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Abstract

In this paper, we compare the strength of alternate formulations (polyhedra)
of the binary knapsack set. We introduce a specific class of knapsack sets for
which we prove that the polyhedra based on their minimal cover inequalities
(together with the bounds on the variables) are strictly contained inside the
polyhedra defined by their continuous knapsack relaxations. Furthermore, we
answer an open question in the literature by establishing that for the knapsack
sets belonging to this class, the formulations based on minimal covers provide
their complete convex hull. Finally, we prove that the convex hull of a knapsack
set violating some of the conditions required to define the above specific class
can never be completely described just by its minimal cover inequalities.
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1 Introduction

Consider a polyhedron P defined as:

P:{xeRNWnggl,Zaixigb, ai>OViEN,b>O}.
iEN



P is a formulation of the binary knapsack set X if X = PN {0,1}VI. A set C C N is
called a cover of X if Y7, ~a; > b. Given a cover C, the following inequality, called
the cover inequality, is valid for conv(X):

dom <o -1

i€C

A cover M is minimal if none of its proper subset is a cover. Let M be the collection
of all minimal covers of X, and the polyhedron P defined as follows:

PM_{XGR|N|O§x§1,Zx1;§|M|1, VMEM}. (2)
1€EM

Then, PM is a formulation of X", where XM = PM n {0, 1}V,

It is well known that X = X™ [1]. Thus, P and P™ are alternate formulations of
X. In general, it is unknown which of the following is true for a given X: (i) PM C P;
(ii) PM > P; (iii) P and P™ are incomparable. If, however, one can show PM C P,
then PM is a better formulation (for linear programming relaxation based algorithms
for solving an optimization problem over X). In this paper, we show that for a class of
knapsack sets X, it is indeed the case that P C P. Thus, we are able to prove that
for such knapsack sets X, (2) is a better formulation than (1). We further provide an
answer to the following open question [2]: is there a class of knapsack sets X for which
formulation (2) defines the complete convex hull of X (referred to as the knapsack
polytope), i.e., PM = conv(X)?

In Section 2, we identify a class of knapsack sets X for which we prove that
PM c P. We further prove, in Section 3, that for this class of identified knapsack sets,
PM = conv(X). In Section 4, we prove that P # conv(X) for a given X if some of
the conditions required to define the above specific class are not satisfied, i.e., those
conditions are necessary.

2 P versus PM

Consider aset X = PN{0, 1}V, where P is given by (1). Further, assume, without loss
of generality, a; > ag > -+ > ajy; > 0. We also assume that b > a; and ZZEN a; >b
to ensure X is full-dimensional [2]. For an h € {1,...,|N| — 1}, define

H:={1,...,h}, L:={h+1,...,IN]}, Sy:=>» a;VNCN, A:=b—Su.
ieEN

Definition 1 A knapsack set X belongs to the class Kg if there exists an h for which the
following conditions hold:

(1) Sg <
(2) Su +apy1 > b;
(3) (Sg —ap)+ St <b;



(4) For each j € L, there exists exactly one L; C L such that: (a) ZieLj a; > A and
ZiGL]‘\{j} [(¢7} S A, or (b) Lj = @

Proposition 1 For any X € Kg, H C M VM € M.

Proof Let M be a minimal cover. Further, let k € H and k ¢ M. Then, Y, ., a; < (Sg —
ay,) + S, < b (using condition (3) in Definition 1). Hence, M cannot be a cover. This proves
H C M. Again, by Condition (1) in Definition 1, Sy < b. Hence, H C M. |

Remark 1 As a result of Proposition 1, every minimal cover of X is of the form H U L' for
some nonempty L' C L.

Proposition 2 For any X € Kg,j € LNM = j ¢ M'VYM,M' € M.

Proof By Proposition 1, every minimal cover has the form H UL’ for some nonempty L' C L
such that ) ;.. a; > A. Condition (4) in Definition 1 states that, for each j € L, there exists
at most one such minimal set containing j. Therefore, # j € L which belongs to two distinct
minimal covers. |

We now demonstrate that for the special class Kg, its formulation (2) is strictly
tighter than formulation (1) by proving that for X € Kg: (i)Pv € P; and (ii) the
fractional extreme points of P does not belong to Puy.

Theorem 1 Pyq C P for any X € Kg.

Proof To prove Theorem 1, we show that there exists a weight u, for each minimal cover
inequality > ;-7 @i < |[My| -1 for r € {1,...,| M|}, and v; for each trivial upper bound
x; < 1 such that the following sets of inequalities hold [1]:

(1) up >0forallr e {1,...,|M|}; v; >0forallie N .

(2) > riem, ur +vi > a; forallie N .

M
@3) S (M|~ Dur + ey vi <b-

By Condition (4) of class Kg, each item j € L belongs to at most one minimal cover.
Therefore, the minimal covers in M take the form M, = HUL" for r € {1,...,|M|},

where Ll, .. .,LIM‘ are strictly disjoint subsets of L. For this, let us consider u, € R for
r € {1,...,| M|} satisfying the following conditions:
(1) Uy 2 07

(i) ur < minjeLr{aj},

i) M, = 5y —b.
Using these chosen values for u,, we fix v; as follows:



(iv) Fori e H:v; =a; — (Sy —b) ,
(v) Forje L":v; =aj —ur ,

(vi) For j € L\ULA:Al‘ L":vj=a; .

We now show any combination of (u,v) satisfying the conditions (i)-(vi) constitutes a
feasible solution to (1)-(3) with the help of Claims 1.1 to 1.4.

Claim 1.1 The system (i)-(%ii), which defines u, admits a feasible solution.

Proof Feasibility requires 0 < Sy — b < er/\:/a' minjerr aj. The lower bound holds trivially
since Sy > b by assumption.

Let jr = argminjerra; and define L' = {1+, dm)}- We must show ZjeL/ a; >
Sy — b= S5 — A. Hence, ZjeL\L' a; < A.

Suppose for contradiction that ZjeL\L’ aj > A. This implies that HU(L\ L') is a cover
for X.

By Condition (4), 3r* € {1,...,|M|} such that L™ C L\ L' and HUL" is a minimal
cover of X.

However, by construction, jy+ € L n L', meaning L ¢ L\ L'. This is a direct
contradiction. Thus, > JEL\L’ @) < A must hold, guaranteeing a feasible solution for u. H

Claim 1.2 u>0, v>0.

Proof The cover multipliers u, > 0 by (i) in construction (i)-(iii).

For j € L", v; > 0 because ur < minjerraj < a;. For j € L\Uy\:/(l| L",v; =a; > 0. For
¢ € H, Condition (3) states that (Sg —ap)+ S, < b. Because a; > ap, Vi € H, it follows that
SN — b < a;. Therefore, v; = a; — (Sy — b) > 0. All variables are strictly non-negative. W

Claim 1.3 Zr:iEM,. ur +v; = a; for alli € N.

Proof We evaluate this over the three partitions of items in N:

Case 1.1 If ¢ € H: The item is present in every minimal cover. Thus, Zr:ieMT Up =

Z‘/le‘ up = SN —b. Hence, 37, ;cpy ur +v; = (Sy — b) + [a; — (Sy — )] = a;.

Case 1.2 If j € L": The item appears in exactly one cover, M,. Hence, Zr:jEM,p ur +v5 =
ur + (a; — ur) = aj.

Case 1.8 1f 5 € L\ ULA:/III L": The item appears in none of the minimal covers. So,

Yorjem, ur +v; =0+a; = aj.



Claim 1.4 XM (M, | = V)ur + 5,0y vi = b.

Proof
| M|
LD S IRICNEDI RS B B TETSEND S
1€EN i€H r=1j€L" ]eL\U LT
| M|
= (Syg — |H|(Sy — b)) + | S — Z |L" [y (3)
| M|

=Sy~ [H|(Sy —b) — Z|L [ur

As, My = HU L", the size of each cover is |Mr| = |H| + |L"|. Hence,

M| M|
> My = Dur =Y (JH| + [L7| = Dur
r=1 r=1
[M| M|
=(H[=1)Y ur+ Y |[L [ur (4)
r=1 r=1
[M|
= (|H| = 1)(Sx = b) + > |L"[ur
r=1
Adding (3) and (4), we get:
[M|
D> My = Dur + Y vi = (|H| = 1)(Sy —b) — [H|(Sy —b) + Sy =b
r=1 iEN

Claims 1.1 to 1.4 together prove that there exists a feasible solution to 1-3. This proves
Py CPif X € Kg. |

So far, we have established that Py C P. To prove the strict containment, we
must also show the other direction: P € Pjs. We will show this by proving that a
strictly fractional extreme point of P violates at least one minimal cover inequality.

Theorem 2 If X € Kg and X be any strictly fractional extreme point of P. Then X ¢ Ppg.

Proof Any fractional extreme point of P contains exactly one strictly fractional variable. Let,
Z be such a fractional extreme point and & € N be this unique item such that zj, € (0,1),
while z; € {0,1} for all i € N \ {k}.

Since X is a fractional extreme point, it must satisfy the knapsack capacity constraint at
equality, i.e., > ;cn aiT; = b. We partition the integer variables into N1 = {i € N\ {k} |



Z; =1} and Ng = {i € N'\ {k} | Z; = 0}. We analyze the configuration of X based on the
fractional item & in three mutually exhaustive Cases 2.1 to 2.3.

Case 2.1 k€ H.
Since X is an extreme point of P, the knapsack constraint must be tight, meaning ZiGNl a;+

ajzy, = b. Since Zi > 0, it follows that M’ = Ny U {k} is a minimal cover of X.
Now, for M’:
Swi= Y xi+ap=(M—-1)+x; > M| -1
ieM ie M\ {k}

Hence, X violates the minimal cover inequality associated with M’, proving that % ¢ Ppg.

Case 2.2 k € L and belongs to some minimal cover M € M.

Let M be a minimal cover such that k& € M. Consider the fractional solution X where we
fully pack all items in M except k. We set ; = 1 for all i € M \ {k}, zj=0forall j ¢ M,
and assign the remaining capacity to k, giving zp = (b— ZiGM\{E} a;)/a;. Because M is
a minimal cover, removing k ensures ZieM\{fc} a; < b, implying Ty > 0. Because M is a
cover, ZiEM a; > b, implying Z; < 1. Thus, X is a valid fractional point in P. Evaluating
the minimal cover inequality associated to M gives:

Zi’i: Z (1)+i’k:|M|—1+i’i€.
€M ZGM\{IE}

Again, because Zj > 0, the inequality is strictly violated. Thus, X ¢ Ppg.

Case 2.3 k € L and Li =0.

We show this case is trivial because such an extreme point cannot exist. Recall that for any
fractional extreme point X, the capacity constraint is perfectly tight: ), N, @i T a;Tj =b.
Because Zj, € (0, 1), it strictly follows that:

Zai<b and Z a; > b.
€N, ie N1U{k}

This implies that the subset N3 U {Zc} is a cover. Consequently, it must contain at least one
minimal cover M C Ny U {k}. If k& ¢ M, then M C Np. This would imply 3 ;cp;a; <
D ic N; @ < b, which contradicts the definition of a cover. Therefore, any minimal cover

contained in Ny U{fc} must contain k. Thus, any fractional extreme point of P always features
a fractional variable that belongs to at least one minimal cover, implying that Case 2.3 is
impossible.

Theorems 1 and 2 together imply that PM C P for any X € Kg.

Ezxample 1 Consider the following binary knapsack set:
X = {x € {0,1}5 | 102y + 9z + 8x3 + Ty + 45 + w6 < 33} .



This instance belongs to the class Kg. By setting the split point at h = 3, we partition the
items into H = {1,2,3} and L = {4, 5,6}. The residual capacity is A = 33— (10+9+8) = 6.
The four structural conditions for Kg are satisfied:

1. Sy =27 < 33.

2. Sgp+as=274+7=34>33.

3. (Sg —as) + S = (27— 8) + 14 = 33 < 33.

4. Ly = {4} (since ag =7 > A); Ls = Lg = {5,6} (since a5 +ag =4+3=7> A).

Using Remark 1, the only minimal covers of X are HU L' = {1,2,3,4} (for L' = {4}) and
{1,2,3,5,6} (for L' = {5,6}). Hence, Pyq = {x € R%: 0 < x < 1, (5), (6)}, where (5) and (6)
are given as:

T+ w3414 <3 (5)
x1+ a2 +x3+as+a6 <4 (6)
Using the weights u = (6,2) for the minimal cover inequalities (5) and (6), respec-

tively, and v = (2,1,0,1,2,1) for the upper bound inequalities z; < 1, the original knapsack
inequality can be expressed as a conic combination of the inequalities in Pp, as follows:
6(z1 + 22 + 23 + x4) + 2(21 + 22 + 23 + 25 + 76)
+ 2x1 + 1lzo + Oz3 + 1lzg + 225 + 126
<6(3)+2(4)+2(1)+1(1) +0(1) + 1(1) +2(1) + 1(1),
which simplifies to:
10z1 + 922 + 83 + Txg + 4a5 + 326 < 33.

This proves Pyq C P.
Furthermore, consider x = (1,1,0.875,0,1,1). Clearly, X € P (since 10(1) 4+ 9(1) +
8(0.875) + 4(1) + 3(1) = 33). However, X ¢ Py as it violates (6). Hence, Ppq C P.

Ezample 1 (Contd.) Consider the optimization problem defined on the knapsack set X from

Example 1:

2% = max{15z1 + 1222 + 10z3 + 874 + 55 + 476 | x € X}
For this optimization problem, we have z = max{15z1 + 12z2 + 1023 + 8z4 + 5x5 + 4x¢ |

x € P} = 44.75, while 2/ = max{15z1 + 122 + 10x3 +8x4 +5x5+4x6 | X € Prq} = 44 = 2*.
3 Complete Linear Description of the Convex Hull

Having shown, in Section 2, that PM C P for any X € Kg, the following question
naturally arises: how tight is Pr¢? The next theorem answers this question.

Theorem 3 For any X € Kg, Pyg = conv(X).

Proof Recall that PM:{XER‘NI [0<x<1, Yz <|M[-1 VMEM}.

We define A € {0, 1}|M| *IN| as the coefficient matrix corresponding to the minimal cover
inequalities. The rows of A are indexed by the minimal covers M € M, and the columns are



indexed by the items j € N. Using Remark 1, every minimal cover M € M takes the form
H UL for some L' C L. Thus, partitioning the columns of A into H and L, we obtain the
matrix structure:

A= (L mix|m| Er)
where 1| (|« |p| is a matrix of all ones, and E, € {0,1}
the subsets L' C L.

IMIXIL] is the incidence matrix of

Lemma 3.1 For any X € Kg, the constraint matriz A associated with the minimal cover
inequalities is totally unimodular.

Proof We apply the Ghouila-Houri criterion, which states that a matrix A is totally uni-
modular if and only if for every subset of rows R C {1,...,| M|}, there exists a partition
R = Ry U Ry with Ry N Ry = () such that for every column j € N:

D Akg= D Aky| <L
keR1 kER>
Let R be an arbitrary subset of rows. We construct the partition (R1, R2) such that
their cardinalities differ by at most one, i.e., ‘|R1| — |R2|‘ < 1. We verify the criterion for an
arbitrary column j € N through two mutually exclusive and exhaustive Cases 3.1 and 3.2:

Case 3.1 j € H.
Since every minimal cover contains H, Ay ; = 1 for all rows k € M. The alternating sum
over the subset R is exactly the difference in partition sizes:

1= > 1 =||Ri|—|Ref| < 1.

kERy kER>

Case 3.2 j € L.

By Proposition 2, each element of L appears in at most one minimal cover. Therefore, the
column vector corresponding to j in matrix Ey, (and consequently A) contains at most a single
1. Summing over any subset R, we have >, Ag j € {0,1}. Thus, the absolute difference
between the sums over R and Rg is trivially bounded by 1.

As the criterion holds for all columns j € N under any arbitrary row subset R, the matrix
A is totally unimodular. [ ]

The polyhedron Py, is defined by the linear system:

A d
I |x<|1],
—I 0

where d is the right-hand side vector with components dy; = |M| — 1 for all M € M,
and I represents the |N| x |N| identity matrix governing the bounds 0 < x < 1.

By Lemma 3.1, A is totally unimodular. Appending the identity matrix and its negation
preserves total unimodularity. Since the right-hand side vector (d, 1, 0)—r is strictly integral,
the polyhedron Py, is integral.



Since every extreme point of Pp4 is integral, and X = XM, it follows that Pyq =
conv(X). [ |

Ezample 1 (Contd.) For Example 1 the 14 inequalities which describe the complete convex
hull of the polyhedron (obtained from PORTA [3]) is given in Table 1.

Table 1 Facets of Example 1 generated from PORTA

Sl. No. Facets of Example 1 Type
1 x1 >0 Trivial
2 xo >0 Trivial
3 x3 >0 Trivial
4 xg4 =0 Trivial
5 x5 >0 Trivial
6 xg =0 Trivial
7 r1 <1 Trivial
8 xro <1 Trivial
9 xr3 <1 Trivial
10 rg <1 Trivial
11 s <1 Trivial
12 T <1 Trivial
13 x1 +x2+x3+x4 <3 Minimal cover inequality
14 1+ 22 + 23+ 25 + 26 <4 | Minimal cover inequality

Theorem 3 demonstrates that the minimal cover inequalities, along with the bounds
on the variables are sufficient to completely describe the convex hull for X € Kg.
A natural related question is the following: can this complete linear description of
Conv(X) using minimal cover inequalities be extended to a broader class of knapsack
polytopes? We investigate this question in the following section.

4 Beyond Kg

In this section, we try to determine which of the conditions in Definition 1 can be
relaxed such that Py = conv(X) still holds. Note that for any X, there always exists
some h € {1,...,|N|} for which Conditions (1) and (2) hold. Hence, we only need to
check if Conditions (3) and (4) in Definition 1 can be relaxed. We answer this question
in the following Theorem 4 and Example 3.

Theorem 4 If Condition (3) is violated, then P4 # conv(X).

Proof Assume Condition (3) is violated. By definition, there exists at least one item h* € H
such that removing it still leaves the total weight greater than the capacity:

Z ai+2aj>b

i€ H\{h*} jeL



This implies there exists a minimal cover M* C (H \ {h*})U L. Let L* = M* N L. M™* must
contain at least one j € L.

By Condition (4), every item j € L belongs to exactly one minimal cover. This implies
that the set of all minimal covers partitions the items in L into strictly disjoint subsets.
Let {L',L?, ..., LP} be those specific disjoint subsets of L which intersects with L*. Also,
M, = HUL" are minimal covers for r € {1,...,p}.

Clearly, p > 2. Otherwise, if p = 1, then L* C L', implying M* C (H \ {h*})UL'. Since
HU L' is a minimal cover, removing h* from it makes its weight less than b. Therefore, M*
could not be a cover if it were restricted to a single L. Thus, L™ must span across at least
two disjoint subsets.

We now construct a specific fractional extreme point X € R!™I. From each intersection
L"NL*, we select exactly one item from L, denoting it as jr. Let J = {j1, j2,...,jp} be the
set of these p chosen items. We assign the coordinates of X as follows:

zi=1 Vie H\{h"} (7)
P

;=1 Vie(L*\J)U UL’\L (8)
=0 for all other items not in H,L*, or U L 9)

1
Tpe = — 10
= (10)
£ = ”Tl Vied (11)

Because p > 2, the coordinates for h* and the items in J are strictly fractional, residing
n (0,1). To prove X is an extreme point of Py, we must show it is the unique solution to
|N| linearly independent active constraints.

First, we verify X tightly satisfies the minimal cover inequalities for M7, ..., My and M™.
For each M, = H U L": Inside L", exactly one item (jr) is fractional. All other items in L"
are set to 1. Hence,

S omi=(H[-1) +Zp + (L] - 1)+ a5,
1€EM,.

1
=[H[+|L"| -2+ - +T |H|+|L"|—1=|M;| -1
For M* = (H\{h*})UL": Inside L*, exactly p items (the set J) are fractional. All other

items in L™ are set to 1.
_ p—
S ozi=(H|-1)+ (IL*| - +Z
ieM* jedJ

-1
=1+ 12 = p =1 p () < HI 1 - Lkp - 1= (7)1
All other variables are either 0 or 1, accounting for |N| — (p + 1) active constraints. The

remaining variables are the p + 1 fractional coordinates: zp+ and zj,,...,z;,. The minimal
cover inequalities yield the following algebraic subsystem for these variables:

zpe +xj =1 forr=1,...,p (from M)

P
ijr =p—1 (from M")

10



By summing the first p rows, we get p- x5~ + > x; = p. Subtracting the final row gives
p-xpx =1 = xp» = 1/p. Because this matrix has exactly one unique solution, it has full
rank.

Thus, X is a fractional extreme point of Py . Because conv(X) is the integer hull, all of
its extreme points must be integral. Since X € Py, contains strictly fractional coordinates,
Ppg # conv(X). |

FEzample 2 To illustrate the construction in Theorem 4, consider the knapsack set:
X = {xe 0,1} | dary + 229 + 205 + 224 < 5}.

Let H = {1} and L = {2,3,4}. Condition (1) is satisfied since 4 < 5. However, Condition (3)
fails because Sy —ap =S =2+2+2=6>5.

Because Condition (3) fails, the item 1 is not forced into every minimal cover. The
complete set of minimal covers M is:

My ={1,2}, M,={1,3}, Ms={1,4}, M*={2 3,4}
The linear relaxation P, is defined by the corresponding cover inequalities: 1 + xz2 < 1
r1+x3 <1, 21 +x4 <1, and z9 + x3 + x4 < 2, along with the bounds 0 < z; < 1Vi =
{1,---,6}.

Following the construction in Theorem 4, M™ is the cover missing h* = 1, with L* =
{2,3,4}. The residual capacity is A = 5 —4 = 1. The minimal covers for A within L form
strictly disjoint subsets: L' = {2}, L? = {3}, and L? = {4}.

Because all of them intersect with L*, we have p = 3 disjoint subsets. Selecting one item
from each intersection yields the set J = {2,3,4}. Using the construction (10) and (11), we
construct the fractional point x: z; = % = % and Z; = ijl = % Vj € J. This yields the
strictly fractional point x = (1/3,2/3,2/3,2/3).

Now, X € Pjy, since X satisfies all minimal cover inequalities tightly. Hence, X is an
extreme fractional point (vertex) of Py, which proves that Pyq # conv(X).

In Theorem 4, we formally prove that Condition (3) in Definition 1 is necessary to
prove Pyq = conv(X). If this condition is relaxed, then Py has at least one fractional
extreme point. If we can show that Condition (4) is also necessary, then 31X ¢ Kg
such that conv(X) = Py. However, the following example shows that Condition (4)
in Definition 1 is only sufficient but not necessary.

FEzample 8 Consider the knapsack set defined by:

X = {xe {0,1}% | 821 + 85 + 4wz + 2x4 + x5 + 26 < 18}.
For h = 2, we have H = {1,2}, L = {3,4,5,6}, and A = 18 —16 = 2. For j = 4, Condition (4)
of Definition 1 violated since the corresponding subset of L is not unique. This implies
that X ¢ Kpgg. However, the minimal cover inequalities for X, namely z1 + z2 + 23 <

2, x1+ 22+ x4+ x5 < 3, and 1 + x2 + 24 + x6 < 3 (together with the bounds on the
variables) are sufficient to completely characterize conv(X).

5 Conclusions

In this paper, we defined a specific class of binary knapsack sets for which its formu-
lation based on its minimal cover inequalities is tighter than the one based on the the

11



knapsack inequality. Furthermore, for any knapsack set in this specific class, the for-
mulation based on minimal cover inequalities provides its complete convex hull. We
also proved that all but one of the conditions in the definition of this special class
of binary knapsack sets are necessary to establish the above result. To that extent,
finding all the necessary conditions for the above result is a natural extension of our
work.
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