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Nonconvexities in markets with discrete decisions and nonlinear constraints make efficient pricing chal-
lenging, often necessitating subsidies. A prime example is the unit commitment (UC) problem in electricity
markets, where costly subsidies are commonly required. We propose a new pricing scheme for nonconvex
markets with both discreteness and nonlinearity, by convexifying nonconvex structures through a semidefinite
programming (SDP) relaxation and deriving prices from the relaxation’s dual variables. When the choice set
is bounded, we establish strong duality for the SDP, which allows us to extend the envelope theorem to the
value function of the relaxation. This extension yields a marginal price signal for demand, which we use as
our pricing mechanism. We demonstrate that under certain conditions—for instance, when the relaxation’s
right hand sides are linear in demand—the resulting lost opportunity cost is bounded by the relaxation’s
optimality gap. This result highlights the importance of achieving tight relaxations. The proposed framework
applies to nonconvex electricity market problems, including for both direct current and alternating current
UC. Our numerical experiments indicate that the SDP relaxations are often tight, reinforcing the effective-
ness of the proposed pricing scheme. Across a suite of IEEE benchmark instances, the lost opportunity cost
under our pricing scheme is, on average, 46% lower than that of the commonly used fixed-binary pricing

scheme.

1. Introduction

In many real-world markets, market participants select their purchase or selling quantities
from a well-behaved convex choice set. In such markets, resource-allocation problems can
be formulated as tractable optimization problems for which strong duality holds. As a
result, market design principles such as social-welfare maximization and incentive compat-
ibility are well justified by the First and Second Welfare Theorems (Feldman and Serrano
2006). Specifically, the welfare theorems guarantee that if strong duality is attained, then

simultaneously solving a resource allocation problem and its dual yields efficient dispatch-



ing of participants. See |[Ferris and Philpott| (2022) for a contemporary discussion. However,
there exist markets whose choice set is nonconvex due to, e.g., discrete decisions and non-
linear feasible constraints, breaking strong duality. Consequently, dual solutions to the
resource-allocation optimization problem may be unattainable or fail to support efficient
allocation, thereby complicating price formation.

A classic example is the electricity market, where system operators solve a unit com-
mitment (UC) problem for efficient dispatch (Liberopoulos and Andrianesis 2016)). UC
introduces discrete generator commitment (i.e., on/off) decisions and is thus nonconvex.
Such nonconvexity makes it difficult to obtain prices that support efficient dispatch, neces-
sitating uplift payments that subsidize generators so they are willing to follow an efficient
dispatch. Uplift payments are criticized for being discriminatory and thus potentially mis-
align incentives (Schiro et al. 2015 Mays|2021). Recently, challenges posed by nonconvexity
have become even more prominent in electricity market design, as there is a growing in-
terest in incorporating alternating current (AC) into market models. Today’s electricity
market relies on direct current UC (DCUC) in market operations, with linear power-flow
constraints. On the other hand, nonlinear AC power flows better capture network physics,
and recent advances in the solvability of realistic-scale AC optimal power flow (ACOPF)
problems make their practical implementation more promising. Yet, there is relatively lit-
tle work on market design for ACUC problems, which are nonconvex due to both discrete
decisions and nonlinear physical constraints. Beyond UC, nonconvexity structures appear
in markets where allocation combines fixed costs, indivisibilities, or nonlinear physical
constraints, such as in airport time slot allocation (Rassenti et al./[1982)) and in fisheries
markets (Milgrom and Watt|2025)).

Our main contributions are as follows: Our work proposes a computationally tractable
pricing scheme for nonconvex markets with both discreteness and nonlinearity. We convex-
ify the nonconvex market-clearing problem via a tight semidefinite programming (SDP)
relaxation, and we define prices from this relaxation’s dual variables based on the envelope
theorem. The incentives under this pricing scheme are measured by the lost opportunity
cost (LOC), the profit shortfall relative to the best response at posted prices. We show
that tighter relaxations yield lower LOC under certain conditions. Numerical experiments
on the electricity market show that our SDP relaxation is tight, and that the LOC under

our pricing scheme is on average 46% lower than under the fixed-binary pricing used in



practice. Our framework is sufficiently general to encompass both use cases in the elec-
tricity market, namely the currently implemented DCUC model and the emerging ACUC
setting.

Our pricing step is solvable in polynomial time in theory, as it solves an SDP (Vanden-
berghe and Boyd|[1996)). Moreover, in practice SDPs can be solved efficiently using solvers
such as MOSEK (Mosek ApS 2020)). In contrast, existing pricing schemes, such as fixed-
binary, convex-hull, and copositive duality pricing as reviewed below, require solving either
mixed-integer linear programs (MILPs) or copositive programs in pricing steps, and are
thus NP-hard.

The rest of this paper is organized as follows: Section [2]introduces the SDP relaxations for
mixed-integer quadratic programs and for DCUC. Section |3|develops the envelope theorem
for SDP relaxations and, based on this result, proposes a pricing scheme for DCUC. Section
extends the proposed pricing scheme for ACUC. Section [5|derives a tight upper bound on
LOC. Section [6] presents numerical comparisons on optimality gap and LOC levels. Proofs

not included in the paper are in Sections [AHC| of the Appendix.

1.1. Literature Review

Our work relates to the following streams of research in the economics and operations
literature: (i) pricing in markets with discrete decisions and nonconvex costs, specifically
(ii) pricing schemes in electricity markets modeled by UC, (iii) pricing under nonlinear AC
network constraints, and (iv) pricing schemes with performance guarantees in nonconvex
electricity markets. In what follows, we provide a detailed review of these works.

First, a substantial body of work explores pricing in markets with discrete decisions,
where standard welfare-theoretic logic underlying marginal-cost pricing fails. In discrete
exchange economies, agents’ demand sets are typically nonconvex, which can lead to the
non-existence of competitive equilibria under standard linear pricing (Gale (1984). Related
work characterizes how indivisibilities generate complementarities across items (Bevia et al.
1999)). A key finding is that efficient allocations can often be recovered when agents’ prefer-
ences satisfy discrete convexity conditions: under such structures, linear prices may support
efficient allocations (Danilov et al. 2001} Baldwin and Klemperer|2019). However, without
these conditions, marginal pricing generally cannot clear the market while covering par-

ticipants’ nonconvex costs |Liberopoulos and Andrianesis (2016, necessitating alternative



schemes. These issues are particularly evident in electricity markets with unit commitment
constraints, leading to the specialized pricing schemes for DCUC reviewed below.

Second, various pricing schemes are employed to price DCUC in real-world electricity
markets (see [Liberopoulos and Andrianesis |2016, |Azizan et al.|2020|, Eldridge et al.[2021),
for reviews). The fixed-binary pricing scheme (O’Neill et al.[/[2005) is widely used by U.S.
system operators, obtaining dual prices from a modified DCUC optimization problem,
which is a linear optimization problem. Unfortunately, while easy to implement, this ap-
proach can violate individual rationality under linear prices, requiring potentially large
uplift payments to make participants whole. Conversely, convex-hull pricing (Hogan and
Ring| 2003, \Gribik et al.|2007) generally yields lower uplift payments but may not support
an equilibrium without out-of-market payments or adjustments. Recently, leveraging an
exact copositive programming reformulation of the DCUC optimization and its strong du-
ality, |(Guo et al.| (2025) propose a copositive duality pricing scheme that exhibits desirable
properties, such as revenue adequacy, and supports market equilibrium when additional
constraints are imposed on the formulation. However, copositive programs are compu-
tationally challenging; thus, this method is limited to very small DCUC instances. This
observation directly motivates the SDP-based pricing scheme proposed in this work.

Third, our work also studies markets with nonlinearity, particularly driven by the non-
convex physical constraints that model AC power flows in ACUC. As interest in this area
has grown in recent years, there is an emerging literature on pricing schemes in electric-
ity markets that utilize AC power flows. Some studies focus on ACOPF models of power
markets, which are nonlinear and do not include discrete unit commitment decisions. For
instance, |Garcia et al. (2020) propose a generalized convex hull pricing scheme for such
markets, while Ndrio et al.| (2022) introduce two pricing schemes for ACOPF-based mar-
kets, respectively, via Karush-Kuhn-Tucker conditions of the nonconvex ACOPF model
and SDP relaxations of ACOPF. Bichler and Knorr| (2023) demonstrate that incorporating
AC power flow in pricing enhances price signals, reducing side payments and redispatch
costs. [Romero et al.| (2025)) propose a pricing method that is based on a tractable cutting-
plane algorithm for ACOPF, providing price signals close to those from the Jabr second-
order cone relaxation. Notably, literature on pricing schemes for ACUC is more recent. To
the best of our knowledge, |Garcia and O’Neill| (2024)) propose the only existing scheme,
namely the average incremental cost pricing. Extending DCUC pricing schemes to ACUC



could be nontrivial, e.g., extending the convex hull pricing would require solving partial
Lagrangians of mixed-integer nonlinear programs (MINLP). In contrast, we propose an
SDP-based pricing framework that is straightforward to implement and applies to both
DCUC and ACUC.

Finally, the literature on performance guarantees for pricing schemes in nonconvex elec-
tricity markets is relatively sparse. Gribik et al| (2007)) establishes that the LOC under
convex hull pricing equals the optimality gap of the partial Lagrangian relaxation. Ad-
ditionally, |Guo et al.| (2025)) derives a bound for the subsidy needed to cover the cost of
non-individually rational generators under copositive duality pricing. In this work, we pro-
vide an upper bound on LOC, which applies to prices defined as subgradients of the value

function of any relaxed UC formulation.

1.2. Notation

We use non-boldface characters, such as b, to denote scalars, lowercase boldface characters,
such as x, to denote vectors, uppercase boldface characters, such as X, to denote matrices,
and calligraphic uppercase characters, such as Z, to denote sets. We let [n] denote the set
of running indices {1,...,n}. We let e denote a vector of all 1’s, 0 denote a vector of all 0’s,
(-)¢ denote the complex conjugate (e.g., (4+6j)° =4 —6j), and [ denote the identity matrix.
We denote an optimal solution of a variable with *. For example, an optimal solution of
variable pg, is denoted as pj,. We also employ a variety of matrix operators. We let &"
denote the n x n cone of symmetric matrices, S; denote the n x n positive semidefinite
cone, C;f ={C € 8":C =", - z"(z") "for some finite{z"},cc C R" \ {0}} U {0} denote
the n x n completely positive cone, C, = {C € S": ' Cx > 0 Vz > 0} denote the copositive

cone and DNN,, =S;" NR*" D C denote the doubly non-negative cone.

2. Background

In this section, we provide background on semidefinite relaxations of mixed-binary
quadratic problems (MBQPs) in Section , and a semidefinite relaxation of DCUC in
Section [2.2] This background facilitates the design of our UC pricing scheme in Section

and Section [l



2.1. Semidefinite Relaxations of Mixed Binary Quadratic Problems

In this section, we review semidefinite relaxations for MBQPs of the form:

PMBRP. min 2"Qr+c'x

st. a/'x=b, Vi=1,...m
T (1)
xeRY
z; €{0,1} Vi e B,

where x is a vector of nonnegative decision variables, @ = 0 is a positive semidefinite (PSD)
objective matrix, and B C [n]| denotes the indices of the binary variables z; € {0,1}. Note
that signed variables  can be modeled by Problem via the standard decomposition
r=xy—z_:x.,2x_>0.

As shown by Burer (2009), MBQPs of the form PMBQF admit completely positive refor-

mulations of the form:

PP min Tr(Q'X)+c'x

s.t. ajTX:bj Vi=1,...m
Tr(aja] X)=b> Vj=1,...m (2)
x; = Xy VieBB
Y €C,

where, to simplify notation, we write

throughout the rest of the paper.

In PCPP Y is a completely positive matrix where X models the non-convex outer
product xx . As proven by Burer| (2009, Theorem 2.6), a rank-one constraint can be
imposed in without loss of optimality, and in some rank-one solutions, X = xx' and
x has binary components. Thus, Problems — satisfy objective value equivalence in
the sense that their optimal values coincide, and all optimal solutions to solve ([2)).
Moreover, and its dual satisfy strong duality under mild conditions such as bounded

feasible region or a linear objective function in (1) (Brown et al. 2024, |Cifuentes et al.
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2024), which makes a theoretically appealing device for designing pricing mechanisms
for problems with discrete decisions (Guo et al.|2025).

Note that the second set of constraints, Tr(ajajTX )= b?, are known as reformulation lin-
earization technique (RLT) constraints (Sherali et al.|1998). They are obtained by squaring
the left-hand and right-hand sides of aij =b;, and then replacing the xx' term with X.

Unfortunately, no solvers currently solve CPPs to optimality for non-trivial instances.

In the literature, CPPs are usually solved approximately via their SDP relaxations, such

as the doubly non-negative relaxation:

PSP min Tr(QTX) +c'x (4a)

st alx=b; Vi=1,..,m () (4b)

Tr(aja;-rX) = b? vj — 17 <y (wj) (40)

T = Xy VieB (Ki) (4d)

vest, Q) (40

Y >0 (©), (4f)
-

where Y = . The last two constraints ensure that Y is doubly nonnegative (DNN),
x X

i.e., positive semidefinite and elementwise nonnegative. This is a well-known relaxation
of the constraint Y € C,',; (Diananda| (1962, Parrilo 2000). The Greek letters in brackets

denote the dual variables for each constraint.

2.2. Semidefinite Relaxation of DCUC Problems

In this section, we describe an MILP model and its SDP relaxation for DCUC problems.
We present a shift factor formulation for DCUC problems (Fattahi et al.[|2017)), which
we denote by UC. This formulation is equivalent to the commonly-used network flow UC
formulation (Bienstock et al.[|2024)) by eliminating the voltage angle variables. In numerical
experiments, we observe that the SDP relaxation for (|5)) is more efficient than the relaxation
for the network flow formulation. We note, however, that our pricing framework can be

easily extended to other UC formulations.

min Y Y (Clpg + Cug + Covg + Ci 2g1) (5a)

geG teT



st. Y pp=» D vte T (A)  (5b)
g9€g keN
WV _ _
B ((Sz‘k — i) () pgr— Dkt)) > Pyt oy e LteT (65 (5o)
k=1 9€Gk
VI
B, ((sik — 5 (3 by - Dm) < PR yG e LieT (€5 (5d)
k=1 9€Gk
Dt > P;m“zgt Vge G, teT (5e
pgt < P2y Vgeg,teT (5f

Ugt — Vgt = Zgt — Rgt—1
U min
Pgt — Dgt—1 < Ry zgi-1+ P M ug

D min
Pgt—1 — Pgt S Rg Zqt + Pg Vgt

Vge g, teT\{1}
Vgeg,teT\{1}
Vge G, teT\{1}

t

>

T:max(l,t—AEp)

t

2.

rT=max(1,t—ADown)

Vgeg,teT\{1}

ugT S th

Vge g, teT\{1}

Vgr S 1- Zgt

Yge G, teT
Vgeg,teT,

(1)
(5m)

Ugty Vgt y Zgt € {07 1}

pgt; ugt; Ugta th Z 0

where A denotes the set of buses (nodes), £ denotes the set of transmission lines, 7~ denotes
the set of time periods, G denotes the set of generators, and G, denotes the set of generators
at bus k € V. For the variables, p,, denotes the electricity production of generator g during
time period ¢. The binary variable z, denotes the on or off status, which equals 1 if g is on
during time period ¢ and 0 otherwise. The binary variable ug denotes the startup decision,
which equals 1 if generator g is started up during time period t and equals 0 otherwise.
The shutdown decision variable v, is similarly defined. The Greek letters in the rightmost
column denote the corresponding dual variables for the linear or semidefinite relaxation of
B).

The objective minimizes the total cost, which includes the production cost C?pg,
the startup cost Cjug, the shutdown cost Cjv,, and the fixed cost of keeping a generator
on (Cizy). Constraints are the market-clearing constraints, which ensure that the
total demand equals the total production at each time period. Constraints and
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are respectively the lower and upper bounds for the flow in line (,5). The left-hand sides
of both constraints represent the flow in (4, ), where B;; is the susceptance of line (i, j).
Constraints and bound production levels, where Pgm”1 and P"** are respectively
the minimum and maximum production levels of g. Constraints connects ug, Vg, and
zgt. Constraints and respectively bound the rate of ramping up and down, where
R[g'J and RgD respectively denote the ramping up and down limits. Constraints and
respectively enforce the minimum up and down time constraints, where Agp and AgDown
respectively denote the minimum up and down time.

UC is an MILP, which is a special type of MIQP. We obtain the SDP relaxation of UC in
the form of PSPP and denote this relaxation problem @ as UCSPT. To formulate UCSPT,
we add slack variables to inequality constraints of C to make them equalities. The 4C°PP

formulation is as follows:

D> (Copgt+ Cug + Chug + Clg) (6a)

geG teT

geg keN
Y _

a];jtx = Bz’j Z (Szk - Sjk) Dkt + Pi?rans,mln V(Z,j) € E,t € T (6C)
k=1
Y

a3, X =By > (Sik— Sjx) D+ Py (i, j)eLiteT (6d)
k=1

a;;tx:begt Ve=1,...,m;geqG,teT (6e)

Tr(hh, X) = (Z Dkt> vteT (6f)

keN
IV
Tr(awizial;;, X) = (Bi; Y (i — Sjk) Dy (6g)
k=1
Trans,min\ 2 P
+ P ) V(i,j)eLteT (6h)
IV
Tr(agiiag,; X ) = (Bij Y (Sik — Sjk) Di (61)
k=1
Trans,max\ 2 .. .
+ P ) V(i,j)eL,iteT (6))
Tr(aegtaeth) = b7y, Ve=1,..,m;geg,teT (6k)

;= Xy VieB (61)
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Y €S’

dim(x)+1° Y >0, (6m)

where x € R4™* denotes the vector of all variables, including slack variables, of UC. Note
T

1x
that Y := . (6d) and are equality versions of constraints and (5d), with
X

X
vectors ay;;; and ag;;; denoting their constraint coefficients. represents generator oper-

ational constraints - plus the upper bound on binary variables, where a.g and beg
respectively denote the constraint coefficient vectors and right-hand sides of those opera-
tional constraints. (6f)-(6k) are RLT constraints obtained by squaring (6¢)-(6e), where h,
is the vector of coefficients for , i.e., entries of h; equal 1 for py,g € G and 0 otherwise.
(61) corresponds to (4d)) in PSP, includes DNN constraints.

3. UC Pricing with Semidefinite Relaxation

In this section, we propose a pricing scheme for UC that leverages the envelope theorem
from economics. We first develop an envelope theorem for a semidefinite relaxation of
PMBQP in Section Then, we leverage this envelope theorem to define a pricing scheme
for DCUC’s semidefinite relaxation in Section B.2l

3.1. Envelope Theorem for Semidefinite Relaxation

The envelope theorem (see Milgrom and Segal 2002, for an overview) quantifies how the
optimal value of an optimization problem changes when its parameters are perturbed, by
characterizing the directional derivative of the optimization problem’s value function. In
this section, we use the envelope theorem to obtain derivatives of value functions for a
strengthened SDP relaxation PSPP~Pd which is parameterized in the right-hand side. This
allows us to analyze the sensitivity of PMBQRF and, thus, to design pricing schemes for
DCUC in Section B.21

We use the following assumption throughout this paper:

AssuMPTION 1 (Bounded continuous variables in MBQP). The non-negative
continuous variables in MBQP PMBQF (, Sectz’on are bounded from above. In particular,

for each continuous variable z; : i € [n]\ B, we have the finite bound z; < U; for some Uj.

Assumption (1} is standard for real-world UC problems: continuous decision variables
represent physical quantities with explicit engineering limits. For instance, the continu-

ous variable for power output p, is bounded by the generator’s bid-based capacity limit
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P as indicated by the constraint , often coupled with ramping and reserve limits.
Similarly, AC power-flow equations (see Section |4)) incorporate engineering constraints,
such as bounds on active/reactive injections and voltage magnitudes. Boundedness is also
a common assumption in copositive optimization to ensure strong duality (e.g., Brown
et al.[|2024, Cifuentes et al.|2024)). This assumption is necessary for some of our theoretical
results, which require strong duality of SDP.

Under Assumption [I, we strengthen our SDP relaxation by imposing the valid inequal-
ities X;; < U? for each continuous variable index i € [n] \ B (note that this corresponds to
2? <U? in an exact rank-one lifting where X = xx"). This yields the following strength-

ened SDP relaxation, in which we introduce a scalar parameter 6 that appears in the

right-hand sides of the constraints, and introduce the dummy matrix Y = ! ); for
conciseness: .

PSPPPd@gy: min Tr(Q'X) +c'x (7a)

s.t. aij:bj(Q) Vi=1,...m (v4) (7b)

Tr(aja; X)=1b;(0) Vi=1,...m (wy) (7c)

X <U? Vie[n]\B (1) (7d)

- (@), (7e)

where b;(0),j =1,...,m are differentiable functions of §. Similarly, we write the parameter-
ized PMBQP with b,;(0) in the right-hand side as PMBQP(9).

We now define the value function of Problem (7)):

DEFINITION 1 (PRIMAL VALUE FUNCTION OF PSPP=d(9)). Let Feas(-) denote the fea-
sible region. Define the value function

SDP o : T T
V (9) T YEFeaS(I;lsllglP_bd(e)) Tr(Q X) + © (8)

To derive an envelope theorem for the strengthened SDP relaxation , we first prove
that its feasible region is nonempty, bounded, and consists of two cones and a hyperplane.
Such conditions are standard for ensuring strong duality in conic optimization (Kim and

Kojima 2025, Brown et al. 2024)):
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PROPOSITION 1 (Strong duality for PSPP=Pd(9)). If PMBRP(9) is feasible and satis-
fies Assumption |1, then strong duality holds between the SDP relazation PSPY~"4(0) and
its dual PSPP~dual(g).

Proposition [1} is arguably non-trivial, because there exist families of SDPs with bounded
feasible regions and strictly positive duality gaps (Pataki 2018, Example 1). Our result
essentially follows by showing that PSPY~P4(9) is feasible and has a compact feasible region,
then leveraging a result due to Kim and Kojima/ (2025) which guarantees that for problems
of the form PSPP=Pd(9)  feasibility and primal compactness give strong duality.

With strong duality, the primal and dual value functions are equivalent. We write the
dual value function of PSPP~P4(9) explicitly because it is used in the envelope theorem.

DEFINITION 2 (DUAL VALUE FUNCTION OF PSPP=Pd(9)) Tet U := (y,w,¢,k,$2,0)
denote the tuple of variables in PSPP~dual Define

PP —dual (g . max 4w, 0), 9)

W Feas(PSPP—dual(9))
where f4(0,0) := 37", 7;b;(60) +w;b; (0)* + > icpps U ¢i- Further, let Feas™ (PSP -dual(g))
denote the set of optimal dual solutions at 6.
We now present an envelope theorem for the tightened SDP relaxation. The result essen-

tially follows by combining (Milgrom and Segal 2002, Theorem 1) with the strong duality
of the SDP relaxation (Proposition [1)):

THEOREM 1 (Envelope theorem for PSPY=Pd). et [0.0] be an interval where
PSPP=bA(0) s feasible for every 0 € [0,0] and ¥* € Feas* (PSPP—dual()).

If 0 >0 and VSPP(0) is left differentiable, then V5P (—) < f(U*,0). If 0 <0 and
VSPP(9) is right differentiable, then VSPT (0+) > f(U*,0). If 0 € [0,0]) and VSPP(0) is
differentiable, then VSPF (0) = f3(U*,0).

Therefore, for any right-hand side parameter, its marginal effect on the optimal objective
value at differentiable points is determined by the optimal dual solution of the strengthened
SDP relaxation.

Theorem (1| can immediately be extended to provide an envelope theorem as multiple
parameters vary simultaneously, a result that will be useful when deriving prices for UC:

COROLLARY 1 (Vector envelope theorem for PSPP~Pd). Let PSPP-Pd(y) pe ¢ ver-

PSDP—bd

sion of whose right-hand sides b;j(u),j = 1,...,m are differentiable functions
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of vector u € R%. Let U C RY be a set where PSPY=Pd(w) is feasible for every u €
U and V* € Feas™(Pspp.aual(u)). Let V(u) denote its value function. Then V(u) =
MAXy € Foas( PSDP-dual (y)) J YT, ).

If V(w) is differentiable at u, then VV (u) =V, f4(¥* u).
3.2. Envelope Theorem for DCUC Pricing
We consider the pricing problem in the day-ahead wholesale electricity market. In this
market, the system operator clears the market by solving a DCUC problem that minimizes
total operational cost. Since the demand is inelastic, this is equivalent to maximizing social
welfare. We use the envelope theorem to identify how variations in demand change social
welfare at the margin, and to treat those marginal effects as prices.

Because DCUC is an MILP, it generally does not have a dual problem for obtaining
shadow prices. Our approach is to apply the envelope theorem on the value function of the
DCUC SDP relaxation, and interpret the resulting derivatives as prices.

DEFINITION 3 (STRENGTHENED DCUC SDP RELAXATION AND ITS DUAL). We con-
sider the strengthened DCUC SDP relaxation UCPY "4, which relaxes the DCUC model
UC following PSPP~Pd, That is to say, UCPP "4 strengthens UCPY (Section by im-
posing bounds X;; < U? for all continuous variables. Define the value function of UCSPP—bd
parameterized by demand Dy, as VUC=SPP (D).

We denote the dual problem of UC3PY~"4 as ¢CSPP 4wl Tet fue=d(W, Dy,) denote the
objective of UCSPY 4! parameterized by Dy,. Note that with a slight abuse of notation,
we use ¥ to denote the tuple of variables for both the general SDP dual and its UC
counterpart. The intended meaning is clear from the context.

To apply the envelope theorem, consider a feasible strengthened DCUC SDP relaxation
parameterized by demand Dy;. We obtain a partial derivative of its dual problem’s objective
function at an optimal solution with respect to Dy, denoted as 7, := th’d(\lf*,Dkt). We
use r¢, as the electricity price at bus k and time ¢, and it represents the marginal value of

supplying demand. The following proposition provides an expression for r,‘clt.

PROPOSITION 2 (Expression for DCUC pricing). Let A, be the dual variable associ-
ated with (61). Similarly, cmin g d EM3% gre the dual variables of and (6], respectively.

ijt ijt
. d . . . .
The price ry, is then given by the expression:

P =N 20 Y D+ > Bi(Si— S (€5 + 60
k'eN (i,5)€L
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+2 30 B3 (Su— Si)( D (Swe — Siw) D ) (€30 + )

(1,5)€L kE'eN
+2 Z Bz](Szk . Sjk) (B?rans,minggin* + Pi?rans,max§;??x*) ) (10)
(i,5)€L

Note that for ease of exposition, we treat the value function of the strengthened DCUC
SDP relaxation as a function of a single parameter D;; when deriving prices in Sections
and [4 The same derivation extends to vector-valued demand parameters, as indicated
by Corollary [} This vector perspective is used in Section [5 where the value function is
written in terms of a demand vector.

In addition to the price r¢,, each generator also receives an uplift payment for its LOC
Azizan et al,| (2020)), which equals the extra profit it earns if it maximizes its own profit
instead of following the optimal dispatch decisions of UC, given the price vector r¢ =
(7, ken te7- We denote the LOC of g as U,(r?). LOC essentially measures the incentive
deviation under posted prices. A detailed discussion of LOC is included in Section [5], where
a bound is provided for the total LOC that the system operator pays.

Formally, we define the SDP-based mechanism for DCUC as follows:

DEFINITION 4 (SDP-BASED MECHANISM FOR DCUC). Under the SDP-based mecha-
nism DCUC, the system operator follows optimal dispatch decisions of UC. Prices are
obtained via solving the SDP relaxation 4C5PY "4 The system operator:

e pays ﬁg = r,‘j( g)’tp;t to generator g at each time ¢ € T, where k(g) denotes the node

at which g is located, and pj, is the optimal production level from the MILP UC. In
addition, the system operator pays an LOC uplift payment U, (r?) to generator g; and

e collects 7/ =", 7t Dy from the load at each time ¢ € 7. In addition, the system
Ygeg Us(x?)
Zke/\/ JtET Dt
Observe that Definition ’S pricing mechanism is cost recovering (i.e., ensures that all

operator collects a price adder of per unit of demand.
generators recover their variable and fixed costs) by construction. Moreover, since the
demand is inelastic, the price adder does not affect consumption levels.

REMARK 1. In instances where there are multiple dual-optimal solutions to UC5PF 4,
one can use any dual-optimal solution for pricing. Thus, in our numerical experiments,
we use the dual solutions provided by the SDP solver without checking for uniqueness.

One could also use the lexicographically smallest prices by solving a second optimization

problem, analogous to the Pareto-optimal Benders cuts of | Magnanti and Wong| (1981)).
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Since the SDP-based price measures marginal effects of local demand at differentiable
points of the value function VY°=5PP(Dy,), it is natural to ask when the value function is
differentiable. Proposition [3| shows that VU“=SPP(Dy,) is differentiable everywhere except
possibly at finitely many points. It is proved by showing that VY¢=SPP(D,,) is a semialge-
braic function, and thus is nondifferentiable at finitely many points due to the monotonicity

lemma (Lee and Pham/ 2017, Lemma 2.3).

ProprosITION 3 (Finite nondifferentiability of VV“=SPY(D,,)). Fiz all demand en-
tries except Dy, and let [D,,, Dy be any compact interval such that the strengthened SDP
relaxation UCSPT~Y(Dy,) is feasible for every Dy € [D,,, D). Then, the value function
VUC=SDP( D) is differentiable everywhere on [Dy,, Dy except possibly at finitely many

points.

Proof of Proposition[J Let w denote the full vector of primal decision variables in
UCSPP~P(D,,), including all lifted matrix entries (e.g., taking Vec(X ) where appropriate),
and rewrite the objective function as ¢’ w. Then, by Assumption , all continuous vari-
ables in w are contained in a compact set, as shown in detail in the proof of Proposition
. Hence, since VUSSPP (D) is feasible for all Dy, € [D,;, Di;] and has a compact feasible
region, it attains a finite value for all Dy, in the interval.

Step 1: We show that VUCSPP(D,,) is a semialgebraic function on [D,,, Dy]. We claim

that the set
S = {(Dy,w,2) ERXRP xR: Dy € [D,,, D], w € F(Dy), z=c'w}

is semialgebraic. Indeed, for any fixed Dy, the feasible region F(Dy;) of L{CSDP‘bd(Dkt) is
the intersection of a spectrahedron and a polyhedron, with both being semialgebraic. Since
semialgebraic sets are closed under finite intersections (Blekherman et al.|2012, Section
A.4.4), F(Dy,) is also semialgebraic. In addition, D,, < Dy; < Dy, and z = c¢'w are linear
inequalities/equalities. It follows that S is a semialgebraic subset of RP2,

Let A C R? be the projection of S onto the (Dyy, z) coordinates. This set is also semialge-
braic, as by the Tarski-Seidenberg theorem, semialgebraic sets are closed under projections

(Blekherman et al. 2012, Theorem A.49). Similarly, define

B := {(Di,2) €R?: Dy € [Dyy, Diy], 2 =c¢'w,s.t. w € F(Dy,) and 3 € F(Dy,) with ¢'w < 2},
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which is the set of (Dyy,z) pairs where z is not the optimal value at Dy;. The set B is
also semialgebraic, since it equals a projection of B, where B := {(Dgt,w,z) eERxRP xR:
Dy € [Dyy, D], w € F(Dyy), z=c'w,s.t. 3 € F(Dy,) with ¢"Ww < z} is a semialgebraic
set.

Then, because the optimum of CPF is attainable in [D,,, Dy,], we have
graph(VVSPP (D)) = A\ B

Since semialgebraic sets are closed under set difference (as a result of being closed under
finite intersection and complementation), graph(VY¢SPP(D,,)) is semialgebraic. Therefore,
VUCSPP (D) is a semialgebraic function of one real variable on [Dy,, D).

Step 2: To prove VUCSPP(Dy,) is differentiable except possibly at the finitely many break-
points, we use the monotonicity lemma (Lee and Pham|2017, Lemma 2.3), which implies
that for the semialgebraic function VYS-SPP(Dy,), there exists a finite partition D,, = dy <
dy < -+ <dy = Dy, such that VUSPP (D) is continuously differentiable on each open in-
terval (d;_1,d;). In particular, VUCSPP(D,,) is differentiable except possibly at the finitely
many breakpoints {di,...,dy_1}, which proves the second claim. Q.E.D.

Importantly, the envelope theorem sensitivity bounds and finite nondifferentiability un-
derlying our pricing scheme do not rely on the SDP relaxation: they also hold for the
original MBQP model via its exact CPP reformulation, since value functions of MBQP
and CPP are equivalent and CPP has strong duality under Assumption (1| (Brown et al.
2024)).

As a side note, value functions of MBQP and its SDP relaxation can also be continuous
under additional structural conditions, such as sufficiently large value-of-lost-load penalties
in UC’s objective, which is common in unit commitment and ensures absolute continuity
of value functions via Theorem 2 of Milgrom and Segal (2002).

Proposition [3] shows differentiability generally holds when a single demand parameter
varies. In Corollary [2| we extend this result to demand paths, ensuring that derivatives

generally exist under vector-valued demand perturbations.

COROLLARY 2 (Finite nondifferentiability along demand paths). Let D €
RN be o baseline demand vector and let AD € RINIT| be any perturbation direction. For

0 € R, define the affine demand path D(0) :=D + 0 AD. Further, let [0,0] be any compact
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interval such that the strengthened SDP relazation UCSPYY(D(0)) is feasible for every
0 €[0,0]. Then the scalar value function VVSSPP(D(0)) is differentiable everywhere on

[0,0] except possibly at finitely many points.

4. Pricing for ACUC

We now extend SDP-based pricing to the ACUC problem, an area of growing interest
among researchers and practitioners. In the ACUC problem, DC flow balance and limit
constraints in UC (Bb)-(5d) are replaced with their AC counterpart (Zohrizadeh et al.
2018):

Y su— Y. spi=Di VkENLET (Aket) (11a)
e (k,j)ELULR

siji = Vit (Vi — v5;) Y35 V(i,j)e L,iteT (11b)
sjit = Ve (V§; — v3;) Y V(i,j) € L,teT (11c)
VI < | < VX VkeN,teT (11d)
81562 < (Sinf"‘)2 V(i,j)e LULE teT, (11e)

where £ denotes the set of transmission lines £ in reversed direction. For the variables,
Sgt = Dgt +Jqq is the complex AC power generation, where p, and g, respectively denote
the real and reactive electricity production of generator g during time period ¢. Similarly,
Sijt = Pijt +J¢j¢ is the complex AC power flow from bus 7 to bus j at ¢, and v = vﬁ” +jvi1t
is the complex AC voltage at bus i and time ¢. The complex dual variable Ay, := A + AL,
Constraints are the network flow constraints, which ensure that the total demand
equals the total production minus total outflow at each bus and time period. The coefficient
Dy, = DE + jDi, is the complex AC power demand. Constraints and model
the power flow on each line, where Y;; = G;; +jB;; is the complex admittance. Constraints
and respectively model voltage limit on each bus and thermal limit on each
line.

In addition, constraint is needed to bound reactive power output:
Q;ﬁnzgt S qgt S leangt Vg c g, t e T (12)

The ACUC model is defined as follows:

AC = min {ZZ (Cgpgt"’cgugt + Cgvge +ngth) |7 > - } :

geg teT
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4.1. SDP Relaxation for ACUC
Problem AC contains both AC- and UC-related nonconvex constraints, resulting in a
nonconvex feasible region. Our goal in this section is to obtain an SDP relaxation of AC),
which we later use to derive SDP-based pricing for ACUC.

To convexify AC-related nonconvex nonlinear constraints - , we use the well-
known SDP-based rectangular formulation in the literature (Taylor| 2015). Specifically,
an SDP relaxation that lifts the bilinear terms in vy is used (Taylor|2015)). In this SDP

WE Wt
. . t t
relaxation, introduce W; = , where WFE = vEvET W! =vIyIT and W¢ =
wer wi
t t
VR
vEvIT In other words, W; = vv' where v = , | and is thus rank 1. Constraints (11D)-
v

(11d)) are relaxed as follows:

pije = Giy (Wi

+ W) — Gy (W

% ijt

+ W) — Bij (Wi, — W,

ijt Jit zjt) v 2]

eLl,teT (13a
Gije = —Bij (Wi + Wi,) + B (W (

ijt ijt

(4,4)
+ W) = Gy(Wi = Wig,) V(. j)eLteT
Djit = Gz’j(W‘R (6,3)

Jit

+ W) — Gy (Wi + W

jjt gt

) = By (W, — W,

ijt jit

) V() eLteT (13
¢ji = —Bij(Wj (

Jjit

+ W)+ By(Wh + W) —Giy(WS, - W) V(i,j)eLteT

(Vi) S W+ Wy < (V)2 VEe N, teT (
W, €8]y vteT, (13f

where constraints (13a)) and (13b]) are relaxations of (11b)). Constraints ([13c) and ({13d])
are relaxations of (11c). Constraints (13e) are relaxations of (11d)). Finally, the conic

constraints relaxes the constraints W, =vv',teT.

With the relaxation of - , the only nonconvexity remaining in AC' is driven
by binary variables. We employ the same SDP relaxation technique as for DCUC on the
UC-related mixed-integer linear constraints in AC, including , -, and . To
reduce the dimensionality of the lifted matrix, we aim to avoid introducing AC power-flow
variables, such as sij, in the lifting. Thus, we replace with the following aggregated

demand constraints for real power when deriving the corresponding RLT constraints:

> pu—p =Y _Df vteT, (14)
geg keN
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where pl° is the real total line loss at ¢, satisfying:

=Y Y e VteT. (15)

keEN (k,j)eLuLR

For reactive power, the corresponding RLT constraints of aggregated demand constraints
can be similarly derived. In our experiments, we observe that without such constraints,
the SDP relaxation for AC' is already strong compared with the alternative, and thus we
do not include them.

To obtain an SDP relaxation for the UC-related constraints , , and —,
we first convert inequality constraints to equality constraints, and then reformulate them

with the lifting (4Db])-(4f). Then, our SDP relaxation for ACUC, denoted as ACSPY is as

follows:
ACSPP:=min >N " (CPpge + Coug + Cyvg + C 2q1) (16a)
geg teT
st (L1e), (13), (16b)
Z Sgt_ Z Sk:jt:-Dkt VkEN,tET (16C)
9€G (k,j)eLuLk
aeTthZbegt Ve=1,...m;geg,teT (16d)
Tr(hFhi' X) = (Z Dkt) vteT (16e)
keN
Tr(aegtaeth)—bzgt Ve=1,..,m;geG,teT (16f)
X < U} i€[n]\B (16h)
YeSh, Y >0, (161)

where x denotes the vector of all variables in UC-related constraints, including slack vari-

1x'
ables and p™. Y := . Constraints (16b]) are convexified AC-related constraints
x X

and definition for p°**. Constraints (16c) are flow balance constraints. Constraints ((16¢])

are RLT constraints obtained by squaring , where h}! is the vector of coefficients for

real power variables in (14)), i.e., entries of hit equal 1 for py, g € G, equal —1 for p;°*, and
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0 otherwise. Constraints ({16h])) impose upper bounds on diagonal terms of X;; that corre-
spond to continuous variables in x. The remaining constraints have the same definitions as
their counterparts in 4CPT | with one caveat that the operational constraints now include

an equality version of (12)).

4.2. Envelope Theorem for ACUC Pricing
We now extend the results for DCUC pricing in Section [3] to ACUC. First, we show that
strong duality holds for ACSPP | as its feasible region is bounded and consists of two cones

and one hyperplane:

PROPOSITION 4 (Strong duality for ACSP?). Suppose that AC is feasible. Then,
strong duality holds between AC®PY and its dual.

With strong duality, we can immediately extend the envelope theorem for PSPP—Pd to
ACSPP | as the proof of Theorem [1| and Corollary [1| are generally applicable for SDPs with
strong duality and parameters appear only in the right-hand sides.

Consider a feasible ACUC SDP relaxation parameterized by demand D;;. We obtain
the partial derivative of its dual problem’s objective function at an optimal solution with
respect to D and D!, denoted as r; ™ = f*% d(\If Dy;) and 77 1= foo- d(\I/ Dyt) re-
spectively, where f%~4(¥, D,,) is the dual obJectlve function and ¥* is an optlmal solution
of the dual of ACSPY. We use r{, := r& ® + jrd ! as the electricity price for ACUC at node

d—R

k and time ¢, where r, " and rkt are respectively the price for real and reactive power.

Proposition I provides the expression for r¢,.

PROPOSITION 5 (Expression for ACUC pricing). Let Ay = AL + jAL. be the com-
plex dual variable associated with (16d), and let A\E be the dual variable associated with

(16€). The price

ret =N L2A Y DE, i =0
k'eN
In the SDP-based mechanism for ACUC, we use the prices obtained from Proposition

which are imposed on both real and reactive power. Computing the dispatch decisions is
challenging, because AC is an MINLP and can become intractable quickly as the instance
scales up. In our experiments, even small instances with 14 buses are difficult to solve.
We therefore use high-quality feasible dispatch solutions in the mechanism, which can be
obtained via local MINLP solvers such as KNITRO (Byrd et al.|[2006). The SDP-based

mechanism for ACUC is defined as follows:
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DEFINITION 5 (SDP-BASED MECHANISM FOR ACUC). Under the SDP-based mecha-
nism for ACUC, the system operator follows a feasible dispatch decision of AC'. Prices are

obtained via solving the SDP relaxation ACSPY. At time ¢, the system operator

e pays wft = rg(;{’tpgfas + 7’2(;1)7 tngfas to generator g at each time t € T, where k(g) denotes

Feas
gt

Feas

ot and g

the node at which g is located, and p are respectively feasible real and

reactive production levels from the MINLP AC. In addition, the system operator pays
an LOC uplift payment U,(r?) to generator g; and

o collects =3, (riy "DE 4+ 747" D]} from the load at each time ¢ € T In addition,

deg Ug(rd)
ZkGN,tET(DIIjt—i_DIét)

As in our pricing scheme for DCUC, the pricing scheme here is cost-recovering by con-

the system operator collects a price adder of per unit of demand.
struction.

Finally, we also extend the finite nondifferentiability result to the value function of
ACSPP | denoted as VACSPP(D: ), where D;, a single demand parameter (either DE or
D1{,). The proof follows the argument of Proposition 3| for 4/C%"F. The only difference is that
the feasible region of ACSPT includes additional linear matrix inequality (LMI) constraints,
such as . Since each spectrahedron defined by an LMI is semialgebraic and semialge-
braic sets are closed under finite intersections, adding preserves semialgebraicity of

the relevant sets. Hence, the same conclusion holds, and we omit the proof.

PROPOSITION 6 (Finite nondifferentiability of VAC=SPY(D,.)). For any interval
[D;.;, D;,] such that ACSPT is feasible for all Dy, € [D;,, Dy,], the value function VAC-SPP

is differentiable everywhere on [D;,, D,,] except possibly at finitely many points.

5. Bounding Lost Opportunity Cost

In this section, we derive upper bounds on the total LOC in the SDP-based mechanism.
The results are applicable to both DCUC and ACUC models. Consider a general UC
problem parameterized by a demand vector D € Rl where 7 indexes demand at all buses
in the set N and all time periods in the set 7. Denote each generator g € G’s decision
vector as x, € X,;, which includes binary commitment variables and continuous production
variables, and denote the cost function as Cy(x,). The vector of production level variables

s, is a subvector of x,. Let v € R be a vector of net outflow and R be a set consisting
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of network feasibility constraints, which include either DC power flow constraints or AC

power flow constraints. The UC problem is:

V(D)i=  min > Cylxy) (17a)
! Ué]éR 7 9€9
s.t. A’s — v =D, (17b)

where the objective minimizes the total costs. Constraint enforces flow balance,
where A? is the coefficient matrix associated with production decisions, and s is the vector
of all production level variables aggregated across generators, i.e., s = (s,),eg. Thus, A®s
represents the total generation at each bus.

We bound the total LOC with the optimality gap of a relaxation. Define the LOC of
g € G as a function of price vector w € Rl Given 7, LOC is defined as the difference
between a generator’s maximum possible profit and its realized profit under the feasible

decision vectors x> and s;®*. Formally, the LOC Uy(7) is defined as follows:

Uy() := max (W,I(g)sg — C’g(xg)) — (W,I(g)sFeas - Cg(xFeas)) (18)

Xg€EXy g g

where 74, denotes the price vector at bus k(g), the location of generator g. We assume
that the maximum possible profit is attainable and thus maxy cx, (77,:( 959~ Cg(xg)) =
SUDy, e x, (ﬂkT( 9S9— C’g(xg)). This assumption is without loss of generality, as generators
have bounded capacities.

First, we prove Lemma [1| to connect the maximum possible profit with the convex con-
jugate of the value function V (D), which is needed for proving the theorem on the LOC
bound. The convex conjugate of V(D) is defined as V¢(w) := suppegz{w' D — V(D)},
where V(D) = +o0 if is infeasible at D. Note that under this convention, the supre-
mum can equivalently be taken over domV := {D: V(D) < +oc}, since #'D — V(D) =

—oo whenever V(D) = +o0.

LEMMA 1. The conver conjugate Ve(m) = > _;maxy,cx, (W,I(g)sg—cg(xg)> +

sup,rer (—m vf) for e RHEL.

The proof relies on the fact that the feasible regions X,,Vg € G and R are separable.
While this is true for the ACUC model AC, it does not generally hold for the DCUC model



23

UC in its current form, as the flow limit constraints and depend on pg’s. On the
other hand, the network-flow formulation of DCUC (Bienstock et al. |[2024) matches the
structure of (17)), with a feasible region that can be separated by X,’s and R. Thus for
DCUC, the proofs in this section rely on the network-flow formulation. Yet since the two
DCUC formulations are equivalent, with identical optimal values and optimal dispatch de-
cisions, the results on LOC bound in Theorem [2]and Corollary [3|apply to DCUC regardless
of the chosen formulation.

Let 2F2(D) be the total costs corresponding to a feasible solution (x2 r¥as) of at
D. Denote VR (D) the value function of a relaxation of (17), with VE!(D) <V(D),D €
RZ!. In Theorem [2, we show that if the price 7 is a subgradient of VE(D), then the
LOC under 7 is bounded by the gap between 2%(D) and VE¢(D). The proof relies
on Lemma [I] as well as convex conjugate properties including order-reversing and the

Fenchel’s inequality.
THEOREM 2. Let w € V(D). We have Y o Uy(m) < 25%5(D) — VE(D).

Proof of Theorem We use the following well-known properties of convex conjugate in
this proof (e.g. Borwein and Lewis| 2006, Section 3.3):
e Order reversing: Denote f < g when f(x) < g(x) holds pointwise for all x. If f <g
then f¢> g°.
e Fenchel’s inequality: w'x < f(x) + f¢(m). The equality holds only when m € 9f(x).
We have:
max (W,I(g)sg — Cg(xg)) =Ve(w) — sup {—7 v}

xg€Xy R
g€g vEER

(VY (r) — sup {—nT0)
vReER

=m'D - V(D) - sup {—7 "0},

vReR
where the first equality follows from Lemma . The inequality holds because VR <V and
the convex conjugate is order-reversing. The final equality follows from Fenchel’s inequality,
using the fact that = € OVR(D).
Therefore, the LOC
Z Uy(m) = max (W,I(Q)Sg — Cg(xg)) — Z (W,I(g)sgeas — Cg(xgeas)) (19a)

Xg€Xy
geg geg geg
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< (TFTD _ VRel(D) — sup {—TFT’UR} ( ,n_k Feas ZC Feas > 19b)
9€g

R
v ER geg

vReR

:(ﬂTD_VRel(D)_Sup {_,;UR}) (Zm g _ FeaS(D)) (19¢)

9€g
= (ﬂ'TD — VR(D) — sup {—WTUR}) — (7 T(D + 1) — 2"(D)) (19d)
vReR
:ZFeas(D> . VRel(D) o (Sup{ P UR} ( T Feas)) (196)
vleR
SZFeaS(D> _ VRGI(D), (19f)
Feas _ T AsgFeas _ T Feas
where the third equality follows from deg @Sy S =T A =@ (D + ).

Q.E.D.

Note that while our work focuses on SDP-based pricing, Theorem [2|is more general and
applies to any relaxation of UC that satisfies VE(D) < V(D) at any D € R,

For our SDP-based price vector, a sufficient condition for it to be a subgradient of the
SDP relaxation’s value function is for D to enter linearly in the right-hand sides of the
SDP. This is because for a parameterized SDP where the parameter appears only linearly
in the right-hand sides, its value function is convex (Boyd and Vandenberghe|2004, Section
5.6.1) and thus its gradients are the same as subgradients. Note that the right-hand side
parameters of UCSPY or ACSPP are not generally linear in D. Yet in numerical experiments
(Section , our proposed SDP-based pricing leads to lower LOCs compared with the
fixed-binary pricing, which are widely-used in practice.

One method to ensure linearity of SDP relaxations’ right hand sides is to replace RLT
constraints that introduce quadratic terms in D. For example, in ACSPY, we can re-
place (|16¢|) with valid inequalities where D enters linearly in the right-hand sides, such as
Tr(thRTX) <MY o Dy with M >3, - D being a large constant. Deriving such
valid inequalities is a topic of future work.

For the bound in Theorem [2| to be tight, a simple case is when VE(D) is exact and
thus VE(D) = V(D). In this case, the subgradient from V®¢(D) yields a price vector that
entails no loss of opportunity cost.

A more general case for the bound to be tight with a nonzero lost opportunity cost arises
when there is no congestion in the network and when the convex conjugates of V() and

VRel(7r) coincide, as these conditions eliminate the two inequalities in the proof of Theorem

3k
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COROLLARY 3. Let w € OVERY(D). If (1) there is no congestion in the network and (2)
Ve(m) = (VR (), then Y g Uy(w) = 2"*(D) — V(D).

An important example in which the conditions of Corollary |3| hold is convex-hull pricing
for DCUC without network constraints, since 23(D) = V(D) corresponds to an optimal
solution. In this setting, |Gribik et al. (2007) show that the convex hull prices, which are
derived as Lagrange multipliers " from a Lagrangian relaxation, ensure V*(D) = V*(D),
where V(D) and V(D) are respectively the Lagrangian relaxation and biconjugate of
V(D). As a result, Ve(ml) = (V<)e(nt) = (VL)(wl), which coincides with the second
condition in Corollary [3] Thus, under convex-hull pricing and when there is no congestion,

the bound of Theorem [2] is tight.

6. Numerical Experiments

In this section, we present multiple case studies for DCUC and ACUC. Our experiments
are implemented in Julia 1.12.4 using the optimization modeling package JuMP 1.25.0
(Legat et al. 2022)). Optimization problems are solved on the Palmetto Cluster (Antao
et al.[2024)) with 10 Intel Xeon CPUs and 350GB of memory. We use Gurobi 12.0.1 to solve
MILP and linear programming (LP) models, while MOSEK 11.0.0 (Mosek ApS [2020) is
used for SDP models.

We use the data from the UnitCommitment.jl package (Xavier et al.2024) for UC
coefficients. Specifically, we use the MATPOWER/UW-PSTCA instances (Zimmerman
et al.| 2010, Christie |1993)) corresponding to January 1st from the package. In addition,
the data from the PowerModels.jl package (Coffrin et al.|2018) are used for AC power
flow coefficients in the ACUC model. To generate multiple scenarios for each instance, we
multiply loads at all buses by a load multiplier chosen from a set of 13 discrete values
{0.1,...,1.3}.

We impose several algorithmic enhancements (Fattahi et al.[2017) to improve the tight-
ness or tractability of the SDP relaxation for both DCUC and ACUC. To improve tightness,
we impose triangle inequalities on some binary variables (see Section @ of the Appendix
for detail). To improve tractability, we relax the PSD conic constraint Y € S, with a
block-diagonal relaxation, decomposing it by time period. Specifically, for each time period
t € T we impose a PSD conic constraint on a submatrix of Y, consisting of all entries of
x and X corresponding to t. This relaxation enables us to solve larger instances while

maintaining a tight formulation in our experiments.
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6.1. DCUC Case Study

In this section, we assess the tightness of 4C5PY P4 (

with algorithmic enhancements) by
presenting its optimality gap relative to the optimal value of UC. We also compare this
gap with that of the linear relaxation UC"", obtained by relaxing all binary variables to
continuous variables in [0, 1]. The optimality gap is calculated as follows:

opt(UC) — opt (UC™)

timalit fuc =
Optimality gap of UC opt(UC) ,

where opt(-) denotes the optimal value of a problem. UC™ denotes either UCSPY 4

UcH.
Table [1| summarizes the optimality gaps of UC™ and UCPT~ 9 for the IEEE 14-, 30-, and

or

57-bus instances for each load multiplier. The 14-bus and 30-bus instances were solved over
24 time periods, whereas the 57-bus instance was solved over 6 time periods, representing
the largest instance size we solve to optimality.

With the default tolerance setting of MOSEK, some instances have negative optimality
gaps of —0.1%. These are possibly due to numerical issues, as when we use a tighter interior-
point optimizer tolerance for primal feasibility and relative gap termination (tightened
from the default e=® to e7'?), such negative gaps disappear. We thus report results for

these instances under the tighter tolerance, as noted by * in the table.

Table 1  Optimality gap (%) comparisons for DCUC (*: tighter solver tolerance used.)

Load 14-bus 30-bus 57-bus
multiplier UCLP  1SPP—bd 1 oLP  1/SDP—bd /oLP 7,-SDP—bd
0.1 336 0.0* 28.8 0.0* 10.9 0.0*
0.2 13.2 0.0* 9.2 0.0%* 3.1 1.5
0.3 3.3 0.0* 10.3 8.4 2.8 1.5
0.4 7.4 5.5 9.9 8.4 2.1 1.8
0.5 8.6 7.3 4.6 3.7 2.3 1.4
0.6 3.9 3.1 3.4 2.8 4.7 0.8
0.7 3.4 2.7 4.5 4.0 1.0 0.0*
0.8 4.9 4.2 3.1 2.6 2.5 0.0*
0.9 3.4 2.9 2.2 1.8 1.5 0.0*
1.0 3.1 2.7 3.1 2.7 1.0 0.0*
1.1 1.3 0.9 2.7 2.3 0.6 0.0*
1.2 2.7 2.2 1.8 1.1 0.4 0.0*
1.3 3.0 2.4 3.0 1.8 0.2 0.0*

For all instances, the SDP relaxation consistently yields smaller optimality gaps than

the LP relaxation. The average optimality gap across all instances for the LP and SDP
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relaxations are 5.4% and 2.1%, respectively. Moreover, the optimality gaps show a decreas-
ing trend as the problem size increases. For example, when the load multiplier equals 0.8,
the optimality gaps of UC5PF P4 for the 14-, 30-, and 57-bus instances are 4.2%, 2.6%, and
0.0%, respectively.

6.2. ACUC Case Study

In this section, we assess the tightness of ACSP? (with algorithmic enhancements). It is
difficult to obtain optimality gaps for ACUC instances, as the exact ACUC MINLP model
AC is difficult to solve. Therefore, we instead report the objective values of solved in-
stances. We compare with a relaxed binary relaxation ACRE obtained by (i) relaxing all
binary variables in AC' to continuous variables in [0, 1] and (ii) replacing AC-related non-
convex nonlinear constraints - with the SDP-based rectangular formulation
. Therefore, ACSPY and ACR®E differ only in how the UC-related constraints are re-
laxed, with ACSPP employing the lifting —, which is strictly stronger than a direct
relaxation of the binary variables.

Table 2| summarizes the objective values of ACSPY and ACR® for the IEEE 14-, 30-, and
57-bus instances for each load multiplier. Each instance was solved over 24 time periods.
Instances that terminated with a primal status “UNKNOWN_RESULT _STATUS” are in-
dicated by “*” in the table, while those terminated with a primal status “NO_SOLUTION”
are indicated with “-”.

Table 2 Objective value ($) comparisons for ACUC (*: Instances with “UNKNOWN_RESULT_STATUS”,
-: Instances with “NO_SOLUTION")

Load 14-bus 30-bus 57-bus
multiplier . ACSPF ACEB ACSPP ACEB ACSPF ACRB
0.1 246739.6 21129.2 267818.3  24633.0* 210252.7 55828.3*
0.2 259109.3 42291.3 287728.0 49313.5% 256692.4 112766.1*
0.3 276211.1 63822.1%* 307629.2  74360.0* 306047.4 170734.6*
0.4 293372.9  85529.5%* 327875.2 100259.0%  458938.5 229032.7*
0.5 310988.6 107317.4* 348964.1 126284.9* 685221.8  289436.6
0.6 329386.2 129058.9* 371336.5 152268.1% 917233.5 361122.5
0.7 348417.5 150893.9* 395784.9 178408.0* 1155242.1 496195.8
0.8 369245.2* 172948.4*  463715.1* 204506.6* - T708813.3*
0.9 416871.9* 195332.1*  758598.3* 233887.2%* - 940014.9
1.0 806954.2* 217885.2* 1406965.0% 261744.7* - 1174381.5
1.1 843345.6* 241215.1* - 291853.1%* - 1423090.0
1.2 - 264320.8* - 325184.9* - 1641650.0
1.3 - 289141.2%* - 363458.7* - -

For all instances that terminated with a solution, our SDP relaxation obtains tighter

relaxation bounds than ACRB, often by a large margin. This highlights the importance
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of lifting the UC-related constraints in strengthening the convex relaxation of ACUC. In
addition, our SDP relaxation produces more reliable solutions, as it reports substantially
fewer instances with an unknown result status. One possible explanation is that the tighter
relaxation leads to better numerical behavior.

As the load multiplier increases, instances become increasingly difficult to solve, likely
due to higher network congestion. A promising future direction is to improve the scalability
of AC power flow constraints, by breaking large PSD constraints into smaller blocks via
chordal decomposition. This approach is helpful to reduce solver memory usage and has
been shown to improve the tractability of ACOPF problems.

Finally, we briefly comment on the solvability of the MINLP AC. We experimented with
solving a small AC instance with 14 buses and a single time period, omitting ramping
and minimum up/down time constraints (5h))-(5k). We used Gurobi 12.0.3, which provides
a global solver for MINLPs. At a load multiplier 1.0, the solver reached a 0.4% gap in
433.58 seconds. Compared with the upper bound provided by this run, our SDP relaxation
counterpart (without algorithmic enhancements) has a 2.4% optimality gap, indicating that
the SDP relaxation is relatively tight. The AC' instance becomes significantly harder at a
load multiplier of 0.1, with the solver returning a 12.0% gap after 3500 seconds. The worse
performance at a low load level appears to be instance-dependent, and could be induced

by e.g., tight lower-bound constraints that complicate the MINLP solution process.

6.3. LOC for DCUC

In this section, we compare the total LOC of our SDP-based pricing scheme with the
fixed-binary pricing scheme that is currently used in practice. In the fixed-binary pricing
for DCUC, denoted as UC™®, the binary variables in UC are fixed to their optimal levels,
with prices obtained from the dual solution of the resulting linear program.

We report LOC comparisons only for DCUC, as extending fixed-binary pricing to ACUC
is challenging: ACUC is an MINLP that is hard to solve, and fixing binary variables does
not remove nonconvexities arising from AC power flow constraints, complicating price
construction.

Table [3] summarizes the total LOC for the same DCUC instances solved in Section
under both the fixed-binary pricing scheme (UC*®) and our proposed SDP-based pricing
scheme (Z/{CSDp_bd). The instances where SDP-based pricing produces a lower total LOC
are highlighted with boldface. For most instances, the total LOC under our SDP-based

pricing scheme is lower, with an average reduction of 46%.
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Table 3  Total LOC (8) comparisons for DCUC (boldface: lower total LOC with SDP-based pricing)

Load 14-bus 30-bus 57-bus
multlpher ucFB quDpfbd ucFB quDpfbd ucFB ucSDpfbd

0.1 14919.6 15009.1 14920.0 14642.0 3872.7 3782.5
0.2 14922.3  14905.7 14923.2 14664.9 4627.5 1277.9
0.3 14925.0 14939.4 18710.6 48437.1  7873.9 1339.1
0.4 18711.0 6935.6 25243.2 11207.3 8847.8 2298.9
0.5 30886.9 10571.0 30887.0 6837.3 11400.1 1481.0
0.6 30887.0 5852.8 28530.1 5703.4 16010.8 10585.8
0.7 28530.1 8253.6 36001.8 9324.9 16009.5 10398.6
0.8 36001.7 9128.0 45878.8 6386.5 3448.8 3439.0
0.9 37737.0 8599.3 41677.4 55359.8 3450.1 3442.6
1.0 41677.1 8218.1 49149.1 8481.3 34514 3475.0
1.1 41677.8 3569.8 53397.2 8553.6  3452.6 3478.2
1.2 49727.6 8742.7 55556.6 6792.0 3453.9 3495.1
1.3 54932.1 10516.5 656259 16875.0 3455.2 3530.3

7. Conclusion

SDPs provide tight relaxations for discrete and nonlinear market-clearing problems, making
them useful tools for assessing the marginal effect of demand on social welfare. Based on
this perspective, we develop a tractable, SDP-based pricing scheme applicable to electricity
markets modeled with both DCUC and ACUC.

There are several promising future directions. Motivated by the increasing penetration
of weather-dependent generation (e.g., solar and wind), it is useful to consider uncertainty
in the market-clearing model and how it reshapes incentives. Our SDP-based framework
is well-suited for such extensions, as common stochastic modeling tools, including chance
constraints and distributionally robust optimization, also have conic programming repre-
sentations. In addition, it would also be helpful to further improve the tractability of the
SDP relaxation by exploiting its sparsity structure and by identifying strengthening valid

inequalities.
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Appendix. Appendix

A. Proofs for Section [3]

Proof of Proposition[l] Step 1: We first show that PSPP~Pd(9) is feasible. By assumption,
PMBQP g feasible and that Assumption [1| holds. We fix § and write b;(6) as b; and PSPF~Pd(g)

as PSPP=bd {51 concreteness. Let & be a feasible solution to PMBQRP. Define X = xza’ and

-
y=|1% | Then, Y =0 and Y > 0 since & > 0. Moreover, we have tr(a;a] X) = (a] x)? = b?
x X J J J

x; = Xy (for binary variables), and X;; < U? (for continuous variables), and thus (x,X,Y) is

feasible in PSPP—bd Hence, PSPP~P4 ig feasible.

Step 2: We now prove that the feasible region of PSPP~Pd is bounded. By we have X;; < U?
for each 7 where x; is continuous. On the other hand, for X;; where ¢ € B we have z; = X,;. Since
31‘ ;; >0 = X;; >z Thus, z; >27 >0 = =z, €[0,1] = X,;;€0,1],
and thus we also have the bound X;; < U, :=1 for ¢ € B. Therefore, by the 2 X 2 minors constraints
of X = 0, this implies that X?, < X;;X;; <UZU?, and hence (z, X,Y") is bounded.

Y >0, we also have

A quick note that the feasible region is also closed and thus is compact, a fact that is useful for
the proof of Proposition [3} The feasible region is closed since it is the intersection of finitely many
closed sets: closed convex cones and a set with finitely many linear equalities and inequalities.

Combined with the boundedness result shown above, the feasible region is thus compact.

Step 3: We now prove that strong duality holds for a homogenized PSPP—Pd. This step follows
the same argument as the proof of Theorem 6.1 in (Brown et al.2024), which proves the strong
duality of a homogenized CPP reformulation of MBQP, by showing that the homogenized CPP
reformulation’s feasible region is nonempty, bounded, and consists of two cones and one hyperplane.
Consequently, it has strong duality by Corollary 1.2 of (Kim and Kojima|2025|).

For our proof, the main difference is that PSPP=Pd no longer has the completely positive conic
constraint, and instead has constraints , Y >0, and Y €S, and thus feasible region of the
corresponding homogenized problem consists of slightly different cones. Specifically, consider the

following homogenized SDP relaxation of PMBQF:

PHem . min Tr(CY) (20a)
st. Tr(A;Y)=0 Vi=1,...m (5,) (20b)
Tr(B,Y) =0 VieB (%) (20c)

Tr(G,Y) <0 Vjen]\B () (20d)
Tr(HY)=1 ) (20e)
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Y e S (€2) (20f)
where
o] 4 [ B bal] 5 [0 tel g [0 g0
. [c Q] A [_bﬂ’aﬂ’ a;a, Bz i, —eje; Gi=1 o ejef H=10 0]

Note that e; is a vector with 1 at the jth entry and 0’s elsewhere.

Following similar arguments as in Steps 1 and 2, the feasible region of PH°™ is nonempty
and bounded. In addition, PH°™ has a hyperplane constraint and two conic constraints
and Y € Keon, where K., is the homogenized constraint cone defined by K., :=
{Y'|Y satisfies (20b) — (20d), (20g)}. Therefore, by Corollary 1.2 of (Kim and Kojima/[2025), PHom

has strong duality.

Step 4: Unlike for CPPs where equivalence holds between the homogenized relaxation and the
original formulation, for our SDP relaxation this is not true in general. Instead, we prove that
opt(PHo™) > opt(PSPP—Pd) It suffices to show that any feasible solution ¥ of PHm is also feasible
to PSPP—bd Tp particular, we show that Y satisfies and ([4d), as other constraints are identical.

Denote Y = E{ g] . Since Y = 0, its Schur complement X — xx " = 0. Thus, ajTXaj > (a/ %)%
By (20D), 0=a] Xa; — 2b;a] % + b2. Therefore,

O=a) Xa; —2ba] x+b2>(a]X)’ —2bja] X +b?=(a,x—b;)* =a x—b; =0.

Thus, Y satisfies (5). Substituting a]x =b; back to 0 =a] Xa; —2b;a] %+ b2, we have a] Xa; —
b? =0, proving that Y satisfies ([4d]).
Therefore, Y is feasible to PSPP~P4 and thus opt(PHo™) > opt(PSPP—bd),

PpSPP—dual i 1o less than the optimal value

Step 5: Finally, we prove that the optimal value of
of the dual for PHem (denoted as PHem~=dual) "and thus strong duality between PHem and its dual
ensures the same for PSPP~dual The argument follows the proof of Theorem 6.2 in [Brown et al.
(2024)) for CPPs, with modifications to account for the different dual formulation due to different
primal constraints in SDPs.

The formulation of PSPP—dual ig a5 follows:

DSDP—dual , 1o Zbﬂj + Zbiwj + o+ Z U, (21a)
j=1 i=1 JjE€M\B

st. M(y,w,k,¢,u) =0 +Q (21b)
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$<0,0>0,Qec8M, (21c)

where M('Y,W,K;7¢,,u) =C — Z;nzl AJ’}/] — Z;n=1 A]w] — ZjEB leij — Zje[n]\B ngf)j — H/,L, with

[0 iaf] . Jo of _[o of
Aj_[laj 0 Ay = OajajT G = OejejT :

2
Also, yu denotes the dual variable of Tr(HY') = 1, which is a valid constraint for PSPP—>d,

The formulation of PHom—dual jg 59 follows:

PHom—dual -max i 294
o

s.t. M(&,R,¢,1)=0+Q (22b)

$<0,6>00e8M, (22¢)

where M (5,5, ¢, /1) = C — 27:1 A5~ Djes BjR, — D jcmng G,¢; — Hji.

To prove that opt(PSPP—dual) > gpt(pHom=dual) "t guffices to show that any feasible solution
(&,R,(];,/],(:),Q) of PHem—dual can be mapped to a feasible solution of PSPP~dual with the same
objective value. In PSPP=duwal ot ~. = —2b.5, w; = &;,k; = Rj,¢; = $;,0 =0,2=Q, and p =
YT b6, — > e U 2¢;. Then we can verify that this solution leads to an objective value of
fi and is feasible to PSPP~duwl, For feasibility, it is useful to note that A; = A; —2b; A; +b2H and
G,=G;-U’H.

Therefore, opt(PSPP-dual) > gpt(PHem—dual) ~ Combined with opt(PHom) = opt(PHom—dual) (Step
3), opt(PHom) > opt(PSPP-Pd) (Step 4), and opt(PSPF-dual) < opt(PSPP-Pd) (weak duality), we
conclude that strong duality holds for PSPP—Pd Q.E.D.

Proof of Theorem[]] Fix 6 € [0,0] and let ¥* € Feas*(PSPT-4u21(9)) be any dual optimal solution.

Then, since strong duality is attained (Proposition , we have
VSOP(g) — VSPPdual(g) — pd (e g), VSPP(g) — WEFeas(ggg(—dumw))fd(q,ﬁ/)
for every 6’ € [0,0]. We emphasize that since § appears in the right-hand sides of PSPY~"4(#), the
dual feasible set, Feas(PSPP~dual(9)) does not depend on 6. Therefore, Milgrom and Segal| (2002,
Theorem 1) applies to VSPP-dual(§) and yields the envelope inequalities for one-sided derivatives.
In particular, we have:
Right derivative. Let 8’ > 6. Since ¥* is feasible for the dual at §’, we have
V) = B v ) 2 £T0)

Subtracting VSPP(9) = f4(¥*, 6) and dividing by 6’ — 6 > 0 yields

VSPP(9) —VSPR() _ pA(u0) - FU(8,6)

0 —0 - 0 —0 ’

Since b;(6),7 =1,...,m are differentiable and f¢(¥*,6) is a polynomial in b;’s, f§(P* 6) exists.

Taking 6’ — 0+ at 0 gives
VI (04) = f(0",0).
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Left derivative. Let 6’ < 0. Again, VSPP(9') > f4(¥* ¢') and VSPP(0) = f4(¥*,0) imply
VEPE() — VEPR(9') < fU(P,0) — f(T,0).
Dividing by 6 — 8’ > 0 and taking ' — 6— yields
VEPP gy < f(0*,0).

Differentiable points. If VSPP is differentiable at 6, then VSPP'(9—) = VSPP'(94) = VSPP'(g).

Combining the two inequalities above gives
VPP () = f4(*.60).  Q.E.D.

Proof of Corollary[]] First, due to strong duality of PSPP=4  we have V(u) =
MAX ¢ pops( PSDP-dual () f4 (¥, 1). Since f¢(¥*, u) is a polynomial in b;,j =1,...,m, and b;(u)’s are
differentiable in u, V, f%(¥*, u) exists.

To obtain the expression for VV (u), we first consider a perturbation along one direction. Fix
u=ueclU. Let heR? be any direction and let g, > 0 be such that G +ch €U for all € € [—¢,7].
Define the one-dimensional value function along h by ¢(¢) :=V (a+¢ch). If V(1) is differentiable at
u, then ¢(¢) is differentiable at e = 0. Also, if V() is differentiable at @, then for every direction

h we have
¢'(0) = VV(&)Th. (23)

Define u(e) := 01+ ¢h. The dual objective function can be written as f¢(¥,u(e)). By Theorem
and the chain rule, if V(1) is differentiable at w, then

¢ (0)=f2(U"u(e))| _ =Vuf'(¥"u) h. (24)

e=

Combining and for all h yields VV (i) =V, f4(¥*,u). Q.E.D.

Proof of Proposition The price r{, is obtained by taking the partial derivative of
f“C*d(\Il*, D) with respect to Dy,. Since we will take the derivative with respect to Dy, and the
constant terms do not impact the derivative, we only write the terms of f*~4(¥* D,,) that include

D, for ease of exposition:

N Dy + A D +25 > DD+ Y Bij(Sin — Sjie) (€55 + €55) Dy,
kleN (ivj)el:
k' #k
+ B2(Si, — Sj) 2Dy, (E5m + &)
(1,7)€L
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A

+2 Z B, Z(Si — Sj1) (Siw — Sjur) Dy Dy | (€557 + Em2x7)

(i,5)EL K eN
k' #k
+2 3 By — Sje) (PR 4 PG Dy, (25)
(i,75)eL

where the terms are obtained by multiplying the right-hand side of relevant parameter in @ with
corresponding dual variables. Specifically, the first term is from , the second and third terms
are from @, the fourth term is from and , and the last three terms are from and
(63)-

Taking the derivative of with respect to Dy, we get . Q.E.D.

Proof of Corollary[3 The proof follows similar steps as the proof of Proposition [} with 6 as the
scalar parameter. Namely, let w collect all primal decision variables of UC°°Y~"((D()) (including
lifted matrix entries), and rewrite the objective as ¢'w. Then, the analogue of the set S in the

proof of Proposition
S:={(0,w,z) ERxR? xR: §c[0,0],wcFeas(D(0)), z=c w},

is semialgebraic, and so is its projection onto (6,z). Analogously to the proof of Proposition
this implies VUCSPP(D(0))) is a semialgebraic function. The rest of the proof follows the same

argument as Steps 2 in the proof of Proposition Q.E.D.

B. Proofs for Section [

Proof of Proposition[j] Our proof follows a similar argument to the proof of Proposition

First, similarly to the argument in Proposition (1}, if the original ACUC problem AC is feasible,
then so is ACSPP| via a rank-one lifting argument.

Second, since the diagonal entries of W,’s are nonnegative and bounded by , and any off-
diagonal entries ijt < W;iW,ji (due to nonnegativity of 2 x 2 principal minors for W, = 0), entries
of W,’s are bounded. In addition, other variables are also bounded following the same argument in
Proposition [1} The feasible region is also closed, since it is the intersection of finitely many closed
sets: closed convex cones and a set with finitely many linear equalities and inequalities. Combined
with the boundedness result shown above, the feasible region is thus compact.

Following similar arguments as Steps 3 of Proposition[I's proof, we can formulate a homogenized
SDP relaxation with a block-diagonal matrix that includes all variables. The feasible region is
nonempty, closed, and consists of one hyperplane (i.e., Y, = 1) and two cones. Specifically, one

of the cones is defined by all conic constraints, and the other is defined by all homogenized linear

constraints. Thus, strong duality still follows for this homogenized SDP relaxation.
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The optimal objective of the homogenized problem is still no less that that of the original SDP
relaxation. The feasible region of the homogenized problem is contained in that of the original
problem, as the homogenized constraints reduce to the original ones.

Finally, any feasible dual solution of the homogenized problem can be mapped to a feasible dual
solution of ACSP? with the same objective value by (1) keeping the dual variables associated with
shared constraints unchanged, and (2) absorbing the constant terms introduced by homogenization
into the multiplier of the hyperplane constraint Y;; = 1. Therefore, the optimal solution of ACSPP’s
dual is no less than that of the homogenized problem’s dual. Combining this with previous results
and with weak duality for ACSPY yields strong duality for ACSPY and its dual. Q.E.D.

Proof of Proposition@ Observe that the parameter Dy, appears only on the right-hand sides
of ({ - ) and . Hence, in the dual objective, the dependence on D;; appears entirely through
the terms

A DE 4 A DIy 3R ( 3 D,f,t) g
KeN
up to an additive constant independent of Dy,. Thus, differentiating with respect to D} gives

PR — Ny 9 \R > wen Di,, and differentiating with respect to Dy, gives rf,’ = A(;. Q.E.D.

C. Proofs for Section [5
Proof of Lemmal[l] We have:

Ve(mw):= sup {#'D-V(D)}

DeRIZI

= sup (7' D+ max - E Cy(x4)
Xg.VgEG:
DeR/ZI *g€2g,VIEY;
vRER;
A’s—vf'=D

— T —_—
= sup xge%aé,eg {71' D ZCQ(XQ)}

z
DeRI7| Hor. geG
A s— UR*D

= sup max {WT s —oft ZC }

DeR|Z| X9 €19 VIE;

v ER 9€9
A’s—vfi=D
= sup 7w (A%s —of E Cy(xy)
xg€Xg,VgeG; 9eG
vRer
= sup ' A’s — g C,(x,) | + sup {—= "0}
xgEXg,VgEG 9cg vieR

=) max (W,I(g)sg—C (x4)) + sup {—7 " vf},
geg *a€%e vier
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where the second equality follows from the definition of V(D). The third equality holds because
7D is constant with respect to the inner maximization problem. The fourth equality is due to
the constraint A®s — v =D.

The fifth equality holds because the outer supremum is taken over D € R”!, and D = A%s — v,
Thus, taking the supremum over all feasible x, € X, for all g € G and v® € R implicitly spans all
values of D that can possibly lead to a supremum, i.e., those D corresponding to feasible solutions.
Any D outside this range would correspond to an infeasible inner maximization problem with a
value of —oo.

The sixth equality is due to the feasible regions x, € X,,Vg € G and v € R being separable. The
final equality holds because, for each bus k € A and time t € T, the term [A®S|y) represents the
total generation at bus k, obtained by summing the production from all generators located at that
bus. Thus, 7" A%s =3 _; 8y, which corresponds to the total revenue from the production of
all generators. This argument remains valid in the AC setting, where A°®s includes both real and
reactive power generation. Q.E.D.

Proof of Corollary[3 The bound is tight if the two inequalities of in the proof of Theorem
become equalities. The first inequality is due to the order-reversing property of the conjugate,
and thus becomes equality when V¢(w) = (VE)e(r).

The second inequality follows from sup,rcr{—m"v?} — (—7 "r") > 0. When there is no con-
gestion, the flow constraints in R become redundant, allowing to be reformulated without v
terms and constraints to be aggregated across all buses. As a result, the v® and r terms

are dropped from , eliminating the second inequality. Q.E.D.

D. Triangle Inequalities

In our experiments, the following triangle inequalities are imposed on binary variables z,

(VYg91,92,95€G and t € T):

Zg1tZgot T Zgst = Zg1t2g5t T ZgatZgst (26)

Zg1tgat + Zg1tlgst + ZgatZgst +1> Zgyt + Zgot + Zgst- (27)

Since those inequalities contain bilinear terms, we linearize them by replacing the bilinear terms

with corresponding lifted terms.
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