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Abstract

This paper develops negative curvature methods for continuous nonlinear uncon-
strained optimization in stochastic settings, in which function, gradient, and Hessian
information is available only through probabilistic oracles, i.e., oracles that return ap-
proximations of a certain accuracy and reliability. We introduce conditions on these
oracles and design a two-step framework that systematically combines gradient and
negative curvature steps. The framework employs an early-stopping mechanism to
guarantee sufficient progress and uses an adaptive mechanism based on an Armijo-
type criterion to select the step sizes for both steps. We establish high-probability
iteration-complexity guarantees for attaining second-order stationary points, deriving
explicit tail bounds that quantify the convergence neighborhood and its dependence
on oracle noise. Importantly, these bounds match deterministic rates up to noise-
dependent terms, and the framework recovers the deterministic results as a special
case. Finally, numerical experiments demonstrate the practical benefits of exploiting
negative curvature directions even in the presence of noise.

1 Introduction

In this paper, we consider unconstrained nonlinear optimization problems of the form,
minx∈Rn f(x), where f : Rn → R is twice continuously differentiable and potentially non-
convex. We study settings in which the exact objective function and its associated deriva-
tives (∇f and ∇2f) are not available; instead, zeroth-, first-, and second-order approxima-
tions are obtained through probabilistic oracles, i.e., oracles that return approximations of
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a certain accuracy and reliability. Such problems arise in applications such as simulation
optimization [27], machine learning [9], and decision-making [28].

While most of the literature in the aforementioned probabilistic-oracle setting focuses on
algorithms that guarantee convergence to (approximate) first-order stationary points, our
goal is to develop, analyze, and implement methods capable of converging, at appropriate
rates, to (approximate) second-order stationary points, defined as points x ∈ Rn and
constants ε̄g, ε̄λ, ε̄g > 0 such that

‖∇f(x)‖2 < ε̄g, and λmin(∇f2(x)) > −max{ε̄λ, ε̄H}. (1.1)

To this end, we develop adaptive stochastic algorithms that exploit negative curvature
directions and operate solely using the outputs of probabilistic zeroth-, first-, and second-
order oracles. The proposed methods follow a two-step structure and alternate between
gradient (or general descent) steps and negative curvature steps [4,15], employ an Armijo-
type step-search mechanism to adaptively select step sizes under noisy evaluations [6,7,20],
and are endowed with high-probability iteration-complexity guarantees. In particular, we
show that, after a sufficient number of iterations, the algorithms reach an (ε̄g, ε̄λ, ε̄H)-
stationary point (1.1) with overwhelmingly high probability, where the resulting conver-
gence neighborhood scales with the oracle noise and matches the deterministic setting up
to noise-dependent terms.

1.1 Related Literature

In this section, we review the literature most closely related to our problem setting and the
components of our algorithmic framework. We focus on prior work on negative curvature
methods, optimization under various inexact or stochastic oracle models, and stochastic
line/step-search strategies. These areas form the foundation on which our proposed method
is built.

A large body of work has established the role of negative curvature (NC) in escaping
saddle points and achieving second-order convergence in deterministic nonconvex optimiza-
tion [25]. Classical methods include curvilinear and two-step schemes that combine descent
and NC directions [16, 18, 23], as well as recent variants that exploit NC directions explic-
itly at each iteration [4,15]. Trust-region and cubic-regularization methods also implicitly
exploit NC information through their subproblem solvers (e.g., truncated CG or Lanczos)
and enjoy well-understood global convergence and complexity guarantees [13, 24]. These
deterministic developments motivate the structure of our algorithm but rely on access to
exact or deterministically bounded function and derivative information, assumptions that
break down in stochastic environments.

NC methods have been studied in noisy settings, e.g., deterministic inexact oracles with
bounded errors [4, 21, 30], and stochastic settings in which convergence is established in
expectation [1,4,15]. However, most of these approaches require restrictive assumptions on
accuracy and typically guarantee only first-order convergence or convergence in expectation
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rather than with high probability. To the best of our knowledge, no prior work provides
high-probability second-order complexity guarantees for NC-based methods under general
probabilistic error oracle settings.

The study of optimization methods in the presence of inexact oracles has evolved to
include deterministic [5,12], in expectation [4,9,26,30], and probabilistic [3,7,11,20] error
models. Probabilistic oracles, in particular, allow the returned estimates to be inaccurate
or biased with nontrivial probability and are increasingly used to model realistic stochastic
evaluations. However, existing works primarily focus on zeroth- and first-order informa-
tion, and probabilistic second-order oracles suitable for reliably identifying NC directions
in noisy settings have received little attention. Our setting aligns with this general prob-
abilistic framework but extends it by considering both bounded noise and subexponential
noise models for function evaluations, biased gradient approximations that may be arbi-
trarily inaccurate with nonzero probability, and probabilistic Hessian-vector information
for detecting NC.

Stochastic line-search and step-search methods provide another important ingredient
for our work. Traditional deterministic line-search procedures rely critically on accurate
function and derivative information and are not directly applicable in noisy settings [25].
To address this, several adaptive schemes have been proposed, including stochastic back-
tracking strategies with sample-size adjustment [8,17]. More recently, step-search methods,
also called stochastic line-search methods, have been developed to adaptively increase or
decrease step sizes based on probabilistic sufficient-decrease conditions, re-evaluating the
oracle at the same iterate when a trial step fails; see e.g., [6, 14, 20, 26]. These strategies
yield improved robustness in stochastic environments but largely target first-order meth-
ods and do not address the handling of NC directions or provide second-order convergence
guarantees.

In summary, while negative curvature methods, inexact or probabilistic oracles, and
stochastic step-search techniques have each been studied in isolation, there remains a gap
in combining these components to obtain second-order guarantees in general noisy set-
tings. Our work fills this gap by developing a negative-curvature-based adaptive step-search
framework tailored to general probabilistic settings and endowed with high-probability
iteration-complexity guarantees.

1.2 Contributions

In this work, we develop a negative curvature method for stochastic nonconvex optimiza-
tion under a general probabilistic-oracle setting, in which zeroth-, first-, and second-order
information is available only through noisy approximations of prescribed accuracy and re-
liability. The framework accommodates a wide range of noise models, function evaluations
may contain either bounded noise or noise with subexponential tails, gradient estimates
may be biased and arbitrarily inaccurate with controlled probability, and Hessian informa-
tion is obtained through probabilistic second-order oracles tailored to detecting negative
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curvature under noise.
Our first contribution is a flexible algorithmic framework for this setting. The frame-

work follows a two-step structure alternating between descent (gradient-related) and neg-
ative curvature directions, and relaxes traditional sufficient-decrease conditions to account
for noise. An Armijo-type step-search procedure is employed for both step types, enabling
adaptive step-size selection and re-evaluation of search directions when needed. The frame-
work also incorporates an efficient mechanism for selecting negative curvature directions
using only two function evaluations and no gradient evaluations, reducing computational
cost and enhancing robustness in large-scale settings. Overall, the scheme encompasses
a broad class of stochastic optimization methods as special cases while introducing new
components essential for handling noise.

Our second contribution is a high-probability second-order convergence and complexity
analysis for the proposed method. We establish explicit tail bounds showing that the
probability of requiring more than O(max{ε̄−2

g , ε̄−3
H , ε̄−3

λ }) iterations to reach an (ε̄g, ε̄H , ε̄λ)-
second-order stationary point decays exponentially with the number of iterations. These
guarantees match the deterministic rates up to noise-dependent terms, recover deterministic
results as a special case when noise vanishes, and extend prior stochastic analyses by
operating under broader probabilistic oracle assumptions.

Finally, we implement a practical method motivated by our theoretical framework,
replacing idealized conditions and second-order computations with an efficient conjugate-
gradient–based subsolver to detect negative curvature, while retaining the step-selection
and acceptance mechanisms motivated by the analysis. Preliminary experiments on a
classical test problem illustrate the robustness of the approach to noise, often outperforming
baseline stochastic methods in noisy settings.

1.3 Paper Organization

The paper is organized as follows. We conclude this section by introducing the notation
used throughout the paper. The assumptions, probabilistic oracles, and the algorithm
we propose are presented in Section 2. In Section 3, we establish high-probability com-
plexity bounds for reaching second-order stationary points. Section 4 reports numerical
experiments that illustrate the practical performance of the algorithm. Finally, concluding
remarks are provided in Section 5.

1.4 Notation

Let N and R denote the sets of natural and real numbers, respectively. For n,m ∈ N,
let Rn and Rn×m denote the sets of n-dimensional real vectors and n ×m real matrices,
respectively. For a matrix A, let λmin(A) (λmax(A)) denote its minimum (maximum)
eigenvalues. We consider a sequence of iterates {xk, x̂k}k∈N with xk, x̂k ∈ Rn. At iteration
k, the algorithm may generate a descent direction dk ∈ Rn and a negative curvature
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direction pk ∈ Rn, with corresponding step sizes αk > 0 and βk > 0, respectively. For each
k ∈ N, let Fk denote an estimate of f(xk), gk ∈ Rn an estimate of ∇f(xk), and Hk ∈ Rn×n
an estimate of ∇2f(x̂k).

2 Assumptions, Oracles, and Algorithm

In this section, we present the assumptions, define the oracles, and describe the algorithmic
framework. Throughout the paper, we make the following assumption about the objective
function. This assumption is standard in the literature of methods that exploit negative
curvature, and more generally in the analysis of second-order methods; see e.g., [11,15,21].

Assumption 2.1. The function f : Rn → R is continuously differentiable, the gradient
of f is Lg-Lipschitz continuous, and the Hessian of f is LH-Lipschitz continuous, for all
x ∈ Rn. Moreover, the function f is bounded below by a scalar f̄ ∈ R.

Our algorithm relies on approximations of the objective function and its derivatives
provided by probabilistic oracles satisfying prescribed accuracy and reliability conditions.
Precise definitions of the zeroth-, first-, and second-order oracles follow.

Oracle 1. Given a point x ∈ Rn, the oracle computes F (x, ξ(0)), a (random) estimate of the
function value f(x), where ξ(0) is a random variable defined on a probability space (Ξ,F ,P)
whose distribution may depend on x. For any x ∈ Rn, e(x, ξ(0)) = |F (x, ξ(0)) − f(x)|
satisfies at least one of the two conditions:

1. (Deterministically bounded noise) There is a constant εf ≥ 0 such that e(x, ξ(0)) ≤ εf
for all realizations of ξ(0).

2. (Independent subexponential noise) There are constants εf ≥ 0 and a > 0 such that for
all s > 0, Pξ(0)

[
e(x, ξ(0)) ≥ s

]
≤ exp(−a(s− εf )).

Remark 2.2. When Oracle 1.1 is queried at a point x ∈ Rn, an estimate F (x, ξ(0)) is
returned whose error is deterministically bounded by εf . Under Oracle 1.2, the function
noise has subexponential tails with a bias allowance of εf . The parameters a > 0 and εf ≥ 0
are global constants independent of x. Similar formulations of zeroth-order probabilistic
oracles can be found in [11, 20].

Oracle 2. Given a probability pg ∈
(

1
2 , 1
]

and a point x ∈ Rn, the oracle computes g(x, ξ(1))
a (random) estimate of the gradient ∇f(x) that satisfies

Pξ(1)

[
‖g(x, ξ(1))−∇f(x)‖2 ≤ εg + κg‖∇f(x)‖2

]
≥ pg

where εg ≥ 0, κg ≥ 0, and ξ(1) is a random variable defined on a probability space (Ξ,F ,P)
whose distribution may depend on x.
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Remark 2.3. Oracle 2 returns a gradient estimate g(x, ξ(1)) satisfying the accuracy con-
dition with probability at least pg >

1
2 . The right-hand side consists of absolute and relative

terms, where εg and κg are nonnegative constants intrinsic to the oracle. When ‖∇f(x)‖2
is large or εg = 0, the relative term dominates and the condition enforces norm-relative
accuracy [8, 10, 12]. When ‖∇f(x)‖2 is small or κg = 0, the absolute term dominates.
The constant εg bounds the best achievable gradient accuracy (see (3.3)). If pg = 1, the
condition is deterministic. This combined absolute/relative probabilistic accuracy condition
is standard; see, e.g., [4, 7, 8, 20, 21].

Prior to defining the second-order probabilistic oracle, we define a negative curvature
direction q ∈ Rn for a matrix H ∈ Rn×n.

Definition 1. Consider a matrix H ∈ Rn×n for which λmin(H) < 0. A vector q ∈ Rn is a
direction of negative curvature of H if

qTHq ≤ γλmin(H)‖q‖22 < 0, γ ∈ (0, 1] (2.1a)

‖q‖2 = δ|λmin(H)|, δ ∈ (0,∞). (2.1b)

The second-order probabilistic oracle can then be defined as follows.

Oracle 3. Given a probability pH ∈ (0.5, 1] and a point x ∈ Rn, the oracle computes
H(x, ξ(2)), a (random) estimate of the Hessian ∇2f(x), such that

Pξ(2)

[
‖(∇2f(x)−H(x, ξ(2)))q‖2 ≤ εH + κH |λmin(H(x, ξ(2)))|‖q‖2,

|λmin(∇2f(x))− λmin(H(x, ξ(2)))| ≤ ελ + κλ|λmin(∇2f(x))|
]
≥ pH .

where εH ≥ 0, κH ≥ 0, ελ ≥ 0, κλ ≥ 0, ξ(2) is a random variable defined on a probability
space (Ξ,F ,P) whose distribution may depend on the input x, and q is a negative curvature
direction of H(x, ξ(2)).

Remark 2.4. Oracle 3 imposes two inexactness conditions, enforced only when negative
curvature is detected. As in Oracle 2, each combines relative and absolute terms with non-
negative constants intrinsic to the oracle. The first ensures directional accuracy, requiring
the Hessian estimate to be accurate only along a negative curvature direction [4, 32]. The
second controls the approximation of the left-most eigenvalue. Together, these conditions
are strictly weaker than uniform spectral-norm bounds, i.e., ‖∇2f(x) − H(x, ξ(2))‖2. If
pH = 1, they reduce to the inexact deterministic setting.

For notational simplicity, we denote the realizations of random estimates at each it-

erate xk generated by the algorithm by Fk = F (xk, ξ
(0)
k ), F+

k = F (xk + αkdk, ξ
(0+)
k ),

F̂k = F (x̂k, ξ̂
(0)
k ), F̂±k = F (x̂k±βkqk, ξ̂

(0±)
k ), gk = g(xk, ξ

(1)
k ), Hk = H(x̂k, ξ̂

(2)
k ), and

λk = λmin(Hk). The algorithmic framework is given in Algorithm 2.1.
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Algorithm 2.1 Step Search Negative Curvature Method with Probabilistic Oracles

Require: x0 ∈ Rn, α0, β0 > 0, τ ∈ (0, 1], cd, cp ∈ (0, 1), ef , cg, cH ≥ 0, ε̄g, ε̄H , ε̄λ ≥ 0
1: for all k ∈ {0, 1, . . . } =: N do
2: generate gk via Oracle 2
3: if ‖gk‖2 ≤ cg ε̄g then set x̂k ← xk, αk+1 ← αk
4: else set dk ← −gk and generate Fk and F+

k via Oracle 1
5: if F+

k ≤ Fk + cdαkd
T
k gk + ef then set x̂k ← xk + αkdk, αk+1 ← τ−1αk

6: else set x̂k ← xk, αk+1 ← ταk

7: generate Hk via Oracle 3 and compute λk
8: if λk ≥ −cH max{ε̄H , ε̄λ} then set xk+1 ← x̂k, βk+1 ← βk
9: else compute negative curvature direction qk satisfying Condition 1

and generate F̂k, F̂
+
k and F̂−k via Oracle 1

10: if min{F̂+
k , F̂

−
k } ≤ F̂k + cpβ

2
kq

T
kHkqk + ef then

11: set pk ← arg minω∈{−1,1}{F (x̂k + ωβkqk, ξ̂
(0±)
k )}qk

12: set xk+1 ← x̂k + βkpk, βk+1 ← τ−1βk
13: else set xk+1 ← x̂k, βk+1 ← τβk

Remark 2.5. We make a few remarks about Algorithm 2.1.

• Algorithm 2.1 alternates between descent and negative curvature steps, with the latter
computed only when negative curvature is detected. As presented dk ← −gk, though
more general forms dk ← −Wkgk, where w1I � Wk � w2I for some 0 < w1 ≤ w2, are
allowed without affecting the theoretical guarantees.

• The cost of the descent step (Lines 2–6) is dominated by the computation of a gradient
estimate gk and two function evaluations, Fk and F+

k . In contrast, the cost of a negative
curvature step (Lines 7–13) arises from computing a Hessian estimate Hk, its minimum
eigenvalue λk, and potentially a negative curvature direction qk, together with three
function evaluations, F̂k and F̂±k .

• The early-termination rules in Lines 3 and 8 accept only steps whose predicted decrease,
based on the estimated gradient norm or magnitude of negative curvature, is sufficiently
large, thereby filtering out steps unlikely to produce meaningful progress. These rules
do not terminate the algorithm; when triggered, the corresponding descent or negative
curvature step is skipped. Enforcing these conditions requires knowledge of, or reliable
estimates for, the absolute error parameters of the first- and second-order oracles. Early
termination is necessary because our framework involves two step types and a second-
order stopping criterion with two conditions, requiring separate control of successful and
large-step events in the stopping-time analysis, in contrast to prior works that consider
either a stopping time defined by a single condition [20] or a single step per iteration [11].
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• Step sizes are determined via a step-search procedure and accepted using relaxed Armijo
conditions (Lines 5–6 and 10–13). This stochastic line search repeatedly re-evaluates
the required oracle information at the current iterate until the condition is satisfied,
improving robustness under noisy function evaluations. The relaxed conditions include
a noise-tolerance parameter ef to ensure acceptable step sizes despite function noise.
For negative curvature steps, the Armijo condition is further modified to account for
curvature effects, as in [18, 22, 23].

• A key adaptation concerns the selection of the negative curvature direction. Since both
qk and −qk are valid negative curvature directions, the goal is to choose the sign that
yields descent. Verifying descent typically requires gradient information, increasing the
cost of a negative curvature step. Prior approaches either select the sign at random [21]
or use approximate gradients [4], trading per-iteration cost against effective curvature
exploitation. In contrast, our method determines the sign by comparing two trial func-
tion evaluations and selecting min{F̂+

k , F̂
−
k } (Line 10), requiring at most one additional

function evaluation. This provides an efficient and reliable sign-selection mechanism
without gradient information and integrates naturally with the Armijo conditions in the
step-search procedure.

To analyze the convergence of Algorithm 2.1, we introduce the following notation.
Let {Xk}, {X+

k }, {X̂k}, {X̂+
k }, and {X̂−k } be random vectors in Rn with realizations

xk, xk + αkdk, x̂k, x̂k + βkqk, and x̂k − βkqk, respectively. We define the magnitudes of
the zeroth-order oracle errors as random variables {Ek}, {E+

k }, {Êk}, {Ê
+
k }, and {Ê−k }

by Ek := |f(Xk) − F (Xk, ξ
(0)
k )|, E+

k := |f(Xk + αkdk) − F (Xk + αkdk, ξ
(0+)
k )|, Êk :=

|f(X̂k)−F (X̂k, ξ̂
(0)
k )|, Ê+

k := |f(X̂k + βkqk)−F (X̂k + βkqk, ξ̂
(0+)
k )|, Ê−k := |f(X̂k − βkqk)−

F (X̂k − βkqk, ξ̂
(0−)
k )|, respectively, with realizations ek, e

+
k , êk, ê

+
k , and ê−k . For notational

convenience, we let {αk} and {βk} denote the random step size sequences, with realizations
written using the same symbols.

At iterate Xk of Algorithm 2.1, randomness arises in the following operations:

1. Stochastic gradient at Xk: Given Xk a gradient estimate gk = g(Xk, ξ
(1)
k ) is com-

puted via Oracle 2. Then, given Xk, αk, and gk, the intermediate point X+
k is set

deterministically.

2. Stochastic function values at Xk and X+
k : Given Xk and X+

k function estimates
are computed via Oracle 1, introducing the corresponding errors errors Ek and E+

k .

These estimates are used to update αk+1 and form X̂k.

3. Stochastic Hessian at X̂k: Given X̂k a Hessian approximation H(X̂k, ξ̂
(2)
k ) is com-

puted via Oracle 3, and then the smallest eigenvalue λk and an associated negative
curvature direction qk (if one exists) are obtained deterministically. If qk exists, trial
points X̂+

k and X̂−k are constructed using X̂k, qk and βk. Otherwise, the algorithm sets

Xk+1 ← X̂k and βk+1 ← βk.
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4. Stochastic function values at X̂k, X̂
+
k and X̂−k : When qk exists, given X̂k, X̂

+
k and

X̂−k function estimates are computed via Oracle 1. These estimates are used to chose
between the two directions and thereby determine Xk+1 and βk+1.

Thus, conditioned on Xk, αk, βk, all randomness in iteration k is captured by ξ
(0)
k , ξ

(0+)
k ,

ξ
(1)
k , ξ̂

(0)
k , ξ̂

(0±)
k , and ξ̂

(2)
k . Let Zk :=

{
ξ

(0)
k , ξ

(0+)
k , ξ

(1)
k , ξ̂

(0)
k , ξ̂

(0±)
k , ξ̂

(2)
k

}
and Fk denote the

σ-algebra representing the history of the algorithm up to iteration k, i.e., Fk := σ
(
∪ki=1Zi

)
.

For analysis purposes, we introduce the augmented filtrations, F ′k := σ
(
Fk ∪ σ

(
ξ

(1)
k+1

))
and F̂ ′k := σ

(
Fk ∪ σ

(
ξ

(0)
k+1, ξ

(0+)
k+1 , ξ

(1)
k+1, ξ

(2)
k+1

))
.

Our analysis relies on categorizing iterations k = 0, 1, . . . , t− 1, for t ≥ 1, into different
types. These types can be defined in terms of estimation accuracy using the following
random indicator variables:

Igk := 1

{
‖g(Xk, ξ

(1)
k )−∇f(Xk)‖2 ≤ εg + κg‖∇f(Xk)‖2

}
,

IHk := 1

{
‖(∇2f(Xk)−H(Xk, ξ

(2)
k ))qk‖2 ≤ ε2H + κH |λk|‖qk‖2,

|λmin(H(Xk, ξ
(2)
k ))− λmin(∇2f(Xk))| ≤ ελ + κλ|λmin(∇2f(Xk))|

}
,

and Ifk := 1
{
Ek + E+

k ≤ ef
}
, Îfk := 1

{
Êk + max{Ê+

k , Ê
−
k } ≤ ef

}
.

With high probability, the number of iterations with accurate function evaluations being
generated has a lower bound with respect to t. This holds trivially for Oracle 1.1.

Lemma 2.6. Let pf = 1 − 3 exp(−a(
ef
2 − εf )), where a is the positive constant from

Oracle 1.2. Then, the indicators variables Ifk and Îfk satisfy the submartingale condition,

i.e., P
[
Ifk = 1|F ′k−1

]
≥ pf and P

[
Îfk = 1|F̂ ′k−1

]
≥ pf . Furthermore, if ef > 2εf + 2

a log 6

(equivalently, pf >
1
2), then for any positive integer t ≥ 1 and any p̄f ∈ [0, pf ], it follows

that P
[∑t−1

k=0 I
f
k ≥ p̄f t

]
≥ 1− exp

(
− (p̂f−pf )2

2p2
f

t

)
.

Proof. By the definition of Oracle 1.2, at the descent steps, for all k ∈ N

P
ξ
(0)
k

[
Ek > s|F ′k−1

]
≤ exp(a(εf − s)), P

ξ
(0+)
k

[
E+
k > s|F ′k−1

]
≤ exp(a(εf − s)). (2.2)

Consequently, by the definition of Ifk , Oracle 1.2, and pf , it follows that

P
[
Ifk = 0|F ′k−1

]
= P

[
Ek + E+

k > ef |F ′k−1

]
≤ P

[
Ek > ef/2 or E+

k > ef/2|F ′k−1

]
≤ P

[
Ek > ef/2|F ′k−1

]
+ P

[
E+
k > ef/2|F ′k−1

]
≤ 2 exp(a(εf − ef/2)) ≤ 1− pf .
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Thus, the random process
{∑t−1

k=0 I
f
k − p̄f t

}
t=0,1,...

is a submartingale. Since∣∣∣∣∣∣
(t+1)−1∑

k=0

Ifk − p̄f (t+ 1)

−( t−1∑
k=0

Ifk − p̄f t

)∣∣∣∣∣∣ = |Ifk − p̄f | ≤ max{|0− p̄f |, |1− p̄f |} = p̄f ,

for any t ≥ 1, by the Azuma-Hoeffding inequality, we have for any positive constant c,

P
[∑t−1

k=0 I
f
k − pf t ≤ −c

]
≤ exp

(
− c2

2p2
f t

)
. Setting c = (pf − p̄f )T and subtracting 1 from

both sides yields the second result.
Similarly, at the negative curvature steps, for all k ∈ N

P
ξ̂
(0)
k

[
Êk > s|F̂ ′k−1

]
≤ exp(a(εf − s)), P

ξ̂
(0±)
k

[
Ê±k > s|F̂ ′k−1

]
≤ exp(a(εf − s))

Consequently, for all k ∈ N,

P
ξ̂
(0±)
k

[
max{Ê+

k , Ê
−
k } > s|F̂ ′k−1

]
≤ P

ξ̂
(0±)
k

[
Ê+
k > s or Ê−k > s|F̂ ′k−1

]
≤ P

ξ̂
(0±)
k

[
Ê+
k > s|F̂ ′k−1

]
+ P

ξ̂
(0±)
k

[
Ê−k > s|F̂ ′k−1

]
= P

ξ̂
(0+)
k

[
Ê+
k > s|F̂ ′k−1

]
+ P

ξ̂
(0−)
k

[
Ê−k > s|F̂ ′k−1

]
≤ 2 exp(a(εf − s)) = exp

(
a
(
εf + 1

a log 2− s
))
, (2.3)

and as a result, by the definition of Ifk , Oracle 1.2, and pf , it follows that

P
[
Îfk = 0|F ′k−1

]
= P

[
Êk + max{Ê+

k , Ê
−
k } > ef |F̂ ′k−1

]
≤ 3 exp(a(εf −

ef
2 )) = 1− pf .

The analysis of subexponential random variables draws on [31, Chapter 2]; however,
those results are insufficient for our purposes, as thea distribution considered here is pa-
rameterized by two quantities, a and εf , rather than one. We therefore invoke a stronger
result from [11], stated in the following proposition.

Proposition 2.7. Let X be a random variable such that for some a > 0 and b ≥ 0, P[|X| ≥
s] ≤ exp(a(b− s)), for all s > 0. Then, it follows that E{exp(λ|X|)} ≤ 1

1−λ/a exp(λb) for

all λ ∈ [0, a).

Using Proposition 2.7, we next establish a lemma that provides a high-probability upper
bound on the total error caused by noisy function evaluations.

Lemma 2.8. For any s ≥ 0 and t ≥ 1, P
[∑t−1

k=0(Ek + E+
k ) ≥ t( 5

a + 2εf ) + s
]
≤ exp

(
−a

4s
)

and P
[∑t−1

k=0

(
Êk + max{Ê+

k , Ê
−
k }
)
≥ t( 5

a + 2εf ) + s
]
≤ exp

(
−a

4s
)
.
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Proof. For the descent step, by Proposition 2.7, since (2.2) holds for both function estima-
tion errors Ek and E+

k , it follows that

E [exp(2λEk)] ≤ 1
1−2λ/a exp(2λεf ) and E

[
exp(2λE+

k )
]
≤ 1

1−2λ/a exp(2λεf ),

for all λ ∈
[
0, a2
)
. Then, by the Cauchy-Schwarz inequality, for all λ ∈

[
0, a2
)
,

E
[
exp(λEk + λE+

k )|F ′k−1

]
≤
√

E
[
exp(2λEk)|F ′k−1

]
E
[
exp(2λE+

k )|F ′k−1

]
≤ 1

1−2λ/a exp(2λεf ).
(2.4)

By Markov’s inequality, for any λ ∈
[
0, a2
)
, s ≥ 0, and positive integer t, we have

P

[
t−1∑
k=0

(Ek + E+
k ) ≥ s

]
= P

[
exp

(
λ

t−1∑
k=0

(Ek + E+
k )

)
≥ exp(λs)

]

≤ e−λsE

[
exp

(
λ
t−1∑
k=0

(Ek + E+
k )

)]

≤ e−λs
(

1
1−2λ/a exp(2λεf )

)t
,

(2.5)

where the last inequality can be proven by induction as follows. First, this inequality holds
for t = 1 due to (2.4). Now if it holds for any positive integer t, then for t+ 1,

e−λsE

exp

λ (t+1)−1∑
k=0

(Ek + E+
k )


= e−λsE

[
exp

(
λ

t−1∑
k=0

(Ek + E+
k )

)
E
ξ
(0)
t ,ξ

(0+)
t

[
exp

(
λ(Et + E+

t )
)
|F ′t−1

]]

≤ e−λsE

[
exp

(
λ
t−1∑
k=0

(Ek + E+
k )

)
1

1−2λ/a exp(2λεf )

]
≤ e−λs

(
1

1−2λ/a exp(2λεf )
)t

where the first inequality holds by (2.4) and the second inequality holds by the induction
hypothesis. This completes the induction proof. For ease of exposition, we use 1/(1−x) ≤
exp(2x) for all x ∈ [0, 1/2] to simplify the result

P

[
t−1∑
k=0

(Ek + E+
k ) ≥ s

]
≤ e−λs

[
exp(4λ

a ) exp(2λεf )
]t ≤ exp(λ[t( 5

a + 2εf )− s]),

where λ ∈
[
0, a4
]
. The right-hand side is only less than or equal to 1 when s ≥ t( 5

a + 2εf ).
Replacing s with t( 5

a + 2εf ) + s and choosing λ = a
4 , yields the first result.
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For the negative curvature step, by Proposition 2.7 and inequalities (2.2)-(2.3),

E
[
exp(2λÊk)

]
≤ 1

1−2λ/a exp(2λεf ),

and E
[
exp(2λmax{Ê+

k , Ê
−
k })

]
≤ 1

1−2λ/a exp(2λ(εf + 1
a log 2)),

for all λ ∈
[
0, a2
)
. Following the same procedure as (2.5),

P

[
t−1∑
k=0

(
Êk + max{Ê+

k , Ê
−
k }
)
≥ s

]
≤ e−λs

(
1

1−2λ/a exp
(
λ(2εf + 1

a log 2)
))t

≤ exp(λ[t( 5
a + 2εf )− s]).

The right-hand side is only less than or equal to 1 when s ≥ t( 5
a + 2εf ). Replacing s with

t( 5
a + 2εf ) + s and choosing λ = a

4 , yields the second result.

We introduce the model accuracy assumptions (conditions on the oracle success prob-
abilities) required to derive high-probability iteration-complexity bounds.

Assumption 2.9. We make the following assumptions with regards to the probabilities
(pf , pg, and pH) in the probabilistic oracles:

(i) P
[
Ifk I

g
k = 1|Fk−1

]
≥ pfpg and P

[
Îfk I

H
k = 1|Fk−1, x̂k

]
≥ pfpH ,

(ii) P
[
Ifk I

g
k Î

f
k I

H
k = 1|Fk−1

]
≥ p2

fpgpH , and (iii) p2
fpgpH + pfpg + pfpH − 2 > 0.

Remark 2.10. The bounds in (i)-(ii) imply that the processes
∑t−1

k=0 I
f
k I

g
k−pfpgt,

∑t−1
k=0 Î

f
k I

H
k −

pfpHt, and
∑t−1

k=0 I
f
k I

g
k Î

f
k I

H
k − p2

fpgpHt are submartingales. When pf = 1, we have Ifk =

Îfk = 1 almost surely and Assumption 2.9 reduces to the corresponding condition used in the

bounded-noise setting. Moreover, if the algorithm performs only descent steps, then Îfk and

IHk can be omitted, and Assumption 2.9 simplifies to P
[
Ifk I

g
k = 1|Fk−1

]
≥ pfpg =: pfg >

1
2 ,

which matches the assumption in [20]. Related combined-probability conditions of the form
in (ii) also appear in [11].

The following lemma follows from Assumption 2.9(ii) and the Azuma–Hoeffding in-
equality [2]. Its proof is similar to that of Lemma 2.6 and is omitted for brevity.

Lemma 2.11. For all positive integers t, and any p̄f ∈ [0, pf ), p̄g ∈ [0, pg), and p̄H ∈

[0, pH), P
[∑t−1

k=0 I
f
k I

g
k > p̄f p̄gt

]
≥ 1− exp

(
− (pfpg−p̄f p̄g)2

2p2
fp

2
g

t

)
,

P
[∑t−1

k=0 Î
f
k I

H
k > p̄f p̄Ht

]
≥ 1− exp

(
− (pfpH−p̄f p̄H)2

2p2
fp

2
H

t

)
, and

P
[∑t−1

k=0 I
f
k I

g
k Î

f
k I

H
k > p̄2

f p̄gp̄Ht
]
≥ 1− exp

(
− (p2

fpgpH−p̄
2
f p̄g p̄H)2

2p4
fp

2
gp

2
H

t

)
.
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The results of Lemmas 2.6, 2.8, and 2.11, serve as central building blocks for the
subexponential noise analysis in Section 3.2.

3 Convergence Analysis

In this section, we present a comprehensive convergence and complexity analysis for Algo-
rithm 2.1. For convenience in the analysis, we introduce the following indicator random
variables:

Ωg
k := 1 {‖gk‖2 ≥ cg ε̄g} , ΩH

k := 1 {λk < −cH max{ε̄H , ε̄λ}},
Θg
k := 1{descent step is successful, i.e., αk+1 = τ−1αk},

and ΘH
k := 1{negative curvature step is successful, i.e., βk+1 = τ−1βk}.

To formalize the iteration complexity, we define the stopping time

Nε̄g ,ε̄H ,ε̄λ := min
{
k : ‖∇f(xk)‖2 ≤ ε̄g, λmin(∇2f(xk)) ≥ −max{ε̄λ, ε̄H}

}
, (3.1)

i.e., the number of iterations required to reach an (ε̄g, ε̄λ, ε̄H)-stationary point.

3.1 Convergence analysis: Bounded noise case

In this subsection, we analyze convergence under Oracle 1.1, the bounded function evalu-
ation oracle. Specifically, the realizations of the function estimate errors satisfy

ek ≤ εf , e+
k ≤ εf , êk ≤ εf , ê

±
k ≤ εf . (3.2)

The line search cd, cp and early termination cg and cH parameters are set to satisfy

0 < cd <
1
2 +

(1−η)(1−κg)
2(1+κg) , 0 < cg < 1− κg ≤ 1, 0 < η < 1,

and 0 < cp <
γ−κH

2γ = 1
2 −

κH
2γ , 0 ≤ κH < γ ≤ 1, 0 < cH < 1− κλ ≤ 1.

These bounds quantify how oracle accuracy influences the admissible parameter ranges.
For the gradient step, as κg → 1, the upper bounds on cd and cg decrease, necessitating more
conservative acceptance and termination thresholds under less accurate gradient estimates.
For the negative curvature step, increasing κλ drives the allowable range of cH toward zero,
imposing stricter requirements on curvature-based termination, while κH → 1 forces γ → 1,
enforcing a stronger criterion for accepting a negative curvature direction (extreme case
γ = 1, direction must coincide with eigenvector). In the noiseless setting, i.e., εg = κg = 0
and εH = κH = ελ = κλ = 0, the requirements reduce to 0 < cd < 1 − η

2 , 0 < cg, cH < 1,
0 < cp <

1
2 , and 0 < γ ≤ 1, which coincide with the bounds in the deterministic setting.

We next establish properties of the stochastic process generated by Algorithm 2.1 when
the function, gradient, and Hessian estimates are computed via Oracles 1.1, 2, and 3,
respectively.
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Lemma 3.1. Let ef ≥ 2εf , and

ε̄g ≥ 2εg
min{ηcg(1−κg),1−κg−cg} , ε̄H ≥

εH
cH

√
2

δ(γ−κH−2cpγ) , and ε̄λ ≥ ελ
1−κλ−cH . (3.3)

Then, there exist constants ᾱ, β̄ > 0

ᾱ :=
2(1/(1+κ′g)−cd)

Lg
, and β̄ :=

3(γ−κH−2cpγ)
2δLH

, (3.4)

where 0 ≤ κ′g < 1, and nondecreasing functions hd(·), hp(·) : R→ R, satisfying hd(α), hp(β) >
0 for any α, β > 0, such that for any realization of Algorithm 2.1 the following properties
hold for all k < Nε̄g ,ε̄H ,ε̄λ:

(i) If the gradient estimate at the descent step of iteration k is accurate (i.e., Igk = 1) and
‖gk‖2 ≥ cg ε̄g (i.e., Ωg

k = 1), then for αk ≤ ᾱ, the iteration (descent step) is successful
(Θg

k = 1), which implies αk+1 = τ−1αk;

(ii) If the Hessian estimate at the negative curvature step of iteration k is accurate (i.e.,
IHk = 1) and λk ≤ −cH max{ε̄H , ε̄λ} (i.e., ΩH

k = 1), then for βk ≤ β̄, the iteration
(negative curvature) is successful (ΘH

k = 1), which implies βk+1 = τ−1βk;

(iii) When IgkΩg
kΘ

g
k = 1, then f(xk+1) ≤ f(xk)− hd(αk) + 4ef ;

(iv) When IHk ΩH
k ΘH

k = 1, then f(xk+1) ≤ f(xk)− hp(βk) + 4ef ;

(v) Igk(1− Ωg
k)I

H
k (1− ΩH

k ) = 0.

In summary,

f(xk+1) ≤


f(xk)− hd(αk) + 4ef , if IgkΩg

kΘ
g
k = 1,

f(xk)− hp(βk) + 4ef , if IHk ΩH
k ΘH

k = 1,

f(xk) + 4ef , otherwise.

(3.5)

Proof. We start with the descent step and consider the case where IgkΩg
k = 1 (gradient

is accurate and ‖gk‖2 > cg ε̄g). By Oracle 2, (3.3), and the termination condition in

Algorithm 2.1, we have ‖∇f(xk)−gk‖2 ≤ εg+κg‖∇f(xk)‖2 and ‖gk‖2 ≥ cg ε̄g ≥ 2cgεg
ηcg(1−κg) =

2εg
η(1−κg) , and as a result ‖∇f(xk)−gk‖2 ≤ κ′g‖∇f(xk)‖2, where κ′g := 1− 2(1−η)(1−κg)

1+κg+(1−η)(1−κg) <

1, from which it follows that

−∇f(xk)
Tgk ≤ − 1

1+κ′g
‖gk‖22, −∇f(xk)

Tgk ≤ −(1− κ′g)‖∇f(xk)‖22. (3.6)

Then, by Assumption 2.1, dk = −gk, and (3.6),

f(xk + αkdk) ≤ f(xk) + αk∇f(xk)
Tdk +

Lg
2 α

2
k‖dk‖22

14



≤ f(xk)− αk
1+κ′g
‖gk‖22 +

Lg
2 α

2
k‖gk‖22.

Thus, as long as αk ≤ ᾱ =
2(1/(1+κ′g)−cd)

Lg
the inequality can be further bounded by

f(xk + αkdk) ≤ f(xk)− cdαk‖gk‖22 = f(xk) + cdαkg
T
k dk. (3.7)

Invoking the bounded noise condition (3.2) and ef ≥ 2εf ,

F (xk + αkdk, ξ
(0+)
k ) ≤ f(xk + αkdk) + e+

k ≤ f(xk) + cdαkg
T
k dk + εf

≤ F (xk, ξ
(0)
k ) + cdαkg

T
k dk + ef ,

(3.8)

which implies that the descent step at iterate k is successful (Θg
k = 1) provided the step

size is sufficiently small (part (i) of Lemma 3.1).
When the step is also successful, that is IgkΩg

kΘ
g
k = 1, according to the procedure in

Algorithm 2.1 and the noise bound (3.2), it follows that

F (xk + αkdk, ξ
(0+)
k ) ≤ F (xk, ξ

(0)
k )− cdαk‖gk‖22 + ef ≤ F (xk, ξ

(0)
k )− cdαkc2

g ε̄
2
g + ef ,

where hd(α) := c2
g ε̄

2
gα. Again, invoking the bounded noise condition and ef ≥ 2εf ,

f(x̂k) = f(xk + αkdk) ≤ F (xk + αkdk, ξ
(0+)
k ) + e+

k

≤ F (xk, ξ
(0)
k )− hd(αk) + ef + εf

≤ f(xk)− hd(αk) + 2ef ,

(3.9)

establishing a decrease in the true function.
If instead, Igk(1 − Ωg

k) = 1, then ‖∇f(xk)‖2 ≤ ‖gk‖2 + ‖∇f(xk) − gk‖2 < cg ε̄g + εg +
κg‖∇f(xk)‖2 from which it follows that

‖∇f(xk)‖2 ≤ cg ε̄g+εg
1−κg ≤

2cg+1−κg−cg
2(1−κg) ε̄g < ε̄g, (3.10)

hence the first part of the stopping time definition (3.1) holds.
When Θg

k = 0 (the descent step is unsuccessful), the trial point is rejected and x̂k = xk,
f(x̂k) = f(xk). Otherwise, Θg

k = 1 ensures that the potential increase in the function value
is always bounded

f(xk + αkdk) ≤ F (xk + αkdk, ξ
(0+)
k ) + e+

k

≤ F (xk, ξ
(0)
k ) + cdαkg

T
k dk + ef + εf

≤ F (xk, ξ
(0)
k ) + ef + εf ≤ f(xk) + 2ef

(3.11)

We should note that this bound also applies to the case where Θg
k = 0.
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Next, at x̂k ← xk + αkdk, we consider the negative curvature step. When IHk ΩH
k = 1

(the Hessian is accurate and λk < −cH max{ε̄H , ε̄λ}), by (3.3) and (2.1b)

‖(∇2f(x̂k)−Hk)qk‖2 ≤ ε2H + κH |λk|‖qk‖2
≤ δ(γ−κH−2cpγ)(cH ε̄H)2

2 + κHδ|λk|2

<
δ(γ+κH−2cpγ)|λk|2

2 ,

(3.12)

By the Lipschitz continuity of ∇2f (Assumption 2.1),

f(x̂k ± βkqk) ≤ f(x̂k)± βk∇f(x̂k)
Tqk +

β2
k
2 q

T
k∇2f(x̂k)qk + LH

6 β3
k‖qk‖32.

Since min{∇f(x̂k)
Tqk,−∇f(x̂k)

Tqk} ≤ 0, taking the minimum of the above

min{f(x̂k + βkqk), f(x̂k − βkqk)} ≤ f(x̂k) +
β2
k
2 q

T
k∇2f(x̂k)qk + LH

6 β3
k‖qk‖32. (3.13)

Notice that qTk∇2f(x̂k)qk = qTk (∇2f(x̂k)−Hk)qk + qTkHkqk ≤ ‖qk‖2‖(∇2f(x̂k)−Hk)qk‖2 +
qTkHkqk. By (3.12) for any βk ≤ β̄, it follows that

β2
k
2 ‖qk‖2‖(∇

2f(x̂k)−Hk)qk‖2 +
β2
k
2 q

T
kHkqk + LH

6 β3
k‖qk‖32 ≤ cpβ2

kq
T
kHkqk.

Substituting the above bound into (3.13), when IgkΩg
k = 1 and βk ≤ β̄,

min {f(x̂k + βkqk), f(x̂k − βkqk)} ≤ f(x̂k) + cpβ
2
kq

T
kHkqk,

and consequently, by (3.2) and ef ≥ 2εf , it follows that

min
{
F (x̂k + βkqk, ξ̂

(0+)
k ), F (x̂k − βkqk, ξ̂

(0−)
k )

}
≤ min

{
f(x̂k + βkqk) + ê+

k , f(x̂k − βkqk) + ê−k
}

≤ min {f(x̂k + βkqk), f(x̂k − βkqk)}+ max{ê+
k , ê

−
k }

≤ f(x̂k) + cpβ
2
kq

T
kHkqk + εf ≤ F (x̂k, ξ̂

(0)
k ) + cpβ

2
kq

T
kHkqk + ef .

Therefore, ΘH
k = 1 provided the step size is sufficiently small (part (ii) of Lemma 3.1).

When IHk ΩH
k ΘH

k = 1, the step is successful and λk < −cH max{ε̄H , ε̄λ}, and

min
{
F (x̂k + βkqk, ξ̂

(0+)
k ), F (x̂k − βkqk, ξ̂

(0−)
k )

}
≤ F (x̂k, ξ̂

(0)
k ) + cpβ

2
kp

T
kHkpk + ef

≤ F (x̂k, ξ̂
(0)
k )− cpγδ2β2

k|λk|3 + ef (3.14)

≤ F (x̂k, ξ̂
(0)
k )− β2

kcpγδ
2c3
H(max{ε̄H , ε̄λ})3 + ef ,
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where hp(β) := cpγδ
2c3
H(max{ε̄H , ε̄λ})3β2. If F (x̂k±βkqk, ξ̂

(0+)
k ) = min{F (x̂k+βkqk, ξ̂

(0+)
k ), F (x̂k−

βkqk, ξ̂
(0−)
k )}, by the definition of pk and (3.14)

f(x̂k + βkpk) = f(x̂k ± βkqk)

≤ F (x̂k ± βkqk, ξ̂
(0+)
k ) + ê+

k

= min{F (x̂k + βkqk, ξ̂
(0+)
k ), F (x̂k − βkqk, ξ̂

(0−)
k )}+ ê+

k

≤ F (x̂k, ξ̂
(0)
k )− hp(βk) + ef + max{ê+

k , ê
−
k }.

(3.15)

Combining the two cases

f(x̂k + βkpk) ≤ F (x̂k, ξ̂
(0)
k )− hp(βk) + ef + max{ê+

k , ê
−
k }

≤ f(x̂k) + εf − hp(βk) + ef + εf ≤ f(x̂k)− hp(βk) + 2ef .
(3.16)

When IHk (1− ΩH
k ) = 1, we have λk ≥ −cH max{ε̄H , ε̄λ} and by (3.3)

|λmin(∇2f(x̂k))− λk| ≤ ελ + κλ|λmin(∇2f(x̂k))|
≤ (1− κλ − cH)ε̄λ + κλ|λmin(∇2f(x̂k))|
≤ (1− κλ − cH) max{ε̄H , ε̄λ}+ κλ|λmin(∇2f(x̂k))|,

from which it follows that

|λmin(∇2f(x̂k))− λk| ≥ λk − λmin(∇2f(x̂k))

≥ −cH max{ε̄H , ε̄λ} − λmin(∇2f(x̂k)),
(3.17)

and λmin(∇2f(x̂k)) ≥ −max{ε̄H , ε̄λ}.
When ΘH

k = 0 (the negative curvature step is unsuccessful), the trial point is rejected
and xk+1 = x̂k and f(xk+1) = f(x̂k). Otherwise, ΘH

k = 1 ensures that

f(xk+1) = f(x̂k + βkpk) ≤ F (x̂k + βkpk, ξ̂
(0±)
k ) + max{ê+

k , ê
−
k }

≤ F (x̂k, ξ̂
(0)
k ) + cpβ

2
kp

T
kHkpk + ef + max{ê+

k , ê
−
k }

≤ F (x̂k, ξ̂
(0)
k )− γcpβ2

k|λk|‖pk‖22 + ef + max{ê+
k , ê

−
k } (3.18)

≤ F (x̂k, ξ̂
(0)
k ) + ef + max{ê+

k , ê
−
k }

≤ f(x̂k) + ef + 2εf ≤ f(x̂k) + 2ef .

In both cases, ΘH
k = 0 and ΘH

k = 1, we have f(xk+1) ≤ f(x̂k) + 2ef .
Combining (3.9), (3.18) and IgkΩg

kΘ
g
k = 1 yields the first result in (3.5) (part (iii) of

Lemma 3.1). Combining (3.11), (3.16) and IHk ΩH
k ΘH

k = 1 yields the second result in (3.5)
(part (iv) of Lemma 3.1). The final case can be derived by (3.11) and (3.18).
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For (v), by contradiction, if Igk(1−Ωg
k)I

H
k (1−ΩH

k ) = 1, then x̂k = xk and using (3.10)
and (3.17), we can conclude that

‖∇f(xk)‖2 < ε̄g, λmin(∇2f(xk)) = λmin(∇2f(x̂k)) ≥ −max{ε̄H , ε̄λ},

therefore Nε̄g ,ε̄H ,ε̄λ ≤ k which contradicts with the hypothesis that k < Nε̄g ,ε̄H ,ε̄λ .

Lemma 3.1 provides a fundamental bound on the change in the objective function value
across iterations, accounting for the different cases that may arise in the algorithm. With
the step size bounds ᾱ and β̄ specified in the lemma, we define the following random
indicator variables to indicate if iteration k has a large/small step.

Ugk =


1, min{αk, αk+1} ≥ ᾱ,Ωg

k = 1

0, max{αk, αk+1} ≤ ᾱ,Ωg
k = 1

0, if Ωg
k = 0,

, UHk =


1, min{βk, βk+1} ≥ β̄,ΩH

k = 1

0, max{βk, βk+1} ≤ β̄,ΩH
k = 1

0, ΩH
k = 0.

Without loss of generality, we assume that ᾱ = α0τ
mα and β̄ = β0τ

mβ for some positive
integers mα, mβ. In this case, it can be shown that for every step, αk and βk is either a
large step or a small step or a stable step (e.g., Ωg

k or ΩH
k = 0). As an immediate deduction

from properties (i)-(ii) in Lemma 3.1, it follows that

IgkΩg
k(1− U

g
k )(1−Θg

k) = 0, and IHk ΩH
k (1− UHk )(1−ΘH

k ) = 0. (3.19)

The above implies that if the gradient or negative curvature information is sufficiently
accurate and of sufficiently large magnitude, then any step size below certain threshold
yields a successful step. In Lemmas 3.2-3.4, we provide bounds on the number of iterations
for different cases.

Lemma 3.2. For any positive integer t,

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k ≤

f(x0)−f(xt)
cᾱ,β̄

+
4ef
cᾱ,β̄

t.

where cᾱ,β̄ := min{hd(ᾱ), hp(β̄)} and ᾱ, β̄ are given in (3.4).

Proof. Taking the step size indicator variables (Ugk and UHk ) into consideration, one can
derive a slight modification of (3.5) from Lemma 3.1, i.e.,

f(xk+1) ≤


f(xk)− hd(ᾱ) + 4ef , if IgkΩg

kΘ
g
kU

g
k = 1

f(xk)− hp(β̄) + 4ef , if IHk ΩH
k ΘH

k U
H
k = 1

f(xk) + 4ef , otherwise,
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The above holds since hd(·) and hp(·) are non-decreasing functions on R≥0. By summing
up the inequalities from k = 0 to t− 1, it follows that

f(xt) ≤ f(x0)− hd(ᾱ)
t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k − hp(β̄)

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k + 4tef .

Re-arranging the above and using the definition of cᾱ,β̄ completes the proof.

Lemma 3.2 follows from Lemma 3.1 and bounds the number of “good” iterations (ac-
curate, successful, large step sizes). The next lemma bounds the number of iterations in
which the step sizes αk and βk are modified. When ‖gk‖2 is sufficiently large (Ωg

k = 1), αk
increases on successful iterations (Θg

k = 1) and decreases otherwise. Hence, the number of
iterations with Ugk = 1 in which αk decreases is bounded by those in which it increases,
plus the number required to reduce αk from α0 to ᾱ. Similarly, the number of iterations
with Ωg

k(1−U
g
k ) = 1 in which αk increases is bounded by those in which it decreases. The

following lemma formalizes these observations.

Lemma 3.3. For any positive integer t,

t−1∑
k=0

Ωg
k(1− U

g
k )Θg

k +

t−1∑
k=0

Ωg
kU

g
k (1−Θg

k) ≤
1
2

(
t−1∑
k=0

Ωg
k + cτ

)
, (3.20)

t−1∑
k=0

ΩH
k (1− UHk )ΘH

k +
t−1∑
k=0

ΩH
k U

H
k (1−ΘH

k ) ≤ 1
2

(
t−1∑
k=0

ΩH
k + cτ

)
, (3.21)

where cτ := max{logτ
ᾱ
α0
, logτ

β̄
β0
, 0} and ᾱ, β̄ are given in (3.4).

Proof. We first consider the bound for descent steps (3.20). For all αt, t ∈ N, the step size
can be expressed as

αt = α0τ

∑t−1

k=0,Ω
g
k

=1
((1−Θgk)−Θgk)

= α0τ
∑t−1
k=0 Ωgk((1−Θgk)−Θgk). (3.22)

Let s−1 := 0, s0 := min{k ∈ N : αk = ᾱ}, and si := min{k : k > si−1, αk = ᾱ} for any
i ≥ 1. By (3.22) and the definition of si, for all i ≥ 0,

ᾱ = αsi+1 = αsiτ
∑si+1−1

k=si
Ωgk((1−Θgk)−Θgk)

= ᾱτ
∑si+1−1

k=si
Ωgk((1−Θgk)−Θgk)

,

from which it follows that 0 =
∑si+1−1

k=si
Ωg
k((1−Θg

k)−Θg
k). By the definition of si, we have:

(i) αk > ᾱ and Ugk = 1 for any 0 ≤ k < s0 and Ωg
k = 1; and, (ii) {k : si ≤ k < si+1,Ω

g
k = 1}

is subset of either {k : si ≤ k < si+1,Ω
g
k = 1, Ugk = 1} or {k : si ≤ k < si+1,Ω

g
k = 1, Ugk =
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0}. As a result, for i ∈ N,

0 =

si+1−1∑
k=si

Ωg
k((1−Θg

k)−Θg
k)

=

si+1−1∑
k=si

Ωg
kU

g
k ((1−Θg

k)−Θg
k) =

si+1−1∑
k=si

Ωg
k(1− U

g
k )((1−Θg

k)−Θg
k).

(3.23)

Let it := max{i ∈ N : si ≤ t} for any t ∈ N. We consider two cases.
Case 1 (αt ≥ ᾱ): For any sit ≤ k < t such that Ωg

k = 1, it follows that αk ≥ ᾱ and
Ugk = 1. Thus, the exponent in the step size equation (3.22) can be expressed as

t−1∑
k=0

Ωg
k((1−Θg

k)−Θg
k) =

it∑
i=−1

min{si+1,t}−1∑
k=si

Ωg
k((1−Θg

k)−Θg
k)

=

it∑
i=−1

min{si+1,t}−1∑
k=si

Ωg
kU

g
k ((1−Θg

k)−Θg
k) (3.24)

=
t−1∑
i=0

Ωg
kU

g
k ((1−Θg

k)−Θg
k),

by (3.23) and the fact that Ugk = 1 for k = 0, . . . , s0 − 1 whenever Ωg
k = 1. Therefore,

αt = α0τ
∑t−1
k=0 ΩgkU

g
k ((1−Θgk)−Θgk) ≥ ᾱ. As a result, by (3.24) and the definition of cτ ,

t−1∑
k=0

Ωg
kU

g
k (1−Θg

k) ≤
t−1∑
k=0

Ωg
kU

g
kΘg

k + cτ . (3.25)

Case 2 (αt ≤ ᾱ): In this case, for any sit ≤ k < t, it follows that αk ≤ ᾱ and Ugk = 0.
The step size αt can be expressed in terms of information at αs0 as follows

αt = αs0τ
∑t−1
k=s0

Ωgk((1−Θgk)−Θgk)
= ᾱτ

∑t−1
k=s0

Ωgk((1−Θgk)−Θgk)
. (3.26)

Following the same approach in (3.24), the exponent in (3.26) can be expressed as

t−1∑
k=s0

Ωg
k((1−Θg

k)−Θg
k) =

t−1∑
i=0

Ωg
k(1− U

g
k )((1−Θg

k)−Θg
k),

by (3.23) and the fact that 1−Ugk = 0 for k = 0, . . . , s0−1 whenever Ωg
k = 1. Consequently,

αt = ᾱ · τ
∑t−1
i=0 Ωgk(1−Ugk )((1−Θgk)−Θgk) ≤ ᾱ, and it follows that

t−1∑
i=0

Ωg
k(1− U

g
k )(1−Θg

k) ≥
t−1∑
i=0

Ωg
k(1− U

g
k )Θg

k. (3.27)
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The bound in (3.20) follows by summing (3.25) and (3.27). The corresponding result
for the negative curvature step sizes, (3.21), is obtained analogously.

Lemma 3.3 bounds the number of iterations corresponding to two “bad” scenarios:
successful steps with overly small step sizes and unsuccessful steps with overly large step
sizes. We now present a lemma characterizing “good” iterations.

Lemma 3.4. For all positive integers t, and any 0 < p̄g < pg and 0 < p̄H < pH such
that p̄gp̄H + p̄g + p̄H − 2 > 0, if Nε̄g ,ε̄H ,ε̄λ > t and

∑t−1
k=0 I

g
k ≥ p̄gt,

∑t−1
k=0 I

H
k ≥ p̄Ht, and∑t−1

k=0 I
g
kI

H
k ≥ p̄gp̄Ht, then,

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k ≥ 1

2cgHt− cτ ,

where cgH := p̄gp̄H + p̄g + p̄H−2, cτ := max{logτ
ᾱ
α0
, logτ

β̄
β0
, 0} and ᾱ, β̄ are given in (3.4).

Therefore,

P

[
Nε̄g ,ε̄H ,ε̄λ > t,

t−1∑
k=0

Igk ≥ p̄gt,
t−1∑
k=0

IHk ≥ p̄Ht,
t−1∑
k=0

IgkI
H
k ≥ p̄gp̄Ht, (3.28)

and
t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k < 1

2cgHt− cτ

]
= 0.

Proof. If Nε̄g ,ε̄H ,ε̄λ > t and
∑t−1

k=0 I
g
k ≥ p̄gt,

∑t−1
k=0 I

H
k ≥ p̄Ht, and

∑t−1
k=0 I

g
kI

H
k ≥ p̄gp̄Ht, then

for the descent step, by (3.19) and (3.20),

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k

=

t−1∑
k=0

IgkΩg
k −

t−1∑
k=0

IgkΩg
k(1−Θg

k)U
g
k −

t−1∑
k=0

IgkΩg
kΘ

g
k(1− U

g
k )−

t−1∑
k=0

IgkΩg
k(1−Θg

k)(1− U
g
k )

≥
t−1∑
k=0

IgkΩg
k −

1
2

(
t−1∑
k=0

Ωg
k + cτ

)
= 1

2

t−1∑
k=0

IgkΩg
k −

1
2

t−1∑
k=0

(1− Igk)Ωg
k −

cτ
2 .

Similarly, for the negative curvature step, by (3.19) and (3.21) it follows that

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k ≥ 1

2

t−1∑
k=0

IHk ΩH
k − 1

2

t−1∑
k=0

(1− IHk )ΩH
k − cτ

2 .
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Combining the above two inequalities, it follows that

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k

≥1
2

t−1∑
k=0

IgkΩg
k + 1

2

t−1∑
k=0

IHk ΩH
k − 1

2

t−1∑
k=0

(1− Igk)Ωg
k −

1
2

t−1∑
k=0

(1− IHk )ΩH
k − cτ .

(3.29)

By (v) of Lemma 3.1 and Igk(1− Ωg
k)I

H
k (1− ΩH

k ) = 0 for any k ≤ t < Nε̄g ,ε̄H ,ε̄λ ,

t−1∑
k=0

IgkI
H
k =

t−1∑
k=0

IgkΩg
kI
H
k ΩH

k +
t−1∑
k=0

Igk(1− Ωg
k)I

H
k ΩH

k +
t−1∑
k=0

IgkΩg
kI
H
k (1− ΩH

k ) +
t−1∑
k=0

Igk(1− Ωg
k)I

H
k (1− ΩH

k )

=

t−1∑
k=0

IgkI
H
k ΩH

k +

t−1∑
k=0

IgkΩg
kI
H
k (1− ΩH

k )

≤
t−1∑
k=0

IHk ΩH
k +

t−1∑
k=0

IgkΩg
k.

Plugging the above into (3.29) and using the definition of cgH completes the proof,

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k ≥ 1

2

t−1∑
k=0

IgkI
H
k − 1

2

t−1∑
k=0

(1− Igk)− 1
2

t−1∑
k=0

(1− IHk )− cτ

≥ 1
2 p̄gp̄Ht−

1
2(1− p̄g)t− 1

2(1− p̄H)t− cτ .

The above lemma establishes a lower bound, increasing with t, on the number of “good”
iterations (accurate, successful, large step sizes) when the number of accurate iterations is
sufficiently large. The main theorem follows.

Theorem 3.5. Suppose Assumptions 2.1 and 2.9 hold and ef ≥ 2εf . Then, for any 0 <

p̄g < pg, 0 < p̄H < pH such that p̄gp̄H + p̄g + p̄H − 2 =: cgH >
8ef
cᾱ,β̄

, and t ≥ T = R
cgH

2 −
4ef
cᾱ,β̄

,

P[Nε̄g ,ε̄H ,ε̄λ ≤ t] ≥ 1− exp
(
− (pg−p̄g)2

2p2
g

t
)
− exp

(
− (pH−p̄H)2

2p2
H

t
)
− exp

(
− (pgpH−p̄g p̄H)2

2p2
gp

2
H

t
)
,

where R = f(x0)−f∗
cᾱ,β̄

+ cτ , cᾱ,β̄ := min
{
cdᾱc

2
g ε̄

2
g, cpβ̄

2c3
H(max{ε̄H , ε̄λ})3

}
, ᾱ, β̄ are given in

(3.4), cτ is given in Lemma 3.3, εc = 16εf , and

ε̄g > max

{(
εc

(p̄g p̄H+p̄g+p̄H−2)cdᾱc2g

)1/2
,

2εg
min{ηcg(1−κg),1−κg−cg}

}
,
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ε̄H > max

{(
εc

(p̄g p̄H+p̄g+p̄H−2)cpβ̄2c3H

)1/3
, εHcH

√
2

δ(γ−κH−2cpγ)

}
, (3.30)

ε̄λ > max

{(
εc

(p̄g p̄H+p̄g+p̄H−2)cpβ̄2c3H

)1/3
, ελ

1−κλ−cH

}
.

Proof. When Nε̄g ,ε̄H ,ε̄λ > t ≥ T , by Lemma 3.2 and the definition of T

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k ≤

f(x0)−f(xt)
cᾱ,β̄

+
4ef
cᾱ,β̄

t < f(x0)−f∗
cᾱ,β̄

+ 1
2cgHt−R

= 1
2cgHt− cτ .

We denote the events

Eg :=

{
t−1∑
k=0

Igk ≥ p̄gt

}
, EH :=

{
t−1∑
k=0

IHk ≥ p̄Ht

}
, EgH :=

{
t−1∑
k=0

IgkI
H
k ≥ p̄gp̄Ht

}
.

The probability of not reaching a second-order stationary point by iteration t is

P[Nε̄g ,ε̄H ,ε̄λ > t]

=P

[
Nε̄g ,ε̄H ,ε̄λ > t,

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k < 1

2cgHt− cτ

]

=P

[
Nε̄g ,ε̄H ,ε̄λ > t,

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k < 1

2cgHt− cτ , Eg ∩ EH ∩ EgH

]

+ P

[
Nε̄g ,ε̄H ,ε̄λ > t,

t−1∑
k=0

IgkΩg
kΘ

g
kU

g
k +

t−1∑
k=0

IHk ΩH
k ΘH

k U
H
k < 1

2cgHt− cτ , E
c
g ∪ EcH ∪ EcgH

]
≤0 + P

{
Ecg ∪ EcH ∪ EcgH

}
≤P[Ecg] + P[EcH ] + P[EcgH ]

≤ exp
(
− (pg−p̄g)2

2p2
g

t
)

+ exp
(
− (pH−p̄H)2

2p2
H

t
)

+ exp
(
− (pgpH−p̄g p̄H)2

2p2
gp

2
H

t
)
,

where the first inequality follows by (3.28) and the last inequality by a special case of

Lemma 2.11 where pf = p̄f = 1 and Ifk = Îfk = 1 for all positive integers k.

Remark 3.6. We make the following remarks about Theorem 3.5.

• The dependence of the complexity bounds on ε̄g and ε̄H parallels the deterministic case
[4, 15, 21], where iterates converge to a neighborhood of a stationary point. The neigh-
borhood parameters ε̄g, ε̄H , and ε̄λ depend on εf with different orders, satisfying ε̄g >

O(ε
1/2
f + εg), ε̄H > O(ε

1/3
f + εH), and ε̄λ > O(ε

1/3
f + ελ). Consequently, the achievable

second-order accuracy of Algorithm 2.1 is
(
O(ε

1/2
f + εg), O(ε

1/3
f + εH), O(ε

1/3
f + ελ)

)
.
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• When pg = pH = 1 and εf = εg = εH = ελ = 0, the result reduces to the determin-
istic inexact setting [4, Theorem 2.10], where the lower bounds on ε̄g and ε̄H vanish.
Moreover, if pH = 1, the requirement on pg becomes pg > 1/2, matching the first-order
condition in [20].

• The probability that Nε̄g ,ε̄H ,ε̄λ exceeds t decays exponentially in t for t ≥ T , where T =

O
(
ε−1
f + ε−2

g + (max{εH , ελ})−3
)

.

3.2 Convergence analysis: Subexponential noise case

We now extend the analysis to the case where the noise in the function estimates has a
subexponential tail, corresponding to Oracle 1.2. The lemmas from the bounded-noise
setting still hold after replacing Igk(pg) with Ifk I

g
k(pfpg) and IHk (pH) with Îfk I

H
k (pfpH). We

first state the analogue of Lemma 3.1 for this setting.

Lemma 3.7. Let ef ≥ 4/a + 2εf and the neighborhood parameters (ε̄g, ε̄H , ε̄λ) set as pre-
scribed in (3.3). Then, there exist constants ᾱ, β̄ > 0 (3.4) and nondecreasing functions
hd(·), hp(·) : R → R, satisfying hd(α), hp(β) > 0 for any α, β > 0, such that for any
realization of Algorithm 2.1 the following hold for all k < Nε̄g ,ε̄H ,ε̄λ:

(i) If the function and gradient estimates at the descent step of iteration k are accurate

(i.e., Ifk I
g
k = 1) and ‖gk‖2 ≥ cg ε̄g (i.e., Ωg

k = 1), then for αk ≤ ᾱ, the iteration (descent
step) is successful (Θg

k = 1), which implies αk+1 = τ−1αk.

(ii) If the function and Hessian estimates at the negative curvature step of iteration k are

accurate (i.e., Îfk I
H
k = 1) and λk ≤ −cH max{ε̄H , ε̄λ} (i.e., ΩH

k = 1), then for βk ≤ β̄,
the iteration (negative curvature step) is successful (ΘH

k = 1), which implies βk+1 =
τ−1βk.

(iii) When Ifk I
g
kΩg

kΘ
g
k = 1, f(xk+1) ≤ f(xk)− hd(αk) + 3ef + êk + max{ê+

k , ê
−
k }.

(iv) When Îfk I
H
k ΩH

k ΘH
k = 1, f(xk+1) ≤ f(xk)− hp(βk) + 3ef + ek + e+

k .

(v) Igk(1− Ωg
k)I

H
k (1− ΩH

k ) = 0.

In summary,

f(xk+1) ≤


f(xk)− hd(αk) + 3ef + êk + max{ê+

k , ê
−
k }, if Ifk I

g
kΩg

kΘ
g
k = 1,

f(xk)− hp(βk) + 3ef + ek + e+
k , if Îfk I

H
k ΩH

k ΘH
k = 1,

f(xk) + 2ef + ek + e+
k + êk + max{ê+

k , ê
−
k }, otherwise.

(3.31)

Proof. The proof follows the same arguments as Lemma 3.1. In particular, part (v) is
identical in both statement and proof and is therefore omitted. We restate the remaining
arguments below, highlighting the differences.
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For the descent step, when Ifk I
g
kΩg

k = 1, the case becomes the same as in (i) of Lemma
3.1, and by (3.7) and (3.8), as long as αk ≤ ᾱ, defined in (3.4), it follows that

F (xk + αkdk, ξ
(0+)
k ) ≤ F (xk, ξ

(0)
k ) + cdαkg

T
k dk + ek + e+

k ≤ F (xk, ξ
(0)
k ) + cdαkg

T
k dk + ef ,

which implies that the descent step is successful (Θg
k = 1). When Ifk I

g
kΩg

kΘ
g
k = 1, the case

is similar to (iii) of Lemma 3.1, and

f(xk + αkdk) ≤ f(xk)− hd(αk) + ef + ek + e+
k ≤ f(xk)− hd(αk) + 2ef ,

where hd(α) := c2
g ε̄

2
gα. The worst-case bound for f(x̂k), analogous to (3.11), is

f(x̂k) = f(xk + αkdk) ≤ f(xk) + ef + ek + e+
k .

For the negative curvature step, when Îfk I
H
k ΩH

k = 1, for βk ≤ β̄ defined in (3.4),

min{F (x̂k + βkqk, ξ̂
(0+)
k ), F (x̂k − βkqk, ξ̂

(0−)
k )}

≤min{f(x̂k + βkqk), f(x̂k − βkqk)}+ max{ê+
k , ê

−
k }

≤f(x̂k) + cpβ
2
kq

T
kHkqk + max{ê+

k , ê
−
k }

≤F (x̂k, ξ̂
(0)
k ) + cpβ

2
kq

T
kHkqk + êk + max{ê+

k , ê
−
k } ≤ F (x̂k, ξ̂

(0)
k ) + cpβ

2
kq

T
kHkqk + ef

and the step is successful (ΘH
k = 1). When Îfk I

H
k ΩH

k ΘH
k = 1,

f(x̂k + βkpk) ≤ min{F (x̂k + βkqk, ξ̂
(0+)
k ), F (x̂k − βkqk, ξ̂

(0−)
k )}+ max{ê+

k , ê
−
k }

≤ F (x̂k, ξ̂
(0)
k ) + cpβ

2
kq

T
kHkqk + ef + max{ê+

k , ê
−
k }

≤ f(x̂k) + êk − hp(βk) + ef + max{ê+
k , ê

−
k } ≤ f(x̂k)− hp(βk) + 2ef ,

where hp(β) := cpγδ
2c3
H(max{ε̄H , ε̄λ})3β2. The bound, analogous to (3.18), is

f(xk+1) = f(x̂k + βkpk) ≤ f(x̂k) + ef + êk + max{ê+
k , ê

−
k }.

Combining the inequalities for different cases above, yields the desired results.

The following lemma, analogous to Lemma 3.2, bounds the number of “good” iterations
and follows directly from Lemma 3.7.

Lemma 3.8. For any positive integer t, we have

t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k ≤

f(x0)−f(xt)
cᾱ,β̄

+
3ef
cᾱ,β̄

t

+ 1
cᾱ,β̄

t−1∑
k=0

(
ek + e+

k + êk + max{ê+
k , ê

−
k }
)
,

where cᾱ,β̄ := min{hd(ᾱ), hp(β̄)} and ᾱ, β̄ are given in (3.4).
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Proof. Similar to the proof of Lemma 3.2, by incorporating the step size indicator variables
Ugk and UHk , one can re-write (3.31) as

f(xk+1) ≤


f(xk)− hd(ᾱ) + 3ef + êk + max{ê+

k , ê
−
k }, if Ifk I

g
kΩg

kΘ
g
kU

g
k = 1,

f(xk)− hp(β̄) + 3ef + ek + e+
k , if Îfk I

H
k ΩH

k ΘH
k U

H
k = 1,

f(xk) + 3ef + ek + e+
k + êk + max{ê+

k , ê
−
k }, otherwise.

since hd(·) and hp(·) are non-decreasing functions on R≥0. Summing the inequalities above
from k = 0 to t− 1, re-arranging the terms, and using the definition of cᾱ,β̄ completes the
proof.

Lemma 3.3 applies directly in this setting. The next lemma, analogous to Lemma 3.4,
provides a lower bound on the number of “good” iterations (accurate, successful, large step
sizes), implying the proportion remains bounded away from zero as t increases.

Lemma 3.9. For all positive integers t, and any 0 < p̄fg < pfpg and 0 < p̄fH < pfpH such

that p̄fg ·p̄fH+p̄fg+p̄fH−2 > 0, if Nε̄g ,ε̄H ,ε̄λ > t and
∑t−1

k=0 I
f
k I

g
k ≥ p̄gt,

∑t−1
k=0 Î

f
k I

H
k ≥ p̄fHt,

and
∑t−1

k=0 I
f
k I

g
k Î

f
k I

H
k ≥ p̄fgp̄fHt, then,

t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k ≥ 1

2(p̄fgp̄fH + p̄fg + p̄fH − 2)t− cτ = 1
2cgHt− cτ ,

where cgH := p̄fgp̄fH + p̄fg + p̄fH − 2, cτ := max{logτ
ᾱ
α0
, logτ

β̄
β0
, 0} and ᾱ, β̄ are given in

(3.4). Therefore,

P

[
Nε̄g ,ε̄H ,ε̄λ > t,

t−1∑
k=0

Ifk I
g
k ≥ p̄fgt,

t−1∑
k=0

Îfk I
H
k ≥ p̄fHt,

t−1∑
k=0

Ifk I
g
k Î

f
k I

H
k ≥ p̄fgp̄fHt,

and
t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k < 1

2cgHt− cτ

]
= 0.

Proof. The proof parallels that of Lemma 3.4, incorporating Ifk and Îfk and their associated
probabilities, and is therefore omitted.

The main result follows and uses arguments similar to those of Theorem 3.5.

Theorem 3.10. Suppose Assumptions 2.1 and 2.9 hold and ef ≥ 2εf +5/a. Then, for any

s ≥ 0, 0 < p̄fg < pfpg, 0 < p̄fH < pfpH such that p̄fgp̄fH + p̄fg+ p̄fH−2 =: cgH >
10ef+4s
cᾱ,β̄

,

and t ≥ T := R
cgH

2 −
5ef+2s
cᾱ,β̄

,

P{Nε̄g ,ε̄H ,ε̄λ ≤ t} ≥ 1− exp

(
− (pfpg−p̄fg)2

2p2
fp

2
g

t

)
− exp

(
− (pfpH−p̄fH)2

2p2
fp

2
H

t

)
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− exp

(
− (p2

fpgpH−p̄fg p̄fH)2

2p4
fp

2
gp

2
H

t

)
− 2 exp

(
−a

4st
)

where R = f(x0)−f∗
cᾱ,β̄

+ cτ , cᾱ,β̄ := min
{
cdᾱc

2
g ε̄

2
g, cpβ̄

2c3
H (max{ε̄H , ε̄λ})3

}
, ᾱ, β̄ are given in

(3.4), cτ is given in Lemma 3.3, and the bounds for ε̄g, ε̄H , and ε̄λ are in the same form
as in (3.30) with factor εc = 16εf + 32/a+ 4s.

Proof. We define the following two events: At :=
{

1
t

∑t−1
k=0(ek + e+

k ) ≤ ef + s
}

and Ât :={
1
t

∑t−1
k=0

(
êk + max{ê+

k , ê
−
k }
)
≤ ef + s

}
. The event {Nε̄g ,ε̄H ,ε̄λ > t} can then be divided

into two events using At and Ât,

P
[
Nε̄g ,ε̄H ,ε̄λ > t

]
= P

[
Nε̄g ,ε̄H ,ε̄λ > t, At ∩ Ât

]
+ P

[
Nε̄g ,ε̄H ,ε̄λ > t, Act ∪ Âct

]
. (3.32)

We first bound the latter term. By ef ≥ 2εf + 5/a and Lemma 2.8, it follows that

P
[
Nε̄g ,ε̄H ,ε̄λ > t, Act ∪ Âct

]
(3.33)

≤ P [Act ] + P
[
Âct

]
= P

[
1
t

t−1∑
k=0

(ek + e+
k ) > ef + s

]
+ P

[
1
t

t−1∑
k=0

(êk + max{ê+
k , ê

−
k }) > ef + s

]

≤ P

[
1
t

t−1∑
k=0

(ek + e+
k ) > 2εf + 5

a + s

]
+ P

[
1
t

t−1∑
k=0

(êk + max{ê+
k , ê

−
k }) > 2εf + 5

a + s

]
≤ 2 exp

(
−a

4st
)

The former term in (3.32) can be decomposed as follows,

P
[
Nε̄g ,ε̄H ,ε̄λ > t, At ∩ Ât

]
= P

[
Nε̄g ,ε̄H ,ε̄λ > t, At ∩ Ât,

t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k < 1

2cgHt− cτ

]

+ P

[
Nε̄g ,ε̄H ,ε̄λ > t, At ∩ Ât,

t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k ≥ 1

2cgHt− cτ

]
(3.34)

By Lemma 3.8, when At ∩ Ât is true and Nε̄g ,ε̄H ,ε̄λ > t ≥ T , it follows that

t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k ≤

f(x0)−f(xt)
cᾱ,β̄

+
3ef
cᾱ,β̄

t
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+ 1
cᾱ,β̄

t−1∑
k=0

(
ek + e+

k + êk + max{ê+
k , ê

−
k }
)

≤ f(x0)−f∗
cᾱ,β̄

+
5ef+2s
cᾱ,β̄

t <
cgH

2 t− cτ .

Thus, the second term in (3.34) is 0, and we only need to bound the first term,

P

[
Nε̄g ,ε̄H ,ε̄λ > t, At ∩ Ât,

t−1∑
k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k < 1

2cgHt− cτ

]

≤ P

[
Nε̄g ,ε̄H ,ε̄λ > t,

t−1∑
k=0

Ifk I
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kΘ
g
kU

g
k +

t−1∑
k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k < 1

2cgHt− cτ

]
.

(3.35)

The rest of the proof is similar to the one in the bounded-noise setting. We denote the
events

Efg =

{
t−1∑
k=0

Ifk I
g
k ≥ p̄fgt

}
, EfH =

{
t−1∑
k=0

Îfk I
H
k ≥ p̄fHt

}
, EfgH =

{
t−1∑
k=0

Ifk I
g
k Î

f
k I

H
k ≥ p̄fgp̄fHt

}
.

Then the probability in (3.35) can be bounded as follows

P

[
Nε̄g ,ε̄H ,ε̄λ > t,
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k=0

Ifk I
g
kΩg

kΘ
g
kU

g
k +
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k=0

Îfk I
H
k ΩH

k ΘH
k U

H
k < 1

2cgHt− cτ

]
(3.36)

= P

[
Nε̄g ,ε̄H ,ε̄λ > t,
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k=0

Ifk I
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kΩg

kΘ
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kU

g
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k U

H
k < 1
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]

+ P
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g
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kΘ
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g
k +
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H
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c
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]
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[
Nε̄g ,ε̄H ,ε̄λ > t,
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k=0

Ifk I
g
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kΘ
g
kU

g
k +
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Îfk I
H
k ΩH
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c
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]
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[
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]
≤ P

[
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]
+ P

[
EcfH

]
+ P

[
EcfgH

]
≤ exp

(
− (pfpg−p̄fg)2

2p2
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2
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t

)
+ exp

(
− (pfpH−p̄fH)2

2p2
fp

2
H
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)
+ exp
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− (p2

fpgpH−p̄fg p̄fH)2

2p4
fp

2
gp

2
H

t

)
.

where the fourth line follows by Lemma 3.9 and the last inequality follows by Lemma 2.11.
Combining (3.33) and (3.36), it follows that

P
[
Nε̄g ,ε̄H ,ε̄λ > t

]
≤ 2 exp

(
−a

4st
)

+ exp

(
− (pfpg−p̄fg)2

2p2
fp

2
g

t

)
+ exp

(
− (pfpH−p̄fH)2
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2
H

t

)
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+ exp

(
− (p2

fpgpH−p̄fg p̄fH)2

2p4
fp

2
gp

2
H

t

)
.

Re-arranging the above completes the proof.

Remark 3.11. The theorem parallels Theorem 3.5 for bounded noise, with two modifica-
tions reflecting the subexponential tails of the function oracle:

• The noise-control parameter ef becomes 2εf + 5/a > 2εf , where a > 0 and εf ≥ 0 are
oracle parameters. The lower bounds on the neighborhood parameters ε̄g, ε̄H , and ε̄λ now
depend on ef and a free parameter s ≥ 0, satisfying ε̄g > O((εf +a−1 +s)1/2 +εg), ε̄H >
O((εf + a−1 + s)1/3, εH), ε̄λ > O((εf + a−1 + s)1/3 + ελ). Consequently, the achievable
second-order accruacy of Algorithm 2.1 is

(
O((εf + a−1 + s)1/2 + εg),O((εf + a−1 + s)1/3 + εH),O((εf + a−1 + s)1/3 + ελ)

)
.

• In addition to the three exponential terms present in the bounded-noise analysis (now
involving pfpg and pfpH due to the function oracle in the line search), an additional
factor 2 exp(−a

4st) appears, capturing the subexponential tail of the function noise. The
choice of s > 0 trades a slightly larger neighborhood for faster decay of the failure
probability. As before, the probability that Nε̄g ,ε̄H ,ε̄λ exceeds t decays exponentially in t

for t ≥ T , where T = O
(
ε−1
f + a+ s−1 + ε−2

g + (max{εH , ελ})−3
)

.

4 Numerical Experiments

In this section, we report numerical experiments evaluating the practical performance of
the proposed two-step method (Algorithm 2.1, denoted SS2-NC-G). First, we examine the
sensitivity of the method to key parameters, namely the function-noise level εf (Figure 1)
and the Armijo noise-tolerance parameter ef (Figure 2), and then compare with Adaptive
Line-search with Oracle Estimations (denoted SS-G) [20] and a conjugate-gradient-based
variant (denoted SS-NC-CG) [29] (Figure 3). We use the Rosenbrock function [19] as a test
case, and evaluate performance in terms of objective function value, gradient norm, mini-
mum Hessian eigenvalue, and step size with respect to iterations and function evaluations.

To simulate oracle outputs, we perturb the exact function, gradient, and Hessian values
with controlled bounded noise. This corresponds to Oracle 1.1, Oracle 2 with pg = 1 and
κg = 0, and Oracle 3 with pH = 1 and κH = κλ = 0. To simplify the experimental setting
and align with the theoretical scaling, we impose εf = ε2g = ε3H . The resulting perturbation
models are described below.

• Function estimates: Noisy function evaluations are generated by adding bounded
random noise εf to the exact objective value, F ← f(x) + εfU(−1, 1).

• Gradient estimates: To generate gradient perturbations with bounded norm, we
first draw r ∼ N (0, In) and normalize it as u ← r/‖r‖2, yielding a random direction
uniformly distributed on the unit sphere. We then draw U ∼ U(0, 1) and set the radius

29



ρ ← εgU
1/n. The noisy gradient estimate is g ← ∇f(x) + ρu. This construction

guarantees that the perturbation satisfies ‖g −∇f(x)‖2 ≤ εg.

• Hessian estimates: Similarly, we generate Hessian perturbations by first drawing a
random matrix R ∼ N (0, 1)n×n and normalizing it as u ← R/‖R‖2. We then draw
U ∼ Uniform(0, 1) and set ρ← εHU

1/n2
. The noisy Hessian estimate is given by H ←

∇2f(x) + ρu. Under this construction, the perturbation satisfies ‖H −∇2f(x)‖2 ≤ εH .

For all methods, we use the same step-search hyperparameters α0 = β0 = 1, τ = 0.5,
cd = cp = 0.2, and set cg = 0. For negative curvature methods, we set the early-termination
threshold to cH max{ε̄H , ε̄λ} = 10−3. All experiments were conducted in MATLAB R2021b.

We first investigate the sensitivity of SS2-NC-G to the noise level εf ∈ {10−2, 10−3, 10−5, 10−8, 0}.
As shown in Figure 1, the noise magnitude determines the neighborhood of convergence.
Smaller values of εf (e.g., 0 and 10−8) produce smoother trajectories and convergence to
smaller neighborhoods, albeit with slower initial progress, whereas larger values yield more
variability and larger neighborhoods, often with faster initial decrease. These trends are
consistent with the theoretical scaling εf = ε2g = ε3H , under which the iteration complex-

ity before entering the high-probability regime is O(ε−1
f ). Although larger-noise runs may

progress more rapidly at early stages, smaller-noise runs ultimately attain better objec-
tive values and stationarity. The contour plots further illustrate the differing trajectory
behavior across noise levels.
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Figure 1: Sensitivity of Algorithm 2.1 on the Rosenbrock problem for εf ∈ {10−2, 10−3, 10−5, 10−8, 0}
with ef = 2εf . Top row: metrics vs. iterations. Bottom row: contour plots with trajectories (after
100, 200, 2000, and 20000 iterations).

We next examine the effect of misspecifying ef , which governs step acceptance under
noisy function evaluations. We test ef ∈ {0.25εf , 2εf , 16εf , 128εf}. In the bounded-noise
setting (Oracle 1.1), the theory requires ef ≥ 2εf for convergence; nevertheless, we also
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consider smaller values to evaluate behavior in the regime in which the noise is underes-
timated. As shown in Figure 2, larger ef yields convergence to a larger neighborhood,
consistent with the dependence of the accuracy bounds on ef , while permitting larger step
sizes and faster initial progress. The choice ef = 2εf , motivated by the theory, seems to
balance early progress and final accuracy.

0 500 1000
Iteration

10-3

10-2

10-1

100

F
u
n
ct

io
n

V
al

u
e

0f
20f

160f

1280f

ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

0 500 1000
Iteration

100

101
G

ra
d
ie
n
t
N

o
rm

ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

0 500 1000
Iteration

-1

0

1

2

M
in

im
u
m

E
ig

en
va

lu
e

ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

0 500 1000
Iteration

10-3
10-2

100
101

S
te

p
S
iz
e

ef = 0:250f ;,
ef = 0:250f ;-
ef = 20f ;,
ef = 20f ;-
ef = 160f ;,
ef = 160f ;-
ef = 1280f ;,
ef = 1280f ;-

x0(!1:2; 1) x$(1; 1)

-1 -0.5 0 0.5 1

x1

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x
2

50

100

150

200

250

300f(x)
ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

x0(!1:2; 1) x$(1; 1)

-1 -0.5 0 0.5 1

x1

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x
2

50

100

150

200

250

300f(x)
ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

x0(!1:2; 1) x$(1; 1)

-1 -0.5 0 0.5 1

x1

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x
2

50

100

150

200

250

300f(x)
ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

x0(!1:2; 1) x$(1; 1)

-1 -0.5 0 0.5 1

x1

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x
2

50

100

150

200

250

300f(x)
ef = 0:250f
ef = 20f
ef = 160f
ef = 1280f

Figure 2: Sensitivity of Algorithm 2.1 on the Rosenbrock problem for εf = 10−3 and ef ∈
{0.25εf , 2εf , 16εf , 128εf}. Results averaged over 10 runs. Top row: metrics vs. iterations. Bottom
row: contour plots with trajectories (after 100, 200, 1000, and 5000 iterations).

In the final experiment, we compare SS2-NC-G with the first-order method SS-G and
SS-NC-CG. The latter follows a simplified version of the framework in [29] and computes
either a Newton-type step or a negative curvature step, with step sizes determined by step
search due to the stochastic nature of the problem. We report the evolution of the objective
value, gradient norm, minimum eigenvalue, and step size with respect to iterations and
function evaluations. Results on the Rosenbrock problem with εf = 10−3 and ef = 2εf are
shown in Figure 3. Methods incorporating negative curvature (SS2-NC-G and SS-NC-CG)
reduce the objective more effectively in regions of negative curvature, while SS-G exhibits
slower progress near saddle-like regions. The trajectory plots reflect this behavior.
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Figure 3: Comparison of Algorithm 2.1 (SS2-NC-G), SS-G, and SS-NC-CG on the Rosenbrock problem
with εf = 10−3 and ef = 2εf . Top row: metrics vs. function evaluations. Bottom row: contour
plots with iterate trajectories (after 100, 500, 1000, and 5000 iterations).

5 Final Remarks

We consider optimization problems in which the objective function and its derivatives are
corrupted by noise and accessed through probabilistic oracles. Within this framework, we
have developed a two-step negative curvature method incorporating a step-search proce-
dure with a relaxed Armijo-type sufficient-decrease condition and a novel mechanism for
selecting the negative curvature direction. Under mild assumptions on the accuracy of the
probabilistic oracles, the proposed approach is endowed with high-probability second-order
convergence and iteration-complexity guarantees. Numerical experiments on a standard
nonconvex problem illustrate the efficiency and robustness of the proposed framework.
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