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Abstract

Dueling optimization considers optimizing an ob-
jective with access to only a comparison oracle of
the objective function. It finds important applica-
tions in emerging fields such as recommendation
systems and robotics. Existing works on dueling
optimization mainly focused on unconstrained
problems in the Euclidean space. In this work,
we study dueling optimization over Riemannian
manifolds, which covers important applications
that cannot be solved by existing dueling opti-
mization algorithms. In particular, we propose
a Riemannian Dueling Normalized Gradient De-
scent (RDNGD) method and establish its itera-
tion complexity when the objective function is
geodesically L-smooth or geodesically (strongly)
convex. We also propose a projection-free algo-
rithm, named Riemannian Dueling Frank—Wolfe
(RDFW) method, to deal with the situation where
projection is prohibited. We establish the itera-
tion and oracle complexities for RDFW. We illus-
trate the effectiveness of the proposed algorithms
through numerical experiments on both synthetic
and real applications.

1. Introduction

Many modern learning tasks involve settings where gradi-
ents or even function values are inaccessible, and the only
feasible feedback comes in the form of pairwise prefer-
ences or comparison — often referred to as dueling feedback.
For example, users in recommendation systems typically
express relative judgments such as “item A is preferred
over item B”; in robotics, human supervisors often com-
pare trajectories rather than assign scalar rewards (Yang
et al., 2025; Jain et al., 2013); and in representation learning,
a downstream classifier may indicate that one projection
preserves class structure better than another (Ventocilla &
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Riveiro, 2020; Morariu et al., 2021). Importantly, in many
of these applications the decision space itself is inherently
non-Euclidean: recommendation models often rely on hi-
erarchical embeddings in hyperbolic space (Chamberlain
et al., 2019; Shimizu et al., 2024), trajectory optimization in
robotics often requires optimizing over special orthogonal
groups SO(3) (Watterson et al., 2018), and projection matri-
ces for representation learning are naturally constrained to
the Stiefel manifold (Boumal, 2023). In addition, solutions
to high-dimensional learning problems frequently lie on
low-dimensional manifolds (Garipov et al., 2018; Hu et al.,
2022). Furthermore, several preference elicitation frame-
works require constrained optimization where feasible solu-
tions belong to constraint sets such as sphere, and simplex.
These problems can also be reformulated as optimization
over a manifold (Boumal, 2023). Classical problems such as
the Karcher mean problem where the feedback is provided
by human and they are not aware of the loss can also be
formulated as a Riemannian dueling optimization problem.
Motivated by these applications, we study the Riemannian
dueling optimization problem in the following form:

L (@), (M
where M is a Riemannian manifold with dimension d, and
f: X CM — RU{oo} is a smooth function. Let z*
denote the minimizer of (1), and f* := f(a*). We assume
that we have access to only a pairwise comparison oracle
Q(x,y) between two queried points z,y € M given by

Qr(w,y) =2x1(f(x) > fy)) — 1, )

where 1(-) is the indicator function, which equals 1 if the
statement is true and O otherwise. Note that we do not have
access to the function values f(z) and f(y).

1.1. Review of Euclidean Dueling Optimization

In this subsection, we briefly review the literature on Eu-
clidean dueling optimization. (Lobanov et al., 2024) and
(Chervonenkis et al., 2024) proposed coordinate descent
algorithms for dueling optimization. (Bergou et al., 2020)
introduced a stochastic three points method which is a direct
search algorithm based on comparison oracles. Variants of
this method were further studied in (Boucherouite et al.,
2024; Kadi & Saadi, 2025; Tkachenko et al., 2024). These
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methods typically rely on identifying the best candidate
among the current iterate and its neighbors, which requires
multiple calls to the comparison oracle in each iteration.
The main difficulty in dueling optimization is how to ef-
ficiently estimate the gradient direction using comparison
oracle, and recent advances have explored sophisticated
techniques for explicit gradient approximation. (Cai et al.,
2022) proposed one-bit and comparison-based gradient es-
timators; (Tang et al., 2024) proposed to estimate gradient
using ranking oracles; (Zhang & Li, 2024) proposed a bi-
nary search method to compute the gradient estimator using
comparison oracle. In our work, we extend the two-point
random perturbation approach for gradient estimation pro-
posed by Saha et al. (2021) to the Riemannian setting, as it
requires only a single random direction and one comparison
per iteration. However, extending this framework is far from
a trivial generalization, as the presence of curvature breaks
standard Euclidean trigonometry and linearization.

1.2. Motivating Examples

We now discuss two motivating examples for Riemannian
dueling optimization.

Attack on Deep Neural Network. Attacks on deep
neural networks (DNNSs) aim to introduce small, human-
imperceptible perturbations to an input so that the model
produces an incorrect label. In realistic black-box scenarios,
the attacker typically has only limited query access to the
model and therefore cannot rely on gradient information.
Moreover, the attacker may not even have access to a clean
or reliable loss function. For example, prediction APIs often
return only labels or heavily processed scores (Xie et al.,
2018; Dhillon et al., 2018; Athalye et al., 2018), so function
values are either unavailable or not reliable. In such cases,
it is more natural to ask which of two perturbed images
is more adversarial, and to use these pairwise preferences
to drive the optimization. Furthermore, natural images are
widely believed to concentrate near low-dimensional man-
ifolds (Weinberger & Saul, 2006). Similar to the optimal
£>-norm attack framework established in (Lyu et al., 2015)
and further explored in (Li et al., 2023), we model the con-
straint manifold M as a sphere for simplicity. This leads to
the following dueling optimization in the form of (1):

f(@) = Ly(zo + ),

max

zeEM
where £,, denotes the loss function of a DNN with weights
w, xo is the image to attack, and the decision variable z
represents the adversarial perturbation.

Horizon Leveling. Horizon leveling is a fundamental task
in computer vision, where the goal is to estimate and correct
the image horizon. It plays a key role in applications such
as single-image camera calibration (Hold-Geoffroy et al.,
2018) and visual navigation (Ettinger et al., 2002). Formally,

the horizon tilt in an image can be represented by a rotation
matrix Ry € SO(2), where a perfectly level horizon corre-
sponds to the identity matrix I. In many realistic settings,
however, an explicit loss function or ground-truth labels
may be unavailable. Instead, we observe only pairwise com-
parisons from the loss function f(R) indicating which of
two rotated versions appears more level. This leads naturally
to the following Riemannian dueling optimization problem
over SO(2), where the goal is to find the correction R* that
best compensates for the observed tilt ;.

i R).
Renslgl(z)f( )

Remark 1.1. Our applications illustrate distinct feedback
sources: machine-generated adversariality (DNN attacks)
versus human preferences (horizon leveling). This demon-
strates that our framework is agnostic to the comparison
source, unifying both model-based and human-based objec-
tives within a single scheme.

1.3. Contributions

In this paper, we introduce Riemannian dueling optimiza-
tion, where only a comparison oracle of the objective func-
tion is available, and thus classical Riemannian optimization
algorithms fail. Our main contributions are as follows.

* We propose the first Riemannian dueling normalized gra-
dient descent method (RDNGD) for Riemannian dueling
optimization and provide its iteration and oracle com-
plexities for geodesically L-smooth objectives, as well
as for geodesically L-smooth and (strongly) geodesically
convex objectives.

* We propose a Riemannian dueling Frank-Wolfe method
(RDFW), which is projection-free, to handle cases where
projection is computationally prohibitive. We establish
iteration and oracle complexities of RDFW in the geodesi-
cally convex setting, which is the first convergence result
for projection-free dueling optimization over manifolds.

Overall, this work bridges two active areas, preference-
based optimization and Riemannian optimization, by show-
ing how optimization can proceed reliably on manifolds
when only comparison oracles are available. Our main re-
sults are summarized in Table 1. Our RDNGD and RRDNGD
algorithms can be viewed as Riemannian generalizations of
the NGD methods proposed in (Saha et al., 2021). While
we employ a similar gradient direction estimator, our contri-
bution extends significantly beyond a trivial generalization
to the Riemannian setting. In fact, when reducing to the
Euclidean setting, we also provide better results comparing
with the results in (Saha et al., 2021), and we will specify
them when we present the specific results.
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Table 1. Comparison of the proposed algorithms with existing methods.

Algorithm Requirements Requirements Constrgint Iteration Oracle.
onf on X Handling Complexity Complexity

RDNGD (nonconvex) g-L-smooth Unconstrained (X = M) / 0(d?) o ?2)

RDNGD (convex) g-L-smooth, g-convex Geodesically uniquely convex  Projection o) o@d ')
RRDNGD g-L-smooth, strongly g-convex Geodesically uniquely convex  Projection  O(dlog(1=)) O(dlog(1=))

RDFW g-L-smooth, g-convex Geodesically uniguely convex LMO ot) o@d ?2)

-NGD (Saha et al., 2021) L-smooth, convex Unconstrained / Oo(d!) od 1)

(; )-NGD (Saha et al., 2021) L-smooth, strongly convex Unconstrained / O(dlog(1=)) O(dlog(1=))

2. Preliminaries De nition 2.3 (Geodesic (strong) convexity). Let be a

id h Ri . - inoed geodesically uniquely convex set. The functionX
We consider smooth Riemannian manifdltl equipped \,' g g geodesically -strongly convex, i.e., for any

vyith a Riemanrjian metrig. For any poinx 2 M , the met- Xy 2 X, it holds that

ric induces an inner product on the tangent sﬁggm , de-

noted ash ; ix, and an associated notaky = = hv;viy. £ ) + h F(x): L L Rl v):
The Riemannian gradiegradf(x) 2 T xM is uniquely (v) () +hgradf(x);Log  ,(¥)ix 2d 06y 3
de ned as the tangent vector satisfyihgradf (x); vi x =
Df(x)[v] forallv 2 TyM , whereDf(x)[] denotes the
differential. To generalize the concept of straight lines inRemark 2.4. We adopt the notion of the geodesically
Euclidean space to the manifold, we use geodesics de netniquely convex seK (Kim & Yang, 2022) to address

as curves that locally minimize distance between two pointghe ambiguity associated with the possible non-unigueness
The exponential magExp, : TxM ! M, maps a tan- of geodesics. This relaxes the global property to a local
gent vectowv toy = Exp , (v) by following the geodesic property, enabling a rigorous de nition of convexity. This
starting aix with velocity v for unit time. Conversely, the also ensures thdixp, is a diffeomorphism for anx in
logarithmic mag.og, : M! T M is de ned as the local the geodesically uniquely convex set, and thus ensures that
inverse of the exponential map, mapping a pginin the  Log, () = Exp ¢ (y) is well-de ned.

manifold back to the tangent vector= Log, (y) such that  Assumption 2.5. The sectional curvaturevbfis bounded

the geodesic distance betweeandy is given bykvky,. We  pejow by .

use  to denote the parallel transport operator that moves

a vector along a geodesic while preserving its norm ané;ssu?ptlon 2.6 (NOQEXP&TISIVG _prOJIchon). We ag:sr]me
direction fromTyM to TxM . We refer the reader to Ap- that the se is geodesically uniquely convex, and the

pendix A for formal de nitions and detailed properties of projection oraclel?x - M1 X d,e ned asPx (),() =
these concepts. fy 2 X :d(x;y) =inf ,ox d(X;z)g; is nonexpansive, i.e.,
d(Px (X); Px (y)) d(x;y)forallx;y 2 M.

If f satis es (3) with =0, then f is geodesically convex.

Now we present some de nitions and assumptions.

De nition 2.1 (GeodesicL -smoothness). A differentiable 3. Riemannian Dueling Normalized Gradient
functionf : M!' R is said to be geodesically-smooth if Descent Method
gradf(x) is L-Lipschitz, i.e. forany x;y 2 M,

In this section, we present our Riemannian Dueling Normal-

kgradf(x) yaradf(y)k x  Ld(x;y): ized Gradient Descent (RDNGD) method for solvifig.
For ease of notation, we ube i to denote the inner product
This also implies, h:i,onTyM andk ktodenotek ky, when thereis no
ambiguity. For a tangent spatg M with an orthonormal
. ) oo Lo, i e
ifly) f(x) hgradf(x); Log Wi xj Ed (x;y): bassﬁa(lj,ez, 1:eq0, anyv 2 TyM can be expressed as
vV = icp Vie for somevy;vo;:ii;vg 2 R. When the
De nition 2.2 (Geodesically uniquely convex set). We call choice of basis is clear from context, we represent the tan-
X M a geodesically uniquely convex set if for any gent vector by its coef cient vector := [v1;vp; 115 va]” .
x;y 2 X, there exists a unique geodesic such that For a given poink 2 M , we useSr, v (r) to denote the
sphere with centex and radiug onTyM . For a setS,
©O=x; @)=y, and (t)2X forallt?2 [0;1]: let Unif(S) represent the uniform distribution & Sam-
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pling a tangent vector uniformly fror8r, u (1) is equiva-  Algorithm 1 Riemannian Dueling Normalized Gradient
lent with sampling the coef cient vectar uniformly from  Descent (RDNGD)
Sa(1) :=fx 2R 9: kxk, = 1g. 1: Set® = X o

We now introduce our Riemannian gradient direction esti- 2 fork =0;1;:::;T 1do

mator using dueling oracle3; (x;y) . Although such esti- 3 Samplew Unif(S r, w (1))

mators have been proposed for the Euclidean space (zhand: h (Xk) = Q 1 (Expy, (U k) Expy, (U k))uk
& Li, 2024; Saha et al., 2021), none of them applies to 5: Update x+.1 =Px Exp, ( «h (xk))

the Riemannian setting directly. Our Riemannian gradient 6 Rks1 = bRk +(1 b )Xk

direction estimator is de ned as: 7 where R = (Q(X k+1 ;Rk) +1)=2
8: end for
h (x) =Q ¢ (Expy(u); Exp . ( u))u; (4) 9: Return® =R 1

where > 0 is the perturbation radius and

Unif(St,m (1)). The exponential map ensures that the perggnark 3.4. Setting = gradf(x)=kgradf(x)k ,and =
turbed points stay oM . u  Unif(S 1, m (1)) is sampled 2 =d, we see that dh (x)=C is approximately aligned

by projecting a random Gaussian vector onto the tangemwith gradient direction with erro©(L=( Ckgradf(x)k) .
space followed by normalization. The following results es-This bias is unavoidable &, andkgradf(x)k are unknown.
tablish the relation betwedn (x) in (4) and the normalized This is a key distinction of our setting from standard stochas-
gradient. In Lemma 3.1 we rst show that [x) coincides  tic Riemannian optimization algorithms where the latter re-
with sign(hgradf (x); ui x )u with high probability. lies on unbiased gradient estimators (Bonnabel, 2013; Tripu-
Lemma 3.1. Assumé is geodesically. -smooth. Lets raneni et al., 2018). Lemma 3.2 improves the lower bound

1 ; 1 . H
Unif(St.w (1)), and 2 (0: 1) . Then with probability at  ©"€ from 3 in (Saha etal., 2021) to3- 0:4 , leading

least1 , we have to up to an eightfold reduction in gradient direction estima-
tion error bound. Lemma 3.1qsharpens the bias bound by
h (x) = sign(hgradf(x); ui 4)u; : T Eoi=( g
removing the logarithmic factor log jrf (x)j=( dL)

where h (x) is de ned in (4) and presentin 4 in (Saha et al., 2021) for the Euclidean case.

r Building on the estimaton (x), we now present our RD-
.= d L (5) NGD method (Algorithm 1) for solvingl). Inputs of RD-
2 kgradf(x)k NGD are the initial pointxa 2 X M , learning rate

f kg, perturbation radius, and maximum iteration number
Now in Lemma 3.2, setting = gradf(x) , we show that T > 1. Xy records the best iterate in the rktiterations.

P sign(hgradf (x); ui x)u is an unbiased estimator of the The RDNGD method applies to two cases: (i) unconstrained
¢ problem wherd is geodesically_-smooth andK = M ;

normalized gradient for some universal constnt (ii) constrained convex problem whefeis geodesically

Lemma 3.2. Fixx 2M and anonzerovectar2TyM .  convex and geodesically-smooth. The iteration complex-
Letu Unif(S t,m (1)). The following holds for some ities of RDNGD for obtaining an-stationary solution in
universal constan€ 2 Pl cases (i) and (ii) are presented in Theorem 3.6, and Theorem
3.7 respectively. For both cases, we consider two different
. . ¢ v choices of step sizes: the constant step size and the cosine
B sign(hviuigu = =i o 6)  annealing step size. The latter is de ned as follows.

De nition 3.5 (Cosine Annealing step size). Given the ini-

Using Lemma 3.1, and Lemma 3.2, Proposition 3.3 belowfial step size o, the minimum step sizeémin 2 [0; o], and
shows that the estimatbr (x) is, on average, approximately the total number of iterationk > 0, the cosine annealing

aligned with the gradient direction. step size at the k-th iteration is de ned as:
Proposition 3.3. Assumé is geodesically. -smooth. For - 1 1+ k 2
anyx2M, 2(0;1)andv2S t,u (1), it holds that k= min é( o mn) cos + @
N é gradf(x) . fork=0;1;:::;T.
Ey hh (x);vi pi kgradf(x)k ’ 2 x; Theorem 3.6. Assumé is geodesicallyL -smooth. We
X consider using RDNGD (Algorithm 1) to solyg) with

— 1 H -
for some universal constait 2 [p3=; 1], where 4 is X =M " Foranygiven >0, RDNGD returns an

de ned in (5). INote that in this case, the projection operator in Algorithm 1
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stationary point with the following two sets of inputs.

(i) Constant step size.

ePa

L2d(D+1) 2 1
adL

&2 PT

In this case, RDNGD returns a pointg such that
E[kgradf(x r)K] < wherexg is chosen uniformly at

T =

D := d ?(xg;x ) denotes the squared distance between

the initial point and the optimal point.

(ii) Cosine annealing step size.

2 D !23
2 d L 1
T:g S - 2D+ iU %; 0= Pe:
¢ T @®)
pP—
de nedin (7); = P
K 0 2" 2dL

In this case, RDNGD returns a pointg such that

E[kgradf(x r)k] < wherexg is chosen at random from

R
k=1 Kk

Theorem 3.7. Assumé is geodesicallyl -smooth and

Algorithm 2 Riemannian Recurrent Dueling Normalized
Gradient Descent (RRDNGD)

1: Input: Initjal point X2 X M

, constant phase

lengtht= 1+ %9 total number of phases K
2: Initialize: x@ =x 4, Do =D
3: fork=0;1;:::;K 1do
Run RDNGD with inputgx® ; : ;1) to obtain
X(k+1)
5:  Update Qus1 =D (=2
6: end for

7: Return R = x

Remark 3.9. Our rates in Theorem 3.7 match the rates in
(Saha et al., 2021) when the problem is reduced to the Eu-
clidean case. However, (Saha et al., 2021) requires strictly
smaller choices of step size to ensure convergence due to
logarithmic factors in the analysis, whereas our analysis
permits larger step size potentially leading to faster conver-
gence in practice. Furthermore, when reduced to Euclidean
case, our results in Theorems 3.6 and 3.7 also improve the
dimension dependence in (Zhang & Li, 2024) by a factor of
log d. Additionally, our geometry-aware bounds are adap-
tive to the intrinsic manifold structure, in contrast to the

geodesically convex, and Assumptions 2.5 and 2.6 hol@mbient-dimension—dependent factors in prior analyses.

Consider using RDNGD (Algorithm 1) to sol¢® over a
bounded seK M of diameteD. Forany > 0, RD-
NGD returns an -optimal solution satisfying[f(® 1)]
f(x ) < with the following two sets of inputs.

(i) Constant step size.

SN L1 B :4de;
1 (=L) 32 ©
Here and in the rest of the paper, =
jjD=tanh jib , where is the sectional

curvature lower bound in Assumption 2.5.
(i) Cosine annealing step size.

32dL
+

T=1 D ;

0= ZDTPT. .
1 (= 4o
4°2d( D+ 2T)?

Remark 3.8. Here we remark that the Assumptions 2.5 and
2.6 naturally hold ifM is a Hadamard manifold, and they
are standard assumptions under such scenario. SeakBa

2014; Zhang & Sra, 2016; Li et al., 2024).
can be ignored.

We now introduce a new algorithm that achieves linear
convergence rate for solvin@) whenf is geodesically
-strongly convex and geodesicallysmooth. The key ob-
servation is that under strong convexity, controllfiig)
f(x ) directly controls the squared distara&x; x ). We
exploit this idea by designing an algorithm that runs in
phases: in phade we run our RDNGD (Algorithm 1) to ob-
tain an iterate with pre-given function value sub-optimality
k,» Which leads to reductions in the estimation error. By re-
ducing ¢ in each iteration, the convergence rate is improved
to linear rate. The algorithm is called Riemannian Recurrent
Dueling Normalized Gradient Descent (RRDNGD) and is
presented in Algorithm 2, where we used a constant phase
lengtht=dl+64dL =e.

We now present the oracle complexity of RRDNGD.

Theorem 3.10. Assume is geodesicallyL -smooth and
geodesically -strongly convex. Assume Assumptions 2.5
and 2.6 hold, and the global optima lies in the interior
of X. Consider using RRDNGD (Algorithm 2) to soli1g
over aboundedset M qgfdiameteD. Forany >0,

weseK = log, ‘2,0 " \wherel(L;D) is constant

dependent on L, and D. In the k-th iteration, set:
r

- e S O S O A
T2 KT du T 472 = 2

Then RRDNGD returns anroptimal solution® satisfy-
ing E[f®)] f(x ) with an oracle complexity of
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Algorithm 3 Riemannian Dueling Frank-Wolfe Method the batch gradient direction estimator given by:
(RDFW)

1: Input: Initial point xo 2 X M , total number of he = ixk NOMICR (12)
iterations T Mc,, &+ 77
2: fork=0;1;:::;T 1do
3 forj=1;:::3M y do where we us#/ i.i.d. directionsu’®  Unif(S 1, w (1)).
4 Sample &r unif(S 1, m (1)) The variance ohy reduces at g1 rate. We now solve the
5: q(k) = Q1 (Expy, ( kuj(k) ) Expy, ( kuj(k) ) following Riemannian Frank—Wolfe subproblem:
6 W (xx)=0®u® : . .
K i i zx 2argmin hy;Lo z)
7:  end for k 2argmin hy;Log,, (2)
8 he = Mohi(xy) . . . .
Mic  J=1 The updatexg+; is obtained by moving along the geodesic
o % argmin: zax hi; Logy, (2) from x to zy, and this step preserves feasibility. Theorem
100 s w3 4.1 gives the oracle complexity of RDFW.
110 X1 = EXpy, (SkLogy, (z«))

Theorem 4.1. Assumé is geodesicallyl -smooth and
geodesically convex. For any giver 0 , suppose RDFW
(Algorithm 3) is run with

12: end for
13: Return®=x 1

r
~ ¢ 2 _ 8dLD?
8dLD k+3° T @2

. 2(f(x o) f(x ))+4LD 2+12

0 o jog D) o =

(k +3);

4. Riemannian Dueling Frank-Wolfe Method

Note that RDNGD method requires a projection in eachn]gnE[f(X 1) f(x )] < ,and the oracle complexity is
iteration, which can be expensive for some applications. " T1 \; « =0(d= 2).

overcome this issue, in this section, we design a projection- k=0
free Riemannian dueling Frank-Wolfe (RDFW) method us- . .
ing comparison oracles. In the Euclidean space, the Fran@-' Numerical Experiments

Wolfe method calls a linear minimization oracle in each,, this section, we conduct numerical experiments to test

iteration. On manifolds, at iteratidn Frank-Wolfe method ¢ 51gorithms on both synthetic data and real applications.
requires minimizing the following analogous subproblem:

argmin gradf(x ,); Log,, (z) : (11) 5.1. Synthetic Problems
22X We consider three problems with synthetic data: Rayleigh

In some app"cationS, unlike projectiomll) admits a qUOtient maximization, the Karcher mean prOblem, and the

closed—form solution. For example, consider the maniKarcher mean problem with an additional constraint.

fold of symmetric positive de nite (SPD) matricég =
S, =fX2R " jXT=X;X 0g withageodesi- 9-1.1. RAYLEIGH QUOTIENT MAXIMIZATION

cally convex “interval” constraink :=fX 2 M : L Given a symmetric matrid 2 R99 | the Rayleigh quotient

X Ug for SPD matriced. andU. WhenL andU do  m5yimization problem is formulated as the minimization of
not commute, the Riemannian projection requires an expefiie egative quadratic form over the unit sphere:

sive iterative solver. In contragtl 1) admits a closed—form
i i . 1

solution that is cheap to compute (Weber & Sra, 2023). min f(x) := §X> Ax: (13)

We now present our RDFW algorithm with the detailed x2S o (1)

description in Algorithm 3. In the absence of gradient in-The objectivef is geodesicallyL-smooth withL =

formation in dueling feedback setting, RDFW solves the __ (a) min (A) (Kim & Yang, 2022) andf =

subproblem(11) with gradf(x) replaced by our gradient 1 (A). Following the setup in (Kim & Yang, 2022),

direction estimator. However, the solution(fdl)is highly  \ve generate a random matr& 2 RY¢ with entries

sensitive to the noise in gradient estimation (see Section Hyampled i.i.d. fromN (0; 1=d) and setA = iB+B ).

To reduce the noise variance, in tkeh iteration, we use \We compare our RDNGD (Algorithm 1) with the zeroth-
20ur complexity improves the dependency on the initial order Riemannian gradient descent method (ZO-RGD) (Li

squared distance from linear in (Saha et al., 2021), which i€t al., 2023). While ZO-RGD requires function values,
O %L (log-+kx: x k?) ,tologarithmic. RDNGD relies only on comparison oracles yet achieves
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(a) d=100 (b) d=150 (a) n=5 (b) n=10

Figure 1. Numerical results for Rayleigh quotient maximization. Figure 2. Numerical result for Karcher mean problem.

comparable performance. The algorithms are initialized
atxo Unif(S 4(1)). RDNGD-constant uses a constant
step size = 10 2 , and RDNGD-cosine employs cosine
annealed step size with =10 and i, =108 . Both
RDNGD variants use = 10 & . For ZO-RGD (Li et al.,
2023), we set the smoothing parametei@8 and the step

size as,1—. These values are tuned via a grid search. All (@) n=5 (b) n=10
algorithms are run for T = 50; 000 iterations. Figure 3. Numerical result for constrained Karcher mean problem.

Figure 1 report$(x ) f(x ) for different methods for

(13) for dimensionsd = 100 andd = 150. We see that  gjgyre 2 reports the convergence of different methods on
RDNGD-cosine achieves similar performance as ZO-RGD(14) for dimensionsn 2 f5:10g. We see that RDNGD-
although the former uses only the comparison oracle. Alz sine can achieve comparable accuracy with ZO-RGD.

though RDNGD-constant performed worse than RONGDrpNGD-constant performed slightly worse but the accuracy
cosine and ZO-RGD but still achieves acceptable accuracy il on an acceptable level. This is again remarkable

because RDNGD can only access a comparison oracle.

5.1.2. KARCHER MEAN PROBLEM

. . ) 5.1.3. KARCHER MEAN WITH CONSTRAINTS
In this problem, the goal is to nd the geometric mean or

Karcher mean om SPD matricesA ;gT; S I, ,and Inthis subsection, we apply our RDFW method (Algorithm

can be cast as follows: 3) to solve the Karcher mean problem with the constraint
0 H X A  whereH is the harmonic mean, ardis the

min f(X) := 1 (XA ) (14) arithmetic mean (Weber & Sra, 2023). It is a natural con-
X2s L. 2m straint as the Karcher me@hsatisesH G A  (Bhatia,

2007). Formally, we obtain the following formulation:
whered(; ) is the Riemannian distance induced by the

af ne-invariant metric onSY, . f in (14)is geodesically , _
L-smooth and geodesically convex 8, (Zhang & Sra, xas n THX A fX)= o~
2016). Here we again compare our RDNGD algorithm with

the ZO-RGD algorithm. The matricés were randomly  \ve setm = 50 and consider dimensioms2 f5; 10g . The
generated using the Matrix Mean Toolbox (Bini & lannazzo,g1gorithm is initialized ai o = A . We set the perturbation
2013) with a .condlt.|on number dft® and sample sizen = parameter to, = 108 , the batch size tM, = d(k +

50. We consider dimensions2 f5; 10g . The algorithms  1)=500e, and the total number of iterations to T = 5; 000.
are initialized at %, which is set to the arithmetic mean of

all Aj's. To evaluate the performance, the optimal solutionFigure 3 shows that RDFW converges to high-accuracy
X of (14) is computed using the Richardson-like linear solutions for the constrained Karcher mean problem. To our
gradient descent algorithm provided in the Matrix Meanknowledge, RDFW is the rst projection-free algorithm to
Toolbox. RDNGD-constant uses a constant step size  Solve this problem using only comparison oracles.

102 , and RDNGD-cosine employg = 101 and i, =

10% . Both RDNGD variants use =16 . For ZO-RGD  5.2. Real Applications

(Li et al., 2023), we set the smoothing parametet @%

and the step size % and these values are again tuned
via a grid search to produce the best results for this problenwe evaluate our dueling Riemannian attack on the black-box
All algorithms are run for T = 5; 000 iterations. benchmark (Li et al., 2023), attacking a VGG network on

d?(X; A )
i=1

5.2.1. ATTACK ON DEEP NEURAL NETWORK
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Original PGD RGD ZO-RGD RDNGD (a) Original (b) Corrected (c) Loss vs lteration

(a) Visual comparison of adversarial examples i ) ) .
Figure 5. Horizon leveling results. The loss stabilized@t due

to a large constant step size, chosen to balance convergence speed
and the optimality gap.

the horizontal axis. Our goal is to nd the correction rotation
R? 2 SO(2) that minimizes the misalignment cost f(R):

(b) Adversarial loss vs. Iteration (c) Adversarial loss vs. time Rgrsnoig) f(R) :=kRR g5 Ik E:

Figure 4. Attack results on CIFAR-10. (a) Generated adversarial

images. (b) and (c) show the convergence curves. Our estimatQhjje dueling feedback could be obtained from human
yields accurate gradient estimation with odly samples (vs500 . .
for ZO-RGD), demonstrating superior query ef ciency. comparisons, we udéR) as a sca!able and reproducible
surrogate for human preference. Given two rotatiRnsand
R, the oracle returns the one with smaller misalignment,
CIFAR-10 under an,-norm constraint. The perturbation Providing pairwise preferences &0D(2) without revealing
is con ned to a sphere (d|mens|0r1000 ) centered at the function values. We set the maximum iteration number
original imagex 2 RY. We adopt the exact experimental T =100, =10 ® , and constant step size =13.

settings from (Li et al., 2023)For our RDNGD algorithm, Figure 5 shows an example of our dueling horizon-leveling

we set =10 °, step size = 10 °, andT = 1;000.  yracedure on real image (additional results in Section ).
We use the batch gradient direction estimaio(12)with  across all cases, suboptimality reachd® 5 within 30
batch size oL0to mitigate the high variance of the gradient jierations, showing high accuracy with few iterations despite
direction estimator in such a high-dimensional space. I access to function values or gradients. In each example,
contrast, ZO-RGD request 500 samples. the corrected image looks visually level indicating that the

Figure 4 illustrates representative adversarial examples (adlgorithm successfully recovers a good rotation.

ditional results in Section |) generated by different attacks.

The white-box methods PGD and RGD are included as refg. Conclusion

erences but are infeasible in our comparison oracle setting.

For all these test images, the attacks successfully indudé@ this paper, we establish the rst theoretical framework
misclassi cation with visually indistinguishable perturba- for Riemannian dueling optimization that uses only com-
tions to the original image. Among the practical black-boxparison oracles. We proposed three algorithms for tack-
methods, ZO-RGD and our RDNGD attack, the loss curveding Riemannian dueling optimization in different scenarios:
show that RDNGD yields a more stable optimization trajec{i) geodesicallyL -smooth objective; (ii) geodesically-
tory and reaches higher adversarial loss in fewer iterationsmooth and geodesically (strongly) convex objective where
and less CPU time, indicating a clear ef ciency advantageProjection onto the constraint s¥tis cheap; (iii) geodis-
Moreover, as noted earlier, RDNGD operates with strictlyically L-smooth and geodesically convex objective when
weaker oracle information than ZO-RGD which makes itsProjection is prohibited. We established iteration and oracle

performance gains even more remarkable. complexities for each scenario. Moreover, our re ned anal-
ysis overcomes intrinsic geometric barriers and improves
5.2.2. HORIZON LEVELING upon existing Euclidean results by offering tighter constants

] ] ] ~and more exible hyperparameter selection. Numerical
In th|_s experiment, we evalugte our.methods in the h‘?r'zorlexperimental results on both synthetic problems and real
leveling problem presented in Section 1.2. For each imaggpjications demonstrated the capability of the proposed
in the HLW dataset (Workman et al., 2016), we computey|gorithms. Our work opens several promising directions on

Rir 2 SO(2) between the human-annotated horizon andkjemannian optimization with dueling feedback, e.g., accel-

3All attacks are implemented by extending the Oloen_erated algorithms, Hessian-aware methods for identifying
source codebase available dtttps:/github.com/ local minima, and exploring whether the noise in direction
JasonJiaxiangLi/Zeroth-order-Riemannian estimator can facilitate escape from saddle points.
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A. Preliminaries on Riemannian Geometry

Let M be a Riemannian manifold. We introduce some relevant geometric concepts and de nitions below.

De nition A.1 (Tangent Vector and Tangent Space). LetM be a Riemannian manifold and letbe a point on the
manifoldM . De ne F« (M) to be the set of smooth functions bh de ned on the neighborhood af2 M . A tangent
vector y : Fx (M) ! R at x is a linear operator such that

d(f( (1))
dt

Vi () = ,f 2 F(M);

t=0

where :(;)!'M is a smooth curve oM with (0) =x . The tangent spacExM is the linear space of all tangent
vector at x.

De nition A.2 (Riemannian Gradient). Supposef is a smooth function oM . The Riemannian gradiegtadf(x) is the
unique tangent vector insIM satisfying

hy; gradf(X)i x =vx(f) 8vy 2T M:

Geodesics extend the conceppt of straight line to manifold, and represents the locally distance-minimizing paths.

De nition A.3 (Geodesic). Let(M;g) be a Riemannian manifold. A smooth curvel ' M, wherel R isan interval,
is called a geodesic if it satis es that

r o _(H=0 forallt2l;
where r is the Levi-Civita connection associated with the metric g.

The exponential mapping at a poi2 M maps a tangent vector2 T «M to the point reached by the unique geodesic
starting at x with initial velocity v, evaluated at time t = 1.

De nition A.4 (Exponential Mapping). Let M be a Riemannian manifold aixd2 M . The exponential mapping &t
denoted Exp : TxM ! M, is de ned by

Expy(v) = v(2);
where  : [0;1] ! M is the unique geodesic such thg{0) = x and ,(0) =v 2 T «M . That is,Exp,(v) is the
endpoint of the geodesic starting at x with initial velocity v, evaluated at time t = 1.

De nition A.5 (Riemannian distance). Let(M;g) be a Riemannian manifold with metric tengpr~or any two points
X;¥ 2 M, the Riemannian distance between x and y is de ned as

Zq

d(x;y) = 21(9{/) . 9o _(O; (O dt

where (x;y) denotes the set of all smooth curves :[0;1]! M suchthat (0) =xand (1) =vy.
Remark A.6. The exponential mappikgp, is a local diffeomorphism. That is, within a open neighborhood (restricted by
the manifold), Exg is invertible and well de ned. We use Lggo denote the invert map Exp.

Tangent vectors at two different points lie in different spaces, and thus cannot be directly compared. To solve this issue,
parallel transport is de ned to move a tangent vector along the geodesics in the meanwhile preserving the length and
direction.

De nition A.7 (Parallel Transport). Let :[0;1]! M  be a smooth curve on a Riemannian manifild and let
V() 2T ¢ Mbeavector eldalong . The vector eld V is said to be parallel along if it satis es

r o V=0 forallt2[0;1]

Given an initial vectovg 2 T (o) M, there exists a unique parallel vector eld(t) such thatv (0) = vo. The vector
V(1) 2T 1y Mis called the parallel transport ofyalong .

11
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B. Some Useful Lemmas

In the proof provided in the appendix, we adopt the following notation: for any positive integiet [N] denote the set

f0; 1;:::;Ng. Additionally, we de neUx = fu o; us;:::;uxgas the history containing all information available up to step
k.
LemmaB.l. Letf kgI:(l) be the cosine annealing step size de ned in De nition*315holds that:

X1 K
. cos T =1:

k=0

|

Xt X1 K

. K= = T+ cos — ——0(T+1)
2 T 2

k=0 k=0

X, 8
b K = §(3T +4):

k=0

P
Proof. We rst prove part (i). According to (Li et al., 2021), it holds thatLl cos k? = 1 . Adjusting the summation

LS K X K
cos T - cos E cos()+cos(0)=1 (1)+1=1:
k=0 k=1

Part (ii) follows immediately by substituting the result of part (i) into the de nition pf

Xt X1 |
k= —= T+ cos — :EO(T+1):
k=0 k=0

For part (iii), expanding the square of yields

Rl 2 8 -5(1 k 2 k
= — 1+2 —— + —
k=7 cos — cos® —
k=0 k=0
: : . _ 1+cos(2x) P T1 2 k _
Using the identity co¥x) = ==35=2- and the fact that ,_, cos % =0, we have
g kXL X 2k T
T 2 2 T 2
k=0 k=0 k=0

Substituting this result and the conclusion from part (i) back into the expansion gives
3(1 T 2
T+ + 5 = 0

2: - 0
k 8

2
0 .
2 (3T +4):
k=0

This completes the proof. O

Lemma B.2. [(Zhang & Sra, 2016) Corollary 8] For any Riemannian manifédd where the sectional curvature is lower
bounded by , the following holds for any x;x2 X and xy+1 = P x (Expy, (k)

(;d(x k;X) «

ki k2.
2 Ok K™

; 1
hg«;Logy, (X)i Z(dz(xk;x) d ?(Xks1 %)) +

P d(X «;X)
where (;d(x ;X)) = — B X

tanh m(x K X) )

“Here, similar to (Li et al., 2021), we assumg, = 0 for simplicity.

12
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Lemma B.3. Supposé: M! R is geodesically-smooth. Consider the updates rule in Algorithm 1. Then we have for
allk 2[T],

p_ X p_
d(Xk;Xx ) D+ ¢ and kgradf(xyx)k L D+ t
t=0 t=0

Proof. Using non-expansiveness of the projection operator, we have that

d(Xk;x ) d(X¢+1 ;X¢) +d(X ;X )
t=0
b S
= d(Px (Expy, ( tht)); Px (X)) +d(X 05X )
t=0

Kt
d(Expy, ( the)ix¢) +d(X 0;X )
t=0

KL _
t + pD
t=0

From that f is geodesically L-smooth, we have
kgradf(x )k = kgradf(x ) Yegradf(x )k Ld(x x;x ) L D+ t

This completes the proof. O
LemmaB.4. Supposé: M! R is ageodesically convex function. Thgr ) f(x )> implieskgradf(x )k
=d(Xk;X ):

Proof. By geodesically convexity, we get
f(x ) f(x «)+hgradf(x «);Logy, (X )i
Using the Cauchy-Schwarz inequality and thatid(x ) = kLog ,, (X )k, we obtain
<f(x x) f(x ) hgradf(x «);Logy, (x )i kgradf(x )k d(x;x ):

Dividing both sides by d(x;x ) completes the proof. O

LemmaB.5. Letf : X M:IR be a geodesically convex and geodesichHgmooth function, ang be its minimizer
over X. Forany x 2 X suchthatf(xx) f(x ) ,we have

r
gradf(x ) . Logy, (X ) 1

kgradf(x x )k kLog,, (x )k kLog,, (x )k Z:

Proof. From geodesically convexity, we hafg&x ) f(x ) +hgradf(x );Logy, (X )ix,: Denotegk := gradf(x k) and

Wy = kgik. This inequality can be rearranged as

o) fx ). 5

Wk;Long (X ) Xk kgkk

Next, from geodesically L-smoothness, for any tangent vector u,2M, we have

fEXp ,, (u)) f(x «)+hgc iy, + %kukz:

13
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Settingu = g «=L and noting thaf(x ) f(Exp , (u)), we getf(x ) f(x «) ikgkkzz and thuskggk
2L (f(x «) f(x )); which, combining with (15) and f(x) f(x ) ,yields

r— r
fixi) f(x ) fixi) fx )
Wg; Lo X p = —
e LS T CORLCE) 2L 2L
Finally, dividing both sides by kLag (x )k yields the desired result. O

LemmaB.6. Letf : X MI!IR be a geodesicalll.-smooth function, and let be its minimizer oveK . For any
x 2 X, we have
kgradf(x)k 2 2L(f(x) f(x )):

Proof. By the de nition of geodesic L-smoothness, for any tangent vector y Twe have
f(Exp 4 (u)) f(x)+hgradf(x);ui « + %kukz:

Consider the update direction u = gradf(x). Plugging this into the inequality yields
1 , L 1 2
f(Exp 4 (u)) f(X) Ekgradf(x)k + 5 Egradf(x)
— 1 2.
=f(x) Zkgradf(x)k :
Sincex is the global minimizer, we haviéx ) f(Exp ,(u)). Combining this with the upper bound derived above
implies
f(x ) f(x) %kgradf(x)k 2;

Rearranging the terms completes the proof. O

C. Proof of Lemmas 3.1, 3.2, and Proposition 3.3
C.1. Proof of Lemma3.1

Proof. From De nition 2.1, we have

h u; gradf (x)i
h u; gradf (x)i

2 f(Exp ,(u) f(x) h u; gradf(x)i +
f(Exp ,( u)) f(x) h u; gradf(x)i +

N

N N|—
N
N

which further implies

2hu;gradf(x)i L 2 f(Exp (u)) f(Exp ( u)) 2h u;gradf(x)i+L 2:
Note that this indicates if jhu; gradf (x)ij > L =2, then

sign(f(Exp . (u)) f(Exp ( u))) = sign(hu; gradf(x)i): (16)

We now establish an upper bound®@hu; gradf(x)ij L =2) . Denotea= J2t4— b= bt andZ = hu;ai.
ThereforeP(jhu; gradf(x)ij L =2) = P(jZj b) . By the rotational symmetry of the sphere, we can assame,
which implies Z = u;, the rst coordinate of u.

Similar to the proof of Lemma C.2, the marginal density of Z 2 [ 1; 1] is,

N

fz(2)=Aad z 2992 forz2[1;1]; whereAyg= p—2—:

o
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. _ Rp . .
Since (1 z?2)@3=2  1forallz 2[0;1], we have ,fz(z)dz A gb, which further implies,
r—  r __
P(jZj b)=P(hu;aij b)= be (z)dz 2A 4b 2 Eb— d Lt .
) Dp=rnkal b= 2 d 2 77 2 kgradf(k ’
where the second inequality is from the Gautschi's inequality. Therefore, from (16) we have that
P(sign(f(Exp (u)) f(Exp ,( u))) = sign(hu; gradf(x)i)
r__
d L

P(hu; gradf(x)ij > L =2) 1 2 kgradf(ok -

This completes the proof. O

C.2. Proof of Lemma 3.2
Proof. Note that,

E[sign(hv; ui)u] = E sign Ju u

X X

%

kvk

So, we can assumerk, = 1 without loss of generality. LeR : T,M! T M denote the re ection operator alorgon

T«M,i.e, P()=2hv; iv . Foran arbitrary unit tangent vectoru 2 T M, denote u°:= P (u). We have that
sign(hv; ) = sign  2kvk?hv;ui hv;ui = sign(hv;ui):

Since @ Unif(S 1, m (1)), we then have

E[sign(hv; ui)u] = %E[sign(hv;ui)u] + %E[sign(hv;d’i)uoj

= %E[Sign(hv;ui)u]+ %E[sign(hv;ui)(Z(hv;ui)v w]
E[(hv; ui) sign(hv; ui)]v

= E[jhv; uijlv

= V7

where = E[jhv; uij]. The remaining thing is to derive lower and upper bounds for .

We rst derive an upper bound for. There exists an orthogonal matfx2 O(d) with Rv = e 4 whereey is a vector with
all zeros but the last element is 1, andwet Ru . By symmetry of uniform distributiony®:= R 1 u, andw follows
Unif(St, w (1)) as well. Thus we have E[jhv; uij] = E[jhRv; R uij] = E[jhe 1; ulj] = E[ju $j]. We observe that

" #

1_ X 1
E[u?] = JE . u? = Ft
i=1
and thus get the following upper bound for :
9 1
= Efjhv; uij] = E[ju 9j] = E[ju 1] E[uf] = PS5 7)

Next we derive a lower bound for . Using hv;uE hRv; Rui x = heg; wiy, we have
v = E[sign(hv; ui 4 )u] = E[sign(hRv; Rui y )R~ (Ru)] = R * E[sign(heq; wi)w]: (18)

Observe that the tersign(hg; wiy) depends only on the-th coordinatevy. Due to the rotational symmetry of the uniform
distribution ofw, for anyk 6= ¢ the expectation of thk-th componenE[sign(wg)wk] vanishes. S&[sign(hg; wiy)w] =
E[sign(wy)w] = C 4e4 for some scalar £> 0. Therefore, from (18) we know that v = GR” eq = C 4v, which implies

= C 4 = hE[sign(wg)w]; eqix = E[sign(wa)wa] = E[jw gj]:
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Now, the marginal density of w2 [ 1; 1] is (Vershynin, 2009):

Nl

fwa)=Ag(l w 5?2 where Ay = p—24—;

2

which yields
z 1 z 1 1
SEjw gl =Ag i@ t 2)ED2 dt=2A4 11 t 2)@I72 gt pﬁ; (19)
1 0

where the last inequality follows the Gautschi's inequality.

Note thatC in (6) satis esC = P d, and therefore, by combining.7) and(19), we obtainC 2 [1:p 2. 1], and this
completes the proof. O

C.3. Proof of Proposition 3.3
Proof. For any vectorv 2 $ m (1), denote
A :=sign(f(Exp ,(u)) f(Exp ,( w))hu;vi; B :=sign(hgradf(x);ui  x)hu;vi:

From Lemma 3.1 we know th&(A=B) 1 x, Which together withA Bj 2jhu;vij 2 ,yieldsjE,A E (Bj
2 . From Lemma 3.2, we know

gradf(x)

. : ¢
E,B = E sign(hgradf(x);uix)u = %m

which completes the proof. O

D. Proof of Theorem 3.6
D.1. Proof of Theorem 3.6 Part (i)

Remark D.1 (Expectation Notation). Unless speci ed otherwise by a subscript, the ofirhtlnotes the total expectation
taken over all random variablé® generated up to the current iteration. We use the subscript notationHg.p.j x «]) for
conditional expectations with respect to a speci c random sougogiten the history x.

Proof. For the ease of notation, we dendte = h (xx) when there is no confusion. Choosing= % in
Proposition 3.3, we get
o ¢
Eu, hhe;gradf(x k)ix, Xk p—akgradf(x kKK 2 x kgradf(x )k
r (20)

pé—dkgradf(x Kk 2 ZEL:

Since X =M, we have xc.1 =P x Expy,, (h (X)) =Expy, ( h (Xk)): By Assumption 2.1, we get

. L2
fX k1) f(x k) hh y;gradf(x )iy, + T;
which implies
o 1 . L
Eu hhcgradf(xi))ixg ixe  =Bu fi) X 1) jxe + = (21)
Combining (20) and (21) yields
p— r— !
d 1 L d
kgradf(x )k re) —Ey, f(Xk) f(X k1) Xk + 7+2 Z—L : (22)

16



Riemannian Dueling Optimization

Summing ovek = 0;1;:::;T 1 and taking the total expectation on both sides, we apply the law of total expectation to
obtain " # 0 ; |
X X4 1 L d
E kgradf (x )k —+ “E Ey f(xk) f(X k1) Xk + —+2 —L
i} L C 2 2
k=0 k=0 i
p- e p- _
= 4 Ef(xk) f(X ke1) + Ldi+ Ez iL
¢ .. ¢ 2 ¢&° 2
p k=0 b r (23)
d T dL  Td, 1
= (Ef f +——+ =2 —L
pé (xo) f(x ) ) & 27a2 3
d TL d, 2TLd.

f(x f + ——t —Pp—
Let R be a random variable uniformly distributed o¥ér:::; T 1g ,i.e.,P(R =Kk)=1=T . The expected gradient norm
at xg is given by
1 X
E[kgradf(x r)K] = T E[kgradf (x « )K]:
k=0
Dividing (23) by T and using =p-, we have
p- p- r—
1 d dL d 1
——(f(xo) f + ——+ 32 —L

!
"ao

1 + 4L
T ¢ 2 ¢
1

E [kgradf(x g )K]

1
=
ol
(S
+
=
+
(@3

Choosing T and as speci ed in Theorem 3.6 Part (i) yields the desired result. O

D.2. Proof of Theorem 3.6 Part (ii)

Proof. The derivation is analogous to the previous proof, with the only difference being the choice of step size. By simply
substituting the cosine annealing step sigdor in (20), (21), and(22), and summingovet =0;:::; T 1 ,the argument
proceeds identically. Following similar argument as (23), we have

¢ Xt L X
= «E[kgradf(x  )k] f(x o) f + > 242 5L K
d k=0 k=0 k=0

We de ne a random variablR taking values irfO;:::; T 1g with probabilityP(R =k) = p—+&—. Then, the left-hand

. . j=0 i
side can be rewritten as |

¢ X
p= k E[kgradf(x r)K]:
d o
. . P T1 . .
Dividing both sides byac—a =0 k andusing Lemma B.1, we obtain
i L L deres "a T
£ +
E [kgradf Kl — + - -8 +2 —L
boradfixe) & Sany 2 e 2
_" r— #
pd 2LD Lo, 3T+4 d
= — = —————+ — ——+2 —L
¢ oT+1) 8 T+1 2
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piu ro #
d 2D aL d

o " 2 2o
¢ o(T+1) 8 2

p_" r__ #

—d p—ZLD + ﬂa—L +2 EL

¢ T 27 2

Choosing T and as in (8) yields the desired result. O

E. Proof of Theorem 3.7
E.1. Proof of Theorem 3.7 Part (i)

Proof. We prove by contradiction. Note that the algorithm retutps andf(® 1) = min gkt f(X k). Suppose that
fR) f(x )+ .Thisimpliesf(x x) f(x )+ forallk2f0;:::;T 1g . Wehave (;d(x s X ) forank 2X,
as isincreasing in the second entry ands the diameter oK . By Lemma B.3, we ged(Xx;X ) D+ k D+ T
for k < T. By Lemma B.4, we get kgradf (% )k PR Thus, de nedin (9) satis es

ro_
(=L) 32 (=L) 32 1  kgradf(x )k
:j%497 %7 ———=——— " —;8k2[T]: 24
4 2d( D+ T) 2 2dd(xk;x )2 4 2Ld d(xk;x ) L ] 24)
From Lemma B.2 and Proposition 3.3, we have the recursive bound:
ro !
87deLong(x )k )
kgradf(x )k

+

. 1
Eue PP(Xier ;X Xk d 2(xi;x ) p=

+ 2

Qﬂ’?a‘f?
a
©

1 1
d 2(x;x ) p= + P

o7

dL
=d?(x;x )

16 dL (3)

where the equality is due to de ned in (9).

Taking the full expectation on both sides of (25) and iterating the inequality recursively fork = 0;:::; T 1, we derive

0 E d?®(x7;x) d2(xo;x) T <0;

16 dL

where the last inequality is due to the choiceloh (9). This is a contradiction. Thus, there must exist an iteratisnch
thatf(xx) f(x )< ,whichimpliesf®® ) f(x )<. O
E.2. Proof of Theorem 3.7 Part (ii)

Proof. We follow the same contradiction argument as in Part (i). Stigposé(th.'a) f(x )+ forallk2f0;:::;T 1g .
Using the cosine annealing step size the accumulated step length |s o | = »(T+1).Forthe ch0|ce of in (10),
we use the bound involving T as a suf cient approximation for Iarge T, ensuring (24) holds.

Replacing with | in the derivation of (25), we obtain:

p- p-
. 1
Eue d®(Xier ;X )Xk d 2(Xk;X ) FFPf K+ SP= —Pﬁa K+ B

=d?(xk;Xx ) WPL 2:

Taking the full expectation and summing the inequality overk = 0;:::;T 1, we get
P- w2 KL

E d’(xt;x ) d2Xox) —p—— K+ 2:
2" d .,

18
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P11 Pri ,_ 2 i
By LemmaB.1,we have ., = 2(T+1)and ,, = 5(3T +4).Usingthe boun

(since3*4  4), we have:

P+, P
dk:O I% 0

?IT—|
or
=

T+
p- e
E d’(xt;X D —
(xT;%X ) %‘2 ar 0 ~ k
P- x1
=D Pp=—
4 d .,
P- 0
=D p——(T +1):
4 dL 2( )
_— p-
Substituting ¢ = =P
p- p-
E d?(xt;x) <D Pp=— p—P=— T
brix) 8 dL 4" 'dL
=D
32 dL
GivenT 1+ 329 _p we have E d’(x1;x ) <0, which is a contradiction. O

F. Proof of Theorem 3.10

Proof. Note that in each iteration of Algorithm 2, we run Algorithm 1 for= d1+64 dL =e iterations. From
Theorem 3.7 (i), with the choices of and ¢ de ned in Theorem 3.10, we have that for any phlasef0;:::;K 1g ,
starting from ¥ with initial distance bound B E[d 2(x® ; x )]:

B )] ) o

with oracle complexity 2t. Since f is geodesically -strongly convex, we have

h i
E §d2(x<k+1> x ) E[f(x ©D)] fx )

D «
4
which implies

E[P(x & ;x )] % =D et
This justi es the update rule in the algorithm. Aftir phases, the expected distance squared of the nal outpltis
bounded by:
E[d?(x® :x )] D.

2K

Note that Assumption 2.1 and the fact thais a bounded set imply thétis geodesically Lipschitz continuous with some
Lipschitz constant |. This further implies
r

q___ _
Ef(x ) fx )] 1 E[d(x ®©:x)] I E[Px® ;x )] | ZEK ;
where the second inequality is Jensen's inequality, and the last inequality is due to the de nition of K. O

Remark F.1. All results developed in Section 3 use the search dirdctida ned in (4), which is based on a single pair of
samples. It is worth noting that all results in Section 3 also hold for the batch averaged estimi@toed in (12). This
is because our analysis relies solely on the expectatibn,ofhich is identical to the expectation bf For more detalils,
please refer to (27).
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G. Proof of Theorem 4.1

Proof. We denoteVl; := LD 2,C = P d=C, normalized Riemannian gradient := % the function value gap
by =f(x ) f(x )fork=0;1;:::;T. LetBg :=fu (1") ;:::;uf\l,?k g denote the batch of i.i.d. random directions

sampled at iteration k.

By geodesically L-smoothness, we have

ket =F(X ka1 ) f(x )
f(x k) f(x )+skkgradf(x «)khw;Logy, ()i + 3S¢M
k +skkgrad f(x x)khChy; Logy, (zk)i +s kkgrad f(x x)khwik  Chy;Log,, (zk)i + SZM
k +skkgradf(x x )khChy; Log,, (x )i+s kkgradf(x x)khwk  Chy; Log,, (zk)i+ SZM ¢
k +skkgrad f(x x )khwi; Log,, (X )i+ %sﬁMf +sykgradf(x k)khwk  Chy;Log,, (zk) Log y, (X )i;

Nl NP

where the second inequality is due to the de nition pfiz Algorithm 3. Taking expectation on both sides, we get

Es, [ k1 JX«k]
k + skhgradf(xk); Logy, (x )i+ %sﬁMf +sykgradf(x x)kEg, [, Chy;Logy, (zk) Log , (X )ijx«]
k Sk k*t %SEMf +2Ds kkgradf(x k)k EBK [ka Chkijk]; (26)
where the last inequality used the geodesic convexity prof@)ytyNext we derive an upper bound figg, [kwx  Chyk j X«].

We rst show that the expectation of the batch-average estinhat@s the same as the expectation of the single sample
estimator R := h | (Xx) de ned in (4). Denotingmy := Eg, [hk j Xx] and m := Ey, [k j Xk], we have

W«
mi=Egfheixd= 7o B (0% u® jxi] = Eu, [ocur j xk] = Eu, [N j X = m g @7)

=1

Next we bound the variance. By independence gfguand E [oj(k) uj(k) iXk] m x =0, we have
]

. 1 X .
Eg, [khk m k3 jxi]= vz  Ew ko™ u® m (K jxi]
k j=1
1 X« _ 1
== (Ew [k u K jxi] km (k)= (1 km (k)
Mk i IVlk

=1
By Jensen's inequality, we get

q p p
EBk khx m kijk EBk khxy m kkszk = (1 km kkz):Mk 1= Mg: (28)

As a consequence of the above inequalities, we get that

Eg, [kwx Chykjxy]=Epg.[k(wx Qmyg)+ Cmy hikjxy]
kw « O gk+ CEg, [khe m Kjx]
= Ckwg=C m (k+ CEg,[khx m ykjXg]
2C, + c My;

(29)

where the last inequality is from (28) and Proposition 3.3 by setting—k@fxtizgk.

Combining (26) and (29), we get
Es, ka1 Xk
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p
k Sk k+ 3SEM¢ +2Dskgradf(x  )k(2C x, + C= My) |
r__ !
2d L « (of
= + 1s2M¢ + 2Ds ckgrad f(x )k -+ p—
k Sk k*t 35M;¢ skkgradf(x )k C kgradf (< )k pl\Tk
r_ p !
2 2L
kK Sk k+%SﬁMf+2Dsk C —dL k+ﬂ9MjkC
k
r__
2d k  8LD2d
12
k Sk kt 35M¢ +2DsC —L «+ 74_@27[\/“( Sk
35

2
1 Kt ?k(Mf +3);

4

where the second inequality is from Lemma B.6, the third inequality used Young's inequality, and the last equality is

obtained by substituting the choicessyfin Algorithm 3 and x andM in Theorem 4.1. Denota, := 1 %Sk =1 %
Taking the total expectation on both sides of the above inequality and applying it recursively, we obtain
|
A KoMy +3) W
E[ « a o+ ﬁ a: (30)
t=0 j=0 t=j+1
We now develop upper bounds for the two terms on the right hand side of (30). Note that
3 1 1 ¥ k+2 P
ax=1 = 1 — = — :
2 k+3 k+3 k+3
Therefore,
- _ 0 130 ~
A Yote2 2 ¥ 5 W Yo+ 2 j+3 2
& t+3 - k+2 k+2;&md a @ t+3A - k+2 ;
t=0 t=0 t=j+1 t=j+1
which further implies
3
Xoome +3) M X oM +3) j+3 2 oM+ X 1 4M+3)
(+3) 2 ¢ i+3) 2 S k+pz  PIEm T ka2
=0 (+3) L =0 (G+3) k+2 (k+2) =0 j+3 k+2
P .. R+ _ .
where the last inequality is from that 72, »L. 3% x 122 dx 2 P+
Substituting these upper bounds to (30), we obtain
2 g+4M; +12 .
EL «] k+2 '
So it takes T = &M 1*12 o tg achieve E[ 1] . O

H. Sensitivity of Frank-Wolfe Search Direction

A key difference between projected gradient methods and Frank—Wolfe type methods is how they respond to noise in
the gradient direction estimate. This effect is visible even in Euclidean case. In projected normalized gradient descent,
the update takes the following form with noisy gradient direcgrx.; = P x (X € t); Due to non-expansiveness
(Assumption 2.6) of the projection operator, the distance betwgen and the hypothetical update that one would have
gotten with the true normalized gradient & upper bounded by kg g (k).

In contrast, Frank—Wolfe computes a search point via a linear minimization oracle

s(g) 2 arg rsnzl)p hg;s xi;
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where X is a compact convex set. For such problems, the solution s(g;) lies on the boundary of X'. As a result, even an
arbitrarily small perturbation of the direction g; can cause the oracle to select a completely different boundary point. In
other words, even a small difference between g, and g, can lead to completely different search directions s(g;) and s(g;)
and ||s(g;) — s(g¢)|| can be in the order of diameter O(D) (see Figure 6). This means the variance of s(g;) is of constant
order. Therefore, to guarantee descent and convergence for Frank—Wolfe with noisy or comparison-based oracles, we must
explicitly control the variance of the direction estimator, whereas projected gradient methods are much more stable under
the same level of noise.

2.0
EEE True Gradient g
mmm Noisy Gradient §
8 MO True
1.5 4 # MO Noisy
1.0
0.5
0.0
—0.5 4
2
W True Gradient g
mmm Noisy Gradient §
R B e Y S 8 LMO True —1.0 1 % %
v #8 LMO Noisy
o]
—131 Distance = 2.0
1
Distance = 10.0
-2 ; ; ; i ; -2.0 ‘ ‘ ‘ . . . .
-6 “a 22 0 2 2 6 -20 -15 -10 05 0.0 05 1.0 15 2.0
(a) Large diameter: Significant deviation between LMO solutions. (b) Small diameter: Reduced deviation with constant noise.

Figure 6. Impact of the constraint set diameter on the sensitivity of the Frank-Wolfe Linear Minimization Oracle (LMO) to gradient
noise. (a) A larger diameter leads to significant deviation between the true and noisy LMO solutions. (b) A smaller diameter mitigates
this deviation, even when the noise magnitude remains constant. Overall, this demonstrates how gradient noise error is amplified by the
diameter of the constraint set.
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I. Additional Numerical Experiments
I.1. Additional Synthetic problem results

We provide the CPU time results for the Rayleigh quotient problem in Figure 7 and the Karcher Mean problem in Figure 8. In
these low-dimensional synthetic settings, it can be observed that RDNGD converges more slowly than ZO-RGD. This occurs
because RDNGD relies solely on a comparison oracle and lacks access to gradient magnitude information. Consequently,
with an unit length search direction, RDNGD requires conservative step sizes to avoid oscillation around the minimum,
whereas ZO-RGD benefits from gradient magnitude estimation for more efficient updates. This limitation is inherent to
optimization problems utilizing only comparison oracles. However, for the high-dimensional real-world applications shown
in Figure 4 and Figures 9—11, we observe a clear advantage in CPU time for RDNGD, demonstrating the efficiency of our
method.

10° 100 4
—— RDNGD-cosine —— RDNGD-cosine
107"y —— RDNGD-constant . —— RDNGD-constant
12 ZO-RGD ZO-RGD
? g_\ —2
B =2 v
g Pl
[ 10 | 10
= =
& 10° S
?.; :: 104
106
B 10~ \
107
107% 4 T : T T : T 1076 L— : : T T ' T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 02 0.4 0.6 0.8 1.0 1.2
CPUtime CPUtime
(a) d=100 (b) d=150
Figure 7. CPUtime results for Rayleigh quotient maximization.
100 4 —— RDNGD-cosine —— RDNGD-cosine
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10-% 4
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Figure 8. CPUtime result for Karcher mean problem.

L.2. Additional Real Application Examples

In this section, we provide additional numerical results to supplement the main paper. We present more examples of the

DNN attack applications in Figures 9—11, and additional results for the Horizon leveling task in Figures 12—14.
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