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Abstract
Dueling optimization considers optimizing an ob-
jective with access to only a comparison oracle of
the objective function. It finds important applica-
tions in emerging fields such as recommendation
systems and robotics. Existing works on dueling
optimization mainly focused on unconstrained
problems in the Euclidean space. In this work,
we study dueling optimization over Riemannian
manifolds, which covers important applications
that cannot be solved by existing dueling opti-
mization algorithms. In particular, we propose
a Riemannian Dueling Normalized Gradient De-
scent (RDNGD) method and establish its itera-
tion complexity when the objective function is
geodesically L-smooth or geodesically (strongly)
convex. We also propose a projection-free algo-
rithm, named Riemannian Dueling Frank–Wolfe
(RDFW) method, to deal with the situation where
projection is prohibited. We establish the itera-
tion and oracle complexities for RDFW. We illus-
trate the effectiveness of the proposed algorithms
through numerical experiments on both synthetic
and real applications.

1. Introduction
Many modern learning tasks involve settings where gradi-
ents or even function values are inaccessible, and the only
feasible feedback comes in the form of pairwise prefer-
ences or comparison – often referred to as dueling feedback.
For example, users in recommendation systems typically
express relative judgments such as “item A is preferred
over item B”; in robotics, human supervisors often com-
pare trajectories rather than assign scalar rewards (Yang
et al., 2025; Jain et al., 2013); and in representation learning,
a downstream classifier may indicate that one projection
preserves class structure better than another (Ventocilla &
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Riveiro, 2020; Morariu et al., 2021). Importantly, in many
of these applications the decision space itself is inherently
non-Euclidean: recommendation models often rely on hi-
erarchical embeddings in hyperbolic space (Chamberlain
et al., 2019; Shimizu et al., 2024), trajectory optimization in
robotics often requires optimizing over special orthogonal
groups SO(3) (Watterson et al., 2018), and projection matri-
ces for representation learning are naturally constrained to
the Stiefel manifold (Boumal, 2023). In addition, solutions
to high-dimensional learning problems frequently lie on
low-dimensional manifolds (Garipov et al., 2018; Hu et al.,
2022). Furthermore, several preference elicitation frame-
works require constrained optimization where feasible solu-
tions belong to constraint sets such as sphere, and simplex.
These problems can also be reformulated as optimization
over a manifold (Boumal, 2023). Classical problems such as
the Karcher mean problem where the feedback is provided
by human and they are not aware of the loss can also be
formulated as a Riemannian dueling optimization problem.
Motivated by these applications, we study the Riemannian
dueling optimization problem in the following form:

min
x∈X⊆M

f(x), (1)

whereM is a Riemannian manifold with dimension d, and
f : X ⊆ M → R ∪ {∞} is a smooth function. Let x∗

denote the minimizer of (1), and f∗ := f(x∗). We assume
that we have access to only a pairwise comparison oracle
Qf (x, y) between two queried points x, y ∈M given by

Qf (x, y) = 2 ∗ 1(f(x) > f(y))− 1, (2)

where 1(·) is the indicator function, which equals 1 if the
statement is true and 0 otherwise. Note that we do not have
access to the function values f(x) and f(y).

1.1. Review of Euclidean Dueling Optimization

In this subsection, we briefly review the literature on Eu-
clidean dueling optimization. (Lobanov et al., 2024) and
(Chervonenkis et al., 2024) proposed coordinate descent
algorithms for dueling optimization. (Bergou et al., 2020)
introduced a stochastic three points method which is a direct
search algorithm based on comparison oracles. Variants of
this method were further studied in (Boucherouite et al.,
2024; Kadi & Saadi, 2025; Tkachenko et al., 2024). These
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methods typically rely on identifying the best candidate
among the current iterate and its neighbors, which requires
multiple calls to the comparison oracle in each iteration.
The main difficulty in dueling optimization is how to ef-
ficiently estimate the gradient direction using comparison
oracle, and recent advances have explored sophisticated
techniques for explicit gradient approximation. (Cai et al.,
2022) proposed one-bit and comparison-based gradient es-
timators; (Tang et al., 2024) proposed to estimate gradient
using ranking oracles; (Zhang & Li, 2024) proposed a bi-
nary search method to compute the gradient estimator using
comparison oracle. In our work, we extend the two-point
random perturbation approach for gradient estimation pro-
posed by Saha et al. (2021) to the Riemannian setting, as it
requires only a single random direction and one comparison
per iteration. However, extending this framework is far from
a trivial generalization, as the presence of curvature breaks
standard Euclidean trigonometry and linearization.

1.2. Motivating Examples

We now discuss two motivating examples for Riemannian
dueling optimization.

Attack on Deep Neural Network. Attacks on deep
neural networks (DNNs) aim to introduce small, human-
imperceptible perturbations to an input so that the model
produces an incorrect label. In realistic black-box scenarios,
the attacker typically has only limited query access to the
model and therefore cannot rely on gradient information.
Moreover, the attacker may not even have access to a clean
or reliable loss function. For example, prediction APIs often
return only labels or heavily processed scores (Xie et al.,
2018; Dhillon et al., 2018; Athalye et al., 2018), so function
values are either unavailable or not reliable. In such cases,
it is more natural to ask which of two perturbed images
is more adversarial, and to use these pairwise preferences
to drive the optimization. Furthermore, natural images are
widely believed to concentrate near low-dimensional man-
ifolds (Weinberger & Saul, 2006). Similar to the optimal
ℓ2-norm attack framework established in (Lyu et al., 2015)
and further explored in (Li et al., 2023), we model the con-
straint manifoldM as a sphere for simplicity. This leads to
the following dueling optimization in the form of (1):

max
x∈M

f(x) := Lw(x0 + x),

where Lw denotes the loss function of a DNN with weights
w, x0 is the image to attack, and the decision variable x
represents the adversarial perturbation.

Horizon Leveling. Horizon leveling is a fundamental task
in computer vision, where the goal is to estimate and correct
the image horizon. It plays a key role in applications such
as single-image camera calibration (Hold-Geoffroy et al.,
2018) and visual navigation (Ettinger et al., 2002). Formally,

the horizon tilt in an image can be represented by a rotation
matrix Rtilt ∈ SO(2), where a perfectly level horizon corre-
sponds to the identity matrix I . In many realistic settings,
however, an explicit loss function or ground-truth labels
may be unavailable. Instead, we observe only pairwise com-
parisons from the loss function f(R) indicating which of
two rotated versions appears more level. This leads naturally
to the following Riemannian dueling optimization problem
over SO(2), where the goal is to find the correction R⋆ that
best compensates for the observed tilt Rtilt.

min
R∈SO(2)

f(R).

Remark 1.1. Our applications illustrate distinct feedback
sources: machine-generated adversariality (DNN attacks)
versus human preferences (horizon leveling). This demon-
strates that our framework is agnostic to the comparison
source, unifying both model-based and human-based objec-
tives within a single scheme.

1.3. Contributions

In this paper, we introduce Riemannian dueling optimiza-
tion, where only a comparison oracle of the objective func-
tion is available, and thus classical Riemannian optimization
algorithms fail. Our main contributions are as follows.

• We propose the first Riemannian dueling normalized gra-
dient descent method (RDNGD) for Riemannian dueling
optimization and provide its iteration and oracle com-
plexities for geodesically L-smooth objectives, as well
as for geodesically L-smooth and (strongly) geodesically
convex objectives.

• We propose a Riemannian dueling Frank-Wolfe method
(RDFW), which is projection-free, to handle cases where
projection is computationally prohibitive. We establish
iteration and oracle complexities of RDFW in the geodesi-
cally convex setting, which is the first convergence result
for projection-free dueling optimization over manifolds.

Overall, this work bridges two active areas, preference-
based optimization and Riemannian optimization, by show-
ing how optimization can proceed reliably on manifolds
when only comparison oracles are available. Our main re-
sults are summarized in Table 1. Our RDNGD and RRDNGD
algorithms can be viewed as Riemannian generalizations of
the NGD methods proposed in (Saha et al., 2021). While
we employ a similar gradient direction estimator, our contri-
bution extends significantly beyond a trivial generalization
to the Riemannian setting. In fact, when reducing to the
Euclidean setting, we also provide better results comparing
with the results in (Saha et al., 2021), and we will specify
them when we present the specific results.
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Table 1. Comparison of the proposed algorithms with existing methods.

Algorithm Requirements
on f

Requirements
on X

Constraint
Handling

Iteration
Complexity

Oracle
Complexity

RDNGD (nonconvex) g-L-smooth Unconstrained (X =M) / O(dϵ−2) O(dϵ−2)

RDNGD (convex) g-L-smooth, g-convex Geodesically uniquely convex Projection O(dϵ−1) O(dϵ−1)

RRDNGD g-L-smooth, strongly g-convex Geodesically uniquely convex Projection O(d log(1/ϵ)) O(d log(1/ϵ))

RDFW g-L-smooth, g-convex Geodesically uniquely convex LMO O(ϵ−1) O(dϵ−2)

β-NGD (Saha et al., 2021) L-smooth, convex Unconstrained / O(dϵ−1) O(dϵ−1)

(α, β)-NGD (Saha et al., 2021) L-smooth, strongly convex Unconstrained / O(d log(1/ϵ)) O(d log(1/ϵ))

2. Preliminaries
We consider smooth Riemannian manifold M equipped
with a Riemannian metric g. For any point x ∈M, the met-
ric induces an inner product on the tangent space TxM, de-
noted as ⟨·, ·⟩x, and an associated norm ∥v∥x :=

√
⟨v, v⟩x.

The Riemannian gradient gradf(x) ∈ TxM is uniquely
defined as the tangent vector satisfying ⟨gradf(x), v⟩x =
Df(x)[v] for all v ∈ TxM, where Df(x)[·] denotes the
differential. To generalize the concept of straight lines in
Euclidean space to the manifold, we use geodesics defined
as curves that locally minimize distance between two points.
The exponential map, Expx : TxM → M, maps a tan-
gent vector v to y = Expx(v) by following the geodesic
starting at x with velocity v for unit time. Conversely, the
logarithmic map Logx :M→ TxM is defined as the local
inverse of the exponential map, mapping a point y on the
manifold back to the tangent vector v = Logx(y) such that
the geodesic distance between x and y is given by ∥v∥x. We
use Γx

y to denote the parallel transport operator that moves
a vector along a geodesic while preserving its norm and
direction from TyM to TxM. We refer the reader to Ap-
pendix A for formal definitions and detailed properties of
these concepts.

Now we present some definitions and assumptions.

Definition 2.1 (Geodesic L-smoothness). A differentiable
function f :M→ R is said to be geodesically L-smooth if
gradf(x) is L-Lipschitz, i.e. for any x, y ∈M,

∥gradf(x)− Γx
ygradf(y)∥x ≤ Ld(x, y).

This also implies,

|f(y)− f(x)− ⟨gradf(x),Logx(y)⟩x| ≤
L

2
d2(x, y).

Definition 2.2 (Geodesically uniquely convex set). We call
X ⊆ M a geodesically uniquely convex set if for any
x, y ∈ X , there exists a unique geodesic γ such that

γ(0) = x, γ(1) = y, and γ(t) ∈ X for all t ∈ [0, 1].

Definition 2.3 (Geodesic (strong) convexity). Let X be a
geodesically uniquely convex set. The function f : X ⊆
M → R is geodesically α-strongly convex, i.e., for any
x, y ∈ X , it holds that

f(y) ≥ f(x) + ⟨gradf(x),Logx(y)⟩x +
α

2
d2(x, y). (3)

If f satisfies (3) with α = 0, then f is geodesically convex.

Remark 2.4. We adopt the notion of the geodesically
uniquely convex set X (Kim & Yang, 2022) to address
the ambiguity associated with the possible non-uniqueness
of geodesics. This relaxes the global property to a local
property, enabling a rigorous definition of convexity. This
also ensures that Expx is a diffeomorphism for any x in
the geodesically uniquely convex set, and thus ensures that
Logx(y) = Exp−1

x (y) is well-defined.

Assumption 2.5. The sectional curvature ofM is bounded
below by κ.

Assumption 2.6 (Nonexpansive projection). We assume
that the set X is geodesically uniquely convex, and the
projection oracle PX : M → X defined as PX (x) :=
{y ∈ X : d(x, y) = infz∈X d(x, z)}, is nonexpansive, i.e.,
d(PX (x),PX (y)) ≤ d(x, y) for all x, y ∈M.

3. Riemannian Dueling Normalized Gradient
Descent Method

In this section, we present our Riemannian Dueling Normal-
ized Gradient Descent (RDNGD) method for solving (1).
For ease of notation, we use ⟨·, ·⟩ to denote the inner product
⟨·, ·⟩x on TxM and ∥ · ∥ to denote ∥ · ∥x, when there is no
ambiguity. For a tangent space TxM with an orthonormal
basis {e1, e2, . . . ed}, any v ∈ TxM can be expressed as
v =

∑d
i=1 viei for some v1, v2, . . . , vd ∈ R. When the

choice of basis is clear from context, we represent the tan-
gent vector by its coefficient vector v := [v1, v2, . . . , vd]

⊤.
For a given point x ∈ M, we use STxM(r) to denote the
sphere with center x and radius r on TxM. For a set S,
let Unif(S) represent the uniform distribution on S. Sam-
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pling a tangent vector uniformly from STxM(1) is equiva-
lent with sampling the coefficient vector u uniformly from
Sd(1) := {x ∈ Rd : ∥x∥2 = 1}.

We now introduce our Riemannian gradient direction esti-
mator using dueling oracles Qf (x, y). Although such esti-
mators have been proposed for the Euclidean space (Zhang
& Li, 2024; Saha et al., 2021), none of them applies to
the Riemannian setting directly. Our Riemannian gradient
direction estimator is defined as:

hν(x) = Qf (Expx(νu),Expx(−νu))u, (4)

where ν > 0 is the perturbation radius and u ∼
Unif(STxM(1)). The exponential map ensures that the per-
turbed points stay onM. u ∼ Unif(STxM(1)) is sampled
by projecting a random Gaussian vector onto the tangent
space followed by normalization. The following results es-
tablish the relation between hν(x) in (4) and the normalized
gradient. In Lemma 3.1 we first show that hν(x) coincides
with sign(⟨gradf(x), u⟩x)u with high probability.

Lemma 3.1. Assume f is geodesically L-smooth. Let u ∼
Unif(STxM(1)), and ν ∈ (0, 1). Then with probability at
least 1− γx, we have

hν(x) = sign(⟨gradf(x), u⟩x)u,

where hν(x) is defined in (4) and

γx =

√
d

2π

Lν

∥gradf(x)∥
(5)

Now in Lemma 3.2, setting v = gradf(x), we show that√
d

Ĉ
sign(⟨gradf(x), u⟩x)u is an unbiased estimator of the

normalized gradient for some universal constant Ĉ.

Lemma 3.2. Fix x ∈M and a nonzero vector v ∈ TxM.
Let u ∼ Unif(STxM(1)). The following holds for some
universal constant Ĉ ∈

[
1√
2π

, 1
]
:

Eu

[
sign(⟨v, u⟩x)u

]
=

Ĉ√
d

v

∥v∥x
. (6)

Using Lemma 3.1, and Lemma 3.2, Proposition 3.3 below
shows that the estimator hν(x) is, on average, approximately
aligned with the gradient direction.

Proposition 3.3. Assume f is geodesically L-smooth. For
any x ∈M, ν ∈ (0, 1) and v ∈ STxM(1), it holds that∣∣∣∣∣Eu

[
⟨hν(x), v⟩

]
− Ĉ√

d

〈
gradf(x)

∥gradf(x)∥
, v

〉
x

∣∣∣∣∣ ≤ 2γx,

for some universal constant Ĉ ∈ [ 1√
2π

, 1], where γx is
defined in (5).

Algorithm 1 Riemannian Dueling Normalized Gradient
Descent (RDNGD)

1: Set x̂0 = x0

2: for k = 0, 1, . . . , T − 1 do
3: Sample uk ∼ Unif(STxk

M(1))
4: hν(xk) = Qf (Expxk

(νuk),Expxk
(−νuk))uk

5: Update xk+1 = PX
(
Expxk

(−ηkhν(xk))
)

6: x̂k+1 = bkx̂k + (1− bk)xk+1,
7: where bk = (Q(xk+1, x̂k) + 1)/2
8: end for
9: Return x̂ := x̂T

Remark 3.4. Setting v = gradf(x)/∥gradf(x)∥, and ν =√
2π/d, we see that

√
dhν(x)/Ĉ is approximately aligned

with gradient direction with error O(L/(Ĉ∥gradf(x)∥).
This bias is unavoidable as Ĉ, and ∥gradf(x)∥ are unknown.
This is a key distinction of our setting from standard stochas-
tic Riemannian optimization algorithms where the latter re-
lies on unbiased gradient estimators (Bonnabel, 2013; Tripu-
raneni et al., 2018). Lemma 3.2 improves the lower bound
on Ĉ from 1

20 in (Saha et al., 2021) to 1√
2π
≈ 0.4, leading

to up to an eightfold reduction in gradient direction estima-
tion error bound. Lemma 3.1 sharpens the bias bound by

removing the logarithmic factor
√

log
(
|∇f(x)|/(

√
dLν)

)
present in γx in (Saha et al., 2021) for the Euclidean case.

Building on the estimator hν(x), we now present our RD-
NGD method (Algorithm 1) for solving (1). Inputs of RD-
NGD are the initial point x0 ∈ X ⊆ M, learning rate
{ηk}, perturbation radius ν, and maximum iteration number
T > 1. x̂k records the best iterate in the first k iterations.
The RDNGD method applies to two cases: (i) unconstrained
problem where f is geodesically L-smooth and X =M;
(ii) constrained convex problem where f is geodesically
convex and geodesically L-smooth. The iteration complex-
ities of RDNGD for obtaining an ϵ-stationary solution in
cases (i) and (ii) are presented in Theorem 3.6, and Theorem
3.7 respectively. For both cases, we consider two different
choices of step sizes: the constant step size and the cosine
annealing step size. The latter is defined as follows.
Definition 3.5 (Cosine Annealing step size). Given the ini-
tial step size η0, the minimum step size ηmin ∈ [0, η0], and
the total number of iterations T > 0, the cosine annealing
step size at the k-th iteration is defined as:

ηk = ηmin +
1

2
(η0 − ηmin)

(
1 + cos

(
kπ

T

))
(7)

for k = 0, 1, . . . , T .
Theorem 3.6. Assume f is geodesically L-smooth. We
consider using RDNGD (Algorithm 1) to solve (1) with
X = M1. For any given ϵ > 0, RDNGD returns an ϵ-

1Note that in this case, the projection operator in Algorithm 1
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stationary point with the following two sets of inputs.

(i) Constant step size.

T =

⌈
L2d(D + 1)2

Ĉ2ϵ2

⌉
, ηk ≡ η =

1√
T
, ν =

Ĉ
√
2π

4dL
ϵ.

In this case, RDNGD returns a point xR such that
E[∥gradf(xR)∥] < ϵ where xR is chosen uniformly at
random from {x0, . . . , xT−1}. Throughout this paper,
D := d2(x0, x

∗) denotes the squared distance between
the initial point and the optimal point.

(ii) Cosine annealing step size.

T =


(
2
√
d

ϵĈ

(
2LD + 1

2L
))2

 , η0 =
1√
T
,

ηk defined in (7), ν =
Ĉ
√
π

2
√
2dL

ϵ.

(8)

In this case, RDNGD returns a point xR such that
E[∥gradf(xR)∥] < ϵ where xR is chosen at random from
{x0, . . . , xT−1} with probability P(R = r) = ηr∑T

k=1 ηk
.

Theorem 3.7. Assume f is geodesically L-smooth and
geodesically convex, and Assumptions 2.5 and 2.6 hold.
Consider using RDNGD (Algorithm 1) to solve (1) over a
bounded set X ⊂ M of diameter D. For any ϵ > 0, RD-
NGD returns an ϵ-optimal solution satisfying E[f(x̂T )] −
f(x∗) < ϵ with the following two sets of inputs.

(i) Constant step size.

T =

⌈
1 +

16πdLζ̄

ϵ
D

⌉
, η =

√
ϵ

4
√
πζ̄
√
dL

,

ν =
1

4
√
2d

(ϵ/L)3/2

(
√
D + ηT )2

.

(9)

Here and in the rest of the paper, ζ̄ :=√
|κ|D/tanh

(√
|κ|D

)
, where κ is the sectional

curvature lower bound in Assumption 2.5.

(ii) Cosine annealing step size.

T =

⌈
1 +

32πdLζ̄

ϵ
D

⌉
, η0 =

√
ϵ

4
√
πζ̄
√
dL

,

ν =
1

4
√
2d

(ϵ/L)3/2

(
√
D + η0

2 T )2
.

(10)

Remark 3.8. Here we remark that the Assumptions 2.5 and
2.6 naturally hold ifM is a Hadamard manifold, and they
are standard assumptions under such scenario. See (Bačák,
2014; Zhang & Sra, 2016; Li et al., 2024).

can be ignored.

Algorithm 2 Riemannian Recurrent Dueling Normalized
Gradient Descent (RRDNGD)

1: Input: Initial point x0 ∈ X ⊂ M, constant phase
length t =

⌈
1 + 64πdLζ̄

α

⌉
, total number of phases K

2: Initialize: x(0) = x0, D0 = D
3: for k = 0, 1, . . . ,K − 1 do
4: Run RDNGD with inputs (x(k), ηk, νk, t) to obtain

x(k+1)

5: Update Dk+1 = Dk/2
6: end for
7: Return x̂ = x(K)

Remark 3.9. Our rates in Theorem 3.7 match the rates in
(Saha et al., 2021) when the problem is reduced to the Eu-
clidean case. However, (Saha et al., 2021) requires strictly
smaller choices of step size to ensure convergence due to
logarithmic factors in the analysis, whereas our analysis
permits larger step size potentially leading to faster conver-
gence in practice. Furthermore, when reduced to Euclidean
case, our results in Theorems 3.6 and 3.7 also improve the
dimension dependence in (Zhang & Li, 2024) by a factor of
log d. Additionally, our geometry-aware bounds are adap-
tive to the intrinsic manifold structure, in contrast to the
ambient-dimension–dependent factors in prior analyses.

We now introduce a new algorithm that achieves linear
convergence rate for solving (1) when f is geodesically
α-strongly convex and geodesically L-smooth. The key ob-
servation is that under strong convexity, controlling f(x)−
f(x∗) directly controls the squared distance d2(x, x∗). We
exploit this idea by designing an algorithm that runs in
phases: in phase k, we run our RDNGD (Algorithm 1) to ob-
tain an iterate with pre-given function value sub-optimality
ϵk, which leads to reductions in the estimation error. By re-
ducing ϵk in each iteration, the convergence rate is improved
to linear rate. The algorithm is called Riemannian Recurrent
Dueling Normalized Gradient Descent (RRDNGD) and is
presented in Algorithm 2, where we used a constant phase
length t = ⌈1 + 64πdLζ̄/α⌉.

We now present the oracle complexity of RRDNGD.
Theorem 3.10. Assume f is geodesically L-smooth and
geodesically α-strongly convex. Assume Assumptions 2.5
and 2.6 hold, and the global optima x∗ lies in the interior
of X . Consider using RRDNGD (Algorithm 2) to solve (1)
over a bounded set X ⊂M of diameter D. For any ϵ > 0,
we set K =

⌈
log2

(
l(L,D)2D

ϵ2

)⌉
, where l(L,D) is constant

dependent on L, and D. In the k-th iteration, set:

ϵk =
αD

22−k
, ηk =

1

4ζ̄

√
ϵk
πdL

, νk =
1

4
√
2d

(ϵk/L)
3/2

(2
√

ϵk/α+ ηkt)2
.

Then RRDNGD returns an ϵ-optimal solution x̂ satisfy-
ing E[f(x̂)] − f(x∗) ≤ ϵ with an oracle complexity of
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Algorithm 3 Riemannian Dueling Frank-Wolfe Method
(RDFW)

1: Input: Initial point x0 ∈ X ⊆ M, total number of
iterations T

2: for k = 0, 1, . . . , T − 1 do
3: for j = 1, . . . ,Mk do
4: Sample u

(k)
j ∼ Unif(STxk

M(1))

5: o
(k)
j = Qf (Expxk

(νku
(k)
j ),Expxk

(−νku(k)
j ))

6: hj
νk
(xk) = o

(k)
j u

(k)
j

7: end for
8: h̄k ← 1

Mk

∑Mk

j=1 h
j
νk
(xk)

9: zk ← argminz∈X
〈
h̄k,Logxk

(z)
〉

10: sk ← 2
k+3

11: xk+1 = Expxk
(skLogxk

(zk))
12: end for
13: Return x̂ = xT

O
(

dLζ̄
α log

(
l(L,D)

√
D

ϵ

))
2.

4. Riemannian Dueling Frank-Wolfe Method
Note that RDNGD method requires a projection in each
iteration, which can be expensive for some applications. To
overcome this issue, in this section, we design a projection-
free Riemannian dueling Frank-Wolfe (RDFW) method us-
ing comparison oracles. In the Euclidean space, the Frank-
Wolfe method calls a linear minimization oracle in each
iteration. On manifolds, at iteration k, Frank-Wolfe method
requires minimizing the following analogous subproblem:

argmin
z∈X

〈
gradf(xk),Logxk

(z)
〉
. (11)

In some applications, unlike projection, (11) admits a
closed–form solution. For example, consider the mani-
fold of symmetric positive definite (SPD) matricesM =
Sn++ := {X ∈ Rn×n | XT = X,X ≻ 0} with a geodesi-
cally convex “interval” constraint X := {X ∈ M : L ⪯
X ⪯ U} for SPD matrices L and U . When L and U do
not commute, the Riemannian projection requires an expen-
sive iterative solver. In contrast, (11) admits a closed–form
solution that is cheap to compute (Weber & Sra, 2023).

We now present our RDFW algorithm with the detailed
description in Algorithm 3. In the absence of gradient in-
formation in dueling feedback setting, RDFW solves the
subproblem (11) with gradf(x) replaced by our gradient
direction estimator. However, the solution to (11) is highly
sensitive to the noise in gradient estimation (see Section H).
To reduce the noise variance, in the k-th iteration, we use

2Our complexity improves the dependency on the initial
squared distance from linear in (Saha et al., 2021), which is
O
(
dL
α
(log α

ϵ
+ ∥x1 − x∗∥2)

)
, to logarithmic.

the batch gradient direction estimator given by:

h̄k =
1

Mk

Mk∑
j=1

o
(k)
j u

(k)
j , (12)

where we use Mk i.i.d. directions u(k)
j ∼ Unif(STxk

M(1)).
The variance of h̄k reduces at a 1

Mk
rate. We now solve the

following Riemannian Frank–Wolfe subproblem:

zk ∈ argmin
z∈X

〈
h̄k,Logxk

(z)
〉
.

The update xk+1 is obtained by moving along the geodesic
from xk to zk, and this step preserves feasibility. Theorem
4.1 gives the oracle complexity of RDFW.

Theorem 4.1. Assume f is geodesically L-smooth and
geodesically convex. For any given ϵ > 0, suppose RDFW
(Algorithm 3) is run with

νk =

√
π

8

Ĉ

dLD

2

k + 3
, Mk =

8dLD2

Ĉ2
(k + 3),

T =

⌈
2(f(x0)− f(x∗)) + 4LD2 + 12

ϵ

⌉
,

then E [f(xT )− f(x∗)] < ϵ, and the oracle complexity is
2
∑T−1

k=0 Mk = O(d/ϵ2).

5. Numerical Experiments
In this section, we conduct numerical experiments to test
our algorithms on both synthetic data and real applications.

5.1. Synthetic Problems

We consider three problems with synthetic data: Rayleigh
quotient maximization, the Karcher mean problem, and the
Karcher mean problem with an additional constraint.

5.1.1. RAYLEIGH QUOTIENT MAXIMIZATION

Given a symmetric matrix A ∈ Rd×d, the Rayleigh quotient
maximization problem is formulated as the minimization of
the negative quadratic form over the unit sphere:

min
x∈Sd(1)

f(x) := −1

2
x⊤Ax. (13)

The objective f is geodesically L-smooth with L =
λmax(A) − λmin(A) (Kim & Yang, 2022) and f∗ =
− 1

2λmax(A). Following the setup in (Kim & Yang, 2022),
we generate a random matrix B ∈ Rd×d with entries
sampled i.i.d. from N (0, 1/d) and set A = 1

2 (B + B⊤).
We compare our RDNGD (Algorithm 1) with the zeroth-
order Riemannian gradient descent method (ZO-RGD) (Li
et al., 2023). While ZO-RGD requires function values,
RDNGD relies only on comparison oracles yet achieves
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(a) d=100 (b) d=150

Figure 1. Numerical results for Rayleigh quotient maximization.

comparable performance. The algorithms are initialized
at x0 ∼ Unif(Sd(1)). RDNGD-constant uses a constant
step size η = 10−2, and RDNGD-cosine employs cosine
annealed step size with η0 = 10−1 and ηmin = 10−8. Both
RDNGD variants use ν = 10−8. For ZO-RGD (Li et al.,
2023), we set the smoothing parameter as 10−6 and the step
size as 1

2dL . These values are tuned via a grid search. All
algorithms are run for T = 50, 000 iterations.

Figure 1 reports f(xk) − f(x∗) for different methods for
(13) for dimensions d = 100 and d = 150. We see that
RDNGD-cosine achieves similar performance as ZO-RGD
although the former uses only the comparison oracle. Al-
though RDNGD-constant performed worse than RDNGD-
cosine and ZO-RGD but still achieves acceptable accuracy.

5.1.2. KARCHER MEAN PROBLEM

In this problem, the goal is to find the geometric mean or
Karcher mean of m SPD matrices {Ai}mi=1 ⊂ Sn++, and
can be cast as follows:

min
X∈Sn

++

f(X) :=
1

2m

m∑
i=1

d2(X,Ai), (14)

where d(·, ·) is the Riemannian distance induced by the
affine-invariant metric on Sn++. f in (14) is geodesically
L-smooth and geodesically convex on Sn++ (Zhang & Sra,
2016). Here we again compare our RDNGD algorithm with
the ZO-RGD algorithm. The matrices Ai were randomly
generated using the Matrix Mean Toolbox (Bini & Iannazzo,
2013) with a condition number of 106 and sample size m =
50. We consider dimensions n ∈ {5, 10}. The algorithms
are initialized at X0, which is set to the arithmetic mean of
all Ai’s. To evaluate the performance, the optimal solution
X∗ of (14) is computed using the Richardson-like linear
gradient descent algorithm provided in the Matrix Mean
Toolbox. RDNGD-constant uses a constant step size η =
10−2, and RDNGD-cosine employs η0 = 10−1 and ηmin =
10−6. Both RDNGD variants use ν = 10−8. For ZO-RGD
(Li et al., 2023), we set the smoothing parameter as 10−6

and the step size as 1
20nL and these values are again tuned

via a grid search to produce the best results for this problem.
All algorithms are run for T = 5, 000 iterations.

(a) n=5 (b) n=10

Figure 2. Numerical result for Karcher mean problem.

(a) n=5 (b) n=10

Figure 3. Numerical result for constrained Karcher mean problem.

Figure 2 reports the convergence of different methods on
(14) for dimensions n ∈ {5, 10}. We see that RDNGD-
cosine can achieve comparable accuracy with ZO-RGD.
RDNGD-constant performed slightly worse but the accuracy
is still on an acceptable level. This is again remarkable
because RDNGD can only access a comparison oracle.

5.1.3. KARCHER MEAN WITH CONSTRAINTS

In this subsection, we apply our RDFW method (Algorithm
3) to solve the Karcher mean problem with the constraint
H ⪯ X ⪯ A where H is the harmonic mean, and A is the
arithmetic mean (Weber & Sra, 2023). It is a natural con-
straint as the Karcher mean G satisfies H ⪯ G ⪯ A (Bhatia,
2007). Formally, we obtain the following formulation:

min
X∈Sn

++, H⪯X⪯A
f(X) :=

1

2m

m∑
i=1

d2(X,Ai).

We set m = 50 and consider dimensions n ∈ {5, 10}. The
algorithm is initialized at X0 = A. We set the perturbation
parameter to νk = 10−8, the batch size to Mk = ⌈(k +
1)/500⌉, and the total number of iterations to T = 5, 000.

Figure 3 shows that RDFW converges to high-accuracy
solutions for the constrained Karcher mean problem. To our
knowledge, RDFW is the first projection-free algorithm to
solve this problem using only comparison oracles.

5.2. Real Applications

5.2.1. ATTACK ON DEEP NEURAL NETWORK

We evaluate our dueling Riemannian attack on the black-box
benchmark (Li et al., 2023), attacking a VGG network on

7
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Original PGD RGD ZO-RGD RDNGD

(a) Visual comparison of adversarial examples

(b) Adversarial loss vs. Iteration (c) Adversarial loss vs. time

Figure 4. Attack results on CIFAR-10. (a) Generated adversarial
images. (b) and (c) show the convergence curves. Our estimator
yields accurate gradient estimation with only 10 samples (vs. 500
for ZO-RGD), demonstrating superior query efficiency.

CIFAR-10 under an ℓ2-norm constraint. The perturbation
is confined to a sphere (dimension ≈ 1000) centered at the
original image x ∈ Rd. We adopt the exact experimental
settings from (Li et al., 2023).3For our RDNGD algorithm,
we set ν = 10−6, step size η = 10−6, and T = 1, 000.
We use the batch gradient direction estimator h̄k (12) with
batch size of 10 to mitigate the high variance of the gradient
direction estimator in such a high-dimensional space. In
contrast, ZO-RGD request 500 samples.

Figure 4 illustrates representative adversarial examples (ad-
ditional results in Section I) generated by different attacks.
The white-box methods PGD and RGD are included as ref-
erences but are infeasible in our comparison oracle setting.
For all these test images, the attacks successfully induce
misclassification with visually indistinguishable perturba-
tions to the original image. Among the practical black-box
methods, ZO-RGD and our RDNGD attack, the loss curves
show that RDNGD yields a more stable optimization trajec-
tory and reaches higher adversarial loss in fewer iterations
and less CPU time, indicating a clear efficiency advantage.
Moreover, as noted earlier, RDNGD operates with strictly
weaker oracle information than ZO-RGD which makes its
performance gains even more remarkable.

5.2.2. HORIZON LEVELING

In this experiment, we evaluate our methods in the horizon
leveling problem presented in Section 1.2. For each image
in the HLW dataset (Workman et al., 2016), we compute
Rtilt ∈ SO(2) between the human-annotated horizon and

3All attacks are implemented by extending the open-
source codebase available at https://github.com/
JasonJiaxiangLi/Zeroth-order-Riemannian

(a) Original (b) Corrected (c) Loss vs Iteration

Figure 5. Horizon leveling results. The loss stabilizes at 10−5 due
to a large constant step size, chosen to balance convergence speed
and the optimality gap.

the horizontal axis. Our goal is to find the correction rotation
R⋆ ∈ SO(2) that minimizes the misalignment cost f(R):

min
R∈SO(2)

f(R) := ∥RRtilt − I∥2F .

While dueling feedback could be obtained from human
comparisons, we use f(R) as a scalable and reproducible
surrogate for human preference. Given two rotations R1 and
R2, the oracle returns the one with smaller misalignment,
providing pairwise preferences on SO(2) without revealing
function values. We set the maximum iteration number
T = 100, ν = 10−6, and constant step size η = 10−2.

Figure 5 shows an example of our dueling horizon-leveling
procedure on real image (additional results in Section I).
Across all cases, suboptimality reaches ∼ 10−5 within 30
iterations, showing high accuracy with few iterations despite
no access to function values or gradients. In each example,
the corrected image looks visually level indicating that the
algorithm successfully recovers a good rotation.

6. Conclusion
In this paper, we establish the first theoretical framework
for Riemannian dueling optimization that uses only com-
parison oracles. We proposed three algorithms for tack-
ling Riemannian dueling optimization in different scenarios:
(i) geodesically L-smooth objective; (ii) geodesically L-
smooth and geodesically (strongly) convex objective where
projection onto the constraint set X is cheap; (iii) geodis-
ically L-smooth and geodesically convex objective when
projection is prohibited. We established iteration and oracle
complexities for each scenario. Moreover, our refined anal-
ysis overcomes intrinsic geometric barriers and improves
upon existing Euclidean results by offering tighter constants
and more flexible hyperparameter selection. Numerical
experimental results on both synthetic problems and real
applications demonstrated the capability of the proposed
algorithms. Our work opens several promising directions on
Riemannian optimization with dueling feedback, e.g., accel-
erated algorithms, Hessian-aware methods for identifying
local minima, and exploring whether the noise in direction
estimator can facilitate escape from saddle points.
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A. Preliminaries on Riemannian Geometry
LetM be a Riemannian manifold. We introduce some relevant geometric concepts and definitions below.

Definition A.1 (Tangent Vector and Tangent Space). LetM be a Riemannian manifold and let x be a point on the
manifoldM. Define Fx(M) to be the set of smooth functions onM defined on the neighborhood of x ∈M. A tangent
vector vx : Fx(M)→ R at x is a linear operator such that

vx(f) =
d(f(γ(t)))

dt

∣∣∣∣
t=0

, f ∈ F(M),

where γ : (−δ, δ)→M is a smooth curve onM with γ(0) = x. The tangent space TxM is the linear space of all tangent
vector at x.

Definition A.2 (Riemannian Gradient). Suppose f is a smooth function onM. The Riemannian gradient gradf(x) is the
unique tangent vector in TxM satisfying

⟨vx, gradf(x)⟩x = vx(f) ∀vx ∈ TxM.

Geodesics extend the conceppt of straight line to manifold, and represents the locally distance-minimizing paths.

Definition A.3 (Geodesic). Let (M, g) be a Riemannian manifold. A smooth curve γ : I →M, where I ⊂ R is an interval,
is called a geodesic if it satisfies that

∇γ̇(t)γ̇(t) = 0 for all t ∈ I,

where ∇ is the Levi-Civita connection associated with the metric g.

The exponential mapping at a point x ∈M maps a tangent vector v ∈ TxM to the point reached by the unique geodesic
starting at x with initial velocity v, evaluated at time t = 1.

Definition A.4 (Exponential Mapping). LetM be a Riemannian manifold and x ∈M . The exponential mapping at x,
denoted Expx : TxM→M, is defined by

Expx(v) = γv(1),

where γv : [0, 1] → M is the unique geodesic such that γv(0) = x and γ̇v(0) = v ∈ TxM. That is, Expx(v) is the
endpoint of the geodesic starting at x with initial velocity v, evaluated at time t = 1.

Definition A.5 (Riemannian distance). Let (M, g) be a Riemannian manifold with metric tensor g. For any two points
x, y ∈M, the Riemannian distance between x and y is defined as

d(x, y) := inf
γ∈Γ(x,y)

∫ 1

0

√
gγ(t)

(
γ̇(t), γ̇(t)

)
dt,

where Γ(x, y) denotes the set of all smooth curves γ : [0, 1]→M such that γ(0) = x and γ(1) = y.

Remark A.6. The exponential mapping Expx is a local diffeomorphism. That is, within a open neighborhood (restricted by
the manifold), Expx is invertible and well defined. We use Logx to denote the invert map Exp−1

x .

Tangent vectors at two different points lie in different spaces, and thus cannot be directly compared. To solve this issue,
parallel transport is defined to move a tangent vector along the geodesics in the meanwhile preserving the length and
direction.

Definition A.7 (Parallel Transport). Let γ : [0, 1] → M be a smooth curve on a Riemannian manifold M, and let
V (t) ∈ Tγ(t)M be a vector field along γ. The vector field V is said to be parallel along γ if it satisfies

∇γ̇(t)V (t) = 0 for all t ∈ [0, 1].

Given an initial vector v0 ∈ Tγ(0)M, there exists a unique parallel vector field V (t) such that V (0) = v0. The vector
V (1) ∈ Tγ(1)M is called the parallel transport of v0 along γ.
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B. Some Useful Lemmas
In the proof provided in the appendix, we adopt the following notation: for any positive integer N , let [N ] denote the set
{0, 1, . . . , N}. Additionally, we define Uk = {u0, u1, . . . , uk} as the history containing all information available up to step
k.

Lemma B.1. Let {ηk}T−1
k=0 be the cosine annealing step size defined in Definition 3.54. It holds that:

•
T−1∑
k=0

cos

(
πk

T

)
= 1.

•
T−1∑
k=0

ηk =
η0
2

(
T +

T−1∑
k=0

cos

(
πk

T

))
=

η0
2
(T + 1).

•
T−1∑
k=0

η2k =
η20
8
(3T + 4).

Proof. We first prove part (i). According to (Li et al., 2021), it holds that
∑T

k=1 cos
(
kπ
T

)
= −1. Adjusting the summation

range to k = 0, . . . , T − 1, we obtain

T−1∑
k=0

cos

(
kπ

T

)
=

T∑
k=1

cos

(
kπ

T

)
− cos(π) + cos(0) = −1− (−1) + 1 = 1.

Part (ii) follows immediately by substituting the result of part (i) into the definition of ηk:

T−1∑
k=0

ηk =
η0
2

(
T +

T−1∑
k=0

cos

(
πk

T

))
=

η0
2
(T + 1).

For part (iii), expanding the square of ηk yields

T−1∑
k=0

η2k =
η20
4

T−1∑
k=0

(
1 + 2 cos

(
πk

T

)
+ cos2

(
πk

T

))
.

Using the identity cos2(x) = 1+cos(2x)
2 and the fact that

∑T−1
k=0 cos

(
2πk
T

)
= 0, we have

T−1∑
k=0

cos2
(
πk

T

)
=

T−1∑
k=0

1

2
+

1

2

T−1∑
k=0

cos

(
2πk

T

)
=

T

2
.

Substituting this result and the conclusion from part (i) back into the expansion gives

T−1∑
k=0

η2k =
η20
4

(
T + 2(1) +

T

2

)
=

η20
8
(3T + 4).

This completes the proof.

Lemma B.2. [(Zhang & Sra, 2016) Corollary 8] For any Riemannian manifoldM where the sectional curvature is lower
bounded by κ, the following holds for any x, xk ∈ X and xk+1 = PX (Expxk

(−ηkgk)):

⟨−gk,Logxk
(x)⟩ ≤ 1

2ηk
(d2(xk, x)− d2(xk+1, x)) +

ζ(κ, d(xk, x))ηk
2

∥gk∥2,

where ζ(κ, d(xk, x)) =

√
|κ|d(xk,x)

tanh
(√

|κ|d(xk,x)
) .

4Here, similar to (Li et al., 2021), we assume ηmin = 0 for simplicity.
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Lemma B.3. Suppose f :M→ R is geodesically L-smooth. Consider the updates rule in Algorithm 1. Then we have for
all k ∈ [T ],

d(xk, x
∗) ≤

√
D +

k−1∑
t=0

ηt and ∥gradf(xk)∥ ≤ L

(
√
D +

k−1∑
t=0

ηt

)
.

Proof. Using non-expansiveness of the projection operator, we have that

d(xk, x
∗) ≤

k−1∑
t=0

d(xt+1, xt) + d(x0, x
∗)

=

k−1∑
t=0

d(PX (Expxt
(−ηtht)),PX (xt)) + d(x0, x

∗)

≤
k−1∑
t=0

d(Expxt
(−ηtht), xt) + d(x0, x

∗)

≤
k−1∑
t=0

ηt +
√
D.

From that f is geodesically L-smooth, we have

∥gradf(xk)∥ = ∥gradf(xk)− Γxk
x∗gradf(x∗)∥ ≤ Ld(xk, x

∗) ≤ L

(
√
D +

k−1∑
t=0

ηt

)
.

This completes the proof.

Lemma B.4. Suppose f :M→ R is a geodesically convex function. Then f(xk)− f(x∗) > ϵ implies ∥gradf(xk)∥ ≥
ϵ/d(xk, x

∗).

Proof. By geodesically convexity, we get

f(x∗) ≥ f(xk) + ⟨gradf(xk),Logxk
(x∗)⟩.

Using the Cauchy-Schwarz inequality and that d(xk, x
∗) = ∥Logxk

(x∗)∥, we obtain

ϵ < f(xk)− f(x∗) ≤ −⟨gradf(xk),Logxk
(x∗)⟩ ≤ ∥gradf(xk)∥ · d(xk, x

∗).

Dividing both sides by d(xk, x
∗) completes the proof.

Lemma B.5. Let f : X ⊆M :→ R be a geodesically convex and geodesically L-smooth function, and x∗ be its minimizer
over X . For any xk ∈ X such that f(xk)− f(x∗) ≥ ϵ, we have〈

gradf(xk)

∥gradf(xk)∥
,

Logxk
(x∗)

∥Logxk
(x∗)∥

〉
≤ − 1

∥Logxk
(x∗)∥

√
ϵ

2L
.

Proof. From geodesically convexity, we have f(x∗) ≥ f(xk) + ⟨gradf(xk),Logxk
(x∗)⟩xk

. Denote gk := gradf(xk) and
wk := gk

∥gk∥ . This inequality can be rearranged as

〈
wk,Logxk

(x∗)
〉
xk
≤ −f(xk)− f(x∗)

∥gk∥
. (15)

Next, from geodesically L-smoothness, for any tangent vector u ∈ Txk
M, we have

f(Expxk
(u)) ≤ f(xk) + ⟨gk, u⟩xk

+
L

2
∥u∥2.

13
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Setting u = −gk/L and noting that f(x∗) ≤ f(Expxk
(u)), we get f(x∗) ≤ f(xk) − 1

2L∥gk∥
2. and thus ∥gk∥ ≤√

2L (f(xk)− f(x∗)), which, combining with (15) and f(xk)− f(x∗) ≥ ϵ, yields

〈
wk,Logxk

(x∗)
〉
xk
≤ − f(xk)− f(x∗)√

2L(f(xk)− f(x∗))
= −

√
f(xk)− f(x∗)

2L
≤ −

√
ϵ

2L
.

Finally, dividing both sides by ∥Logxk
(x∗)∥ yields the desired result.

Lemma B.6. Let f : X ⊆ M → R be a geodesically L-smooth function, and let x∗ be its minimizer over X . For any
x ∈ X , we have

∥gradf(x)∥2 ≤ 2L(f(x)− f(x∗)).

Proof. By the definition of geodesic L-smoothness, for any tangent vector u ∈ TxM, we have

f(Expx(u)) ≤ f(x) + ⟨gradf(x), u⟩x +
L

2
∥u∥2.

Consider the update direction u = − 1
Lgradf(x). Plugging this into the inequality yields

f(Expx(u)) ≤ f(x)− 1

L
∥gradf(x)∥2 + L

2

∥∥∥∥− 1

L
gradf(x)

∥∥∥∥2
= f(x)− 1

2L
∥gradf(x)∥2.

Since x∗ is the global minimizer, we have f(x∗) ≤ f(Expx(u)). Combining this with the upper bound derived above
implies

f(x∗) ≤ f(x)− 1

2L
∥gradf(x)∥2.

Rearranging the terms completes the proof.

C. Proof of Lemmas 3.1, 3.2, and Proposition 3.3
C.1. Proof of Lemma3.1

Proof. From Definition 2.1, we have

⟨νu, gradf(x)⟩ − L
2 ν

2 ≤ f(Expx(νu))− f(x) ≤ ⟨νu, gradf(x)⟩+ L
2 ν

2,
−⟨νu, gradf(x)⟩ − L

2 ν
2 ≤ f(Expx(−νu)))− f(x) ≤ −⟨νu, gradf(x)⟩+ L

2 ν
2,

which further implies

2⟨νu, gradf(x)⟩ − Lν2 ≤ f(Expx(νu))− f(Expx(−νu))) ≤ 2⟨νu, gradf(x)⟩+ Lν2.

Note that this indicates if |⟨u, gradf(x)⟩| > Lν/2, then

sign(f(Expx(νu))− f(Expx(−νu))) = sign(⟨u, gradf(x)⟩). (16)

We now establish an upper bound on P(|⟨u, gradf(x)⟩| ≤ Lν/2). Denote a = gradf(x)
∥gradf(x)∥ , b = Lν

2∥gradf(x)∥ , and Z = ⟨u, a⟩.
Therefore, P(|⟨u, gradf(x)⟩| ≤ Lν/2) = P(|Z| ≤ b). By the rotational symmetry of the sphere, we can assume a = e1,
which implies Z = u1, the first coordinate of u.

Similar to the proof of Lemma C.2, the marginal density of Z ∈ [−1, 1] is,

fZ(z) = Ad(1− z2)(d−3)/2 for z ∈ [−1, 1], where Ad =
Γ
(
d
2

)
√
πΓ
(
d−1
2

) .
14
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Since (1− z2)(d−3)/2 ≤ 1 for all z ∈ [0, 1], we have
∫ b

0
fZ(z)dz ≤ Adb, which further implies,

P(|Z| ≤ b) = P(|⟨u, a⟩| ≤ b) =

∫ b

−b

fZ(z)dz ≤ 2Adb ≤ 2

√
d

2π
b =

√
d

2π

Lν

∥gradf(x)∥
,

where the second inequality is from the Gautschi’s inequality. Therefore, from (16) we have that

P(sign(f(Expx(νu))− f(Expx(−νu))) = sign(⟨u, gradf(x)⟩))

≥P(|⟨u, gradf(x)⟩| > Lν/2) ≥ 1−
√

d

2π

Lν

∥gradf(x)∥
.

This completes the proof.

C.2. Proof of Lemma 3.2

Proof. Note that,

E[sign(⟨v, u⟩x)u] = E

[
sign

(〈
v

∥v∥x
, u

〉
x

)
u

]
.

So, we can assume ∥v∥x = 1 without loss of generality. Let P : TxM→ TxM denote the reflection operator along v on
TxM, i.e., P (ξ) = 2⟨v, ξ⟩v − ξ. For an arbitrary unit tangent vector u ∈ TxM, denote u′ := P (u). We have that

sign(⟨v, u′⟩) = sign
(
2∥v∥2⟨v, u⟩ − ⟨v, u⟩

)
= sign(⟨v, u⟩).

Since u′ ∼ Unif(STxM(1)), we then have

E[sign(⟨v, u⟩)u] = 1

2
E[sign(⟨v, u⟩)u] + 1

2
E[sign(⟨v, u′⟩)u′]

=
1

2
E[sign(⟨v, u⟩)u] + 1

2
E[sign(⟨v, u⟩)(2(⟨v, u⟩)v − u)]

= E[(⟨v, u⟩) sign(⟨v, u⟩)]v
= E[|⟨v, u⟩|]v
= νv,

where ν = E[|⟨v, u⟩|]. The remaining thing is to derive lower and upper bounds for ν.

We first derive an upper bound for ν. There exists an orthogonal matrix R ∈ O(d) with Rv = ed where ed is a vector with
all zeros but the last element is 1, and set w := Ru. By symmetry of uniform distribution, u′ := R−1u, and w follows
Unif(STxM(1)) as well. Thus we have E[|⟨v, u⟩|] = E[|⟨Rv,R−1u⟩|] = E[|⟨e1, u′⟩|] = E[|u′

1|]. We observe that

E[u2
1] =

1

d
E

[
d∑

i=1

u2
i

]
=

1

d
,

and thus get the following upper bound for ν:

ν = E[|⟨v, u⟩|] = E[|u′
1|] = E[|u1|] ≤

√
E[u2

1] =
1√
d
. (17)

Next we derive a lower bound for ν. Using ⟨v, u⟩x = ⟨Rv,Ru⟩x = ⟨ed, w⟩x, we have

νv = E[sign(⟨v, u⟩x)u] = E[sign(⟨Rv,Ru⟩x)R⊤(Ru)] = R⊤E[sign(⟨ed, w⟩x)w]. (18)

Observe that the term sign(⟨ed, w⟩x) depends only on the d-th coordinate wd. Due to the rotational symmetry of the uniform
distribution of w, for any k ̸= d, the expectation of the k-th component E[sign(wd)wk] vanishes. So E[sign(⟨ed, w⟩x)w] =
E[sign(wd)w] = Cded for some scalar Cd > 0. Therefore, from (18) we know that νv = CdR

⊤ed = Cdv, which implies

ν = Cd = ⟨E[sign(wd)w], ed⟩x = E[sign(wd)wd] = E[|wd|].

15
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Now, the marginal density of wd ∈ [−1, 1] is (Vershynin, 2009):

f(wd) = Ad(1− w2
d)

(d−3)/2 where Ad =
Γ
(
d
2

)
√
πΓ
(
d−1
2

) ,
which yields

ν = E[|wd|] = Ad

∫ 1

−1

|t|(1− t2)(d−3)/2dt = 2Ad

∫ 1

0

t(1− t2)(d−3)/2dt ≥ 1√
2πd

, (19)

where the last inequality follows the Gautschi’s inequality.

Note that Ĉ in (6) satisfies Ĉ = ν
√
d, and therefore, by combining (17) and (19), we obtain Ĉ ∈ [1/

√
2π, 1], and this

completes the proof.

C.3. Proof of Proposition 3.3

Proof. For any vector v ∈ STxM(1), denote

A := sign(f(Expx(νu))− f(Expx(−νu)))⟨u, v⟩, B := sign(⟨gradf(x), u⟩x)⟨u, v⟩.

From Lemma 3.1 we know that P(A = B) ≥ 1− γx, which together with |A−B| ≤ 2|⟨u, v⟩| ≤ 2, yields |EuA−EuB| ≤
2γx. From Lemma 3.2, we know

EuB = Eu

[
sign(⟨gradf(x), u⟩x)u

]
=

Ĉ√
d

gradf(x)

∥gradf(x)∥
,

which completes the proof.

D. Proof of Theorem 3.6
D.1. Proof of Theorem 3.6 Part (i)

Remark D.1 (Expectation Notation). Unless specified otherwise by a subscript, the operator E[·] denotes the total expectation
taken over all random variables Uk generated up to the current iteration. We use the subscript notation (e.g., Euk

[· | xk]) for
conditional expectations with respect to a specific random source uk given the history xk.

Proof. For the ease of notation, we denote hk = hν(xk) when there is no confusion. Choosing v = gradf(xk)
∥gradf(xk)∥ in

Proposition 3.3, we get

Euk

[
⟨hk, gradf(xk)⟩xk

| xk

]
≥ Ĉ√

d
∥gradf(xk)∥ − 2γxk

∥gradf(xk)∥

≥ Ĉ√
d
∥gradf(xk)∥ − 2

√
d

2π
Lν.

(20)

Since X =M, we have xk+1 = PX
(
Expxk

(−ηhν(xk))
)
= Expxk

(−ηhν(xk)). By Assumption 2.1, we get

f(xk+1) ≤ f(xk)− η⟨hk, gradf(xk)⟩xk
+

Lη2

2
,

which implies

Euk

[
⟨hk, gradf(xk))⟩xk

| xk

]
≤ 1

η
Euk

[
f(xk)− f(xk+1) | xk

]
+

ηL

2
. (21)

Combining (20) and (21) yields

∥gradf(xk)∥ ≤
√
d

Ĉ

(
1

η
Euk

[
f(xk)− f(xk+1)

∣∣xk

]
+

ηL

2
+ 2

√
d

2π
Lν

)
. (22)

16
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Summing over k = 0, 1, . . . , T − 1 and taking the total expectation on both sides, we apply the law of total expectation to
obtain

E

[
T−1∑
k=0

∥gradf(xk)∥

]
≤

T−1∑
k=0

√
d

Ĉ

(
1

η
E
[
Euk

[
f(xk)− f(xk+1)

∣∣xk

]]
+

ηL

2
+ 2

√
d

2π
Lν

)

=

√
d

ηĈ

T−1∑
k=0

E
[
f(xk)− f(xk+1)

]
+

T
√
d

Ĉ

ηL

2
+

Td

Ĉ
2

√
1

2π
Lν

=

√
d

ηĈ
E
[
f(x0)− f(xT )

]
+

T
√
d

Ĉ

ηL

2
+

Td

Ĉ
2

√
1

2π
Lν

≤
√
d

ηĈ
(f(x0)− f∗) +

TηL
√
d

2Ĉ
+

2TLνd

Ĉ
√
2π

.

(23)

Let R be a random variable uniformly distributed over {0, . . . , T − 1}, i.e., P(R = k) = 1/T . The expected gradient norm
at xR is given by

E[∥gradf(xR)∥] =
1

T

T−1∑
k=0

E[∥gradf(xk)∥].

Dividing (23) by T and using η = 1√
T

, we have

E [∥gradf(xR)∥] ≤
1

T

√
d

ηĈ
(f(x0)− f∗) +

√
d

Ĉ

ηL

2
+

d

Ĉ
2

√
1

2π
Lν

≤ 1

T

(√
d

ηĈ

LD

2

)
+

√
d

Ĉ

ηL

2
+

d

Ĉ
2

√
1

2π
Lν

=
1√
T

√
d

Ĉ

LD

2
+

1√
T

√
d

Ĉ

L

2
+

d

Ĉ
2

√
1

2π
Lν

=
1

2
√
T

(
L
√
d

Ĉ
(D + 1)

)
+

2dL

Ĉ
√
2π

ν.

Choosing T and ν as specified in Theorem 3.6 Part (i) yields the desired result.

D.2. Proof of Theorem 3.6 Part (ii)

Proof. The derivation is analogous to the previous proof, with the only difference being the choice of step size. By simply
substituting the cosine annealing step size ηk for η in (20), (21), and (22), and summing over k = 0, . . . , T −1, the argument
proceeds identically. Following similar argument as (23), we have

Ĉ√
d

T−1∑
k=0

ηkE [∥gradf(xk)∥] ≤ f(x0)− f∗ +
L

2

T−1∑
k=0

η2k + 2

√
d

2π
Lν

T−1∑
k=0

ηk.

We define a random variable R taking values in {0, . . . , T − 1} with probability P(R = k) = ηk∑T−1
j=0 ηj

. Then, the left-hand

side can be rewritten as
Ĉ√
d

(
T−1∑
k=0

ηk

)
E[∥gradf(xR)∥].

Dividing both sides by Ĉ√
d

∑T−1
k=0 ηk and using Lemma B.1, we obtain

E [∥gradf(xR)∥] ≤
√
d

Ĉ

[
LD

η0

2 (T + 1)
+

L

2
·

η2
0

8 (3T + 4)
η0

2 (T + 1)
+ 2

√
d

2π
Lν

]

=

√
d

Ĉ

[
2LD

η0(T + 1)
+

Lη0
8
· 3T + 4

T + 1
+ 2

√
d

2π
Lν

]

17
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≤
√
d

Ĉ

[
2LD

η0(T + 1)
+

4Lη0
8

+ 2

√
d

2π
Lν

]

≤
√
d

Ĉ

[
2LD√

T
+

L

2
√
T

+ 2

√
d

2π
Lν

]
.

Choosing T and ν as in (8) yields the desired result.

E. Proof of Theorem 3.7
E.1. Proof of Theorem 3.7 Part (i)

Proof. We prove by contradiction. Note that the algorithm returns x̂T , and f(x̂T ) = min0≤k≤T f(xk). Suppose that
f(x̂T ) ≥ f(x∗)+ϵ. This implies f(xk) ≥ f(x∗)+ϵ for all k ∈ {0, . . . , T−1}. We have ζ̄ ≥ ζ(κ, d(xk, x

∗)) for all xk ∈ X ,
as ζ is increasing in the second entry and D is the diameter of X . By Lemma B.3, we get d(xk, x

∗) ≤
√
D+ηk ≤

√
D+ηT

for k < T . By Lemma B.4, we get ∥gradf(xk)∥ ≥ ϵ
d(xk,x∗) . Thus, ν defined in (9) satisfies

ν =
1

4
√
2d

(ϵ/L)3/2

(
√
D + ηT )2

≤ 1

4
√
2d

(ϵ/L)3/2

d(xk, x∗)2
≤ 1

4
√
2Ld

∥gradf(xk)∥
d(xk, x∗)

√
ϵ

L
, ∀k ∈ [T ]. (24)

From Lemma B.2 and Proposition 3.3, we have the recursive bound:

Euk

[
d2(xk+1, x

∗)|xk

]
≤ d2(xk, x

∗)− 1√
π

√
ϵ√
dL

η +

(√
8d

π

L∥Logxk
(x∗)∥

∥gradf(xk)∥
ν

)
η + ζ̄η2

≤ d2(xk, x
∗)− 1√

π

√
ϵ√
dL

η +
1

2
√
π

√
ϵ√
dL

η + ζ̄η2

= d2(xk, x
∗)− ϵ

16πdLζ̄
, (25)

where the equality is due to η defined in (9).

Taking the full expectation on both sides of (25) and iterating the inequality recursively for k = 0, . . . , T − 1, we derive

0 ≤ E
[
d2(xT , x

∗)
]
≤ d2(x0, x

∗)− ϵ

16πdLζ̄
T < 0,

where the last inequality is due to the choice of T in (9). This is a contradiction. Thus, there must exist an iteration k such
that f(xk)− f(x∗) < ϵ, which implies f(x̂T )− f(x∗) < ϵ.

E.2. Proof of Theorem 3.7 Part (ii)

Proof. We follow the same contradiction argument as in Part (i). Suppose that f(xk) ≥ f(x∗)+ϵ for all k ∈ {0, . . . , T −1}.
Using the cosine annealing step size ηk, the accumulated step length is

∑T−1
j=0 ηj =

η0

2 (T + 1). For the choice of ν in (10),
we use the bound involving T as a sufficient approximation for large T , ensuring (24) holds.

Replacing η with ηk in the derivation of (25), we obtain:

Euk

[
d2(xk+1, x

∗)|xk

]
≤ d2(xk, x

∗)− 1√
π

√
ϵ√
dL

ηk +
1

2
√
π

√
ϵ√
dL

ηk + ζ̄η2k

= d2(xk, x
∗)−

√
ϵ

2
√
πdL

ηk + ζ̄η2k.

Taking the full expectation and summing the inequality over k = 0, . . . , T − 1, we get

E
[
d2(xT , x

∗)
]
≤ d2(x0, x

∗)−
√
ϵ

2
√
πdL

T−1∑
k=0

ηk + ζ̄

T−1∑
k=0

η2k.

18



Riemannian Dueling Optimization

By Lemma B.1, we have
∑T−1

k=0 ηk = η0

2 (T + 1) and
∑T−1

k=0 η2k =
η2
0

8 (3T + 4). Using the bound
∑T−1

k=0 η2k ≤ η0
∑T−1

k=0 ηk
(since 3T+4

T+1 ≤ 4), we have:

E
[
d2(xT , x

∗)
]
≤ D −

( √
ϵ

2
√
πdL

− ζ̄η0

) T−1∑
k=0

ηk

= D −
√
ϵ

4
√
πdL

T−1∑
k=0

ηk

= D −
√
ϵ

4
√
πdL

η0
2
(T + 1).

Substituting η0 =
√
ϵ

4
√
πζ̄

√
dL

:

E
[
d2(xT , x

∗)
]
< D −

√
ϵ

8
√
πdL

( √
ϵ

4
√
πζ̄
√
dL

)
T

= D − ϵ

32πdLζ̄
T.

Given T ≥ 1 + 32πdLζ̄
ϵ D, we have E

[
d2(xT , x

∗)
]
< 0, which is a contradiction.

F. Proof of Theorem 3.10
Proof. Note that in each iteration of Algorithm 2, we run Algorithm 1 for t = ⌈1 + 64πdLζ̄/α⌉ iterations. From
Theorem 3.7 (i), with the choices of ηk and νk defined in Theorem 3.10, we have that for any phase k ∈ {0, . . . ,K − 1},
starting from x(k) with initial distance bound Dk ≥ E[d2(x(k), x∗)]:

E[f(x(k+1))]− f(x∗) ≤ ϵk =
αDk

4
,

with oracle complexity 2t. Since f is geodesically α-strongly convex, we have

E
[α
2
d2(x(k+1), x∗)

]
≤ E[f(x(k+1))]− f(x∗) ≤ αDk

4
,

which implies

E[d2(x(k+1), x∗)] ≤ Dk

2
= Dk+1.

This justifies the update rule in the algorithm. After K phases, the expected distance squared of the final output x(K) is
bounded by:

E[d2(x(K), x∗)] ≤ D

2K
.

Note that Assumption 2.1 and the fact that X is a bounded set imply that f is geodesically Lipschitz continuous with some
Lipschitz constant l. This further implies

E[f(x(K))− f(x∗)] ≤ l · E[d(x(K), x∗)] ≤ l
√

E[d2(x(K), x∗)] ≤ l

√
D

2K
≤ ϵ,

where the second inequality is Jensen’s inequality, and the last inequality is due to the definition of K.

Remark F.1. All results developed in Section 3 use the search direction hν defined in (4), which is based on a single pair of
samples. It is worth noting that all results in Section 3 also hold for the batch averaged estimator h̄ defined in (12). This
is because our analysis relies solely on the expectation of hν , which is identical to the expectation of h̄. For more details,
please refer to (27).
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G. Proof of Theorem 4.1
Proof. We denote Mf := LD2, C̃ =

√
d/Ĉ, normalized Riemannian gradient wk := grad f(xk)

∥grad f(xk)∥ , the function value gap

by ∆k := f(xk) − f(x∗) for k = 0, 1, . . . , T . Let Bk := {u(k)
1 , . . . , u

(k)
Mk
} denote the batch of i.i.d. random directions

sampled at iteration k.

By geodesically L-smoothness, we have

∆k+1 = f(xk+1)− f(x∗)

≤f(xk)− f(x∗) + sk∥grad f(xk)∥⟨wk,Logxk
(zk)⟩+ 1

2s
2
kMf

=∆k + sk∥grad f(xk)∥⟨C̃h̄k,Logxk
(zk)⟩+ sk∥grad f(xk)∥⟨wk − C̃h̄k,Logxk

(zk)⟩+ 1
2s

2
kMf

≤∆k + sk∥grad f(xk)∥⟨C̃h̄k,Logxk
(x∗)⟩+ sk∥grad f(xk)∥⟨wk − C̃h̄k,Logxk

(zk)⟩+ 1
2s

2
kMf

=∆k + sk∥grad f(xk)∥⟨wk,Logxk
(x∗)⟩+ 1

2s
2
kMf + sk∥grad f(xk)∥⟨wk − C̃h̄k,Logxk

(zk)− Logxk
(x∗)⟩,

where the second inequality is due to the definition of zk in Algorithm 3. Taking expectation on both sides, we get

EBk
[∆k+1 | xk]

≤∆k + sk⟨gradf(xk),Logxk
(x∗)⟩+ 1

2s
2
kMf + sk∥grad f(xk)∥EBk

[⟨wk − C̃h̄k,Logxk
(zk)− Logxk

(x∗)⟩ | xk]

≤∆k − sk∆k + 1
2s

2
kMf + 2Dsk∥grad f(xk)∥ · EBk

[∥wk − C̃h̄k∥ | xk], (26)

where the last inequality used the geodesic convexity property (3). Next we derive an upper bound for EBk
[∥wk − C̃h̄k∥ | xk].

We first show that the expectation of the batch-average estimator h̄k is the same as the expectation of the single sample
estimator hk := hνk

(xk) defined in (4). Denoting m̄k := EBk
[h̄k | xk] and mk := Euk

[hk | xk], we have

m̄k = EBk
[h̄k | xk] =

1

Mk

Mk∑
j=1

E
u
(k)
j

[o
(k)
j u

(k)
j | xk] = Euk

[okuk | xk] = Euk
[hk | xk] = mk. (27)

Next we bound the variance. By independence of {uj}j and E
u
(k)
j

[o
(k)
j u

(k)
j |xk]−mk = 0, we have

EBk
[∥h̄k − m̄k∥22 | xk] =

1

M2
k

Mk∑
j=1

E
u
(k)
j

[∥o(k)j u
(k)
j −mk∥22 | xk]

=
1

M2
k

Mk∑
j=1

(E
u
(k)
j

[∥o(k)j u
(k)
j ∥

2
2 | xk]− ∥mk∥22) =

1

Mk
(1− ∥mk∥2).

By Jensen’s inequality, we get

EBk

[
∥h̄k − m̄k∥ | xk

]
≤
√

EBk

[
∥h̄k − m̄k∥2 | xk

]
=
√

(1− ∥mk∥2)/Mk ≤ 1/
√
Mk. (28)

As a consequence of the above inequalities, we get that

EBk
[∥wk − C̃h̄k∥ | xk] = EBk

[∥(wk − C̃m̄k) + C̃(m̄k − h̄k)∥ | xk]

≤ ∥wk − C̃m̄k∥+ C̃EBk
[∥h̄k − m̄k∥ | xk]

= C̃∥wk/C̃ − m̄k∥+ C̃EBk
[∥h̄k − m̄k∥ | xk]

≤ 2C̃γxk
+ C̃/

√
Mk,

(29)

where the last inequality is from (28) and Proposition 3.3 by setting v = m̄k−wk/C̃

∥m̄k−wk/C̃∥ .

Combining (26) and (29), we get

EBk

[
∆k+1

∣∣xk

]
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≤∆k − sk∆k + 1
2s

2
kMf + 2Dsk∥grad f(xk)∥(2C̃γxk

+ C̃/
√
Mk)

=∆k − sk∆k + 1
2s

2
kMf + 2Dsk∥grad f(xk)∥

(
C̃

√
2d

π

Lνk
∥gradf(xk)∥

+
C̃√
Mk

)

≤∆k − sk∆k + 1
2s

2
kMf + 2Dsk

(
C̃

√
2d

π
Lνk +

√
2L∆kC̃√
Mk

)

≤∆k − sk∆k + 1
2s

2
kMf + 2DskC̃

√
2d

π
Lνk +

(
∆k

4
+

8LD2d

Ĉ2Mk

)
sk

=

(
1− 3sk

4

)
∆k +

s2k
2
(Mf + 3),

where the second inequality is from Lemma B.6, the third inequality used Young’s inequality, and the last equality is
obtained by substituting the choices of sk in Algorithm 3 and νk and Mk in Theorem 4.1. Denote ak := 1− 3

4sk = 1− 3/2
k+3 .

Taking the total expectation on both sides of the above inequality and applying it recursively, we obtain

E [∆k] ≤

(
k−1∏
t=0

at

)
∆0 +

k−1∑
j=0

2(Mf + 3)

(j + 3)2

k−1∏
t=j+1

at. (30)

We now develop upper bounds for the two terms on the right hand side of (30). Note that

ak = 1− 3

2
· 1

k + 3
≤
(
1− 1

k + 3

)3/2

=

(
k + 2

k + 3

)3/2

.

Therefore,

k−1∏
t=0

at ≤

(
k−1∏
t=0

t+ 2

t+ 3

)3/2

=

(
2

k + 2

)3/2

≤ 2

k + 2
, and

k−1∏
t=j+1

at ≤

 k−1∏
t=j+1

t+ 2

t+ 3

3/2

=

(
j + 3

k + 2

)3/2

,

which further implies

k−1∑
j=0

2(Mf + 3)

(j + 3)2

k−1∏
t=j+1

at ≤
k−1∑
j=0

2(Mf + 3)

(j + 3)2

(
j + 3

k + 2

) 3
2
=

2(Mf + 3)

(k + 2)3/2

k−1∑
j=0

1√
j + 3

≤ 4(Mf + 3)

k + 2
,

where the last inequality is from that
∑k+2

m=3
1√
m
≤
∫ k+2

2
x−1/2dx ≤ 2

√
k + 2.

Substituting these upper bounds to (30), we obtain

E[∆k] ≤
2∆0 + 4Mf + 12

k + 2
.

So it takes T = ⌈ 2∆0+4Mf+12
ϵ ⌉ to achieve E[∆T ] ≤ ϵ.

H. Sensitivity of Frank-Wolfe Search Direction
A key difference between projected gradient methods and Frank–Wolfe type methods is how they respond to noise in
the gradient direction estimate. This effect is visible even in Euclidean case. In projected normalized gradient descent,
the update takes the following form with noisy gradient direction g̃t: xt+1 = PX (xt − ηg̃t), Due to non-expansiveness
(Assumption 2.6) of the projection operator, the distance between xt+1, and the hypothetical update that one would have
gotten with the true normalized gradient gt, is upper bounded by η∥g̃t − gt∥).

In contrast, Frank–Wolfe computes a search point via a linear minimization oracle

s(g̃t) ∈ argmin
s∈X
⟨g̃t, s− x⟩,
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where X is a compact convex set. For such problems, the solution s(g̃t) lies on the boundary of X . As a result, even an
arbitrarily small perturbation of the direction g̃t can cause the oracle to select a completely different boundary point. In
other words, even a small difference between gt and g̃t, can lead to completely different search directions s(gt) and s(g̃t)
and ∥s(gt)− s(g̃t)∥ can be in the order of diameter O(D) (see Figure 6). This means the variance of s(g̃t) is of constant
order. Therefore, to guarantee descent and convergence for Frank–Wolfe with noisy or comparison-based oracles, we must
explicitly control the variance of the direction estimator, whereas projected gradient methods are much more stable under
the same level of noise.

(a) Large diameter: Significant deviation between LMO solutions. (b) Small diameter: Reduced deviation with constant noise.

Figure 6. Impact of the constraint set diameter on the sensitivity of the Frank-Wolfe Linear Minimization Oracle (LMO) to gradient
noise. (a) A larger diameter leads to significant deviation between the true and noisy LMO solutions. (b) A smaller diameter mitigates
this deviation, even when the noise magnitude remains constant. Overall, this demonstrates how gradient noise error is amplified by the
diameter of the constraint set.
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I. Additional Numerical Experiments
I.1. Additional Synthetic problem results

We provide the CPU time results for the Rayleigh quotient problem in Figure 7 and the Karcher Mean problem in Figure 8. In
these low-dimensional synthetic settings, it can be observed that RDNGD converges more slowly than ZO-RGD. This occurs
because RDNGD relies solely on a comparison oracle and lacks access to gradient magnitude information. Consequently,
with an unit length search direction, RDNGD requires conservative step sizes to avoid oscillation around the minimum,
whereas ZO-RGD benefits from gradient magnitude estimation for more efficient updates. This limitation is inherent to
optimization problems utilizing only comparison oracles. However, for the high-dimensional real-world applications shown
in Figure 4 and Figures 9–11, we observe a clear advantage in CPU time for RDNGD, demonstrating the efficiency of our
method.

(a) d=100 (b) d=150

Figure 7. CPUtime results for Rayleigh quotient maximization.

(a) n=5 (b) n=10

Figure 8. CPUtime result for Karcher mean problem.

I.2. Additional Real Application Examples

In this section, we provide additional numerical results to supplement the main paper. We present more examples of the
DNN attack applications in Figures 9–11, and additional results for the Horizon leveling task in Figures 12–14.
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It is important to note that the experimental settings, model architectures, and hyperparameters used in these additional
experiments are identical to those described in the main paper.

Original PGD RGD ZO-RGD RDNGD

(a) Generated adversarial images

(b) Adversarial Loss vs. Iteration (c) Adversarial Loss vs. Time

Figure 9. Additional attack result on CIFAR-10 (Example 1).
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Original PGD RGD ZO-RGD RDNGD

(a) Generated adversarial images

(b) Adversarial Loss vs. Iteration (c) Adversarial Loss vs. Time

Figure 10. Additional attack result on CIFAR-10 (Example 2).

Original PGD RGD ZO-RGD RDNGD

(a) Generated adversarial images

(b) Adversarial Loss vs. Iteration (c) Adversarial Loss vs. Time

Figure 11. Additional attack result on CIFAR-10 (Example 3).
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(a) Original Input (b) Corrected Result (−9.17◦) (c) Loss vs Iteration

Figure 12. Additional horizon leveling result (Example 1).

(a) Original Input (b) Corrected Result (20.05◦) (c) Loss vs Iteration

Figure 13. Additional horizon leveling result (Example 2).

(a) Original Input (b) Corrected Result (−37.82◦) (c) Loss vs Iteration

Figure 14. Additional horizon leveling result (Example 3).
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