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Abstract

Electric power infrastructure faces increasing risk of damage and disruption due to wildfire. Opera-
tors of power grids in wildfire-prone regions must consider the potential impacts of unpredictable fires.
However, traditional wildfire models do not effectively describe worst-case, or even high-impact, fire
behavior. To address this issue, we propose a mixed-integer conic program to characterize an adver-
sarial wildfire that targets infrastructure while respecting realistic fire spread dynamics. We design a
wind-assisted fire spread set based on the Rothermel fire spread model and propose principled convex
relaxations of this set, including a new relaxation of the inner product over Euclidean balls. We present
test cases derived from the recent Park, Eaton, and Palisades fires in California and solve models to
identify the minimum time-to-outage of multiple-element contingencies and the maximum load shed
associated with a sequence of element outages caused by a realistic wildfire. We use the minimum
time-to-outage values to screen contingencies and construct security-constrained optimal power flow

models that promote operational resilience against wildfire.

Key words: wildfire, contingency analysis, resilient power grid, robust optimization, mixed-integer

conic programming

1 Introduction

Wildfires pose a growing threat to human life, property, and infrastructure, due to increases in severity
and annual burned area (Wasserman and Mueller| 2023|, National Interagency Fire Center|2025). Fire
jeopardizes the resilience of power infrastructure, representing a leading cause of large-scale blackouts
which affect hundreds of thousands of customers (Hines et al.[|2008). Due to wildfire, utilities operating
the California power grid incurred estimated costs exceeding $700 million between 2001 and 2016 (Dale
et al.[2018]). In one example, the 2017 Thomas Fire in southern California caused power outages for over
260,000 people; repairs to power grid equipment after this fire cost $49 million (California Public Utilities
Commission [2017)). In 2019, a wildfire in Maui, Hawaii damaged transmission lines and threatened a 230
MW generation plant, necessitating power conservation efforts (Imada;[2019).

Several strategies have been proposed to improve the resilience of the power grid to wildfires (Nazaripouya,
2020). These strategies include proactive investments and operational changes. Proactive investment
involves upgrading equipment, undergrounding power lines, managing vegetation, and inspecting in-
frastructure, to reduce the chance of equipment damage during a wildfire. Alternatively, changes to

operational strategies, including improved dispatch, optimal load shedding, and network reconfiguration,
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can help alleviate the effects of wildfire on power delivery. However, effective implementation of these
strategies requires an underlying model to evaluate the risk and impact of wildfires.

Wildfire spread is highly unpredictable due to uncertainty in weather patterns, locations of ignition,
and responses to intervention (Thompson et al|[2016). Many models of wildfire behavior have been
proposed; see [Sullivan (2009alb,c|) for an overview. Traditionally, these models span three classes. First,
physical models are based in detailed descriptions of the underlying chemical and physical dynamics
involved in combustion (e.g., Linn/|[1997). Second, empirical models estimate the rate of fire spread from
experimental or historical data (e.g., [Rothermel|[1972)). Third, simulated analogues propagate pointwise
or cell-based fire representations, based on some underlying physical or empirical model (e.g., Finney
1998). Alternatively, machine learning has been used to predict wildfire spread from rich spatial datasets
(Huot et al.|2022). These approaches vary widely in accuracy, detail, spatial and temporal resolution,
and requisite computational time and memory.

The increase in wildfire prevalence and severity mandates consideration of the most extreme potential
impacts of fires to the power grid. Of particular concern are the concurrent outages of multiple components
(i.e., N—Fk contingencies) and the timing and sequencing of these outages. In this work, we take inspiration
from the field of robust optimization and treat wildfire as an adversary. Under the empirical model of
Rothermel (1972)), we design an optimization model that characterizes the worst-case wildfire ignition
and spread behavior. This perspective permits identification of realistic fire behavior that imparts the
most harm to power infrastructure. Our adversarial model quantifies how quickly a multi-component

outage can occur and identifies outage sequences that cause the largest disruption to power delivery.

1.1 Literature Review

Much attention has been devoted to the design and operation of power systems under the threat of
wildfire. Here, we focus specifically on works that address the uncertain impact of natural events on the
power grid.

Choobineh et al|(2015) and |/Ansari and Mohagheghi (2015]) propose a framework for adjusting power
line thermal ratings due to the influence of a nearby wildfire. [Mohagheghi and Rebennack (2015) solve
a stochastic optimal power flow problem over these dynamic line ratings, treating wind and rate of fire
spread as random parameters. [Trakas and Hatziargyriou| (2018) extend this approach to the resilient
configuration and operation of distribution grids. Other approaches model wildfire disruption of power
equipment as random events and solve stochastic optimization models to mitigate these disruptions.
Yang et al.|[(2024a.b) generate outage scenarios using a rule-based cellular automaton to simulate wildfire
spread, and solve multi-stage stochastic dispatch models to minimize the expected cost of wildfire inter-
ference. Estrada-Garcia et al.| (2025) consider decision-dependent uncertainty in a multi-stage stochastic
transmission switching problem, where line faults occur due to interactions with nearby fires and increase
in probability with the amount of power flow on the line. This work constructs a wildfire scenario tree
by simulations of a cellular automaton, initialized with historical wildfire data. [Abdelmalak and Benidris
(2022) describe a Markov decision process for grid operations, where the states represent a sequence of
element outages due to a wildfire, generated by element-wise disruption probabilities.

An alternative perspective is to solve a robust optimization problem over an uncertainty set that

summarizes reasonable disruptions under a natural disaster. Tapia et al.| (2021]) construct a budget



uncertainty set for element outages based on the outcome of a wildfire simulation, and solve a robust
dispatch problem. In the context of hurricanes, Yuan et al.| (2016) use expert knowledge to design a
multi-stage and multi-zone uncertainty set for line outages, taking into account spatial and temporal
behavior; this uncertainty set is used in a robust network planning problem for the distribution system.
To address variability in renewable power generation, |Lorca and Sun| (2015) solve a robust multi-stage
dispatch problem that considers the spatial and temporal correlation of wind, using an uncertainty set
derived from historical data.

Another common optimization problem at the intersection of wildfire and power systems optimization
is the optimal power shutoff problem (Rhodes et al.|2021). A public safety power shutoff (PSPS) is an
intentional de-energization of power lines, intended to reduce the risk of wildfire ignition from faults;
these shutoff decisions can be optimized to balance the risk of ignition due to active line failures against
the cost of power delivery and load shedding after de-energization. |Zhou et al.| (2024) treat wildfire
risk and the resulting PSPS as a stochastic event and optimize the network topology and dispatch as a
two-stage stochastic program. Bayani and Manshadi| (2023) propose a budget uncertainty set for wildfire
risk, electricity demand, and renewable generation, and solve a robust capacity expansion model. [Taylor
et al. (2025)) optimize power line undergrounding decisions with stochastic and robust perspectives on
wildfire risk and PSPS events.

Most prior work utilizes simulation and historical data to capture uncertainty in wildfire evolution
and interaction with the power grid. However, these approaches may not accurately capture rare, high-
impact, or worst-case outcomes, which are of particular importance when designing and operating a
resilient power grid. In this work, we address this issue by characterizing wildfire uncertainty through
the lens of an empirical fire spread model. To our knowledge, such an approach has not been proposed

in the literature.

1.2 Contributions

In this work, we propose a novel adversarial model for wildfire spread. This model maximizes the impact
of a newly-ignited wildfire on power grid elements, subject to realistic wind-assisted fire spread dynamics.
We use this model to characterize how soon after ignition multiple-element outages can occur and to
determine feasible sequences of element outages that incur the most damage. The outputs of this model
are used to build a security-constrained optimal power flow model that encourages resilient power grid
operation against realistic contingencies.

Specifically, our contributions are as follows:

1. We formulate a novel mixed-integer conic program (MICP) that maximizes the impact of a realistic,

adversarial wildfire on power grid infrastructure;

2. We propose a two-dimensional wind-assisted fire spread set based on the empirical Rothermel fire
spread model (Rothermel |1972)). For computational tractability, we propose conic relaxations of
this set, including a novel second-order conic (SOC) inequality that gives a convex relaxation of the

inner product over Euclidean balls;

3. We design experimental settings aligned with three California wildfires: the 2024 Park fire, the 2025
Eaton fire, and the 2025 Palisades fire. We calibrate our wildfire model and a 3,928-bus optimal



power flow model with data from California at the times of the fires. We propose an approach
to aggregate spatial wildfire risk data into polyhedral regions, which are given as inputs to the

adversarial wildfire model;

4. We apply our adversarial model to characterize the minimum time-to-outage for a set of high-
impact N —k contingencies and to determine the maximum load shed from a sequence of component

disruptions due to the realistic spread of a newly-ignited wildfire; and

5. We use the minimum time-to-outage values as a contingency screening parameter and solve a
detailed security-constrained optimal power flow model, encouraging operational resilience against

reasonable contingencies while reducing the total number of contingencies considered.

Although this work presents an adversarial wildfire model in the context of power grid operations,
our model formulation is highly generalizable and compatible with other operational problems under
the threat of wildfire. These settings include resource deployment for fighting fires (Ntaimo et al.|[2013)
and fuel management for fire mitigation (Minas et al.2014]). Our model can help characterize worst-
case wildfire behavior to improve strategies for wildfire prevention, suppression, mitigation, and threat
evaluation.

The remainder of this paper is organized as follows. Section [2| formulates an optimization model to
characterize adversarial wildfires. Section [3| proposes a wildfire spread set, based on the Rothermel spread
model, and introduces high-quality convex relaxations of this set. Section[d]gives an explicit mixed-integer
conic formulation of the adversarial model. Section [5| presents our security-constrained optimal power
flow model. Section [] describes the experimental settings, power grid and wildfire data, and an approach
to summarize wildfire risk values into polyhedral regions. Section [7] reports computational results on the

adversarial wildfire and optimal power flow models. Section [§] concludes the paper.

1.3 Notation

We denote [-] :={1,...,-}. Let 0, be the zero vector in R and e,, be the vector of ones in R™. Let I,, be
the identity matrix in R™*™. The set of symmetric n X n matrices is written as S™. The indicator function
for set A is given by [4(-). The dot product of vectors z and y is given by (z,y) and the Euclidean
norm by ||z||, = v/(z,z). Similarly, (A, B) gives the Frobenius inner product of matrices A and B, and
A ® B gives the Kronecker product. We write the Euclidean ball with center ¢ € R™ and radius » € R
as Br(c) == {& € R" : [[x —¢|], < r}. We assume that upper bounding power constraints of the form

x < y", with variables (z,y) and parameter r, implicitly enforce the nonnegativity of the argument y.

2 An Optimization Model for Adversarial Wildfires

We model the disruption of power infrastructure due to the spread of a newly ignited wildfire. Let £
give the set of power grid elements threatened by the fire, where £, C R? defines the geometry of grid
element e € £. For generators or buses, L. is a point, and for power lines, L. is a line segment between
the start and end buses of the line. In both cases, L. is a polyhedral set. We select £ to be a subset of
grid elements that generate a high-impact contingency when outaged (see Section .



We consider a temporal discretization, where T' gives the number of periods (e.g., hours) and T :=
{0} U[T7] gives the set of periods. The set S(w,z) C R? gives the area that is reachable in one period by
a wildfire currently burning at point z € R?, which depends on the wind velocity w € R?. This “spread
set” characterizes our model of wildfire spread dynamics; Section [3| provides principled constructions for
several variants of this set.

We use a binary outage model, where o.; € {0, 1} is the indicator of whether element e € £ is outaged

by wildfire in period ¢t € T. We require
0t =1 = {x4 € Lo xpy1 € Sy, wy) V' € T} # 0, (1)

where w; gives the wind velocity in period t and xg gives the ignition point of the wildfire. That is, an
element is reachable by wildfire in period t if there is a sequence of points contained in the spread sets
where the t-th element of the sequence intersects the element geometry. An element can only be outaged
at period t if it is reachable by wildfire in that period; however, an element is not required to be outaged
if it is reachable.

The adversarial setting optimizes over the wind velocity, the wildfire ignition point, and the sequence
of wildfire points to cause a worst-case impact on the power grid. Let xy denote the ignition point and

wy denote the wind velocity at time ¢ € 7. The adversarial wildfire spread model is as follows:

max > Y a(€) [Jow [T 0-ow (2a)

£CE teT c€E' ecE\E

S.t. Zepr1 € S(wy, Tet) Vee &, teT, (2b)
0ct <z, (1) Vee &, teT, (2¢)
Oct < O¢ t4+1 Vee &, teT, (2d)
To = Zeo Ve € &, (2e)
wy € B (wy) VteT, (2f)
oct € {0,1} Vee &, teT. (2g)

To model the outage condition ([I}), we introduce variables z.; € R? for each element e € £, which represent
points that have been reached by wildfire at time ¢. The locations of these points interact through the
wind velocity variables w; and the ignition point variable xg. Constraint enforces pointwise wildfire
spread dynamics, and constraint defines the outage indicator logic; namely, an element can only be
outaged once it is reached by its corresponding sequence of wildfire points. Together, these constraints
imply the element outage logic . Constraint requires that, once an element is outaged, it remains
outaged. Constraint models ignition, ensuring that the wildfire point sequences all start at the
ignition location. The wind velocity is treated as uncertain and can vary from a nominal prediction w;
by magnitude € > 0 under constraint .

For every subset £ C £ of the power grid elements, the function c¢(£’) assigns a weight to the outage
of exactly the elements £’ in period ¢t. Then, the objective maximizes the weighted sum of the outage

sequence. This objective is flexible; for instance, the functions ¢; can measure the impact of each outage



by some metric (e.g., incurred load shed). Alternatively, with

, 1 &=¢£ ,
(&) = VE'CE teT, (3)
0 otherwise

the objective measures the number of periods in which all elements are outaged. Then, the optimization
identifies the minimum time-to-outage, the soonest period in which all elements £ can be reached by
wildfire.

As the variables o¢; are binary and the geometries L. are polyhedral, can be written as an MICP
if S(w, z) are mixed-integer conic representable sets. We provide explicit reformulations of this problem
as an MICP in Section [4l Before this, we introduce model-driven characterizations of the wildfire spread
sets S(w, z) in Section

3 Pointwise Wildfire Spread Models

The wildfire spread dynamics which appear in model depend on the definition of the spread sets
S(w,z). This section introduces several choices for this set; these constructions are some of the main
technical contributions of this work. Section [3.1] introduces a convex conic spread set inspired by the
Rothermel fire spread model. However, this spread set is defined by an inner product with the wind vector
w, which introduces nonconvexity to the adversarial model . To handle this nonconvexity, Section
proposes convex relaxations of the inner product, including a novel second-order cone relaxation of the
inner product over Euclidean balls. Section describes an alternative resolution of this nonconvexity
by relaxing the base set in a principled way, so that the resulting set is a Euclidean ball. Section

discusses the relative quality of the relaxations.

3.1 The Rothermel Fire Spread Model

The Rothermel fire spread model (Rothermel 1972, Andrews 2018) is a one-dimensional rate-of-spread
fire model. Given inputs describing the fuel bed (i.e., the mix of organic material which fuels the fire),
wind speed, and slope, the model predicts the rate of spread R, that is, the speed at which the fire

expands. The Rothermel model computes the rate of spread as

Src

R="

(14 ¢uw + bs), (4)

where F™ is the thermal fluz of the fire, the amount of heat produced per area per minute, and E'®
is the ignition energy density of the fuel bed, the amount of energy required to ignite a unit volume of
fuel. These parameters depend on the composition and structure of the fuel bed. We define the base rate
of spread V := F*°/E'® which gives the rate of spread without any influence from wind or slope. The
elements ¢,, and ¢ are flux multipliers due to the impact of wind and slope, respectively. Under our
model calibration, the impact of slope on the rate of spread is much smaller than the impact of wind:

the flux multiplier due to a 20 mi/hr wind is over 6x as large as the flux multiplier due to a 30° slope.



For this reason and for modeling tractability, we ignore the impact of slope and take ¢ = 0, focusing

primarily on the wind effect. The Rothermel model defines
b =C - s, (5)

where s gives the wind speed. The coefficient C' and exponent B are empirically-derived parameters
which vary with two characteristics of the fuel bed: the packing ratio (i.e., the proportion of the fuel bed
volume composed of fuel particles) and the surface-area-to-volume ratio of the fuel particles.

In a two-dimensional model, the wind velocity may not align with the direction of fire spread. To
handle this issue, we project the wind velocity w onto the direction of spread d, which gives a spread-
aligned wind speed. Additionally, we model the geographic dependence of the base rate of spread V by a
set of regions. Let R be the region index set, u, € (0, 1] be the rate of spread multiplier associated with
region » € R, and P, C R? be the geometry of the region. We use polyhedral regions P, which form
a partition of the area of study. A data-driven method for constructing these regions and multipliers is
given in Section [6]

Let the function V(z) compute the base rate of spread associated with the region containing x:

V()= pr - V- Ip, (), (6)

reER

We now introduce the Rothermel-inspired spread set

B
S*(w, z) = {d—i—m Nl < V@) (1 e (ﬁ’lﬁ”:) )} | (1)

In this definition and elsewhere, we take 0/0 = 0, so that d = 0y is feasible. This set bounds the
magnitude of fire spread [|d||, by the rate of spread R under the Rothermel model (4)), where the wind

speed is given by the projection of the wind vector w onto the direction of spread d and the base rate of

spread is adjusted by the function V().
Proposition 1. Fiz some {z,w} C R%. Let B € [0,1] and (C,V(x)) > 0. Then, the set S*(w,z) can be

written as the projection of a power conic set; specifically,

Wzl

1 < (y2+73)E

b <VE@m? [ )
15 < OV(a)(ld,u)?

S'(w,z) =< d+x : Iy s.t.

Proof. Observe that, by multiplying by (||d||,)® and raising to the power of 1/(1 + B), the constraint

which defines S"(w, z) is equivalent to
1
ldlly < (V(2)(lldlly)” + OV (2)({d, w))") *7 . (9)

For d satisfying @D, taking v1 = ||d||, and (72,73) equal to their upper bounds gives a feasible solution to
the conic description . For (d, ) that satisfy the conic description , by application of the inequalities

7



in v and the monotonicity of the power functions, we have

0 _ 4 CV@d )
()8~ (y)?
As B > 0, the function (1/v1)? is decreasing in 1. Then, ||d|, < v and imply the definition of the

set S"(w, z). Therefore, the two representations are equivalent. As the exponents B and 1/(1 4+ B) fall

ldlly <m = (10)

on [0, 1] and the coefficients C' and V' (z) are nonnegative, the constraints in y are power cone constraints;
that is, they are described by conic sets with the form {(z,y) € R*™! : |lz||, < y"}, where r € [0,1]. O

Proposition [1f shows that the Rothermel spread set S"(w,x) can be reformulated with power cone
constraints when w and z are fixed and B < 1. However, choosing S(w,z) = S"(w,z) in problem
introduces nonconvexity, as the problem optimizes jointly over the spread set and the arguments x
and w. In particular, the nonconvexity due to the dependence of V(x) on the location z through the
indicator function Ip, (z) can be handled by the introduction of binary variables, as described in Section
However, the nonconvexity of the inner product (d, w) between the direction of fire spread and the wind
vector cannot be easily reformulated. To handle this interaction, we propose two convex relaxations in
the (w,z) space. In Section we introduce a relaxation that addresses this nonconvexity under the
assumption that B < 1; in Section [3.3] we propose an alternative relaxation for the case where B > 1.
These relaxations maintain the conservatism of the adversarial model by overestimating the impact of

the worst-case fire.

3.2 The Inner Product Spread Set
The first approach to address the nonconvexity is to directly relax the inner product. As in problem ,
we assume that the wind vector w € B.(w;) for some t. Denote by

W i=max @i, +¢ and Ri=V-(1+CW")

the bounds on the magnitude of the wind vector w and the rate of spread, respectively. Then, for any
t and w € B.(w;), it holds that S(w,z) C Bg(x). Over the Euclidean balls which contain w and d, we

define the hypograph of the inner-product (d,w) in dimension n as

ZP = (dyw,2) ER*™ 1 d € Br(0,) - (11)
w € B:(0,)

Here, we are concerned only with the hypograph of the inner product, as the Rothermel spread set
upper bounds ||d||, by an increasing function in (d,w). Additionally, for z € S(w,z’) and w € B.(w;), we
have that (z — 2/, w) = (d,W; + w'), where w' := w — w; € B:(0,) and d € Bz(0,,). As (d,w;) is affine in
(d,w), it does not hinder convexity, and we only need to consider the bilinear portion (d, w’). We proceed

by constructing convex relaxations Z D Z}LP.



3.2.1 The Shor Relaxation

A standard convex relaxation of a nonconvex quadratic set is the Shor semidefinite relaxation (Shor
1987). [Wang and Kilin¢-Karzan| (2024) provide sufficient conditions under which this relaxation gives the

convex hull of the quadratic set; Theorem [1| presents one of these results.

Theorem 1 (Wang and Kiling-Karzan|2024| Sec. 4.1). For {A;}[*, C S™ and ¢ € R™, let

sy . W Aoy) <22
. {(y’ 5 (y, Ay) <c; Vie[m] } -
and
= _ T (Ao, Y) <2z
Z = {(y, z) Y =yy st (ALY) <e Vie [m] } . (13)

If there exists some m > 0, {A;}", C S", and k > m such that Y " m;A; = 0 and A; = A; @ I, then
conv(Z) = Z.

Theorem [1I] establishes that, if a dual strict feasibility condition is met and the quadratic set is
sufficiently symmetric, the Shor relaxation gives the convex hull. In Corollary [T, we demonstrate that
this result applies to the inner product hypograph over Euclidean balls. Note that Corollary (1] does not
apply when n = 1; in this case, Z%P reduces to the product of one-dimensional variables over a box, where

the convex hull is given by the polyhedral McCormick envelope (McCormick! [1976).

Corollary 1. Forn > 2, it holds that conv(ZF) = ZCH  where

D ZT d| |d i
Z W wl |w
ZSH = (d,w,z) : tr(Z) >z (14)
tr(D) <®
tr(W) < &2
Vs

T
Proof. Let y = [d w} € R?" and

0 1 10
Ay = — , A= , and Ag :=

Construct the sets Z and Z as in and , with k =n and A; := A; ® I,,. Then,

(y, Ary) < R* <= d € Bg(0y),
(y, Agy) < €2 <= w € B.(0,), and

(y, Aogy) < 2z <—= —z < (d,w).

We then have that Z = {(d,w,—2) : (d,w,z) € ZIF} and that Z = {(d,w,—2) : (d,w,2) € Z$1}.
Take [Wo m 71'2} = {O 1 1] Then, Z?:o miA; = Isy, = 0, and k = n > 2 = m, so the conditions



of Theorem (1| hold and conv(Z) = Z. The result follows from the fact that the convex hull of an affine

transformation of a set is exactly the affine transformation of the convex hull of the set. O

Although we directly characterize conv(ZIF) via the Shor relaxation, the set Z$™ is modeled with
semidefinite constraints. If this set is used to construct S(w, x), the problem becomes a mixed-integer
semidefinite program, which is beyond the current reach of commercial solvers. For this reason, we

continue to seek convex relaxations with structures that are compatible with mixed-integer optimization.

3.2.2 Second-Order Minor Constraints

Inspired by the Shor relaxation Z$M, we introduce a SOC relaxation. Let variables 6 € R", w € R”, and
¢ € R™ correspond to the diagonal elements of the matrices D, W, and Z, respectively. Then, the three

trace constraints of ZSH can be written as

zn:(sl < EQ, Zn:wi < 52, and Zn:cl > z. (15)
i=1 i=1 i=1

By the positive semidefinite condition of the Schur complement (e.g.,Boyd and Vandenberghe 2004,

App. A.5), we can equivalently write the semidefinite constraint of ZSH as

1 dF w'
d D ZT|>o.
w Z W

The nonnegativity of the 2 x 2 minors of this matrix implies for all i € [n] that
6 > (di)?, wi > (w;)?, and Sw; > (7, (16)

where these constraints are taken from the 2 x 2 submatrices with index pairs (1,7 + 1), (1,2 + 1), and
(i + 1,2i + 1), respectively. All three constraints are SOC constraints and thus are compatible with

optimization over mixed-integer variables. We denote the relaxation generated by these constraints as

Z2M = {(d,w,2) : 3(0,w,¢) s.t. ([1F), (16)}-. (17)

As this set is implied by the Shor relaxation, we have Z2M D ZCH O zIP,

For each element e € £ and period t € T, the constraint implements a copy of the set S(wy, Tet).
If the relaxation Z%M is used to generate these sets, proxy variables (0; et, Wi et, Giet) are introduced for all
e and t. However, for a fixed period ¢, the same wind vector variable w; appears in the set S(wy, z¢;) for
all elements e. As the proxy variables w; o represent the squared components of w;, we can also require
that these variables take the same value across copies of S(wy, Z¢) in the same period t. That is, we can

enforce wj et = wi eyt for any {ej,ea} C &, which tightens this relaxation across elements.

10



3.2.3 Rotated McCormick Inequalities

Another approach to handle the inner product is to relax the ball constraints to box constraints, so that
the problem becomes separable. Then, we can apply the upper-bounding inequalities of the McCormick
envelope (McCormick|/1976)):

ZTILP Ce(dyw,2): d € [—R,mn
w € [—e,e]”
(18)
2 Sz
Ce(dw,z): 2z <e(di+R)— Rw; Vi€ [n]
2z < R(w;+¢)—ed; Vi€ [n]

Although valid, this approach ignores the interaction between components of d and w in the ball con-
straints. To incorporate this interaction, we observe that ZI is invariant to a rotation of the Cartesian
axes. For any rotation, we can then add the upper-bounding McCormick inequalities and tighten the
relaxation.

As in , we fix the dimension to n = 2. Let My € R%2*2 be the rotation matrix for angle 6 € R:

My [cos(@) —sin(9)] '

sin()  cos(6)
As My " My = I, for any (d,w, z) € Z4¥, we have that

z < (Myd, Mpw),
Mpyd € BE(OQ), and Myw € 85(02);

that is, a rotation of the coordinate system by 6 yields the same set. Therefore, imposing the McCormick
inequalities after rotation gives valid inequalities for ZI¥. A McCormick upper bound in the rotated
space is

2 < R{ey, Mgw) — e(eq, Myd) + 2¢R. (19)

Note that we selected one of the two McCormick inequalities for each component of the inner product;
any combination of the inequalities will yield an equivalent result.
For all 6, inequality is valid for ZIP. We write a robust constraint over  and replace My with

its definition: -
2z < 2¢eR + min (R(ivl +w2) —eld+ d2)) COS.(Q)
0+ (R(wi —ws) — e(dy — dy)) sin(6).

Under the change of variables ¢ := cos(#) and s := sin(#) with constraint ¢ + s? = 1, the minimization is

of a linear function over the surface of a ball, which is solvable in closed form. This yields the inequality

R(w1 + ’LUQ) — E(dl + dg)

< 2R — 2. (20)
R(w1 - w2) - €(d1 - dQ)

2

11



This expression is a convex SOC constraint that implies the McCormick inequalities under every axis
rotation. However, squaring both sides reveals an extraneous z2 term on the right-hand side. This term

can be canceled, tightening the constraint while maintaining its validity and convexity:

R(’U)l + wg) - E(dl + dg)

R(w; — wg) — e(dy — da) < 2R - z. (21)

z
2

We name the tightened constraint the rotated McCormick inequality. Let ZRMC .= {(d, w, 2) : 1)}
Theorem |2| gives a direct proof that these inequalities are valid for Z%P.

Theorem 2. For any (d,w,z) € Z%P, the inequalities and are satisfied. Thus, Z8MC D Zép.

Proof. For (d,w,z) € ZiF observe that

R(w1 + wQ) — E(dl + dz)

R(wy —wq) — e(dy — da) )

= 2R’ [|wll3 + 262 ||d||3 — 4eR(d, w)
< 4’R° — 4Rz = (26R — 2)% — 22
(2cR - 2)°,

IN

where the first inequality follows from the definition of ZIF. The validity of follows from the first
inequality and that of follows from the second inequality. Note that z < (d,w) < eR gives the
nonnegativity of the right hand sides. O

3.2.4 Inner Product Spread Set Formulation

We define a relaxation of the Rothermel spread set

SO(w,z) ={d+ux : Idll, < V() (1 e <dz|2)B> ; (22)
(dyw,2) € Z

where Z is a convex relaxation of Z%P. For B € [0,1], the inner product spread set Y (w, z) is convex
even when w is treated as a variable and can be reformulated using power cones as in . Note that,
if w; is not zero, the inner product z also contains the term (w;,d); we suppress this dependence of
S(w,z) on w;. Figure [1| shows the the geometry of SV (w,0y) for different values of w and choices
of the set Z. The parameters (B,C,V) are calibrated as described in Section @ with B = 0.9093.
In this figure, CH denotes the convex hull relaxation (? = ZQCH), 2M denotes the second-order minor
constraints (é = Z%M), RMC denotes the rotated McCormick inequality (? = ZRMC), and MC denotes
the standard McCormick inequalities . The rotated McCormick often gives a close approximation of
the convex hull and is stronger than the other relaxations. As the second-order minor constraints can
be tightened by sharing variables across elements e € £, we use both these constraints and the rotated
McCormick inequalities, and take Z = ZRMC Z%M.
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(a) South Wind at 50 mi/hr (b) South-West Wind at 50 mi/hr (c) South Wind at 25 mi/hr (d) No Wind
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Figure 1: Comparison of spread sets SV (w,02) for each convex relaxation of the inner product. Wind
velocity w is fixed in each plot. We set B = 0.9093, w = 02, and € = 50 mi/hr. Units are miles; arrows
show the wind direction and relative magnitude.

3.3 Ball Spread Set

Instead of relaxing the inner product, we can instead directly relax the set S"(w,z). We propose a
principled relaxation of S"(w,x) that yields a tractable convex set in the (w,z) space. We develop this
relaxation under the assumption that B > 1, providing an alternative to the inner product spread set,
which requires that B < 1. Lemma [I] gives a fundamental property on the Minkowski sum of Euclidean

balls. This property is used to establish the other results in this section.
Lemma 1. Let {ca,cg} C R™ and {ra,rg} C R>. Then, B,,(ca) + Brg(cB) = Bry4rs(ca + cB).
For convenience, we define the functions

CV;x) v and o(v) == v (23)

T(v) :=V(z)+

Note that the dependence of these functions on « is suppressed. We proceed by splitting the spread
direction d into two components: d°, which represents the spread due to constant flux, and d%, which

represents spread due to wind-assisted flux. This split gives the relaxed set:

d=d°+dv
§4(w,x) == d - ||, < V() . (24)
a2 < 20(|wll,)(d, w)

If d° and d% are parallel and B = 1, this set is exactly S"(w, z). The relaxation is due to the possibility
that the constant and wind-assisted spread are in different directions (hence the superscript £), and the
replacement of the exponent B with 1. Proposition [2| establishes that this set relaxes the true spread set

and characterizes it exactly as a Euclidean ball.

Proposition 2. Fiz some {w,x} C R2. Let B > 1 and (C,V(x)) > 0. Then, S*(w,r) C §(w,x).
Further,
S(w, x) = Br(jju|,) (o (lwlly)w + z).
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N[l
and d¥ = 09, certifying that 2’ € §“(w,z). Otherwise, let d° = V(z)d/ ||d||, and d¥ = d — d°. Then,

B
Proof. Let 2’ € S"(w,z) and d := 2’ — x, so ||d||, < V(x) <1 +C (<d’w>> ) If ||d||, < V(x), let d° =d

1% ]ly = lldlly = V(=)

<ove (H)’

) (d,w) \P
= CV (@) [|w])y <||d||2||w||2>

<ov@ulf (T,
2 lwll;
where the final inequality follows as B > 1 and (d,w)/(||d|,||w|5) < 1. Recall that (d,w) > 0 by
our definition of the power constraint. Now, as dV is a positive scalar multiple of d, we have that
(d,w)/ ||d|ly = (d¥,w)/ |d"|5, and again 2’ € §“(w,z). Therefore, S*(w, ) C S (w,z).

To establish the second result, observe that By, (c) = {d : |d||3 < 2(c,d)}. Then, the final two
constraints of S4(w,z) are equivalent to d¢ € By (2)(02) and d¥ € By (jw|,)-v(z)(o([[w]ly)w). The set
S4(w,z) is the Minkowski sum of these two balls and the point z. By Lemma |1} we have the desired
result. O

By the characterization in Proposition [2} it is clear that S“(w,z) is convex for fixed w. However,
when we optimize simultaneously over w and Sl(w,x), the dependence of the radius of the ball on
|w||, introduces nonconvexity. To tackle this nonconvexity, we further relax S4(w,x). The proposed
relaxation is exactly the convex hull of S*(w, x) in the (w, ) space if the nominal wind prediction @ = 0.
Proposition |3| defines the relaxed set S°(w,x) and gives the convex hull property. The set S°(w,z) is
also a Euclidean ball, with a slightly modified radius and center; for this reason, we call this set the

ball spread set.

Proposition 3. Fiz some {z,w} C R?. Let B>1 and (C,V(z)) > 0. Then,

Ai = conv{(w, ) : w e B.(W), 2’ € S*(w,x)}

- {(w,x') TweE BE(E)7 s So(w,aj)} = Ao,
where So(wpﬂ?) = BT(||E||2+E) (O’(”@HZ + 8)’[1) + 33) If w = 09, then Ay = As.
Proof. Let w € B.(w) and (d,d°,d") satisfy the constraints of S“(w, z). Then,

1213 < OV (=) llwlly ™" (a*,w)
< CV(@)([@]ly + )"~ Hd", w),

as B—1 > 0. Then, following the logic in the proof of Proposition d" € Br(ja|l,+e) -V () (o ([[@]|y +€)w)
and d° € By (4)(02). Then, d + z is in the sum of these Euclidean balls and the point x, which is exactly
S°(w,x) by Lemma Therefore, S (w, z) C S°(w,z). As As is a convex set, we have A; C As.
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(a) South Wind at 50 mi/hr (b) South-West Wind at 50 mi/hr (c) South Wind at 25 mi/hr (d) No Wind
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Figure 2: Comparison of the Rothermel, relaxed, and ball spread sets. Wind velocity w is fixed in each
plot. We set B = 1, W = 03, and € = 50 mi/hr. Units are miles; arrows show the wind direction and
relative magnitude.

Next, assume W = 0y. If ¢ = 0, it holds that S*(w, ) = S°(w, x), and A; = Ay trivially. Otherwise,
let w € B.(02) and

Ew Ew
WA = 7 WB = —5—,
[wll, [wll,
e [
A = +2”€w”2, and Ap = 2”;””2.

Note that A > 0 and Ax + Ag = 1, so A are convex multipliers. Additionally, Aywa + Apwg = w and
{wa,wp} C B:(02). By Lemma |I| and Proposition

MS (wa, ) + A\pS* (wp, z)
= Bi,r(e)(Aao(e)wa + Aaz)

+ Bagr(e)(ABo(€)wB + Apz)
= B, (o(e)w + x) = S°(w, x).

Then, {w} x S°(w,x) C A;. As this holds for all w € B.(02), we have that Az C A; when @ = 0s. O

Figure [2| depicts the geometry of the initial relaxed spread set S(w,02) and of the ball spread set
8°(w, 02). The parameters (C, V) are calibrated as in Section [f] and the exponent B is rounded to 1. In
this figure, the maximum rate of spread is larger than that in Figure [I]as it is now computed with B = 1,
instead of B < 1. We find that the relaxed set S (w,02) corresponds almost exactly with the true set,

while the ball spread set introduces some error when the wind speed is not at its upper bound.

3.4 Choosing a Relaxation

We have introduced two distinct convex relaxations of the Rothermel spread set. Depending on the
context, it may be preferable to use one relaxation over the other. Here, we provide some guidelines on
which relaxation may be more accurate; these guidelines are summarized in Table

The convexity of the inner product spread set SO relies on the condition B < 1. If B > 1, it must be

rounded down to 1 to use this relaxation. On the other hand, the ball spread set §° is designed under the
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Bl B~1 B>»1

cwP~1 8O SO S°
cw? 1 89 S° S°

Table 1: Preferred relaxation of S* by relationship between the parameters (B, C, W).

assumption that B > 1, and B must be rounded up to 1 if B < 1. Therefore, if B > 1, it is preferable
to use the ball spread set, and if B < 1, the inner product spread set is preferable.

Additionally, the ball spread set omits the relationship between the base direction of spread and the
wind-assisted direction of spread. If the magnitude of one of these components dominates the magnitude
of the other, the relaxation that generates the ball spread set is relatively tight. If the magnitudes are
on the same order, this relaxation is looser. That is, if 1 ~ CWB, where W is the maximum wind speed,

then the inner product spread set is preferable, and otherwise the ball spread set is preferable.

4 Explicit Mixed-Integer Conic Formulations

This section details a formulation that implements the logic of problem . In Section we describe
a mixed-binary description of the outage indicator definition and of the region-dependent rate of
spread functions V(x). In Section we describe a second-order cone approximation of the power cone

constraints to facilitate implementation of the set SO (w, z).

4.1 Mixed-Integer Conic Description of the Adversarial Model

In problem , the constraints 1j can easily be written as linear or quadratic constraints, and
enforces the binary domain. It remains to formulate the objective and the constraints -. To

permit reformulation, we make the following assumption.

Assumption 1. The following properties of the model data hold:
a. The regions P, and geometries L. are nonempty polytopes for all » € R and e € &;
b. The union UreR P, is a box and contains L. for all e € £; and

c. There is an optimal solution to with oo = 1 for all e € £.

Assumption[Ta]requires that both the rate of spread regions and grid element geometries are nonempty,
polyhedral, and bounded, which holds by construction (see Section @ Assumption establishes that
the rate of spread regions cover all element geometries and all areas between elements. Assumption [Ic.
requires that some optimal solution has all elements outaged by the final period T'. If the objective values
¢¢(+) are nondecreasing, this property will be satisfied if 7" is chosen to be sufficiently large.

To formulate the objective , we introduce binary variables og/; for every subset £ C £. These
variables reformulate the product terms in the objective, indicating whether the subset £ is outaged.

The variables ¢ are subject to the following constraints:
Ogt < Ot Vec & & CE teT, (25a)
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Ogrt < 1 — 0 VeecENE, ECE teT, (25b)

Y oen <1 VteT, (25¢)
E'CE
ogr € {0,1} VE'CE teT. (25d)

Constraints (25a) and (25b]) ensure that the variable og/; is 1 only if exactly the elements e € £ are
outaged, and constraint (25c|) requires that only one combination of elements is outaged in each period.

In the augmented variable space, the objective can be written as a linear function:

Z Z ct(E') ven.

E'CE teT

For the minimum time-to-outage objective, note that only variables {0g;}+c7 need to be introduced.
Next, we address the spread constraint . The coefficient V(x) requires indicators of the region
r € R containing x. By Assumption each region is a polytope P,; let the H-representation of
these polytopes be given by P, = {y : A,y < b.}. The Balas formulation for the union of polytopes
(Jeroslow and Lowe|1984, Balasg||[1985) gives a well-behaved representation for the desired indicators. This
representation introduces region indicator variables pe,; and proxy variables z¢.; € R?, constrained by

the following logic:

ArZert < brpert Veec&, reR,teT, (26&)
> per =1 Vec & teT, (26b)
reER
D Tert = ey Vec &, teT (26¢)
reR
Pert € {0,1} Veel, reR, teT. (26d)

As the indicators pe,+ are binary and P, are bounded, constraint requires either that pe,+ = 0 and
Tert = 02, or that pere = 1 and xere € P-. Constraint enforces that exactly one region indicator is
active, and constraint then requires that z.s is in the active region. Under Assumption this
formulation does not unduly constrain the feasible values of the fire locations ;.

We apply a similar idea as the Balas formulation to implement the dependence of the spread rate on
the active region. Let variables d.,; € R? be the proxy variables for the spread direction d. Then, we

enforce

[ dertlloe < brRpert Vee &, reR, teT, (27a)
Z dert = Tet+1 — Let Vee &, teT. (27b)
reR

Constraint (27a)) requires that the spread contribution from a region is zero if the corresponding indicator
is zero, and otherwise enforces a componentwise bound on the magnitude of the spread de,:, where the
maximum spread distance R is reduced by the multiplier s, for region r. Constraint (270 enforces that

the change in fire location is exactly the spread contribution from the active region.
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For the ball and inner product spread sets, we impose constraints that enforce the spread behavior

exactly by region. For the ball spread set S°(w, z), we require

cv _ 1
— - Ulwelly + )P Vwy — Y " —deyy
reR Hr

2 (28)
cv
<V +——(lwill +e)8 Veeé& teT.

As exactly one of {de¢}rer is nonzero, multiplying this constraint by p, for the active region r yields the
description of 8°(w¢,xet). This constraint is a quadratic constraint in the variables (w,d). Otherwise,

for the inner product spread set S (w, z), we introduce variables (Viet, V2et, V3ets zet) and impose

l[dertlly < (ﬂr)ﬁ71et Vee&, reR, teT, (29a)
Yiet < (V2et + ’73et)ﬁ Vee &, teT, (29b)
Yoet <V - (v1er)” Vee &, teT, (29¢)
Y3et < CV - ((Wy, det) + Zet)B Yee &, teT, (29d)
(det,wy, 2et) € Z Veec &, teT. (29¢)

These constraints give the power conic reformulation of the inner product spread set described in Propo-
sition (1} Constraint handles the rescaling of the coefficient V(x) for the active region, so that the
variables v and other constraints do not need to be duplicated across regions. Note that, although an
explicit formulation of Z is not provided here, the implicit variables w; will be shared across indices e € &,
as the wind vector variable w; remains the same as this index changes. This approach helps to tighten
the relaxation Z2M as described in Section

Last, we describe the outage indicator definitions . Let L. = conv({ﬁej};]:l) be a polytope in
V-representation. If element e is a power line, J = 2 and /,; € R? give the start and end points of the
line. If e is a bus, J = 1 and /.; gives its location. This construction also applies to more complicated
polyhedral geometries. First, we require that the fire location for element e reaches the set L, in the final

period T'. With variables A.;, this requirement is written as

J
Z )\ejgej = TeT Ve € 5, (30&)
j=1

J
d =1 Ve €&, (30b)
j=1
Aej >0 Vee &, jelJ] (30c)

Next, if element e is outaged at period ¢, we do not permit its fire location x.; to move between periods.
Then, if an element is outaged at period ¢, by the monotonicity constraint , its fire location will not
move for the remainder of the horizon and must already lie in the geometry L., due to constraints .
Under Assumption there exists an optimal solution with all elements outaged in period T, so this
reformulation is not restrictive and is equivalent to —. For the ball spread set S°(w, z), this logic
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is enforced by
HdeTtHoo < ,Ufrﬁoet Ve € g, r e R, teT. (31)

For the inner product spread set S <>(w, x), the corresponding constraint is

Vet < Roy; Vee E, teT. (32)

As v1¢¢ already provides provides a bound on the norm of the spread components d.,; for all regions, we
do not repeat this constraint for every region r, as is necessary in constraint (31)).
Under this characterization of the outage indicators, once an element is outaged, the region containing

its fire point will not change. With this intuition, we impose a set of valid constraints:
|per,t+1 _pert| <1—o0¢ Ve € gu T e R, teT. (33)

4.2 Second-Order Conic Representation of the Power Cone

Some commercial optimization solvers do not offer native support of power cone constraints. To circum-
vent this issue, we make use of known SOC representations of the power cone with a rational exponent
(e.g., Ben-Tal and Nemirovski/ 2001, Sec. 3.3). Specifically, for integers (N, D, p) with D < II := 2°, the

. . N . .
rational power constraint x < yD is written as a geometric mean:

xH < foDleDfN'

We represent the geometric mean constraint equivalently using a result of Morenko et al.| (2013, Prop. 5),
which introduces p — 1 proxy variables and p new SOC constraints. This representation is more concise

than standard reformulations, which require II — 1 new variables and constraints.

5 Evaluative Optimal Power Flow Model

For analysis of wildfire impact on power delivery, we align a security-constrained direct-current (DC)
optimal power flow (OPF) model of the transmission grid with the affected area. This model minimizes
the costs associated with power generation and unmet demand, while respecting an approximation of
the transmission dynamics. For an overview of OPF models, see Frank and Rebennack (2016). This
section provides a high-level description of our OPF model; specific mathematical details are provided in
Appendix [A]

We adopt the operational portion of the capacity expansion model of |Musselman et al. (2025). This
model optimizes the cost of power generation and storage against the amount of load shed, i.e., the
quantity of unmet demand. The model is multi-period over horizon 7, where consecutive periods are
linked by the amount of stored energy and consumption of hydroelectric power. Power flows are modeled
under the DC approximation. We let FP denote the feasible set of this base operational model, where
p € FP represents a feasible generation, storage, and load shedding decision. The cost of decision p is
given by OP(p).
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To model the impact of element outages, we incorporate contingency costs into the OPF model.
Specifically, let I denote the set of contingencies, where (£,t) € K is the contingency in period ¢ with
elements £ outaged. After the outage occurs, we allow the system to adapt in that period by shedding
additional load, reducing generation, and reducing the amount of storage charging or discharging, so
that the DC power flows are satisfied. We treat reductions to the charging of storage in the recourse
decision as load shedding, subject to the relevant costs. The base operational decision gives a minimum
amount of load shed and maximum amounts of generation and storage discharge in the contingency; that
is, neither the amount of generation nor the amount of load served may increase relative to the base
decision after the contingency occurs. This corrective action gives a continuous model of disconnecting
load, generation, and storage from the grid as a response to the contingency. For contingency (£,t) € K,
let the set fgg (p) denote the feasible set of post-contingency decisions under base operational decision
p, where the elements in £ are outaged. These decisions consider post-contingency operations only in the
period t when the contingency occurs. The contingency cost is due to the cost of shedding load, which
is given by the function O%, (pgt ) for feasible decision pgtg € }'g;g( ). The optimal contingency cost as a

function of the base operational decision p is given by

t t
Ogf(p):= _min  Ofl(pgf). (34)
P €F g (p)
As the recourse decision permits decreasing power generation and shedding load, the contingency sub-
problems are feasible for any p € FP.
The security-constrained DC-OPF model is as follows:

min —Ob Z OCtg 35
et T K &oex (38)

where K gives the number of contingencies per period. The problem is a linear program. The

objective value of this model is the average per-period operational cost plus the average contingency cost.

6 Experimental Setting and Calibration

We consider the impact of wildfires on the California power grid, motivated by several recent large and
destructive fires. Specifically, we design three experimental settings, which correspond to the Park fire of
2024, and the Eaton and Palisades fires of January 2025. These experiments use a model of the California
power grid, choose contingency sets near each of these historical fires, and calibrate the wildfire spread

model to chaparral, a flammable shrub found throughout California.

6.1 Power Grid and Contingency Data

We take the nodal electric transmission network from [Musselman et al| (2025), which is a modestly
aggregated version of the California Test System (Taylor et al.[[2024]) with 3,928 buses and 5,581 lines.
This network uses real power grid geography and parameters where available, and otherwise substitutes
representative simulated data. Following the methodology of Musselman et al.| (2025)), we impose realistic

temporal data, including predicted load and availability of renewable and hydroelectric resources, for the
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Year Date Time
Fire
Park 2024 July 24 14:00

Palisades 2025 January 7 10:00
Eaton 2025 January 7 18:00

Table 2: Wildfire ignition times (Pacific time).

first 24 hours after the wildfire ignitions (7" = 24). The ignition times for each fire are given in Table
This approach captures seasonal and hourly variations in the behavior of the power grid around the time
of each fire. Load is predicted using hourly temperature from the ERA5 reanalysis (Hersbach et al.|2023),
and renewable generation availability is taken from the System Advisor Model of the National Renewable
Energy Laboratory (Blair et al. [2018)) with simulated hourly weather data from the Energy Exascale
Earth System California Regionally Refined Model (Zhang et al.||2024). Hydroelectric availability is
approximated with data from 2019, taken from the water system model of [Yates et al. (2024]). We define
the cost of load shedding as $10,000/MWh (Midcontinent Independent System Operator|2025]).

For each fire, we select the set of contingency elements £ by identifying five lines that are near the area
affected by wildfire and that incur a large load shed when outaged. Specifically, we solve a contingency-
free DC-OPF (with K = 0) to an optimal solution p*. We prescreen for lines that intersect a 5-mile
buffer around the final wildfire perimeter, then select for the set £ the five intersecting lines that incur
the largest post-contingency load shed under the base solution p* when outaged; that is, the five lines in
the buffer with the largest value of ), CE;%t(p*). Here, j denotes the line index. As bus outages are
equivalent to the outage of all lines incident to the bus, our experiments only consider line contingencies.

Figure [3| superimposes the geometry of the transmission network on the state of California. For each
fire, it shows the final perimeter and ignition point, and highlights the five lines that are selected for
the contingency set £. The fire perimeters are compared against the union of the Rothermel spread sets
for the first 24 hours of fire spread, using the calibration, nominal wind forecast, and true ignition point
described in Section For these sets, the coefficient V' (z) takes the average of the region multipliers
described in Section weighted by area. These spread set unions do not cover the entirety of the fire
perimeters for two main reasons: first, the sets summarize 24 hours of fire spread, while the boundaries
show the area burned over the entire duration of the fire; and second, spatial variation in the rate of spread
due to the coefficient V' (z) is averaged out. In fact, the Park fire boundary at 24 hours after ignition
is entirely contained in this spread set union. The adversarial model expands the area reachable by fire
beyond these sets by adding uncertainty in the wind forecast, using relaxations of the Rothermel spread
sets, and considering the aforementioned spatial variation. The Eaton and Palisades fires experienced
winds that blew towards urban areas and the California coast, which limited the actual fire spread in
those directions. On the other hand, the Park fire grew significantly in the direction of the wind. Actual

fire spread is also reduced by mitigation efforts, which are not captured in our analysis.
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Park Fire Palisades Fire

Figure 3: Synthetic power network topology (Musselman et al. 2025)) overlaid on the state of California.
Final perimeters of the Park, Eaton, and Palisades fires are shown in orange, and lines in the selected
contingency set are highlighted in red. The ignition location of each fire is marked by an asterisk. The
union of the Rothermel spread sets over the first 24 hours of fire spread are shown with dotted lines.

6.2 Fire Spread Model Calibration

We consider two parameter settings for wildfire uncertainty, which we name the low flexibility (LF) and
high flexibility (HF) settings. In the low flexibility setting, we fix the ignition point z( to the true ignition
point and use a small wind uncertainty set, centered around a nominal forecast. In the high flexibility
setting, the ignition point remains unfixed, and the wind uncertainty set is large, permitting the wind
vectors to point in any direction, with bounded wind speed.

Specifically, in the low flexibility setting, the wind uncertainty set is centered around a nominal
forecast w;, where the direction W/ ||w|, is the wind direction at 10 meters above ground level at the end
of each hour, and the magnitude |[@w;||, takes the value of the maximum 3-second wind gust speed over
the hour, in the area affected by wildfire. These data are collected from the ERAS reanalysis (Hersbach
et al.[[2023). We use an uncertainty budget of ¢ = 10 mi/hr and the ignition point z( is fixed in the
optimization problem. In the high flexibility setting, the nominal forecast w; = 02 and ¢ is 10 mi/hr
larger than the maximum nominal wind speed in the low flexibility setting: 47 mi/hr for the Park fire,
46 mi/hr for the Eaton fire, and 50 mi/hr for the Palisades fire. The ignition point xg is not fixed and is
treated as a variable in the optimization.

We calibrate the values (C, B), which parametrize the flux multiplier due to wind, to align with data
for the California chaparral fuel bed. We select a packing ratio of 0.016 (dimensionless) and a surface-
area-to-volume ratio of 2,500 m~! (Zhou et al.|[2005). With the wind speed given in mi/hr, these values
imply that C' = 2.5010 and B = 0.9093. For the inner product spread set, the power cone constraints
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must have rational exponents with small denominators (see Section . For the exponent B, we use the
approximation B = 10/11 with p = 4, which introduces an approximation error on the order of 1074
We approximate the exponent 1/(1 + B) = 0.5238 by 8/15, with an approximation error on the order of
1072,

The base rate of spread V is determined from historical Park fire boundaries. For each direction

d € R?, we compute the 24-hour flux multiplier using the Rothermel spread set:

;(Hc. <<T|Z’C;’”2t>)3) .

Dividing the actual distance of fire spread in direction d over the first 24 hours after ignition by this

multiplier implies a value for the coefficient V'; we take the maximum value over all directions. Finally,
we rescale this value by the inverse of the average region multiplier u,, weighted by area (see Section [6.3)).
This gives a calibrated base spread rate of V' = 0.05 mi/hr. The small magnitude of this value suggests
that most of the fire spread is driven by wind; in fact, at a wind speed of 20 mi/hr, the maximum fire
spread rate parallel to the wind direction is approximately 2 mi/hr under these parameters. As the
exponent B is close to 1 and cw’” > 1, this parameterization makes the ball spread sets tighter than
the inner product spread sets. For the ball spread sets, we use B = 1, but maintain the calibrated values
of C' and V. Experiments across all three fires use the same calibrated value of V; differences in the rate
of spread between the fires are modeled by rate of spread regions, which are computed as described in

Section [6.3

6.3 Data-Driven Rate of Spread Regions

To adjust the base rate of spread V' by location, we scale proportionally by the wildland fire potential index
(WFPI; Burgan et al.||[1998] |U.S. Geological Survey|2025). The WFPI is a raster dataset, composed of a
grid with a value assigned to each cell, published daily at a spatial resolution of 1 km. The WFPI value is
a measure of vegetation flammability, computed from inputs that summarize the moisture, temperature,
and fuel mixture at a location. The WFPI correlates with the occurrence of large fires and with the
proportion of small fires that become large (Preisler et al.[[2009), and has been used as a metric of fire
risk in power grid operations (Taylor and Roald 2022, Piansky et al.|2024} |Greenough et al.|2025). We
use the WFPI as a proxy for the rate of fire spread, relative to the calibrated baseline value V.

We take the WFPI dataset for the ignition date of each fire and rescale the values to remove the
impact of wind, using the function v — (1 + 0.6s/35) !, where s is the wind speed in knots (U.S.
Geological Survey [2025). This rescaling prevents the impact of wind from being counted twice, as the
wind velocity is also incorporated into the spread sets S(w, z). For rescaling, we use the 24-hour average
wind speed |[@w;||, from the low flexibility experimental setting. The rescaled WFPI values fall on the
interval [0,100], where higher values indicate higher fire potential.

We aggregate the WFPI raster grid into the polyhedral regions P, by training an optimal classification
tree to predict the WFPI value associated with a coordinate pair. Classification trees categorize data
by a series of affine rules, then assign a label to the data according to the assigned cluster, in this case,

the average of the values in the cluster. After training, the clusters summarize the data, so that the
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error between the true value at each point and the label assigned by the clusters is minimized. Each
cluster, indexed by r € R, has an associated set of affine inequalities, which determine membership, and
a scalar label. This construction aligns with our desired properties for the rate of spread regions: the
inequalities define a polyhedral region P, and have an associated value, denoted f,.. We define the spread
rate multipliers as the normalized label: u, = f,./100. Due to the structure of the classification tree, the
regions {P, },er partition R2.

We train trees by the tree alternating optimization (TAO) algorithm for bivariate classification trees
(Kairgeldin and Carreira-Perpinan 2024)). Bivariate classification trees consider no more than two features
in each affine rule; however, as the WFPI coordinates are two-dimensional, this property is not restrictive.
The TAO algorithm sequentially optimizes subproblems at each node of the tree to minimize the regression
error of the labels assigned to the clustered data. The subproblems to assign labels compute averages over
values in a cluster, and the subproblems to compute affine rules enumerate orientations (i.e., angles) of the
rule in two dimensions and select the best rule by the downstream error of the implied classification. We
train trees to minimize the regularized mean squared regression error, where the regularization penalizes
nodes with a nontrivial affine rule (i.e., where the data is actually split). The training uses a regularization
parameter of 25 and a tree depth of 3, yielding a maximum of 8 regions (|R| < 8). We train 25 randomly
initialized trees and keep the single tree with the smallest error.

Figure 4| compares the true WFPI data against the regions P, and associated labels f, extracted from
the trained classification trees, in the area around each of the Eaton, Palisades, and Park fires. The

regions effectively summarize high-level geographic trends in the WPFI dataset.

7 Computational Experiments and Results

This section details the results of our computational experiments. In Section we solve minimum
time-to-outage fire spread models to screen the contingencies that are added to the optimal power flow
model. In Section we construct a contingency sequence that incurs the largest amount of load shed.

For both experiments, we use the inputs described in Section [ Optimization models are solved
by Gurobi 12.0.3, with feasibility and optimality tolerances of 10~°. Tolerances are loosened from the
default due to the complexity of the nonlinearities in the MICP and the size of the DC-OPF . The
mixed-integer conic models are solved with outer approximation of the conic constraints (MIQCPMethod
= 1), constraint aggregation disabled, and emphasis on improving the lower bound (MIPFocus = 2).
Additionally, branching on the outage indicator variables og; is prioritized. The DC-OPF is solved
with the barrier method and with rescaling disabled (ScaleFlag = 0). Experiments are conducted in
Python 3.10 on dual 48-core AMD EPYC 9474F@3.60 GHz processors with 386 GB of RAM.

7.1 Contingency Screening for Optimal Power Flow

To screen contingencies, we solve the adversarial wildfire model for every subset of contingency
elements £ C £ with the minimum time-to-outage objective . For each subset, we solve a model with
the ball spread sets S° and with the inner product spread sets SV, and in the low flexibility and high
flexibility settings. Table[3]reports the number of variables and constraints by the number of contingency

elements, and gives summary statistics for the model solve time. These statistics summarize performance
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(a) Eaton Actual Values (b) Palisades Actual Values (c) Park Actual Values
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Figure 4: WFPI data (top) and rate of spread regions (bottom) extracted from optimal classification
trees for each fire.
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Solve Time (s)
# Variables # Constraints LF HF
Binary All  Conic All Min Mean Max Min Mean Max

Spread Set |£]
1 168 1,007 47 2,627 0.1 0.2 0.5 0.0 0.1 0.1
2 312 1,894 70 5,159 0.1 0.6 21 01 4.7  59.5
S° 3 456 2,781 93 7,691 0.3 1.2 3.6 0.2 254 180.2
4 600 3,668 116 10,223 0.4 2.0 6.8 3.6 72.9 399.2
) 744 4,555 139 12,755 0.7 2.6 5.0 4.5 79.8 229.1
1 168 2,896 611 3,557 0.1 1.6 6.1 0.0 0.1 0.2
2 312 5,624 1,150 6,947 0.3 76 394 0.1 14 7.6
SO 3 456 8,352 1,689 10,337 0.5 31.9 284.8 0.6 4.6 277
4 600 11,080 2,228 13,727 1.4  56.7 2113 1.0 8.1 329
5) 744 13,808 2,767 17,117 2.5 70.5 1275 3.2 16.0  39.9

Table 3: Summary statistics for minimum time-to-outage outage models. Number of variables and
constraints are reported for the Eaton fire with low flexibility.

across the three fires and all contingency subsets of a fixed size. The inner product spread sets require
more variables and constraints than the ball sets, due to the reformulation of the power cone with second-
order cones. All models solve in under 7 minutes, with average solve times under 2 minutes. There is
no consistent trend in solution time across the spread sets and the flexibility setting, but solve times
generally increase as the number of contingency elements increases.

Figure [5| shows the distribution of minimum time-to-outage values over subsets £ C £ of the contin-
gency elements, stratified by the cardinality k of the subset, high and low flexibility setting, and choice
of spread set. As is expected, minimum outage times are larger in the low flexibility (LF) setting than
the high flexibility (HF) setting, meaning the fire takes longer to reach all contingency elements when the
ignition point is fixed and wind uncertainty is small. The outage times generally increase with the cardi-
nality k of the contingency, as there are more elements to be reached by fire. Outage times are also larger
for the ball spread set than the inner product spread set, as the ball spread set is tighter than the inner
product spread set under our model calibration, as discussed in Sections and In some settings,
the largest outage time (k =5 and £ = &) exceeds the outage times for all single-element contingencies
(|€] = 1). This is due to the interaction of the fire spread with the wind vector and ignition point: these
variables impact the spread towards all contingency elements, increasing the minimum outage time when
multiple elements are modeled simultaneously. This result demonstrates the significance of modeling the
correlative impact of the wind and ignition site in multi-element contingencies.

Figure[6|shows the optimal wind vectors and fire point locations for a minimum time-to-outage solution
of the Eaton fire with high flexibility and the ball spread set, for a contingency with all five elements in
. Figure [6a] shows the optimal wind vectors by period, which blow from the north in the first four hours,
then from the west in the fifth hour, with speeds near the upper bound e. Figure [6D] plots the optimal fire
locations x.;, which track fire spread over time. The ignition point is north of most contingency elements,

and the fire spreads to the southeast and southwest from the ignition point, assisted by the north winds.
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Figure 5: Distribution of minimum time-to-outage values by fire, spread set, flexibility, and number of
contingency elements.

In the final period, the fire has nearly reached the elements to the west, so the west wind encourages
greater fire spread to the east, allowing the fire to reach the remaining elements.

After evaluating the minimum time-to-outage, we select contingencies to include in the sets I and
solve the DC-OPF problem . We compare three regimes for contingency selection: including no con-
tingencies, including every contingency at every time, and thresholding, where contingencies are included
after their minimum time-to-outage. When including no contingencies, K = (), and when including all
contingencies, K = T x 2¢. To threshold contingencies, let *(£) be the minimum time-to-outage of con-
tingency €, computed by solving (2). Then, K = {(¢,€) € T x2¢ : t > t*(€)}. In effect, thresholding only
adds contingencies in periods where they feasibly can occur by our fire spread model. Table ] shows the
results of these experiments for the ball spread set with low flexibility. We first observe that thresholding
contingencies results in many fewer contingencies included, relative to including all contingencies. Due
to the reduction in model size, solve times are significantly reduced, by over 3x for the Park fire. The
contingency selection regimes do not drastically change the base operational cost O"(p), although the
costs are slightly lower for the cases with thresholded or no contingencies. As the wildfire impacts are
localized but the DC-OPF models the entirety of California, any changes in base cost are likely dominated
by the scale of the cost across the entire system. The base objective in the Park fire is relatively large
due to load shedding in the base operational decision, which does not occur in the Eaton and Palisades
models.

The contingency screening strategies differ in the amount of post-contingency load shed (i.e., con-
ctg

=, (p)) and only from

tingency costs). We report the load shed in all contingencies (i.e., Y zcg ;o7 O

27
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Figure 6: An optimal solution for the 5-element contingency of the Eaton fire with high flexibility and
the ball spread set. (a) Hourly optimal wind velocity. (b) Hourly pointwise fire spread (blue) reaches the
power lines (black) in the contingency; rate of spread regions from Figure 4| are shown.

contingencies in the thresholded set (i.e., > zce ;5 ® O%ttg(p)). Note that these metrics give the total
load shed over multiple possible contingencies, which may have overlapping outages. Relative to the no
contingency baseline, adding thresholded contingencies and all contingencies yields essentially the same
reduction in load shedding on the contingencies in the thresholded set, reducing load shed by over 97%
for the Park fire and 70% for the Eaton fire. Post-contingency load shed is never eliminated, as this
may require costly dispatch or be infeasible due to congestion and islanding. Including all contingencies
differs from the thresholding approach in the scale of load shed from all contingencies, indicating that
load shedding for the additional contingencies can be alleviated by slightly increasing the base cost and
exerting additional computational effort. However, as the fire spread models suggest that these additional
contingencies cannot reasonably be caused by wildfire, the additional cost and effort is unnecessary to

mitigate wildfire impacts on the power grid.

7.2 Sequential Contingency Design

We also run experiments to generate a sequence of element outages that maximize the amount of load shed
over the horizon T'. To compute coefficients, we solve the operational DC-OPF (35]) with no contingencies
(K = 0) to optimal solution p*. We then assign objective weights to every subset of contingency elements

in every period according to the amount of load shed incurred by that outage: ¢;(£) = Og;g (p*). Under
these weights, the optimal objective value of gives the largest amount of load shed that can be caused
by a wildfire that sequentially outages power lines.

Table [5] gives the number of variables and constraints for these models. Compared to the minimum
time-to-outage models (Table , these models contain additional binary variables to generate indicators
for each subset of elements, as in the reformulation . Due to differences in the number of rate of

spread regions |R|, the model size differs by fire.
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Load Shed (MWh)

K| Solve Time (s) Base Cost ($/hr) Threshold All

Fire Contingencies
All 744 276.4 644,355 11,902 17,683
Eaton Threshold 556 230.3 636,464 11,902 24,685
None 0 1.8 628,926 39,593 54,188
All 744 715.1 627,704 38,868 70,256
Palisades Threshold 455 391.3 627,102 38,868 70,612
None 0 1.8 626,201 39,565 71,540
All 744 274.0 10,787,083 28 309
Park Threshold 148 71.3 10,784,391 65 9,316
None 0 1.6 10,781,720 2,719 20,359

Table 4: Solution of DC-OPF by contingency screening strategy. Solution time, base operational costs,
and post-contingency load shed are compared. Experiments are shown for the ball spread set with low
flexibility.

# Variables # Constraints

Binary All  Conic All

Fire Spread Set
Eaton S° 1,608 5419 139 16,711
SO 1,608 14,672 2,767 21,073
Palisades S° 1,488 4819 139 14,761
SO 1,488 13,727 2,652 19,353
Park S° 1,488 4819 139 14,761
SO 1,488 13,727 2,652 19,353

Table 5: Number of variables and constraints in the sequential contingency models by spread set and
fire, under the low flexibility setting.
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Load Shed (MWh)

Solve Time (s) Base Optimal

Fire Spread Set Flexibility
o HF 13.7 2,173 2,591
Baton LF 41 2,031 2,236
& S0 0F 721 2,406 2,474
LF 9250 2,173 2,295
o HF 153 3,428 3,961
Palicades LF 106.7 2,239 2,617
SO HF 20.6 3,602 3,960
LF 1,357.7 2,655 2,951
o HF 14.0 249 935
Park LF 7.2 38 797
S0 HF 40.1 465 923
LF 1,027.1 38 797

Table 6: Sequential contingency model solve time and optimal load shed over 24 hours, compared against
base load shed from outaging all five elements simultaneously at the minimum outage time.

Table [6] reports the solve time and optimal objective of these models. In this table, the optimal
load shed is the optimal objective value, whereas the base load shed gives the amount of load shed if
all contingency elements £ are outaged at the minimum outage time t*(€); that is, tht*(g) ngtg(p*).
In these experiments, the inner product spread sets require more computation time: the inner product
models solve within 25 minutes, whereas the ball models solve within 2 minutes. In the low flexibility
setting, the ball spread sets give smaller objective values than the inner product sets; however, this trend
reverses in the high flexibility setting. Although the ball spread sets are generally tighter than the inner
product sets, due to the rounding of exponent B to 1, the maximum spread rate is larger for the ball
spread sets than the inner product sets. This allows for the ball spread sets to produce larger optimal
objective values in some cases. Considering a sequence of outages (the optimal load shed) results in larger
load shed than considering simultaneous outages (the base load shed). For the Park fire, the load shed
is up to 21x larger, and we find increases of up to 19% for the other fires. These results emphasize the
importance of considering outage sequences when analyzing the impact of wildfire on the power grid.

Figure [7] depicts the number of outaged elements by period in the optimal outage sequence. Results
are shown for the high flexibility setting and the ball spread set. The sequence prioritizes outaging some
elements in early periods, while other elements are outaged closer to the end of the horizon. In all cases,
the fire ignition point is on the geometry of some power line, outaging one element in the first period.
For the Eaton fire, the next three elements are outaged in the sixth period, and the final element in
period 14. In these solutions, elements with a large impact on the grid are outaged early in the sequence,
while elements with lesser impact have lower priority and are reached by the fire later. For all fires, the
outage time of the fifth element is always later than the minimum time-to-outage of the contingency (see
Figure [5), as the optimal sequential solution selects wind vectors and an ignition point which outage
elements that cause the most load shed early, at the cost of outaging less impactful elements after the

minimum outage time.
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Figure 7: Number of outaged elements by hour in optimal sequential contingency solutions, in the high
flexibility setting with the ball spread set.

8 Conclusion

In this work, we propose an optimization model to describe adversarial wildfires that impart the worst-
case impact on power grid infrastructure. Inspired by the Rothermel model, we propose fire spread sets
and convex conic relaxations that are compatible with mixed-integer conic programs. These relaxations
include a novel second-order conic constraint that relaxes the inner product over Euclidean balls. We
design three experiments that align with California wildfires and evaluate the minimum time-to-outage
of multi-element contingencies and the maximum load shed of a sequence of element outages. We apply
the minimum time-to-outage objectives to screen contingencies for a security-constrained optimal power
flow model, eliminating unrealistic contingencies while encouraging operational resilience of the power
grid against wildfire.

This perspective on modeling adversarial wildfires represents a unique methodology for characterizing
the worst-case fire behavior. Although we apply this approach specifically to power grid analysis and
operations, it is generalizable to many areas of research which consider the impact of wildfire, including
wildfire prevention, suppression, and threat evaluation for population centers or other infrastructure.
Tight integration of our adversarial model into primary robust optimization models in a variety of settings

will help promote decisions with greater resilience against worst-case wildfires.

Acknowledgement

This work was performed under the auspices of the U.S. Department of Energy by Lawrence Livermore
National Laboratory under Contract DE-AC52-07NA27344 and was supported in part by the LLNL
LDRD Program under Project 25-SI-007. M. Brun and X.A. Sun were supported in part by the Sloan
Foundation. The authors thank Nai Chiang, Juliette Franzman, Elizabeth Glista, Minda Monteagudo,
Matthew Signorotti, and Tomas Valencia Zuluaga at Lawrence Livermore National Laboratory for their

help with preparation of data and code.

31



References

Abdelmalak M, Benidris M (2022) Enhancing power system operational resilience against wildfires. IEEE Trans-
actions on Industry Applications 58(2):1611-1621.

Andrews PL (2018) The Rothermel surface fire spread model and associated developments: A comprehensive
explanation. Technical report, Rocky Mountain Research Station, U.S. Forest Service.

Ansari B, Mohagheghi S (2015) Optimal energy dispatch of the power distribution network during the course of a
progressing wildfire. International Transactions on Electrical Energy Systems 25(12):3422-3438.

Balas E (1985) Disjunctive programming and a hierarchy of relaxations for discrete optimization problems. SIAM
Journal on Algebraic Discrete Methods 6(3):466—-486.

Bayani R, Manshadi SD (2023) Resilient expansion planning of electricity grid under prolonged wildfire risk. IEFE
Transactions on Smart Grid 14(5):3719-3731.

Ben-Tal A, Nemirovski A (2001) Lectures on Modern Convex Optimization: Analysis, Algorithms, and Engineering
Applications (STAM).

Blair N, DiOrio N, Freeman J, Gilman P, Janzou S, Neises T, Wagner M (2018) System advisor model (SAM)
general description (version 2017.9.5). Technical report, National Renewable Energy Laboratory.

Boyd SP, Vandenberghe L (2004) Convex Optimization (Cambridge University Press).

Burgan RE, Klaver RW, Klaver JM (1998) Fuel models and fire potential from satellite and surface observations.
International Journal of Wildland Fire 8(3):159-170.

California Public Utilities Commission (2017) Investigation report of the December 4, 2017 wildfire in Santa Paula,
California involving Southern California Edison facilities that came to be known as the Thomas fire. Technical
report, Safety and Enforcement Division, California Public Utilities Commission.

Choobineh M, Ansari B, Mohagheghi S (2015) Vulnerability assessment of the power grid against progressing
wildfires. Fire Safety Journal 73:20-28.

Dale L, Carnall M, Wei M, Fitts G, McDonald SL (2018) Assessing the impact of wildfires on the California
electricity grid. Technical report, California Climate Change Assessment.

Estrada-Garcia JA, Jiang R, Moreira A (2025) Dynamic transmission line switching amidst wildfire-prone weather
under decision-dependent uncertainty. arXiv:2507.13611v1 [math.OC].

Finney MA (1998) FARSITE: Fire area simulator — Model development and evaluation. Technical report, Rocky
Mountain Research Station, U.S. Forest Service.

Frank S, Rebennack S (2016) An introduction to optimal power flow: Theory, formulation, and examples. IIE
Transactions 48(12):1172-1197.

Greenough R, Murakami K, Davidson MR, Kleissl J, Khurram A (2025) Wildfire resilient unit commitment under
uncertain demand. IEEE Transactions on Power Systems 40(4):3131-3143.

Hersbach H, Bell B, Berrisford P, Biavati G, Hordnyi A, Munioz Sabater J, Nicolas J, Peubey C, Radu R, Rozum
I, Schepers D, Simmons A, Soci C, Dee D, Thépaut JN (2023) ERA5 hourly data on single levels from 1940
to present. Copernicus Climate Change Service (C3S) Climate Data Store (CDS) .

Hines P, Apt J, Talukdar S (2008) Trends in the history of large blackouts in the United States. 2008 IEEE Power
and Energy Society General Meeting-Conversion and Delivery of Electrical Energy in the 21st Century, 1-8
(IEEE).

Huot F, Hu RL, Goyal N, Sankar T, Thme M, Chen YF (2022) Next day wildfire spread: A machine learning
dataset to predict wildfire spreading from remote-sensing data. IEEE Transactions on Geoscience and Remote
Sensing 60:1-13.

32



Imada L (2019) Fire reached within 150 feet of main power plant. Accessed November 2025, https://www.

mauinews.com/news/local-news/2019/07/fire-reached-within-150-feet-of-main-power-plant.
Jeroslow RG, Lowe JK (1984) Modelling with integer variables. Mathematical Programming Studies 22:167—184.
Kairgeldin R, Carreira-Perpinan MA (2024) Bivariate decision trees: Smaller, interpretable, more accurate. Pro-
ceedings of the 30th ACM SIGKDD Conference on Knowledge Discovery and Data Mining, 1336—-1347.
Linn RR (1997) A transport model for prediction of wildfire behavior. Ph.D. thesis, New Mexico State University.
Lorca A, Sun XA (2015) Adaptive robust optimization with dynamic uncertainty sets for multi-period economic
dispatch under significant wind. IEEE Transactions on Power Systems 30(4):1702-1713.
McCormick GP (1976) Computability of global solutions to factorable nonconvex programs: Part I — Convex
underestimating problems. Mathematical Programming 10:147-175.

Midcontinent Independent System Operator (2025) Continued reforms to improve scarcity pricing and price for-
mation. MSC-2019-1.

Minas JP, Hearne JW, Martell DL (2014) A spatial optimisation model for multi-period landscape level fuel
management to mitigate wildfire impacts. European Journal of Operational Research 232(2):412-422.

Mohagheghi S, Rebennack S (2015) Optimal resilient power grid operation during the course of a progressing
wildfire. International Journal of Electrical Power & Energy Systems 73:843-852.

Morenko Y, Vinel A, Yu Z, Krokhmal P (2013) On p-norm linear discrimination. European Journal of Operational
Research 231(3):784-789.

Musselman A, Valencia Zuluaga T, Glista E, Monteagudo M, Grappone JM, Signorotti M, Watson JP (2025)
Climate-resilient nodal power system expansion planning for a realistic California test case. Optimization

Online https://optimization-online.org/7p=29697.

National Interagency Fire Center (2025) Fire information. Accessed November 2025, https://www.nifc.gov/
fire-information/statistics.

Nazaripouya H (2020) Power grid resilience under wildfire: A review on challenges and solutions. 2020 IEEE Power
& Energy Society General Meeting, 1-5 (IEEE).

Ntaimo L, Gallego-Arrubla JA, Gan J, Stripling C, Young J, Spencer T (2013) A simulation and stochastic integer
programming approach to wildfire initial attack planning. Forest Science 59(1):105-117.

Piansky R, Stinchfield G, Kody A, Molzahn DK, Watson JP (2024) Long duration battery sizing, siting, and
operation under wildfire risk using progressive hedging. Electric Power Systems Research 235:110785.

Preisler HK, Burgan RE, Eidenshink JC, Klaver JM, Klaver RW (2009) Forecasting distributions of large
federal-lands fires utilizing satellite and gridded weather information. International Journal of Wildland Fire
18(5):508-516.

Rhodes N, Ntaimo L, Roald L (2021) Balancing wildfire risk and power outages through optimized power shut-offs.
IEEE Transactions on Power Systems 36(4):3118-3128.

Rothermel RC (1972) A mathematical model for predicting fire spread in wildland fuels. Technical report, Inter-

mountain Forest & Range Experiment Station, U.S. Forest Service.
Shor NZ (1987) Quadratic optimization problems. Soviet Journal of Computer and Systems Sciences 25:1-11.

Sullivan AL (2009a) Wildland surface fire spread modelling, 1990-2007. 1: Physical and quasi-physical models.
International Journal of Wildland Fire 18(4):349-368.

Sullivan AL (2009b) Wildland surface fire spread modelling, 1990-2007. 2: Empirical and quasi-empirical models.
International Journal of Wildland Fire 18(4):369-386.

Sullivan AL (2009c¢) Wildland surface fire spread modelling, 1990-2007. 3: Simulation and mathematical analogue
models. International Journal of Wildland Fire 18(4):387-403.

33


https://www.mauinews.com/news/local-news/2019/07/fire-reached-within-150-feet-of-main-power-plant
https://www.mauinews.com/news/local-news/2019/07/fire-reached-within-150-feet-of-main-power-plant
https://optimization-online.org/?p=29697
https://www.nifc.gov/fire-information/statistics
https://www.nifc.gov/fire-information/statistics

Tapia T, Lorca A, Olivares D, Negrete-Pincetic M, Lamadrid AJ (2021) A robust decision-support method based
on optimization and simulation for wildfire resilience in highly renewable power systems. Furopean Journal
of Operational Research 294(2):723-733.

Taylor S, Rangarajan A, Rhodes N, Snodgrass J, Lesieutre BC, Roald LA (2024) California test system (CATS):
A geographically accurate test system based on the California grid. IEEE Transactions on Energy Markets,
Policy and Regulation 2(1):107-118.

Taylor S, Roald LA (2022) A framework for risk assessment and optimal line upgrade selection to mitigate wildfire
risk. Electric Power Systems Research 213:108592.

Taylor S, Roald LA, Musselman A, Watson JP (2025) Optimizing power line undergrounding decisions under
varying wildfire risk and weather scenarios. 2025 IEEE Kiel PowerTech, 1-7 (IEEE).

Thompson M, Calkin D, Scott JH, Hand M (2016) Uncertainty and probability in wildfire management decision
support. Natural Hazard Uncertainty Assessment: Modeling and Decision Support, chapter 4, 31-41 (American
Geophysical Union).

Trakas DN, Hatziargyriou ND (2018) Optimal distribution system operation for enhancing resilience against wild-
fires. IEEE Transactions on Power Systems 33(2):2260-2271.

US Geological Survey (2025) Wildland fire potential index (WFPI). Accessed November 2025, https://www.usgs.
gov/fire-danger-forecast/wildland-fire-potential-index-wfpi.

Wang AL, Kiling-Karzan F (2024) On semidefinite descriptions for convex hulls of quadratic programs. Operations
Research Letters 54:107108.

Wasserman TN, Mueller SE (2023) Climate influences on future fire severity: A synthesis of climate-fire interactions

and impacts on fire regimes, high-severity fire, and forests in the western United States. Fire Ecology 19:43.

Yang H, Rhodes N, Yang H, Roald L, Ntaimo L (2024a) Multi-period power system risk minimization under wildfire
disruptions. IEEE Transactions on Power Systems 39(5):6305-6318.

Yang H, Yang H, Rhodes N, Roald L, Ntaimo L (2024b) Multistage stochastic program for mitigating power system
risks under wildfire disruptions. Electric Power Systems Research 234:110773.

Yates D, Szinai JK, Jones AD (2024) Modeling the water systems of the western US to support climate-resilient
electricity system planning. Farth’s Future 12(1).

Yuan W, Wang J, Qiu F, Chen C, Kang C, Zeng B (2016) Robust optimization-based resilient distribution network
planning against natural disasters. IEEE Transactions on Smart Grid 7(6):2817-2826.

Zhang J, Bogenschutz P, Tang Q, Cameron-Smith P, Zhang C (2024) Leveraging regional mesh refinement to sim-
ulate future climate projections for California using the Simplified Convection-Permitting E3SM Atmosphere
Model Version 0. Geoscientific Model Development 17(9):3687-3731.

Zhou X, Mahalingam S, Weise D (2005) Modeling of marginal burning state of fire spread in live chaparral shrub
fuel bed. Combustion and Flame 143(3):183-198.

Zhou Y, Sundar K, Zhu H, Deka D (2024) Mitigating the impact of uncertain wildfire risk on power grids through

topology control. 2024 18th International Conference on Probabilistic Methods Applied to Power Systems, 1-6
(IEEE).

34


https://www.usgs.gov/fire-danger-forecast/wildland-fire-potential-index-wfpi
https://www.usgs.gov/fire-danger-forecast/wildland-fire-potential-index-wfpi

A  Appendix: Complete Formulation of DC-OPF

In this appendix, we provide a mathematical description of the feasible sets and objective functions that
compose the security-constrained DC-OPF ([35). This model is the operational portion of the capacity
expansion model of Musselman et al.| (2025). Let Z be the set of buses in the power grid and J be the
set of lines, where (i,j) € J represents a line connecting bus i to bus j. The set G gives the types of
generation considered (e.g., natural gas, wind, hydroelectric). We consider a multi-period model over
periods 7, the same horizon as considered in the adversarial wildfire model .

In the base operational model, let the variable pfgt denote the quantity of generation of type g at
bus ¢ in period t, the variable p?t denote the amount of power in storage, and the variable p}, denote the
quantity of load shed. We also introduce variables piAt ', and piAtf for the amount of power charged and

discharged, respectively, by storage. These variables are constrained as follows:

pé, < Piy VieT, geg, teT, (A.la)
> Pl < Hi Viel, geg, (A.1b)
teT

b < Py, VieT, teT, (A.1c)
iy <Py, ph_ <Py VieI teT, (A.1d)
ph = PPy +phy — Ph Viel, teT, (A.le)
Pio = Pir Viel, (A.1f)
Py < P VieI, teT, (A.1g)
p=0. (A.1h)

Constraint enforces an upper bound ?f’gt on the power generation of type g, and constraint
bounds the total energy produced over the model horizon by parameter Fzgg, which may differ from the
per-period generation limit due to resource constraints, especially in the case of hydroelectric power.
Constraints and limit the amount of stored energy by parameter F?t and the rate of charge
and discharge by parameter Fﬁ, respectively. Constraint models the change in stored energy
across periods, and constraint requires that the end-of-horizon stored power is the same as in
the first period, preventing initial storage from being treated as free energy. Finally, constraint (A.lg))
requires that the load shed does not exceed the load Pg

To model transmission, we introduce variables f;;; for the power flow on the line from bus 7 to bus j
and control variables #;; for the voltage angle at bus i, subject to the following constraints:

1
fz]t — /Bij

il < Ty Vi, j) €T, teT (A-2b)

(9]t - ezt) \V/(’L,]) € \-7> te Ta (A2a)

Constraint (A.2a)) defines the flow on each line under the DC model, where f3;; gives the reactance on the
line from bus i to bus j. Constraint (A.2b)) bounds the magnitude of the line power flows by a flow limit
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?l-j. Finally, we enforce nodal power balance:

Zp;'ggt + nipiAtf +pi + Z fijt
g€g jeji+ (A 3)
1 .
d A .
:Pit+njpit++ Zfijt Viel teT.
jed:

The set J;" := {j € T : (j,i) € J} gives the lines that end at bus 4, and J, is defined analogously
for lines that start at bus i. Parameters (n*,n~) C (0,1] give the charging and discharging efficiency of
storage, respectively. The feasible set for base operations is FP := {(p, f,0) : (A1), (A.2), (A.3)}.

The cost of base operations is due to the cost of generation, storage discharge, and load shed:

OP(p):=>_ > | cPpit_ + i+ > b, | (A4)

teT i€ geg

where c§ gives the per-unit cost of generation, ¢” the per-unit cost of storage discharge, and ¢* the per-unit
cost of load shed. Storage costs are due to operation and maintenance costs of pumped hydroelectric
storage.

We consider a contingency where power lines £ C J are outaged in period t € T. Although this
model is limited to line outages, it can easily be generalized to generation, storage, or bus outages. We
introduce variables pi'®*® and p{'®® for the post-contingency generation and load shed, respectively, and
control variables ff;g and Hftg for the post-contingency line flows and voltage angles. In the contingency,
the generation pftg’g includes the injections from generators and storage discharge, and load shed includes
reductions in demand served and in the charging of storage, relative to the base solution. The following

constraints govern post-contingency operations:

S C S 1 .
P <P S Pt i Vied, (A.52)
0<p{™8 <Y ply +n P Viel, (A.5b)
g€g
C 1 C C . .
fore = F(thg —65'8) V(i,j) e T\E, (A.5c)
ij
fiE=0 V(i,j) € &, (A.5d)
1551 < Ty Y(i,j) € J, (A.5e)
P 4B 4 S g
1 7 (%)
jegr
1 C .
=Py + Fp’%* + > e VieT. (A.5f)
jeg;

Constraint (A.5ba) allows the post-contingency load shed to increase from the load shed in the base
solution; it is bounded above by the total load and base charging of storage. Constraint (A.5b]) bounds

the post-contingency injection due to generation and discharging of storage by the base injection from
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these devices. The operational justification for these constraints is described in Section 5] Constraints

(A.5¢) and (A.5d]) model post-contingency power flows on lines that are active and those that are outaged,
respectively, and constraint (A.5e]) imposes the flow limit. Constraint ({A.5f)) enforces nodal power balance,

where the total post-contingency injection due to generation and discharging of storage must equal the

sum of load, charging of storage, and net outflow on lines, less any shedded load. Shedding all load and
setting generation to zero yields a feasible solution for the contingency, regardless of the base solution;
therefore, this contingency model exhibits relatively complete recourse. We denote the post-contingency
feasible set by fgig (p) == {(p='8, fe'8,0°'¢) : (A.5)}. This set is written a function of the base operational
decisions p and parametrized by the outage set £ and period t. The constraints are linear in the
post-contingency variables and in the base operational decision p. The contingency objective function is

due to the cost of shedding additional load, given by
Oz (%) = 3 ¢ (5" = 13 (A.6)
€L

For simplicity, we suppress the dependence of this function on the base operational decision p.
Although this formulation of the DC-OPF model permits simultaneous charging and discharging
of storage, this behavior is limited in optimal solutions due to storage losses and the load shed cost

associated with post-contingency reduction of charging.
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