NSDP is reasonable enough in order to recover the NLP definition in the diagonal setting. This is
not the case of the nondegeneracy condition, for instance, which motivates alternative definitions.
See [4].

Theorem 1. Let NSDP be a diagonal nonlinear semidefinite program, that is, assume that H(x)
and G(z) are diagonal matrices for all z. Then the quasinormality condition for NSDP is equivalent
to the classical quasinormality condition for NLP.

Proof. We present the proof only for the semidefinite constraint, since the equality constraints can
be handled analogously. Let

G(x) = ding(g1(2), .-, g (1))

be the semidefinite constraint function. Both implications are proved by contraposition. We first
show that quasinormality for NSDP implies quasinormality for the NLP problem with constraints
g1(z) <0,...,9m(x) < 0. Assume that the quasinormality condition for NLP fails at . Then
there exist a nonzero multiplier © € R™, y > 0, and a sequence {:ck} with zF — Z such that the
stationarity condition DG(z)*$2 = 0 holds, where 0 # 2 := diag(u) € S, and the sign requirements
are met:

i >0 = gi(z®) >0 foralli=1,...,m.

Choosing Uy, = U = I, this implication can be written equivalently as
AVQ) >0 = A% (GEF) >0 foralli=1,...,m,

which violates the NSDP definition. We now prove the converse implication. Assume that the
NSDP quasinormality condition fails at Z. Then there exist Q € ST, Q # 0, a sequence {z*} with
x*¥ — Z, and orthogonal matrices Uy, and U diagonalizing G(x*) and Q, respectively, for all k, where
Ui — U and DG(z)*Q2 = 0, together with

AVQ) >0 = \*G(F) >0 foralli=1,...,m. (7)

By Remark 2, (G(z),Q2) = 0 can be concluded and the diagonal structure of G(Z) implies
gi(7)Q; = 0 for all i. By applying a similarity transformation P(-)P? to Q and G, where P is a
permutation matrix, let us assume that the diagonal entries of €} appear in non-decreasing order.
Since 2 € S, the corresponding rows and columns of a zero diagonal entry are also zero. Thus
Q has a 2 x 2 block structure where only the southeast block is non-zero (with positive diagonal)
while the corresponding block of G(Z) is equal to zero due to complementarity. Focusing only on
this block, we assume without loss of generality that all diagonal entries of {2 are positive and
G(z) = 0. Since the stationarity condition DG(z)*Q2 = 0 depends only on the diagonal elements of
Q, the diagonal matrix Q = diag(Q1,. .., Qmm) together with the sequence {z¥} will attest that
quasinormality for NLP fails as long as g;(z*) > 0 for all ¢ and all k. Equivalently, let us prove that
AV (G (%)) > 0 for all i and all k.

Assume that this is not the case, that is, for each k, there is an index i; such that A\, :=
Agj (G(z*)) < 0. For all k, let Ij be the non-empty subset of {1,...,m} consisting of all indexes i
such that /\l(-]’c (G(2%)) = Ax. By the infinite pigeonhole principle, let us take a subsequence such that
I, is constant, that is, I = {i1,...,i,} C {1,...,m} for some non-empty set {i1,...,i,}. But for
all k in the subsequence, G(z¥) is diagonal and the eigenvalues )\f]’“(G(xk)) =\ for i =iy,..., 0



appear in the diagonal of G(z*) at some correspondent positions gj(wk) = MeyJ = J1,---,Jp, With
gj(a:k) # A for j # j1,...,Jp. Thus, the only possibility is that the correspondent eigenvectors

ul (columns iy, . .., 4, of U¥) of G(2*) span the eigenspace associated with A\, which clearly

k
iy Uy

p
coincides with the space generated by the canonical vectors e, ..., e;,, given that G (x%) is diagonal.

By (7), since )\zU’“(G(xk)) < 0 for all i € {i1,...,4p} and all k in the subsequence, we must
have AV (Q) = 0 for all i € {i1,...,ip}. By the definition of quasinormality for NSDP we have
that U, — U, that is, u,’fl — Uiy - .,ufp — u;, where the limits are eigenvectors of {2 associated
with the zero eigenvalue. Thus the space generated by w;,,...,u;, is contained in the eigenspace
of 2 associated with the zero eigenvalue. Since the span of ej,,...,e;, is a closed set, we conclude
that ej,...,e;, must be eigenvectors of {2 associated with the zero eigenvalue. Therefore, since
{j1,-..,Jp} is non-empty, for some canonical vector, say, e;j,, we have Qe; = 0 and in particular
Q;,5, = 0, which is a contradiction.

Note that we did not use the full convergence U¥ — U, but rather only the limit of the columns
associated with the zero eigenvalue of Q) (similar to Remark 2, one still has (G(Z),2) = 0 under this
weaker requirement). Thus quasinormality for NLP implies this stronger variation of quasinormality
for NSDP in the diagonal setting. O

In contrast to the approach adopted here, where the notion of quasinormality proposed by
Guo et al. [19] is directly specialized to the NSDP setting, the authors in [19] follow a different
strategy to handle semidefinite constraints. Rather than working directly with the semidefinite
constraint G(x) < 0, they reformulate the NSDP by replacing this constraint with the scalar
inequality A, (G(z)) < 0, where A,,,(G(x)) is the largest eigenvalue of G(x). This reformulation
allows the problem to be treated within the framework of nonlinear programming, since the function
Am () is locally Lipschitz continuous and directionally differentiable, thereby enabling the application
of standard NLP tools. The formal definition is given below.

Definition 5 (Corollary 3.6 of [19]). A feasible point & of problem (NSDP), with the equality
constraints omitted, is said to satisfy the mazimum-eigenvalue quasinormality condition if there
does not exist Q € ST, with Q # 0, such that

DGR =0, (G(),) =0, (8)
and a sequence {x*} — 7 satisfying \,,,(G(2*)) > 0.

Although this reformulation simplifies the analysis and allows the direct application of classical
NLP techniques, it focuses on a single spectral direction, namely that associated with the dominant
eigenvalue. As a result, it does not explicitly expose the full range of spectral activity directions
that may be relevant in the NSDP framework.

We now show that this approach is more naturally related to a pseudonormality condition, as
introduced by Bertsekas and Ozdaglar [11] for NLP, which we extend next to NSDP.

Definition 6. A feasible point Z of problem (NSDP) is said to satisfy the pseudonormality condition
if there do not exist a pair (A, Q) € S¢ x ST, with (A, Q) # (0,0), and a sequence {2¥} — Z such
that (5) holds and,

ZAV A NM(H Z Q) AKG(2%) > 0 for all k, (9)

where Vi, Uy, V and U are orthogonal matrices that diagonalize H (z*), G(z*), A and €, respectively,
such that U, — U and V), — V.
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Remark 4. Note that the pseudonormality condition implies the classical complementarity relation
between © and G(z), namely, (G(Z),Q) = 0. Indeed, let T be feasible, so that H(z) = 0 and
G(z) = 0, and assume that there exist (A,Q) € S* x ST, (A, Q) # (0,0), a sequence z¥ — z,
and orthogonal matrices Vi, Uy, V and U, diagonalizing H(z*), G(2*), A and §, respectively, with
Vi = V and U, — U such that the sign condition (9) holds for all k. Taking the limit in (9) we
arrive at

m l m
D AT (G(@) = D N (AN (H (@) + > AT (A (G(=) > 0,
j=1 i=1 j=1

which implies A?(Q)A?(G(a‘c)) =0forall j =1,...,m given that Q > 0 and G(z) < 0. We conclude
that (G(z),Q2) = 0 due to Lemma 1.

We now investigate the relationship between maximum-eigenvalue quasinormality and pseudonor-
mality.

Theorem 2. Let T be a feasible point of problem (NSDP), with the equality constraints omitted.
Then, the mazimum-eigenvalue quasinormality condition implies the pseudonormality condition.

Proof. Suppose, by contradiction, that  does not satisfy the pseudonormality condition. Then
there exist Q = 0, Q # 0, and a sequence =¥ — Z such that

DG(x)*Q=0 and Y AV(Q)A\¥G(") >0 forall k,
j=1

where Uy and U diagonalize G(z*) and Q, respectively, with Uy — U. By Remark 4, the sign
condition implies the classical complementarity relation (G(z),2) = 0. The inequality above implies
that for each k there exists j such that )\gv’“ (G(x*)) > 0. In particular, G(z*) has a strictly positive
eigenvalue for all k, that is, A, (G(2%)) > 0 for all k. Thus, Z violates the maximum-eigenvalue
quasinormality condition, which is a contradiction. ]

The next example shows that the relationship between Definitions 5 and 6 is strict.

Example 2. Consider the NSDP constraint

G(z) = <$1 2 ) <0, zcR?

T2 —X1

and the feasible point = 0.
(i) & satisfies pseudonormality. Since 0 = DG(z)*Q = (11 — Q12,2042) we must have Q13 = 0 and
Q11 = Q92 > 0 are the eigenvalues of Q. But for any sequence {z¥}, the eigenvectors of G(z*) are

44/ (24)2 + (25)2 hence
M (DATH(G() + A5 (A5 (G (")) = 0,

which violates (9).

(ii) Z does not satisfy mazimum-eigenvalue quasinormality. Take Q = I and 2* = (1/k,1/k). We
have DG(7)*Q = 0, (G(Z), Q) = 0, and X\a(G(z*)) > 0 for all k.

This example shows that pseudonormality is strictly weaker than maximum-eigenvalue quasi-
normality, which makes it a more general and flexible constraint qualification. Another important
feature of our formulation is that complementarity is intrinsically built into the condition itself,
whereas in the maximum-eigenvalue framework this property has to be imposed explicitly. We now
show that pseudonormality implies our definition of quasinormality.
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Theorem 3. Let T be a feasible point of (NSDP). If T satisfies the pseudonormality condition, then
it also satisfies the quasinormality condition.

Proof. The proof is a consequence of the fact that items (i) and (ii) of Definition 3 imply that both
sums in (9) consist of non-negative summands. The fact that (A, Q) # (0,0) implies that at least
one summand is positive, which concludes the proof. ]

The relationship between quasinormality and pseudonormality is strict, as illustrated by the
following example:
Example 3. Consider the NSDP constraint

Gla) = (ﬁ@ _(m;@ <0, aeR

and the feasible point = 0.

(i) Quasinormality holds at . Suppose, by contradiction, that quasinormality fails at Z. Then
there exist Q = 0, Q # 0, and a sequence z* — & such that

DG(@)* Q=0 and AHG(z") >0 for all i with AV (Q) >0, (10)

where Uy, — U and Uy, and U diagonalize G(2*) and €, respectively. The eigenvalues of G(z*) are
—z% and 2¥ + (2*)2. Since (10) implies z* # 0, the eigenvalues must be distinct for all sufficiently
large k. This implies that Uy is uniquely determined and a simple computation gives Uy = U =

v2 1 1

obtain

1 (1 -1 . . T/0 -1 . . . .
—= . Now, by the identity U (71 o )U = diag(—1,1) and cyclic trace invariance, we

0=DG(:E)*Q=<<_01 _01>Q> - <diag(—1,1), diag(\Y(Q), /\QU(Q))>
= V(@) + 25 (9.

Since 2 = 0 and 2 # 0, it follows that AY(2) = AJ(Q) > 0. Consequently, the sign control
requirement forces

—2F>0 and 2F+ (2F)2>0 for all sufficiently large k,

which is a contradiction. Hence quasinormality holds at .
(ii) Pseudonormality fails at T. Let Q =1 > 0. Then

DG(z)*Q = < <_01 _01> , I> —0,

k

so (5) holds. Moreover, take any sequence z¥ — 0 with ¥ # 0. Since Q = I, we may choose

1 -1
Up=U =+ (1 1 ) for all sufficiently large k, and thus

2
S A ATHG () = AHG ") + AHG(H)) = (2%)2 >0 for all k,
j=1

where we used that the eigenvalues of G(z*) are —2* and z* + (2¥)2. Hence (9) is satisfied for all
k, providing a violating configuration for pseudonormality at . Therefore, pseudonormality does
not hold at Z.
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A result similar to Theorem 1 can be proved for pseudonormality, which we omit. We summarize
the concepts introduced so far with the strict hierarchy below:

Maximum-eigenvalue quasinormality = Pseudonormality = Quasinormality.

In the next section, it will be shown that quasinormality is a constraint qualifications for NSDP,
which implies the same is true for the other conditions.

4 Augmented Lagrangian Methods for NSDP

The augmented Lagrangian method is a powerful framework for solving constrained optimization
problems, including NSDP; see, for instance, our previous work [10] for a detailed analysis in this
setting. It simultaneously penalizes violations of both equality and semidefinite constraints by in-
troducing appropriate quadratic terms into the augmented Lagrangian function. From a theoretical
perspective, most existing global convergence results for augmented Lagrangian methods in NSDP
rely on Robinson’s condition, which ensures boundedness of the dual sequence and convergence
to a KKT point. However, this assumption is often too restrictive in practice. Robinson’s condi-
tion imposes a strong regularity requirement that guarantees bounded Lagrange multipliers at the
limit point, but it may fail in many realistic applications, as is the case for NSDP problems with
complementarity constraints; see [15].

Recent developments, such as the sequential optimality frameworks known as the Approximate
KKT (AKKT) and Complementarity AKKT (CAKKT) conditions [2, 8], have shown that the primal
sequence generated by augmented Lagrangian-type methods converges to points satisfying sequential
stationarity conditions. These results hold under weak assumptions, such as AKKT-regularity and
CAKKT-regularity, which are independent of the quasinormality condition considered in this work.
However, they only ensure that the limit point satisfies the KKT conditions without identifying a
corresponding Lagrange multiplier. In many applications, it is not sufficient to know that a KKT
point exists because one also needs to compute the associated multiplier. Moreover, when the
dual sequence is unbounded, numerical instabilities may arise in the evaluation of stopping criteria.
Our result, by establishing the boundedness of the dual sequence, enables a relaxed variant of the
algorithm in which subproblems are solved under scaled stopping criteria, an approach that is not
supported by the AKKT or CAKKT theory.

In contrast to previous works, the main contribution of this paper is to show that quasinormality,
a relatively weak constraint qualification, suffices to guarantee the boundedness of the dual sequence
generated by the augmented Lagrangian method for NSDP. Furthermore, we prove that every
accumulation point of the primal-dual sequence satisfies the KKT conditions under quasinormality.
This result considerably extends the class of NSDP problems for which strong global convergence
properties can be rigorously established. Let

L, R" xS xS™ - R
denote the standard Powell-Hestenes—Rockafellar augmented Lagrangian function, defined as

Loz, A, Q) = f(z) + g(HH(a:) + 8112+ ||[Gle) + %M}z), (11)

where p > 0 is the penalty parameter, A € S and Q € S™ are the Lagrange multipliers approxima-
tions associated with the equality and semidefinite constraints, respectively.
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Algorithm 1 Augmented Lagrangian Algorithm
1: Step 0 (Initialization): Let 7 € (0,1), v > 1, pi > 0, Qmax € S Amin, Amax € SY with
Amin = Amaa:'
2: Take a sequence {e;} C R such that e > 0 and limg_, g = 0.
3: Choose an initial point z° € R™ and initial multipliers 0 < Q' < Qnax and Amin < A < Apax.
= 1.

4: Step 1 (Subproblem Solution): Using z*~!, compute an approximate minimizer z* of
L,, (x, AF, QF) satisfying:
IV Ly (2%, A%, QF)| < e

5. Step 2 (Penalty Parameter Update): Define

Ok Ok
vk [ n G(xk)] &
Pk + Pk

6: if k = 1 or max{|[H(@")[, [V¥]}} < rmax{|[H(@*~1)[, |[V*~"[} then
7: Set pr+1 = pk-

8: else

9:  Set pgy1 = Ypk-

10: end if

11: Step 3 (Multiplier Update):
OF = [Qk + ka(:c’f)L, "1 = projs, (),

AP = AF 4 ppH (2F), AR = projg, (AF),

where S; :={X € S™ |0 < X < Qpax} and Sp :={Y € S' | Apin <Y =< A}
12: Set k := k + 1 and return to Step 1.

Remark 5. We emphasize several important aspects of Algorithm 1:

i) Each subproblem solved at iteration k is unconstrained, and the augmented Lagrangian func-
tion £, simultaneously penalizes both equality and semidefinite constraint violations in a
smooth and unified manner. In order to guarantee that a solution exists, one may add large
enough box constraints. See [13].

ii) The projection operator [-]; onto the cone of positive semidefinite matrices guarantees that
the dual variables associated with the semidefinite constraint remain feasible throughout the
iterations, preserving the structure of the problem.

iii) The matrix V¥ quantifies the degree of constraint violation at iteration k, serving as an indica-
tor of the solution quality with respect to both feasibility and complementarity. A large value
of ||V¥|| indicates that the current iterate poorly satisfies the constraints or complementarity
conditions. This measure is fundamental for assessing convergence toward feasibility and for
monitoring the progressive reduction of violations.

iv) The penalty parameter pj is updated adaptively. It remains unchanged when ||[V*|| and
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| H (2*)|| decreases sufficiently, and it is increased otherwise, in order to enforce feasibility and
complementarity more strongly.

v) The projection projg,(-),4 = 1,2 ensures that the matrix of multipliers remain bounded and
within a prescribed feasible set, which is essential for establishing convergence under weak
constraint qualifications.

vi) The algorithm allows inexact solutions of the subproblems, as controlled by the decreasing
sequence {ej}. This feature enables practical implementations to balance computational effi-
ciency with the theoretical convergence guarantees.

Proposition 1. Let f: R” = R, H: R* — S, and G: R® — S™ be continuously differentiable
functions, and let L, be the augmented Lagrangian function defined in (11). Then, any accumula-
tion point T of a sequence {x*} generated by Algorithm 1 is a stationary point of the infeasibility
minimization problem

min o(z) := | H ()7 + [[G(2)]+ 1% (12)
The proof of Proposition 1 follows directly from Theorem 4.1 of [10] and Theorem 6.5 of [13].
These results establish that, under mild assumptions, any accumulation point of the sequence gen-
erated by an augmented Lagrangian algorithm satisfies first-order stationarity conditions for the
infeasibility minimization problem (12). This implies that, even in the absence of standard con-
straint qualifications, the algorithm drives the iterates toward points where the equality constraints
are nearly satisfied and violations of the semidefinite constraint are minimized. Consequently, sta-
tionary points of ® can be interpreted as approximately feasible solutions to the original problem
(NSDP), which demonstrates the robustness of the method in handling infeasibility. With this in
mind, we proceed with the main global convergence result.

Theorem 4. Let {2*} be a sequence generated by Algorithm 1, and suppose there exists an infinite
subset K C N such that 2 — Z as k € K — oo, where T € R" is feasible. If T satisfies the
quasinormality condition, then the sequence of dual variables {(Ak,Qk)}keK is bounded, and T
satisfies the KKT conditions. Moreover, any accumulation point of the dual sequence is a Lagrange
multiplier associated with .

Proof. By Step 1 of the algorithm
Vf(z*) + DH(z*)*A* + DG(2)*QF — 0, (13)

where A¥ = A* 4 pp H(2%) and QF = [QF 4 pG(2%)];. Assume, by contradiction, that the sequence
of multipliers {(A*,2%)}rcx is unbounded. Then, there exists an infinite subset Ky C K and a
normalization sequence 7, := max{||A*||, [|Q2¥||} — oo such that

AF QF
(5.9 e,
Mk Nk
with 0 # (A*, Q%) € S* x ST Now, dividing (13) by 7 and taking limits along K yields
DH(z)*A* + DG(z)*Q* = 0. (14)

We now analyze the behavior of the constraint violations relative to the limiting multipliers, where
we restrict our attention to k € K.
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(a) Suppose that Q* # 0. Since

_ QF
OF = [QF + ppG (2" and — — 0,
[QF + prG (")) ”
we obtain %: = %: + %G(ﬂ&k)]Jr . Define
Qk
Ap == — + @G(xk), By := @G(azk)

Nk Nk Nk

Then Ay, — By = QF/m;, — 0 due to the fact that {Q*} is bounded. Since the projection [-]
is nonexpansive, we have

Qk
1Akl — [Bil4 ]l < | Ak — Bi|| = an 0.

Consequently, [A] — [Br]y — 0. But [4;]+ = QF /nr — QF, and therefore [By], — Q*. That
is,

PG, — o, (15)
Nk

Let U be an orthogonal matrix such that
G(a*) = Uy, diag(A\V*(G(2F)), ..., AT (G(aM))) U .

Then the same matrix Uj diagonalizes p—k[G(xk)]+ By (15), we may take an orthogonal
k

matrix U that diagonalizes 2* such that Uy — U, ensuring the spectral pairing required in
the definition of quasinormality. Now fix an index 4 such that AV (*) > 0. Then

Pl (1e@ls) - W@ >o.

Hence,
)\ZU’“ ([G(:ck)]+) >0 for all sufficiently large k.

Since )\Z-J’“ ([G(=M)]4) = max{)\iU’“(G(xk)), 0}, it follows that /\lU’“ (G(z%)) > 0 for all sufficiently large k,

which proves the desired property.

Suppose that A* # 0. Since

]\k

A =A% 4 ppH(2*) and — —0,
Nk
we obtain . -
A A
—=—+ &H(xk) — A, which implies that &H(xk) — A*. (16)
Mk e Mk Nk

Let V; be an orthogonal matrix diagonalizing H (z*). Since V}, also diagonalizes (py./m) H (z*),
by (16) we may choose an orthogonal matrix V' diagonalizing A* such that Vi, — V, ensuring
the spectral pairing in the definition of quasinormality. Fix i with A} (A*) # 0. By continuity
of the paired eigenvalues we have

AL (f]’“mm) LAY,
k
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so for all sufficiently large k, /\sz (Z—:H(xk)) has the same sign of A} (A*), that is,

AV <f7):H(xk)> AV (A%) > 0.

Since pg/mr > 0, this is equivalent to
)\Y’“(H(azk)) M(A*) >0 for all sufficiently large k,
which is the desired sign condition.

We have constructed (A*,Q*) # (0,0), a sequence ¥ — Z, and diagonalizations Uy — U, Vj — V
such that
DH(z)*A* 4+ DG(z)*Q" =0,

and conditions (i)—(ii) of Definition 3 are satisfied. This contradicts the quasinormality assumption
at Z. Therefore, the sequence {(A¥,2%)}rcx must be bounded. The remaining conclusions follow
simply by taking the limit of an appropriate subsequence in (13), where complementarity follows
as in the proof of [10, Theorem 4].

O

The previous result shows that, under the assumption of quasinormality at a feasible point Z,
the dual sequences generated by the augmented Lagrangian algorithm remain bounded, and any
accumulation point satisfies the KKT conditions. We now proceed to demonstrate that quasinor-
mality can indeed be regarded as a constraint qualification for NSDP. To that end, we first recall
the construction in the proof of [10, Theorem 5|, which guarantees the existence of asymptotic
primal-dual sequences that satisfy approximate stationarity and complementarity conditions.

Theorem 5 ([10]). Let = € R™ be a local minimizer of (NSDP). Then, there exist sequences
pp — 00, ¥ = Z, and

OF = [ppG(aF)] 4 € ST, AP = ppH(zY) € S,

such that
Vf(®) + DG(z*)*QF + DH(z*)*A* =0 and (G(zF), Q%) — 0.

We observe that the sequences AF and QF appearing in Theorem 5 match the structure of those
produced by Algorithm 1 when the safeguarded multipliers are set to zero (i.e., A¥ = 0 and QF = 0).
This observation motivates the next result, in which we apply the quasinormality condition to these
sequences to deduce that T satisfies the KKT conditions.

Theorem 6. Let & € R™ be a local minimizer of (NSDP), and suppose that the quasinormality
condition holds at . Then T satisfies the KKT conditions for the same problem.

Proof. According to Theorem 5, there exist sequences p, — oo, ¥ — Z, and
OF = [ G(a")] 4 € ST, A" :=ppH(a") €S,

such that
Vf(®) + DG*)*QF + DH(2F)*A* w0,  (G(2F),0F) = 0.

Observe that the sequences {Q*} and {A*} coincide with those generated by Algorithm 1 when
the safeguarded multipliers are set to zero, i.e., Q¥ = 0 and A¥ = 0. Then, by an argument
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analogous to that used in the proof of Theorem 4, and invoking the quasinormality assumption
at T, we conclude that the sequence of dual variables {(Ak, Qk)} is bounded. Hence, there exists
a convergent subsequence with limit (A, Q) € S x S™'. Moreover, passing to the limit in the
approximate stationarity condition and using the continuity of V f, DG, and DH, we obtain

V(@) + DG(Z)* QY+ DH(z)*A = 0.

Since z¥ — Z and G is continuous, G(z¥) — G(z). Together with (G(z*),Q%) — 0 and the
convergence QF — Q. this yields (G(Z),Q) = 0. Therefore, Z satisfies the KKT conditions for
(NSDP) with Lagrange multipliers A and €. O

Corollary 1. Let & be a local minimizer of (NSDP). If Z satisfies pseudonormality, then T satisfies
the KKT conditions.

Proof. By Theorem 3, pseudonormality implies quasinormality at . The conclusion then follows
from Theorem 6. O

We now present a refined version of the augmented Lagrangian framework, inspired by Birgin,
Haeser, and Martinez [12]. Their approach introduces a scaled stopping criterion for the inner
minimization problems, designed to improve numerical performance by adapting the optimality
tolerance to the magnitude of the updated multipliers.

Let L,(z, A, ) be the Powell-Hestenes-Rockafellar augmented Lagrangian defined in (11). In
the classical scheme, the subproblem solution z* is required to satisfy

vaﬁp(xk, ]\ka Qk)” S €k-

In the scaled version, this fixed tolerance is replaced by one proportional to the norms of the
prospective multipliers,

A= N ppH(R),  OF = [OF + G (M) ]y,
so that the stopping test becomes
VL (', A, QF)|| < e max{1L, [|A% + pp H (2|, [2F + oG (=) 111} (17)

This scaling reflects that the accuracy required to solve the inner subproblems is measured relative
to the magnitude of the dual quantities generated by the method. In particular, the scaled stopping
rule allows one to solve the subproblems less accurately when the chosen scaling factor is large, while
enforcing progressively higher accuracy through the prescribed decay of the tolerance sequence.
We denote by scaled augmented Lagrangian algorithm the variant obtained from Algorithm 1 by
replacing Step 1 with the scaled condition (17).

Theorem 7. Let {:nk} be a sequence generated by the scaled augmented Lagrangian algorithm, where
each subproblem solution satisfies the scaled first-order condition (17). Assume that T is a feasible
accumulation point of the sequence, that is, there exists an infinite indexr set K C N such that
2* — z as k € K. If & satisfies the quasinormality condition, then the sequence of dual variables
{(A*, QF)} ek is bounded.

Proof. The proof follows the same reasoning as in Theorem 4. Specifically, recall that the first step
in that argument consists of normalizing the approximate stationarity condition

Vo Ly, (", A%, Q5| < e max{L, [|A"], [Q*]]},
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by dividing both sides by the scaling factor max{||A¥||,||Q¥||}. Since e, — 0, the right-hand side
converges to zero, implying that any normalized limit of the dual sequences satisfies the same
limiting stationarity system obtained in Theorem 4. Consequently, the contradiction argument
used there applies verbatim: if the multipliers were unbounded, one would obtain a nonzero limiting
pair (A*, Q*) violating the quasinormality condition at z. Hence, both {A*}.cx and {QF}rcx are
bounded. O

5 Relaxed Quasinormality for NSDP

In nonlinear programming, quasinormality-type conditions arise naturally from refined optimality
frameworks that go beyond the classical Fritz—John theory. These ideas led to relazed quasinormality
(RQN), see, e.g., [9], a condition that allows controlled degeneracy in constraint violations while
preserving meaningful stationarity properties. We now propose a natural extension of this condition
for NSDP.

Definition 7. Let £ € R" be a feasible point of (NSDP). We say that Z satisfies the relazed
quasinormality (RQN) condition if there is no pair (A, Q) € S* x ST, with (A, Q) # 0, such that:

1. DH(z)*A 4+ DG(z)*Q = 0;

2. There exists a sequence {2*} converging to Z such that:
(a) )\yk(H(xk)) ) > 0 for all i such that A/ (A) # 0,
(b) )\?’“(G(xk)) > 0 for all i such that AV (Q2) > 0,

(c) \)\Y’“(H(xk))] = o(w(x¥)) for all i with A} (A) = 0, and [)\‘[]Jk(G(.ka))]_i_ = o(w(z*)) for all
J with )\ (2) = 0, where the function w(x*) is defined as

w(:zk) :=min< min |)\:/’“(H(:ck))|, min [)\gj(G(xk))]_,_ ,
AV (A)#£0 AV (€)>0

and Uy, Vi, V and U are orthogonal matrices that diagonalize G (z*), H(z*), A and €, respectively,
such that U, — U and V;, — V.

The function w(z*) plays a crucial role in the relaxed quasinormality condition by acting as a
reference scale to evaluate the relative significance of constraint violations. Specifically, w(z*) is
defined as the minimum between the absolute values of the violated equality-matrix eigenvalue con-
straints )\,}/’“ (H(z")), for which the corresponding eigenvalues A\Y (A) of the multiplier matrix are
nonzero, and the positive eigenvalues of the matrix-valued constraint G(x*) associated with the
positive eigenvalues of the multiplier matrix . This means that w(z*) reflects the smallest among
the most relevant violations, those for which the associated multipliers are non-zero. The require-
ment that other violations, corresponding to constraints with vanishing multipliers, must satisfy
])\Y’“(H(xk)ﬂ = o(w(z¥)) and [)\JU(G(;L“]“))]Jr = o(w(z")), ensures that these secondary violations re-
main asymptotically negligible in comparison. Consequently, the relaxed quasinormality condition
allows a form of controlled degeneracy in the constraint system, as long as the primary violations
dominate the asymptotic behavior of the sequence.

The relationship between quasinormality and relaxed quasinormality is straightforward, and we
state it as follows.
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Theorem 8. Let & € R™ be a feasible point for (NSDP). If the quasinormality condition holds at
Z, then T satisfies the relaxzed quasinormality condition.

Proof. We argue by contraposition. Suppose that z does not satisfy the relaxed quasinormality
condition. Then, by Definition 7, there exist (A, ) # (0,0) and a sequence ¥ — Z such that

DH(7)*A + DG(3)*Q = 0,

and the sign control conditions (a) and (b) in Definition 7 hold along {z*}. Since these conditions
coincide with the corresponding sign requirements in the definition of quasinormality, the same pair
(A, Q) and sequence {z*} provide a certificate that quasinormality fails at . Therefore, failure of
relaxed quasinormality implies failure of quasinormality, and the result follows by contraposition.

O

The following example shows that the implication from quasinormality to relaxed quasinormality
is strict.

Example 4. Consider the matrix-valued equality constraint
l1+2 -1

H(x) =2 .
2\z—-1 1+

(i) The relaxed quasinormality condition holds at T = 0. Suppose, by contradiction, that RQN
fails at Z. Then, by Definition 7, there exist a nonzero multiplier A € S, A # 0 and a sequence
{zr} — T such that the stationarity condition

DH(z)*A =0

and the feasible point = 0.

holds, and items (a)—(c) of Definition 7 are satisfied. The eigenvalues of H(x) are = and

x2. In particular, for all sufficiently small x # 0, the eigenvalues must be distinct. This

implies that Vj is uniquely determined up to a permutation and a simple computation gives

1 1

invariance, we obtain
B w11 -1 L1 -1 T
o=paera= (5 (4 )y =3 (4 3 wvian)

(5 2):(4" atn)) =

Since A # 0, it follows that A} (A) # 0. Therefore,

wla) = i NEH )| = W) = ()
i (M)F#0

1 -1
Vi=V= % < ) with A\Vs(H (2%)) = (2F)2 and A\y*(H (2%)) = z*. Now, by cyclic trace

On the other hand, for the index i = 2 satisfying A} (A) = 0, item (c) of Definition 7 requires
IAS*(H ()] = o(w(zk)), that is, |zx| = of(zx)?).

This is impossible for any sequence xy — 0 with x; # 0, since

lzg] 1
e e

This contradiction shows that the relaxed quasinormality condition holds at £ = 0.
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(ii) The quasinormality condition fails at T = 0. Consider the sequence zF = 1/k — 0 and V}, =
V21 1
while A} (A) = 1 and Ay (A) = 0, with
AVH(H(2%)) = (2%)? > 0.

1 -1
V=1 ( ) For the nonzero multiplier A = Vdiag(1,0)V?, we have DH(Z)*A = 0

Therefore A and the sequence {2*} satisfy the requirements in Definition 3, and quasinormality
does not hold at .

We now show that, under the assumption of relaxed quasinormality, the sequence of Lagrange
multipliers generated by the augmented Lagrangian algorithm is also bounded.

Theorem 9. Let {2*} be a sequence generated by Algorithm 1 and let T be a feasible accumulation
point, that is, there exists an infinite index set K C N such that z* — T as k € K. If T satisfies
the relaxed quasinormality condition, then the corresponding dual sequences {A*}rerc and {QF}rex
generated in Step 2 are bounded. In particular, every accumulation point of the dual sequence is a
Lagrange multiplier associated with T.

Proof. Assume, by contradiction, that the dual sequence {(A*, 2%)},c is unbounded. Then, there
exists an infinite subset Ky C K such that

g = maX{HAkH, ||Qk||} — 400 as k € Ky,

and dividing the approximate stationarity condition in Step 1 by 7 and taking limits along Ky, we
obtain
DH(z)*A* + DG(z)*Q* =0,
with 0 # (A*, Q%) € S* x S, where
AR AR H(z" QF Ok G (2"
Tk Nk Nk Mk

By Theorem 4, the sequences generated by Algorithm 1 satisfy conditions (a) and (b) of Definition 7,
where Vi, Uy, V and U are orthogonal matrices diagonalizing H (z*), G(2*), A* and Q*, respectively,
such that Vi, — V and Uy, — U. It remains to verify condition (c).

If all eigenvalues of A* and Q* are nonzero, then condition (c) holds trivially. Otherwise, let
and j be any index such that

(W(A") =00r AV(Q) =0) and (AY(A*) #0 or AV(27) #0).

Assume that A} (A*) = 0 and )\}/(A*) # 0 (the other cases are analogous). From (18), it follows
that
AV (%H(ﬁ?)) SAV (AT =0, A (Z—ZH(:U’“)> — AV (A%) £0.

Consequently,
v
NHEEE) N (R HE)

= 0.
A],Vk(H(xk)) /\;/k (%H(xk)) -

Recalling the definition of w(z*) and considering that the limit above holds for any j, we conclude

that v i
NE(H
NEE)]

w(zk)
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which implies
])\z/k(H(xk)ﬂ = o(w(z¥)) for all i such that A\ (A*) = 0.

The argument is similar when )\ZU (Q2*) = 0. Combining the above arguments, we conclude
that the nonzero pair (A*, Q*) together with the sequence {x*} ey, satisfies items (1) and (2)(a)-
(c) of Definition 7, which contradicts the relaxed quasinormality of Z. Hence, the assumption
that {(A*, Q%)}rex is unbounded is false, and both dual sequences are bounded. The proof now
concludes as in the proof of Theorem 4. O

6 Applications of Quasinormality

In this section, we derive two fundamental implications of the quasinormality condition introduced
in this work. First, we show that quasinormality yields a local error bound for NSDP, thereby quan-
tifying the relation between feasibility and constraint violation. Second, we demonstrate that the
same condition ensures the existence of an exact penalty formulation. Together, these results reveal,
in the semidefinite setting, the classical interplay between geometric regularity and error-bound be-
havior. We recall that the feasible set of (NSDP) is given by F := {x: H(z) =0, G(x) < 0}.

Definition 8. A feasible point Z € F satisfies a local error bound if there exist ¢ > 0 and € > 0
such that
dist(z, F) < c(||H(2)|| + ||[G(x)]+]) for all x with ||z — Z|| <€,

where dist(z, F) is the Euclidean distance from x to F.

In order to prove that quasinormality indeed yields a local error bound for NSDP, we will need
some preliminary results. We begin with the following geometric lemma, which is standard and
corresponds to Lemma 2.1 in [25].

Lemma 2. Let C C R™ be a closed set, x ¢ C, and let y € C satisfy ||x — y|| = dist(z, C). Then

Ty
[l = yll

€ [Te(y)]°,

where To(y) is the contingent (Bouligand) cone to C at y, defined by
To(y) :={d € R" : 3t | 0, dy, — d such that y + txdy, € C}.

Now, we establish a preliminary lemma showing that the quasinormality condition is stable
under small perturbations of the feasible point. This result extends the corresponding local stability
property proved for nonlinear programming problems in [26].

Lemma 3. Let T € F satisfy the quasinormality condition. Then there exists € > 0 such that every
feasible point x € F with ||z — Z|| < € also satisfies quasinormality.

Proof. Suppose the claim is false. Then there exists a sequence {z*} C F such that ¥ — Z and, for
every k, the point ¥ violates the quasinormality condition. Hence, for each k, there exist multipliers
(A*,QF) € S¢ x ST with (A%, Q) £ (0,0) and a sequence {z%!'}; C R™ with z*! — 2* such that

DH(z*)*AF + DG(2%)*QF = 0, (19)

and there exist orthogonal matrices Vj, Uj, diagonalizing A*, Q¥ respectively, and orthogonal ma-
trices Vi, Uy, diagonalizing H (z%!) and G(a*!), respectively, with

Vg = Vi, Uiy — Uy (I = o0),
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such that the sign conditions in Definition 3 hold along {z*!};, namely:

O
[

APHH (@RD) A (AR) > 0 for all 4 with AYF(AF) #£ 0, (20)

ARG (2MY) > 0 for all i with A< (QF) > 0, (21)

(2

Normalize the multipliers by setting
~1 A 1
Mk = H(Akvgk)H7 (Akvgk) = 7(Ak7Qk)7
My,

so that [|[(A¥, QF)|| = 1 and QF = 0 for all k. Thus, there exists a subsequence such that
(BF05) = (A.Q) # (0,0, Ve =V, U= U,

for some orthogonal matrices V € R*¢ and U € R™*™. Dividing (19) by M}, and letting k& — oo
in such subsequence, using continuity of DH (-)* and DG(-)*, yields

DH(z)*A + DG(2)*Q = 0, with 0 # (A, Q) € S x ST (22)

We now build a single sequence converging to & that violates Definition 3 at Z. For each k, since
zht — zF and Uk — Uk, Vg — Vi as | = oo, we may choose an index [(k) sufficiently large so
that, with B B

Fi=adMW U= Uy, Vii= Vi,
we have 2F — z, l?k — U, and Vk — V. Since Uy — U and OF — Q, for every index i with

AV (Q) > 0 we have )xlU’“(SA)k) > 0 for all sufficiently large k. Then (21) implies
/\?’“(G(zk)) >0 for all sufficiently large k and all i with AV () > 0.

Similarly, since Vi — V and AF — A, for every index i with A (A) # 0 we have )\y’“(xk) # 0 for all
sufficiently large k, and (20) yields

Afk(H(z’f)) A(A) >0 for all sufficiently large k and all i with A} (A) # 0.

Together with (22), this shows that (A, Q) and the sequence {z*} contradicts quasinormality at
Z. O

Before establishing the final auxiliary result required for the proof of the error bound, we need
one additional lemma providing a gradient representation of normal vectors to the feasible set. This
result is classical in variational analysis; see, for instance, [28, p. 205].

Lemma 4. Let & € F be a feasible point. For every vector y € Tr(Z)°, there exists a function
F:R"™ = R of class C' such that

and T is a strict global minimizer of F' over F.

We now establish the final auxiliary result needed for the error bound analysis. This proposition
extends to the NSDP setting a representation result originally proved for nonlinear programming
in [26].
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Proposition 2. Let & € F be a feasible point and suppose that the quasinormality condition holds
at Z. Then, for any vector y € Tr(Z)°, there exist matrices A € S* and Q2 € ST such that

y=DH(z)"A + DG(z)*Q.

Moreover, there exists a sequence {a:k} C R™ with ¥ — & and orthogonal matrices Uy, V}, diagonal-

izing G(x*) and H(z%), respectively, together with orthogonal matrices U,V diagonalizing @ and A,
respectively, such that U, — U, Vi, =V, and

AR(HER) A (M) >0 for all i with A} (A) # 0, (23)

)\zU’“(G(xk)) >0 for alli with \V () > 0. (24)

Proof. Let y € T#(Z)° be arbitrary. By Lemma 4, there exists a function F': R — R of class C?

that achieves a strict global minimum over F at Z and satisfies —VF(Z) = y. The proof now follows

similarly to the proof of Theorem 6. We present the full argument below for completeness. Fix

e > 0 and let B[z,¢] denote the closed ball centered at z with radius €. For each integer k > 1,
consider the penalized problem

min | Fi(@) = F(@) + K[ HE)|?+ G,

Since B[z, ] is compact and F}, is continuous, there exists a minimizer % of Fy. We first show that
zF — Z. Indeed, for all k,

F(a®) + k|| H @) + k[|[G")]4]? = Fi(a") < Fy(z) = F(z),
Since F' is bounded on B[z, ¢], it follows that

lim |H(z*)|=0 and lim ||[G(z")],| = 0.
k—o0 k—o0

Hence, every accumulation point of the sequence {ajk} is feasible. We now show that Z is in fact
the unique accumulation point. Assume by contradiction that there exists a subsequence {z*i}
converging to some ¥ # Z. By feasibility of accumulation points, we have £ € F. Since F' attains
a strict global minimum over F at z, it follows that F'() > F(Z). On the other hand, from the
penalized problem we have F(z*) < F(z) for all k, and by continuity of F,

lim F(a*) = F(2),

J—00

which yields a contradiction. Therefore, Z is the unique accumulation point of {z*}, and z¥ — z.
In particular, for all k sufficiently large, * lies in the interior of B[Z,¢]. For such k, the first-order
necessary optimality condition for the penalized problem yields

VF(zF) = 0.
Let V}, and Uy, be orthogonal matrices diagonalizing H(z*) and G(z*), respectively. Define
Ap:=2kH(z®),  Q:=2k[G(z")],.
so that

VF(z*) + DH(z*)* A + DG(z*)*Qy, = 0.
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Consider the normalization

-~ A ~ Q
i = max{1, AR 04}, Rei= 2E, Bpi= SE
k k
Thus, there exists a subsequence such that
Ar—sAest, Q. —-Qest

Passing to the limit and using z* — Z, we obtain
VF(z)+ DH(z)*A+ DG(z)*Q = 0.
Recalling that —VF(z) = y, we conclude that
y=DH(zZ)"A+ DG(z)*Q.

Finally, conditions (23)-(24) follows from the definitions of A* and QF.
O

We are now in a position to establish a local error bound for NSDP under the quasinormality
condition.

Theorem 10. Let © € F be a feasible point. If T satisfies the quasinormality condition, then a
local error bound holds at x.

Proof. Assume, by contradiction, that the local error bound fails at Z. Then, for every k& € N, there
exists ¥ — Z such that
dist(z", F) > k(| H(@")| + 1G]+ ). (25)

In particular, z¥ ¢ F for all k. Let y* € F satisfy
|zF — oF|| = dist(z*, F).

Since T € F, we have
2% — yF|| = dist(z*, F) < ||z* — Z|| — 0,

and therefore

ly* =zl < lly* — 2| +[la* =z =0, ie, Y=z
Define
ZL‘k _ yk
[ R — T
2% — ||
By Lemma 2, it follows that
ky\10
i € [Tr(y™))°. (26)

Since y* — Z and Z satisfies the quasinormality condition, Lemma 3 ensures that, for all k sufficiently
large, y* also satisfies quasinormality. Therefore, Proposition 2 applies at y* and yields the existence
of matrices A*¥ € S* and QF € S such that

ne = DH(y")"A" + DG (y*)*Q", (27)
and there exists a sequence y*! — y*, and Uiy — Uk, Viy — Vi, as | — oo, such that

Uk,i
7

A(G(YRY) > 0 for all sufficiently large k and all i with A*(QF) > 0, (28)
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and
/\yk’l(H(yk’l)) )\Zy’“ (A*) >0 for all sufficiently large k and all i with /\y’“(Ak) # 0. (29)

Notice that by Remark 2, (G(y*),2%) = 0. We claim that the sequence {(A* Q¥)} is bounded.
Assume by contradiction that there is a subsequence such that My := [|(A¥, QF)|| — oo and the

normalized multipliers
1

Ak Ok .
(A' 7Q )‘_ Mk

(AR, QF)
are convergent, say, PN
(A%, 0F) = (A, ) # (0,0, Q=0

We consider only k& in this subsequence from now on. Dividing (27) by M}, and letting k — oo, we
obtain

DH(z)*A+ DG(z)*Q2 = 0. (30)
Moreover, if AY(Q) > 0, then )\ZU’“(Q]") > 0 for all sufficiently large k. Hence, for such indices,
inequality (28) yields

Uk,
7

A (G(ykl)) >0 for all sufficiently large k.

For each k, choose an index [(k) — 400 as k — 400 so that the spectral sign conditions above hold.
Define the sequence z* := y#!(¥)_ Since y*! — y¥ as | — oo and y* — Z, it follows that z¥ — Z and

AU (G(R)) > 0.

1

Similarly, if AY (A) # 0, then )\Z‘./"’ (A*) # 0 for all sufficiently large k. Hence, for such indices and
increasing [(k) if needed, inequality (29) yields

A (H(25)) AV (A) > 0.
Moreover, since Uy ; — Uy, and Uy, — U, and similarly Vj,; — V}, and V}, — V, it follows that

Ukawy = U, Vi = V-

Thus, the spectral pairing required in the definition of quasinormality at Z is satisfied. Together
with (30), this contradicts the quasinormality condition at . Hence, {(A¥, 2%)} must be bounded.
Consequently, there exists M > 0 such that

max{||[A¥, |QF|} < M for all k. (31)
Using (27) and the definition of 7, we obtain
2% = "Il = (e, 2" = *) = (¥, DH(*) (" = ) + (95, (") + DG(*) (" ")),

where we used that (G(y*), Q%) = 0. By diagonalizing G (y*) + DG (y*)(z* — 4*) and using cyclic
trace invariance, one can see that, since QF is positive semidefinite,

(QF, G(y") + DG(y") (* — ")) < (% [G(Y) + DG(F) (" —yM)]4).
Thus, by Cauchy—Schwarz and (31),

o — ¥ < M(IDH@H)E* ~ )] + 1GH) + DG — )] (32)
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Recalling that y* € F, by differentiability of H and G at y*, it follows that
H(a") = DH( ) (" —y*) + ol G@") = GW*) + DGy) (" —y*) + 8,
where [l | + | = ofl2* — ]} Consequently.
IDH(y") (2" —y")Il < [1H @) + 7]
Similarly,

[IG") + DG*)(* — yP) || <
< II[ @)+l + [[GWF) + DGy (" = y")]s — (G4 || < NG + 17,

where we used the triangular inequality and nonexpansiveness of the projection. Substituting into
(32) yields

lo* = g < M(VE )]+ G + Ik -+ 1] )

Since |[rf ||+ &) = o(lla* — y¥]), we have k|| + Ir&]l < 1/(2M)||a* —y¥| for k sufficiently large,
therefore
(1= M/@M)a* = | < M| H )|+ [[GEE)]).

That is
dist(z*, F) = ||=* — | < 2M (||H ()| + 1[G (z")]+]]),

contradicting (25).
O

Definition 9. Let & € F be a feasible point. We say that Z admits a (strict) exact penalty if, for
every continuously differentiable function f for which z is a (strict) local minimizer over F, there
exists a constant ¢ > 0 such that Z is also a (strict) local minimizer of the penalized problem

min f(z) +c(|[H(@)| + [[[G(2)]+]]) -

r€eR™

We next derive the existence of an exact penalty function for F under the quasinormality
condition. This result follows from the validity of a local error bound.

Theorem 11. Let T € F be a feasible point. If T satisfies the quasinormality condition, then T
admits an exact penalty and a scrict exact penalty.

Proof. Let f: R™ — R be a continuously differentiable function for which z is a (strict) local
minimizer over the feasible set /. By Theorem 10, quasinormality at & implies the existence of
constants k > 0 and € > 0 such that

dist(z, F) < s&([[H(2)| + |[G(@)]+]]) for all z with ||z — z|| <. (33)

Define the violation function
¢(x) = [[H(z)| + [[[G(x)]+]-

Since f is C!, it is Lipschitz continuous on the closed ball B[Z,¢]. Hence there exists L > 0 such
that
@)~ f@)| < Llz—y|  for all 2,y € Blz, <.
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Because 7 is a (strict) local minimizer of f over F, there exists p € (0,¢] such that
flz) > f(@),(f(x) > f(x), resp.) for all z € F with 0 < ||z — Z|| < p.
Fix any penalty parameter ¢ > kL, and consider the penalized objective

Fo(z) = f(2) + cg(@) = f(2) + c(|H (@)l + [G(2)]+])-

We now show that Z is a (strict) local minimizer of F,.. Let x € B[z, p/2] be arbitrary with = # .
Choose y € F such that
|l = y|| = dist(z, F).

Since T € F, we have
dist(z, F) < ||z — Z||,

and therefore
ly —z|| < lly —z[ + llz — z[| <2[|z — 2| < p.

Hence y € F N B[z, p|. By the Lipschitz continuity of f,
fx) = fly) = Lllz =yl = f(y) — L dist(z, F).
Using the error bound (33), we obtain

f(x) = fly) — Lro(x).

Hence

Fe(z) = f(z) +co(x) > f(y) + (¢ — kL) (). (34)
Let us show that F.(x) > F.(Z) (F.(x) > F.(Z), resp.). We distinguish two cases:
Case 1: x € F. Then ¢(x) = 0 and F.(z) = f(z). The (strict) local minimality of Z over F implies

Fe(z) = f(z) = f(2) = Fu(2) (F( ) > Fe(T), resp.).
Case 2: v ¢ F. Then ¢(x) > 0, and since ¢ — kL > 0, inequality (34) yields

Fo(z) = f(y) +(c—rL)o(x) > fly) = f(z) = Fe(),

where the last inequality follows from the local minimality of z over F. This concludes the proof. [

7 Conclusions

In this work, we have developed and analyzed new quasinormality-type regularity conditions tailored
to NSDP. Motivated by the need for theoretically robust and geometrically meaningful constraint
qualifications, we introduced a novel definition of quasinormality that generalizes the classical NLP
concept by incorporating eigenvalue-based criteria consistent with the spectral structure of the
matrix constraints.

Unlike previous definitions, such as the componentwise quasinormality of Guo et al. [19], which
rely on fixed arbitrary bases and slack variables, our approach dynamically adapts to the eigenspaces
of the constraint and multiplier matrices. This provides a more accurate interpretation of constraint
activity, preserves the geometric intuition underlying NLP constraint qualifications, and ensures that
our regularity condition remains applicable even in degenerate or ill-conditioned scenarios.

We also reformulated the concept of pseudonormality for NSDP and clarified its role as a stronger
regularity condition, closely related to the maximum-eigenvalue-based formulation. While this no-
tion retains the favorable theoretical properties known from NLP and MPGC contexts, our analysis
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shows that such a strong condition is not required to obtain stability properties in NSDP. In partic-
ular, we proved that the existence of exact penalty formulations and local error bounds can already
be guaranteed under the proposed quasinormality condition, thereby extending classical results from
nonlinear programming to the semidefinite setting under significantly weaker assumptions.

Furthermore, we established that under the proposed (relaxed) quasinormality condition, dual

sequences generated by standard and scaled augmented Lagrangian methods remain bounded, which
is an important stability property related with a consistent stopping criterion, yielding primal-dual
global convergence.
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