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BILEVEL LEARNING*

RICCARDO GRAZZIT, MASSIMILIANO PONTIL?, SAVERIO SALZO%, AND ALAIN ZEMKOHOY

Abstract. Bilevel learning refers to machine learning problems that can be formulated as bilevel op-
timization models, where decisions are organized in a hierarchical structure. This paradigm has recently
gained considerable attention in machine learning, as gradient-based algorithms built on the implicit function
reformulation have enabled the computation of large-scale problems involving possibly millions of variables.
Despite these advances, the implicit function framework relies on restrictive assumptions, notably the require-
ment that the lower-level problem admit a unique optimal solution for each upper-level decision. Moreover,
the computation of the derivative of the lower-level optimal solution function becomes significantly more
involved when the lower-level problem includes constraints. As a result, many existing bilevel learning algo-
rithms are effective only for relatively narrow classes of problems. This paper reviews the main algorithmic
ideas underlying recent progress in bilevel learning, highlighting both the key mechanisms responsible for
their scalability and the limitations that arise in more general settings. We then draw connections with
the broader bilevel optimization literature and discuss algorithmic techniques that may help overcome these
limitations. Our aim is to bridge the gap between bilevel learning and classical bilevel optimization, thereby
supporting the development of scalable methods capable of solving more general large-scale bilevel programs.

Key words. Bilevel optimization, bilevel learning, gradient descent method, machine learning
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1. Introduction. Bilevel learning (BL) is a research area that lies at the intersection
of bilevel optimization (BO) and machine learning. It focuses on machine learning problems
with an inherent hierarchical structure that can be naturally modeled using the Stackelberg
game framework. In this setting, two decision makers interact: a leader (or upper-level
player) and a follower (or lower-level player). The defining feature of a Stackelberg game is
its sequential decision structure: the leader acts first, and the follower subsequently responds
after observing the leader’s decision. This sequential order of play distinguishes Stackelberg
games from other game-theoretic models, such as Nash or zero-sum games, in which decisions
are made simultaneously. Consequently, Stackelberg games exhibit a vertical hierarchy
between the players, with the leader occupying the upper level of the decision process. For
this reason, they are often referred to as hierarchical games, in contrast to the horizontal
interaction that characterizes Nash-type games. A detailed introduction to the Stackelberg
framework can be found in Heinrich von Stackelberg’s habilitation thesis [235] (see also the
English translation [247]), as well as in the monograph [65].

To avoid early distraction by the jungle of bilevel optimization models, we defer a formal
mathematical definition of a bilevel program to Section 2, where different formulations of the
problem and related concepts are presented. For the moment, we focus on the main purpose
of this paper. When necessary, we distinguish between BO and BL. The motivation for this
distinction is that BL is increasingly emerging as a research field in its own right and can
therefore be characterized by the tools, approaches, and questions that arise in the design
and analysis of solution algorithms. In particular, while BL is largely defined by the scale of
the problems it addresses, the traditional BO literature has been primarily concerned with
the mathematical correctness of methods and theoretical properties of solution concepts. As
a result, many BO approaches are tractable only for relatively small problem instances.

A key distinction between BL and BO therefore lies in the scale of the problems consid-
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2 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

ered. Although many state-of-the-art BL methods are rooted in classical BO frameworks, the
problems arising in BL can involve extremely large numbers of variables. For instance, the
neural architecture design problem is modeled and solved in [174] as a bilevel optimization
problem, where the resulting algorithm is applied to the CIFAR-10 and ImageNet datasets
involving millions of parameters. Similarly, [185] develops a gradient-based algorithm for
bilevel hyperparameter optimization in machine learning training and demonstrates its ef-
fectiveness on problems involving millions of weights and hyperparameters.

In contrast, many algorithms in the current BO literature remain largely conceptual
or are designed primarily for small-scale problems (see, e.g., [76]). Consequently, their
direct applicability to large-scale BL settings is often limited. The first objective of this
paper is therefore to highlight, for the BO community, the algorithmic machinery that
has recently enabled implicit-function—based gradient methods to scale to machine learning
problems involving very large numbers of variables, as illustrated in the examples above.
Note that the implicit function model, which underlies many state-of-the-art BL methods,
consists essentially of substituting the lower-level optimal solution function, when it is well-
defined as a vector-valued function, into the upper-level objective function. This single-level
reformulation then enables the development of gradient-based algorithms.

It is worth recalling that the implicit function approach was already introduced in
the early 1990s as a method for solving BO problems. In fact, it forms the basis of the
principal solution approaches presented in two classical monographs on bilevel optimization,
namely [65, 203]. However, this framework did not gain widespread practical adoption,
largely due to the difficulties involved in guaranteeing the existence of the lower-level optimal
solution function and computing its Jacobian when it exists; see Sections 5 and 6 for further
discussion. What has recently enabled the implicit function model to become a mainstream
approach in BL is the introduction of derivative approximation approaches, inspired by
advances in automatic differentiation techniques, tools that have played a central role in the
development of modern deep learning methods; see, e.g., [14, 115].

Beyond derivative approximation techniques, another major departure from classical BO
methods is the use of approximate solutions of the lower-level problem. In traditional BO
approaches, the lower-level problem is typically assumed to be solved exactly, often to global
optimality. In contrast, BL methods frequently rely on approximate solutions obtained
through iterative optimization procedures. The recent resurgence of the implicit function
framework in BL therefore comes with certain modeling simplifications. In particular, lower-
level constraints are often avoided in order to facilitate the computation of gradient descent
directions. However, many bilevel learning problems cannot realistically be formulated with
unconstrained lower-level problems; see, e.g., [269, 101, 177, 262, 259].

Moreover, the implicit function reformulation itself can be conceptually problematic,
since the lower-level problem can typically admit multiple optimal solutions for some upper-
level variable(s). Taking this issue into account—together with the fact that computing the
Jacobian of the lower-level optimal solution function typically requires second-order infor-
mation—the lower-level value function reformulation has recently emerged as an important
alternative in the BL literature (see, e.g., [171, 156, 155, 100, 269]). A key advantage of
this approach is that it requires only first-order information to compute descent directions
within gradient-based schemes, as it will be outlined in Section 8.

The second objective of this paper is to contribute to the acceleration of such devel-
opments by providing researchers in BL with a broad overview of algorithmic techniques
from the BO literature. By bridging these two bodies of work, we aim to facilitate the de-
velopment of enhanced tools capable of efficiently addressing large-scale BL problems that
remain beyond the reach of existing approaches. More broadly, the goal of this article is to
propose a unified perspective that brings together key algorithmic ideas from both BL and
BO, thereby fostering the design of efficient algorithms for very large-scale problems and
promoting new theoretical insights into the numerical behavior of bilevel programs.

This manuscript is for review purposes only.
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BILEVEL LEARNING 3

1.1. Related work. A number of survey and overview papers on bilevel optimiza-
tion and related topics already exist in the literature. On the BO side, to the best of our
knowledge, the most recent and comprehensive collection of surveys is the edited volume
[76]. The topics covered in that volume are intentionally broad and include connections
with other problem classes such as game theory and multiobjective optimization, as well as
general theoretical questions and algorithms designed for particular classes of bilevel opti-
mization problems. In contrast, the BO perspective adopted in this paper focuses primarily
on algorithms for continuous bilevel optimization problems, while exploring the opportuni-
ties and challenges that arise when attempting to adapt or scale these methods to bilevel
learning settings. In addition, several earlier BO surveys and bibliographic reviews have
provided high-level overviews of algorithmic developments for particular classes of bilevel
optimization problems; see, for example, [231, 57, 144, 66, 246]. On the BL side, a num-
ber of survey papers have appeared more recently. These works typically focus on specific
machine learning applications of bilevel optimization and on tailored variants of gradient-
based algorithms, together with empirical studies of their performance characteristics; see,
for instance, [175, 55, 59, 48, 96]. A more recent overview aimed at a broader machine
learning audience is provided in [276], which explicitly discusses the connections between
bilevel optimization and modern signal processing and machine learning applications.

1.2. Main contributions. In summary, the main contributions of this paper are as
follows: (i) to provide an overview of state-of-the-art numerical schemes tailored to BL that
have been developed to address medium- to large-scale problems, while highlighting the key
features that drive their efficiency; (ii) to identify the limitations and weaknesses of existing
BL algorithms, thereby enabling researchers in BO interested in machine learning applica-
tions to better understand the challenges and shortcomings of current approaches; (iii) to
present a collection of state-of-the-art algorithmic techniques from the broader BO litera-
ture for general bilevel programs, allowing BL researchers to quickly familiarize themselves
with potential methodological directions for addressing problems that current BL algorithms
cannot effectively solve; and (iv) to provide a reference resource for researchers interested in
(or beginning work on) bilevel optimization and its applications in machine learning,.

1.3. Organization of the paper. In the next section, we introduce the mathematical
description of the bilevel optimization concept and its different formulations. This step is
necessary because the term bilevel optimization is used to describe a variety of problems
that may differ in structure while still preserving the defining characteristics of a Stackelberg
game model, as outlined above. It is therefore useful to begin by presenting the main variants
of the problem and clarifying how they are related and how they build upon one another.
Subsequently, in Section 3, we provide a brief historical overview of BO and illustrate how
many problems arising in BL naturally exhibit a Stackelberg structure, even though this
connection was not always explicitly recognized or formally linked to the BO literature.

For readers who are less familiar with applications of BO in machine learning, Section
4 presents a concise overview of bilevel programming applications in machine learning (i.e.,
an overview of BL problems). We also discuss in greater detail two representative exam-
ples—hyperparameter optimization and adversarial learning—which correspond to special
classes of optimistic and pessimistic bilevel programs, respectively (these concepts will be
formally defined in Section 2). Section 5 focuses on the state-of-the-art methods currently
used in BL, which are largely built upon the implicit function reformulation. This frame-
work relies on the well-posedness of the lower-level problem, typically requiring the existence
of a unique optimal solution for every upper-level variable. We discuss the main assump-
tions underlying this approach—such as strong convexity and the absence of lower-level
constraints—as well as the algorithmic mechanisms that have enabled its practical success,
including approximation strategies for derivatives and lower-level solutions. Convergence
paradigms and performance evaluation techniques are also reviewed in this section.

In Section 6, we examine several important limitations and challenges associated with
the state-of-the-art methods described in Section 5, and discuss possible directions for over-
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4 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

coming these difficulties. Section 7 then provides an overview of algorithmic techniques from
the BO literature that can be used to address problems in which the lower-level problem is
convex—but not necessarily strongly convex—and may include constraints. Subsequently,
in Section 8, we relax the convexity assumption on the lower-level problem and explore po-
tential avenues for developing algorithms for BO that rely purely on first- or second-order
information. Such approaches are not directly applicable within the framework discussed in
Section 5, since the Jacobian of the lower-level optimal solution function typically requires
second-order information about the lower-level problem.

Overall, the study in this paper is mainly focused on the standard optimistic bilevel
optimization problem (see next section for the definition), and the algorithmic discussions
throughout Sections 5-8 are dedicated to different transformations of the model; namely, the
implicit function, Karush-Kuhn-Tucker, and lower-level value reformulations. In Section 9, a
comparison of these different approaches is provided. Finally, Section 10 concludes the paper
with a set of observations and perspectives on how the ideas discussed in Sections 7 and 8
could be further explored in the context of BL, where they remain largely underdeveloped.

2. What is a bilevel optimization problem?. This is possibly one of the most fasci-
nating questions, as there are multiple concepts labeled as/or related to bilevel optimization,
depending on what interpretation one makes, or also the specific area of application. The
first and most widely understood, and which will also be at the center of the attention of
this paper, because it is the one generally used in machine learning, is the problem

(BOP) min F(z,y) s.t. y € S(z) := argmin f(z,y),
zeX yeY (2)

where the functions F' : R” x R™ — R and f : R™ x R™ — R represent the upper- and
lower-level objective functions, respectively. Similarly, X C R™ is the upper-level feasible
set, while the set-valued mapping Y : X = R™ describes the lower-level feasible set. Overall,
(BOP) represents the upper-level (or leader’s) problem, while the set S(z) collects all the
optimal solutions of the lower-level (or follower’s) problem (for all z € X):

(LL) myin f(z,y) st. yeY(x).

Problem (BOP) will be said to be well-posed if one assumes that for any choice € X of
the leader, the follower has a single optimal solution. Precisely, this means that the following
condition, where |C| stands for the cardinality of the set C, is satisfied:

(2.1) {reX: |S@)|=1}=X;

i.e., we have S(z) = {y(z)} for all x € X with y(-) : X — R™ being the optimal solution
function of the lower-level problem. In this case, problem (BOP) reduces to

(Py) min F(z) := F(z,y(x)).
zeX
This model, known in the classical bilevel optimization literature as implicit function refor-
mulation (see [150] for one of the very first studies based on the approach) is the state of
the art working framework in bilevel learning.
However, there is also another very rich set of solution concepts for (BOP) when the
lower-level optimal solution set-valued mapping S satisfies the condition

(2.2) {zeX: |S)]>1}#0.

This corresponds to the situation where the lower-level problem has more than one optimal
solution for some choices of the upper-level player. In the context of (2.2), there are two
radically opposed solution concepts for problem (BOP). The first, and more commonly used
one, is to assume that each time the leader picks an x € X that leads to |S(x)| > 1, the
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BILEVEL LEARNING 5

follower selects a value y € S(z) that is in favorable to the leader. This leads to the (original)
optimistic bilevel optimization problem

P min min F(z,y),

(P,) mip min F(r.y)
also known as the cooperative model. The optimistic bilevel program is the most studied
class of the problem; however, investigations are almost never on the formulation (P,), but
rather on the following version of the problem, labeled in [73, 271] as standard optimistic
bilevel optimization problem in opposition to the original optimistic (P,):

(P) rarcu;l F(z,y) st. z € X, ye€ S(x).

It can be seen that here, full control over the leader and follower’s variables x and y is given
to the upper-level player. Although it might sound intuitive that problems (P,) and (P)
are equivalent, it was shown in [73] that this is true only if global optimal solutions are
considered. But locally, both problems are not equivalent. For a local optimal solution z
of problem (P,), any point (Z, ) with § € S(Z) is a local optimal solution of problem (P).
However, if (Z,§) is locally optimal for problem (P), one needs the set-valued mapping

So(x) := argmin F(x,y)
yeS(z)

to be inner semicontinuous at (Z,q) to ensure that T is locally optimal for problem (P,).
This is quite a strong assumption; for its definition, and more details on the relationship
between these two problems, interested readers are referred to [73].

The second option, which is a bit less researched, is to assume that each time the leader
picks an x € X such that S(z) > 1, the follower selects a value y € S(z) that is antagonistic
to the leader. To anticipate on unfavorable choices from the follower, the leader solves the
so-called pessimistic bilevel optimization problem

P min max F(z,y).

(P,) mip max F(r.y)
This is a more challenging problem to solve, and in the hope of promoting the implementation
of ideas from the abundant literature on the standard optimistic bilevel program (P), the
standard pessimistic bilevel optimization problem

(2.3) min F(z,y) st. z € X, ye Sp(x)

z,Y

was recently investigated in [160]. Note that here, the two-level optimal solution set-valued
mapping S, : X =2 R is defined by

Sp(x) := argmax F(z,y).
yeS(x)

A combination of Karush-Kuhn-Tucker and some lower-level value function—type reformu-
lation (see Section 7 and Section 8 for some relevant details) is used to address S, in order
to get a single-level transformation of problem (2.3).

The optimistic and pessimistic bilevel optimization problems (P,) and (P,,), respectively,
represent two very extreme positions, either the leader and follower cooperate (optimistic
problem) or they do not (pessimistic problem). For this reason, a number of works (see,
e.g., [44, 157]) have suggested a compromise model, where in a nutshell, if the follower has
multiple options to pick from, for some choices of x € X, they select one that represents a
compromise between the leader and the follower; i.e., the problem to be solved is

(Pop) miy Mpo(z) + (1 = N)pp (),
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6 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

with A € [0, 1] denoting the degree of cooperation between the upper- and lower-level players
[228]. In problem (P,p), the functions ¢, and ¢, are respectively defined by

(2.4) Yo(z) :=min {F(z,y) : y € S(z)} and ¢p(z) := max {F(z,y) : y € S(x)}.

Labeled as two-level optimal value functions and studied in detail in [73], where suitable
conditions for their local Lipschitz conditions are established.

Finally, [2, 1] introduces the following weak-strong Stackelberg /bilevel optimization prob-
lem as a generalization of the above optimistic and pessimistic bilevel programs:

2.5 in mi Y, 2).

Here, the function § : R” xR" xR™ — R represents the upper-level objective function, while
S : X = R™ describes the lower-level optimal solution set-valued mapping defined in (BOP).
It might be useful to recall that the optimistic (resp. pessimistic) bilevel program (P,) (resp.
(Pp)) is also called weak (resp. strong) Stackelberg/bilevel optimization problem. Hence,
the reason why the problem is referred to as weak-strong Stackelberg problem. Similarly,
it could therefore be labeled as optimistic-pessimistic bilevel optimization problem. To see
why this vocabulary makes sense, observe that if §(x,y,z) := F(z,y), we get the original
optimistic model (P,), while having §(z,y,2) := F(z,z) leads to the pessimistic bilevel
optimization problem (P,). Moreover, setting §(z,y, z) := AF(z,y) + (1 —A\)F(z, z), we can
observe that we get the partial cooperation model in (P,,) for a fixed A € [0, 1].

3. A short (possibly) shared history. Bilevel optimization emerged from the ha-
bilitation thesis of von Stackelberg in 1934 [235]. First, it attracted interest mainly from
economists (see, e.g., [130, 151, 49]; for a thorough economic perspective on von Stackelberg’s
work, see Volume 23 Issue 5/6 of the Journal of Economic Studies specifically dedicated to
his research contribution and its influence) until 1973 when it was introduced to the field of
mathematical optimization by Bracken and McGill [36]. It is however important to note that
the problem introduced in Bracken and McGill’s first paper on the subject instead corre-
sponds to what is known today as a semi-infinite programming problem [122]. Candler and
Norton in their reports [41] and [42] might have been the first to connect the dots between
the bilevel optimization model that emerged in the mathematical optimization literature
and the work of von Stackelberg, and can also be credited for coining the expression “bilevel
optimization” (namely, multilevel for optimization problems with more than two levels).

The pioneering works of operations research and mathematical optimization experts
from around the early 70s came with two important things: (i) the emergence of applications
of bilevel optimization outside of economics and pure game theory; for example, the initial
works of Bracken and McGill focused on military and defense applications [36, 37], while
Candler and Norton highlighted the applicability of the problem in areas such as engineering,
biology, and policy design and implementation in agriculture [41, 42]. (ii) A huge interest
in the development of solution algorithms to solve bilevel optimization problems. Works on
solution algorithms started to intensify around the early 1980s, as it can be seen in this first
survey on the subject by Kolstad [148] in 1985. Overall, the algorithms developed so far
could be generally classified in the four categories outlined in following subsections.

3.1. Methods for bilevel programs with fully linear functions. The problem
(BOP) will be said to be fully linear if the functions F' and f are linear in (z,y) and the
sets X and Y(z), for all x € X, are defined by functions that are linear in z and (z,y),
respectively. Problem (P) in this case has an interesting geometric structure, in the sense
that at least one optimal solution of the problem, if one exists, occurs at a vertex of the
polyhedron the set (X x R™) N gphY. Note that here and in the sequel, for a set-valued
mapping I' : R® = R™, its graph is defined by

gphT :={(z,y) e R" xR™ |y eT(x)}.
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BILEVEL LEARNING 7

This result, first discovered by Bials and Karwan [29], has been the basis for the development
of multiple enumerative algorithms for fully linear bilevel programs; see, e.g., [43, 208, 201].
Unfortunately, as we will see in the general overview of bilevel learning problems, it is not
clear that there are any applications of a fully linear model in the context machine learning,
except perhaps that it might happen that for some problems, such cases could appear as
subproblems for some algorithmic problems given that, for example, as it will be clear in
Section 5, the process of computing the directional derivative for the lower-level problem
can be seen as solving a quadratic linear bilevel program.

3.2. Algorithms tailored to problems with convex lower-level problems. The
lower-level problem (LL) is said to be convex if the objective function f(zx,.) and feasible
set Y (z) are both convex for all x € X. Of course, the fully linear case above is a special
case of this one, but in this more general setting, the construction of numerical methods has
generally relied on the so-called Karush-Kuhn-Tucker (KKT) reformulation, which replaces
the lower-level problem in (P) by its corresponding KKT conditions. If the lower-level prob-
lem has inequality constraints, this reformulation leads to a problem with complementarity
constraints, which introduces a very high-level of complexity in the problems.

Various methods have been proposed to solve this problem, with the main focus usually
being on how to handle the complementary constraints; early related papers include the work
of Fortuny-Amatand McCarl [94], who introduce the famous big M method, which has been
very influential in the field for many year, the work of Bard and Falk [12], which introduces
a branch and bound-type method, which consists to solve convex approaximations of the
KKT reformulation at each iteration, as well as the work by Bialas and Karwan [28], where
a pivot-type method is developed to compute an approximation of the KKT reformulation
as a problem of finding the solution of a mixed-complementary system. As it will be shown
in Section 7, despite being fundamentally a nonconvex constrained optimization problem,
the KKT reformulation has a potential for bilevel learning problems, as it is less restrictive
in terms of the required framework.

3.3. Techniques based on strongly convex lower-level problems. This is the
framework that enables the implicit function model (P;) to be well-defined, and has been
the main based for the development of numerical algorithms in the context of BL. One of
the main motivations of this paper has come from witnessing the huge interest that the
implicit model (P;) has attracted in the context of solving bilevel programs appearing in
machine learning. The resurgence of methods based on the implicit has been a source of
curiosity, as progress on the use of such methods seemed to have stalled in the more general
field of BO. Considering the performance of this approach and the depth of analysis of the
corresponding algorithms in BL, we aim to identifying the reasons of this success and draw
attention to lessons that could be learned for other applications of BO. Before we come back
to the technicalities of such methods and reasons for their success in Section 5, we would like
to point out that gradient descent approach, which has been the main algorithmic technique
in this context, has been in existence in bilevel optimization since the early development of
mathematical optimization—based numerical methods for the problem.

The PhD thesis of de Silva [63] completed under the supervision of Garth McCormick,
who was at the forefront of the development of sensitivity analysis for optimal solutions
of parametric optimization problem, was probably the first work in this context, imple-
menting mainstream implicit function results for the calculation of Vy(x) for a gradient
descent scheme for a problem of the form (P;); see the paper [80] with some of the related
results. Around the same period, Shimizu and Aiyoshi [229] propose another gradient de-
scent scheme, where a barrier approach is used to eliminate lower-level constraints, before
an implicit function technique is applied to the resulting Fermat rule of the new penalized
problem. However, the work of Kolstad and Lasdon [150], well-known for a gradient descent
scheme for problem (P;), is probably the first article that introduced an approximation ap-
proach for Vy(x), which was then applied to solve relatively large size problems at the time
(see details in [149]). Bundle methods for (P;) have also been very prominent in solving
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8 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

problem (P;), and represent the main focus of the book [203]; it was also an important
component of the exposition in other books on bilevel optimization such as [11, 65].

3.4. General bilevel program without any explicit convexity requirement. In
this case, the natural way to transform problem (P) into a numerically tractable problem
has been through the lower-level value function consisting to replace the inclusion y € S(x)
by its definition. Initial ideas in this context can be traced back to [38, 103]. More recent
effort in this include the works [194, 252, 147, 209], which largely exploit the connection of
the value function reformulation to semi-infinite programming to build methods to compute
global optimal solutions. Considering the underlying techniques, the approaches in these
papers are unlikely to scale well to the size of problems encountered in machine learning.
This is because the schemes in the latter articles either rely on some branch-and-bound
techniques ([194, 147, 209]) or semi-infinite programming-type discretization techniques
([194, 252, 147, 209]). A second class of method that has emerged recently in the literature
(see [273, 89, 93]), building on standard continuous nonlinear optimization theory, and to
be overviewed in Section 8, has more potential in the context of bilevel learning.

3.5. Some bilevel learning history and connections to bilevel optimization.
The BL history can go as far behind as well, if we consider the multiple problems that
are now well-understood as bilevel optimization problems, but had stayed in the shadows
of the field for a very long time. For example, in Bengio’s paper [20], where he studies
the gradient—based approach for hyperparameter optimization in machine learning, which
is simply an early version of the now classical gradient descent method for the implicit
function model (P;), discussed in Section 5 of the bielevel optimization problem, the Akaike
Information Criterion (AIC) model is referred to as one of the long standing techniques for
hyperparameter computation [3]. If we look closely at the AIC model in statistics, one of its
applications is for cross-validation in the context of training the autoregressive integrated
moving average (ARIMA) model for forecasting, it is used to find the order (p,d,q), and
this problem can be written as the bilevel program

(3'1) min AIC(p7 d7 q707 (Zs) S't' (0’¢) e a'rgmin f(p’ d’ q7 67 QS)?
0

p,d,q

)

where the order (p,d,q) € N3 and § and ¢ represent the AR and MA model parameters,
respectively. The AIC model dates back to 1974 [3] and even if it has probably not yet been
written in the form (3.1), it can naturally be translated as such. Similar BO models can
be written to compute hyperparameters in a wide range of statistics problems, including
design of experiments [84], regression analysis [83], as well the estimation of parameters in
various areas of engineering; see, e.g., [193, 32, 107]. It might be worth mentioning here
that hyperparameter optimization in machine learning is one of the most prominent areas
of applications of BO in machine learning, as we will discuss in the next section.

In terms of direct connections between machine learning and BO, it seems like links
started to become clearer in the works of Bengio [20] and Chapelle et al. [47], where they
developed gradient descent—type algorithms for hyperparameter computation based on the
implicit function model (see Fig. 1), where the implicit function model is used, which is now
the classical framework for bilevel learning algorithms, as it will be discussed in Section 5.

It must be said that in the articles [20] and Chapelle et al. [47], there is no mention
of bilevel optimization or Stackelberg games; moreover, no relevant articles on the subject
seems to be mentioned. So, their works could potentially be cast as independent discoveries
of bilevel optimization. To the best of our knowledge, Kristin Bennett and her co-authors in a
series of papers mainly on hyperparameter optimization for support vector machines [21, 25,
152, 22, 23, 153, 195, 24] can be credited as the first to clearly make the connection between
bilevel learning and bilevel optimization. Since the publication of this series of papers
between 2006 and 2010, bilevel optimization has literally exploded in machine learning, and
seems to be have become an area of research in its own right, within the field of machine
learning. To illustrate this, we can mention, for example, the surveys [175, 59, 48, 275], just
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1. Initialize 6 to some value.
2. Using a standard SVM algorithm, find the maximum of the
quadratic form W:

0
o (0) = argmax W(a, 0).
©) g o ( ) 00=argmginT(aO.0)
3. Update the parameters 6 such that T is minimized.
This is typically achieved by a gradient step (see below) .
4. Go to step 2 or stop when the minimum of T is reached.

Fig. 1: Algorithm for bilevel hyperparameter optimization by Chapelle et al. [47]

in the last 5 years, and a couple of hundreds of papers on the subject have been published
in the last few years. So many applications of bilevel optimization have been discovered in
machine learning; see next section for a sample of them.

A key focus of this paper is to look closely at the technical aspects of the main BL
algorithmic framework, in order to highlight what can be learned from it to tackle other
bilevel programs. Conversely, as most algorithms in the current BL literature are based on
the implicit function model, this paper aims to draw the attention of BL researchers to the
multitude of approaches that could be used to address a wide range of problems for which
the model (P;) is not well-defined, because of the failure of condition (2.1).

4. A flavor of bilevel optimization applications in machine learning. There is
a wide range of applications of BO in machine learning, and the number has been growing
steadily in recent years; see, e.g., [175, 55, 59, 48] for surveys focused around applications.
Our aim here is to give a flavor of how typical such applications look like, while focusing on
where the challenges of BL problems lie. Recall that the major difference that sets apart
these applications from the ones usually considered in the classical BO literature is the
scale of the considered problems. Indeed, the number of lower-level variables, the number of
samples in the dataset, and in some cases even the number of upper-level variables can reach
millions or even billions [97, 185, 206]. In this setting, scalability becomes a core priority
for the development of practically relevant algorithms.

We first focus our attention on two standard examples representing the extreme modeling
viewpoints discussed in Section 2 occurring when condition (2.2) holds; i.e., the optimistic
and pessimistic models, represented by the hyperparameter optimization and data poisoning
problems, respectively. Let D, denote the training set used to optimize the lower-level
model parameters y € R™ (e.g., neural network weights), and let Dy, denote the validation
set used to evaluate the upper-level decision variables € R™ (e.g., hyperparameters). In the
supervised setting, the datasets consist of input-target pairs; for instance, Dy, = {fi}gv:“f’
where each & = (u;,v;) represents a data point u; and its label v; for i = 1,..., Nyq.

4.1. Hyperparameter optimization in machine learning. In a hyperparameter
optimization (HPO) problem, the goal is to select hyperparameters € X that minimize
a validation loss F' (upper-level objective function), subject to the model parameters y
minimizing a training loss f (lower-level objective function). In this cooperative setting, the
leader assumes the follower selects the y € S(z) most favorable to the upper-level objective.
The optimistic formulation of the HPO problem reads as

4.1 i inf F = gva y L58)s
(4.1) miy inf F(z,y) ge;‘l 1y, :€)
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where S : X = R™ describes the optimal solution set-valued mapping of the training (or
lower-level) problem; to be more precise,

(4.2) S(z) = argmin f(z,z) == Z b (z,2;C) + R(z, z).

m
ek CEDyr

Here, R is a regularizer (e.g., {3 regularization). Here, { € Dy, represents a training sample
pair. The functions 4, and /. typically measure the discrepancy between the model pre-
diction and the true label. Common choices for the validation loss £, include the Squared
Error for regression tasks or the Cross-Entropy loss for classification. The key distinction is
that 4, is evaluated on the training set and is often modulated by z. A prominent example
is data reweighting [217], where x assigns a weight to each training sample, leading to the
expression i, (z,x; () = o(x;)€(z;¢;) (where o ensures positivity), allowing the leader to
downweight noisy or corrupted data.

The term R(z,x) represents a regularization term explicitly controlled by the hyper-
parameters. A standard example is weight decay, where R(z,z) = Y -, exp(z;)z7, with
x acting as the log-regularization coefficient for each weight. In practice, X often includes
continuous and discrete parameters such as reqularization coefficients and architecture depth.
Seminal works have applied this framework to kernel methods and Support Vector Machines
(SVMs), where the lower-level problem often enjoys convexity [47, 138, 23]. Other optimistic
BL problems can be found here [182, 181, 233, 262, 255]. More general gradient-based ap-
proaches for continuous hyperparameters have been explored in [210, 97].

Historically, hyperparameter optimization was predominantly performed using Grid
Search or Random Search. While effective for a small number of hyperparameters (e.g.,
n < 10), these “black-box” methods scale exponentially poorly with dimension. The BO
perspective represented a paradigm shift by utilizing gradient information from the lower-
level (via implicit differentiation or iterative differentiation). This allows for the simultane-
ous optimization of thousands of hyperparameters, such as assigning a unique regularization
weight to every individual parameter or learning rate schedules, which is computationally in-
tractable for search-based methods. This advancement has materialized into practical tools,
with open-source libraries such as Betty [54], Higher [114], TorchOpt [216], and JAXopt
[31] which leverage modern deep learning libraries that support automatic differentiation to
enable efficient gradient-based hyperparameter optimization and meta-learning.

4.2. Data poisining attacks. For data poisoning attacks, it is important to note
that in safety-critical scenarios, the leader (attacker) aims to maximize the learner’s error by
corrupting a subset of the training data. This creates a zero-sum game where the leader must
guard against the follower (learner) selecting the robust solution y € S(z) that minimizes
the damage. This corresponds to the pessimistic (or max-min) formulation:

(4.3) max inf F(z,y):= Z L(y; €).

z€X yeS(x) €D

In this case, the optimal solution set-valued mapping, S : X = R™, of the training (lower-
level) problem is defined by

(4.4) S(z) = argmin f(z,z) == Z 0(z;¢) + Z 0z ).

m
=el ¢(E€Dclean TRET

Here, x represents the set of poisoned data points injected by the attacker, and xj denotes
the k-th individual poisoned sample within that set, whereas the lower-level variable y
represents the model parameters. The set X defines the feasible attack space, often bounded
to ensure the poisoned data remains imperceptible or within valid input ranges.

The pessimistic assumption ensures the attack is effective even against the best-case
response of the learner. Seminal works in optimization-based poisoning include [192, 200],
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while further pessimistic BL problems can be found in [241, 170, 176, 129, 180, 179, 244].
Gradient-based approaches for pessimistic BL are explored in [116, 129].

It is worth noting that the literature often presents two sides of this coin. In Data Poi-
soning, as formulated above, the Attacker is the Leader (maximizing error) and the Learner
is the Follower. Conversely, in Adversarial Training, the Learner is the Leader (minimizing
error) who anticipates the Attacker (Follower) finding the worst-case perturbation. Both
formulations are valid depending on whose perspective is being optimized. While the leader
and follower clearly do not cooperate in these settings, many practical approaches rely on
implicit function-based gradient methods. This is often the case because it is cheaper than
using the pessimistic bilevel approach and it is mathematically justified when the lower-
level problem has a unique solution (e.g., due to strong convexity or regularization). In such
cases, the pessimistic and optimistic formulations coincide, S(x) becomes a singleton, and
the standard hypergradient derivations apply. For more details on this subject, interested
readers are referred to [19, 39, 137].

4.3. Further applications and structural challenges. Beyond these examples, BO
unifies diverse machine learning tasks [175]. Meta-learning fits this structure naturally,
where the outer loop optimizes a meta-learner for fast adaptation on inner-loop tasks [97, 87].
Recently, BO has also become increasingly relevant for Large Language Models (LLMs).
Architectures like Titans [16] and the Nested Learning framework [15] model long-term
memory updates as an inner optimization loop. Similarly, Test-Time Training [237, 239)
enables adaptation to long contexts via autoregressive training on the input sequence during
inference, and in this context pretraining is similar to solving a BO problem where the
lower-level is solved in an autoregressive fashion. Deep equilibrium models (DEQs) rely on
fixed-point iterations, where training involves differentiating through the equilibrium state,
a process mathematically equivalent to solving a bilevel program [10]. Similarly, generative
adversarial networks formulate a min-max game between a generator and discriminator,
often treated as a bilevel program [109, 211].

The practical application of BO in machine learning faces significant structural diffi-
culties. For the remainder of this section, we discuss some structural challenges associated
to BL problems. We start with the high dimensionality and large-scale datasets. A defin-
ing characteristic of modern machine learning is the scale of the problem. The lower-level
variable y is almost invariably high-dimensional. In deep learning, y represents millions of
neural network weights; in kernel methods, the number of dual variables scales with the
dataset size. This makes it necessary to use approximate methods to compute the solution
of the lower-level problem. The dimensionality of the upper-level variable x varies: it is
typically small in classical HPO (< 10) but can be extremely large in Meta-learning or
DEQs where x represents network initializations or parameters. Furthermore, the objective
functions are defined as averages over massive datasets, precluding exact gradient evaluation
and requiring the use of stochastic optimization methods.

Non-uniqueness of the lower-level solution. A central challenge is that the lower-level
optimal solution set S(z) is rarely a singleton for € X. The nature of this non-uniqueness
varies by problem class. In the simplest case, such as linear regression with £5 regularization
(Ridge Regression), the lower-level objective f is strongly convex with respect to y, guar-
anteeing a unique solution S(z) = {y(z)}. However, in the regime of over-parameterized
linear models—where the number of parameters d exceeds the number of training samples
m1—if explicit regularization is absent, the objective is convex but not strongly convex.
Consequently, S(z) becomes an affine subspace containing infinitely many solutions that
all achieve zero training error. The situation becomes even more complex in deep learning,
where f(x,y) is highly non-convex with respect to the neural network weights y (see, e.g.,
[164] for some graphical illustrations of the loss functions); In deep learning, non-uniqueness
arises not just from flat valleys in the landscape but from fundamental symmetries (e.g.,
neuron permutation invariance) and the existence of multiple disconnected local minima.
In this regime, the optimal solution set S(z) is a disjoint union of manifolds, rendering the
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bilevel problem significantly harder to analyze.

The selection problem and algorithmic bilevel. This non-uniqueness leads directly to
the selection problem: when S(z) contains multiple solutions, which one does the training
algorithm actually return? Classical formulations assume the leader can select the best (op-
timistic) or worst (pessimistic) y € S(x). In practice, however, the solution y is determined
by the specific iterative algorithm used (e.g., Stochastic Gradient Descent) and its initializa-
tion. For instance, in over-parameterized linear regression initialized at zero, SGD converges
specifically to the minimum Euclidean norm solution among the infinitely many minimizers.
In deep learning, the “implicit bias” of the optimizer selects a specific attractor in the land-
scape. This algorithmic reality has led to “unrolled” formulations where the lower-level min-
imization is replaced by a dynamical system y;11 = P¢(ys, x) after T steps, denoted yr(z).
This perspective allows optimizing optimization hyperparameters (e.g., learning rates) and
aligns the theoretical formulation with the algorithmic output [110, 9, 188, 95].

Generalization and the test set. It is crucial to distinguish between the objective func-
tions used in the bilevel optimization problem and the ultimate goal of the learning process.
The upper-level objective F is typically evaluated on a validation set D, to guide the
selection of . However, this is merely a proxy; the true performance metric is the general-
ization error on a strictly held-out test set Dyesy, which is disjoint from both Dy, and Dy
and is never used during the optimization of x or y. This distinction highlights the risk of
“meta-overfitting”, where hyperparameters are tuned to minimize validation error but fail
to generalize to the test distribution.

Constrained/nonsmooth/nonconver lower-level problems. Note that the HPO and data
poisoning problems introduced above do not explicitly have lower-level constraints. However,
explicit lower-level constraints are fundamental to the formulation of hyperparameter tuning
for Support Vector Machines [21, 154], fairness-aware learning [263], sparse structure learning
[26, 98], and safety-critical control [248, 141]. Further BL problems with lower-level con-
straints can be found in [269, 101, 177, 262, 259, 254, 256, 257, 139, 225, 179, 176, 171, 264].
These constraints necessitate the handling of non-differentiable projection operators and
the breakdown of strict complementarity in KKT conditions [34], which complicate the
estimation of hypergradients. Recent algorithmic literature has addressed these issues in
various ways. For example using one-stage primal-dual formulations that update variables
simultaneously [135, 233], smoothed implicit gradient approximations [139], and difference-
of-convex relaxations for value-function constraints [100]. In BL, the lower-level problem
can be nonsmooth (see, e.g., [173, 226, 202, 6, 26, 27]) or even nonconvex (see, e.g.,
[9, 177, 176, 179, 180, 171, 186]). In such scenarios, the classical algorithmic framework
is not applicable, as it will be clear in Sections 5 and 6.

5. Implicit function-based methods for bilevel learning. The implicit function
model (P;) is the framework for the classical algorithms for BL in the current literature.
In this section, we examine the main techniques that have been developed so far from
this perspective. More precisely, the main algorithmic idea is the gradient descent method
tailored to the specific version
(5.1) min F(z):= F(z,y(z)) with y(z):=arg min f(z,y)

z€R" yER™

of problem (P;), where in addition to the requirement that the lower-level problem has
a unique optimal solution (for all upper-level variables), it is assumed that there is no
upper— nor lower—level constraints (i.e., with X := R™ and Y (z) := R™). While upper-
level constraints are generally manageable, incorporating lower-level constraints presents
additional challenges which will be discussed in later sections. This formulation is well-
defined under the basic assumption that y(-) : R” — R™ describes a vector-valued function
such that {y(z)} = S(z) (the optimal solution set is a singleton) for all x € R™.

To have a sense of how this is still a very challenging problem, start by noting that we
can easily find examples where the upper-level objective function F is convex and the lower-
level objective function is strongly convex in the lower-level variable y, but the resulting
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function x +— F(z) is still not necessarily convex. For example, let

F(z,y) ==y and f(z,y):= (y — (a® — x))2 )

Clearly, f(z,-) is strongly convex for all x € R, and we can observe that the resulting
function x — F(r) := F(z,y(z)) = 2 — 2 is nonconvex. Hence, (P;) is a nonconvex
optimization problem, even when all necessary requirements are satisfied for it to be well-
defined. Additionally, as it will be clear in Section 7, the assumptions required for (P;) to be
well-defined are generally only local. This means in many practical use cases the model is
valid only locally and not necessarily on the whole domain of the reduced objective function
F or the upper-level feasible set X.

We can also consider the stochastic setting where the upper- and lower-lever objective
functions are expectations, which model situations where we have access to data sampled
from unknown distributions. For such a setup, we have

(52) F(l‘,y) = Egﬁ’(z,y,ﬁ) and f(x,y) = ECf(xﬁyaC)a

where ¢ and ¢ are random variables. Some works study also the special case where expec-
tations are replaced with their empirical estimates, i.e., they are finite sums

du
(5:3) diZ (z,9.&) and f(smy)zd%Zf(x,y,ci)-

As we mentioned in Section 4, in BL, n, m, d,, and d; can be very large and f and F’ might
be nonconvex: the main example is whenever the lower-level and/or upper-level variables
are the parameters of a neural network. In the case where the function f is nonconvex w.r.t.
y, the optimal solution set of the lower-level problem is not necessarily a singleton. However,
algorithms are still applied in this setup with various degree of success.

5.1. General algorithmic framework. The core idea of the implicit function ap-
proaches is to compute the hypergradient, i.e. the gradient of F by exploiting the Implicit
Function Theorem, which characterizes the dependence of the lower-level optimal solution
on the upper-level variables. More precisely, if for a given x the lower-level problem admits a
unique local minimizer y(x), and if f is twice continuously differentiable with Vf/y flz,y(x))
invertible, then the first-order optimality condition

(5-4) Vyf(z,y(z)) =0,

defines y locally as an implicit function of x. Differentiating this stationarity condition with
respect to x gives

Vi [z y(@) + Vi, f(z,y(2)) Vy(z) = 0,
and, by the Implicit Function Theorem,

Vy(a) = — [V2, f(z,y(2))] " V2, f(z,y(x)),
VF(2) = Vo F(z,y(x) + Vy(2) TV, F(z,y(z)).

The gradient-based method that computes the exact hypergradient is described in Al-
gorithm 5.1; see, e.g., [65].

The method relies on the well-defined nature of problem (P;), where the Jacobian Vy/(x*)
is computed by inverting the Hessian of the lower-level objective function. The commonly
used sufficient condition to make the Jacobian well-defined is for the lower-level objective
function to be strongly convex and twice continuously differentiable, which is satisfied, for
example, by having an f5 regularization penalty in combination with a convex and twice
differentiable objective such as in regularized logistic regression.
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Algorithm 5.1 Classical hypergradient descent algorithm

Require: z° and sequence {ay}.

1: for k=0,1,..., K do
y(z*) = argminf(z*, y)

y

3 Vy(a*) = = [V, f(a",y(=¥)] V2, fa*,y(a"))
4 VF(ab) = Vo F(a¥,y(a")) + Vy(a*) TV, F(a*, y(a*))
5
6

N

oF = 2k — o VF(2F
: end for

In high-dimensional settings, however, Lines 2 and 3 of Algorithm 5.1 are computation-
ally prohibitive. First, computing the lower-level solution y(x*) typically requires running
an iterative lower—level solver to (near) convergence; in large-scale problems this can mean
many gradient/Hessian—vector evaluations (often over large datasets), so the cost scales
with both the lower-level dimension and the number of lower—level iterations. Second, the
implicit-gradient term involves inverting the hessian. Forming the hessian already costs
O(m?) memory/time, and a direct factorization (e.g., Cholesky/LU) costs O(m?) time and
O(m?) memory, which quickly becomes infeasible as m grows.

It is important to acknowledge that alternative frameworks exist which bypass the direct
computation of the hypergradient. Notably, more recent efficient methods like BOME [171]
adopt a value-function approach (See Section 8), reformulating the bilevel program into a
single-level constrained optimization problem. This allows for the application of fully first-
order methods that do not require computing second derivatives of the lower—level objective.

5.2. Efficient approximation schemes. To address the computational bottlenecks
of Algorithm 5.1, various approximation schemes have been introduced. These methods
generally aim to estimate the hypergradient efficiently without incurring the full cost of
Hessian inversion or exact lower-level minimization.

A fundamental distinction in the literature is between Approzimate Implicit Differenti-
ation (AID) and Iterative Differentiation (ITD). While AID approximately solves the linear
system derived from the expression of the hypergradient, ITD approximates the hyper-
gradient by backpropagating through the unrolled computational graph of the lower-level
optimization algorithm (e.g., T steps of gradient descent). The two procedures are detailed
in Algorithms 5.2 and 5.3, respectively. As explained in [188, 97], ITD computes the exact
gradient of the proxy objective  — F(z,yr(x)). However, its memory cost scales linearly
with T, which can be prohibitive for problems requiring many lower—level steps. In con-
trast, AID allows for constant memory cost (using efficient linear solvers) but introduces
a systematic bias if the linear system is not solved exactly or if the lower-level problem
has not converged to the true solution y*(z). For a detailed comparison between these two
strategies, interested readers are referred to [110].

In the AID framework, the computation of the hypergradient approximation (see Lines
4 and 5 in Algorithm 5.2) is typically reformulated using an adjoint vector v, which is the
solution to the linear system V2 f(x*,gx)v = V, F(2*,§y), so that

VF(a*) = by = Vo F (¥, gi) + V2, f(a*, 91) Tv.

This linear system can be solved for example using Conjugate Gradient (CG) [210], which
converges fast and relies solely on Hessian-vector products and avoids explicit matrix fac-
torization. Alternatively, the linear system can be viewed as the optimality condition of a
quadratic minimization problem and solved using (stochastic) gradient descent [110, 111].
This generalizes the Neumann series approximation (of the inverse hessian) [185], which
corresponds to a specific gradient descent scheme.

To further reduce computational overhead, recent “Hessian—free” methods attempt to
mitigate the cost of accessing second-order information directly. Unlike methods that simply

This manuscript is for review purposes only.



658
659
660
661
662
663
664
665
666
667
668
669
670
671
672

BILEVEL LEARNING 15

Algorithm 5.2 Bilevel Gradient Method with AID

Require: z°, {a;}.

1: for k=0,1,..., K do
Lower—level optimization:

2:  Init solver at go (if warm start go = gx—1)

3. Find gy ~ argmin,, f(z*,y)
Linear system:
Init solver at ¥y (if warm start 09 = O_1)
Find 9y by solving Vflyf(xk, Ok)v = V, F(z*, g1)
Approximate Hypergradient:

6: hp = VmF(xk7yk) — Viyf(l'k, gk)T@k
Upper—level update:

7 ahtl = gk — aghy

8: end for

ignore second-order terms, Hessian-free bilevel algorithms approximate the required Hessian-
vector products to maintain convergence to the true stationary point. As analyzed by Sow et
al. [234], one can estimate the product sz f(z,y)v using a finite difference approximation
of gradients for a sufficiently small scalar § > 0. This technique allows the linear system
to be solved using only first-order gradient oracles, avoiding explicit Hessian construction
while strictly adhering to the implicit differentiation framework.

Algorithm 5.3 Bilevel Gradient Method with ITD

Require: 2°, {as}, steps T
1: for k=0,1,..., K do
Lower—level optimization:
Init yo (if warm start set yo(zx) = yr(zK-1))
fort=0,...,7T—1do
Yer1 (") = 4(a, ye(ax)) {E-g., ®o(2,y) =y —mVy flz,9)}
end for
Set Fr(x*) := F(2*, yr(z¥))
Approximate Hypergradient:
7. Compute hy = VFr(z¥) via backpropagation through &, ..., &7
Upper-level update:
8: ahtl = gk — arhy
9: end for

In the very common situation where we are dealing with large scale datasets, i.e. where
dy,d; in (5.3) are large, the lower-level, the linear system and the final hypergradient com-
putation (for AID methods), are solved with iterative algorithms relying on the stochastic
estimators f and F' of the lower and upper level objectives and their derivatives.

A ubiquitous strategy to improve efficiency is “warm starting”, which involves initializing
the lower-level and linear system solvers at iteration k with the approximate solutions from
iteration k — 1. Intuitively, this exploits the smoothness of the solution map y*(z), implying
that small changes in = result in small changes in the optimal y, making the previous solution
a high-quality initial guess. Recent theoretical work by [133] has rigorously analyzed the
impact of the computational “loops” (lower—level optimization steps 7' and linear solver
steps @) on convergence. They demonstrate that while substantial loops are often necessary
for ITD, AID schemes utilizing warm-start strategies can effectively reduce the required
loop count to O(1) per iteration. The special case where only one step is done for the lower-
level problem is referred to as single-loop (see e.g. [166, 108]), in contrast with double-loop
bilevel algorithms which use more than one step. While this significantly improves practical
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efficiency, it complicates the theoretical analysis by introducing a strong coupling between
the dynamics of the upper and lower-levels.

5.3. Convergence guarantees and complexity analysis. Formalizing the conver-
gence of bilevel algorithms requires distinguishing between the quality of the hypergradient
approrimation and the convergence of the optimization procedure as a whole.

5.3.1. Convergence of the hypergradient approximation. Before analyzing the
optimization trajectory, one must ensure that the estimated hypergradient hj is a reliable
proxy for the true hypergradient VJF(zy). The true hypergradient depends on the exact
lower-level solution y*(xx) and the exact solution to the linear system v*(zy), while in
practice, we operate with approximations.

Lower-level fized points. [110, 111] study the accuracy of (approximate) hypergradient
computation for both AID and ITD bilevel problems in which the lower-level solution is
defined implicitly as a fixed point, y(z) = ®(z,y(x)), under regularity assumptions that
ensure well-posedness and stability of the implicit map. This framework subsumes the
classical smooth lower level optimality condition V, f(z,y(z)) = 0 by choosing ®(x,y) as a
single step of a descent method, e.g., ®(z,y) =y —nV, f(z,y), so that fixed points coincide
with stationary points of the lower-level objective.

Importantly, the fixed-point viewpoint is strictly more general than convex optimization
in the sense of minimizing a scalar potential: many equilibrium problems are naturally mod-
eled by monotone operator formulations and solved by operator-splitting iterations (proximal
point, forward—backward, Douglas—Rachford, etc.), which can be written as fixed-point itera-
tions even when the underlying operator does not arise as the gradient (or subgradient) of any
function [218, 13]. Intuitively, an operator fails to come from an optimization problem when
it lacks a potential structure (e.g., it contains an intrinsically “rotational” /skew-symmetric
component), as happens in general variational inequalities, game-theoretic equilibria, and
saddle-point problems where the relevant stationarity conditions correspond to a monotone
inclusion rather than minimization of a single scalar objective. This also connects to implicit
or equilibrium architectures in deep learning, notably Deep Equilibrium Models [10], which
define hidden states as solutions of a fixed-point equation.

Under the assumption that ® (or Vf) and F are Lipschits smooth, and that ® is a
contraction (Lipschitz with constant less than one) with respect to y (or alternatively if f
is smooth and strongly convex with respect to y), the error in the AID hypergradient is
bounded linearly by the errors in the lower-level and linear system subproblems:

(5.5) [P = VF(zp) || < Lallge — y™ (@)l + Lellox — v (zx)]),

where L1, Lo are constants derived from the condition number x of the lower-level problem
and the Lipschitz constants of the gradient and/or fixed-point maps. Specifically, if we
employ gradient descent for the lower-level and Conjugate Gradient (CG) or gradient descent
for the linear system, [110] show that achieving an error ||VF(xi) — hil| < € requires
O(log(1/€)) iterations for both the lower-level solver and the linear system solver.

Under the same contractivity and smoothness assumptions, [110] also establish a linear
(geometric) convergence of the ITD hypergradient to the true hypergradient. A similar
results can be also found in the seminal automatic differentiation textbook by Griewank and
Walther [115, Chapter 15]. In particular, for T lower—level gradient descent steps (unrolling
length), [110, Theorem 2.1] shows a bound of the form

HV}'T(:C’“)—V}'(xk)H < (01T+02)qT,

where c1,co > 0 and 0 < ¢ < 1 depend on x. This rate similar to the AID rate of cq”,
but multiplied by an additional prefactor growing like T'. As a consequence, the iteration
complexity to reach accuracy e remains O(log(1/¢)), but the extra T prefactor yields a
practical “delay” compared to AID bounds.

The stochastic case has been mainly studied for AID. The hypergradient estimator hy
admits an MSE decomposition into (i) terms controlled by the mean-square accuracy of
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the stochastic lower—level solvers used to compute (g, Uk ), and (ii) a variance term coming
from stochastic Jacobian/Hessian-vector product estimators [111, 112]. As a result, the
overall MSE essentially matches the convergence rate of the stochastic solvers employed
at the lower-level and for the linear system, up to an additional variance contribution. In
particular, the refined analysis in [112] yields bounds of the form

E|hy — VF(zr)|? = O<pT +or + blT) ,
where pr and or denote the MSEs of the lower-level and linear-system stochastic solvers
(respectively), and br is number of samples used for some stochastic estimators. Hence, when
both lower—level solvers are implemented with SGD-type methods so that pr = ©(1/T) and
or = ©(1/T) and we also set by = O(T'), the hypergradient MSE decreases as O(1/T) as
well, matching the canonical O(1/T) rate of SGD for the lower-level problem. The ITD
case has been studied only recently by [131], where they focus on the convergence of the
derivative of SGD. They show that with a careful analysis it is possible to achieve a rate of
O(log(T)?/T), which is off only by a logarithmic factor compared to the AID rate.

While the classical theory relies on differentiability, recent work has extended the im-
plicit differentiation framework to nonsmooth settings, such as when the lower-level problem
involves L regularization or nonsmooth activations. [34] and [27] established that under
mild conditions (e.g., separability or specific non-degeneracy), implicit differentiation re-
mains valid on the support of the solution, and convergence rates can still be derived. [113]
further generalized the analysis to provide non-asymptotic convergence rates for nonsmooth
AID, including the stochastic case.

Stochastic Setting Deterministic Setting
Complexity Algorithm WS Loop Complexity Algorithm WS Loop
O(e™?) BSA [104] No Nested O(e™%/%)  BA [105] No Nested
O(e™25) TTSA [124] Yes Single O BiO-ITD [134] Yes Nested
€
stocBiO [134] Yes Nested BGM [112] No_ Nested
O(e7?) SMB [118], saBiAdam [126] Yes Single Ol BiO-AID [134] Yes Nested
€
ALSET [53] Yes Single Amigo [8] Yes Nested
O(e?) BSGM [112] No Nested
Amigo [8] Yes Nested
Variance Reduction
O(e7?) STABLE [52], FSLA [165] Yes  Single

VRBO [260] Yes Nested
O(e-'5)  STABLE-VR [118], SUSTAIN [140],
VR-saBiAdam [126], MRBO [260]

O(d*3/e)  SABA [61] Yes Nested

Single

Table 1: Sample complexity for finding an e-stationary point (i.e. a point = such that
E||VF(z)||? < €) in implicit function based methods. WS indicates the use of warm-start
for the lower-level problem. Loop specifies the structure: “Single” implies strictly 1 lower—
level step is taken per upper—level step, while “Nested” implies a multi-step lower—level
solver is used. The complexity of SABA is for the finite sum setting where d = d,, + d; is
the total number of samples.

5.3.2. Convergence of the bilevel framework. To analyze the complexity of the
full framework, we must first define the computational oracles involved. The analysis typ-
ically revolves around following operations: the lower and upper level gradients V, f(x,y),
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Vo F(z,y) ,VyF(z,y) the lower-level Hessian-vector product szf(x,y)v, and the mized
Hessian-vector product Viy f(x,y)Tv. In the stochastic case, these quantities are replaced
instead by unbiased estimates with controlled variance. Thanks to Automatic Differentia-
tion, computing these derivative operations has a cost which scales with the dimension of x
and y in the same way as computing the function values. While the Hessian-vector prod-
uct is typically implemented as a Jacobian-Vector Product (JVP) of the lower-level gradient
map with respect to y, practical implementations often find that simple gradient evaluations
are significantly cheaper (by a constant factor) than the second-order vector products. For
convergence rates, these costs are often aggregated, measuring the total number of calls to
these first-order and second-order oracles required to reach stationarity.

Since the the function F is nonconvex, the goal of the bilevel procedure is to find a
stationary point. Therefore, the standard convergence metric is the number of iterations
(or total oracle calls) required to find an e-stationary point, defined as a point x satisfying
E|VF(z)||* < e. We summarize the main results in Table 1 and discuss them in detail
below. In the deterministic case, the seminal work by [105] established a baseline complexity
rate of O(e~%/*) without warm start for AID. Subsequent research improved upon this by
leveraging the warm-start strategy. By initializing the solvers with previous iterates, [134]
and [8] demonstrated that it is possible to achieve the optimal complexity of O(e~!), which
matches the standard rate for single-level nonconvex optimization. The work [134] also
establishes the first rate for ITD of O(e™? log(efl)) for ITD, which relies on warm-start.

The stochastic setting is significantly more challenging due to the bias-variance trade-
off and the results are focused almost entirely on the AID method. The landscape here
is defined by the sample complexity required to reach an e-stationary point. The baseline
complexity was established by the Bilevel Stochastic Approximation (BSA) algorithm [105],
which does not use warm start and requires O(e~3) samples and an increasing (as vk
where k is the upper-level iteration counter) number of lower—level steps to control bias.
Subsequent improvements utilized warm start to reduce the lower—level loop complexity.
The Two-Timescale Stochastic Approximation (TTSA) [124] achieves O(e=2?).

A significant leap in efficiency was marked by a class of algorithms achieving O(e~2) com-
plexity, matching the standard single-level stochastic baseline. This group includes stocBiO
[134], SMB [118], ALSET [51], Amigo [8], STABLE [50], and FSLA [166]. Most of these
methods achieve this efficiency by using warm start on the lower-level problem to reduce the
number of lower—level iterations to O(1) (often referred to as single-loop), although some,
like Amigo, warm-start both the lower-level and linear system solvers which allows to re-
move the log factor and achieve O(e~2) sample complexity, which interestingly matches that
of a single level optimization problem. Variance-reduced methods such as SUSTAIN [140],
VR-saBiAdam [126], and MRBO [260] push the theoretical boundary further, achieving a
near-optimal complexity of 0(6_1‘5), though they typically require more oracles per iter-
ation and stronger assumptions. Specifically focusing on the finite-sum setting (Empirical
Risk Minimization), [61] established tight lower bounds and proposed the SABA algorithm,
which achieves optimal variance-reduced rates. This approach builds on their earlier gen-
eral stochastic framework [60], which provided a unified analysis for single-loop aggregation
schemes applicable to both finite-sum and infinite-horizon problems.

While warm start is prevalent, [112] challenged the assumption that it is necessary for
optimal rates. They showed that a “cold start” procedure (solving the lower—level problem
from scratch or fixed initialization) can still achieve the O(e~2) sample complexity in the
stochastic setting. The key is using larger mini-batches (©(e~1)) for the hypergradient
estimation and specific step-size schedules to control the variance. For the deterministic
case, this cold-start approach improves the baseline to O(e~! log(e_l)). While without
warm-start the analysis is simpler since it decouples the lower—level and outer loop dynamics,
it additionally requires the distance between the lower-level solution and the starting point
of the lower-level solver to be uniformly bounded over the upper-level feasible set, which
might explain why warm-start method often perform better in practice.
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5.4. Meta-parameters and adaptive methods. It is worth emphasizing that many
bilevel algorithms with strong convergence guarantees depend on several algorithmic meta-
parameters, that is, quantities controlling how the numerical method is run rather than
parameters of the learning model itself. For example the upper- and lower-level stepsizes,
the number of lower-level updates performed per outer iteration, mini-batch sizes in the
stochastic setting, regularization or damping parameters in implicit solvers, and tolerances
or number of iterations for auxiliary linear-system solves. In many methods, these quantities
cannot be chosen once and kept fixed, but instead must follow carefully designed schedules
along the iterations in order to balance bias, variance, and stability. This tuning burden has
motivated a recent line of work on adaptive and parameter-free bilevel methods. Early work
in this direction includes BiAdam, which introduced adaptive learning rates for stochastic
bilevel optimization and its variance-reduced variant VR-BiAdam [126].

More recently, BiSLS/SPS proposed stochastic line-search and Polyak-type rules to au-
tomatically choose the coupled upper- and lower-level stepsizes, with the explicit goal of
improving stability and reducing manual tuning [85]. Going one step further, tuning-free
methods such as D-TFBO and S-TFBO remove the need for prior knowledge of problem
constants and choose stepsizes adaptively from cumulative gradient information, while at-
taining deterministic and stochastic rates that nearly match those of their well-tuned coun-
terparts [261]. Related adaptive mirror-descent variants have also been proposed beyond the
strongly-convex inner-level setting [7]. Adaptive ideas have also started to extend beyond
the standard centralized Euclidean setting, including federated, Riemannian, and decentral-
ized bilevel optimization, further indicating that robustness to solver meta-parameters is
emerging as a broader theme in the bilevel literature [128, 227, 274].

5.5. Beyond classical assumptions. Some works have begun to relax classical as-
sumptions in BL, to extend the gradient descent framework presented here to more general
problem classes. In particular regarding nonconvex geometry, weak lower-level curvature,
and fundamental complexity limits. Classical results focus on finding first-order stationary
points, characterized solely by a small gradient norm. However, in nonconvex BO land-
scapes, such points may correspond to strict saddles of the upper-level objective function.
To address this, [127] develops perturbed implicit-gradient methods that guarantee conver-
gence to second-order stationary points. Common BO approaches to tackle problems with
nonconvex lower-level players are discussed in Section 8.

The lower-level singleton assumption fails in many over-parameterized models, where the
lower-level optimal solution may not be unique and the Hessian of the lower-level objective
function is singular. To address this, recent papers have introduced Polyak-Lojasiewicz
(PL) conditions for the lower-level problem. [179] propose a gradient-based framework that
handles nonconvex followers by utilizing initialization auxiliaries, bypassing the need for
strong convexity. Possible approaches to extend the gradient descent framework to problems
where the lower-level singleton assumption (described in (2.1)) fails are discussed in the next
section. Furthermore, [255] and [125] extend convergence guarantees to settings satisfying
the PL condition, showing that implicit differentiation strategies remain tractable even when
the argmin set is non-singleton. These works often rely on generalized inverses (such as the
Moore—Penrose pseudoinverse) or iterative approximations to handle the singular Hessian
matrices inherent in these relaxed settings.

Recent lower-bound results demonstrate that BO is fundamentally harder than minimax
or single-level nonconvex optimization. [132] establish oracle lower bounds that match (up
to logarithmic factors) the best known upper bounds, showing the intrinsic dependence on
conditioning and cross-level coupling. In parallel, [61] prove tight lower bounds for bilevel
empirical risk minimization and introduce an algorithm achieving near-optimal complexity.

6. Limitations of the implicit function-based framework. The gradient descent
algorithmic framework discussed in the previous section has been very successful in solving
various BL problem classes as highlighted previously. However, the assumptions for its im-
plementation are very restrictive. At a high-level, the main restrictions are the requirement
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that the lower-level player is unconstrained and can only have a unique optimal solution for
all upper-level variables. In this section, we analyze possible ways to extend the gradient de-
scent method to the implicit function-type framework, while relaxing these assumptions. We
start by first keeping assumption (2.1), while relaxing the assumption that the lower-level
problem is unconstrained (i.e., the requirement that Y () = R™ for all x € X).

6.1. Extension of the implicit function approach to lower-level constrained
problems. We assume here that the lower-level feasible set has the form

(6.1) Y(z) :={y e R"| g(x,y) <0},

where g : R” x R™ — R? corresponds to the lower-level constraint function. Recall that
the key requirement in the previous section to ensure the fulfillment of assumption (2.1) is
to assume that the function f(z,-) is strongly convex for all © € X. Next, we introduce
assumptions that can ensure strong local stability for the lower-level problem; i.e., to enable
the reduction of y(+) to a locally Lipschitz continuous vector-valued and even differentiable
function, when the lower-level feasible is given by (6.1). Before, note that in Section 7 (resp.
Section 8), we are going to specifically explore classical BO approaches to tackle bilevel
programs where the lower-level problem is only convex (resp. nonconvex).
To ensure that assumption (2.1) holds under the lower-level feasible set (6.1), we can
make the following assumptions associated to a point (Z,§) such that § € Y (z):
(A1) The function f and g are at least twice continuously differentiable near (z, 7).
(A2) The lower-level linear independence constraint qualification (LLICQ) holds at (Z, §);
i.e., the vectors V,g;(z,y) for i € I(Z,y) are linearly independent. Here, I(Z,7)
denotes the set of active indices for the lower-level constraint:

I(z,9) :={i€lq| g:(z,y) =0} with [¢]:={i=1,...,q}.
(A3) The lower-level second order sufficient condition (LSOSC) is satisfied at (Z, 7, a),
where @ is a lower-level Lagrange multiplier associated to (z,7); i.e.,

d"V2 0(z,y,u)d >0 for all d # 0 s.t.

where /¢ is the lower-level Lagrangian function defined by
(6.2) Uz, y,u) = F(@,y) +u" g(w,y)
and the index set J(@) is given by

J(@) = {i € [q) | @ >0}

(A4) The lower-level strict complementary slackness (LSCS) is satisfied at the point
(Z,y,a); i.e., it holds that I(z,y) = J(a).
Under assumptions (A1)—(A4), the lower-level optimal solution function y(-) is well-
defined and continuously differentiable from a neighborhood of Z to a neighborhood of g,
and its Jacobian can be written as follows:

vy = — (V3,07 {1
(6.3) = Vo] [V (V3,07 Vgl | Vear (viy@l} V2,0
_ _ —1
_(szﬂ) lvyg;'— [vygf (szé) 1Vygﬂ Vg1,

where I is the identity matrix of suitable dimensions and I = I(z, y(Z)); see, e.g., Subsection
7.3.1 in the book [230] (or [86, Chapter 2]). Furthermore, for full clarity, note that in the

formula (6.3), we have ¢ = £(z,y,u) and g = (9:(Z,7)),c1 -
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Algorithm 6.1 Gradient descent algorithm with lower-level constraints

Require: 2° and {ay};

1: for k=0,1,..., K do
2: y(wk) = argmin{f(xk,y) | y € Y(xk) };
y

@

I, = I (2%, y(a));

4:  Calculate Vy(z*) using (6.3);

5. VF(a*) = Vo F (2", y(a*)) + Vy(a*) TV, F (2", y(a*));
6:  aftl =2a2F -, VF(aF)

7: end for

It goes without saying that under this framework, problem (P;) is well-defined and
Algorithm 5.1 can be extended accordingly to this version of the problem with lower-level
feasible set (6.1), as it can be seen in Algorithm 6.1.

Clearly, with the lower-level constraint, many more layers of difficulty appear in this
extension of Algorithm 5.1. First, at each iteration, the active indices of the current iteration
point (z¥,y(x*)) are needed; cf. line 3. Secondly, the complexity of calculating Vy(z*)
increases significantly, as at each iteration. The formula requires computing the inverses of
both Vf“/ and Vg5 (ngf)_l Vyg;—r, as well as many other matrix operations, which need
much more computing effort in line 4 of Algorithm 6.1. This is probably the key reason
why almost all bilevel learning algorithms avoid lower-level constraints. It might be useful
to observe that if ¢ = 0 in Algorithm 6.1, the method just reduces to Algorithm 5.1.

Besides the challenge in accommodating constraints in the lower-level problem, we would
like to draw attention to the fact that even when y(-) is well-defined as a vector-valued func-
tion in some neighborhood of a point of interest, it is nonsmooth in general. The premise
of having y(-) as a continuously differentiable function in some neighborhood of interest re-
quires all the functions involved in the lower-level problem to be at least twice continuously
differentiable, as required in almost all bilevel learning papers (also recalled this in the con-
text of constraints above). However, the loss functions in a wide range of machine learning
tasks (and by extension the lower-level objective functions of multiple bilevel learning appli-
cations) are nonsmooth; see, e.g., [240, 249] or [173, 226, 202, 6]. To restore smoothness of
lower-level functions, some bilevel learning papers have applied smoothing techniques (see,
e.g., [6, 202]) or use some usual tricks that result in possibly introducing constraints in
problems that are initially unconstrained (see, e.g., [21, 153, 250]).

1.0 1

0.0

X

Fig. 2: Graph of the optimal solution function y(-) for the example in (6.4).
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Moreover, it is important to observe that having twice continuously differentiable func-
tions in the lower-level problem does not necessarily guarantee that y(-) is smooth. For
instance, for the toy lower-level problem example

(6.4) min { %(y —z)?

Oéyél},
Yy

the LLICQ (i.e., (A2)) and LSOSC (i.e., (A3)) are satisfied at (0, 0) and (0, 0,0), respectively,
as & = 0 here. The graph of y(-) for this example can be seen in Figure 2. There, you can
see that y(-) is nondifferentiable at 0 because the LSCS fails, given that

1(0,0) = {1} and J(0) =0 (with gi(z,y) := —y and go(z,y) ==y — 1).

As it can be seen in Figure 2, y(-) is a piecewise smooth function in the context of this
example. This is a rather general observation for a constrained parametric optimization
problem. To be more precise, consider the lower-level problem present in (BOP), where
the lower-level feasible set is described by (6.1). If assumptions (A1)—(A4) are satisfied at
some point (Z,y), then, there are open neighborhoods U of z and V of g, and a continuous
function y(-) mapping U to V such that for each € U, y(z) is the unique local solution of
the lower-level problem (for z fixed) in V; and the function y(-) is piecewise continuously
differentiable around Z. This means that y(-) is continuous and there is a finite family of
continuously differentiable functions y!(x), ..., ¥y~ (z) defined in a neighborhood of Z, such
that y(z) € {y'(z),...,y"(z)} for any @ € U; see [214, 65]. Under this framework, y(-) is
local Lipschitz continuous near Z, as it is the case for any piecewise smooth function [222].
So, under relatively affordable assumptions, y(-) is a locally Lipschitz continuous func-
tion. There are multiple works on approaches to calculate generalized derivatives of y(-) (see
[86, 214, 65] and references therein) and their use in the general field of bilevel optimization;
see, e.g., [150, 219, 245]. However, these results do not seem to have been implemented in
the context bilevel learning; and one of the main reasons for this is that these generalized
derivatives of y(-) are generally abstract in nature or very difficult to calculate in practice.
Recently, the paper [33] introduced the concept of conservative derivative to efficiently ex-
tend derivative approximation tools (such as automnatic differentiation, a backbone object to
enhance deep learning algorithms [14]) to nonsmooth functions. The concept of conservative
derivative has been used in [113] to implement the classical iterative differentiation (ITD)
and approximate implicit differentiation (AID) schemes, widespread in the practical imple-
mentation of lines 3 and 4 of Algorithm 5.1 in the smooth unconstrained-lower-level bilevel
learning problem, to the case where y(-) is a nonsmooth function. More work is needed to
generalized derivative approximation schemes to broader classes of BL problems.

6.2. Restoring the implicit function approach for problems with multiple
lower-level optimal solutions. The biggest challenge for the state of the art method for
bilevel learning, which is sketched in Algorithm 5.1, is the requirement to always have a
unique solution for the lower—level problem; cf. (2.1). If this assumption fails, the implicit
function approach (P;) is out of question. Ensuring that this condition holds requires very
strong assumptions as we have discussed above. Unfortunately, this assumption cannot
hold for a wide range of BL applications; see, e.g., [182, 181, 233, 262, 255, 116, 129], for
a selection of such problems that do not satisfy condition (2.1). To address this challenge,
a series of articles from the BO literature have proposed a regularization approach, which
consists to introduce a perturbation to the lower-level problem of the form

(6.5) yényif;) f(@,y) + arp(z,y),

in order to force the fulfillment of condition (2.1). In fact, if the lower-level problem is just
convex and the function ¢ : R™ x R™ — R is strongly convex in y, then it holds that

{z e X| |Sa(z)]#1} =0 forall a>0,
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where S, is the optimal solution mapping for the regularized problem (6.5); i.e.,

Sa(z) := argmin f(z,y) + atb(x,y).
yEY ()

In this context, model (P;) can be rescued as follows

(6.6) gél)r(l Folz) = F(z,yo(x)) with {yo(z)} = Sa(x) for all « > 0.
With the additional caution ensuring that y,(-) describes a smooth function for all @ > 0,
Algorithm 5.1 can be extended to problems with multiple optimal solutions if Y (x) = R™,
and similarly, for problems with lower-level constraints described by (6.1), a suitable version
of Algorithm 6.1 can also be extended to this case.

To make such an iterative procedure rigorous, a sequence (), such that «, > 0 for
all n € N with a,, | 0 can be introduced with

(6.7) z(ap) € argmin F, (x) for n e N.
zeX

The regularization in (6.5), due to Tikhonov [242], has been used in [75] to develop a gradient
descent-type algorithm, with ¢(z,y) := F(z,y) if Vin(:r, y) is positive definite for all (z, y),
to solve a constrained lower-level bilevel program. On the other hand, the regularization
term ¥ (z,y) := ||y||? is used in [64, 67] to develop bundle algorithms for different classes
of the bilevel optimization with lower-level constraints; further details on regularization
methods for bilevel programs can be found in [65].

Despite suitable technical assumptions in the aforementioned papers to ensure the con-
vergence of such algorithms, very simple examples can be constructed to show that the
resulting limit point Z = lim,,—, o #(a,) can be quite far away from the true optimal solu-
tion or stationary point of the corresponding version of problem (BOP); see, e.g., [75, 199].
However, it can be shown that under mild assumptions, the limit point (Z,y(Z)) result-
ing from an algorithm based on the Tikhonov regularization above converges to a lower
Stackelberg equilibrium; i.e., a point that satisfies

zeX, yeS(@), F(z,y) < inf sup F(z,y).
zGXyGS(i)

This obviously implies that a lower Stackelberg equilibrium lies between optimistic and
pessimistic optimal solution of problem (BOP) given that

inf inf F(z,y) < F(z,y) < inf sup F(z,y).
[nf dnf (z,y) (z,7) R (z,y)

What this could mean in bilevel learning is that the Tikhonov regularization approach above
could be a tractable framework to extend Algorithms 5.1 and 6.1 to problems with multiple
lower-level optimal solutions if one is inclined to accept lower Stackelberg equilibrium. Also
note that the concept of lower Stackelberg equilibrium is closely connected to the notion
of subgame perfect Nash equilibrium, introduced by the Nobel laureate Reinhard Selten in
[224] and which is widely used in economics.

6.3. Implicit set-valued model. A direct approach to deal with the failure of con-
dition (2.1) could simply be to insert the lower-level optimal solution mapping S in the
upper-level objective function, therefore leading to the set-valued optimization problem
(Ps) mi)ré Fs(x) :== F(x,S(x)).

fAS
This model, which is a direct extension of the implicit function problem (P;) to bilevel

optimization problem where the lower-level optimal solution mapping is set-valued, was first
studied in [271] using the corresponding Pareto optimal solution concept. Namely, in the

This manuscript is for review purposes only.
T} tis. Is



004
005
006
007
1008
1009
1010
1011
1012
1013
1014

1
1
10
10

1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026

1027

1028
1029

1030

1031
1032
1033
1034

1036
1037
1038
1039
1040
1041
1042
1043
1044

24 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

latter paper, optimality conditions for problem (Pg) were derived and shown to capture all
the stationary notions known for the optimistic problem (P,). More recently, it was shown in
[232] that problem (Pg) can be equivalent to the optimistic problem (P,) (resp. pessimistic
problem (P,)), while considering the l-minimal optimal solution (resp. u-minimal optimal
solution) for problem (Pg), in the sense of set-valued optimization, under mild assumptions.

It must be said that so far, the model (Pg) is only a theoretical object, which can
enable some enhanced insights on the bilevel optimization problem when the lower-level
player has multiple options to make their decision for some choices of the upper-level player.
However, there is not much progress in solving set-valued optimization problems in the
current literature. For some recent attempts to compute optimal solutions for the problem,
interested readers are referred to [35, 106, 183], for example.

7. Karush-Kuhn-Tucker reformulation-based methods. We have seen in the pre-
vious section that when the lower-level problem is constrained, a direct extension of the
classical bilevel learning algorithm presented in Section 5 is intractable; cf. Algorithm 6.1.
Throughout this section, we continue with the assumption that the lower-level problem is
constrained by the set (6.1). However, unlike in the previous section, where we need the very
strong assumptions (A1)—(A4) for the corresponding version of (P;) to be well-defined as a
smooth optimization problem, here, we only need to impose that the lower-level problem is
convex (i.e., for all x € X, the functions f(z,.) and g;(x,.), for i = 1,...,q, are convex) and
satisfies a constraint qualification (CQ) that can enable us to write the Karush-Kuhn-Tucker
(KKT) conditions that characterize the inclusion y € S(z).

As we will refer to the Mangasarian-Fromovitz constraint qualification (MFCQ) multiple
times in the sequel, note that for a general constrained optimization problem

1) min  f(z)
st. zelC:={xeR" g(x) <0, h(z)=0}

with continuously differentiable functions f : R™ — R, g : R” — RP, and h : R™ — RY, it will
be said to hold at a point Z € C if the following condition is satisfied:

V(@) Ta+Vh(z)T8=0 a=0,
_

(MFCQ)
a>0, a'g(z)=0 8 =0.

Throughout this section, we assume here that the lower-level problem is convex and
(MFCQ) holds at all (z,y) € gphY with € X and y € S(z), then, as mentioned in Section
3, historically, the basic approach to solve the corresponding standard optimistic bilevel
program (P) has consisted to first write it as a single-level optimization problem

min  F(x,y)
(KKT) st. zeX, Vyl(z,y,u) =0,
u>0, g(z,y) <0, u'g(z,y) =0,

known as KKT reformulation. Here, the lower-level Lagrangian function ¢ is defined as in
(6.2). Problem (KKT) has been one of the main go to frameworks to develop numerical
methods for the optimistic bilevel optimization problem (P) since its introduction in the
field of mathematical optimization; see, e.g., [65, 57, 76, 78] and references therein.

After some discussion on the background the KKT reformulation problem (KKT), we
provide an overview of classical ideas from the BO literature that remain mostly unexplored
in BL. At the end of the section we present some works on BL that have applied the
KKT reformulation. Overall, the material here could serve as base for investigations on the
scalability of these techniques, especially in terms of their approximations with ideas similar
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to the ones that have been at the core of the success of the gradient descent method for
bilevel learning described in Section 5.

The basic idea behind reformulation (KKT) is the fact that under the lower-level con-
vexity assumption and the fulfillment of the LLICQ at a point (z,y) € gph S,

(7.2) y € S(z) <= JueR?: { Vyllw,yu) =0,

u>0, g(z,y) <0, ug(z,y) = 0.
Despite this equivalence, the relationship between problems (P) and (KKT) is a bit tricky
due to the appearance of the Lagrange multiplier u in the new problem. Both problems
are globally equivalent in some sense [68]. However, locally, to get a local optimal solution
(z,9) of problem (P) from (KKT), one needs to ensure that (z, g, u) is locally optimal for
the latter problem for all u € A(Z, ), where

Az, 9) = {ueR?| Vl(z,5,u) =0, u>0, g(z,5) <0, u'g(z,7) =0}

denotes the set of lower-level Lagrange multipliers corresponding to the lower-level optimal
solution § when z is fixed at z. Given that the set A(Z,y) can be made of infinitely many
points, this is an intractable prospect, even for very small toy examples, not to imagine this
in the context of BL. For more details on this connection between problems (P) and (KKT),
see [68]. For a systematic analysis of single-level reformulations of problems (KKT) based on
transformations of the lower-level problem (especially from the duality theory perspective),
interested readers are referred to [72].

As a transition point to discuss methods to solve problem (KKT), it would be useful
to note that some care is needed in handling the problem, and not just treat it as any
random mathematical program with equality and inequality constraints. For example, if we
do so, the first issue that we are faced with is that many classical constraint qualifications,
including the MFCQ, will fail; see, e.g., [220]. The challenges in solving problem (KKT) are
due to the complementarity conditions, present in the last line of the feasible set, and which
do not allow for a feasible point to strictly satisfy the inequality constraints to exist. This
problematic structure of the feasible set of problem (KKT) has motivated the development
of specially tailored algorithms to solve it. Throughout the literature, there are roughly four
algorithmic techniques to tackle the problem, and we briefly outline them below.

7.1. Partial penalization—based methods. Partial penalization consists of penal-
izing the term ' g(z,y) by moving it from the feasible set to the (upper-level) objective
function. This results in the new problem

min  F(z,y) — ' g(x,
(KKT)) min  F(z,y) 9(z,y)
st. ze€X, Vyl(z,y,u) =0, v>0, g(z,y) <0

with penalization parameter A > 0. The feasible set becomes much easier to handle with
transformation (KKT)), as the (MFCQ), for example, can usually be satisfied for this pe-
nalized problem. Problem (KKT)) has been widely used since the early days, as a based
to solve problem (KKT), and therefore the corresponding bilevel optimization (P). It was
possibly first used to tackle the fully linear bilevel program in [40] (with improvements later
provided in [251]), where the penalty parameter is sequentially increased until a stopping
criterion is achieved. The penalization model (KKT),) with a sequentially varying penal-
ization parameter was also used in [163] to develop an interior-point-type method for the
general MPEC problem. For such a class of problem, the partial penalization model of the
form (KKT)) is thoroughly studied in [215] but in the case of a fixed parameter.

Partial penalization has also been used in [267] (also see [215]) as a form of constraint
qualification to derive necessary optimality conditions for problem (KKT). More recently,
detailed algorithmic studies on the partial penalization approach in (KKT)) have been
conducted in [273, 250] for the standard optimistic bilevel optimization problem (P). As
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it is common in exact penalization methods, finding a good value for the parameter \ for
problem (KKT}) is difficult. The paper [273] also includes an empirical study on the subject.

7.2. Relaxation—based methods. They consist of a process that starts with the
enlargement of the feasible set of problem (KKT) by introducing a relaxation function to
generate a more tractable subproblem. The standard relaxation schemes for problem (KKT)
can be summarized in the compact model

min  F(x,y)
(KKT,) 2.,
st. reX, Vyl(z,y,u) =0, ¢} p(z,y,u)<0,ic g

Here, ¢t > 0 denotes the relaxation parameter, while R is used to represent a specific relax-
ation from the literature; more precisely, R € {S,LF,KDB, SU,KS}, where S, LF, KDB,
SU, and KS respectively represents the Scholtes, Lin and Fukushima, Kadrani, Dussault
and Benchakroun, Steffensen and Ulbrich, and Kanzow and Schwartz relaxation of problem
(KKT). Fort >0 and i = 1,...,q, the function ¢}  can be defined by

9i(z,y)
—u; it R:=565,
—(uigi(z,y) + %)
' if R:=LF,
—(ui +t)(=gi(z,y) +1) +*
gi(w,y) —t
(73)  dlrlwyu) = i R=KDE,
—(ui = t)(gi(z,y) +t)
9i(z,y)
—u; it R:=8U,
wg’SU(Z‘v Y, U)
9i(z,y)
—U; if R = KS,
<pzt',KS (1‘7 Y, u)
where, for t >0 and i =1,...,q, the function <p§’SU is defined as
2u; if gi(z,y) +u; < —t,
@Z,SU(xay, U) = _29i(m7y) - ( ) if gl(wvy) +u; > t,
w gl o0 (R ) <

As for the function 6(-), it represents a suitable regularization function (see details in [236])
and ¢} . is defined by

(ui = t)(—gi(2,y) —t) it u; —gi(z,y) > 2t,
QOE,KS(I’ZUU) = 1 .
3 ((us =) + (—gi(z,y) — t)?) if u; — gi(w,y) < 2t.
For an overview and detailed study of these relaxations in the broader context of mathemat-
ical programs with complementarity constraints, interested readers are referred to [123] and
references therein, where specific advantages and drawbacks of each relaxation are given and
compared. It might be useful to highlight that the S-relaxation, which is probably the first
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and simplest one, introduced in [221], seems to usually show the best numerical performance
(even tough convergence is typically to a C-stationary point, which is relatively weak).

Note that the complementarity conditions present in (KKT) make the feasible set of
the problem very thin (as it is the union of segments of the axes), and hence, the process
for a numerical procedure to search for an optimal point from it to be quite tricky. For
a given relaxation above, the parameter ¢ > 0 helps to control the enlargement of the
feasible set such that as t | 0, one generally recaptures the feasible set of problem (KKT).
These relaxation methods typically lead to C or M-stationarity points, depending on the
assumptions made to establish their convergence results. For more details on the related
theory and the definitions of these stationarity concepts, interested readers are referred to
the article [123]; if one is interested in the implementation of these relaxations in the context
of the pessimistic bilevel program (P},), see [17, 18], for example.

7.3. NCP function—based methods. These are algorithms to solve problem (KKT)
that proceed by first transforming the complementarity conditions into a system of equations
in such a way to get an equivalent problem of the form

min  F(x,y)
(NCP) T,y,u

st. ze X, Vyl(z,y,u) =0, ¢ n(x,y,u)=0,1¢€ [q],
where ¢; a7, @ = 1,...,q, represents a so-called nonlinear complementarity problem (NCP)
function. Precisely, for a given index ¢ = 1,...,¢q, an NCP function ¢; o is a real-valued

function constructed such that we have
(74) ¢i,/\f<xay7u) =0+ [uz Z 07 91(%9) S 07 Uzgl(x,y) = O] .

The concept of NCP function, introduced by Mangasarian in [189], has been widely studied
in the literature, considering the occurrence of complementarity conditions in many prac-
tical applications in areas such as economics, engineering, and science, just to name a few.
The most famous NCP functions are probably the Fischer—Burmeister and min operator
functions, which are respectively defined from R? to R by

¢rB = Va2 + b2 —(a+b) and Pmin(a,d) := min{a, b},

which each vanishes at a point (a,b) € R? if and only if a > 0, b > 0, and ab = 0. Note that
using this NCP function in (7.4), we have ¢; ar(z,y,u) := ¢ (—gi(x,y), u;) for i € [g]. The
Fischer-Burmeister function, introduced in [88], has been particularly prominent due to the
fact that the associated merit function ¢ (a,b) := 1||¢rg(a,b)||? for the system ¢pg(a,b) =0
is continuously differentiable. This has enable the development of powerful algorithms for
semismooth systems of equations involving complementarity conditions; see, e.g., [62] for an
important optimization algorithm in this context.

Note that there are so many ways to construct NCP functions; see, e.g., [5, 99] for
some recent studies on the subject. With regards to solving (KKT), the NLPEC solver
(https://www.gams.com/50/docs/S_NLPEC.html) works by automatically enabling the se-
lection of an NCP function for a given general MPEC problem, to design a process to
compute solutions for problem (NCP). Recently, special NCP functions that improve the
development of efficient methods for neural network computations have been discovered;
see, e.g., [4, 258]. It must however be said that a detailed study of the impact of NCP
functions in the numerical development of methods for the KKT reformulation (KKT) for
the optimistic bilevel optimization problem (P) has not yet been done.

7.4. Nonsmooth equation system—based methods. Given that (KKT) is a non-
convex optimization problem all the methods discussed so far to solve it can typically be
shown to theoretically only converge to stationary points. However, considering the nature
of the feasible set of the problem, defined by complementarity conditions, there are multi-
ple different types of stationarity concepts, depending on the specific approach used or the

This manuscript is for review purposes only.
T} tis. I


https://www.gams.com/50/docs/S_NLPEC.html

1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180

1181

1182
1183

1184

1185
1186
1187

1188

1189
1190
1191
1192
1193
1194
1195

1196
1197
1198

1199

1200

1201

28 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

properties imposed for the problem data to ensure theoretical convergence. The main types
of stationarity concepts for problem (KKT) are the C—, M-, and S-stationarity concepts,
where the latter is the strong stationarity concept, which is equivalent to the KKT condi-
tions of problem (KKT) when it is viewed as a usual optimization problem with equality
and inequality constraints. As for M—and C—, they stand for the Mordukhovich and Clarke
stationarity conditions, respectively, due to the variational analysis tools applied to compute
the generalized derivative of the involved nonsmooth functions; for more details on these
concepts and how to derive them for local optimal solutions of (KKT), see, e.g., [220, 92, 78].

Another important common point of the methods described so far for problem (KKT) is
that they all rely on first building a nice auxiliary problem that is subsequently solved with
the hope compute a solution of the original problem. As we have just said above, theretically,
these algorithms can only be shown to compute stationary points. However, another classical
philosophy in solving constrained optimization problems, with continuous variables, is to
directly compute these stationary points. This has led to the stream of work on semismooth
Newton methods around the early 1990s for general smooth constrained problems; see, e.g.,
[88, 212, 207]. This class of methods has recently been explored to compute M-stationarity
points for mathematical programs with complementarity constraints, and can therefore be
used to tackle the KKT reformulation (KKT); see, e.g., [117, 119, 253].

To get a flavor of how a nonsmooth equation-based method can work in practice, consider
the KKT reformulation based Lagrangian function Lk defined for any (z,y,u, o, 8,7) with
(z,y,u) € R" x R™ x R? and («, 8,7) € R? x R x R™ by

L(z,y,u, 0, 8,7) == F(z,y) + o' G(a) + B g(z,y) + " Uz, y,u),

where, G : R” — RP is a continuously differentiable function that describes the upper-level
feasible set as follows:

(7.5) X ={zeR"|G(x)<0}.
Additionally, for any feasible point (z,y,u) € R™ x R™ x R? of problem (KKT), the classical
partition of the index set associated to the complementarity conditions that partly describe
the feasible set of the problem is given by

n =, y,u) = {i=1,...,q| v; =0, gi(z,y) >0},
M(xayvu) = {Z = 177Q| U; = 07 gz(wvy) = 0}7
v i=v(z,yu) ={i=1,...,q| u; >0, gi(z,y)=0}.

Based on this notation, a feasible point (z,y,u) € R™ x R™ x R? of problem (KKT) is said
to be a M-stationary point if there exists Lagrange multipliers o € RP, § € R? and v € R™
such that the following necessary optimality conditions hold:

=
li

(7.6) VeyLk(z,y,o,8,7) =0,
(7.7) a>0, G(z)<0, a'G(z)=0,
(7.8) Vygu(z,y)y =0, By =0,
(7.9) Viep: (Bi >0 A Vygi(z,y)y>0) V (BiVygi(z,y)y) = 0.

For details on how to obtain these conditions for a given local optimal solution of problem
[78, 79]. The optimality conditions (7.6)—(7.9) can be written as a nonlinear system of
equations if we consider the function the Fischer-Burmeister function (introduced in [88])

(7.10) érp(a,b) == va2+ b2 —(a+b) for (a,b)c R
and the M-stationarity function (introduced in [119])

max{—a, |b|a |C‘}a
ém(a, b, c,d) :=min < max{-b, |al, |d|}, for (a,b,c,d) € R
max {|al, |b], ¢, d}
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The M-stationarity system (7.6)—(7.9) can be equivalently written as

Vm,yLK(xayauaaaﬁaf}/)
(7.11) D(x,y,u, o, B,7) := (¢rB(ay, _Gj(w)))jzl,.“,p =0.
(om (uis —gi(@,y), Vygi(z,y)v, Bi))icy

A careful analysis of a nonsmooth Newton method to solve this system is conducted in [119].
Different approaches to construct numerical methods to directly compute different types of
statioarity concepts for problem (KKT) can be found in [117, 253].

A typical challenges for a method to directly compute stationary points for problem
(KKT) via a nonsmooth system of equations reside in the selection of transformation func-
tions (such as ¢pp and ¢y above) and corresponding adequate generalized differentiation
objects for Newton or Levenberg—Marquardt step; see Section 10 for a discussion on this
topic and some potential ideas on how the current bilevel learning machinery can be used
in this context to scale the corresponding techniques up.

7.5. The Big—M strategy. It is one of the most common approaches to solve problem
(KKT) in practice. It consists of replacing the product term u ' g(z,y) in the complemen-
tarity constraints of problem (KKT) by the two conditions

(712) U, S vaD7 —g]($7y) S (1 _Uj)MP, » Uj € {07 1}7 ]: 17"'7q7

where Mp > 0 and Mp > 0 are constants assumed to be large enough; hence, they are called
Big-Ms. This approach is typically used for fully linear bilevel optimization problems; i.e.,
the problem (BOP) where all the functions involved are linear in (x,y). Observe that for
such a problem, replacing u ' g(z,y) in (KKT) with the system (7.12) will lead to a linear
problem, which is parameterized by the big-Ms. In this case, the resulting problem would be
a linear program, which can then be embedded in an algorithmic process requiring standard
off-the-shelf tools for linear programs. The first main challenge with this approach is that
the big-Ms need to be chosen such that an optimal solution to (KKT) is not cut off.

In [145], it is shown that identifying a suitable value for the big-M is an NP-hard
problem. Moreover, even when a suitable value for the big—-M could be found, solving the
resulting optimization problem with constraint of the form is mixed-integer problem, which
would not be scalable in the bilevel learning context. Note that an alternative to address the
challenge with identifying a suitable big-M is to use an SOS1 scheme to construct a different
constraint system, leading to a mixed-integer optimization that is much easier to solve; see,
[146] for a detailed exposition of the SOS1 scheme and its advantages of the big-M strategy.

7.6. KKT reformulation in bilevel learning. The reformulation (KKT) was the
primary approach in the series of papers [21, 25, 152, 22, 23, 153, 195, 24] by Kristin Bennett
and her co-authors, focused on special version of the hyperparameter optimization problem
(4.1)—(4.2), especially support vector problems with linear kernel. These papers played a
key role in the promotion of applications of bilevel optimization in machine learning, as
already discussed earlier in Section 3. The approach used in all these papers is based
on first transforming the corresponding problems into the form (KKT) and then applying
off-the-shelf solvers on them. More recently, we have had many other papers studying
hyperparameters optimization problems for linear or nonlinear support vector machines
[168, 213, 167, 58, 250], where the transformation (KKT) is also the base for the numerical
methods. In many of these papers (see, e.g., [58, 152, 153, 195, 213, 250, 168]), it is shown
that the BO approach can lead to algorithms that are more efficient than classical methods
to conduct this process, such as grid search and Bayesian optimization, if these techniques
are programmed under the same framework. Of course, no complexity analysis has been
conducted on such methods. However, the message that we can draw from the mentioned
references is that if the lower-level problem is constrained the KKT reformulation discussed
here has the potential to lead to efficient methods for BL.
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To close this section, observe that if the lower-level problem in (BOP) is unconstrained,
the problem (KKT) reduces to a problem with the constraint V, f(z,y) = 0, and hence
no complementarity constraints appear in this case. In the papers [6, 202], this approach
is used to deal with hyperparameter optimization problems where the lower-level problem
is unconstrained (or with the lower-level constraints embedded to the lower-level objective
function). However, as the lower-level objective function is nonsmooth there, the approach
is extended by means a smoothing technique that replaces this objective function by an
approximation function that enable the recovery of the some useful information (e.g., element
from the the generalized Jacobian) from the original nonsmooth function when the involved
parameter is driven to zero. In the papers [6, 202], it is also shown that the smoothing
algorithm developed there is far much faster than grid search and Bayesian optimization
methods for hyperparameter optimization.

8. Lower-level value function reformulation-based methods. One of the com-
mon points between the implicit function model (P;), used in classical bilevel learning algo-
rithmic framework presented in Section 5, and the KK T reformulation (KKT) covered in the
previous section is that they both require second (resp. third) order derivative information
on the lower-level problem for the development of first (resp. second) order methods. This
higher order derivative requirement can be avoided if the model

(LLVF) min F(z,y) st. x € X, y e Y(z), f(z,y) —o(z) <0,

z,y -

known as the lower-level value function (LLVF) reformulation, is considered as single-level
transformation in the context of the standard optimistic problem (P). Note that here, ¢
represents the lower-level (optimal) value function

(8.1) p(x) = nin fz,y).

It is important to observe that unlike for the implicit function model and the KKT re-
formulation, where lower-level convexity and constraint qualifications are needed in the
transformation process of problem (P), no assumption is required to write problem (LLVF).
This is due to the fact that by definition, it holds that

S(x) ={y eY(x)| fz,y) <p(x)}.

Therefore, problems (P) and (LLVF) are globally and locally equivalent for free.

Before embarking on further in-depth analysis of problem (LLVF), let us place the
approach in the historical context. Over 30 years ago, the problem (LLVF) was considered
in the literature from at least three different perspectives. First, Outrata [204, 205] explored
the approach as a framework to numerically solve problem (P). Around the same time,
Loridan and Morgan (see, e.g., [198, 184]) used (LLVF) to establish regularity and stability
results, where most often, the aim is to relax the value function constraint f(z,y) —p(z) <€
(with regularization parameter € > 0) and establish some sequential convergence properties
in relation to optimal solutions and value functions associated to the original optimistic and
pessimistic models (P,) and (P,,), respectively. Work on sequential stability analysis of this
type has continued to be very active (see, e.g., [46, 45]). Subsequently, around the early
1990s, Ye and Zhu [270] introduced the study of necessary optimality conditions for problem
(P) based on the LLVF reformulation. This is the stream of work that has mostly come to
prominence in the last 30 years in relation to problem (LLVF).

8.1. Differentiability of the lower-level optimal value function. We start here
by considering the lower-level problem (LL) while letting U be an open neighborhood of a
point Z € X. Then the following implication holds:

(8.2) y()eClU) = ¢eclU).
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In fact, if y(-) € C1(U), then for all z € U, ¢(z) = f(x,y(z)) and therefore, similarly to the
gradient formula for F in Section 5, we have

(8.3) Vi(z) = Vo f(z,y(2)) + Vy(a) "V, f (2, y(@)).

Obviously, if the lower-level problem is unconstrained, it follows from the first order opti-
mality conditions V, f(z,y(x)) = 0, that for all z € U,

(8.4) Vo(z) = Vo f(z,y(z)).

Otherwise, if the lower-lower feasible set-valued mapping Y is defined as in (6.1), i.e., Y (z) :=
{y € R™| g(z,y) < 0}, then it results from the Lagrange multiplier rule (see the left-to-right
implication in (7.2)) that for any « € U, under a lower-level constraint qualification such as
the MFCQ), for example, at the point (z,y(x)), then we have

(8.5) Y, J (2 (@) + Ve, y(2) Tulz) = 0.

On the other hand, with I = I(z,y(Z)), it follows from (A1)—(A4) that for some open
neighborhood Uy C U of Z, we have

gi(z,y(x))=0 for iel, xeU,.
Hence, by applying the chain rule once again,

It follows from a combination of (8.3), (8.5), and (8.6) that

V()

Vaof(@,y(2)) + Vy(2) " [= X wi@)Vygi(z,y(2))]

(8.7) = Vuf(z,y(z)) - EZIUi(z) [(Vy(2) " Vygi(z,y(2))]

Moreover, it is clear from (8.4) and the last line of equation (8.7) that when the value
function ¢ is smooth, unlike in the context of y(-), the expression of its gradient needs only
first order information for the functions involved in the lower-level problem. This remains
true even if ¢ is not smooth. Before we discuss this aspect, note that the converse of
implication (8.2) is not true. In particular, for the example of parametric problem in (6.4),
the optimal solution function y(-) is nonsmooth at 0 and 1 (see Figure 2), while the value
function ¢ is continuously differentiable at these same points (see Figure 3).

2.00 1
1.75
1.50
1.25

Z 1.001
0.75
0.50

0.25

0.00

Fig. 3: Graph of the lower-level value function ¢ associated to problem (6.4).
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Now, observe that even when ¢ is nonsmooth, a subgradient of the function can still
typically have the form in the last line of equation (8.7). To see this, assume that the
lower-level feasible set-valued mapping Y is given in (6.1) and let the functions f and g; for
i =1,...,qare smooth and fully convex; i.e., convex in the joint variable (z,y). Furthermore,
let S(z) # @ for all z € U D X. Then ¢ is locally Lipschitz continuous near any point z € X;
furthermore, for any y € S(z), there exists u € R? such that

(8.8) uwe Ax,y) and  Vif(z,y)+ Vaeg(z,y) u € dp(z),

where Jp(z) represents the subdifferential of ¢ at z, in the sense of convex analysis. More
precisely, if a constraint qualification (e.g., the MFCQ) holds at (x,y) € gphsS for the lower-
level constraint, then it holds that

(8.9) dp(x) = {Vol(z,y,u)| u e Az,y)};

see, e.g., [269] for details on how to generate this formula. Recall that in the formula (8.9),
¢ denotes the lower-level Lagrangian function (6.2). In the case where the full convexity
assumption on the lower-level problem is not satisfied, according to Gauvin and Dubeau
[102], if we assume that the set-valued mapping Y (6.1) is nonempty and uniformly compact
near z and the MFCQ holds at y in Y (z) for fixed = (for all y € S(x)), then ¢ is Lipschitz
continuous near z and its Clarke subdifferential can be estimated as

(8.10) Op(z) C co U U {Val(z,y,u)} 5,

yeS(z) ueA(z,y)

where “co” stands for the convex hull of the corresponding set. This formula can be sim-
plified in various ways, depending on the adjustments made on the assumptions; see, [272]
and references therein for an overview of possible simplification scenarios. For instance, it
naturally results from (8.10) that ¢ is strictly differentiable with

(8.11) Vp(z) = Vyl(z,y,u) provided that {y} = S(z) and {u} = A(z,y).

Thanks to the formulas of the subdifferential of ¢ that have emerged from this discussion,
pure first and second order methods can be constructed to solve problem (LLVF), as it will
be clear below when we discuss solution algorithms. However, this does not necessarily make
the problem easy to solve. For instance, similarly to problem (KKT), most classical CQs fail
for problem (LLVF); see, e.g., [77, 270]. Additionally, analogously to (P;), problem (LLVF)
is only implicitly defined and nonsmooth in general.

8.2. Optimality conditions. Many papers have been written on optimality condi-
tions for problem (LLVF), mainly focusing on the use of variational analysis tool, consider-
ing the possible nonsmoothness of ¢; see, e.g., [270, 69, 77] and references therein. If (z,y)
is a local optimal solution of problem (LLVF), then, the possibly simplest class of necessary
optimality conditions for problem (LLVF) at this point is

VoF(2,y) + Vaeg(z,y) T (u— Aw) + VG(z)Tv =0

VyF(z,y) + Vyg(z,y) " (u—Iw) =0

Vyf(@,y) + Vyg(z,y) Tw =0

(StatsCond) u>0, g(z,y) <0, u'g(z,y)=0
v>0, G(z)<0, v'G(z)=0

w >0, g(z,y) <0, wglr,y) =0

A>0

with u, v, and A representing upper-level Lagrange multipliers, respectively associated to
the constraints y € Y (z), x € X, and f(x,y) — ¢(x) < 0, while using the description of the
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upper-level feasible set in (7.5). Note that here, the vector w corresponds to the lower-level
Lagrange multiplier associated to the calculation of a subgradient of ¢ at x in the spirit of
the formulas (8.9), (8.10), and (8.11).

An interesting feature of the stationarity system (StatsCond) is that it does not explicitly
depend on the optimal value function . However, feasibility is satisfied if the lower-level
problem is convex, given that this ensures that y € S(x) if and only if there exist w € R?
such that the conditions in lines three and six are satisfied; cf. (7.2).

The optimality conditions (StatsCond) can hold at a point (z,y) under the following
assumptions (see [270, 69, 77], for example, for relevant theory):

(i) Calmness of the set-valued mapping ® : R = R™ defined below at (0, z,y):

®(0) :={(z,y) eR" xR™ |y € Y(2), f(z,y) —p(zx) <0};

(ii) Fulfillment of the MFCQ at x for the upper-level constraint described in (7.5);

(iii) Fulfillment of the MFCQ at y in Y (x);

(iv) Inner semicontinuous of S at (x,y) or full convexity of the lower-level problem.
Note that the lower-level problem is fully convex if the functions f and g;, fori =1,...,p, are
convex in (x,y). The concept of inner semicontinuity of a set-valued mapping (see, e.g., [196])
is weaker than, but closely related to, the notion of lower semicontinuity, while, similarly, the
calmness of a set-valued mapping is weaker than the Aubin property (extension of Lipschitz
continuity to set-valued mappings). For the precise mathematical definition of calmness and
its characterizations and related applications, interested readers are referred to [120, 121].
For further discussion on all these assumptions in the context of bilevel optimization and
the derivation of necessary optimality conditions for problem (LLVF) interested readers can
consult the references [69, 81, 197, 161, 270, 266, 268, 74, 77, 190].

For the avoidance of any doubt, it is worth recalling that necessary optimality conditions
such as those in (StatsCond) can be used to achieve at least three goals in relation to (P): (a)
They can be used as stopping criteria for numerical algorithms to solve problem (LLVF). (b)
They could be combined with suitable second order sufficient conditions to establish that a
point is locally optimal for (LLVF); suitable second order sufficient conditions ensuring that
necessary conditions of the type in (StatsCond) can lead to locally optimal points for (LLVF)
are developed in [89, 191]. (c¢) Conditions such as (StatsCond) can be used to build second
order methods. More details on works related to points (a) and (c) in the development of
numerical methods for (LLVF) will be discussed later in this section.

8.3. Pure first order—type methods. In [204], a usual augmented Lagrangian func-
tion is considered and minimized with a bundle method; in this paper, we have unperturbed
lower-level constraints, but no upper-level constraint. In [205], the generalized equation,
consisting of replacing y € S(x) by

0 € Vyf(z,y)+ Ny @ (),

where Ny (;)(y) denotes a normal cone to Y (z) at the point y, is considered together with
the implicit function and LLVF reformulations to address constrained lower-level optimistic
bilevel programs, with special focus on the latter two models. The constraints of problem
(LLVF) are fully penalized, under the assumption that the calmness condition, in the sense
of Clarke [56], is satisfied. For each of the transformations (i.e., the corresponding (P;) and
(LLVF) problems), focus in [205] is on how to compute elements from the subdifferentials
of the corresponding nonsmooth objective functions. This enables the use of the NDO
(nondifferentiable optimization) solver based on the work in [142] (see latest edition in [143])
to compute solutions for the implicit function and LLVF models.

Overall, in terms of developing first order methods, any algorithmic technique that
requires only first order information to proceed can be explored in the context of problem
(LLVF). Recently, a few papers on pure first order methods have appeared in the bilevel
learning literature; see, e.g., [171, 156, 155, 100, 269]. The main approach in this context
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has consisted of solving the penalized problem

(8.12) min F(z,y) + A (f(2,y) - ¢()),

provided there is no upper— nor lower-level constraints. In this case, it obviously follows
from (8.11) that Vp(z) = V, f(x,y) with {y} = S(z), under suitable assumptions. In this
context, a gradient descent scheme, similarly to Algorithm 5.1 for problem (P;), can be
developed for (8.12). One of the main challenges here identifying suitable values for the
penalization parameter \; see some relevant analysis in the paper [243].

A notable representative of this line is the fully first-order stochastic approximation
(F2SA) method of [156], which provides one of the cleanest complexity theories for the
penalized formulation (8.12) in the unconstrained setting. The core difficulty is that the
penalty term introduces a bias (since A < co does not enforce y € S(x) exactly), but taking
A too large makes the penalized objective increasingly ill-conditioned, forcing smaller step
sizes. F2SA resolves this trade-off by using a scheduled penalty parameter {Ag}r>0: starting
from Ao > 0, it increases A, at a controlled polynomial rate (equivalently, it decreases
the effective penalty tolerance 1/)\;), while simultaneously shrinking the primal step sizes
to maintain stability as the penalized landscape sharpens. This careful co-evolution of
(Ak, a, Br) yields explicit non-asymptotic rates in both deterministic and stochastic regimes
under the regularity assumptions used by implicit function methods, including iteration
complexities to reach an e-stationary point scaling as (7)(5*3/ 2) in deterministic settings and
(5(5_5/ 2)7(7)(5_7/ 2) in stochastic settings depending on whether noise affects one or both
levels. Closely related penalty-based value function methods, such as [155], develop finite-
time guarantees for first-order schemes by linking approximate stationarity of the penalized
problem to approximate bilevel optimality through suitable choices of the penalty magnitude.

It is also instructive to contrast these lower-level value function penalization-based rates
with those obtained by the barrier-style value function method named BOME, published in
[171]. While BOME likewise avoids implicit differentiation by exploiting the value-function
constraint, its convergence guarantees are established for a different notion of progress,
namely a KKT-like residual tailored to the value-function constrained reformulation (rather
than directly bounding the norm of the hypergradient.

When a general form of problem (LLVF), involving upper and/or lower-level constraints,
is considered, penalizing only the value function constraint as done in (8.12), corresponds
to a partial penalization model, given that it remains constrained by both the upper- and
lower-level constraints. This partial penalization approach was introduced in [270, 266], via
a specialized version of the Clarke concept, label as partial calmness, to derive necessary
optimality conditions for problem (LLVF). The concept of partial calmness has since then
become very prominent in the study of the LLVF reformulation and other optimization
problem classes (see, e.g., [267, 172, 273]). For instance, it can be used to replace the
calmness concept in (i) above, as a qualification condition, to derive the necessary optimality
conditions in (StatsCond). However, in this case, A will be positive and instead represent
the penalty parameter, and not a Lagrange multiplier [270, 69, 77, 265].

Another approach that also builds on the partial penalization model in (8.12) is the
difference-of-convex functions (DCA) method. To get a flavor of how this works, recall
that if the lower-level objective and constraint functions in problem (P) are fully convex,
then the value function ¢ (8.1) is convex. If we additionally assume that the upper-level
objective function F is convex in (z,y), then the functions F' + \f and ¢ are both convex,
and therefore, the objective function in (8.12) is the difference of two convex functions for
a fixed A > 0. Building on a well-established literature on DCA programming, the paper
[100] studies this approach in the context of a bilevel hyperparameter selection problem; a
particular feature of the DCA method, which differentiates it from the gradient descent-
type approaches in the previous papers (e.g., [204] or more generally in the bilevel learning
literature), is that at each iteration, a linear approximation of the value function is built
using an element from its subdifferential. Furthermore, in [100], the subproblem is made
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strongly convex by the addition of a proximal term. This approach is generalized in [269] to
problems with DC upper-level objective function. The penalty methods in these two papers
are same as in [205], with only two differences: (i) the value function is approximated by
a linear function based subgradient of ¢ along the lines of the formulas (8.9), (8.10), and
(8.11); and (ii) a proximal term is added to the subproblem for it to be strongly convex.

8.4. Pure second order—type methods. Fixing A > 0 in the optimality conditions
provided in (StatsCond), as it would be the case if the partial calmness concept is used as
a qualification condition, the system can be written as
vx,yLA(‘r7 Yy, u, v, U))

vyé(xa y’ ’U})
(813) @A(x,y,u,v,w) = (¢FB(uia 7gi(x7y))j=1,m,q = 07
(¢FB(Ujﬂ _Gj(x)))j:]_’,”)p
(B (wi, —gi(%,9));21. 4

where the lower-level Lagrangian function ¢ and the Fischer-Burmeister function ¢rp are
defined in (6.2) and (7.10), respectively. Note that the Lagrangian function L) is defined
for any (z,y, u,v,w) with (z,y) € R® x R™ and (u,w,v) € R?? x R? by

Ly(z,y,u,v,w) := F(z,y) + vTG(x) + (u— )\w)Tg(:my).

Unlike the system (7.11) that involved second order information for the lower-level objective
and constraint functions, (8.13) is a pure first order system. In fact, (8.13) is a (n +m +
p+2q) X (n+ 2m + p+ 2q) semismooth system of equations. Based on these observations,
Gauss-Newton and Levenberg-Marquardt methods are developed to solve the system in
[93, 243, 136]. Since the system has m more equations than variables, substituting y in the
second and fourth block of the right-hand-side of equation (8.13) with a dummy variable z,
we regularize (8.13) to a square semismooth system of equations, which can then enable the
development of a semismooth Newton method; see [273, 89] for details in this direction, with
a comparison of the numerical performance of (KKT) and (LLVF) conducted in [273]. This
comparison suggests that (LLVF) generally leads to a better performance for the examples
from the BOLIB library [277], which are essenitally small toy problems.

An important point that needs to be highlighted for the aforementioned works on solving
the system (8.13) is that they are all pure second order methods, as they do not require any
third order derivative information. This would not be the case in the context of problems
(P;) and (KKT) as such techniques will require third order derivative information for the
functions involved in the corresponding lower-level problems.

8.5. Other types of LLVF—-based methods. Let us observe that the value function
constraint, which represents the main component of the feasible set of problem (LLVF), can
be equivalently written as

flx,y) — f(x,2) <0 for z € Y(x),

which is a generalized semi-infinite constraint. Considering this representation, the series
of papers [194, 82, 147, 252] exploits semi-infinite type reformulations or related relaxation
techniques to build global optimization algorithms for problem (P), using branch and bound
procedures as key ingredients to ensure numerical efficiency. The LLVF reformulation has
also been used (see, e.g., [238, 90, 91]) to develop cutting plane—type numerical algorithms
for mixed-integer bilevel programs in the case where all involved functions are linear.

The paper [169] proposes an approximation algorithm that relies on a concept of entropy
integral function as a smoothing function for the optimal value function ¢ when Y (z) =Y
(i.e., unperturbed). We also have an algorithm in [70], where the value function (8.1)
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for f(x,y) :== 2"y and Y(x) := {y € R™| Ay < b} is iteratively approximated by a linear
approximation. The advantage with the structure of the lower-level problem here is that as
Y is an unperturbed polyhedral set, an optimal solution for the lower-level problem can be
found at one of its extreme points for all x € X, under a mild assumption (e.g., if Y is a
bounded polyhedral). For a fully linear upper-level problem, it is shown that the algorithm
converges to a global or local optimal solution, depending on the specific assumption scenario
considered. The idea in [70] is later extended to more general problem classes in [71].
However, similarly to most of the schemes just described above, the scalability of this class
of method to relatively large problem classes is uncertain. Hence, their applicability to
bilevel learning problems might be very limited.

It might also be useful to mention that in [158], the reformulation (LLVF) is used as
base for the construction of a Generalized Nash equilibrium problem (GNEP) that is closely
related to problem (P). This GNEP model is then exploited in [159] to build a numerical
method to compute approximate stationarity points for problem (LLVF).

9. Comparing the reformulations of the optimistic bilevel program. The main
focus of this paper is the standard optimistic bilevel optimization problem (P), expressed in
the implicit function model (P;) when condition (2.1) is satisfied, and otherwise in the KKT
and LLVF reformulations (KKT) and (LLVF), respectively, when (2.2) holds. It therefore
seems natural to take a little moment in this section to briefly compare the single-level
reformulations (P;), (KKT), and (LLVF) of problem (P).

Of course, these three problems are so significantly different from each other, with the
challenging component of (P;) appearing in its objective function, while problems (KKT) and
(LLVF) have very complex feasible sets. In terms of the smoothness of (P;) and (LLVF), we
have condition (8.2), which implies that under suitable conditions, (LLVF') will be automati-
cally smooth if (P;) is. However, the converse of this implication is not true as demonstrated
by the example in (6.4); cf. Figures 2 and 3. For specific comparisons between (KKT) and
(LLVF) from multiple perspectives, interested readers are referred to [273].

Table 2: Some basic comparisons of the reformulations of the standard optimistic bilevel
optimization problem. ~ denotes partial guarantees (often for smoothed/ MPEC surrogates,
requiring bounded iterates). * denotes rate results proved under lower-level strong convexity
and lower-level Hessian smoothness (as in implicit-function analyses).

Property | (P)  (KKT)  (LLVF)

Smoothness v v X
SLR requirements Convexity v v X

Strong convexity v X X

LLCQ 4 v X
ULCQ fulfilment UMFCQ / X X

Can UMFCQ be restored? v v X
Derivative 1D1OM X X v
requirement 2D20M X X v/
for methods

Deterministic rates v ~ e
Convergence )

Stochastic rates v X e

Overall, Table 2 summarizes key comparisons between (P;), (KKT), and (LLVF) from
four perspectives (while assuming that the lower-level problem is constrained): (a) The re-
quirements needed to formally write the corresponding single-level reformulation (SLR) of
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(P) with LLCQ standing for the lower-level constraint qualification in reference to whether
one is needed to write the corresponding reformulation. (b) The behavior of each reformu-
lation with regards to a suitable version of the MFCQ that we label here as upper-level
constraint qualification (ULCQ); a key thing to note is that the MFCQ fails for both the
KKT and LLVF reformulations, when their constraints are treated as usual equality and in-
equality constraints. However, the MFCQ can be restored for (KKT) by suitably addressing
the combinatorial structure in the complementarity conditions; see, e.g., [78, 220]. So far,
no restoration approach for the MFCQ has been discovered for problem (LLVF); see, e.g.,
[273] for a related discussion. (c¢) The third block of Table 2 corresponds to the derivative
requirements for the corresponding reformulation in the sense that the abbreviation 1D10OM
is used to refer to whether only first order derivatives are enough to develop a first order
method for the corresponding reformulation, while 2D20M refers to whether only second
order derivatives are enough to develop second order methods.

Finally, the fourth aspect (d) concerns the convergence guarantees currently available
in the BL literature, distinguishing between deterministic and stochastic rates. From the
standpoint of available complexity guarantees, the picture is currently quite uneven across
reformulations. For the LLVF route, recent work has established explicit non-asymptotic
rates for pure first-order schemes, most prominently via barrier/penalty mechanisms; see
BOME [171] and the penalty-based methods in [156, 155]. These guarantees are typically
developed for the unconstrained bilevel setting (or after handling constraints separately) and
require lower-level regularity such as strong convexity /PL-type conditions and smoothness to
control the bias induced by finite penalty/barrier parameters and finite inner-loop accuracy.
In contrast, for KKT-type reformulations, while classical theory clarifies how constraint
qualifications may be recovered by treating complementarity carefully [220, 78], finite-time
rate results in modern machine learning settings are comparatively limited and often appear
in forms that are partial in the sense of Table 2: existing analyses typically provide decay
bounds for a KKT residual of a smoothed/regularized surrogate and rely on additional
technical conditions such as bounded iterates/compactness and smoothing schedules (e.g.,
method-of-multipliers/augmented-Lagrangian developments); see, e.g., [187, 178].

10. Conclusions and final remarks. Based on the survey of the BL and BO litera-
ture conducted in this paper, the following concluding observations can be made:

(i) The implicit function approach, labelled as (P;), has been working very well in
solving specific classes of BL problems, thanks to efficient approximations of the lower-level
optimal solution function y(-) and its Jacobian Vy(-), when both functions are well-defined.
However, this approach has many limitations, as not only, ensuring that the required basic
assumption (2.1) is satisfied is very difficult, but making sure that the lower-level optimal
solution function is smooth function is even harder; cf. discussion in Section 6. As also
highlighted in the latter section, things get worse when the lower-level problem is contrained.

(ii) For some special classes of BL problems, alternative methods to state of the art
techniques, have been shown not only to better capture the corresponding task, but numer-
ically, their resulting BO formulation can be more efficiently solved, even when lower-level
problem is constrained. This is the case, for example, for hyperparameter optimization is
machine learning, as discussed in Subsection 7.6. The BO formulation of the problem can be
numerically solved more efficiently and accurately in comparison to the state of the art grid
search and Bayesian approaches, which are standard in the main stream machine learning
literature, and also the most widely used in practice. However, such BO-based tools have
not yet made their way to main stream machine learning infrastructures such as widely used
open source libraries. A likely reason is not only limited awareness, but also the practical
complexity of current BO solvers: despite their principled formulation and strong numerical
results, many methods rely on several algorithmic meta-parameters—for example, the num-
ber of inner iterations, truncation depth, damping/regularization, linear-solver tolerances,
and step sizes for both upper- and lower-level updates. These choices can have a major effect
on stability, memory footprint, and runtime, which makes robust off-the-shelf deployment

This manuscript is for review purposes only.
T} tis. I



1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611

1612
1613
1614
1615
1616
1617

1618

1619
1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638

38 R. GRAZZI, M. PONTIL, S. SALZO, AND A. ZEMKOHO

in mainstream machine-learning libraries more difficult. The adaptive methods discussed in
Subsection 5.4 might help mitigate these issues but are in early stage of development.

(iii) There is an exponential number of applications of bilevel optimization in machine
learning. But for most of these problem—types, state of the art BL methods cannot be
applied. For example, we can mention problems with lower-level constraints, where the
lower-level optimal solution set-valued is not single-valued for some upper-level variables, as
well problems with nonsmooth lower-level objective or constraint functions, as outlined in
Section 4. For many of these problems, like the pessimistic case that results from (2.2), for
example, not much progress has been made in solving them in the general BO literature.

(iv) There is also a wide range of numerical techniques in the BO literature that remain
unexplored in the context of BL; this paper has provided a brief overview of these approaches,
with the hope that in the near future, they will draw the attention that they deserve. As
highlighted in Sections 7-8, a key limitation of the classical BO algorithms is that many are
hard to scale, especially when they involve lower-level constraints. The powerful derivative
approximation schemes from state of the art numerical schemes for BL (cf. Section 5)
are a potential way forward in the context of methods for problems (KKT) and (LLVF).
Work to deploy such ideas to solve the LLVF reformulation has started in the context of
unconstrained lower-level problems as highlighted in Section 8.

The second challenge that comes with inequality constraints is the combinatorial nature
of the formula involved in BO numerical schemes (see, e.g., the combinatorial nature of
the systems (6.3) and (8.13), as well as in the complementarity conditions in the feasible
set of problem (KKT)). With regards to this, there is a good chance that GPU-based
methods to scale up optimization algorithms, as outlined in [223, 30], for example, could be
potential ways forward to enable classical BO methods to solve reasonable size BL problems.
Additionally, the emergence of quantum computing and its potential to enable the scaling
of enumeration—based algorithms (see, e.g., [162]) is also a path that, in combination with
derivative approximation—based schemes, could provide paths to accelerate classical BO
methods to solve realistic BL problems.
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