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Abstract

Algorithms based on polyhedral outer approximations provide a pow-
erful approach to solving mixed-integer nonlinear optimization problems.
An initial relaxation of the feasible set is strengthened by iteratively
adding linear inequalities and separating infeasible points. However, when
the constraints are nonconvex, computing such separating hyperplanes be-
comes challenging. In this article, the moment-/sums-of-squares hierarchy
is used in the case that the objective and the constraints are polynomial.
Although the calculated hyperplanes are not optimal in general, conver-
gence to an optimal separating hyperplane can be shown under some gen-
eral conditions. Then, this idea is embedded in an algorithmic framework
for mixed-integer nonlinear problems. The algorithm is modified with two
heuristic approaches inspired by sparsity structures to tackle instances
with a high number of variables and constraints. A numerical study on a
large set of problems from the MINLPLib demonstrates the potential of
our method.

Keywords. Mixed-integer nonlinear programming, polyhedral outer ap-
proximation, polynomial optimization, semidefinite programming
1 Introduction

Mixed-integer nonlinear minimization problems are optimization problems that
involve both continuous and discrete variables as well as linear and nonlinear
constraints. Due to their inherent complexity, solving mixed integer problems
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to global optimality can be computationally very challenging, sometimes even
intractable [Jer73; [KM78].

One fundamental concept for solving such problems is the relaxation (i.e.,
enlargement) of the feasible set to obtain lower bounds on the optimal value
[Bel4-13]. These relaxations should be much easier to solve than the original
problem. To strengthen an initial relaxation, solution methods rely on itera-
tively adding linear inequalities. Some of these methods are called outer approx-
imation [DG86), extended cutting plane method [WP95| or extended supporting
hyperplane algorithm [KLW16]. As long as the solution of the relaxation is in-
feasible for the original problem, an attempt is made to compute a new linear
inequality that excludes the infeasible solution, in the following also referred to
as a separating hyperplane. This attempt may fail if the feasible set is non-
convex. Nevertheless, it is still possible to obtain tight lower bounds on the
optimal value of the original problem, if the objective is linear, which can be
always ensured by an epigraph reformulation. This is shown by the following
basic proposition (e.g., [KBG25, Theorem 2]).

Proposition 1.1. Let M C R™. Then the optimal value of a linear function f
over M is equal to the optimal value of f over the convex hull conv(M) of M.

Therefore, our aim is to approximate the convex hull of the feasible set using
hyperplanes. If M is already a convex set, those hyperplanes can be calculated
by using the first-order Taylor series expansion of the constraints as in [DG86;
WP95; KLW16], but the same method cannot be directly transferred to the
nonconvex case. For more details on such algorithms we also refer to [Bel+13;
KBG25).

However, if the objective and the constraints are all polynomials, which
we then call a mixed-integer polynomial optimization problem (MIPOP), the
moment-/sums-of-squares-hierarchy from polynomial optimization introduced
by Lasserre in [Las01l] can be applied. It relies on sums-of-squares (SOS) cer-
tificates for nonnegative polynomials and the dual theory of moments. For a
self-contained introduction and for an overview about the topic, the reader is
referred to |Las09; [Las1b; [Lau09; [Nie23|. If some mild conditions hold, the
moment-/SOS-hierarchy can be used to approximate a polynomial optimization
problem arbitrarily well. In practice, solving this hierarchy of approximations
may be rather computationally expensive, since each problem in the hierarchy
is formulated as a semidefinite program (SDP) and the sizes of the involved
semidefinite matrices grow rapidly for problems further up the hierarchy. In
the case that some sparsity structure appears, the issue of growing complexity
can be partially tackled and even instances with several thousand variables and
constraints can be solved [Wak+06; WML21b; WML21a; [WML22; Wan+22;
MW23|.

There have been some approaches in the literature to calculate valid linear
inequalities for polynomial optimization problems by using the moment-/SOS-
hierarchy. The first one is in [GVA16]. Therein, valid inequalities are generated
to improve an SOS relaxation by solving higher-order SOS relaxations. Sec-
ondly in [BCM20|, S-free sets and intersection cuts are calculated in a lifted



space. Finally in [BS20], linear inequalities close to points in the feasible set are
generated.

Our approach is a mixture of the ideas in [GVA16] and |[BS20]. But instead
of adding linear inequalities to the SOS relaxation, we add them to relaxations
that are used in standard mixed-integer optimization algorithms, which usually
means (mixed-integer) linear relaxations. Further, we do not need a feasible
point to calculate the linear equalities, but we use infeasible points generated
by relaxations and cut them off by separating hyperplanes. This approach makes
the moment-/SOS-hierarchy accessible to common mixed-integer nonlinear pro-
gramming (MINLP) solvers, what we illustrate by an integration into the SHOT
solver [LKW22].

The outline of the article is as follows: Firstly, the definitions and nota-
tions for MIPOPs, separating hyperplanes and the moment-/SOS-hierarchy are
introduced in Section 2] Then we show how separating hyperplanes can be cal-
culated by a modification of the original moment-/SOS-hierarchy (cf. Section
. Although the calculated hyperplanes are not optimal in general, convergence
to an optimal separating hyperplane can be shown (cf. Theorem . Under
some convexity assumptions, optimal hyperplanes can already be generated in
the first step of the modified hierarchy (cf. Section . In Section |5} an algorith-
mic framework is presented illustrated by an example. The algorithm is then
modified with two heuristic approaches inspired by sparsity structures to tackle
larger instances in Section[6] Finally, the performance of the sparse algorithm is
shown on a large set of examples from the MINLPLib [MIN25] by an integration
into the SHOT solver (cf. Section .

2 Preliminaries

2.1 Definitions and Notation

Let R[z] denote the polynomial ring in n variables z = (z1,...,,) for some
n € N. Further, let » € Ng. Then, R[z], defines the vector space of real
polynomials up to degree r in the variables x.
Throughout the article, we consider mixed-integer polynomial optimization
problems of the form
fmin - zngg}? f(CU)
st gj(x) >0 forj=1,...,k,

(MIPOP)
gt <<z,
x, €% foriel,
where the objective f and the constraints ¢gi,..., g are polynomials in R[z].

Without loss of generality, we assume that f is a linear polynomial with f(0) =
0. All variables are bounded by lower bounds ! € R™ and upper bounds
x* € R™. The set I C {1,...n} contains all indices of variables that attain only
integer values. Furthermore, let M denote the feasible set of (MIPOP).



Note that there is an ambiguity of the adjective linear. Although we refer to
a polynomial as linear, which means that its degree equals 1, the corresponding
polynomial function is only affine linear.

Next, we introduce the notion of a relaxation for .

Definition 2.1. Let M be the feasible set of (MIPOP|) and @ C R™ with
QD M. Then

relax
min

= min f(z)

is called a relazation of (MIPOP) with relaxed set €).

We refer to the continuous relaxation of (MIPOP), when all integer con-
straints are omitted, as

POP _ :
min = in - f(2)
st. gj(x) >0 forj=1,...k, (POP)

<< gt
with the relaxed feasible set
S:{xERn|gl(x)20,...,gk(x)20andmlSxﬁx“}. (1)
Moreover, we consider the initial mized-integer linear relazation of
mn = min - f(2)
st. Lij(z) >0 forj=1,...,Fkin,
<z <zt

v, €Z foriel

(MILP)

with ki, € No linear constraints /;. The linear constraints can be easily ob-
tained by taking only the linear constraints from . Alternatively, by
introducing additional variables, a tighter linear relaxation can be derived by
using McCormick relaxations [McC76|, for example.

2.2 Separating Hyperplanes

We recall some fundamental concepts from the theory of separating hyperplanes,
largely based on [Sch14] Section 1.3]. We first start by defining hyperplanes and
their associated halfspaces in the real vector space R™.

Definition 2.2. Let w € R™\{0} and b € R. Then the set H = {z € R" |

w'x = b} is called a hyperplane in R™ and bounds the two closed halfspaces

H ={zcR"|w'z<b} and H" ={z cR"|w'z>b}.



Remark 2.3. Let H and H’ be the hyperplanes defined by the two vectors
(w,b), (u,c) € R"\{0} x R. Then H = H' if and only if (w,b) = (Au, Ac) for
some 0 # A € R. Hence, the vector w in Definition 2:2] can be restricted to the
unit ball (||w|| < 1) or even the unit sphere (||w| = 1).

A hyperplane H can be represented by the zero set of the linear (i.e., degree-
one) polynomial h € R[z]; defined by h(z) = w'x — b, that means H = {x €
R™ | h(z) = 0}. Hence, all hyperplanes can be represented by linear polynomials
and vice versa. If h € R[z]; is a linear polynomial, we denote by w;, € R™\{0}
the coefficients of the variables and by b, € R the constant coefficient. Using
this notion, we introduce separating hyperplanes and further state a separation
theorem.

Definition 2.4. Let h € R[z]; represent a hyperplane. Then h (strictly) sep-
arates two sets A,B CR", if h <0 (h<0)on Aand h >0 (h>0) on B, or
vice versa. The sets A and B are strongly separated by h, if there exists € > 0
such that h < —s on A and h > € on B or vice versa.

Theorem 2.5 ([Sch14], Theorem 1.3.7]). Let A, B C R™ be nonempty and con-
vex with ANB = 0. Then A and B can be separated. If A is compact and B is
closed, then A and B can be strongly separated.

In the following, we usually want to separate a single point Z from a closed
set B, which means A = {Z} in Theorem If a separating hyperplane exists,
we are interested in a hyperplane that lies as far away as possible from z. This
purpose leads to the definition of the distance between a point and a hyperplane.

Definition 2.6. Let H C R™ be a hyperplane, h € R[z]; its polynomial repre-
sentation and & € R™. Then the distance between & and H is defined by

dist(z, H) == inf ||z — ||
z€H

for some norm || - || in R™. If a specific norm (e.g., 2-norm) is used, then this is
indicated by a subscript (e.g., diste(Z, H)). In the following, we usually replace
the hyperplane H by its polynomial representation h in the definition, that
means dist(z, h) := dist(z, H).

The distance can be directly calculated using the dual norm and evaluating
the polynomial representation.

Lemma 2.7. Let h € R[z]; be a linear polynomial and & € R™. Then
_ (@)

~ lwnlls”

dist(z, h)

where || - ||« is the dual norm of || - ||.

Proof. From the duality of the norms, we know that A is Lipschitz continuous
with Lipschitz constant ||wl|., that means

[h(x) = h(y)| = lwy (@ = )| < wllllz -yl



for all x,y € R™.
“>7: Let y € R™ with h(y) = 0. Then
|h(z)] 1

= h(z)—hy)| <|lz—vy
Twnll, IIthI*H) W< |

using the Lipschitz continuity of h. Since y was arbitrarily chosen, this holds
for all y € R™ with h(y) = 0 and thus

h(@)|

[[wn|«

<inf {||z — y|||y € R" and h(y) = 0} = dist(z, h).

“<”: By definition of the dual norm as well as compactness and symmetry of
the closed unit ball, there exists y € R™ with |ly|| = 1 such that w;] y = ||wp]|..
Thus, from h € R[z]; we infer that

- hz - h(z _ _
h(z — ﬁy) = w, T — ﬁu};y—b: hZ) — h(z) =0,
so that Z — ("M®)/||w,||.) y is a point on the hyperplane. Now, we can conclude

dist(z, h) < ||§; —(z My)‘ _ |h@)] Iyl |h(z)]

= Twalls T llwnlls T lwnll

which gives the claim. O

2.3 The moment-/SOS-hierarchy

To formulate the moment- /sums-of-squares-hierarchy from [Las01] (cf. [Lau09]),
we introduce some algebraic definitions.

Let X[z] be the convex cone of sums of squares of real polynomials and X[z],
the subcone of sums of squares (SOS) of real polynomials up to degree 2r for
some r € N.

e :={iq§
Z:l
(], ::{Zq?

i=1

k € N and ¢; ER[JJ]},

keNand g € ]R[x]T}.

A polynomial in X[z] is called SOS polynomial. The quadratic module generated
by polynomials py,...,pr € R[z] is defined by

Qp1,---,pk) = {ao + ijajpj ’UO,UJ‘ € E[x]} C R[z]

Jj=1

and the corresponding r-truncated quadratic module by
k
Q1) = { Loy | 05 € Sl des(oy05) < 2 € Rlol,
§=0

with pg := 1. For later proofs, we need the following basic result about the
degree of SOS polynomials.



Lemma 2.8 ([Lau09, Lemma 3.1)). If p € R[z] is an SOS polynomial, then
deg(p) is even and any decomposition p = 3711, oF with o; € R[z] satisfies
deg(o;) < deg(p)/2 for all j.

Furthermore, let ¢ := (Co)aeny € R be a sequence indexed by the monomial
basis (2%)aeny and L¢ : Rlz] — R the associated Riesz functional given as

f = Zfal'a — LC(f) = Zfa(cw

Then the moment matriz M(() is the (infinite) matrix defined by

M(C)%B = LC(anrﬁ) = Ca-i—Ba a,p € Ng

with columns and rows indexed by the monomial basis (v%)aeny. Similarly,
given r € N, the r-truncated moment matriz M,.(¢) is defined by

MT(C)OC,,B = LC(xOhLﬁ) = <a+ﬁ’v a,p € Ng,r

with columns and rows indexed by the monomial basis (¢%)aeny —and Nj . =
{a € NG | [af <7} (lo] = 32, 5). For g = 37 g,27 € Rlz] we define the
localizing matrix

M(g<)a,ﬁ = LC(g(x)xa+6) = Zg“rgaJrﬁJr'y for o, B € Ng
¥
and its r-truncation
M. (90)as = Le(g(@)z®t?) =Y goCatpsny for a, B €N,
¥

For the truncated moment and localizing matrices we can use the following
calculation rules.

Lemma 2.9 ([Lau09, Lemma 4.1]). Let ¢ € RYo, L. the associated linear
functional and let p,q,r € Rlz]. Then

L¢(pq) = vec(p)TM(y) vec(q) and
L¢(pgr) = Vec(p)TM(y) vec(qr) = Vec(pq)T./\/l(y) vee(r)
= vec(p) " M(qy) vec(r),

where vec(-) yields the vector of coefficients of a polynomial.

3 Separating Hyperplanes for Polynomial Opti-
mization Problems

We first introduce our separating hyperplane method for the continuous relax-
ation (POP) of (MIPOP), that means the integer conditions on the variables




are ignored. This does not automatically mean that variables cannot be set to
integer values. In the case that the integer conditions can be expressed by poly-
nomial constraints, these polynomial constraints can be added to the description
of the relaxed feasible set S. For performance reasons those polynomials should
be of low degree. This is the case for binary variables (or integer variables that
behave like binary variables). If z; is a binary variable, the two polynomial
inequalities +(z7 — z;) > 0 can be added to the constraints. Further, if some
variables are integer, but nonbinary, the cuts calculated by may be
refined by rounding methods. Instead of explicitly stating results in this direc-
tion, we will leave the rounding to the MILP solvers.

Let the relaxed feasible set S of be nonempty and Z a solution of a
relaxation, for example a solution of the mixed-integer linear relaxation 1) ,
with f(Z) < fmin. Then, Z is not in the set S. Moreover, from Proposition
it follows that ¢ conv(S). Since the convex hull of compact sets in R™ is
compact again (cf. [Rud73, Theorem 3.25 b)]), Theorem can be applied to
conv(S) and {Z}. Thus, Z and conv(S) can be strongly separated, that means
there exists a linear polynomial h € R[x]; such that h(Z) > ¢ for some £ > 0
and h < 0 on conv(S).

Finding such a hyperplane can be formulated as the infinite-dimensional
linear optimization problem

sup  h(Z)
heR[z]y
st. h(z) <0 forallzes, (HYP)
lwplloo < 1.

For implementation reasons, the maximum norm is used for bounding the vector
wp, since this norm constraint results in linear constraints. Other norms (e.g.,
2-norm) can also be used as long as there are optimization methods that can
efficiently handle them. We now provide some simple observations about .

Remark 3.1. 1) To ensure feasibility, wy = 0 is allowed in , although
we are only interested in linear polynomials (i.e., wy, # 0). If w, = 0, h must
be a nonpositive constant, since S is nonempty. If h is an optimal solution
with wy, = 0, h must be the zero polynomial. Conversely, if h is an optimal
solution and h # 0, then h must be a linear polynomial.

2) Quantifying over the set S or its convex hull results in an equivalent opti-
mization problem: Let h be a linear polynomial. Then h < 0 on S, if and
only if & < 0 on conv(S), since the closed halfspace of a hyperplane is convex.

3) If ¢ conv(S), then has always a feasible linear polynomial with
positive optimal value by Theorem If the optimal value of is 0
(i.e., h = 0 is an optimal solution), then Z cannot be strongly separated from
conv S, that is € conv S.



4) Bounding the coefficients wy, of h in the last line of (HYP)) is not a significant
restriction: Let h be a linear polynomial with A < 0 on S, then |Jwy ||tk is

feasible for (HYP) with [lw,, =1/« =1 (see also Remark . Note that
wy, # 0, since h is a linear polynomial.

5) If a linear polynomial h is feasible for (HYP)), then also ||wy, ||tk is feasible
with h(z) < |lwp| <Lh(Z). So, if h is even an optimal solution, then we have
[whloo = 1.

6) The objective gives also a measure for the distance between the calculated
hyperplane h and the point z. By Lemma if h is a linear polynomial,
then h(Z) = dist1(@.h)/||wy|l. If h is an optimal solution and h # 0, then
h(z) = dist1(Z, h).

As the feasible set S is assumed to be nonempty, (HYP) yields a separating
hyperplane, which is as far away as possible from Zz. Since the maximum norm
is used in (HYPJ), the distance is measured in the dual 1-norm.

Proposition 3.2. Let & € R". Then there exists an optimal solution h € R[z];

for (HYP)) with optimal value
h(z) = disty (Z, conv S).

Proof. Let & € conv S and h € R[z]; feasible for (HYP|) with h # 0 and h(Z) >
0. Since h(Z) < 0 holds by Remark [3.1}2), there exists A € [0,1] such that
=A%+ (1 — X\)Z and h(z) = 0 by the Intermediate Value Theorem. Then

dist1 (2,h) < [ — 2l = 12— (A& + (1= VD)l = (1 - N[z — &l < [ - 2]

holds. Since & € conv S is arbitrarily chosen and one can assume ||wp||o = 1
without loss of generality (cf. Remark [3.1}5)),

0 < h(z) = dist1(z, h) < disty(Z, conv S)

holds by Lemma[2.7]
Let 9 := dist1(Z,conv S). If Z € conv S, then h = 0 is an optimal solution.
So assume T ¢ conv .S and define

Bi(z,0):={z € R" | |z — 2|1 <d}.

Then ? > 0 holds and the interior of B;(Z,0) can be separated from conv(S) by
Theorem [2.5| Thus, there exists a linear polynomial h € R[z]; such that h <0
on conv S and h > 0 on By(Z,0). Scaling of h yields ||wh|lcc = 1. Now, h is

feasible for (HYP]) with
h(z) = dist1(Z, h) > o = dist1 (Z, conv S) > 0.

Together with the first part, h(Z) = dist;(Z, h) = disty (Z, conv S) follows and h
is an optimal solution. O



Proposition 3.3. Let & € R™ hold and h # 0 be an optimal solution of (HYP).
Then h is an optimal separating hyperplane with respect to the distance in the
1-norm, that means

diStl(.’f, h/) < diSt1<.’f, h)

for all W # 0 feasible for (HYP)|) separating T from S (i.e., () > 0).
Proof. Let I/ be feasible for (HYP)) with A/(Z) > 0. Then also h" = |[wp/ || H

is feasible by Remark [3.1}5). Since h”(Z) < h(Z) and |lwp oo = 1 (cf. Remark
-] (5)), it follows from Lemma [2.7/and h/(Z) > 0
N(z
dist1 (z, h') = i (”l) = W'(%) < h(z) = disty (%, h).
Wh! || oo
which yields the claim. O

Problem (HYP)) can have multiple optimal solutions, even uncountably many
as the following example shows.

Example 3.4. Let S = {(0,1)} CR? and Z = (0,0). Then h, = ax; —xz2+1is
an optimal solution of for any for a € [-1,1]: Let a € [—1,1]. Then h,
is feasible, since h,(0,1) = 0 and ||wp, ||co = 1. Further, h,(Z) = 1 = disty(Z, S)
and thus optimal by Proposition

A solution of yields the best separating hyperplane in the sense of
Proposition But solving is in general not easy. To find a separating
hyperplane, we invoke the moment-/SOS-hierarchy introduced in [Las01] (cf.
[Lau09]). Replacing the box constraint ' < z < z* by the quadratic conditions
wi(z) > 0 with

pi(r) = (z; — ) (2¥ — x;) € R[z] fori=1,...,n,

we gain a polynomial description of the feasible set S of . Notice that we
could also use the linear box constraints for describing the feasible set S, but
this linear description yields a slightly weaker hierarchy as shown in [ESV25|
Lemma 4.5]. On the polynomial side, we can now relax (HYP) to

Pr = Sup h(‘f)
heR[z]y

s.t. —heQr(917~-~79k,<,01,~--;<,0n)7
[wnlloe <1

(SOS;™™)

where r € N with r > max;—1 _ ,{[deg(g;)/2]} denotes the order of the relax-

ation and Q,(g1,- - -, gk, P1, - - -, ©n) is the r-truncated quadratic module gener-

ated by the polynomials ¢1,...,9%,901,-..,9n. In the semi-infinite

“<”_condition from is relaxed to a sums-of-squares constraint bounded

by degree 2r, yieldin a hierarchy of semidefinite programs. As for , if
mos i

the solution of (| ")) is not the zero polynomial, then the solution is a
hyperplane, which separates T from S.

10



Proposition 3.5. Let h € Rz]; with h # 0 be an optimal solution of (SOS;*").
Then h separates T and S.

Proof. From —h € Q,(¢1,---,9k,¥1,---,¢n) it follows that —h > 0 on S and
thus A <0 on S. Since h is an optimal solution, we have h(Z) > 0. O

Now, if the polynomial h € R[z]; is an optimal solution of (SOS; '"|) with
h(z) > 0, then h is a separating hyperplane by Proposition and the linear
inequality h(x) < 0 can be added to (MILPJ) cutting away the relaxed solution .

We can also formulate the dual of (HYP]), which is the infinite-dimensional

optimization problem

inf e't
.t

5.t <,U, 1> =L (HYPdual)
7t2‘§<,u, Zi>7i‘igti fori:l,...,n,
Mem(s)-H tERTZLOv

where 91(S5)+ is the convex cone of nonnegative, finite Borel measures on R,
el =(1,...,1) € R™ and

(u,p) = / p du  for p € R[z] on S.
s

By projecting onto the first moments and using the 1-norm, appears
in the following simple form:

inf {||z — Z|; | z € conv(S)}. (2)

Thus, finding z € conv .S, which is closest to Z, is the dual side of separating T
from conv S by a farthest hyperplane. This is due to the well-known relationship
between the convex hull and the first moments of probability measures with
support in S (cf. [Rud73, Theorem 3.28]):

Proposition 3.6. Let S C R" be compact. Then
conv(S) = {z € R™|Ip € M(S)1 : (u, 1) =1, {p, ;) = z for all i € {1,...,n}}.

Using the Riesz functional as well as the truncated moment and localizing
matrices (cf. Section [2.3)), we can derive a hierarchy of moment relaxations in

Savas

the sense of [Las01], which are the duals of the semidefinite problems (SOS; **)):

* - T
pr = 1gtf et
st Go=1, MT‘(C) =0
Mrfuj(ng) t 0 fOTj = 1,...,]{,‘, (MOME{YP)
M_1(pi) = 0 fori=1,...,n,

—t; SLC(xi)—jfi <t; fori=1,...,n,
¢ € RNor, ¢ € RY,

11



where v; = [deg(g;)/2]. Since this is a relaxation of (HYPgyall), we have
pr < disty(z, S) (3)

and also weak duality holds. The proof is similar to the one in |[Lau09, Section
4.2].

Proposition 3.7 (Weak Duality). Let h be feasible for (SOS; *") and (¢,t) €
RYo.2r RZ, feasible for (MOM,*"). Then

h(z) <e't.

Proof. Since —h € Q. (g1,-.., Gk, ¥1,---,%n) holds, we have L¢(—h) > 0. For
z¢ = (L¢(21), ..o, Le(wn)) we see that

h(z)

A
=
3]]
S~—
|
h
o~
o~
>
S~—
I
>
—
)
S—
|
=
8
Y
S~—

which gives the claim. O

To prove our main theorem, we rely on some auxiliary results. The most
prominent among them is Putinar’s Positivstellensatz [Put93|, which requires
the Archimedean property for the quadratic module: There must exist some
N € N such that

N—Zm? €EQ(g1y- -, Gk, P1y -+ Pn)-
i=1

Such a ball-constraint polynomial is even contained in Q1 (1, .., ¢y) for some
N € N, because the quadratic descriptions of the box constraints are used (cf.
[ESV25, Proof of Lemma 4.2]).

Theorem 3.8 (Putinar’s Positivstellensatz, as cited in [Lau09, Theorem 3.20]).
Let f,g1,-..,9r € Rlz], S ={z e R" | g1(x) > 0,...,gx(x) > 0} and assume
that the quadratic module Q(g1, ..., gr) is Archimedean. If f > 0 on S, then
f € Q(glavgk)

The next auxiliary result shows that the entries of a truncated moment
matrix can be bounded.

Proposition 3.9 ([Las09, Proposition 3.6]). Let r > 1, ¢ = (Ca)aeny € R
be a sequence indered by the monomials (z)aens and L¢ : Rlz] — R the
corresponding Riesz functional such that M,.({) = 0. Then

Va € Np o, |Ca| < max (CO, Inax LC(Q;ZZT)> .

Proof. For a proof we refer to [LNO7, Lemma 4.3]. O

12



The last result needed is a strengthening of the classical Extreme Value
Theorem (e.g., Theorem 1.2.13]).

Theorem 3.10. Let X CR", J: X — R be a continuous function and xo € X
such that the level set

{z e X|J(x) < J(x0)}

is compact. Then there exists at least one global minimizer of J in X.

Now we can prove our main result: Both (SOS? **)) and its dual (MOM. ")

have an optimal solution, whenever S has nonempty interior. Furthermore, the

optimal value of 1) asymptotically converges to the optimal value of
(HYP)). The proof follows very closely the arguments in [Las01] and [Lau09].

Theorem 3.11. Let S be as in with nonempty interior and & € R™. Then
there is no duality gap between the semidefinite program 1SOS,I.HI and its dual

(MOM;*")). Moreover, (SOS; " ") (resp. (MOM, *"))) has an optimal solution

h, € R[x]a (resp. (¢,t) € RVo2r x R%,) and

h.(Z) — disty (Z,conv S) as r — oc.

Proof. We show, that there exists a Slater point for (MOM, **)). As S has
nonempty interior, there exists a nonempty ball B C S. Define the probability
measure

w(A) = ﬁ)\(A N B) for all Borel sets A C R",

where A is the Lebesgue measure on R™. The sequence ¢ = ((a)aeny of moments
is given as

Ca ::/ 2% du(x) for all a € Ny.

Note that (o = 1. Let u € R[z]<, with v # 0 and vec(u) be the vector of
coeflicients of u. Then

(vec(u), My Q) vee(w) = [ ul(@)? du(x)
= ﬁ/jgu(ac)2 dA\(z) > 0,

(vec(u), My, (9,0 vee(w)) = [ g;(@)ula)? dua)

n

= 357 . @u@? axa) > o

which shows M,.(¢) = 0 and M, _,,(g;¢) = 0 for all j € {1,...,k}. Similarily,
M,._1(p;¢) > 0 can be shown for all i € {1,...,n}. Finally, choose each t; € R™
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sufficient large, such that |{., — Z;| < ¢; for all i € {1,...,n}, where e; € R™ is
the 7-th unit vector.

Hence (¢,t) is a strictly feasibly solution, that is a Slater point, for the
semidefinite program . If the optimal value of is finite,
then there is no duality gap by the strong duality result from convex optimiza-
tion (e.g., Proposition 5.3.1]) and (SOS, ")) has an optimal solution.
For this, let (¢’,t') be any feasible solution of (MOM; **). Note that ¢} = 1.
Since

n
N — ng S Ql(@lv"w%pn) g Ql(gla"'agkvwlw"v@n)

i=1
for some N € N and M,.({') = 0, M,_,,(g;¢") = 0, My_1(p:i¢’) = 0, we can
verify

Lei <x§(’“‘1)(N - x2>> >0 forl<k<r

i=1
for all I € {1,...,n} using the calculation rules from Lemma For k =1,
we can conclude N > Le(z}) and inductively N > L¢ (27"). Proposition
implies that the absolute value of all ¢/, is bounded by N”. Therefore the
level set with respect to the Slater point ({,t) of the feasible set of <MOMTH;I
is compact. By Theorem this implies that (MOML ") has an optimal
solution with finite optimal value.
Finally, the convergence is shown. Since S is nonempty, we choose an optimal

solution h* € R[z] of (HYP]) as in Proposition It suffices to show

h-(Z) = h*(Z) asr — oo.

If z € conv(S), we have h*(Z) = 0 = h,(z) for all r € N. So assume Z ¢ conv(S).
Then h* # 0 and —h*+& > 0on S for 0 < & < disty (Z, conv(S)) = h*(Z). Now,
Putinar’s Positivstellensatz holds, that means

—he=—h"4+ec€ Mg(g1,--, 9k, P1y--+Pn)

with R € N large enough. Thus, h. is feasible for all 1SOS,,H;I with r > R
and by definition h.(Z) > 0. Let h, denote the optimal solution of 1SOSH: P
with » > R. Then h.(Z) < h.(Z) < h*(Z), where the last inequality holds by
Proposition Now,

0<h"(Z)— h (T) <A (Z) — h(T)=¢

and the convergence follows. O

4 Convex Case
The moment-/SOS-hierarchy is able to recognize a large class of convex prob-

lems. For so-called SOS-convex problems, the first step of the classical moment-
/SOS-hierarchy is exact. In the following section, we show that this behavior

14



naturally extends to the case of calculating separating hyperplanes by adapting
the results of [Laslh, Chapter 13] and references therein. We begin with the
notion of SOS-convexity of a polynomial, which was introduced in [HN10].

Definition 4.1 (|Lasl5|, Definition 13.13]). Let r € N. A polynomial f € R[z]a,
is said to be SOS-convez if its Hessian V2f is an SOS matrix-polynomial, that
is, V2f = LL" for some real matrix-polynomial L € R[z]"** and some s € N,

Remark 4.2. From Definition it follows that all SOS-convex polynomials
are convex since the Hessian is positive semidefinite. In the quadratic case
also the converse is true: Every convex polynomial up to degree 2 is SOS-
convex. This implies in particular that the polynomials —p;, i € {1,...,n},
which represent the box constraints, are SOS-convex.

In the SOS-convex case, we can consider simplified versions of the semidef-
inite programs and its dual : That is, the order r € N
can be set to r = max(1, max;—1,__ ,[deg(g;)/2]). This yields the following two
semidefinite programs:

p" = sup h(2)
h,)\,a'()

k n
st. —h=o09+ Z Ajgj + Z AitkPis (SOSHYP:e)

j=1 i=1
[wnlle <1,
h e R[z]1, A€ Rggk, oo € X[z]r

and
Co¥ 3 f T
p 1<I71t et
st Go=1, My(¢) =0
LC(gJ) >0 fOI‘j = 13"'7k5 (MOMHYP’C)
Le(pi) >0 fori=1,...,n, "

—tiSLg(l'i)—fiSti fori=1,...,n,
¢ e RYor, t € RL.

Before we prove that the program (SOS; ' ) yields the optimal separating
hyperplane, some auxiliary results are needed. For polynomials py, ..., pr € R[x]

define

k
Qc(p1, .- p1) = {Uo + Z)\jpj ‘ Aj >0, o9 € X[z], 09 Convex}

=1

as a specialization of the quadratic module Q(p1,...,pr). We have the following
certificate of nonnegativity in the SOS-convex case and an extension of Jensen’s
inequality.
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Theorem 4.3 ([Lasl5, Theorem 13.19]). Let p,p1,...,px € Rlz] and S =
{x € R" | p1(z) > 0,...,pp(x) > 0} have a nonempty interior. In addition, let
Pmin = Inf{p(x) |z € S} = p(z*) for some z* € S. If p and —p1,...,—pi are
SOS-convex then p — pmin € Qc(p1,---,Pk)-

Theorem 4.4 ([Las15, Theorem 13.21]). Let p € R[z]a, be SOS-convex and let
¢ € RN62r such that (o = 1 and M,(¢) = 0. Then

L¢(p) = p(Le (1), - - -5 Le(xn))-

Following the proof in FL&SlB Theorem 13.32], we can now show that in the
SOS-convex case SOS YP¢) is exact. That means the hyperplane calculated
by (SOS, ') is an optimal solution for the original separating hyperplane
problem (HYP|). From the solution of the dual , we can even
derive a point in the feasible set S, which minimizes the distance to the point z,
that means we obtain an optimal solution for the optimization problem in .

Theorem 4.5. Let S be as in with nonempty interior and T € R™. More-
over, let all —g; be SOS-convex. Then (SOS, ) (resp. (MOM, **) ) has an

optimal solution h® € R[x]a, (resp. (C,1°) € RNo2r x R%,) and

he(z) = p® = distq(&, S).
In addition, x* = (L¢e(x1), ..., Lee(xy,)) lies in S and solves min.eg ||z — Z||1.

Proof. Since S is nonempty, there exists an optimal solution of by Propo-
sition Denote such an optimal solution by A. Since S is compact, there exists
a minimizer £ € S for —h. Furthermore, —h, —g; and —¢; are all SOS-convex.
Thus, Theorem can be applied, and —h + h(Z) € Qc(g1,- -+, 9k, P15+, Pn)-
Since —h > 0 on S, we have —h € Q.(g1,---, gk, ¥1,---,¢n). With the degree
bound for the SOS decomposition from Lemma [2.8] we obtain that h¢ = h

is feasible for (SOS; ***°). By Proposition he(z) = dist1(z,.5). Since
weak duality (cf. Proposition and inequality ([3)) hold for (SOS; *" ) and
(MOMTYF) as well, we have

he(Z) = p¢ = p©* = dist1(Z, S).

As inf{||z — Z||1 | = € S} is a convex optimization problem and S compact, there
exists an optimal solution & € argmin{||x — Z||; |z € S}. Thus, we can define
(¢ = (2%)aeng ,, by using the Dirac measure at the point &, and ¢{ := |Z; — ]

for all i € {1,...,n}. Now, (C° 1) is optimal for (MOM, “*). Let (¢,t) be
any optimal solution to (MOM, " ¢). Then |L¢(z;) — ;] = t; holds for all
i € {1,...,n} by optimality and we have

n

S L) — @il = 3t = o = dista (3, 5) = inf [lo — ]l
i=1

i=1
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holds. Define z* = (L¢(x1), ..., L¢(2y)). Since —g; and —¢; are SOS-convex,
we have with Theorem 4]

02> Le(=g5) 2 —gj(") and 02> Le(=wi) = —pi(a”).

Thus, z* lies in S and hence solves min,es ||z — Z||1. O

5 A Separating Hyperplane Algorithm

We can now embed the calculation of separating hyperplanes in an algorithm.
Algorithm takes as input a mixed-integer polynomial optimization
problem , an order r € N, a tolerance £ > 0, and initializes the it-
eration counter t.

First, an initial relaxed set gy is defined, and the corresponding relaxed
solution zE'®* is computed. In our numerical tests, the initial relaxed set is the
feasible set of the mixed-integer linear relaxation by only taking the
linear constraints from .

The algorithm then enters a loop. Using the relaxed solution of ,

(SOS; *") is solved to obtain a polynomial h; € R[z]; in each iteration. If the
optimal value of is less than the tolerance €, h; cannot efficiently cut
off the relaxed solution and the algorithm is terminated. The current relaxed
solution is returned as final output. By evaluating the objective, a lower bound

for (MIPOP)) can be derived.

If the algorithm does not terminate, the valid linear inequality —h;(z) > 0 is
added to the description of the relaxed feasible set §2;, creating a new relaxed set

Q441 that excludes the relaxed solution zi®'**. This refined relaxation is solved

to obtain a new relaxed solution 2}<'4* and the iteration counter is incremented.

This process repeats until the current relaxed solution x1°/** cannot be effectively

separated from the feasible set of (MIPOPJ|) by h; anymore.

Algorithm HYP-S0S (Separating hyperplane algorithm for MIPOPs)

Require: m r € N, tolerance € > 0.
1: t < 0.

relax

2: Define initial relaxed set 29 and obtain initial relaxed solution zj?*.

3: while True do

4: Solve with z:*'®* and obtain h; € Rlz]:.

5: if h(z;**) < e then

6: return z;°** and terminate the algorithm.

7: end if

8: Add linear inequality h:(z) < 0 to Q; to define new relaxed set Q1.
9: Solve relaxation with €;41 and obtain new relaxed solution xﬁh}x.
10: t+—t+1.
11: end while

Before we prove some convergence results, we want to illustrate our method
by considering Example 1 from [LK22].
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Example 5.1. Let us consider the following optimization problem:

min z,y) =4r — 15
i flz,y) Y

st. l(z,y) =—2—10y < =6, la(z,y) =z — 10y < 4,
g1(z,y) = 8.8z —x* + Ty + zy — y* < 23.5,
go(w,y) == —10z + 2 — 10y + 2y* < —25.1,
2<x <8, 0<y <2

The problem involves two bounded variables x and ¥y, where x is continuous and
y integer. Furthermore, there are two linear constraints /; and Il and two non-
linear constraints g; and gs. The constraint g; is nonconvex and g- is convex. In
Figure[l] the integer-relaxed feasible set is illustrated as a banana-shaped black
area, whereas the dotted horizontal lines represent the possible integer values
of y. The dark gray area covers the feasible set of the linear relaxation, and
the black dot is the solution z}®* of the current mixed-integer linear relaxation
obtained by an MILP solver. The black lines are the hyperplanes obtained by
solving for r = 2, and the corresponding valid linear inequalities are
iteratively added to strengthen the linear relaxation. After adding three in-
equalities, the algorithm terminates successfully. The algorithm even gives the
correct solution, which cannot be expected in general.

In contrast to Example [5.1) an optimal solution cannot be found by our
algorithm in general. But convergence of the lower bound to the optimal value
can be guaranteed under some assumptions. To prove this convergence, we will
closely follow the structure in [KLW16]. The main difference from [KLW16] is
that our problems are polynomial and hence can be nonconvex. We first state
the necessary assumptions that shall hold for the remaining section. Then, some
auxiliary results are proven.

Assumption 5.2. 1. All integer constraints are expressed by (low degree)
polynomials, which means M = S. (cf. beginning of Section .

2. The order 7 € N can be chosen, such that all problems (SOS, ' ") are

solved to optimality, that means the solution coincides with a solution of

[EYD).
3. Relaxations with relaxed set {2; are also solved to optimality.
4. The tolerance ¢ is set to 0.

Lemma 5.3. Let t € Ng. For the current relazed solution xi°'®* in Algorithm

[EYP=508 holds
xielax ¢ conv(S) <= Iy (xielax) >0,

where hy € R[x]y is the polynomial calculated in iteration t.
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Figure 1: Visualization of Algorithm for Example
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Proof. First, let z1°'* ¢ conv(S). By Remark [3.1] the optimal value of (YD)
( ) )

is positive. Since the solutions of (SOS,. and (HYP) coincide by Assumption
he(27°18%) > 0 holds. Secondly, let hy(xt®*) > 0. By definition, we have
hy < 0 on conv(S), which yields zt°®* ¢ conv(S). O

Lemma 5.4. Let T € Ny. Then Algorithm [HYP-S08 stops after T iterations, if
and only if x}¥2% € conv(S). If z5'%* € conv(S), then f(}%%) = fiin-

Proof. By Lemma the termination condition h(x1°2*) = 0 is not satisfied if
and only if 251%* ¢ conv(S). Negation of both statements yields the first claim.
Further, let %$1%% € conv(S), then we have fuin < f(251%%) by Proposition

Since z5¢1%* is the solution of a relaxation with same objective function f, we
have f(z51%) < foin. Thus, f(231%%) = fiin. O

Lemma 5.5. If Algorithm does not stop in a finite number of itera-

tions, it generates a convergent subsequence {;z:gjlax 20-

Proof. If Algorithm do not stop in a finite number of iterations, then
all the iterates are not in conv(S) by Lemma By Lemma the iterates are
all distinct. Since all variables are bounded, the sequence of iterates is bounded
as well. Thus, there exists a convergent subsequence by the Bolzano-Weierstrass
theorem. U

Lemma 5.6. Let {x1°8X12° ' be a convergent (sub-)sequence generated by Algo-

rithm [HYP=-SO8, Then its limit & belongs to conv(S) and f(Z) = fmin.

Proof. We first show, that h:(Z) < 0 holds for all ¢t € Ny. Assume hy (Z) > 0
holds for some ¢’ € Ny. Then 7 is excluded from the relaxed set Q4 1, which is
a closed set, but x; € Q4 for all ¢ > ¢/ + 1. Thus, & cannot be the limit of the
sequence {517} .

Assume now that Z ¢ conv(S). There exists T € Ny such that

|z — Z|| < dist1 (@, conv(S)).

Indeed, choose T7 € Ny and € > 0 with ¢ < dist; (Z, conv(S)), such that ||z; —
Z||1 < dist1(Z, conv(S)) — ¢ for all ¢ > T;. Next, since disty (-, conv(S)) is a
continuous function, we have disty (x¢, conv(S)) — dist1 (&, conv(S)) for t — oo.
Choose Ty € Ny, such that |disty (Z, conv(S)) — disty (z¢, conv(S))| < e for all
t > Ty. Define T := max(Ty,T5). Then,

lzr — Z||; < dist1(&,conv(S)) —e
< disty (Z, conv(S)) — | dist1 (&, conv(S)) — disty (xr, conv(S))]
< dist1(Z, conv(S)) — dist (Z, conv(.S)) + disty (x, conv(S))
(

= disty (x1, conv(S)).
By Assumption and Proposition hr(xzr) = distq (7, conv(S)) and

| disty (z7, conv(S)) — hr(2)] = |hr(zr) — he(7)]
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< |lzr — Z|l1 < dist1 (2, conv(S))

hold (cf. Proof of Lemma [2.7). Thus, we must have hy(Z) > 0, which is a
contradiction. Thus, & € conv(S) must hold.

Since £ € conv(S), we have fuin < f(Z) by Proposition Since all
2tela% are the solutions of a relaxation with same objective function f, we have
fzretax) < fon for all t € Ny. By continuity of f, we also have f(%) < fuin

Thus, f() = fuin- 0

We can now show that Algorithm converges under Assumption [5.2}
If the tolerance is not zero, then the algorithm stops after finitely many steps
with arbitrary precision. By our assumptions, Algorithm reduces to
a general cutting plane procedure and therefore similar results can be found in
the literature (e.g., [BCM20, Section 2]).

Theorem 5.7. Algorithm [HYP-S0S either stops after finitely many iterations T
for some T € N with f(2}'%%) = fun or generates a convergent (sub-)sequence
{xielaxyee ith limit @ satisfying f(%) = fmin-

Proof. The first part follows from Lemma 5.4 and the second part from Lemmas
G5 and B.6l O

Theorem 5.8. For tolerance € > 0, the Algorithm [HYP-S0Y terminates after
finitely many iterations T for some T € N satisfying

disty (2%, conv(S)) < e.

Proof. Assume that Algorithm does not terminate after finitely many
iterations. By Lemma [5.6] the algorithm generates a convergent sequence
{xielaxyee - with hy(25°1%%) — 0 for t — oo. Thus, there exists a T € N with
hr(25$1%%) < & and the termination criterion is fulfilled, which is a contradiction.
By Assumption [5.2] and Proposition [3.2

distl(achelaX, conv(S)) = hT(méﬁla") <e

which gives the claim. O

6 A Heuristic Using Sparsity

In theory, Algorithm [HYP-SOS| is able to approximate the optimal value of
'MIPOPj, but in practice scalability heavily relies on how fast the problems
SOS can be solved. Usually, solving is very expensive, even
for very small orders, since the typical size of the largest involved semidefinite
matrices is (”jr), where r is the order and n the number of variables. One way
to reduce running time is to reduce the number of variables of the problems
<SOS,I.HI ). If (MIPOP) has some sparse structure, that roughly means only a

small number of different variables appear in each constraint, this structure can
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be used for a straightforward heuristic. But this comes at the price of losing the
convergence to the convex hull of S.

Instead of finding a hyperplane h with A < 0 on the whole feasible set
S, which is described by all constraints with all variables, we could focus on
supersets of S, that are described by only one single constraint, or by a subset of
constraints sharing many fewer variables than the original problem. Therefore,
let J C {1,...,k} represent the indices of a subset of constraints and I J C
{1,...,n} the indices of variables which appear in the constraints with index in
J. Then we can define a reduced problem

pl=sup  h(ip)

hER[xIJ]l HYP.J
SOS;
st —h€Qr(gs,erv), (50877
[wnlloe <1,
where x5 = (¢i)iers, 95 = (95)jer, $17 = (Pi)iers. Now, (SOS, ")) can
be replaced by (SOS; ¥'+')) with appropriate index set .J in each iteration in
Algorithm Note that the hyperplane h obtained by (SOS; Y') is a

polynomial only in the variables x;s. Since we consider only a subset of con-
straints, fails to produce a valid separating hyperplane more often.
Therefore, different subsets can be tested in each iteration until a separating
hyperplane is found or the algorithm stops. Before the choice of subsets is
discussed, we present the modified algorithm.

Algorithm Sparse HYP-S0S (Sparse separating hyperplane algorithm)

Require: m r € N, tolerance € > 0.
1: t < 0.
2: Define initial relaxed set Q¢ and obtain initial relaxed solution zi'**.
3: while True do

4: Define sets Jf,...,Jét C{1,...,k}.

5: forl € {1,...,d:} do

6 Solve with }°®* and J = J} and obtain h;; € R[z;s]1.
7 if hei(2i®) > e then

8: hy <+ hul.

9: break

10: end if
11: if [ = d; then

12: return z1°'® and terminate the algorithm.

13: end if

14: end for

15: Add linear inequality h:(x) < 0 to Q¢ to define new relaxed set Q¢y1.
16: Solve relaxation with ;41 and obtain new relaxed solution x?il?x.
17: t—t+1.

18: end while

Compared to Algorithm HYP-S0S| only the step in which the separating
hyperplane is calculated is replaced in each iteration ¢. Instead, d; € N subsets of
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constraints are defined at first, represented by their indices in the sets Jf. Then,
problem is solved for each subset. As soon as a valid separating
hyperplane is found, the hyperplane is added to the description of the relaxed
feasible set and the algorithm continues as in If no valid separating
hyperplane is found after iterating over all defined subsets of constraints, the
algorithm stops and returns the solution of the current relaxation. In the case
dy =1and J; = {1,...,k} the algorithm coincides with [HYP-SOS]

But how shall the sets J} be chosen in each iteration ¢? In the following, we
discuss two approaches.

Single: Each J/ is defined as a singleton, which corresponds to one (non-
linear) constraint violated by the current relaxed solution. Then the sets are
ordered such that J{ contains the index of the most violated constraint, J4 the
second most violated constraint, and so on, expecting that a separating hy-
perplane can be found more quickly if the constraint is more violated. This
approach usually leads to separating hyperplanes of poor quality, since the in-
terplay with the other constraints is not considered. Thus, considering only one
constraint might be too restrictive. However, when more than one constraint is
added, the number of variables should not increase too much. This inspires the
second approach.

Cliques: To find out which constraints share the same variables, we can rely
on so-called correlative sparsity, which is a preliminary step to exploit sparsity in
polynomial optimization first introduced in [Wak+06|. Roughly, the variables
are decomposed in a set of cliques according to whether variables appear in
the same constraints or the same terms in the objective function. Then all
constraints are assigned to the cliques, which contain all variables that appear
in the respective constraint. For our numerical experiments, we use the clique
decomposition provided by the Julia package TSS0S.jl [MW21]. For details
on how these cliques are calculated, the reader is referred to [MW23, Chapter 3].
As for the single constraint, the algorithm starts calculating a hyperplane for the
subset of constraints that contains the most violated constraint and continues
with the subsets containing fewer violated constraints.

We will show the impact of these suggestions for the small continuous ex-
ample ex3_1_1 from the MINLPLib [MIN25].

Example 6.1. Let us consider the following example with bilinear inequality
constraints:

ar:rel%R% T+ T2 + T3
s.t. 0.0025(x4 +x6) — 1 <0,
0.0025(—24 + x5 +27) — 1 <0,
0.01(—z5 +zs) — 1 <0,
100z — x126 + 833.33252x4 — 83333.333 < 0,
Toxy — Tox7y — 125024 + 125025 < 0,
r3xs — r3xrg — 25005 + 1250000 < 0,
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100 < z; < 10000,
1000 < z9, 23 < 10000,
10 < L4,T5,Te, L7, < 1000.

In Figure [2| the two approaches single and cliques are compared with the
performance of the original algorithm (all) for two different orders
r =2 and r = 3 and tolerance ¢ = 107%. The performance is measured by how
much of the gap between the optimal value of the initial mixed-integer linear

relaxation (MILP)) and the optimal value of the original problem (MIPOP) is

closed after iteration t (in %):

(™) — (o)
fmin - f'(x{)elax) ’

As expected, the single approach (in red) produces the poorest performance.
The gap can be closed only up to 11 %, and there cannot be seen any improve-
ment by raising the order from r = 2 to » = 3. In contrast, the cliques approach
(in blue) manages to close the gap up to 89 %. Compared to order r = 2, the
number of iterations required at order r = 3 is slightly lower, and the final relax-
ation value is marginally better. However, when all constraints are considered
(in green), the results are the best as one would expect. At order r = 2, the
algorithm performs the most iterations until no further separating hyperplane
can be found and the gap can be nearly closed. If the order is raised to r = 3,
then optimality is reached.

gap,, = 100 (4)

100 = LJeweccccsssees

75

single,r=2 ®ee single,r=3
cliques, r=2=e=e® cliques, r=3
all,r=2 ee= al,r=3

50

Gap closed (%)

1 1 1

40 60 80
Iterations

Figure 2: Performance of [Sparse HYP-S0S|for Example using different sub-
sets of constraints and orders r.
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7 Numerical Study

In the following numerical study the separating hyperplane algorithm
is tested on examples from the MINLPLib [MIN25]. To show how the
algorithm can be integrated in standard MINLP software, a modified version
of the software tool TSS0S [MW21] is integrated into the SHOT solver [LKW22].
TSS0S is used to solve by exploiting the sparsity of the polynomial
optimization problems. Originally, SHOT was intended for convex mixed-integer
nonlinear problems, but its functionality also extends to nonconvex problems,
but guaranteed global optimality is not provided in general [LK22]. Now, with
the proposed separating hyperplane algorithm [Sparse HYP-S0S|this restriction
may be lifted, at least for nonconvex mixed-integer polynomial optimization
problems.

Because the SHOT solver mainly relies on hyperplanes, the theoretical inte-
gration comes quite naturally. Practically, since SHOT is written in C++ and
TSSOS in Julia, a custom interface between C++ and Julia was created, utiliz-
ing SHOT’s newly developed callback functionality. The callback to the Julia
code replaces SHOT’s built-in hyperplane generation functionality. The solution
to each MILP relaxation is passed on through the callback to the Julia code,
which in turn returns a separating hyperplane that is used by SHOT to cut away
the previous relaxed solution. The Julia code is compiled the first time the
code is executed, resulting in a significant execution time overhead. While a
complete precompiled C++ implementation would likely be more efficient, our
current focus was on testing and validating the proposed methods. A full C++
implementation may, however, be considered in future work.

All tests were carried out on a laptop with Ubuntu 24.04.3 LTS, Intel
Core i7-13700HX with 24 cores and 64 GB RAM. A prerelease version of SHOT
is implemented. The programming language Julia is used with version 1.12.4
[Bez+17). For solving the MILP relaxations in SHOT, the MILP solver Cbc
2.10.11 is used [FLO5]. For solving the SDPs, Mosek 11.0.1 [MOS25| is used
through Julia. Finally, SHOT requires an NLP solver for calculating feasible
points and terminating the solution process, for which IPOPT 3.14.20 is used
[WBO06].

For our numerical study, we compare the two approaches single and cliques
from Section [6] for order 2. This enables us to apply the algorithm to problems
with more than 1000 variables and constraints. The tolerance is set to ¢ =
1075, the time limit of the SDP solver for solving each is set to
200 s, and the total time limit of the solver is set to 1000 s; note that this
total time includes Julia compilation time and SDP solver runtime. Besides
the termination criterion from Algorithm |[Sparse HYP-SOS| the solution process
stops as soon as one of the internal termination criteria of SHOT are fulfilled.

There is a limit of 25 variables allowed to appear in the subset of constraints.
If this limit is reached in the single approach, that means the current nonlinear
constraint violating the current relaxed solution contains more than 25 variables,
then this constraint is skipped, and the next constraint is chosen. In the cliques
approach, if the clique of the current violated constraint has more than 25
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variables, then there is a fallback into the single approach before skipping.

After reading the problem file, there are some presolving steps carried out,
first by SHOT, then by the Julia script. In SHOT, the problem is reformulated.
In particular, nonlinear objectives are rewritten using an epigraph reformula-
tion. Further, a basic bound tightening procedure is done. Then, this refor-
mulated problem is read by the Julia script, and the variables and constraints
are scaled whenever possible. This is needed because sometimes the moment-
/SOS-hierarchy can cause numerical issues if high degree monomials are involved
[Wak+-06, Section 5.6]. To avoid these numerical issues, all bounded variables
are scaled before calculating the hyperplanes, such that they are in the interval
[-1,1]. Further, each constraint is divided through the absolute value of its co-
efficient by the maximal absolute value. The scaling of is done once
when the algorithm is started and then reused in each iteration. In each itera-
tion only the current relaxed solution has to be scaled as input for ,
and the obtained hyperplane has to be rescaled to be used as a valid inequality
in the relaxation. The SDP solver may still run into numerical problems, and no
reliable hyperplane can be extracted, in particular, when unbounded variables
are involved. In this case the current subset of constraints is skipped as well.

For our test set all (mixed-integer) polynomial optimization problems from
the MINLPLib are considered. Then, problems with a very large number of
variables or constraints, insufficient sparsity structure, very high-degree polyno-
mials, or an unbounded initial MILP relaxation are excluded. Furthermore, we
excluded problems for which significant numerical or memory issues occurred
during the solution process. For a few instances of the squfl problem type,
memory issues are avoided by setting the iteration limit to 999. In total, our
test set consists of 352 polynomial instances, 133 of them are (mixed-)integer
problems.

Unlike our assumption, some of the problems are formulated as maximization
problems. Then, the objective value of the relaxations yield upper bounds for
the optimal value instead of lower bounds. To avoid confusion, we call the
bounds generated by our algorithm dual bounds, which means upper bounds
for maximization problems and lower bounds for minimization problems. To
measure the performance of the algorithm, we use the initial gap closure (4))
from Section [6] This definition can be used for maximization problems as well.
Further, there are some instances in the MINLPLib which are not solved to
global optimality (i.e., less than three different solvers claim global optimality).
In this case, we use the dual bound reported in the MINLPLib instead.

The detailed results of the computation can be found in Appendix[A]in Table
The time to initialize Julia, including the scaling of the variables, is on
average about 25 seconds, but varies from 18 seconds to over 400 seconds for
large instances like gabriel05. There are 24 problems where the initial MILP
relaxation yields the optimal value or at least the dual bound reported in the
MINLPLib. Using the single (cliques) approach, Algorithm |[Sparse HYP-SOS|
can improve the dual bound in 212 (214) out of the remaining 328 instances, that
corresponds to roughly two-thirds of the instances. The algorithm terminates
for 283 (259) instances within the time limit. For 29 (50) instances, there are
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no improvements of the initial dual bound within the time limit.
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Figure 3: Performance of [Sparse HYP-S0S|for the single and cliques approach
on instances from the MINLPLib

Figure [3| summarizes the results for the 212 (214) instances, for which the
initial dual bound can be improved. In most of the instances, the initial gap
can be closed significantly, and in about half of the instances, the initial gap
can be closed almost completely. Only a few instances can be closed up to 5%.
As expected, the cliques approach has a better performance than the single
approach, but only slightly, which is probably due to longer runtime in each
iteration and thus less separating hyperplanes that are added to the relaxation.

Our numerical study only concentrates on order r = 2 and Example
might indicate that raising the order yields only marginal better results. Never-
theless, raising the order can have a tremendous effect. As an illustration, Table
compares the gap closure for all instances of the sssd problem type for order
r = 2 and r = 3. These instances are nonconvex mixed-binary quadratically
constrained problems with up to 256 variables, most of which are binary, and
up to 89 constraints. As reported in the MINLPLib, even some well-known
mixed-integer solvers struggle with calculating good dual bounds.

For most of these instances Algorithm [Sparse HYP-S0S|can improve the dual
bound only slightly, if the order is set to 7 = 2. For four instances the gap can be
closed significantly, but the dual bound is still far away from optimal. If instead
the order is set to r = 3, then all instances can be solved to optimality within the
specified tolerances. For the instances sssd18-08persp and sssd20-08persp
even the dual bound reported in the MINLPLib can be improved as shown in
Table 2l Although merely illustrative, these results show a promising direction
for future research.
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single cliques

2 3 2 3
sssd08-04persp | 0.1 99.9 | 104 99.9
sssd12-05persp | 0.1 99.9 | 0.2 99.9
sssd15-04persp | 52.9 99.9 | 54.5 99.9
sssd15-06persp 7.1 99.9 | 15.0 99.9
sssd15-08persp | 4.8 999 | 7.1 99.9
sssd16-07persp | 52.8 99.9 | 52.7 99.9
sssd18-06persp | 3.1 99.9 7.4 99.9
sssd18-08persp 9.2 | 100.1 | 12.1 | 100.1
sssd20-04persp | 50.6 99.9 | 56.2 99.9
sssd20-08persp | 0.6 | 100.0 | 56.4 | 100.0
sssd22-08persp | 0.4 99.9 7.8 99.9
sssd25-04persp | 49.6 99.9 | 50.7 99.9
sssd25-08persp | 0.1 99.9 5.2 99.9

name

Table 1: Gap closure for sssd problems for orders » = 2 and » = 3. In bold:
Improved dual bounds compared to the bounds from the MINLPLib.

8 Conclusion and Outlook

In this article, a separating hyperplane algorithm for mixed-integer polynomial
optimization problems is proposed. Starting from an initial relaxation, in our
case a mixed-integer linear relaxation, linear inequalities are iteratively added
to the relaxation that cut off infeasible solutions of the previous relaxation.
These separating hyperplanes are calculated by applying the moment-/SOS-
hierarchy from polynomial optimization. With this approach the moment-/SOS-
hierarchy can be made accessible to common MINLP solvers, which is illustrated
by an integration into the SHOT solver, extending its ability to nonconvex mixed-
integer polynomial optimization problems. Testing our approach on a large
set of examples from the MINLPLib, we find a significant improvement of the
initial relaxation in about two-thirds of the instances, in more than one quarter
of the problems the gap between the objective value of the initial relaxation
and the optimal value can be closed almost completely. The algorithm shows
strong performance on some challenging problems, even outperforming well-
known mixed-integer solvers. These results appear very promising and inspires
further research directions.

Because the SHOT solver mainly relies on hyperplanes, the integration is
quite natural. However, the calculated separating hyperplanes are valid global
cuts for mixed-integer polynomial optimization problems, and they can be used
in other kinds of MINLP solvers, for example, those that rely on Branch and
Bound algorithms. Here, the hyperplanes can be used to tighten the relaxation
in the root node. Further, an improvement can be reached by using linear
inequalities that are introduced by the underlying MILP solver when infeasible
integer points are cut off. If sufficiently sparse, these cutting planes can be
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single cliques
S bound S bound
sssd08-04persp | 33.5 182021.366 | 33.1 182022.253 | 182022.570
sssd12-05persp | 38.3 281392.903 | 38.8 281386.467 | 281408.465
sssd15-04persp | 35.7 205050.242 | 33.1 205046.343 | 205054.353
sssd15-06persp | 46.5 539588.665 | 66.5 539606.089 | 539635.249
sssd15-08persp | 170.3 562588.463 | 196.1 562575.772 | 562617.855
sssd16-07persp | 79.6 417159.936 | 75.9 417159.817 | 417188.774
sssd18-06persp | 46.9 397965.464 | 52.3 397958.933 | 397992.136
sssd18-08persp | 237.4 | 832749.246 | 305.7 | 832741.918 | 831802.891
sssd20-04persp | 36.1 347671.370 | 35.7 347688.509 | 347691.293
sssd20-08persp | 248.7 | 469596.569 | 265.1 | 469572.891 | 469378.794
sssd22-08persp | 373.8 508669.238 | 229.4 508673.475 | 508713.688
sssd25-04persp | 37.1 300147.019 | 37.0 300165.359 | 300176.551
sssd25-08persp | 173.9 472060.649 | 198.8 472047.332 | 472092.831

name best bound

Table 2: Dual bounds and times for sssd problems for orders r = 2 and r = 3.
In bold: Improved dual bounds compared to the bounds from the MINLPLib
(last column).

added to the subsets of constraints and used for calculating better separating
hyperplanes. In general, a combination with further methods for MINLPs might
be a promising next step.
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A Appendix

In Table the detailed results for the two approaches single and cliques from
Section [7] are shown. In total, there are 352 instances from the MINLPLib. The
columns of the table read as follows.

e name: name of instance in the MINLPLib,
e %: gap closed in per cent,

e s: total solving time in seconds,

#hyp: number of hyperplanes calculated,

bound: dual bound after termination of the algorithm (if the objective is
minimized then it is a lower bound otherwise an upper bound),

init. bound: dual bound of the initial MILP relaxation,

best bound: dual bound reported in the MINLPLib.
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