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Abstract

In this paper, we consider an unconstrained composite convex optimization prob-
lem. We propose an inertial forward–backward algorithm derived from an implicit–
explicit discretization of a second-order dynamical system with Hessian-driven damp-
ing. For α ≥ 3, we establish an O(1/d2) convergence rate for the objective value
gap. Furthermore, when α > 3, we prove that the iterative sequence generated by
the proposed method converges to a minimizer, and that the objective residual admits
an improved rate of o(1/d2). Numerical experiments are provided to illustrate the
effectiveness of the proposed approach.
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1 Introduction

We consider the following composite convex optimization problem:

min
u∈Rn

Φ(u) = ϕ(u) + ψ(u), (1)

where ϕ : Rn → R is a continuously differentiable convex function, and ψ : Rn → R∪{+∞}
is a proper, lower semicontinuous, and convex function. A standard approach for solving
problem 1 is the proximal gradient method (PGM). The iterates generated by PGM follow
the update rule

ζd+1 = Proxλψ
(
ζd − λ∇ϕ(ζd)

)
, (2)
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where λ > 0 is the step size and Prox denotes the proximal operator is introduced in
Section 2. If ∇ϕ is Lϕ-Lipschitz continuous, ϕ is convex, and ψ is convex on Rn, then the
sequence {ζd}d≥1 generated by 2 satisfies the convergence rate [12]

Φ(ζd)−min
ζ

Φ(ζ) = O
(
1

d

)
.

Numerous efforts have been devoted to accelerating the PGM. Beck and Teboulle [12]
proposed the fast iterative shrinkage-thresholding algorithm (FISTA), whose iterates satisfy

Φ(ζd)−min
ζ

Φ(ζ) = O
(

1

d2

)
,

with the same conditions. Many first-order methods for minimizing Φ can be interpreted as
arising from suitable time discretizations of underlying differential equations. In particular,
Su et al. [29] established a fundamental relation between Nesterov’s accelerated gradient
method (NAG) and second-order differential equation, providing a continuous-time per-
spective on acceleration; see also [4] for further developments. They proposed the inertial
system characterized by a diminishing viscous damping coefficient α

t (AVD)α:

Ẍ +
α

t
Ẋ +∇ϕ(X(t)) = 0. (3)

On building faster optimization algorithms, the vanishing damping α
t is an essential rule

[[3], [16], [18]]. For α ≥ 3, each trajectory X(·) of AVDα satisfies the asymptotic rate of
convergence of

ϕ(X(t))−minϕ = O
( 1

t2

)
. (4)

It is now well recognized that dynamical-system approaches provide powerful tools for
solving optimization problems; see, for example, [6, 15, 19, 23, 28, 33]. In particular,
suitable time discretizations of inertial dynamical systems with vanishing damping of the
form α

t lead to accelerated forward–backward (AFB) algorithms [1, 5, 10, 23], accelerated
higher-order gradient methods [22, 32, 33], and inertial primal–dual schemes [14, 18]. Later,
Attouch and Peypouquet [3] introduced the AFB method by combining FISTA with a
second-order differential inclusion with vanishing damping, and proved the improved rate
o
(

1
d2

)
for function values, and (ζd) converges to a minimum point when α > 3. In [8],

accelerated proximal gradient algorithms were proposed for solving Problem 1, although
no convergence guarantees were provided. Nonetheless, as stated in [7], the iterates of the
inertial system (AVD)α for the Rosenbrook function will exhibit oscillations.

To counteract oscillations, Attouch et al. [[2], [7]] investigated the class of dynamical
systems by adding an HDD term ∇2ϕ(X(t))Ẋ(t) to the inertial system suggested in [29].
They studied the inertial system with viscous friction and Hessian-driven damping (HDD)
(DIN-AVD)(α,β,b):

Ẍ +
α

t
Ẋ + β(t)∇2ϕ(X(t))Ẋ + b(t)∇ϕ(X(t)) = 0, (5)
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where b(t) is a time scale parameter, and β(t) is damping parameter. Furthermore, the
inclusion of the Hessian term does not increase the computational burden. Indeed, in the
differential equation, the Hessian appears through the expression ∇2ϕ(X(t))Ẋ(t), which
can be interpreted as the time derivative of the mapping t 7→ ∇ϕ(X(t)). This HDD
term establishes a close connection with Newton-type methods and plays an important
role in mitigating transverse oscillations that may arise in the dynamical system 5; see
[2, 6, 13]. Moreover, the system (DIN-AVD)α,β,b retains the convergence properties of the
classical system (AVD)α while ensuring a rapid decay of the gradient norm. Furthermore,
it has been demonstrated that the second-order differential equation with HDD can be
equivalently reformulated as a first-order system in both time and space; see [17].

Subsequently, Shi et al. [28, 27] introduced a high-resolution dynamical system com-
bining HDD with vanishing damping α

t , obtained by refining NAG method. Using implicit
Euler and symplectic Euler discretizations, they showed that for α ≥ 3 and smooth convex
functions Φ, the convergence rates satisfy [28, 27]

Φ(ζd)−min
ζ

Φ(ζ) = O
(

1

d2

)
, min

1≤i≤d
∥∇Φ(xi)∥2 = O

(
1

d3

)
.

In addition, explicit–implicit discretizations of the continuous dynamic system (DIN-AVD)(α,β,1)
[2] give rise to rapid forward–backward inertial algorithms closely related to FISTA, tai-
lored for composite optimization problems. Furthermore, Attouch et al. [7] examined the
system (DIN-AVD)

(α,β,1+β
t
)
and determined the rate O

(
1
t2

)
for Φ(X(t))−minxΦ for α ≥ 3

and β ≥ 0. More recently, Attouch et al. [9] investigated the convergence of discrete it-
erates generated by first-order methods through system 5, proving the rate o

(
1
d2

)
in the

discrete case and the corresponding rate o
(
1
t2

)
for the continuous dynamics when α > 3.

Based on the time discretization of (DIN-AVD)
(α,β,1+β

t
)
, He and Fang [20] proposed

the AFB algorithm with subgradient correction (AFBSC), given by

νd = ζd +
d− 1

d+ α− 1
(ζd − ζd−1)−

β
√
s(d+ α− 2)

d+ α− 1

(
ξd +∇ϕ(νd−1)

)
,

ζd+1 = Proxγg
(
νd − γ∇ϕ(νd)

)
,

ξd+1 = −∇ϕ(νd)−
1

γ
(ζd+1 − νd),

(6)

where α ≥ 3 and γ = s+ β
√
s for s > 0. They have obtained Φ(ζd)−minζ Φ(ζ) = O

(
1
d2

)
and min1≤i≤d dist

2(0, ∂Φ(xi)) = O
(

1
d3

)
. When α > 3, the convergence rate of the function

values is improved to o
(

1
d2

)
.

Wang et al. [30] observed that the velocity Ẋ(t) can be discretized using a convex
combination of implicit and explicit schemes, leading to the AFB iteration. The implicit
contribution is given by θ(ζd+1 − ζd), while the explicit contribution is (1− θ)(ζd − ζd−1),
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with θ = 1− 1
α . They improved the range of θ from (23 , 1) to [0,+∞), and thus θ controls

the balance between numerical stability and efficiency. A small θ may lead to instability,
whereas an excessively large θ may degrade performance. They proposed an AFB method
by discretizing the ODE (DIN-AVD)(α,β,b) with βd = 0 and bd =

d+αθ
d , which is similar to

(AVD)α for non-smooth composite optimization.
In our work, we introduce an inertial proximal gradient method obtained by discretizing

implicitly-explicitly an inertial dynamical system that incorporates both a HDD term
∇2Φ(X(t))Ẋ(t) and a vanishing damping term Ẋ(t). We define a corresponding dis-
crete energy sequence for Algorithm 1, inspired by the Lyapunov function of the associated
continuous time dynamical system.

Main Contribution

(a) We discretize the ODE (DIN-AVD)(α,βd,bd) in a implicit-explicit way where βd =
(d+αθ)β

d and bd =
d+αθ
d + β

d
√
s
for solving the convex optimization problem 1. In this

discretization HDD term ∇2Φ(X(t))Ẋ(t) is there which is absent in the [30]. The
proposed method also introduces the parameter θ to control the proportion between
the implicit and explicit discretization of velocity term Ẋ(t), and θ lies in [0,+∞).

(b) The step size in [30] is less than 1
Lϕ

; we have also established that the step size γ is

greater than 1
Lϕ

for β > 0, which is an improvement compared to the result in [30].

(c) The proposed algorithm is the generalization of the algorithm, AFBSC [20], by in-
troducing the parameter θ, which means when the value of θ = α−1

α , the Algorithm
1 reduces to the algorithm AFBSC.

(d) We prove that, for α ≥ 3 and θ ≥ 0, the convergence rates satisfy Φ(ζd)−minζ Φ(ζ) =
O
(

1
d2

)
and improve to o

(
1
d2

)
when α > 3. We have also obtained min1≤i≤d dist

2(0, ∂Φ(xi)) =
O
(

1
d3

)
corresponding to α ≥ 3 and θ ≥ 0, which is the new one associated with θ.

(e) To demonstrate the effectiveness and practical usefulness of the proposed strategy, we
have investigated two composite convex optimization problems: one is ℓ1-regularized
logistic regression, and the other is the Lasso problem. By choosing α = 90 and
θ = 10 for the Lasso problem and α = 60 and θ = 5 for the ℓ1-regularized logistic
regression problem, it has been shown that the proposed method gives better results
as compared to the AFBSC [20].

The remainder of this paper is organized as follows. Sect. 2 presents the necessary pre-
liminaries. In Sect. 3, we discretize the ODE and propose the algorithm. Sect. 4 introduces
a Lyapunov function for analyzing the algorithm. In Sect. 5, we study the convergence
of the iterative sequence generated by the proposed method. Numerical experiments are
reported in Sect. 6 to validate the theoretical results. Conclusion is provided in Sect. 7.
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2 Preliminaries

To support the subsequent analysis, we first introduce some notation and basic concepts.
For background on convex analysis, we refer to [11], [26]. The standard Euclidean norm
and inner product on Rn are denoted by ∥ · ∥ and ⟨·, ·⟩, respectively, while ∥ · ∥1 denotes the
ℓ1-norm. Let K be a proper closed subset of Rn, we define dist2(0,K) = minw∈K ∥w∥2. For
a function ψ : Rn → R∪{+∞}, its domain is given by dom(ψ) = {w ∈ Rn | ψ(w) < +∞}.
The function ψ is called proper if dom(ψ) ̸= ∅, and it is lower semi-continuous at w if
ψ(w) ≤ limu→w inf ψ(u).

The function ϕ on Rn is convex if ϕ(λu + (1 − λ)v) ≤ λϕ(u) + (1 − λ)ϕ(v), for all
u, v ∈ Rn and for any λ ∈ [0, 1] [26].

The proximal operator Proxλψ : Rn → Rn with respect to a proper lower semi-
continuous function λψ for λ > 0 is defined as

Proxλψ(w) := arg min
u∈Rn

{
ψ(u) +

1

2λ
∥w − u∥2

}
, (7)

for all w ∈ Rn [11]. We make the following assumptions:

Assumption 1. (a) ϕ : Rn → R is a differentiable convex function whose gradient ∇ϕ
is Lipschitz continuous with constant Lϕ.

(b) ψ : Rn → R ∪ {+∞} is a proper, lower semi-continuous convex function.
(c) argminx∈Rn Φ = S ̸= ∅.
The following outcomes are essential.

Lemma 1 ((Theorem 2.1.5, [25]), (Lemma 3, [21])). If ϕ : Rn → R is a convex function
with the gradient vector ∇ϕ is Lipschitz continuous function with constant Lϕ, then we
have

(i). ⟨∇ϕ(w), u− v⟩ ≥ ϕ(u)− ϕ(v)− Lϕ

2 ∥u− w∥2.

(ii). ⟨∇ϕ(u)−∇ϕ(v), u− v⟩ ≥ Lϕ

2 ∥∇ϕ(u)−∇ϕ(v)∥2,

for all u, v and w belongs to Rn.

Lemma 2 (Lemma 5.31, [11]). Let {ad}d≥1 be a sequence in R that is bounded from below,
and let {bd}d≥1 and {cd}d≥1 be nonnegative sequences such that

∑∞
d=1 cd < ∞. Assume

that, for all d ≥ 1,
ad+1 ≤ ad − bd + cd.

Then the sequence {ad}d≥1 converges, and moreover,
∑∞

d=1 bd <∞.

Lemma 3 (Lemma 2.47, [11]). Suppose that {ζd}d≥1 is a sequence in Rn and S is a
nonempty subset of Rn. Assume

(i) For every ζ∗ ∈ S, the limit limd→∞ ∥ζd − ζ∗∥ exists.
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(ii) Each cluster point of the sequence {ζd} belongs to S.

Then the sequence {ζd}d≥1 converges to some point in S.

Lemma 4. [Theorem 2.1.5, [24]] If ϕ : Rn → R is a convex function with the gradient
vector ∇ϕ is Lipschitz continuous function with constant Lϕ, then we have

1

Lϕ
∥∇ϕ(u)−∇ϕ(v)∥2 ≤ ⟨∇ϕ(u)−∇ϕ(v), u− v⟩,

for all u, v ∈ Rn.

Lemma 5. [20] For any u, v ∈ Rn and s > 0, the following holds

⟨u, u− v⟩ − 1

2
∥u− v∥2 = 1

2
∥u∥2 − 1

2
∥v∥2, (8)

−s
2
∥u∥2 − 1

2s
∥v∥2 ≤ ⟨u, v⟩ ≤ s

2
∥u∥2 + 1

2s
∥v∥2. (9)

Proof. The proof is obvious.

3 Discretization of high-resolution of ODE

We discretize the ODE 5 by setting βd = (d+αθ)β
k , bd = d+αθ

k + β
d
√
s
, where θ ≥ 0, β > 0,

s > 0, and α > 3. For the time step size is fixed
√
s and td = d

√
s, the implicit-explicit

finite difference scheme approach provides

ζd+1 − ζd
s

− ζd − ζd−1

s
+
αθ

k

(ζd+1 − ζd
s

)
+
α(1− θ)

k

(ζd − ζd−1

s

)
+

(d+ αθ)β

d
√
s

(
∇ψ(ζd+1)) +∇ϕ(ζd+1)−

(
∇ψ(ζd) +∇ϕ(ζd)

))
+
d+ αθ

k

(
∇ψ(ζd+1)) +∇ϕ(ζd+1)

)
+

β

d
√
s

(
∇ψ(ζd) +∇ϕ(ζd)

)
= 0. (10)

Multiplying s in Equation 10, we obtain

(ζd+1 − ζd)− (ζd − ζd−1) +
αθ

k
(ζd+1 − ζd) +

α(1− θ)

k
(ζd − ζd−1)

+
(d+ αθ)β

√
s

k

(
∇ψ(ζd+1) +∇ϕ(ζd+1)−

(
∇ψ(ζd) +∇ϕ(ζd)

))
+
d+ αθ

k
s
(
∇ψ(ζd+1) +∇ϕ(ζd+1)

)
+
β
√
s

k

(
∇ψ(ζd) +∇ϕ(ζd)

)
= 0.
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Also,

d+ αθ

k
(ζd+1 − ζd)−

d+ α(θ − 1)

k
(ζd − ζd−1)

+
(d+ αθ)β

√
s

k

(
∇ψ(ζd+1) +∇ϕ(ζd+1)−

(
∇ψ(ζd) +∇ϕ(ζd)

))
+
d+ αθ

k
s
(
∇ψ(ζd+1) +∇ϕ(ζd+1)

)
+
β
√
s

k

(
∇ψ(ζd) +∇ϕ(ζd)

)
= 0.

Now, we obtain

ζd+1 = ζd +
d+ α(θ − 1)

d+ αθ
(ζd − ζd−1)

− β
√
s
(
∇ψ(ζd+1) +∇ϕ(ζd+1)−

(
∇ψ(ζd) +∇ϕ(ζd)

))
− s

(
∇ψ(ζd+1) +∇ϕ(ζd+1)

)
− β

√
s

d+ αθ

(
∇ψ(ζd) +∇ϕ(ζd)

)
. (11)

However, the update of Equation 11 is implicit, we use ∇ϕ(νd) to approximate ∇ϕ(ζd+1),
where

νd = ζd +
d+ α(θ − 1)

d+ αθ
(ζd − ζd−1) +

(d+ αθ − 1)β
√
s

d+ αθ
(∇ψ(ζd) +∇ϕ(νd−1)

)
.

Now,

ζd+1 = νd − (β
√
s+ s)(∇ψ(ζd+1) +∇ϕ(νd)).

Also,

ζd+1 + γ∇ψ(ζd+1) = νd − γ∇ϕ(νd),

where γ = β
√
s + s. Since we assume ψ is a convex lower semi-continuous (possibly

non-smooth) function, we obtain

ζd+1 = Proxγψ(νd − γ∇ϕ(νd)). (12)

From Equation 12, we have − 1
γ (ζd+1 − νd)−∇ϕ(νd) ∈ ∂ψ(ζd+1). We can choose

ξd+1 = −1

γ
(ζd+1 − νd)−∇ϕ(νd) ∈ ∂ψ(ζd+1). (13)

Based on the the above analysis, we now propose the corresponding algorithm.
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Algorithm 1 Improved accelerated forward-backward algorithm with subgradient correc-
tion (IAFBSC)

1: Initialize: Let ζ1 = ζ0 = ν0 ∈ Rn, ξ1 ∈ ∂g(x1), α ≥ 3, θ ≥ 0, s > 0, β ≥ 0,
γ = s+ β

√
s.

2: for d = 1, 2, . . . do
3: Step i:

νd = ζd +
d+ α(θ − 1)

d+ αθ
(ζd − ζd−1) +

(d+ αθ − 1)β
√
s

d+ αθ
(ξd +∇ϕ(νd−1)

)
,

4: Step ii:
ζd+1 = Proxγψ

(
νd − γ∇ϕ(νd)

)
,

5: Step iii:

ξd+1 = −∇ϕ(νd)−
1

γ
(ζd+1 − νd).

6: Until a stopping criterion is met
7: end for
8: return (ζd, νd, ξd)

4 Construction of Lyapunov Function

We introduce the energy sequence {Ed(ω)}d≥1 defined by

Ed(ω) :=
(
s(d+ 1 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ αθ)

(
Φ(ζd)− Φ(ζ∗)

)
+

1

2
∥ud(ω)∥2 +

ωη

2
∥ζd − ζ∗∥2, (14)

where

ud(ω) =ω(ζd − ζ∗) + (d+ α(θ − 1))(ζd − ζd−1)

+ β
√
s(d+ αθ − 1)

(
ξd +∇ϕ(νd−1)

)
, (15)

for any θ ≥ 0, ω ∈ [2, α], and η = α−ω−1. We are now in a position to state the following
result.

Lemma 6. Let Assumption 1 holds, and {(ζd, νd, ξd)}d≥1 be the sequences produced by
Algorithm 1, and let ζ∗ ∈ S. We define the associated Lyapunov function Ed(ω) as in (14).
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Then, we have

Ed+1(ω)− Ed(ω)
≤

(
s(d+ αθ)(3− α+ η) + s(2− α+ η) + ηβ

√
s
)
(Φ(ζd+1)− Φ(ζ∗))

− s(d+ αθ)2

2

[
s+ 2β

√
s− Lϕ(s+ β

√
s)2

(
1 +

ηβ√
s(d+ αθ)

)]
∥ξd+1 +∇ϕ(νd)∥2

−
[
η(d+ 1 + α(θ − 1)) +

η2

2
+
ωη

2

]
∥ζd+1 − ζd∥2.

Proof. From Equation 15, we get

ud+1(ω)− ud(ω)

= ω(ζd+1 − ζ∗) + (d+ 1 + α(θ − 1))(ζd+1 − ζd)

+ β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd))− ω(ζd − ζ∗)− (d+ α(θ − 1))(ζd − ζd−1)

− β
√
s(d+ αθ − 1)(ξd +∇ϕ(νd−1))

= ω(ζd+1 − ζd) + (d+ 1 + α(θ − 1))(ζd+1 − ζd)

+ β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd))− (d+ α(θ − 1))(ζd − ζd−1)

− β
√
s(d+ αθ − 1)(ξd +∇ϕ(νd−1)). (16)

Putting ω = α− η − 1 in Equation 16, we obtain

ud+1(ω)− ud(ω)

= −η(ζd+1 − ζd) + (d+ αθ)(ζd+1 − ζd) + β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd))

− (d+ α(θ − 1))(ζd − ζd−1)− β
√
s(d+ αθ − 1)(ξd +∇ϕ(νd−1)). (17)

Using stage i of IAFBSC, we get

ud+1(ω)− ud(ω)

= −η(ζd+1 − ζd) + (d+ αθ)(ζd+1 − ζd) + β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd))

− (d+ αθ)(νd − ζd)

= −η(ζd+1 − ζd) + (d+ αθ)(ζd+1 − νd) + β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd)). (18)

From step iii of IAFBSC and using γ = s+ β
√
s, we deduce

ud+1(ω)− ud(ω)

= −η(ζd+1 − ζd)− γ(d+ αθ)(ξd+1 +∇ϕ(νd)) + β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd))

= −η(ζd+1 − ζd)− (β
√
s+ s)(d+ αθ)(ξd+1 +∇ϕ(νd))

+ β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd))

= −η(ζd+1 − ζd)− s(d+ αθ)(ξd+1 +∇ϕ(νd)). (19)
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Using Equation 15 and 19, we obtain

⟨ud+1(ω), ud+1(ω)− ud(ω)⟩
= ⟨ω(ζd+1 − ζ∗) + (d+ 1 + α(θ − 1))(ζd+1 − ζd)

+ β
√
s(d+ αθ)(ξd+1 +∇ϕ(νd)),−η(ζd+1 − ζd)− s(d+ αθ)(ξd+1 +∇ϕ(νd))⟩

= −ωη⟨ζd+1 − ζ∗, ζd+1 − ζd⟩ − η(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2

− ηβ
√
s(d+ αθ)⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩ − sβ

√
s(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2

− ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩
− s(d+ αθ)(d+ 1 + α(θ − 1))⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩
= −ωη⟨ζd+1 − ζ∗, ζd+1 − ζd⟩ − η(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2

− (ηβ
√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1)))⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩

− ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ − sβ
√
s(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2. (20)

Next,

∥ud+1(ω)− ud(ω)∥2 = ∥η(ζd+1 − ζd) + s(d+ αθ)(ξd+1 +∇ϕ(νd))∥2

= η2∥ζd+1 − ζd∥2 + s2(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2

+ 2ηs(d+ αθ)⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩. (21)

Using Equation 8, we get

1

2
∥ud+1(ω)∥2 +

ωη

2
∥ζd+1 − ζ∗∥2 − 1

2
∥ud(ω)∥2 −

ωη

2
∥ζd − ζ∗∥2

= ⟨ud+1(ω), ud+1(ω)− ud(ω)⟩ −
1

2
∥ud+1(ω)− ud(ω)∥2

+ ωη⟨ζd+1 − ζ∗, ζd+1 − ζd⟩ −
ωη

2
∥ζd+1 − ζd∥2.

From Equation 20 and 21, we obtain

1

2
∥ud+1(ω)∥2 +

ωη

2
∥ζd+1 − ζ∗∥2 − 1

2
∥ud(ω)∥2 −

ωη

2
∥ζd − ζ∗∥2

= −ωη⟨ζd+1 − ζ∗, ζd+1 − ζd⟩ − η(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2

− (ηβ
√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1)))⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩

− ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ − sβ
√
s(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2

− η2

2
∥ζd+1 − ζd∥2 −

s2(d+ αθ)2

2
∥ξd+1 +∇ϕ(νd)∥2 −

ωη

2
∥ζd+1 − ζd∥2

− ηs(d+ αθ)⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩+ ωη⟨ζd+1 − ζ∗, ζd+1 − ζd⟩. (22)
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Also, we have

1

2
∥ud+1(ω)∥2 +

ωη

2
∥ζd+1 − ζ∗∥2 − 1

2
∥ud(ω)∥2 −

ωη

2
∥ζd − ζ∗∥2

= −
[
η(d+ 1 + α(θ − 1)) +

η2

2
+
ωη

2

]
∥ζd+1 − ζd∥2

− ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩
− ηs(d+ αθ)⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩

−
[
sβ

√
s(d+ αθ)2 +

s2(d+ αθ)2

2

]
∥ξd+1 +∇ϕ(νd)∥2

− (ηβ
√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1)))⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩

= −
[
η(d+ 1 + α(θ − 1)) +

η2

2
+
ωη

2

]
∥ζd+1 − ζd∥2

− ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

− s(d+ αθ)2

2
(s+ 2β

√
s)∥ξd+1 +∇ϕ(νd)∥2

−
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
× ⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩. (23)

Using step ii and step iii of IAFBSC, we obtain

ξd+1 ∈ ∂ψ(ζd+1).

Therefore, taking into account the convexity of ψ for any w ∈ Rn, we obtain

⟨ξd+1, ζd+1 − w⟩ ≥ ψ(ζd+1)− ψ(w). (24)

Lemma 1 (i), step iii of IAFBSC implies that

⟨∇ϕ(νd), ζd+1 − w⟩ ≥ ϕ(ζd+1)− ϕ(w)−
Lϕ
2
∥ζd+1 − νd∥2

= ϕ(ζd+1)− ϕ(w)−
Lϕγ

2

2
∥ξd+1 +∇ϕ(νd)∥2. (25)

Adding Equation 24 and 25, we obtain

⟨ζd+1 − w, ξd+1 +∇ϕ(νd)⟩

≥ ϕ(ζd+1) + ψ(ζd+1)− ϕ(w)− ψ(w)−
Lϕγ

2

2
∥ξd+1 +∇ϕ(νd)∥2

= Φ(ζd+1)− Φ(w)−
Lϕγ

2

2
∥ξd+1 +∇ϕ(νd)∥2. (26)

11



Replacing w in Equation 26 with ζ∗ and ζd, respectively, we arrive at

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ ≥ Φ(ζd+1)− Φ(ζ∗)−
Lϕγ

2

2
∥ξd+1 +∇ϕ(νd)∥2, (27)

and

⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩ ≥ Φ(ζd+1)− Φ(ζd)−
Lϕγ

2

2
∥ξd+1 +∇ϕ(νd)∥2. (28)

From Equation 27 and 28, we get

ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

+
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩

≥ ωs(d+ αθ)
[
Φ(ζd+1)− Φ(ζ∗)−

Lϕγ
2

2
∥ξd+1 +∇ϕ(νd)∥2

]
+
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
×
[
Φ(ζd+1)− Φ(ζd)−

Lϕγ
2

2
∥ξd+1 +∇ϕ(νd)∥2

]
= ωs(d+ αθ)(Φ(ζd+1)− Φ(ζ∗))

+
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
(Φ(ζd+1)− Φ(ζd))

−
Lϕγ

2

2

[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η) + ωs(d+ αθ)

]
× ∥ξd+1 +∇ϕ(νd)∥2

= ωs(d+ αθ)(Φ(ζd+1)− Φ(ζ∗))

+
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
(Φ(ζd+1)− Φ(ζ∗))

−
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
(Φ(ζd)− Φ(ζ∗))

−
Lϕγ

2

2

[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η + ω)

]
× ∥ξd+1 +∇ϕ(νd)∥2. (29)
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Using η = α− ω − 1, Equation 29 becomes

ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

+
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩
≥

(
ηβ

√
s(d+ αθ) + s(d+ αθ)2

)
(Φ(ζd+1)− Φ(ζ∗))

−
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
(Φ(ζd)− Φ(ζ∗))

−
Lϕγ

2

2

[
ηβ

√
s(d+ αθ) + s(d+ αθ)2

]
∥ξd+1 +∇ϕ(νd)∥2. (30)

Then, from Equation 14 and 23, we have

Ed+1(ω)− Ed(ω)
=

(
s(k + 2 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ 1 + αθ)(Φ(ζd+1)− Φ(ζ∗))

−
(
s(d+ 1 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ αθ)(Φ(ζd)− Φ(ζ∗))

+
1

2
∥ud+1(ω)∥2 +

ωη

2
∥ζd+1 − ζ∗∥2 − 1

2
∥ud(ω)∥2 −

ωη

2
∥ζd − ζ∗∥2

=
(
s(k + 2 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ 1 + αθ)(Φ(ζd+1)− Φ(ζ∗))

−
(
s(d+ 1 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ αθ)(Φ(ζd)− Φ(ζ∗))

−
[
η(d+ 1 + α(θ − 1)) +

η2

2
+
ωη

2

]
∥ζd+1 − ζd∥2

− ωs(d+ αθ)⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

−
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
× ⟨ζd+1 − ζd, ξd+1 +∇ϕ(νd)⟩

− s(d+ αθ)2

2
(s+ 2β

√
s)∥ξd+1 +∇ϕ(νd)∥2. (31)
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From Equation 30, we deduce

Ed+1(ω)− Ed(ω)
≤

(
s(k + 2 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ 1 + αθ)(Φ(ζd+1)− Φ(ζ∗))

−
(
s(d+ 1 + α(θ − 1)) + η(β

√
s+ s)

)
(d+ αθ)(Φ(ζd)− Φ(ζ∗))

−
[
η(d+ 1 + α(θ − 1)) +

η2

2
+
ωη

2

]
∥ζd+1 − ζd∥2

−
(
ηβ

√
s(d+ αθ) + s(d+ αθ)2

)
(Φ(ζd+1)− Φ(ζ∗))

+
Lϕγ

2

2

[
ηβ

√
s(d+ αθ) + s(d+ αθ)2

]
∥ξd+1 +∇ϕ(νd)∥2

+
[
ηβ

√
s(d+ αθ) + s(d+ αθ)(d+ 1 + α(θ − 1) + η)

]
(Φ(ζd)− Φ(ζ∗))

− s(d+ αθ)2

2
(s+ 2β

√
s)∥ξd+1 +∇ϕ(νd)∥2

=
[((

s(k + 2 + α(θ − 1) + η(β
√
s+ s)

)
)(d+ 1 + αθ)

)
−
(
ηβ

√
s(d+ αθ) + s(d+ αθ)2

)]
(Φ(ζd+1)− Φ(ζ∗))

−
[
η(d+ 1 + α(θ − 1)) +

ωη

2
+
η2

2

]
∥ζd+1 − ζd∥2

− s(d+ αθ)2

2

[
s+ 2β

√
s− Lϕγ

2
(
1 +

ηβ√
s(d+ αθ)

)]
∥ξd+1 +∇ϕ(νd)∥2. (32)

Now,((
s(k + 2 + α(θ − 1) + η(β

√
s+ s)

)
)(d+ 1 + αθ)

)
−
(
ηβ

√
s(d+ αθ) + s(d+ αθ)2

)
= s(d+ αθ + 2− α)(d+ αθ + 1) + ηβ

√
s(d+ αθ + 1) + ηs(d+ αθ + 1)

− ηβ
√
s(d+ αθ)− s(d+ αθ)2

= s(d+ αθ)2 + s(2− α)(d+ αθ + 1) + s(d+ αθ) + ηs(d+ αθ + 1)

+ ηβ
√
s(d+ αθ) + ηβ

√
s− ηβ

√
s(d+ αθ)− s(d+ αθ)2

= s(2− α)(d+ 1 + αθ) + s(d+ αθ) + ηβ
√
s+ ηs(d+ 1 + αθ)

= s(d+ 1 + αθ)(2− α+ η) + s(d+ αθ) + ηβ
√
s

= s(d+ αθ)(3− α+ η) + s(2− α+ η) + ηβ
√
s. (33)
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Putting Equation 33 in Equation 32, and since γ = β
√
s+ s, we obtain

Ed+1(ω)− Ed(ω)
≤

(
s(d+ αθ)(3− α+ η) + s(2− α+ η) + ηβ

√
s
)
(Φ(ζd+1)− Φ(ζ∗))

− s(d+ αθ)2

2

[
s+ 2β

√
s− Lϕ(s+ β

√
s)2

(
1 +

ηβ√
s(d+ αθ)

)]
∥ξd+1 +∇ϕ(νd)∥2

−
[
η(d+ 1 + α(θ − 1)) +

η2

2
+
ωη

2

]
∥ζd+1 − ζd∥2. (34)

Theorem 7. Suppose Assumption 1 holds. Let {(ζd, νd, ξd)}d≥1 be the sequences generated
by IAFBSC and ζ∗ ∈ S. Assuming s+ 2β

√
s ≥ Lϕ(s+ β

√
s)2, we have

(i). Φ(ζd)− Φ(ζ∗) = O
(

1
d2

)
.

(ii). (α− 3)
∑+∞

d=1(d+ αθ)(Φ(ζd+1)− Φ(ζ∗)) < +∞.

Moreover, when s+ 2β
√
s > Lϕ(s+ β

√
s)2, we have

(iii).

s

2

+∞∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2 ≤ E1(α− 1) < +∞,

s

2

+∞∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(ζd+1)∥2 < +∞.

(iv).

+∞∑
d=1

(d+ αθ)2dist2(0, ∂Φ(ζd+1)) < +∞,

min
1≤j≤d

dist(0, ∂F (xj+1)) = O
( 1

d3

)
.

(v). If α > 3,
∑+∞

d=1(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2 < +∞.

Proof. (i). Put ω = α− 1 in Equation 34, we obtain

Ed+1(α− 1)− Ed(α− 1) ≤
(
s(d+ αθ)(3− α) + s(2− α)

)
(Φ(ζd+1)− Φ(ζ∗))

− s(d+ αθ)2

2
[s+ 2β

√
s− Lϕ(s+ β

√
s)2]∥ξd+1 +∇ϕ(νd)∥2

≤ 0, (35)
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as η = 0, α ≥ 3 and s+ 2β
√
s ≥ Lϕ(s+ β

√
s)2. Next, we obtain that {Ed(α− 1)}d≥1 is a

non-increasing positive sequence and thus is bounded. As Ed(α− 1) ≤ E1(α− 1), and from
Equation 14, we get(

s(d+ 1 + α(θ − 1)) + η(β
√
s+ s)

)
(d+ αθ)(Φ(ζd)− Φ(ζ∗))

+
1

2
∥ud(ω)∥2 +

(α− 1)η

2
∥ζd − ζ∗∥2 ≤ E1(α− 1).

Also,

s(d+ 1 + α(θ − 1))(d+ αθ)(Φ(ζd)− Φ(ζ∗)) ≤ E1(α− 1).

And then,

(Φ(ζd)− Φ(ζ∗)) ≤ E1(α− 1)

s(d+ 1 + α(θ − 1))(d+ αθ)
. (36)

(ii). From Equation 35, we have

Ed+1(α− 1)− Ed(α− 1) + (s(d+ αθ)(α− 3)(Φ(ζd+1)− Φ(ζ∗)) ≤ 0. (37)

Summing Equation 37 for d = 1, 2, . . . , N , we obtain

EN+1(α− 1) + s(α− 3)

N∑
d=1

(d+ αθ)(Φ(ζd+1)− Φ(ζ∗)) ≤ E1(α− 1).

Also, we have

s(α− 3)
N∑
d=1

(d+ αθ)(Φ(ζd+1)− Φ(ζ∗)) ≤ E1(α− 1).

As N → +∞, we obtain

(α− 3)

+∞∑
d=1

(d+ αθ)(Φ(ζd+1)− Φ(ζ∗)) ≤ E1(α− 1)

s
< +∞. (38)

(iii). Whenever s+ 2β
√
s > Lϕ(s+ β

√
s)2, Equation 35 yields

Ed+1(α− 1)− Ed(α− 1)

+
s(d+ αθ)2

2
[s+ 2β

√
s− Lϕ(s+ β

√
s)2]∥ξd+1 +∇ϕ(νd)∥2 ≤ 0. (39)

Summing Equation 39 for d = 1, 2, . . . , N , we obtain

EN+1(α− 1) +
s

2
[s+ 2β

√
s− Lϕ(s+ β

√
s)2]

N∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2

≤ E1(α− 1).
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Also, we have

s

2
[s+ 2β

√
s− Lϕ(s+ β

√
s)2]

N∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2 ≤ E1(α− 1).

As, N → +∞

+∞∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(νd)∥2 ≤
2E1(α− 1)

s(s+ 2β
√
s− Lϕ(s+ β

√
s)2)

< +∞. (40)

As ∇ϕ(x) is Lϕ-Lipschitz continuous, and Step iii of IAFBSC implies that

∥ξd+1 +∇ϕ(ζd+1)∥2 = ∥ξd+1 +∇ϕ(νd) +∇ϕ(ζd+1)−∇ϕ(νd)∥2

≤ 2(∥ξd+1 +∇ϕ(νd)∥2 + ∥∇ϕ(ζd+1)−∇ϕ(νd)∥2)
≤ 2(∥ξd+1 +∇ϕ(νd)∥2 + L2

ϕ∥ζd+1 − νd∥2). (41)

Using step iii of IAFBSC, and as γ = s+ β
√
s, Equation 41 becomes

∥ξd+1 +∇ϕ(ζd+1)∥2 ≤ 2(1 + (s+ β
√
s)2L2

ϕ)∥ξd+1 +∇ϕ(νd)∥2. (42)

From Equation 40 and 42, we deduce

+∞∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(ζd+1)∥2 < +∞. (43)

(iv). Since ξd+1 ∈ ∂ψ(ζd+1), we have

+∞∑
d=1

(d+ αθ)2dist2(0, ∂Φ(ζd+1)) ≤
+∞∑
d=1

(d+ αθ)2∥ξd+1 +∇ϕ(ζd+1)∥2 < +∞. (44)

Then,

min
1≤j≤d

dist(0, ∂F (xi+1))
d∑
j=1

j2 ≤
+∞∑
d=1

(d+ αθ)2dist2(0, ∂Φ(ζd+1)) < +∞.

This yields,

min
1≤j≤d

dist(0, ∂F (xj+1)) = O
( 1

d3

)
. (45)

(v). Set ω ∈ (2, α − 1) if α > 3, thus η = α − ω − 1 > 0. As 3 − α + η = −ω + 2 <
0, 2−α+η = −ω+1 < 0, then there exists d0 ≥ 1 such that for any d ≥ d0, from Equation
34, we get

s(d+ αθ)(3− α+ η) + s(2− α+ η) + ηβ
√
s ≤ 0, (46)
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and
s(d+ αθ)2

2

[
s+ 2β

√
s− Lϕ(s+ β

√
s)2

(
1 +

ηβ√
s(d+ αθ)

)]
≥ 0, (47)

using s+ 2β
√
s > Lϕ(β

√
s+ s)2. From Equation 46 and 47 and Equation 34, we get

Ed+1(ω)− Ed(ω) ≤ −
(
η(d+ 1 + α(θ − 1))

)
∥ζd+1 − ζd∥2, (48)

for all d ≥ d0. Next, we obtain that Ed(ω)}d≥1 is bounded for every ω ∈ (2, α−1). Summing
Equation 48 for d = 1, 2, . . . , N , we obtain

EN+1(ω) + η
N∑
d=1

(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2 ≤ E1(ω).

Also, we have

η
N∑
d=1

(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2 ≤ E1(ω).

As N → ∞, we obtain

+∞∑
d=1

(d+ 1 + α(θ − 1))∥ζd+1 − ζd∥2 ≤
E1(ω)
η

< +∞. (49)

Remark 1. The parameter condition 2β
√
s+s ≥ Lϕ(β

√
s+s)2 can be rewritten equivalently

as

γLϕ ≤ 1 +
β
√
s

γ
.

As γ = s + β
√
s, this implies β

√
s ≤ γ, it follows that γ ≤ 2

Lϕ
. Moreover, when β > 0,

we can choose γ ≥ 1
Lϕ

. In a particular case β = 0, the parameter condition reduces to

γ ≤ 1
Lϕ

, which coincides with the classical step-size requirement for the AFB algorithm

(see [5], [12]).

5 Convergence analysis of generated sequence

Lemma 8. Let α ≥ 3 and θ ∈ [0,+∞), and let {ad}d≥1 and {bd}d≥1 be two sequences in
[0,+∞) such that

ad+1 ≤
d+ α(θ − 1)

d+ αθ
ad + bd,

for all d ≥ 1. If
∑+∞

d=1 dbd < +∞ then
∑+∞

d=1 ad < +∞.
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Proof. Since α ≥ 3, θ ≥ 0, we have α(θ − 1) ≤ αθ − 2. Therefore, we can write

ad+1 ≤
d+ αθ − 2

d+ αθ
ad + bd. (50)

Multiplying (d+ 1 + αθ)2 in Equation 50, we obtain

(d+ 1 + αθ)2ad+1 ≤
(d+ 1 + αθ)2(d+ αθ − 2)

d+ αθ
ad + (d+ 1 + αθ)2bd

≤ (d+ αθ)2ad + (d+ 1 + αθ)2bd. (51)

Summing Equation 51 for j = 1, 2 . . . , d− 1, we obtain

(d+ αθ)2ad ≤ (1 + αθ)2a1 +

d−1∑
j=1

(j + 1 + αθ)2bj .

Dividing by (d+ αθ)2, and summing for d = 2, . . . ,m, we get

m∑
d=2

ad ≤ a1

m∑
d=2

(1 + αθ)2

(d+ αθ)2
+

m∑
d=2

1

(d+ αθ)2

d−1∑
j=1

(j + 1 + αθ)2bj . (52)

Observing that

+∞∑
d=j+1

1

(d+ αθ)2
≤

+∞∑
d=j+1

1

d2
≤

∫ +∞

d=j+1

1

d2
dd =

1

j + 1
. (53)

Applying Fubini’s Theorem to this last sum of Equation 52, we obtain

m∑
d=2

ad ≤ a1

m∑
d=2

(1 + αθ)2

(d+ αθ)2
+

m−1∑
j=1

( +∞∑
d=j+1

1

(d+ αθ)2

)
(j + 1 + αθ)2bj .

Since
∑+∞

d=1 dbd < +∞, and from Equation 53, we get

m∑
d=2

ad ≤ a1

m∑
d=2

(1 + αθ)2

(d+ αθ)2
+
m−1∑
j=1

(j + 1 + αθ)2

j + 1
bj

≤ a1

m∑
d=2

(1 + αθ)2

(d+ αθ)2
+

m−1∑
j=1

(j + 1 + αθ(2 + αθ))bj < +∞. (54)

Hence, proved.
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Theorem 9. Suppose that Assumption 1 is satisfied, α > 3, and s+2β
√
s ≥ Lϕ(β

√
s+s)2.

Let {(ζd, νd, ξd)}d≥1 be produced by Algorithm 1. Then the successive differences satisfy

∥ζd+1 − ζd∥ = O
(
1

d

)
.

Moreover, the sequence {ζd}d≥1 converges, and its limit belongs to the solution set S; that
is, there exists ζ∗ ∈ S such that

ζd → ζ∗ as d→ ∞.

Proof. From (48), we see that the energy sequence {Ed(ω)}d≥1 is bounded for any ω ∈
(2, α − 1). Together with (14) and the fact that η = α − ω − 1 > 0, this implies that the
sequence {ζd}d≥1 is bounded. Furthermore, by invoking Theorem 7(iii), we obtain

lim
d→∞

(d+ αθ)∥ξd+1 +∇ϕ(νd)∥ = 0,

signifying that {(d + αθ)β
√
s(ξd+1 +∇ϕ(νd))}d≥1 is also bounded. Moreover, as {Ed(α −

1)}d≥1 is bounded. From Equation 14 and 15, we obtain

{ω(ζd+1 − ζ∗) + (d+ 1 + α(θ − 1))(ζd+1 − ζd) + (d+ αθ)β
√
s(ξd+1 +∇ϕ(νd))}d≥1

is bounded. Since the sequences {ζd}d≥1 and {(d+αθ)β
√
s(ξd+1+∇ϕ(νd))}d≥1 are bounded,

we obtain the sequence {d+ 1 + α(θ − 1))(ζd+1 − ζd)}d≥1 is bounded. Hence,

∥ζd+1 − ζd∥ = O
(1
d

)
. (55)

By the lower semicontinuity of Φ, for any sequential cluster point ζ∞ of the sequence
{ζd}d≥1, that is, for any subsequence {ζdj} satisfying ζdj → ζ∞ as dj → ∞, we have

Φ(ζ∞) ≤ lim inf
dj→∞

Φ(ζdj ) = min
w

Φ,

where Theorem 7(i) yields the last equality. Consequently, every cluster point of {ζd}d≥1

belongs to the solution set S. Next, fix an arbitrary ζ∗ ∈ S. We now show that the
sequence {∥ζd − ζ∗∥}d≥1 converges. Denote the another sequence

hd :=
1

2
∥ζd − ζ∗∥2. (56)

Utilizing Equation 8 and step i of IAFBSC, we get

hd+1 − hd = ⟨ζd+1 − ζ∗, ζd+1 − ζd⟩ −
1

2
∥ζd+1 − ζd∥2

= ⟨ζd+1 − ζ∗, ζd+1 − νd, ⟩+
d+ α(θ − 1)

d+ αθ
⟨ζd+1 − ζ∗, ζd − ζd−1⟩

+
(d+ αθ − 1)β

√
s

d+ αθ
⟨ζd+1 − ζ∗, ξd +∇ϕ(νd−1)⟩ −

1

2
∥ζd+1 − ζd∥2, (57)
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and

hd − hd−1 = ⟨ζd − ζ∗, ζd − ζd−1⟩ −
1

2
∥ζd − ζd−1∥2. (58)

Then, we have

(hd+1 − hd)−
d+ α(θ − 1)

d+ αθ
(hd − hd−1)

= ⟨ζd+1 − ζ∗, ζd+1 − νd, ⟩+
d+ α(θ − 1)

d+ αθ
⟨ζd+1 − ζ∗, ζd − ζd−1⟩

+
(d+ αθ − 1)β

√
s

d+ αθ
⟨ζd+1 − ζ∗, ξd +∇ϕ(νd−1)⟩ −

1

2
∥ζd+1 − ζd∥2

− d+ α(θ − 1)

d+ αθ
⟨ζd − ζ∗, ζd − ζd−1⟩+

d+ α(θ − 1)

2(d+ αθ)
∥ζd − ζd−1∥2. (59)

From the step iii of IAFBSC, Equation 59 becomes

(hd+1 − hd)−
d+ α(θ − 1)

d+ αθ
(hd − hd−1)

= −γ⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩+
d+ α(θ − 1)

d+ αθ
⟨ζd+1 − ζd, ζd − ζd−1⟩

+
(d+ αθ − 1)β

√
s

d+ αθ
⟨ζd+1 − ζ∗, ξd +∇ϕ(νd−1)⟩ −

1

2
∥ζd+1 − ζd∥2

+
d+ α(θ − 1)

2(d+ αθ)
∥ζd − ζd−1∥2

≤ −γ⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩+
d+ α(θ − 1)

d+ αθ
⟨ζd+1 − ζd, ζd − ζd−1⟩

+
(d+ αθ − 1)β

√
s

d+ αθ
⟨ζd+1 − ζ∗, ξd +∇ϕ(νd−1)⟩+

d+ α(θ − 1)

2(d+ αθ)
∥ζd − ζd−1∥2. (60)

Denote
∆d+1 := hd+1 − hd + β

√
s⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩. (61)
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Using Equation 60 and γ = β
√
s+ s, we have

∆d+1 −
d+ α(θ − 1)

d+ αθ
∆d

= hd+1 − hd + β
√
s⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

− d+ α(θ − 1)

d+ αθ
(hd − hd−1)−

d+ α(θ − 1)

d+ αθ
β
√
s⟨ζd − ζ∗, ξd +∇ϕ(νd−1)⟩

≤ −γ⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩+
d+ α(θ − 1)

d+ αθ
⟨ζd+1 − ζd, ζd − ζd−1⟩

+
(d+ αθ − 1)β

√
s

d+ αθ
⟨ζd+1 − ζ∗, ξd +∇ϕ(νd−1)⟩+

(d+ α(θ − 1))

2(d+ αθ)
∥ζd − ζd−1∥2

+ β
√
s⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

− (d+ α(θ − 1))β
√
s

d+ αθ
⟨ζd − ζ∗, ξd +∇ϕ(νd−1)⟩

= −s⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩+
d+ α(θ − 1)

d+ αθ
⟨ζd+1 − ζd, ζd − ζd−1⟩

+
(d+ αθ − 1)β

√
s

d+ αθ
⟨ζd+1 − ζd, ξd +∇ϕ(νd−1)⟩+

d+ α(θ − 1)

2(d+ αθ)
∥ζd − ζd−1∥2

+
β
√
s

d+ αθ

(
(d+ αθ − 1)− (d+ α(θ − 1))

)
⟨ζd − ζ∗, ξd +∇ϕ(νd−1)⟩

≤ −s⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩+ ∥ζd+1 − ζd∥∥ζd − ζd−1∥+
1

2
∥ζd − ζd−1∥2

+ β
√
s∥ζd+1 − ζd∥∥ξd +∇ϕ(νd−1)∥+

(α− 1)β
√
s

k
∥ζd − ζ∗∥∥ξd +∇ϕ(νd−1)∥. (62)

The last inequality comes from the Cauchy–Schwarz inequality. Since ψ is convex, its
subdifferential mapping ∂ψ is monotone. Furthermore, because

0 ∈ ∂Φ(ζ∗) = ∇ϕ(ζ∗) + ∂ψ(ζ∗),

it follows that
−∇ϕ(ζ∗) ∈ ∂ψ(ζ∗).

Using this and fact ξd+1 ∈ ∂ψ(ζd+1), we obtain

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(ζ∗)⟩ ≥ 0. (63)

Using Equation 63, we can establish,

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ = ⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(ζ∗) +∇ϕ(νd)−∇ϕ(x∗)⟩
≥ ⟨ζd+1 − ζ∗,∇ϕ(νd)−∇ϕ(x∗)⟩
= ⟨ζd+1 − νd,∇ϕ(νd)−∇ϕ(x∗)⟩+ ⟨νd − ζ∗,∇ϕ(νd)−∇ϕ(x∗)⟩. (64)
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Using Lemma 4 and Cauchy-Schwarz inequality, Equation 64 becomes

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩

≥ −∥ζd+1 − νd∥∥∇ϕ(νd)−∇ϕ(ζ∗)∥+ 1

Lϕ
∥∇ϕ(νd)−∇ϕ(ζ∗)∥2. (65)

We have

∥x∥∥y∥ ≤ 1

2
(∥x∥2 + ∥y∥2). (66)

Put x = ∥∇ϕ(νd)−∇ϕ(ζ∗)∥√
Lϕ
2

and y =

√
Lϕ

2 ∥ζd+1 − νd∥ in Equation 66, we obtain

1

Lϕ
∥∇ϕ(νd)−∇ϕ(ζ∗)∥2 − ∥ζd+1 − νd∥∥∇ϕ(νd)−∇ϕ(ζ∗)∥

≥
−Lϕ
4

∥ζd+1 − νd∥2. (67)

Equation 65 becomes

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ ≥
−Lϕ
4

∥ζd+1 − νd∥2.

Since ζd+1 − νd = γ(ξd+1 +∇ϕ(νd)), from above equation we obtain

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ ≥
−Lϕγ2

4
∥ξd+1 +∇ϕ(νd)∥2. (68)

As γ = s+ β
√
s, Equation 68 becomes

⟨ζd+1 − ζ∗, ξd+1 +∇ϕ(νd)⟩ ≥
−Lϕ(s+ β

√
s)2

4
∥ξd+1 +∇ϕ(νd)∥2. (69)

From Equation 69 and 66, Equation 62 becomes

∆d+1 −
d+ α(θ − 1)

d+ αθ
∆d ≤ ed, (70)

where

ed =
sLϕ(s+ β

√
s)2

4
∥ξd+1 +∇ϕ(νd)∥2 +

1 + β
√
s

2
∥ζd+1 − ζd∥2

+ ∥ζd − ζd−1∥2 +
β
√
s

2
∥ξd +∇ϕ(νd−1)∥2

+
(α− 1)β

√
s

k
∥ζd − ζ∗∥∥ξd +∇ϕ(νd−1)∥.
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From Theorem 7 (iii) and (v), we obtain

+∞∑
d=1

d2∥ξd+1 +∇ϕ(νd)∥2 < +∞ and
+∞∑
d=1

d∥ζd+1 − ζd∥2 < +∞,

and combined with the boundedness of {ζd}d≥1, we obtain

+∞∑
d=1

∥ζd − ζ∗∥∥ξd +∇ϕ(νd−1)∥ ≤
+∞∑
d=1

(∥ζd − ζ∗∥2

2d2
+
d2

2
∥ξd +∇ϕ(νd−1)∥2

)
< +∞, (71)

as {∥ζd − ζ∗∥2}d≥1 is a bounded sequence. Since

+∞∑
d=1

d∥ξd+1 +∇ϕ(νd)∥2 ≤
+∞∑
d=1

d2∥ξd+1 +∇ϕ(νd)∥2 < +∞,

we get
∑+∞

d=1 ded < +∞. From Equation 70, we can further derive

[∆d+1]+ ≤ d+ α(θ − 1)

d+ αθ
[∆d]+ + ed. (72)

Applying Lemma 8, we get
+∞∑
d=1

[∆d]+ < +∞.

Along with Equation 61 and 71, this implies

+∞∑
d=1

[hd+1 − hd]+ ≤
+∞∑
d=1

[∆d+1]+ +
+∞∑
d=1

β
√
s∥ζd+1 − ζ∗∥∥ξd+1 +∇ϕ(νd)∥

< +∞. (73)

Applying Lemma 2, with
hd+1 ≤ hd + [hd+1 − hd]+,

we conclude that limd→+∞ hd =
1
2 limd→+∞ ∥ζd− ζ∗∥2 exists. Since each sequential cluster

point of {ζd}d≥1 ∈ S, by Lemma 3, we establish that limd→+∞ ζd = ζ∗ ∈ S.

Theorem 10. Suppose Assumption 1 hold. For α > 3, and s + 2β
√
s > Lϕ(s + β

√
s)2.

Let {(ζd, νd, ξd)}d≥1 be the sequence generated by IAFBSC. Then, the following hold:

(i). Φ(ζd)− Φ(ζ∗) = o
(

1
d2

)
.

(ii). ∥ζd+1 − ζd∥ = o
(
1
d

)
.

24



Proof. By Theorem 9, the sequence {ζd}d≥1 converges to an element of S. Hence, we
denote its limit by

lim
d→+∞

ζd = ζ∗ ∈ S.

Moreover, combining Equation 14 with the proof of Theorem 7 yields

Ed(α− 1) ≥ 0,

and
Ed+1(α− 1) ≤ Ed(α− 1), ∀d ≥ 1.

This yields limd→+∞ Ed(α− 1) exists. From Theorem 7 (iii) and Theorem 9, we obtain

lim
d→+∞

(d+ αθ)(ξd+1 +∇ϕ(νd)) = 0 and sup
d≥1

d∥ζd+1 − ζd∥ < +∞.

This together with ζd → ζ∗ and Equation 14 implies

lim
d→+∞

Ed(α− 1) = lim
d→+∞

[
s(d+ 1 + α(θ − 1))(d+ αθ)(Φ(ζd)− Φ(ζ∗))

+
(d+ α(θ − 1))2

2
∥ζd − ζd−1∥2

]
,

exits. We set

lim
d→+∞

[
s(d+ α(θ − 1))(d+ αθ)(Φ(ζd)− Φ(ζ∗)) +

(d+ α(θ − 1))2

2
∥ζd − ζd−1∥2

]
= k ≥ 0. (74)

Thus, our goal is to show that k = 0. If the contrary is true, if k > 0, there exists d0 ≥ 1
such that

s(d+ α(θ − 1))(d+ αθ)(Φ(ζd)− Φ(ζ∗)) +
(d+ α(θ − 1))2

2
∥ζd − ζd−1∥2

≥ k

2
> 0,

for all d ≥ d0. This conditions yields

+∞∑
d=d0

[
s(d+ αθ)(Φ(ζd)− Φ(ζ∗)) +

(d+ 1 + α(θ − 1))

2
∥ζd − ζd−1∥2

]
=

+∞∑
d=d0

1

(d+ α(θ − 1))

[
s(d+ 1 + α(θ − 1))(d+ αθ)(Φ(ζd)− Φ(ζ∗))

+
(d+ 1 + α(θ − 1))2

2
∥ζd − ζd−1∥2

]
≥ k

2

+∞∑
d=d0

1

(d+ α(θ − 1))
= +∞.
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Subsequently, using Theorem 7 (ii) and (v), we yield

+∞∑
d=1

[
s(d+ αθ)(Φ(ζd)− Φ(ζ∗)) +

(d+ 1 + α(θ − 1))

2
∥ζd − ζd−1∥2

]
< +∞.

This provides an obvious contradiction. As a result, k = 0, and Equation 74 produces the
required results.

6 Numerical experiments

In this segment, we present two numerical experiments to assess the effectiveness of the
AFB method (Algorithm 1). For all algorithms, the parameters are selected to satisfy
the assumptions required by the theoretical convergence analysis. All experiments are
implemented in MATLAB R2025a and executed on a desktop computer equipped with an
Intel Core i7 processor operating at 3.40 GHz and 10 GB of RAM.

6.1 Lasso problem

The LASSO problem is present in the following

min
w∈Rd

Φ(w) =
1

2
∥Aw − b∥2 + µ∥w∥1, (75)

where A ∈ Rm×d, b ∈ Rm, and m ≤ d. In our numerical experiments, we fix λ = 1,
m = 300, and d = 800. The sensing matrix A is generated with i.i.d. entries drawn
from a standard Gaussian distribution. The ground-truth signal w is constructed to be
sparse by randomly selecting a prescribed number of nonzero entries, whose values are
sampled independently from a standard Gaussian distribution. The observation vector is
then generated as b = Aw.

Rewriting Equation 75 in the form of Problem 1, we define

ϕ(w) =
1

2
∥Aw − b∥2, ψ(w) = λ∥w∥1.

Accordingly, the gradient of the smooth term is given by ∇ϕ(w) = AT (Aw − b), and the
proximal operator associated with ψ admits the explicit soft-thresholding form

Proxγψ(w) = max{w − γλ, 0} −max{−w − γλ, 0}.

For the IAFBSC, the parameters are chosen as γ = 1+ρ
∥ATA∥ , ρ = 0.2. When β = 0, the

proposed method reduces to the FISTA; in this case, we set γ = 1
∥ATA∥ , as commonly

adopted in [5, 16].
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Table 1: Iterations and CPU time for different values of α and θ

α
θ

0 5 10 20 30 40

iteration time iteration time iteration time iteration time iteration time iteration time

5 800 1.3449 800 1.4873 800 1.2866 800 1.2455 800 1.2908 800 1.4397
8 800 1.3729 800 1.2658 799 1.2068 800 1.2289 800 1.2261 800 1.1789
10 787 1.1806 789 1.2756 760 1.2739 793 1.2208 800 1.2131 800 1.1682
20 797 1.1519 715 1.1048 678 1.0453 677 1.0583 727 1.1857 759 1.2376
30 791 1.2245 686 1.0471 647 1.0163 664 1.0189 712 1.0650 758 1.1331
40 790 1.1624 650 0.9912 626 0.9525 651 0.9970 712 1.0605 743 1.0861
50 798 1.2079 638 1.0005 603 0.9348 637 0.9745 697 1.0284 758 1.1207
60 800 1.2152 638 0.9789 593 0.9181 637 0.9708 682 1.0331 743 1.1239
70 800 1.1440 635 0.9563 567 0.8918 623 0.9689 697 1.0290 728 1.0824
80 800 1.1443 631 0.9537 570 0.8756 624 0.9588 668 1.0184 728 1.0806
90 800 1.1937 625 0.9563 558 0.8831 609 0.9092 682 1.0621 728 1.0878
100 800 1.1303 619 0.9442 560 0.8615 609 0.9281 668 1.0221 728 1.0866

To investigate the influence of algorithmic parameters on the performance of IAFBSC,
we consider an example with m = 300 and d = 800, and examine IAFBSC under various
choices of α and θ. Specifically, we test α ∈ {5, 8, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100}, θ ∈
{0, 5, 10, 20, 30, 40}. The results reported in Table 1 are averaged over 60 randomly gen-
erated instances. As shown in Table 1, Algorithm 1 with θ > 0 consistently outperforms
when θ = 0, indicating that the parameter θ has a positive impact on the algorithm’s
performance in many scenarios. Moreover, among all tested parameter combinations, the
choice α = 90 and θ = 10 achieves the best overall performance.

To demonstrate the efficiency of IAFBSC, we analyze it with FISTA [12] and AF-
BSC [20]. In these experiments, we set α = 90 and θ = 10 for IAFBSC, and α = 90 for
AFBSC. The numerical results are shown in Fig. 1. In the first row of Fig. 1, we plot
∥ζd − ζ∗∥ and |Φ(ζd)− Φ(ζ∗)| versus the iteration number, where ζ∗ denotes the approxi-
mate solution obtained upon termination of each method. In the second row, we present
the evolution of dist(0, ∂Φ(ζd)) and d

2|Φ(ζd) − Φ(ζ∗)| with respect to the iteration index.
As can be observed from Fig. 1, IAFBSC exhibits superior performance compared with
the other algorithms, achieving faster convergence in both solution accuracy and objective
value reduction.

6.2 ℓ1 regularized logistic regression problem

We consider the ℓ1-regularized logistic regression problem

Φmin := min
w̃∈Rd, w0∈R

m∑
j=1

log
(
1 + exp

(
− bi(a

T
i w̃ + w0)

))
+ µ∥w̃∥1, (76)

where aj ∈ Rn, bj ∈ {−1, 1} for j = 1, 2, . . . ,m, with the labels bj not all identical, m < d,
and µ > 0 is the regularization parameter.
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Figure 1: Lasso problem: Evaluations of ∥ζd − ζ∗∥, ∥Φ(ζd)−Φ(ζ∗)∥, dist(0, ∂Φ(ζd)) and d
2∥Φ(ζd)−Φ(ζ∗)∥ with

respect to the number of iterations

28



To cast this problem into the form of Problem 1, we define

ϕ(w) =
m∑
j=1

log
(
1 + exp

(
− bj(Dw)j

))
, ψ(w) = µ∥w̃∥1,

where w = (w̃, w0) ∈ Rd+1, and D ∈ Rm×(d+1) is the matrix whose jth row is (aTj , 1).
It is well known that the gradient ∇ϕ is Lipschitz continuous with Lipschitz constant
Lϕ = 0.25λmax(D

TD). In our experiments, we set µ = 5 and initialize all algorithms at
the zero vector. The stopping criterion for all methods follows that in [31].

We generate synthetic data with parameters (m, d, c) = (800, 8000, 80). The matrix
A ∈ Rm×d is drawn with independent and identically distributed standard Gaussian entries.
A support set C of size c is selected uniformly at random, and a c-sparse vector ŵ supported
on C is constructed, whose nonzero components are sampled independently from a standard
Gaussian distribution. The measurement vector is then generated as b = sign(Aŵ + te),
where t is drawn uniformly from [0, 1].

The numerical results are reported in Fig. 2. In the first row, we plot the error ∥ζd−ζ∗∥
and the objective gap |Φ(ζd) − Φ(ζ∗)| versus the iteration index, where ζ∗ denotes the
approximate solution obtained at termination. In the second row, we present the evolution
of dist(0, ∂Φ(ζd)) and d

2|Φ(ζd)−Φ(ζ∗)|. For this experiment, we set α = 60 and θ = 5 for
IAFBSC, and α = 60 for AFBSC. As shown in Fig. 2, IAFBSC consistently outperforms
the other methods, exhibiting a noticeably faster convergence in terms of both solution
accuracy and objective value reduction.

7 Conclusions

In this paper, we develop a fast gradient-based algorithm incorporating both HDD and
vanishing damping for composite convex optimization Problem 1. We demonstrate that
the suggested approach achieves an inverse cubic convergence rate for the squared subdif-
ferential norm and a O

(
1
d2

)
convergence rate for the objective value for α ≥ 3. Additionally,

for α > 3, we prove that the generated iterates converge and further increase the objective
value’s convergence rate to o

(
1
d2

)
. Numerical experiments on two representative problems

confirm the effectiveness of the proposed algorithm.
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