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1. Introduction1

Traditional optimization models emphasize efficiency, typically understood2

as the minimization of a global cost function. However, as noted by Savas3

(1978), this focus can be insufficient in settings such as public administration4

decision-making, where all segments of the population must receive uniform5

and non-discriminatory treatment. A second criterion must therefore enter6

the decision process, namely fairness. Rooted in Equity Theory (Adams,7

1963), fairness concerns the perceived equity of outcomes, since a solution8

that performs well at the system level but imposes disproportionate burdens9

on specific agents may be socially rejected or prove unsustainable. Fairness10

has no universally accepted definition, and the metrics proposed to capture11

its different aspects, such as proportionality, envy-freeness or balance, are12

often mutually incompatible, so the choice of metric shapes the solution.13

Even the oldest and most widely accepted approach, which focuses on the14

worst-off entity (Rawls, 1971), has been criticized for producing globally15

inefficient solutions and large aggregate losses for everyone else. This tension16

is intrinsic and known as the price of fairness (Mandell, 1991; Bertsimas17

et al., 2011). A more balanced distribution generally requires some agents18

to accept outcomes worse than a purely efficiency-oriented plan would give19

them. A significant body of literature therefore advocates integrating fairness20

as a primary objective, so that decision-makers can navigate the trade-off21

between system efficiency and equitable distribution (see Hooker and Williams,22

2012; Bertsimas et al., 2012, among others). One of the most extensively23

studied families of decision-making problems serves as an ideal testbed for24

this dichotomy: vehicle routing problems.25

The Capacitated Vehicle Routing Problem (CVRP), introduced by Dantzig26

and Ramser (1959), has long been a central topic in Operations Research, and27

its significance keeps growing in the increasingly logistics-oriented landscape28

of contemporary supply chains and courier companies (see, e.g., Archetti29

et al., 2025). It generalizes the Traveling Salesman Problem (TSP), the30

search for a shortest tour that visits each customer exactly once and returns31

to the depot, to a fleet of capacity-constrained vehicles, and it is therefore32

NP-hard. Current advances on the CVRP have been largely driven by branch-33

and-price algorithms grounded in the set-partitioning formulation of Balinski34

and Quandt (1964), among which VRPSolver stands out (Pessoa et al.,35
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2020; Errami et al., 2024). For comprehensive surveys of exact and heuristic36

algorithms, see Laporte (2009), Toth and Vigo (2014) or Archetti et al. (2025).37

While effective at optimizing global objectives such as total travel distance38

or demand served, CVRP solutions can exhibit severe imbalances in driver39

workload, route duration, distance traveled or service requirements. Such40

disparities decrease driver satisfaction, increase employee turnover, degrade41

service quality in the long run, and may foster perceptions of unfairness,42

or even envy, among drivers. Embedding fairness within routing models is43

therefore a strategic need for sustainable logistics operations rather than a44

merely ethical consideration.45

Fairness is usually promoted through objective functions that are less46

sensitive to extreme values, for instance by minimizing differences between47

route lengths or by explicitly targeting envy-freeness, which requires that48

no driver perceives the allocation of another driver as more favorable than49

their own. The latter is known to be partially captured by the Gini mean50

difference, the average absolute difference between two workloads, which is51

the numerator of the Gini coefficient, see Blanco et al. (2024) for a successful52

application in facility location. Other common measures include the min-max,53

the range, the variance and the absolute deviation from the mean. The54

interested reader is referred to Marsh and Schilling (1994), Karsu and Morton55

(2015), Lozano et al. (2016) and Matl et al. (2018) for extensive catalogues of56

fairness measures and detailed analyses of their properties.57

A comprehensive and systematic study of fairness in routing, in particular58

concerning workload equity, was conducted by Matl et al. (2018). They59

deconstruct the notion into a fairness metric, which is the aspect of workload60

to be equalized (e.g., route length, service time or demand served), and a61

fairness measure, which is the function quantifying inequality across agents62

(e.g., range, variance or maximum). Their combination gives the fairness63

objective, the function actually optimized. A critical property of a fairness64

objective is its monotonicity. The objective is monotonic if a unilateral65

increase in the workload of a single driver cannot improve the overall equity66

value, which guarantees that worsening the condition of an individual never67

appears beneficial in terms of equity. Whereas the average (which is egalitarian68

rather than equitable) and the min-max or k-max measures are monotonic,69

many widely adopted and intuitive measures, such as the range, the variance70

and the Gini mean difference, are not.71

Non-monotonicity induces a counterintuitive modeling dilemma, which we72

call route inconsistency. A model driven by a non-monotonic measure may73
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favor a solution in which the route of a driver is made needlessly inefficient,74

that is, it is not a TSP-optimal tour for the set of assigned customers. This75

may occur simply because the resulting increase in workload brings that route76

closer to the others and spuriously reduces the overall measure of dispersion.77

Such tours directly contradict the minimization of individual workloads.78

More generally, a non-monotonic objective can improve even in the extreme79

case in which all workloads get worse, a paradoxical manifestation of the80

price of fairness that Matl et al. (2018) study under the name of workload81

inconsistency. None of this happens under a monotonic objective, for which82

there always exists an optimal solution consisting only of TSP-optimal tours.83

Furthermore, in their theoretical analysis, they note that “it remains unclear84

to what extent workload inconsistency and non-TSP-optimality are a relevant85

concern in practice for nonmonotonic measures”, and their enumeration of86

Pareto sets on instances with up to 14 customers then reveals a large share87

of non-TSP-optimal and workload inconsistent solutions. We take up the88

question of non-TSP-optimality on larger instances, with an exact method89

and under a cost budget.90

Consequently, much of the fairness-oriented literature in vehicle routing91

focuses on monotonic criteria, predominantly the min-max objective, which92

has been addressed with exact methods by Campbell et al. (2008), Huang93

et al. (2011) and Bertazzi et al. (2015), among others. The trade-off between94

efficiency and equity has also been modeled explicitly as a bi-objective problem,95

notably in the vehicle routing problem with route balancing, first studied96

by Jozefowiez et al. (2002) and later solved with exact methods by Reiter97

and Gutjahr (2012), Halvorsen-Weare and Savelsbergh (2016) and Artigues98

et al. (2018). TSP-optimal routing has also been studied in the multiple99

Traveling Salesman Problem (mTSP) of Svestka and Huckfeldt (1973), where100

fairness has again been approached mostly through monotonic criteria such as101

min-max (Applegate et al., 2002) or ℓp norms (Bektaş and Letchford, 2020).102

Work on non-monotonic objectives is comparatively scarce. It includes the103

enumeration-based analysis of Matl et al. (2018) and post-hoc evaluations in104

heuristic (Lozano et al., 2016) and exact (López Sánchez et al., 2024) methods.105

Recently, van Rossum et al. (2026a) propose a branch-and-price method for106

the range and extend it to other order-based objectives such as the Gini mean107

difference, handling TSP-optimality either heuristically, by replacing each108

route of the final solution with its TSP-optimal counterpart, or exactly within109

the pricing problem, which becomes intractable for larger instances. In a110

follow-up work, van Rossum et al. (2026b) enforce TSP-optimality exactly for111
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the range, with lifted cutting planes that forbid arc sequences dominated by112

a shorter tour within a branch-price-and-cut algorithm.113

Given a fairness measure X, we call X-CVRP-TSP the problem of assigning114

customers to capacitated vehicles, within a budget on the total distance, so115

that every route is a TSP-optimal tour for its customers and the measure X of116

the route lengths is minimized. The Range-CVRP-TSP has thus already been117

studied by van Rossum et al. (2026b), but models for more general measures,118

such as the Gini mean difference, absolute deviations or the variance, are119

presented here for the first time. To the best of our knowledge, ours is the120

first work that provides a unified framework for a broad range of fairness121

measures in the CVRP, monotonic, non-monotonic and even quadratic, while122

enforcing TSP-optimal routing with provable optimality guarantees.123

Contributions. The main contributions of this paper are the following.124

A unified ordered framework for fairness in routing. We propose a general125

modeling framework based on the principles of ordered optimization. By126

sorting route lengths, one directly identifies the most and the least burdened127

drivers, which enables fairness measures that explicitly account for inequality.128

Within Operations Research, ordered measures have been studied most ex-129

tensively in location theory (Nickel and Puerto, 2006), where a large body130

of work addresses both their solution methods (Boland et al., 2006; Labbé131

et al., 2017; Puerto et al., 2017; Deleplanque et al., 2020; Marín et al., 2020;132

Pozo et al., 2024; Ljubić et al., 2024) and their fairness-oriented variants133

(Mesa et al., 2003; Blanco and Gázquez, 2023; Blanco et al., 2024; Tsang134

and Shehadeh, 2025). The routing literature is by contrast scarce. Ordered135

measures have recently been applied to the TSP by Ljubić et al. (2026), and136

to the CVRP by van Rossum et al. (2026a). Following Blanco et al. (2026),137

our framework accommodates both linear and non-linear measures, such as138

the variance, as well as criteria based on absolute or squared deviations from139

reference values such as the minimum or the median workload. It also allows140

negative entries in the weight vector, which most non-monotonic measures141

require. Thus, our framework provides decision makers with a diverse pool142

of fair CVRP solutions by simply varying the coefficients of the objective143

function, rather than requiring a tailored method for each fairness measure.144

A bilevel model enforcing TSP-optimality. Our main methodological145

contribution addresses the route inconsistency inherent to non-monotonic146

objectives. We model the X-CVRP-TSP as a bilevel program (see Dempe,147

2002; Dempe and Zemkoho, 2013; Kleinert et al., 2021, for further details148

on bilevel optimization). Its upper level assigns customers to drivers under149
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capacity and budget constraints while optimizing the fairness objective, and150

its lower level solves a collection of independent TSP problems that determine151

the exact length of each route. This yields exact approaches that enforce152

TSP-optimal routing for every driver.153

Dense and sparse single-level reformulations. We explore two comple-154

mentary ways to handle the bilevel enforcement of TSP-optimality. Dense155

formulations represent the lower-level routing problems explicitly, through156

routing variables and constraints that encode the TSP of each driver, which157

gives accurate models at the expense of size. Sparse formulations instead158

project the routing variables out and describe route lengths implicitly, through159

value-function representations and dynamically generated cuts. For the sparse160

model, we further derive coupling inequalities based on the submodularity of161

the TSP cost, which make sparse formulations competitive in our experiments.162

Route inconsistency and the price of fairness in practice. We quantify, on163

the benchmark, the route inconsistency that Matl et al. (2018) identified for164

non-monotonic measures. It is the rule. On every instance and for every non-165

monotonic measure, a model that does not enforce TSP-optimality returns166

a plan with artificially lengthened routes, overstates the achievable fairness167

by 12% on average and by up to 99%, and repairing its routes afterwards168

leaves the plan suboptimal in most cases. We also show who pays for fairness.169

With a budget 10% above the minimum cost, two or three of five drivers are170

typically worse off than in the cost-efficient plan, and with a sufficiently large171

budget every driver can be. Some optimal fair plans are even dominated172

route by route by the cost-efficient plan, the workload inconsistency of Matl173

et al. (2018), which TSP-optimality does not prevent. We show that tight174

budgets limit this effect.175

An extensive computational study. Our experiments show that our model-176

ing choices are decisive for tractability. The sparse formulation is more than177

an order of magnitude faster than the dense one, and the coupling inequalities178

reduce the search trees by two orders of magnitude and the solution times179

by up to three. On the Range-CVRP-TSP, the only non-monotonic measure180

for which a tailored exact method exists, our general method is up to two181

orders of magnitude faster than the state of the art, the branch-price-and-cut182

algorithm of van Rossum et al. (2026b) designed for this single measure, and183

solves instances with 35 customers. For seven different fairness measures it184

proves optimality on all instances with up to 30 customers when the budget185

is 10% above the minimum cost. These results help decision-makers assess186

how much fairness can be built into their planning models while keeping them187
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tractable.188

Structure of the paper. Section 2 introduces the modeling framework based189

on the ordering of route lengths and shows how it accommodates a broad190

spectrum of linear and non-linear fairness measures. Section 3 discusses the191

role of non-monotonicity and TSP-optimality and establishes the need for192

a bilevel treatment. Section 4 presents the bilevel model, which enforces193

TSP-optimality for the route of each driver. Section 5 reformulates it as a194

single-level problem through value-function arguments, in a dense version195

that keeps the routing variables and a sparse one that projects them out.196

It also presents the coupling inequalities and replaces the remaining non-197

convex constraints by two families of valid inequalities. Section 6 reports198

the computational study, and Section 7 discusses the managerial insights,199

namely the price of ignoring TSP-optimality and the redistribution of workload200

among drivers. Section 8 presents concluding remarks and directions for future201

research. The proofs are given in Appendix A and the implementation details202

in Appendix B.203

2. Ordered framework for fair vehicle routing204

The CVRP generalizes the TSP. It looks for a set of minimum-cost routes for205

a fleet of identical vehicles that serve the demand of a set of customers without206

exceeding the vehicle capacity. It is defined on a complete directed graph207

G = (V,A) with nodes V = {0, 1, . . . , n} and arcs A = {(i, j) ∈ V ×V : i ≠ j}.208

Node 0 is the depot of a fleet K of m = |K| vehicles with capacity Q > 0, and209

V ′ = V \ {0} is the set of customers. Customer i ∈ V ′ has demand qi ≥ 0,210

and q0 = 0. Each arc (i, j) ∈ A has a positive cost cij. We assume that costs211

are symmetric, cij = cji, and satisfy the triangle inequality cij + cjl ≥ cil for212

all i, j, l ∈ V , and we set cii = 0. A solution consists of m routes such that213

each route starts and ends at the depot, each customer is visited exactly once,214

and the total demand of each route does not exceed Q.215

We use the CVRP as a baseline and build on it a framework that covers a216

wide range of fairness measures. Let Φk ≥ 0 be the length of the k-th shortest217

route of a solution, k ∈ K. Sorting the route lengths in non-decreasing order218

and weighting them with a vector λ = (λk)
m
k=1, λk ∈ R, gives a general219

objective, and different vectors λ give different measures. Table 1 lists the220

vectors of some well-known statistics. Besides the mean, the maximum and221

the quantiles, it includes measures such as the range, the Gini mean difference222

or deviations from a quantile, which are linear in the sorted variables Φk.223
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Table 1: Ordered measures and their λ-vectors for a fixed sample a1, . . . , an with order
statistics a(1) ≤ · · · ≤ a(n).

Statistic Expression λ

Mean
1

n

n∑︂
i=1

ai
1
n
(1, ..., 1)

Maximum max ai (0, ..., 0, 1)

Minimum min ai (1, 0, ..., 0, 0)

Median median ai =

{︄
a(h+1), n = 2h+ 1
a(h)+a(h+1)

2
, n = 2h

(0, ..., 0, 1⏞⏟⏟⏞
(h+1)−th

, 0, ..., 0)

(0, ..., 0,
1

2⏞⏟⏟⏞
h−th

,
1

2⏞⏟⏟⏞
(h+1)−th

, 0, ..., 0)

q-th quantile
(or τ -quantile)

a(q), q = ⌊τn⌋ (0, ..., 0, 1⏞⏟⏟⏞
q−th

, 0, ..., 0)

Range max ai −min ai (−1, 0, ..., 0, 1)

General interquantile range
(e.g., interquartile or interdecile ranges)

a(s) − a(r), (r < s) (0, ..., 0, −1⏞⏟⏟⏞
r−th

, 0, ..., 0, 1⏞⏟⏟⏞
s−th

, ..., 0)

Gini mean difference
(mean absolute difference)

1

n2

n∑︂
i,j=1

|ai − aj | 2
n2

(︁
2i− n− 1

)︁n
i=1

Mean absolute deviation
from the q-th quantile (MAD(q))

1

n

n∑︂
i=1

⃓⃓
ai − a(q)

⃓⃓
1
n
(−1, ...,−1, 2q − n− 1⏞ ⏟⏟ ⏞

q−th

, 1, ..., 1)

At a high level, the problem reads224

lord(Φ,λ) = min
∑︂
k∈K

λkΦk, (1a)

s.t. Φk ≤ Φk+1, ∀k ∈ K : k < m, (1b)
Φk is the length of route k, ∀k ∈ K. (1c)

The objective (1a) is a weighted sum of the route lengths, which constraints225

(1b) keep sorted, and is usually called an ordered measure. Constraints (1c)226

state that Φk is the length of the corresponding route. We omit the routing227

constraints, which depend on the problem at hand, so the framework can be228

used in many other vehicle routing problems.229

The framework also covers non-linear measures that penalize the deviation230

from a reference value, such as the mean or a quantile of the route lengths. It231

suffices to replace (1a) by a loss L(Φ, lord(Φ,λ)) built on that reference, with232

lord(Φ,λ) =
∑︁

k∈K λkΦk. We use the absolute and the squared deviation,233

L(Φ, lord(Φ,λ)) =
∑︂
k∈K

|Φk − lord(Φ,λ)|, (2)
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L(Φ, lord(Φ,λ)) =
∑︂
k∈K

(Φk − lord(Φ,λ))
2. (3)

If we set234

L(Φ, lord(Φ,λ)) = lord(Φ,λ), (4)

we are simply minimizing the initial ordered measure defined by vector λ.235

3. Dealing with non-monotonicity and route inconsistency236

For completeness, we start by reviewing the concept of monotonicity.237

Definition 1 (Monotonicity). Let Φ,Φ′ ∈ Rm
≥0 be two vectors of route lengths,

each associated with a feasible solution of the CVRP, where Φ = (Φk)k∈K
and Φ′ = (Φ′

k)k∈K . Let the value of the fairness measure be defined by the
loss function L(Φ, lord(Φ,λ)), where lord(Φ,λ) is an ordered measure. We say
that L(·) is monotone if the following condition holds. For any Φ′ such that
Φ′

k = Φk + δk for all k ∈ K, with δk ≥ 0 for all k ∈ K and δk > 0 for some
k ∈ K, it follows that

L(Φ′, lord(Φ
′,λ)) ≥ L(Φ, lord(Φ,λ)).

In other words, worsening at least one route while keeping all others238

no shorter cannot decrease the value of the fairness measure. Following239

Definition 1, the mean, the median (or any other quantile) and the maximum240

are monotonic measures.241

Next, we adopt, without modification, the following companion notion of242

Matl et al. (2018).243

Definition 2 (Workload inconsistency, Matl et al., 2018). Let Φ ∈ Rm
≥0 be244

the route-length vector of a feasible solution of the CVRP, whose total cost is245 ∑︁
k∈K Φk and whose value of the fairness measure is L(Φ, lord(Φ,λ)). We say246

that Φ is workload inconsistent if there exists another feasible solution, with247

route-length vector Φ′ ∈ Rm
≥0, such that248 ∑︂

k∈K

Φk >
∑︂
k∈K

Φ′
k and Φk ≥ Φ′

k, ∀k ∈ K,

and yet L(Φ, lord(Φ,λ)) < L(Φ′, lord(Φ
′,λ)). Otherwise, Φ is said to be249

workload consistent. In words, Φ is workload inconsistent whenever it is250

strictly costlier in total and no individual route is shorter, and yet the fairness251

measure ranks it strictly better.252
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The notion is more demanding than comparing total costs, since it looks at253

every route length and not just their sum. Under a monotone measure (Defini-254

tion 1) no feasible solution can be workload inconsistent, because component-255

wise dominance already forces the measure not to decrease. Monotonicity also256

guarantees that some optimal CVRP solution consists of TSP-optimal tours257

(Matl et al., 2018). Non-monotone measures such as the range or the variance258

offer neither guarantee, so route inconsistency may arise and minimum-length259

routes have to be imposed explicitly.260

Consider the CVRP instance of Table 2, with six customers, a central261

depot and two identical vehicles of capacity five. Table 3 reports the solutions262

obtained with and without TSP-optimality enforced on each route for three263

monotonic measures (mean, median and maximum) and four non-monotonic264

ones (range, Gini mean difference, mean absolute deviation from the median265

and variance). Figure 1 draws them. Under the monotonic measures the266

optimal solution is the cost-efficient one, whether or not TSP-optimality is267

imposed (Figure 1a). For the non-monotonic measures the two cases differ.268

Without TSP-optimality the model can make the two tours almost equal, but269

only by driving the second tour longer than its shortest tour, which increases270

the total distance considerably (Figure 1b). With TSP-optimality this route271

inconsistency disappears, and the optimal tours are TSP-optimal but less272

balanced (Figure 1c). The example shows two things. First, TSP-optimality273

removes route inconsistency but not workload inconsistency (Definition 2).274

Neither tour of the TSP-optimal fair solution is shorter than the corresponding275

tour of the cost-efficient solution, and yet every non-monotonic measure prefers276

the fair solution. Second, dropping TSP-optimality can increase the total277

cost, since the fair solution without TSP-optimality is longer in total than the278

one with it, so imposing it can even improve efficiency. Section 7.1 shows that279

this is not a peculiarity of the example, since every non-monotonic measure280

rewards such detours on every benchmark instance.281

Our framework also admits negative entries in the weight vector λ, which282

is what most non-monotonic fairness measures in the literature require. The283

following result shows that, for the linear loss (4), negative weights are284

necessary as well as sufficient for non-monotonicity. In other words, such an285

objective admits a representation with nonnegative coefficients if and only286

if it is monotone. This delimits what formulations restricted to nonnegative287

weights can express. The equivalence is specific to the linear case, since the288

non-linear losses (2) and (3) may fail to be monotone even when λ ≥ 0, as289

discussed after the theorem.290
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Table 2: Parameters of the route inconsistency example.

Nodes 0 1 2 3 4 5 6

Coordinates (0,10) (10,0) (-10,0) (0,-10) (7.7,0) (-7.7,0) (0,-7.7)

Demands 0 1 1 3 1 1 3

Table 3: Results of the route inconsistency example for each fairness measure, without and
with TSP-optimality. Obj is the value of the measure.

no TSP-optimal TSP-optimal

Measure Monotonicity Obj Tour 1 Tour 2 Total Obj Tour 1 Tour 2 Total

Mean yes 47.05 45.03 49.06 94.09 47.05 45.03 49.06 94.09
Median yes 47.05 45.03 49.06 94.09 47.05 45.03 49.06 94.09
Max yes 49.06 45.03 49.06 94.09 49.06 45.03 49.06 94.09
Range no 0.04 56.57 56.61 113.18 3.04 50.48 53.53 104.01
Gini no 0.02 56.57 56.61 113.18 1.52 50.48 53.53 104.01
MAD(med) no 0.02 56.57 56.61 113.18 1.52 50.48 53.53 104.01
Variance no 0.0004 56.57 56.61 113.18 2.31 50.48 53.53 104.01

Theorem 1. Let lord(Φ,λ) =
∑︁

ℓ∈K λℓΦ(ℓ) be the ordered weighted objective291

defined over the sorted route lengths Φ(1) ≤ · · · ≤ Φ(m), and let the loss292

function be the linear one given by (4), that is, L(Φ, lord(Φ,λ)) = lord(Φ,λ).293

Then lord(Φ,λ) is monotone if and only if λℓ ≥ 0 for every ℓ ∈ K.294

The proof is given in Appendix A.1.295

Consequently, for the linear loss function (4), route efficiency comes for296

free when λ ≥ 0, since some optimal solution is then TSP-optimal, whereas297

TSP-optimality must in general be imposed when λ has at least one negative298

entry (Theorem 1). This motivates the use of bilevel optimization models,299

where, in the presence of non-monotonic measures, we must ensure that each300

Φk represents the shortest route (i.e., the optimal TSP solution) for the set of301

visited customers. Regarding the absolute and squared loss functions, (2) and302

(3) respectively, there also exist cases where we need to impose TSP-optimality303

in order to have optimal routes. This is the content of Remarks 1 and 2,304

justified in Appendix A.2 and Appendix A.3.305

Remark 1. TSP-optimality must be imposed to guarantee route efficiency306

when the absolute deviation loss function (2) is minimized.307

Remark 2. TSP-optimality must be imposed to guarantee route efficiency308

when the squared deviation loss function (3) is minimized.309
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(a) Optimal for the monotonic mea-
sures

(b) Optimal for the non-monotonic
measures without TSP-optimality

(c) Optimal for the non-monotonic
measures with TSP-optimality

Figure 1: The three solutions of the route inconsistency example of Tables 2 and 3.

This analysis of monotonicity, route inconsistency and workload inconsis-310

tency yields a key insight. Monotonic fairness measures do not suffer from311

workload inconsistency and always admit an optimal solution free of route312

inconsistency, whereas non-monotonic measures may produce workload incon-313

sistencies even with TSP-optimal routes. Monotonic measures have their own314

limitations, however, since, as outlined in the introduction, the min-max ob-315

jective captures less information about overall inequality than non-monotonic316

measures. Enforcing TSP-optimality of individual routes eliminates route317

inconsistency, although workload inconsistency may persist, implying a “price318

of fairness”. Neglecting route optimality only adds unnecessary inefficiency, so319

ensuring TSP-optimality is essential for efficient fairness and a fundamental320

step toward improving workload consistency in fair vehicle routing. Section 7321

returns to workload inconsistency and measures its extent on the solutions of322

our benchmark.323

4. Bilevel optimization model324

We now present a bilevel model that imposes TSP-optimality on every route325

by a single-leader multiple-disjoint-followers structure. The leader assigns the326

customers to the m vehicles, that is, it chooses a partition {V1, . . . , Vm} of327

the customers that respects the vehicle capacity. The assignment is described328

by binary variables xk
i , with xk

i equal to 1 if customer i is assigned to vehicle329

k. Each follower (vehicle) then solves a TSP over its customers. The model330

thus separates the assignment of customers from the requirement that each331

route be as short as possible for its customers.332
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min L(Φ, ν), (5a)

s.t. ν =
∑︂
k∈K

λkΦk, (5b)

xk
0 = 1, k ∈ K, (5c)∑︂

i∈V ′

xk
i ≥ 1, k ∈ K, (5d)∑︂

k∈K

xk
i = 1, i ∈ V ′, (5e)∑︂

i∈V

qix
k
i ≤ Q, k ∈ K, (5f)∑︂

k∈K

Φk ≤ B, (5g)

Φk ≤ Φk+1, k ∈ K : k < m, (5h)
xk
i ∈ {0, 1}, i ∈ V, k ∈ K, (5i)

where Φk is the optimal value of the lower-level problem of vehicle k,333

ϕk(x
k) = min

∑︂
i∈V

∑︂
j∈V
j ̸=i

cijz
k
ij, (5j)

s.t.
∑︂
i∈V

zkij = xk
j , j ∈ V, (5k)∑︂

j∈V

zkij = xk
i , i ∈ V, (5l)∑︂

i∈S

∑︂
j∈V \S

zkij ≥ xk
h, ∅ ̸= S ⊂ V, 0 /∈ S, h ∈ S, (5m)

zkij + zkji ≤ xk
i , i, j ∈ V ′, (5n)

zkij ∈ {0, 1}, i, j ∈ V : i ̸= j. (5o)

The objective (5a) minimizes a loss L(Φ, ν), where ν =
∑︁

k∈K λkΦk is334

the ordered aggregation lord(Φ,λ) of Section 2 written as a variable. For the335

linear loss, the objective is ν itself and constraint (5b) can be dropped.336

Constraints (5c)–(5i) define the upper level. Constraints (5c) make every337

vehicle start and end at the depot, constraints (5d) ensure that every vehicle338
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is used, and constraints (5e) assign each customer to exactly one vehicle.339

Constraints (5f) impose the capacity, and (5g) bounds the total length of340

the routes by a budget B. Hereinafter, we write x ∈ X for constraints (5c),341

(5d), (5e), (5f) and (5i). Finally, constraints (5h) sort the route lengths, as342

the ordered objective requires. Without the budget constraint (5g), a non-343

monotonic measure could be improved by making the routes much longer, and344

the planner would have no control over the extra distance spent on fairness.345

The budget is therefore the lever that sets the price of fairness.346

Constraints (5j)–(5o) define the lower level, which makes Φk the length of347

a shortest tour over the customers assigned to vehicle k. The binary variable348

zkij equals 1 if vehicle k uses arc (i, j). The objective (5j) is the length of the349

tour, and constraints (5k) and (5l) make vehicle k enter and leave exactly350

the nodes assigned to it. The cutset inequalities (5m) forbid cycles that do351

not contain the depot. For every set S of nodes without the depot and every352

h ∈ S assigned to vehicle k, at least one arc must leave S, and the degree353

constraints then give it an entering arc as well. Constraints (5n) forbid using354

both (i, j) and (j, i), which removes degenerate patterns early in the search.355

We write “(x, z) is a tour” for constraints (5k)–(5o).356

For a fairness measure X, given by a loss L and a weight vector λ, problem357

(5) is the X-CVRP-TSP. For example, the Range-CVRP-TSP uses the linear loss358

(4) with λ = (−1, 0, . . . , 0, 1), and the Variance-CVRP-TSP uses the squared359

loss (3) with λ = 1
m
(1, . . . , 1).360

If the measure is monotone, the bilevel structure is not needed, because361

some optimal solution is TSP-optimal. Replacing every route of an optimal362

solution by a shortest tour over its customers does not increase the objective,363

and keeps the budget satisfied. The problem can then be solved as a single-364

level model that includes constraints (5k)–(5o) and the equations365

Φk =
∑︂
i∈V

∑︂
j∈V,j ̸=i

cijz
k
ij, k ∈ K. (6)

Most fairness measures (see Table 3 and Remarks 1 and 2) are not monotone,366

and without the lower level the leader could lengthen a route to improve the367

measure. The bilevel model forbids this, since every driver drives a shortest368

route.369

The bilevel structure has further advantages. The fairness measure appears370

only in the leader’s objective, while the followers’ problems depend only on371

the assignment. The reformulations and valid inequalities of Section 5, which372
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are derived from the lower level, are therefore the same for every measure,373

and a single implementation solves the X-CVRP-TSP for every measure of374

the framework. The leader-follower view also matches practice, where the375

planner allocates customers and the drivers, who would not follow a needless376

detour, choose their own shortest tours. Finally, new requirements on the377

plan can be added to the upper level without changing the routing part, for378

instance constraints on the redistribution of workload among drivers.379

5. Handling the bilevel structure380

This section turns the bilevel model (5) into a single-level mixed-integer381

program. Sections 5.1 and 5.2 present a dense reformulation, which keeps382

the routing variables, and a sparse one, which projects them out. Section 5.3383

strengthens the sparse model with coupling inequalities, and Section 5.4384

replaces the remaining non-convex constraint by valid inequalities. The proofs385

of all results of this section are given in Appendix A.386

5.1. Dense value-function reformulation387

The lower level (5j)–(5o) is not convex, so the bilevel problem cannot be388

reformulated with the Karush-Kuhn-Tucker conditions or with strong duality.389

We use instead the value-function reformulation390

min L(Φ, ν), (7a)

s.t. ν =
∑︂
k∈K

λkΦk, (7b)

x ∈ X, (7c)∑︂
k∈K

Φk ≤ B, (7d)

Φk ≤ Φk+1, k ∈ K : k < m, (7e)
(x, z) is a tour, k ∈ K, (7f)∑︂
i∈V

n∑︂
j=0,j ̸=i

cijz
k
ij = Φk, k ∈ K, (7g)

Φk ≤ ϕk(x
k), k ∈ K, (7h)

in which the only constraint inherited from the bilevel structure is the value-391

function constraint (7h). Constraints (7f) and (7g) already make Φk the392
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length of a tour over the customers of vehicle k, so Φk ≥ ϕk(x
k) always393

holds. Imposing TSP-optimality therefore only requires the upper bound394

Φk ≤ ϕk(x
k), which is non-convex.395

One might hope to economize on separation effort by imposing the upper-396

bounding condition Φk ≤ ϕk(x
k) only for those k ∈ K with λk < 0, since for397

λk ≥ 0 a value of Φk > ϕk(x
k) is never directly rewarded by the objective398

lord(Φ,λ) =
∑︁

k∈K λkΦk. The next proposition shows that this intuition is399

false.400

Proposition 1. The following statements hold.401

(a) Correctness of Model (7). Model (7) is an exact reformulation of the402

bilevel problem (5).403

(b) Necessity of full enforcement. Consider the linear loss (4), let404

K− = {k ∈ K : λk < 0} be non-empty and let k0 = minK−. Dropping405

constraint (7h) for a single position k ∈ K yields a strict relaxation of406

model (7), that is, a model whose optimal value is strictly smaller on some407

instances, if and only if k ≥ k0.408

The proof is given in Appendix A.4.409

For the range, k0 = 1, so (7h) is needed for every position, including410

those with λk = 0; the same holds for the Gini mean difference and the mean411

absolute deviation from the minimum, whose first weight is negative. For a412

monotone measure, K− is empty and, as discussed in Section 4, the bilevel413

structure is not needed.414

5.2. Sparse value-function reformulation415

The dense model contains all the lower-level constraints and the O(n2m)416

binary routing variables zkij , which can make it hard to solve. These variables417

can be projected out and replaced by constraints that describe the TSP cost418

as a function of the assignment x. Projecting z out of (7) gives the sparse419

model420

min L(Φ, ν), (8a)

s.t. ν =
∑︂
k∈K

λkΦk, (8b)

x ∈ X, (8c)∑︂
k∈K

Φk ≤ B, (8d)
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Φk ≤ Φk+1, k ∈ K : k < m, (8e)
ϕk(x

k) ≤ Φk, k ∈ K, (8f)
Φk ≤ ϕk(x

k), k ∈ K, (8g)

where constraints (7f) and (7g) are replaced by the lower bound (8f). In the421

dense model this bound held automatically. Now that Φk is no longer tied to422

a tour, it has to be imposed explicitly. Constraint (8g) is the same as (7h)423

and is treated in Section 5.4.424

Remark 3 (Correctness of the sparse model). If constraints (8f) and (8g)425

are both imposed, then Φk = ϕk(x
k) for every k ∈ K, and model (8) is an426

exact reformulation of (5), as in the dense case. Proposition 1(b) also holds427

for the sparse model, with the same proof. It is even easier to violate here,428

since once (8g) is dropped for k, the continuous variable Φk is only bounded429

from below by (8f) and may take any value that the ordering and budget430

constraints allow.431

Let T be the set of all routes in G. A route T = (VT , AT ) ∈ T is given by432

its node set VT , which contains the depot and at least one customer, and its433

arc set AT . We write C∗
T =

∑︁
(i,j)∈AT

cij for its length and TSP(VT ) for the434

length of a shortest tour over VT .435

Constraint (8f) cannot be written directly, since ϕk(x
k) has no closed form.436

We replace it by the integer L-shaped cuts (Laporte and Louveaux, 1998)437

Φk ≥ Φk + (TSP(VT )− Φk)

(︄∑︂
i∈VT

xk
i − |VT |+ 1

)︄
, T ∈ T , k ∈ K, (9)

where Φk is a lower bound on the length of any route (Appendix B.1), which438

is also used as a lower bound on the variable Φk. If vehicle k serves all439

customers of VT , and possibly others, the cut gives Φk ≥ TSP(VT ), because440

the TSP cost cannot decrease when customers are added. If a customer of VT441

is missing, the right-hand side is at most Φk and the cut says nothing new.442

Every route T that we separate, for this cut and for those of Section 5.4, is an443

optimal tour over the customers that a vehicle serves in an integer solution,444

which respects the capacity and serves at least one customer. All separated445

routes therefore satisfy Φk ≤ TSP(VT ) ≤ Φ, where Φ is the upper bound on446

the length of any route used in Section 5.4.1 (Appendix B.1), so the gaps447

TSP(VT )− Φk and Φ− TSP(VT ) that appear in the cuts are nonnegative.448
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Alternatively, a family of logic-based TSP-optimality cuts (Fachini and449

Armentano, 2020) remains informative when some customers of VT are missing.450

The idea is that removing a customer i from a tour can shorten it by at most451

the cost of the two edges that i would need to be visited again. Since costs452

are symmetric, only the edges incident to i matter, and we write c
[1]
i ≥ c

[2]
i453

for the two largest values among {cij : j ∈ V, j ̸= i}. The cuts read454

Φk ≥ TSP(VT )−
∑︂
i∈VT

(1− xk
i )
(︁
c
[1]
i + c

[2]
i

)︁
, T ∈ T , k ∈ K. (10)

Validity follows from a sequential insertion argument. Starting from an455

optimal tour over the nodes assigned to vehicle k, each missing customer i456

of VT can be inserted between two consecutive nodes p ̸= q of the current457

tour at a cost cip + ciq − cpq ≤ c
[1]
i + c

[2]
i , and such a tour always has two458

distinct nodes because every vehicle serves at least one customer. This gives459

a tour over a superset of VT , whose length is at least TSP(VT ), and hence460

(10). Unlike (9), which only counts the missing customers and uses the gap461

g
k
= TSP(VT )− Φk, this bound depends on which customers are missing.462

Proposition 2. For a route T ∈ T and k ∈ K, neither (9) nor (10)463

dominates the other in general.464

The proof is given in Appendix A.5.465

5.3. Coupling inequalities466

The cuts above are separated dynamically and enter the model only467

when an integer solution violates them. We now add two families of coupling468

inequalities, which are lower bounds on Φk that depend only on the assignment469

and on the data. They can be included in the initial model, so the linear470

relaxation uses them from the root node on.471

The first family looks at pairs of customers. For i ≠ j ∈ V ′, let Tij =472

c0i + cij + cj0 be the length of the tour through {0, i, j}. For every ordered473

pair i ̸= j and every k ∈ K we impose the pair-envelope inequality474

Φk ≥ ℓij(x
k) := 2c0i x

k
i +

(︁
Tij−2c0i

)︁
xk
j , i ̸= j ∈ V ′, k ∈ K. (pair-env)

In this subsection, an inequality Φk ≥ h(xk) is called valid if h(1S) ≤ TSP(S)475

for every S ⊆ V ′, where 1S is the incidence vector of S and TSP(S) is the476

length of a shortest tour through the depot and S, that is, validity refers to477

the routing cost alone.478
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Proposition 3. Inequalities (pair-env) are valid. Moreover, for every pair479

i ≠ j ∈ V ′ they are the strongest valid inequalities that involve only xk
i and xk

j ,480

in the sense that any valid inequality Φk ≥ h(xk) with h affine is dominated481

by (pair-env).482

The proof is given in Appendix A.6. In short, on the ground set {i, j} the483

tour length S ↦→ TSP(S) is submodular, because Tij ≤ 2c0i + 2c0j by the484

triangle inequality; for a submodular function on two elements the Lovász485

extension coincides with the lower convex envelope (Lovász, 1983), and486

(pair-env) and its counterpart with i and j exchanged are precisely the two487

extended polymatroid inequalities (Edmonds, 1970) that describe it. Any488

valid inequality in xk
i and xk

j alone lies below this envelope.489

The family has m |V ′|(|V ′| − 1) inequalities with three nonzeros each490

and is added once to the initial model. The second coefficient, Tij − 2c0i =491

cij + cj0 − c0i, is the cost of inserting j between i and the depot. The pair-492

envelope inequality is thus the lower-bounding counterpart of the insertion-493

based cuts of Section 5.4.494

The second family gives constant lower bounds on the sorted route lengths.495

Let D(1) ≥ D(2) ≥ · · · ≥ D(|V ′|) be the depot costs c0i, i ∈ V ′, in non-496

increasing order, with D(|V ′|+1) = 0. For t = 0, . . . ,m − 1, let P ∗(t) be the497

largest number of customers that t vehicles can serve, so that P ∗(0) = 0.498

Proposition 4. Let p0, . . . , pm−1 be integers with pt ≥ P ∗(t) for every t.499

Every feasible solution of (8) satisfies500

Φm−t ≥ 2D(pt+1), t = 0, . . . ,m− 1. (rank-lb)

The proof is given in Appendix A.7. In words, the t longest routes can serve501

at most pt customers, so among the pt + 1 customers farthest from the depot502

at least one is served by one of the other m− t routes, and that route is at503

least as long as the round trip to this customer. The bound therefore applies504

to the (m − t)-th shortest route, whatever the assignment. For t = 0 the505

longest route is at least twice the largest depot cost, for t = 1 the second506

longest is at least twice the (p1 + 1)-th largest depot cost, and so on.507

We compute pt from the total capacity. With the demands sorted as508

q[1] ≤ q[2] ≤ . . . , we set pt = max{p :
∑︁p

j=1 q[j] ≤ tQ}. This gives pt ≥ P ∗(t),509

because any P ∗(t) customers served by t vehicles have a total demand of at510

most tQ, which is at least the sum of the P ∗(t) smallest demands. The rank511

bounds are not implied by (pair-env) at fractional points. At xk
i = 1/m for512
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all i and k, for example, (pair-env) only gives Φk ≥ maxi̸=j Tij/m ≤ 4D(1)/m,513

whereas (rank-lb) with t = 0 gives Φm ≥ 2D(1).514

The pair-envelope construction extends to triples of customers, for which515

the TSP cost is still submodular, but not to larger sets (Herer and Penn, 1995;516

Herer, 1999). The resulting triple-envelope inequalities dominate (pair-env),517

but there are m |V ′|(|V ′| − 1)(|V ′| − 2) of them, too many to include in the518

initial model, and when we separated them as cutting planes they did not519

solve any of our hardest open instances. We therefore use (pair-env) and520

(rank-lb) as coupling inequalities.521

5.4. Upper-bounding bilevel cuts522

We now deal with the non-convex constraint Φk ≤ ϕk(x
k), that is, (7h) in523

the dense model and (8g) in the sparse one. We replace it by two families524

of valid inequalities. The first one is obtained from tour enumeration (Sec-525

tion 5.4.1) and the second one from the separated route, by charging insertion526

and removal penalties (Section 5.4.2).527

Both families use the insertion penalty528

M1
i = max

{︁
0, max{cri + cit − crt : r, t ∈ V, r ̸= t, i /∈ {r, t}}

}︁
,

defined for every node i, which bounds the cost of inserting i between two529

consecutive nodes of any tour. The second family also uses a removal penalty,530

defined in Section 5.4.2 with respect to the separated route, which plays the531

opposite role and makes it too expensive for a tour to pass through a customer532

that is not assigned to it.533

The bounds that both penalties provide are proved in the appendix.534

The insertion bound of M1
i is shown in Appendix A.8, and Lemma 1 in535

Appendix A.9 combines both penalties to bound the length of a shortest tour.536

5.4.1. No-good cuts537

The TSP cost cannot decrease when customers are added, so TSP(S) ≤538

TSP(S ′) for S ⊆ S ′. If the customers of vehicle k are a subset of VT , then539

ϕk(x
k) ≤ TSP(VT ), which gives the no-good cuts540

Φk ≤ TSP(VT ) +
(︁
Φ− TSP(VT )

)︁ ∑︂
i∈V \VT

xk
i , T ∈ T , k ∈ K, (bilevel-UB)

where Φ is an upper bound on the length of any route (Appendix B.1). If a541

customer outside VT is assigned to k, the right-hand side is at least Φ and542

the cut is inactive.543
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This cut charges the same penalty Φ−TSP(VT ) for every customer outside544

VT , so a single extra customer deactivates it. Charging instead each extra545

customer its insertion penalty M1
i gives the cut546

Φk ≤ TSP(VT ) +
∑︂

i∈V \VT

M1
i x

k
i , T ∈ T , k ∈ K, (bilevel-Ins)

which is valid because the extra customers can be inserted one by one into an547

optimal tour over VT , each at a cost of at most M1
i . The same M1

i appears548

again in Section 5.4.2, where it is the penalty that decouples the lower level549

from the assignment. Neither cut dominates the other, since M1
i can be550

smaller or larger than Φ − TSP(VT ), but taking the smaller of the two for551

each customer gives a cut that is never weaker than either.552

Proposition 5. Let T ∈ T and g = Φ− TSP(VT ). The capped insertion cut553

Φk ≤ TSP(VT ) +
∑︂

i∈V \VT

min{g, M1
i } xk

i , T ∈ T , k ∈ K, (bilevel-Cap)

is valid for every feasible assignment xk, and it dominates (bilevel-UB) and554

(bilevel-Ins).555

The proof is given in Appendix A.8.556

5.4.2. Cuts with insertion and removal penalties557

The no-good cuts keep the full length TSP(VT ) of the separated route and558

only charge the customers added to it. The second family uses the route T559

itself and also accounts for the nodes of T that are not assigned to vehicle560

k. The idea is to transform T into a tour over the nodes assigned to k in561

two steps, dropping the nodes of T that are not assigned and inserting the562

assigned nodes that T does not visit, and to bound the length of the resulting563

tour, which is at least ϕk(x
k). The length of T is charged arc by arc, and only564

for the arcs that leave an assigned node i, through the term
∑︁

(i,j)∈AT
xk
i cij.565

Dropping a node i of T between its neighbours r and t replaces the path566

r → i → t by the arc (r, t); the arc term still pays cri but no longer cit,567

so the missing amount crt − cri is covered by a removal penalty of at least568

crt − cri + cit. For i ∈ VT , let569

M2,T
i = max

{︁
0, max{crt − cri + cit : r, t ∈ VT , r ̸= t, i /∈ {r, t}}

}︁
,
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and let M2,T
d = c0d when VT = {0, d}. Inserting an assigned customer u /∈ VT570

costs at most M1
u , as for the no-good cuts. For a route T ∈ T this gives the571

cut572

Φk ≤
∑︂

(i,j)∈AT

xk
i cij +

∑︂
i/∈VT

M1
i x

k
i +

∑︂
i∈VT

M2,T
i (1− xk

i ), T ∈ T , k ∈ K.

(bilevel-L)

Proposition 6. Let T ∈ T and k ∈ K. Inequality (bilevel-L) is valid for573

every feasible assignment xk, and the inequality built from an optimal tour574

over the nodes assigned to vehicle k is tight at xk.575

Tightness is immediate and the rest of the proof is given in Appendix A.9.576

Proposition 7. For a route T ∈ T and k ∈ K, neither (bilevel-Cap) nor577

(bilevel-L) dominates the other in general.578

The proof is given in Appendix A.10.579

We observe that computing M1 with respect to VT as well can cut off580

feasible solutions (see Example 1 in Appendix A.11). On the other hand,581

replacing the arc-cost term
∑︁

(i,j)∈AT
xk
i cij by the constant C∗

T can only weaken582

the cut.583

6. Computational study584

This section evaluates the models and inequalities of Section 5. Section 6.1585

describes the experimental setting. Section 6.2 chooses between the dense and586

the sparse formulation and among the upper-bounding cuts, and Section 6.3587

measures the effect of the coupling inequalities. Section 6.4 compares the588

resulting method with the state of the art on the Range-CVRP-TSP, and589

Section 6.5 compares the fairness measures with each other.590

6.1. Experimental setting591

All configurations are branch-and-cut algorithms based on one of the two592

formulations of Section 5, in which the cuts on the route lengths are added as593

lazy cuts at integer solutions; the separation, the TSP subproblems and the594

caching of their optimal tours are described in Appendix B.2. The bounds595

Φk and Φ used by the cuts are computed once per instance (Appendix B.1).596

Every run is warm-started with the cost-efficient solution, which is feasible597

for every budget.598
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Table 4: Families of valid inequalities and the formulations in which they are used.

Family Inequalities Variant Formulation Role

No-good (bilevel-UB) uniform penalty both Φk ≤ ϕk(x
k)

Insertion (bilevel-Ins) penalty M1
i both Φk ≤ ϕk(x

k)
Capped insertion (bilevel-Cap) penalty min{g,M1

i } both Φk ≤ ϕk(x
k)

Insertion and removal penalties (bilevel-L) route-restricted M2,T both Φk ≤ ϕk(x
k)

Lower-bounding (9), (10) L-shaped or logic-based sparse Φk ≥ ϕk(x
k)

Pair envelope (pair-env) convex envelope on pairs both coupling
Rank bound (rank-lb) depot costs and capacity both coupling

Subtour elimination (5m) per vehicle or aggregated dense route feasibility

Table 4 lists the inequalities of Section 5. TSP-optimality can be imposed599

with (bilevel-Cap) (which dominates the other two no-good cuts, namely600

(bilevel-UB) and (bilevel-Ins)), or with the penalty cut (bilevel-L). Since601

neither (bilevel-Cap) nor (bilevel-L) dominates the other (Proposition 7), we602

compare these two. The lower-bounding cuts (9) and (10) are only needed in603

the sparse formulation, where we always use both because neither dominates604

the other (Proposition 2). In the dense formulation, constraint (7g) already605

ensures that Φk ≥ ϕk(x
k).606

The default configuration is the sparse formulation with both lower-607

bounding cuts and, for the non-monotonic measures, the capped insertion608

cut (bilevel-Cap). For the monotonic measures max and median, no upper-609

bounding cut is used, since these measures are monotone (Theorem 1) and610

the bilevel structure is then not needed (Section 4). The strengthened611

configuration adds the coupling inequalities (pair-env) and (rank-lb) to the612

default one. Sections 6.2 and 6.3 motivate these choices, and the rest of the613

study uses the strengthened configuration.614

We use the benchmark of van Rossum et al. (2026a), see also van Rossum615

et al. (2026b). Each instance is obtained from the CVRPLIB instance X-n641-616

k35 (Uchoa et al., 2017) by taking n+ 1 consecutive nodes, the first of which617

is the depot, with m = 5 vehicles, capacity Q = ⌊
∑︁

i qi/4⌋ and rounded-up618

Euclidean distances. There are 20 instances for each n ∈ {15, 20, 25, 30}. We619

generated 17 more instances with n = 35 by the same rule, which is the620

number of disjoint blocks of 36 nodes that the original instance contains. The621

budget B is 101, 105 or 110% of the minimum total length of a solution with622

five routes, which we computed to proven optimality for every instance. The623

budget therefore says how much extra distance the fleet may drive to obtain624

a fairer plan. The time limit is 10 minutes for n = 15 and one hour otherwise.625
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All runs were made on a MacBook Pro with an Apple M4 processor and626

24 GB of RAM, using Gurobi 13.0 through its Python interface with default627

parameters and one run at a time. In the figures, |C| denotes the number of628

customers n. Claude Fable 5.1 (Anthropic) assisted in writing the code and629

running the computational experiments, and the authors verified all code and630

results.631

6.2. Dense versus sparse formulation and choice of the upper-bounding cut632

Figure 2 compares the dense formulation, with and without max-flow633

separation of the subtour cuts, and the sparse formulation on the Range-634

CVRP-TSP with n = 15 and B = 110%. All 60 runs end with a proof of635

optimality. The sparse formulation is clearly faster, with a median time of636

4.4 s against 70.1 s and 79.0 s for the two dense variants (16 to 18 times faster).637

Removing the routing variables is therefore the main source of speed, well638

ahead of any strengthening of the dense model, as the max-flow cuts illustrate.639

With about 40 cuts per run they reduce the mean time of the dense model640

by 10% (from 94.6 s to 85.0 s). About half of this saving comes from a single641

instance whose time drops from 292 s to 190 s. However, they help on only 12642

of the 20 instances, and the median time even rises, from 70.1 s to 79.0 s.643

The right panel of Figure 2 shows that the sparse model is faster even644

though it adds many more cuts, about 3 300 per run in the median against 40645

to 80 for the dense variants. Each node of the dense model carries all routing646

variables and is expensive to solve, whereas the linear programs of the sparse647

model are small. Therefore, in the rest of the study we use the sparse model.648

Next we choose the upper-bounding cut. Table 5 compares the capped649

insertion cut (bilevel-Cap), the penalty cut (bilevel-L) and their combination650

on the five non-monotonic measures, which are the only ones that need such a651

cut. At n = 15 all runs finish in less than 20 seconds. The capped insertion cut652

has the lowest median time, (bilevel-L) is slightly slower and the combination653

lies in between. At n = 20, with a common limit of 1 000 s, the three are654

close. The capped insertion cut is still the fastest in the median, while the655

combination solves three more of the hardest runs within the limit. Since656

both families are separated on the same tours, the combination adds roughly657

the sum of their cuts, and its slightly better tail is paid for with slower typical658

runs. We therefore keep (bilevel-Cap) in the default configuration.659
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Figure 2: Dense and sparse formulations on the Range-CVRP-TSP, n = 15, B = 110%, 20
instances per configuration, all solved to optimality. Left: distribution of the solution time
(log scale). Right: empirical distribution of the number of cuts added per run, summed
over all active families (log scale).

Table 5: Upper-bounding cuts in the sparse formulation, five non-monotonic measures with
20 instances each, B = 110%. Median solution time, average number of upper-bounding
cuts per run and number of runs not solved within the time limit (600 s for n = 15 and
1 000 s for n = 20).

n = 15 n = 20

Cut Median (s) Cuts/run Unsolved Median (s) Cuts/run Unsolved

(bilevel-Cap) 4.51 218.7 0/100 196.0 800.9 12/100
(bilevel-L) 5.66 237.7 0/100 222.3 947.5 10/100
both 4.69 434.1 0/100 226.8 1 587.9 9/100

6.3. Effect of the coupling inequalities660

Table 6 shows what happens when the rank bounds (rank-lb), the pair-661

envelope inequalities (pair-env), or both, are added to the default configura-662

tion, for every measure with B = 110% and n ∈ {15, 20}. All variants reach663

the same optimal values.664

On their own, the rank bounds give a moderate improvement. At n = 15665

they almost halve the search tree and the time, and at n = 20 they remove666

about a third of the nodes and of the time. Their effect depends on the667

measure. It is large for range and gini, whose time at n = 20 falls from 217668

to 132 s and from 410 to 191 s. It disappears for max, which even becomes669

slower (166 to 206 s).670

The pair-envelope inequalities have a much larger effect. At n = 15 the671
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Table 6: Effect of the coupling inequalities for each fairness measure at B = 110%. Average
solution time (s) and average number of nodes over 20 instances.

default +rank +pair-env +pair-env+rank

n Measure Time (s) Nodes Time (s) Nodes Time (s) Nodes Time (s) Nodes

15

max 2.39 36,504 1.81 29,584 0.15 862 0.08 821
median 6.30 17,053 1.36 25,096 0.20 237 0.11 386
range 5.16 97,817 2.55 42,657 0.21 1,599 0.15 1,382
gini 6.07 114,268 3.07 50,940 0.21 1,856 0.15 1,638
mad(med) 5.70 105,688 3.64 57,350 0.23 2,230 0.18 2,239
mad(min) 5.89 121,007 3.59 62,002 0.23 2,273 0.15 1,754
variance 5.87 124,876 3.82 70,716 0.19 1,798 0.16 1,421

20

max 166.0 395,987 205.8 493,849 0.83 4,401 0.39 4,312
median 278.9 730,993 223.0 585,261 1.02 4,229 0.74 5,174
range 216.9 625,032 131.7 380,425 0.76 7,078 1.37 7,174
gini 410.0 995,295 190.7 493,655 0.83 7,600 0.70 7,924
mad(med) 402.5 860,700 267.2 646,143 1.10 9,510 0.98 9,484
mad(min) 457.6 1,279,098 284.3 767,674 1.09 9,086 0.83 8,367
variance 454.4 1,342,094 295.6 814,052 1.04 10,556 0.98 10,061

search tree becomes 57 times smaller on average over the seven measures672

(42 to 72 times for each measure), and the average time drops from 5.3 s to673

0.2 s. At n = 20 the tree becomes 119 times smaller (88 to 173 times for each674

measure), and the average time falls from about six minutes to about one675

second. The reason lies in the linear relaxation. Without (pair-env) nothing676

links Φk to the assignment until lazy cuts accumulate, so the root bound677

of the range is zero and the search has to enumerate assignments. With678

them, the root bound already reaches 50 to 70% of the optimal value, and679

the number of lazy cuts per run drops from thousands, or tens of thousands680

at n = 20, to a few hundred. The improvement is similar for all measures.681

The hardest ones for the default configuration, gini, both mad measures682

and variance, which need more than 400 s at n = 20, now take about one683

second like the others. Adding the rank bounds on top of the pair-envelope684

inequalities changes the size of the search tree only moderately, by at most685

23% except for median at n = 15, which hardly matters at these times, and686

we keep them because they cost almost nothing.687

6.4. Comparison with the state of the art on the Range-CVRP-TSP688

The range is the only measure for which another exact method exists. van689

Rossum et al. (2026a) solve the Range-CVRP-TSP with a branch-and-price690

algorithm and handle TSP-optimality either by postprocessing or, exactly691

but at a prohibitive cost on larger instances, inside the pricing problem. van692
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Table 7: Comparison with the state of the art on the Range-CVRP-TSP (20 instances per
size and 17 for n = 35, time limit of 10 minutes for n = 15 and one hour otherwise).

n B (%) Strengthened configuration van Rossum et al. (2026b)

#Solved Time (s) Gap (%) #Solved Time (s) Gap (%)

15
101 20/20 0.11 0.00 20/20 4 0.00
105 20/20 0.14 0.00 20/20 7 0.00
110 20/20 0.15 0.00 20/20 11 0.00

20
101 20/20 0.48 0.00 20/20 19 0.00
105 20/20 0.71 0.00 20/20 56 0.00
110 20/20 1.37 0.00 20/20 159 0.00

25
101 20/20 103.6 0.00 20/20 299 0.00
105 20/20 7.6 0.00 20/20 468 0.00
110 20/20 9.0 0.00 16/20 1 310 0.27

30
101 19/20 222.7 1.49 20/20 772 0.00
105 20/20 33.3 0.00 17/20 1 419 0.07
110 20/20 27.2 0.00 15/20 1 747 0.34

35∗
101∗∗ 12/17 1 466 7.20 – – –
105 11/17 1 608 6.92 – – –
110 15/17 834 0.53 – – –

Unsolved runs enter the averages with the time limit and their final gap. Budgets are
relative to the minimum cost of each instance. The right columns are the figures reported
by van Rossum et al. (2026b). ∗New instances, for which no other results exist. ∗∗Better of
two runs per instance, with and without the two-index variables and constraints described
in the text.

Rossum et al. (2026b) then impose it exactly with lifted TSP-optimality693

cuts in a branch-price-and-cut algorithm, which is the current state of the694

art. Table 7 compares our strengthened configuration with their best setting695

(“Cuts + Lifting”, CPLEX 22.1, one hour per instance on an AMD Rome696

7H12 processor with 16 GB of RAM) on the same instances and budgets, and697

adds our results for n = 35.698

Up to n = 20 both methods solve every instance, and ours is 36 to 116699

times faster on average (0.1 to 1.4 s against 4 to 159 s). The difference grows700

with the size of the instances. At n = 25 we solve all 60 runs in 8 to 104 s701

on average, whereas the branch-price-and-cut needs 299 to 1 310 s and leaves702

four instances open at B = 110%. Our average of 104 s at B = 101% comes703

from a single instance that takes 2 011 s. At n = 30 we solve 59 of the 60704

runs in 27 to 223 s on average, against 772 to 1 747 s and 52 solved runs for705

van Rossum et al. (2026b). They do solve the run we leave open, instance706

14 at B = 101%, which ends with a gap of 30% after one hour in our case.707

The two methods ran on different machines, but differences of one to two708
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orders of magnitude cannot be explained by hardware alone. The gaps of 80709

to 90% at n = 25 that van Rossum et al. (2026b) report for an earlier version710

of this work were obtained with a preliminary implementation of the default711

configuration.712

Instances with 35 customers are at the limit of what the method solves in713

one hour. With B = 110%, 15 of the 17 instances are solved in 17 to 1 465 s,714

and the other two end with gaps of 0.2% and 8.7%. With B = 105%, 11715

instances are solved and the remaining six end with gaps between 3% and716

45%. Compared with the cost-efficient plan, the best fair plans found reduce717

the range by 39% on average at B = 105% and by 62% at B = 110%. The718

tight budget B = 101% is the hardest case, with only 8 instances solved. For719

this budget we also tried adding to the sparse model two-index edge variables720

ye linked to the assignment, together with the budget written on the edges,721

the inequality
∑︁

k∈K Φk ≥
∑︁

e ceye and the usual capacity and connectivity722

cuts. The two-index variables make each node slower but the relaxation723

stronger. At B = 105% this extended model is 5 to 18 times slower on the724

four instances that both versions solve. At B = 101%, however, it solves 10725

instances, four of which the base version cannot solve, while it loses two that726

the base version solves within 12 minutes. Keeping the better of the two runs,727

as in Table 7, gives 12 solved instances out of 17, and the five open ones end728

with gaps above 2% in both versions.729

Table 7 only covers the range because no exact method exists for the other730

measures, and the method of van Rossum et al. (2026b) is built around the731

range. Our method does not depend on the measure. The results for the732

other six measures in Section 6.5 are obtained with the same code, where733

only λ and the loss change and the upper-bounding cuts are switched off for734

the monotonic measures. With B = 110%, the strengthened configuration735

solves every instance with up to 30 customers for all seven measures. To736

our knowledge, it is the first exact method for the X-CVRP-TSP beyond the737

range.738

6.5. Comparison of fairness measures739

Figure 3 shows the solution times of the seven measures with the strength-740

ened configuration and B = 110%. All 560 runs end with a proof of optimality,741

so the figure compares solution times only, resulting in three observations.742

First, the size of the instance matters much more than the measure. The743

median time over all measures grows by a factor of 3 to 5 with every five744

additional customers, from 0.1–0.2 s at n = 15 to 7–24 s at n = 30, or 34 s for745
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max. Up to n = 25, the medians of the seven measures differ by at most a746

factor of 2.5 for a given size.747

Second, the measures differ in their worst cases rather than in their typical748

behavior. At n = 25 the slowest run takes between 23 and 68 s for mad(min),749

max, mad(med) and gini, but 128 s for range, 186 s for median and 387 s750

for variance. At n = 30 the slowest run takes at most 11 minutes for six751

measures, while mad(med) needs up to 29 minutes. max and mad(med)752

also have the heaviest tails, with a tenth of their runs above 9 minutes, against753

less than 2 minutes for the other measures.754

Third, some instances are hard for every measure. Instance 9 is the slowest755

instance with n = 20 for five of the seven measures, and instance 14 is the756

slowest with n = 25 for five measures and with n = 30 for three. Instance 14757

is also by far the hardest instance with n = 25 for the minimum-cost problem,758

and instance 9 one of the hardest with n = 20. The difficulty therefore lies759

mainly in proving that the assignment is optimal under the budget, which is760

common to all measures.761

The monotonic measures max and median do not need upper-bounding762

cuts, yet they are not easier than the others. Up to n = 25 they behave like763

the non-monotonic measures, and at n = 30 max has the largest median764

time (34 s against 7 to 24 s) and the largest search trees (122 000 nodes in765

the median, against 41 000 to 111 000). Skipping the upper-bounding cuts766

does help. Separating (bilevel-Cap) anyway, which is valid but unnecessary,767

multiplies the median time at n = 30 by 2.7 for max and by 1.5 for median,768

with the same optimal values. This behavior also suggests that, when only769

one of these measures is of interest, a more tailored formulation may be770

preferable. Since their weight vectors contain only a single nonzero entry,771

the model unnecessarily incurs the burden of sorting elements that do not772

contribute to the objective.773

7. Managerial insights774

This paper shows that fair plans can now be computed exactly at realistic775

sizes and for many measures. This section uses them to answer three questions776

that a planner faces before adopting such a plan. Throughout the section, the777

cost-efficient plan is the minimum-cost solution with five routes that defines778

the budgets (Section 6.1). Its routes are TSP-optimal, and we also refer to779

it as the plan with B = 100%. A fair plan is an optimal solution of the780

X-CVRP-TSP for a given budget B. Since the vehicles are identical, a driver781
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Figure 3: Solution time per fairness measure and instance size (strengthened configuration,
B = 110%, 20 instances per box, logarithmic scale). The dashed line is the time limit.

has no identity across plans. We therefore compare routes by their position in782

the sorted order and say that the driver in position k is worse off if the k-th783

shortest route of the fair plan is longer than that of the cost-efficient plan. In784

all our instances the five drivers are on duty, since every vehicle must be used785

(constraints (5d)).786

The first question is how much fairness a given budget buys. Over the787

instances with up to 25 customers, allowing 1, 5 and 10% more distance788

than the cost-efficient plan reduces its range by 5–11%, 25–37% and 47–59%789

on average. The effect varies a lot between instances. At B = 110% the790

reduction goes from 19% to 91%, and at B = 101% the fair plan is often the791

cost-efficient plan itself. The second question is whether TSP-optimality may792

be left out of the model for the sake of simplicity; Section 7.1 shows what this793

costs. The third question is who pays for this fairness. For a non-monotonic794

measure, the measure can improve while most drivers drive more than in the795

cost-efficient plan. In its extreme form this is the workload inconsistency of796

Definition 2, which TSP-optimality does not prevent (Section 3). Section 7.2797

shows that the plan can become much worse for the drivers without imposing798

the budget constraint.799

7.1. The price of ignoring TSP-optimality800

Matl et al. (2018) ask “to what extent workload inconsistency and non-801

TSP-optimality are a relevant concern in practice for nonmonotonic measures”,802
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Table 8: The model without TSP-optimality enforcement against the exact one (strength-
ened configuration, 20 instances per row). Route inconsistent: runs whose relaxed optimum
is strictly below the true optimum. Overstatement: relative gap between the two optimal
values. Post-processing: runs on which the repaired plan is not optimal, and its relative
gap to the optimum (average and maximum, in %).

relaxed model post-processing

n measure B (%) route inc. avg max subopt. avg max

15

max 110 0/20 0.0 0.0 0/20 0.0 0.0
median 110 0/20 0.0 0.0 0/20 0.0 0.0
range 101 20/20 3.6 7.9 0/20 0.0 0.0
range 105 20/20 8.6 19.8 8/20 1.9 16.4
range 110 20/20 12.9 41.4 16/20 13.5 56.6
gini 110 20/20 9.5 36.6 14/20 7.1 45.1
mad(med) 110 20/20 13.4 39.7 14/20 10.4 56.6
mad(min) 110 20/20 22.0 60.4 14/20 20.4 144.6
variance 110 20/20 15.1 52.0 16/20 14.6 64.1

20

max 110 0/20 0.0 0.0 0/20 0.0 0.0
median 110 0/20 0.0 0.0 0/20 0.0 0.0
range 101 20/20 3.5 8.3 0/20 0.0 0.0
range 105 20/20 6.5 17.7 12/20 4.6 38.6
range 110 20/20 12.0 90.9 16/20 12.6 118.6
gini 110 20/20 10.9 93.3 18/20 14.5 104.9
mad(med) 110 20/20 13.2 94.4 14/20 24.7 121.1
mad(min) 110 20/20 20.4 95.4 16/20 24.0 174.3
variance 110 20/20 15.0 99.1 16/20 27.5 273.6

and their enumeration study on instances with up to 14 customers found both803

to be frequent among Pareto-optimal solutions of the bi-objective problem.804

The first part of the question concerns workload inconsistency, to which we805

return in Section 7.2; here we address the second part. We solved every run of806

the n ∈ {15, 20} grid a second time with the same strengthened configuration807

but without any TSP-optimality enforcement, that is, with constraint (7h)808

dropped for every vehicle. The optimal value of this relaxed model is a lower809

bound on the true optimum. We then repaired the relaxed plan by replacing810

every route by the shortest tour over its customers and evaluated the measure811

on the repaired plan. Table 8 reports, per size, measure and budget, how812

often the relaxed plan is route inconsistent, by how much the relaxed model813

overstates the achievable fairness, and how far the repaired plan is from the814

true optimum.815

For the five non-monotonic measures, on every one of the 280 runs the816

relaxed plan contains at least one route that is not a shortest tour. The817

fairness that the relaxed model claims is overestimated by 12% on average,818
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by 3–4% for the range at B = 101% and by 20–22% for mad(min), and by819

up to 99% on single runs. Repairing the routes afterwards does not recover820

the optimum either. At B = 110% the post-processed plan is suboptimal821

on 70–90% of the runs, by 7–28% on average and by up to 274%, because822

the assignment chosen by the relaxed model was only good together with823

its inflated routes. At B = 105% the post-processed range plan is still824

suboptimal on 8 of the 20 instances with n = 15 and on 12 of the 20 with825

n = 20, by up to 16% and 39% respectively. Only at B = 101%, where the826

slack leaves little room for detours, did post-processing return the optimal827

plan on all of our runs (the 40 range runs with 15 and 20 nodes).828

7.2. Who pays for fairness829

With a non-monotonic measure, a plan can be Pareto-efficient for cost and830

fairness and yet workload inconsistent: every driver drives more than in some831

other feasible plan. Matl et al. (2018) prove that monotonic measures exclude832

the phenomenon and that TSP-optimality does not (their Observation 3). In833

this section we take the cost-efficient plan as the reference and compare the834

individual route lengths of the optimal fair plans of the benchmark, all of835

them with TSP-optimal routes, with those of the reference plan, driver by836

driver.837

Over the 40 instances with n ∈ {15, 20} and the range as measure, four838

of the 120 optimal fair plans are dominated route by route by the cost-839

efficient plan itself, at B = 105% and 110%, and are therefore workload840

inconsistent although every route is a shortest tour. On instance 18 with841

n = 20 and B = 110%, the sorted route lengths of the cost-efficient plan are842

(221, 780, 1332, 1431, 1577) with range 1356, and those of the fair plan are843

(732, 786, 1332, 1431, 1577) with range 845. No driver is better off, the longest844

routes are kept and two shorter routes become longer. Definition 2 compares845

a plan with every cheaper feasible plan and not only with the cost-efficient846

one, so this count is only a lower bound. Relative to the cost-efficient plan, at847

least one driver improves in all other runs in which the fair plan differs from848

the cost-efficient one, but most drivers can still be worse off, as instance 15849

with n = 20 shows (Figure 4). Sorted from shortest to longest, the routes of850

the cost-efficient plan (B = 100%) have lengths (732, 1318, 1713, 1761, 2213),851

with range 1481 and total cost 7737. At B = 110% the range drops to 612,852

with lengths (1464, 1478, 1724, 1767, 2076), but 4 of the 5 drivers are worse853

off. The shortest route doubles, and only the driver of the longest route854

benefits. This optimal plan is not unique. Another plan with the same855
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range, found by the strengthened configuration, leaves only two drivers worse856

off, so the choice among optimal fair plans also matters for the drivers. At857

B = 105% the range is 967, with lengths (1116, 1324, 1761, 1838, 2083), and858

again 4 drivers are worse off. We also solved this instance with B = 120%,859

which is outside the grid of Section 6.1. The range then falls to 132, with860

lengths (1796, 1818, 1868, 1873, 1928) and optimality proven in 179 s. The861

fleet is then almost perfectly balanced, but still 4 drivers are worse off. Only862

at B = 101% is the picture different. The fair plan keeps three of the five cost-863

efficient routes unchanged, only one driver is worse off, and the range is 1351.864

Without any budget, that is, without constraint (5g), the plan of instance 15865

becomes workload inconsistent in the most extreme way. Within one hour the866

solver finds a solution with range 18 and lengths (2281, 2281, 2291, 2298, 2299),867

without proving optimality, in which every driver is worse off than in the868

cost-efficient plan and the total cost is 11 450, 48% above the minimum. For a869

planner, the lesson is that with a non-monotonic measure a moderate increase870

of the budget can make almost the whole fleet worse off than in the cost-871

efficient plan, or even produce a workload inconsistent plan, while the fairness872

measure improves considerably. A tight budget limits the redistribution to873

one or two drivers, whereas removing the budget can make every driver worse874

off at once.875

This pattern is not specific to one instance. Table 9 reports, over the876

20 instances of each size, the number of drivers who are worse off than in877

the cost-efficient plan and the relative change of their route lengths, for the878

optimal plans found by the strengthened configuration. Both the typical879

and the worst-case number of drivers worse off grow with the budget. At880

B = 110% the median is 2 to 3 drivers out of 5 and the worst case 4. The881

median relative change is zero at every budget, because many routes are kept882

unchanged. The mean is much higher, pulled up by drivers whose cost-efficient883

route served a single nearby customer, for whom a small absolute increase884

becomes a very large relative one.885

8. Conclusions886

We introduced the X-CVRP-TSP, a capacitated vehicle routing problem in887

which every route must be a shortest tour for its customers and the fairness888

of the plan is measured by an ordered function of the route lengths. The889

ordered framework covers the usual fairness measures in a single model, from890

the mean and the maximum to the range, the Gini mean difference, absolute891
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v4 (1767)
v5 (2076)

cost=9283, range=132
Fair (B=120%)

v1 (1796)
v2 (1818)
v3 (1868)

v4 (1873)
v5 (1928)

cost=11450, range=18
Fair (no budget cap)
(not proven optimal)

v1 (2281)
v2 (2281)
v3 (2291)

v4 (2298)
v5 (2299)

Figure 4: Cost-efficient plan and fair (range) plans with B = 101, 105, 110 and 120% and
without budget, instance 15 with n = 20. Customer coordinates are recovered from the
distance matrix by classical multidimensional scaling. Legends give the route lengths from
shortest (v1) to longest (v5), and panel titles give the total cost and the range. The plan
without budget is the best solution found within one hour.

deviations and the variance. The Range-CVRP-TSP had been studied before,892

and the other measures are addressed here for the first time.893

A bilevel model, in which a planner assigns customers to vehicles and each894

driver solves a TSP, guarantees that all routes are TSP-optimal. It rules out895

the needless detours that non-monotonic measures would otherwise reward,896

and it keeps the routing part independent of the measure, so that one method897

serves all of them. Our experiments reveal that, without TSP-optimality898

enforcement, every benchmark run with a non-monotonic measure returns a899

route inconsistent plan whose fairness is overstated by 12% on average, and900

post-processing the routes does not recover the optimum. This quantifies, on901

the benchmark, the concern about non-TSP-optimality raised by Matl et al.902

(2018).903

Imposing TSP-optimality does not prevent workload inconsistency. On904

our benchmark, with a budget 10% above the minimum cost, two or three905
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Table 9: Fair (range) plans of the strengthened configuration against the cost-efficient
plan (B = 100%), 20 instances per size. Number of drivers worse off (out of 5, one value per
instance) and relative change of the sorted route lengths (over all drivers and instances).

Drivers worse off (of 5) Relative change vs. B = 100% (%)

n B (%) Min Median Mean Max Min Median Mean Max

15
101 0 0.0 0.35 2 −29.9 0.0 4.1 304.0
105 0 1.5 1.55 3 −29.5 0.0 49.5 2607.1
110 1 2.0 1.95 4 −23.6 0.0 97.8 3785.7

20
101 0 0.0 0.65 2 −19.0 0.0 5.9 318.5
105 1 2.0 1.95 4 −29.8 0.0 38.0 703.7
110 1 3.0 2.45 4 −22.9 0.0 66.5 1144.0

of five drivers are worse off than in the cost-efficient plan, some optimal906

range plans are dominated route by route by the cost-efficient plan itself,907

and without a budget every driver can be worse off. Tight budgets limit this908

effect.909

The sparse reformulation and the coupling inequalities make the approach910

practical. The resulting method solves the Range-CVRP-TSP up to two orders911

of magnitude faster than the state of the art, handles instances with 35912

customers, and solves instances with up to 30 customers for seven fairness913

measures.914

Future research includes decomposition methods based on column gen-915

eration, heuristics for larger instances, and fair routing with time windows,916

uncertain demands or several depots. In all these cases the bilevel structure917

allows the routing part to change without touching the fairness part. The918

exact detection of workload inconsistency, which requires comparing a plan919

with every cheaper feasible plan, and the separation of constraints that prevent920

it are the subject of future work.921

Declaration of generative AI and AI-assisted technologies in the922

manuscript preparation process923

During the preparation of this work the authors used Claude Fable 5.1924

(Anthropic) in order to check grammar, spelling and references, to review925

the correctness of the manuscript and to assist in drafting proofs. The use926

of this tool for the code and the computational experiments is described in927

Section 6.1. After using this tool, the authors carefully reviewed, verified and928

edited the content and take full responsibility for it.929
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Appendix A. Proofs1089

Throughout, costs are symmetric and satisfy the triangle inequality, S =1090

{i ∈ V : xk
i = 1} denotes the set of nodes assigned to vehicle k, which contains1091

the depot and at least one customer, and TSP(S) = ϕk(x
k). For a route T1092

we write W = VT ∩ S for the nodes of T that are still assigned, D = VT \ S1093

for the dropped ones and U = S \ VT for the assigned nodes outside T .1094

Appendix A.1. Proof of Theorem 11095

(⇐) Assume λℓ ≥ 0 for all ℓ ∈ K, and let Φ′ = Φ + δ with δ ≥ 0.1096

The order statistics are monotone, that is, Φ(ℓ) ≤ Φ′
(ℓ) for every ℓ. Indeed,1097

Φ(ℓ) = minI⊆K, |I|=ℓmaxi∈I Φi, and maxi∈I Φi ≤ maxi∈I Φ
′
i for every set I.1098

Hence1099

lord(Φ
′,λ)− lord(Φ,λ) =

∑︂
ℓ∈K

λℓ

(︁
Φ′

(ℓ) − Φ(ℓ)

)︁
≥ 0,

and the measure is monotone.1100

(⇒) We prove the contrapositive. Let λj < 0 for some j ∈ K, choose1101

Φ ∈ Rm
≥0 with pairwise distinct entries, and let ij be the index of the entry in1102

sorted position j, so that Φij = Φ(j). Since the entries are distinct, there is1103

δ > 0 such that Φ(j) + δ is still smaller than Φ(j+1) (no condition is needed if1104

j = m). Define Φ′ by Φ′
ij
= Φij + δ and Φ′

i = Φi for i ≠ ij . Then Φ′ ≥ Φ, the1105

sorted order does not change, and only the j-th order statistic increases, by δ.1106

Therefore1107

lord(Φ
′,λ)− lord(Φ,λ) = λjδ < 0,

so lord is not monotone.1108
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Appendix A.2. Justification of Remark 11109

Consider the absolute deviation from the q-th smallest route length,1110 ∑︂
k∈K

⃓⃓
Φk − Φ(q)

⃓⃓
, (A.1)

which is the loss (2) with λ equal to the q-th unit vector. It follows the1111

logic of the mean absolute deviation, but replaces the mean by a more robust1112

central value, the q-th order statistic (Harmati et al., 2024; Blanco et al.,1113

2026). Since Φ(k) ≤ Φ(q) for k < q and Φ(k) ≥ Φ(q) for k > q, measure (A.1)1114

is the linear ordered measure with weight vector1115

(−1, . . . ,−1, 2q −m− 1⏞ ⏟⏟ ⏞
q-th

, 1, . . . , 1). (A.2)

Its first entry is −1 if q ≥ 2 and 1 − m if q = 1, so for m ≥ 2 the vector1116

always has a negative entry, and the measure is not monotone by Theorem 1.1117

Appendix A.3. Justification of Remark 21118

Consider the squared deviation (3) from an ordered reference value
lord(Φ,λ). As shown by Blanco et al. (2026), it can be written as a quadratic
ordered measure

Q(Φ,A) =
∑︂
i,j∈K

aij Φ(i)Φ(j),

where A = (aij) is a symmetric matrix determined by λ. For the variance,1119

that is, the squared deviation from the mean,1120 ∑︂
i∈K

(︂
Φi −

1

m

∑︂
j∈K

Φj

)︂2
, (A.3)

the matrix is1121

A =

⎛⎜⎜⎜⎝
1− 1

m
− 1

m
. . . − 1

m

− 1
m

1− 1
m

. . . ...
... . . . . . . − 1

m

− 1
m

. . . − 1
m

1− 1
m

⎞⎟⎟⎟⎠ ,

that is, the centering matrix, for which Q(Φ,A) is the sum of squared devia-1122

tions from the mean. This form is not monotone, although λ = 1
m
(1, . . . , 1) ≥1123

0. For instance, Φ′ = (1, 3, 5) and Φ′′ = (2.5, 3, 5) satisfy Φ′ ≤ Φ′′ component-1124

wise, but Q(Φ′,A) = 8 and Q(Φ′′,A) = 3.5. Lengthening the shortest route1125

thus reduces the loss.1126
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Appendix A.4. Proof of Proposition 11127

(a) Constraints (7f) together with the arc-cost identity (7g) force zk to be1128

a feasible tour over {i ∈ V : xk
i = 1} of length exactly Φk. Since ϕk(x

k) is by1129

definition the length of a shortest such tour, Φk ≥ ϕk(x
k) holds automatically1130

for every feasible zk, independently of (7h). Imposing (7h), Φk ≤ ϕk(x
k),1131

for every k ∈ K therefore pins Φk = ϕk(x
k) exactly. The route lengths of1132

every feasible assignment are then those of the optimal tours of the followers,1133

as in the bilevel problem (5), and since the objective, the budget and the1134

ordering constraints are the same in both models, they have the same feasible1135

assignments and the same optimal solutions.1136

(b) Dropping (7h) at a single position k only removes a constraint from the1137

exact reformulation of part (a), so the resulting model is always a relaxation.1138

If k < k0, the relaxation is not strict, because every feasible point of the1139

relaxed model can be turned into a feasible point of the exact one with an1140

objective value that is not larger. Indeed, replacing the inflated value Φk by1141

the true length ϕk(x
k) keeps the budget satisfied and, after re-sorting, moves1142

routes only into positions j ≤ k < k0, whose weights are non-negative, so1143

the objective cannot increase. If k ≥ k0 and λk < 0, the relaxation is strict1144

because the vehicle in position k may lengthen its route, up to Φk+1 or the1145

budget, and every unit of extra length is rewarded by |λk|. The remaining1146

case, k > k0 with λk ≥ 0, is the non-obvious one, since an inflated Φk is never1147

directly rewarded by the objective. Let i < k be a position with λi < 0, for1148

instance i = k0. The reason it still matters is that the ordering constraints1149

(7e) couple the positions. A vehicle with a short optimal tour may drive a1150

longer tour and move up to position k, which pushes longer routes down into1151

position i, where the negative weight λi rewards them.1152

Appendix A.5. Proof of Proposition 21153

Let D = {i ∈ VT : xk
i = 0} be the set of dropped nodes at an integer point.1154

Then
∑︁

i∈VT
xk
i = |VT | − |D|, and the right-hand sides of the two cuts are1155

Φk + g
k
(1− |D|) = TSP(VT )− |D| gk and TSP(VT )−

∑︂
i∈D

(︁
c
[1]
i + c

[2]
i

)︁
,

with g
k
= TSP(VT ) − Φk. Hence (10) is the stronger cut exactly when1156 ∑︁

i∈D(c
[1]
i + c

[2]
i ) < |D| g

k
, and (9) is the stronger one when the reverse1157

inequality holds. Both cases occur. Consider an instance in which all costs1158

between distinct nodes are equal to 1, which is a metric. Then c
[1]
i + c

[2]
i = 21159
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for every node and every route has length at least 2, so we can take Φk = 2. If1160

VT contains a single customer and xk does not include it, then TSP(VT ) = 2,1161

g
k
= 0, and the right-hand sides are 2 and 0, so (9) is stronger. If VT contains1162

t ≥ 4 customers and D ≠ ∅, then TSP(VT ) = t+1 and g
k
= t−1 > 2 = c

[1]
i +c

[2]
i1163

for every i ∈ D, so (10) is stronger.1164

Appendix A.6. Proof of Proposition 31165

Let g : {0, 1}2 → R be the length of the shortest tour through the depot1166

and the customers present among i, j, so that g(0, 0) = 0, g(1, 0) = 2c0i,1167

g(0, 1) = 2c0j and g(1, 1) = Tij.1168

Validity. Since ℓij(x
k) depends only on xk

i and xk
j , we write ℓij(x

k
i , x

k
j ) for1169

its value. As the TSP cost cannot decrease when customers are added, it1170

suffices to check ℓij(x
k
i , x

k
j ) ≤ g(xk

i , x
k
j ) at the four points of {0, 1}2, taking1171

S equal to the customers present among {i, j}. First, ℓij(0, 0) = 0 = g(0, 0).1172

Second, ℓij(1, 0) = 2c0i = g(1, 0). Any tour through i contains two paths1173

between the depot and i, each of length at least c0i by the triangle inequality.1174

Third, ℓij(1, 1) = Tij = g(1, 1). Finally, ℓij(0, 1) = cij + cj0− c0i ≤ (ci0+ c0j)+1175

cj0 − c0i = 2c0j = g(0, 1), again by the triangle inequality.1176

Envelope. Let h∗(xk
i , x

k
j ) = max{ℓij(xk

i , x
k
j ), ℓji(x

k
j , x

k
i )}. A direct compu-1177

tation gives1178

ℓij(x
k
i , x

k
j )− ℓji(x

k
j , x

k
i ) = (xk

i − xk
j )
(︁
2c0i + 2c0j − Tij

)︁
,

and 2c0i +2c0j ≥ Tij because cij ≤ ci0 + c0j . Hence h∗(xk
i , x

k
j ) = ℓij(x

k
i , x

k
j ) on1179

the triangle {xk
i ≥ xk

j}, with vertices (0, 0), (1, 0) and (1, 1), and h∗(xk
i , x

k
j ) =1180

ℓji(x
k
j , x

k
i ) on the triangle {xk

j ≥ xk
i }, with vertices (0, 0), (0, 1) and (1, 1). In1181

particular h∗ is convex and equals g at the four vertices of the square. So h∗
1182

is the lower convex envelope of g on [0, 1]2.1183

Equivalently, the inequality g(0, 0) + g(1, 1) ≤ g(1, 0) + g(0, 1) says that1184

g is submodular on the two-element ground set {i, j}, and h∗ is its Lovász1185

extension, which for a submodular function coincides with the lower convex1186

envelope on the unit cube (Lovász, 1983). The inequalities Φk ≥ ℓij(x
k
i , x

k
j )1187

and Φk ≥ ℓji(x
k
j , x

k
i ) are the two extended polymatroid inequalities of g in1188

the sense of Edmonds (1970).1189

Finally, if h is affine in (xk
i , x

k
j ) and Φk ≥ h is valid, then h ≤ g at the1190

four vertices, which are incidence vectors of subsets, so h ≤ h∗ on the square,1191

and h∗ is the strongest such bound. In particular, the radius inequality1192

Φk ≥ 2c0ix
k
i , the pair inequality Φk ≥ Tij(x

k
i + xk

j − 1) and the cut (10) for1193
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VT = {0, i, j} are affine in (xk
i , x

k
j ) and valid, so each of them is dominated1194

at every point of the square by (pair-env) or by its counterpart with i and j1195

exchanged.1196

Appendix A.7. Proof of Proposition 41197

Fix t and a feasible solution, and let R be the set of customers served by1198

the t longest routes, those in positions m− t+1, . . . ,m. These routes respect1199

the capacity, so |R| ≤ P ∗(t) ≤ pt. Let Ut be a set of pt + 1 customers with1200

the largest depot costs. Since |Ut| > |R|, some customer u ∈ Ut is served by1201

one of the other m− t routes, those in positions 1, . . . ,m− t. The route that1202

serves u contains two paths between the depot and u, so its length is at least1203

2c0u ≥ 2D(pt+1), and Φm−t, the longest of these m − t routes, is at least as1204

long. If pt ≥ |V ′|, the right-hand side is 0 by convention and there is nothing1205

to prove.1206

Appendix A.8. Proof of Proposition 51207

Fix a feasible assignment xk, let S = {i ∈ V : xk
i = 1} be the set of nodes1208

assigned to vehicle k, and let U = S \ VT be the assigned customers outside1209

VT . For (bilevel-Ins), start from an optimal tour over VT , which contains the1210

depot and at least one customer, and insert the customers of U one at a1211

time between two consecutive nodes r ≠ t of the current tour. Each insertion1212

of a customer u increases the length by cru + cut − crt ≤ M1
u (Figure A.1),1213

whatever the tour built so far. This gives a tour over VT ∪U of length at most1214

TSP(VT )+
∑︁

u∈U M1
u , and ϕk(x

k) = TSP(S) ≤ TSP(VT ∪U) since S ⊆ VT ∪U .1215

For (bilevel-Cap), split U into Usmall = {u ∈ U : M1
u ≤ g} and Ularge =1216

{u ∈ U : M1
u > g}. If Ularge = ∅, then min{g,M1

u} = M1
u for every u ∈ U ,1217

and the right-hand side of (bilevel-Cap) is that of (bilevel-Ins), which is valid.1218

If Ularge ̸= ∅, the sum is at least g, because one term equals g and all terms1219

are nonnegative, since g ≥ 0 for every separated route (Section 5.2), so1220

TSP(VT ) +
∑︂
u∈U

min{g,M1
u} ≥ TSP(VT ) + g = Φ ≥ ϕk(x

k).

The dominance claim follows directly from the definition of the coefficients as1221

pairwise minima.1222
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Appendix A.9. Proof of Proposition 61223

The insertion penalty M1
i makes skipping an assigned customer i at least1224

as expensive as visiting it (Figure A.1). The removal penalty M2,T
s makes1225

visiting a customer s that is not assigned at least as expensive as skipping1226

it (Figure A.2). The following lemma uses both and gives the proposition.1227

Throughout, fix a feasible assignment xk and let S = {i ∈ V : xk
i = 1} be1228

the set of nodes assigned to vehicle k, W = S ∩ VT the nodes of T that are1229

assigned, which always contains the depot, D = VT \W the dropped nodes1230

of T and U = S \ VT the assigned nodes outside T . We write RL(T, x
k) for1231

the right-hand side of (bilevel-L).1232

r

i

t

cri cit

crt + M1
i

Figure A.1: Insertion penalty. Skipping the assigned customer i between two assigned
nodes r and t (dashed arc) costs crt +M1

i , which is at least the cost cri + cit of visiting it.

r

u

t

cru
v

s

M2,T
s

cuv

cvt

cus 0

Figure A.2: Removal penalty. Visiting the customer s, which is not assigned, between the
assigned node u and the node v (dashed arcs) counts cus plus M2,T

s , while the arc leaving
s costs 0, since only arcs leaving assigned nodes are counted. This is at least the cost cuv
of going directly from u to v.

Lemma 1. For every route T ∈ T , every k ∈ K and every feasible assignment1233

xk, RL(T, x
k) ≥ ϕk(x

k).1234

Proof. Write RL(T, x
k) = α + β + γ, where α =

∑︁
(i,j)∈AT

xk
i cij is the arc1235

term, β =
∑︁

i∈D M2,T
i collects the removal penalties of the dropped nodes and1236

γ =
∑︁

u∈U M1
u the insertion penalties of the assigned nodes outside T . The1237

arc term counts exactly the arcs of T whose tail is in W , and all penalties1238
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are nonnegative. We show that a tour over S of length at most α + β + γ1239

exists. We distinguish two cases.1240

Case 1: W contains a customer. Visiting the nodes of W in the order in1241

which T visits them gives a tour TW over W , with at least two distinct nodes.1242

Each arc (r, q) of TW replaces a path r → d1 → · · · → dh → q of T , where1243

h ≥ 0, r ≠ q belong to W and d1, . . . , dh ∈ D. If h = 0, the arc (r, q) belongs1244

to T , and its cost is counted in α. If h ≥ 1, the arc term counts crd1 , because1245

r ∈ W , and none of the other arcs of the path, whose tails are dropped nodes.1246

Since r ≠ q belong to VT and d1 /∈ {r, q}, the pair (r, q) is admissible in the1247

definition of M2,T
d1

, so M2,T
d1
≥ crq − crd1 + cd1q (Figure A.2) and1248

crd1 +M2,T
d1
≥ crq + cd1q ≥ crq.

Every dropped node lies on exactly one such path, and the penalties of1249

d2, . . . , dh are nonnegative, so summing over the arcs of TW gives α + β ≥1250

c(TW ), the length of TW . Next, insert the customers of U into TW one at a1251

time, as in Appendix A.8, each between two consecutive and distinct nodes1252

and at a cost of at most M1
u . The result is a tour over W ∪ U = S of length1253

at most c(TW ) + γ ≤ RL(T, x
k).1254

Case 2: W = {0}. Then T is 0→ d1 → · · · → dh → 0 with d1, . . . , dh ∈ D,1255

the arc term is α = c0d1 , and U ≠ ∅ because vehicle k serves at least one1256

customer. If h ≥ 2, the pair (d2, 0) is admissible for M2,T
d1

and the pair (0, d1)1257

for M2,T
d2

, so1258

β ≥ M2,T
d1

+M2,T
d2
≥ (cd20 − cd2d1 + cd10) + (c0d1 − c0d2 + cd2d1)

= 2c0d1 ,

and RL(T, x
k) ≥ 2c0d1 + γ. If h = 1, then VT = {0, d1} and M2,T

d1
= c0d1 by1259

definition, so β = c0d1 and again RL(T, x
k) ≥ 2c0d1 + γ. In both cases, insert1260

the customers of U into the closed walk 0→ d1 → 0, of length 2c0d1 , each at1261

a cost of at most M1
u , and then skip d1, which does not increase the length1262

by the triangle inequality. The result is a tour over S = {0} ∪ U of length at1263

most RL(T, x
k).1264

In all cases ϕk(x
k) = TSP(S) ≤ RL(T, x

k).1265

Proof of Proposition 6. Validity of (bilevel-L) is Lemma 1, and the1266

tightness is immediate.1267
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Appendix A.10. Proof of Proposition 71268

With the notation of Appendix A.9, we first compare the two cuts in1269

general, for a route T that is an optimal tour over VT , as in separation, so1270

that C∗
T = TSP(VT ). If D = ∅, every node of T is assigned, so the arc term of1271

(bilevel-L) equals C∗
T and its removal penalties vanish. The cut becomes Φk ≤1272

C∗
T +

∑︁
u∈U M1

u , whereas (bilevel-Cap) reads Φk ≤ C∗
T +

∑︁
u∈U min{g,M1

u},1273

so the capped insertion cut is at least as strong, and strictly stronger when1274

M1
u > g for some u ∈ U . If D ≠ ∅, the arc term of (bilevel-L) loses the arcs of1275

T that leave the dropped nodes, and only their penalties M2,T
i are added back,1276

whereas (bilevel-Cap) keeps the full length C∗
T . Depending on the instance,1277

the saving can be larger or smaller than the penalties, so (bilevel-L) can be1278

stronger.1279

Appendix A.11. Route-restricted insertion penalties are not valid1280

Section 5.4.2 restricts the removal penalty to the pairs of the route T1281

(Proposition 6). The same restriction is not valid for the insertion penalty, as1282

the following example shows.1283

Example 1. Take Euclidean costs with the depot 0 = (0, 0) and customers1284

v = (12, 0), p = (6, 0), a = (6, 8) and b = (6,−8), so that c0v = 12,1285

c0p = cpv = 6, c0a = c0b = cav = cbv = 10, cpa = cpb = 8 and cab = 16. Let1286

T = 0→ v → 0, of length 24. If M1
i is computed with r, t ∈ VT = {0, v}, the1287

only pair is (0, v), which gives c0p + cpv − c0v = 0 for p and 10 + 10− 12 = 81288

for a and for b. Consider the assignment S = {0, v, p, a, b}, in which vehicle k1289

serves these four customers and other vehicles serve further customers of the1290

instance. Then D = ∅, and the cut would give1291

Φk ≤ 24 + 0 + 8 + 8 = 40.

However, TSP(S) = 44, attained for instance by 0 → p → a → v → b → 0,1292

so the cut would remove the true route length.1293

Appendix B. Algorithmic details1294

Appendix B.1. Bounds on the route lengths1295

Lower bound. Let obj∗ be the largest number of customers that m − 11296

vehicles can serve, obtained from the assignment model1297

max
∑︂
i∈V ′

αi
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s.t.
m−1∑︂
j=1

βij = αi, i ∈ V ′,∑︂
i∈V ′

qiβij ≤ Q, j = 1, . . . ,m− 1,

α, β binary.

Every route serves at least a = n− obj∗ customers, because the other m− 11298

vehicles serve at most obj∗. If a ≥ 2, every route is therefore at least as long as1299

a shortest tour through the depot and a customers with total demand at most1300

Q, which we compute with a cardinality-constrained TSP. Both problems are1301

solved under a time limit and only their dual bounds are used, which keeps1302

the bound valid when they are not solved to optimality. We set Φk to the1303

larger of mini∈V ′ c0i and the dual bound of the cardinality-constrained TSP.1304

Upper bound. Since every vehicle serves at least one customer, no vehicle1305

serves all of V ′, and each route is contained in V ′ \ {i} for some i. Hence1306

maxi∈V ′ TSP(V ′ \ {i}) is an upper bound on every route length, and we set1307

Φ to the smaller of this value and the length of a tour through all customers.1308

This requires n TSP solves, done once per instance. For n ≥ 30 these TSPs1309

are not always solved to optimality within the time limit, so we replace each1310

TSP(V ′ \ {i}) by the length of the best tour through the same customers1311

found by a multi-start 2-opt heuristic, which keeps the bound valid.1312

Appendix B.2. TSP subproblems and separation1313

To separate the cuts for vehicle k we need an optimal tour over the current1314

set S. For sets of at most 15 nodes, the depot included, we use the Held–Karp1315

dynamic program (Held and Karp, 1962), which runs in O(2|S||S|2) time and1316

takes at most a few milliseconds for the routes of our benchmark. For larger1317

sets we solve the TSP with Gurobi using the formulation of Miller et al. (1960).1318

The same set S appears many times during the search, assigned to different1319

vehicles or violating the bound in the other direction, so we store solved sets1320

and reuse their optimal tours.1321

Algorithm B.1, our default separation algorithm, summarizes the separa-1322

tion at an integer solution (x̂, ẑ, Φ̂). In the dense formulation, each cycle C of1323

zk that does not contain the depot gives the cutset inequality (5m) with S = C1324

and, optionally, the aggregated inequality
∑︁

k′∈K
∑︁

i∈C,j /∈C(z
k′
ij + zk

′
ji ) ≥ 2. Op-1325

tionally, the aggregated inequality is also separated at the fractional points1326

of the root node by a max-flow procedure, which is the max-flow variant1327
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compared in Section 6.2. Since Φ̂k cannot be both smaller and larger than1328

C∗
T , at most one direction is separated for each vehicle.1329

Algorithm B.1 Separation at integer solutions.

Require: Integer solution (x̂, ẑ, Φ̂), tolerance ε = 10−4, flag dense, flag ub (true if
and only if the measure is non-monotonic), cache of solved sets

1: P ← ∅; Tk ← ∅ for all k ∈ K {P : sets whose TSP has to be solved; Tk = ∅: no
bounding cut for k in this round}

2: for all k ∈ K do
3: if dense and ẑk contains cycles C1, . . . , Cr that avoid the depot then
4: separate constraints (5m)
5: continue {Φ̂k is not compared with a tour length: vehicle k gets connec-

tivity cuts only; the other vehicles are still processed}
6: end if
7: Sk ← {i ∈ V : x̂ki = 1} {contains the depot}
8: if dense and |Sk| ≤ 3 then
9: continue {the tour is fixed by (5k)–(5m) and Φk =

∑︁
cijz

k
ij is exact}

10: end if
11: if Sk is in the cache then
12: (Tk, C

∗
k)← cache[Sk]

13: else
14: P ← P ∪ {k}
15: end if
16: end for
17: solve the TSP over Sk for all k ∈ P . Store (Tk, C

∗
k) in the cache

18: for all k ∈ K with Tk ̸= ∅ do
19: if not dense and Φ̂k < C∗

k − ε then
20: add (9) and (10) for (Tk, k)
21: end if
22: if ub and Φ̂k > C∗

k + ε then
23: add the upper-bounding cut (bilevel-Cap) for (Tk, k)
24: end if
25: end for
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