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Abstract

This paper develops negative curvature methods for continuous nonlinear uncon-
strained optimization in stochastic settings, in which function, gradient, and Hessian
information is available only through probabilistic oracles, i.e., oracles that return ap-
proximations of a certain accuracy and reliability. We introduce conditions on these
oracles and design a two-step framework that systematically combines gradient and
negative curvature steps. The framework employs an early-stopping mechanism to
guarantee sufficient progress and uses an adaptive mechanism based on an Armijo-
type criterion to select the step sizes for both steps. We establish high-probability
iteration-complexity guarantees for attaining second-order stationary points, deriving
explicit tail bounds that quantify the convergence neighborhood and its dependence
on oracle noise. Importantly, these bounds match deterministic rates up to noise-
dependent terms, and the framework recovers the deterministic results as a special
case. Finally, numerical experiments demonstrate the practical benefits of exploiting
negative curvature directions even in the presence of noise.

1 Introduction

In this paper, we consider unconstrained nonlinear optimization problems of the form,
mingegrn f(z), where f: R"™ — R is twice continuously differentiable and potentially non-
convex. We study settings in which the exact objective function and its associated deriva-
tives (Vf and V2 f) are not available; instead, zeroth-, first-, and second-order approxima-
tions are obtained through probabilistic oracles, i.e., oracles that return approximations of
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a certain accuracy and reliability. Such problems arise in applications such as simulation
optimization [27], machine learning [9], and decision-making [25].

While most of the literature in the aforementioned probabilistic-oracle setting focuses on
algorithms that guarantee convergence to (approximate) first-order stationary points, our
goal is to develop, analyze, and implement methods capable of converging, at appropriate
rates, to (approximate) second-order stationary points, defined as points € R™ and
constants €, €y, €, > 0 such that

IVf(@)ll2 < &, and Amin(Vf2(2)) > — max{éx, éx}- (1.1)

To this end, we develop adaptive stochastic algorithms that exploit negative curvature
directions and operate solely using the outputs of probabilistic zeroth-, first-, and second-
order oracles. The proposed methods follow a two-step structure and alternate between
gradient (or general descent) steps and negative curvature steps [1, 15], employ an Armijo-
type step-search mechanism to adaptively select step sizes under noisy evaluations [0,7,20],
and are endowed with high-probability iteration-complexity guarantees. In particular, we
show that, after a sufficient number of iterations, the algorithms reach an (&, €y, €n)-
stationary point (1.1) with overwhelmingly high probability, where the resulting conver-
gence neighborhood scales with the oracle noise and matches the deterministic setting up
to noise-dependent terms.

1.1 Related Literature

In this section, we review the literature most closely related to our problem setting and the
components of our algorithmic framework. We focus on prior work on negative curvature
methods, optimization under various inexact or stochastic oracle models, and stochastic
line/step-search strategies. These areas form the foundation on which our proposed method
is built.

A large body of work has established the role of negative curvature (NC) in escaping
saddle points and achieving second-order convergence in deterministic nonconvex optimiza-
tion [25]. Classical methods include curvilinear and two-step schemes that combine descent
and NC directions [16,18,23], as well as recent variants that exploit NC directions explic-
itly at each iteration [4, 15]. Trust-region and cubic-regularization methods also implicitly
exploit NC information through their subproblem solvers (e.g., truncated CG or Lanczos)
and enjoy well-understood global convergence and complexity guarantees [13,24]. These
deterministic developments motivate the structure of our algorithm but rely on access to
exact or deterministically bounded function and derivative information, assumptions that
break down in stochastic environments.

NC methods have been studied in noisy settings, e.g., deterministic inexact oracles with
bounded errors [1,21,30], and stochastic settings in which convergence is established in
expectation [1,4,15]. However, most of these approaches require restrictive assumptions on
accuracy and typically guarantee only first-order convergence or convergence in expectation



rather than with high probability. To the best of our knowledge, no prior work provides
high-probability second-order complexity guarantees for NC-based methods under general
probabilistic error oracle settings.

The study of optimization methods in the presence of inexact oracles has evolved to
include deterministic [5, 12], in expectation [1,9,26,30], and probabilistic [3,7,11,20] error
models. Probabilistic oracles, in particular, allow the returned estimates to be inaccurate
or biased with nontrivial probability and are increasingly used to model realistic stochastic
evaluations. However, existing works primarily focus on zeroth- and first-order informa-
tion, and probabilistic second-order oracles suitable for reliably identifying NC directions
in noisy settings have received little attention. Our setting aligns with this general prob-
abilistic framework but extends it by considering both bounded noise and subexponential
noise models for function evaluations, biased gradient approximations that may be arbi-
trarily inaccurate with nonzero probability, and probabilistic Hessian-vector information
for detecting NC.

Stochastic line-search and step-search methods provide another important ingredient
for our work. Traditional deterministic line-search procedures rely critically on accurate
function and derivative information and are not directly applicable in noisy settings [25].
To address this, several adaptive schemes have been proposed, including stochastic back-
tracking strategies with sample-size adjustment [3,17]. More recently, step-search methods,
also called stochastic line-search methods, have been developed to adaptively increase or
decrease step sizes based on probabilistic sufficient-decrease conditions, re-evaluating the
oracle at the same iterate when a trial step fails; see e.g., [0, 11,20, 26]. These strategies
yield improved robustness in stochastic environments but largely target first-order meth-
ods and do not address the handling of NC directions or provide second-order convergence
guarantees.

In summary, while negative curvature methods, inexact or probabilistic oracles, and
stochastic step-search techniques have each been studied in isolation, there remains a gap
in combining these components to obtain second-order guarantees in general noisy set-
tings. Our work fills this gap by developing a negative-curvature-based adaptive step-search
framework tailored to general probabilistic settings and endowed with high-probability
iteration-complexity guarantees.

1.2 Contributions

In this work, we develop a negative curvature method for stochastic nonconvex optimiza-
tion under a general probabilistic-oracle setting, in which zeroth-, first-, and second-order
information is available only through noisy approximations of prescribed accuracy and re-
liability. The framework accommodates a wide range of noise models, function evaluations
may contain either bounded noise or noise with subexponential tails, gradient estimates
may be biased and arbitrarily inaccurate with controlled probability, and Hessian informa-
tion is obtained through probabilistic second-order oracles tailored to detecting negative



curvature under noise.

Our first contribution is a flexible algorithmic framework for this setting. The frame-
work follows a two-step structure alternating between descent (gradient-related) and neg-
ative curvature directions, and relaxes traditional sufficient-decrease conditions to account
for noise. An Armijo-type step-search procedure is employed for both step types, enabling
adaptive step-size selection and re-evaluation of search directions when needed. The frame-
work also incorporates an efficient mechanism for selecting negative curvature directions
using only two function evaluations and no gradient evaluations, reducing computational
cost and enhancing robustness in large-scale settings. Overall, the scheme encompasses
a broad class of stochastic optimization methods as special cases while introducing new
components essential for handling noise.

Our second contribution is a high-probability second-order convergence and complexity
analysis for the proposed method. We establish explicit tail bounds showing that the
probability of requiring more than (’)(max{é;Q, & 6;3}) iterations to reach an (€, €x, €))-
second-order stationary point decays exponentially with the number of iterations. These
guarantees match the deterministic rates up to noise-dependent terms, recover deterministic
results as a special case when noise vanishes, and extend prior stochastic analyses by
operating under broader probabilistic oracle assumptions.

Finally, we implement a practical method motivated by our theoretical framework,
replacing idealized conditions and second-order computations with an efficient conjugate-
gradient—based subsolver to detect negative curvature, while retaining the step-selection
and acceptance mechanisms motivated by the analysis. Preliminary experiments on a
classical test problem illustrate the robustness of the approach to noise, often outperforming
baseline stochastic methods in noisy settings.

1.3 Paper Organization

The paper is organized as follows. We conclude this section by introducing the notation
used throughout the paper. The assumptions, probabilistic oracles, and the algorithm
we propose are presented in Section 2. In Section 3, we establish high-probability com-
plexity bounds for reaching second-order stationary points. Section 4 reports numerical
experiments that illustrate the practical performance of the algorithm. Finally, concluding
remarks are provided in Section 5.

1.4 Notation

Let N and R denote the sets of natural and real numbers, respectively. For n,m € N,
let R™ and R™ ™ denote the sets of n-dimensional real vectors and n x m real matrices,
respectively. For a matrix A, let Apin(A) (Amax(A4)) denote its minimum (maximum)
eigenvalues. We consider a sequence of iterates {xy, Tk }ren with zg, £ € R™. At iteration
k, the algorithm may generate a descent direction d; € R™ and a negative curvature



direction py € R, with corresponding step sizes ay > 0 and Sy > 0, respectively. For each
k € N, let F} denote an estimate of f(xy), gr € R™ an estimate of V f(zy), and Hy € R"*"
an estimate of V2f(&y,).

2 Assumptions, Oracles, and Algorithm

In this section, we present the assumptions, define the oracles, and describe the algorithmic
framework. Throughout the paper, we make the following assumption about the objective
function. This assumption is standard in the literature of methods that exploit negative
curvature, and more generally in the analysis of second-order methods; see e.g., [11,15,21].

Assumption 2.1. The function f : R™ — R is continuously differentiable, the gradient
of f is Lg-Lipschitz continuous, and the Hessian of f is Ly-Lipschitz continuous, for all
x € R™. Moreover, the function f is bounded below by a scalar f € R.

Our algorithm relies on approximations of the objective function and its derivatives
provided by probabilistic oracles satisfying prescribed accuracy and reliability conditions.
Precise definitions of the zeroth-, first-, and second-order oracles follow.

Oracle 1. Given a point = € R", the oracle computes F(z,£), a (random) estimate of the
function value f(x), where €O is a random variable defined on a probability space (=, F,P)
whose distribution may depend on x. For any x € R", e(z,£0)) = |F(z,0) — f(x)]
satisfies at least one of the two conditions:

1. (Deterministically bounded noise) There is a constant e; > 0 such that e(x,£©)) < ef
for all realizations of €.

2. (Independent subexponential noise) There are constants ey > 0 and a > 0 such that for
all s > 0, Py [e(z,€©)) > 5] < exp(—a(s — €p)).

Remark 2.2. When Oracle 1.1 is queried at a point x € R"™, an estimate F(w,f(o)) 18
returned whose error is deterministically bounded by er. Under Oracle 1.2, the function
noise has subexponential tails with a bias allowance of ;. The parameters a > 0 and e; > 0
are global constants independent of x. Similar formulations of zeroth-order probabilistic

oracles can be found in [11,20].
Oracle 2. Given a probability p, € (%, 1] and a point x € R™, the oracle computes g(x, 5(1))

a (random) estimate of the gradient V f(z) that satisfies
Pey [lg(@,€0) = VF(@) 2 < € + kg IV S @)ll2] = 1,

where €4 > 0, kg > 0, and f(l) is a random variable defined on a probability space (=, F,P)
whose distribution may depend on x.



Remark 2.3. Oracle 2 returns a gradient estimate g(x,f(l)) satisfying the accuracy con-
dition with probability at least py > % The right-hand side consists of absolute and relative
terms, where €5 and kg are nonnegative constants intrinsic to the oracle. When ||V f(z)||2
is large or ¢, = 0, the relative term dominates and the condition enforces norm-relative
accuracy [8, 10, 12]. When ||V f(z)||2 is small or kg = 0, the absolute term dominates.
The constant €, bounds the best achievable gradient accuracy (see (3.3)). If pg = 1, the
condition is deterministic. This combined absolute/relative probabilistic accuracy condition
is standard; see, e.g., [/, 7,8, 20,21].

Prior to defining the second-order probabilistic oracle, we define a negative curvature
direction ¢ € R™ for a matrix H € R™"*",

Definition 1. Consider a matricx H € R™ "™ for which Apin(H) < 0. A vector ¢ € R™ is a
direction of negative curvature of H if

¢" Hq < yAmin(H)llgll3 <0, 7€ (0,1] (2.1a)
lall2 = 6[Amin ()], 6 € (0,00). (2.1b)

The second-order probabilistic oracle can then be defined as follows.

Oracle 3. Given a probability py € (0.5,1] and a point x € R", the oracle computes
H(z,®), a (random) estimate of the Hessian V2 f(x), such that

Pe | (V£ () = H(z,£2))qll2 < emr + marAmin (H (2, €)1 g]l2,

Aumin(V2f(2)) = Mnin (H (2, €2))| < €3 + ma|Anin (V2 £ (2))] | = pr-

where ez > 0, kg > 0, € > 0, k) > 0, 5(2) s a random variable defined on a probability
space (2, F,P) whose distribution may depend on the input x, and q is a negative curvature
direction of H(z,£®).

Remark 2.4. Oracle 3 imposes two inexactness conditions, enforced only when negative
curvature is detected. As in Oracle 2, each combines relative and absolute terms with non-
negative constants intrinsic to the oracle. The first ensures directional accuracy, requiring
the Hessian estimate to be accurate only along a negative curvature direction [/, 32]. The
second controls the approzimation of the left-most eigenvalue. Together, these conditions
are strictly weaker than uniform spectral-norm bounds, i.e., |[V2f(z) — H(z,6®)|o. If
pg = 1, they reduce to the inexact deterministic setting.

For notational simplicity, we denote the realizations of random estimates at each it-
erate xp generated by the algorithm by Fp = F(xk,ﬁlgo)), F,j = F(x + akdk,§,i0+)),
A ~ ~ A N ~ :l: ~ ~
F, = F(xk,él(co)), FF = F(xkiﬁk%,fzio N, g = g(iﬂk,&(j))ﬂ Hy = H(ﬂ«"k,{;(f)), and
A = Amin(Hg). The algorithmic framework is given in Algorithm 2.1.
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Algorithm 2.1 Step Search Negative Curvature Method with Probabilistic Oracles

Require: zg € R", ag, 8o >0, 7 € (0,1], c4,¢p € (0,1), ef,cq,cq >0, €, €m,€x >0

1:
2
3
4
5:
6:
7
8
9

10:
11:
12:
13:

for all £ € {0,1,...} == N do
generate gi via Oracle 2
if [|gkll2 < cq€q then set Ty < xp, api1 < ai
else set dj + —g; and generate Fj and F,:r via Oracle 1
if Fi < Fy + cqard] g + e then set & < x5, + apdi, agy1 ¢ 71y,
else set Z < xk, g1 — Tay
generate Hy, via Oracle 3 and compute Ag
if \x > —cymax{€y,€,} then set xyi1 Tk, Brr1 — Bk
else compute negatlve curvature direction g satisfying Condition 1
and generate F 1z F and F via Oracle 1
if mln{F,C ,Fk } < Ey, + cpﬁqu Hyqi, + e then
set py < argmingeq 1 13 { F (2% + wBkqr, é;(c[)i))}qk

set Tpy1 < &k + Bibk, Br1 < 7 B
else set xpy1 < Tk, Prr1 < 70k

Remark 2.5. We make a few remarks about Algorithm 2.1.

Algorithm 2.1 alternates between descent and negative curvature steps, with the latter
computed only when negative curvature is detected. As presented dy < —gi, though
more general forms dy < —Wygr, where wil =2 Wy < weol for some 0 < w1 < wa, are
allowed without affecting the theoretical guarantees.

The cost of the descent step (Lines 2-6) is dominated by the computation of a gradient
estimate g and two function evaluations, Fy and F,j . In contrast, the cost of a negative
curvature step (Lines 7-13) arises from computing a Hessian estimate Hy, its minimum
etgenvalue A, and potentmlly a negative curvature direction q, together with three
function evaluations, Fy, and F

The early-termination rules in Lines 3 and 8 accept only steps whose predicted decrease,
based on the estimated gradient norm or magnitude of negative curvature, is sufficiently
large, thereby filtering out steps unlikely to produce meaningful progress. These rules
do not terminate the algorithm; when triggered, the corresponding descent or negative
curvature step is skipped. Enforcing these conditions requires knowledge of, or reliable
estimates for, the absolute error parameters of the first- and second-order oracles. Early
termination is necessary because our framework involves two step types and a second-
order stopping criterion with two conditions, requiring separate control of successful and
large-step events in the stopping-time analysis, in contrast to prior works that consider
either a stopping time defined by a single condition [20] or a single step per iteration [11].



e Step sizes are determined via a step-search procedure and accepted using relazed Armijo
conditions (Lines 56 and 10-13). This stochastic line search repeatedly re-evaluates
the required oracle information at the current iterate until the condition is satisfied,
improving robustness under noisy function evaluations. The relaxed conditions include
a noise-tolerance parameter ey to ensure acceptable step sizes despite function noise.
For negative curvature steps, the Armijo condition is further modified to account for
curvature effects, as in [18,22, 25].

o A key adaptation concerns the selection of the negative curvature direction. Since both
qr and —q are valid negative curvature directions, the goal is to choose the sign that
yields descent. Verifying descent typically requires gradient information, increasing the
cost of a negative curvature step. Prior approaches either select the sign at random [21]
or use approzimate gradients [/], trading per-iteration cost against effective curvature
exploitation. In contrast, our method determines the sign by comparing two trial func-
tion evaluations and selecting min{F,j, F,;} (Line 10), requiring at most one additional
function evaluation. This provides an efficient and reliable sign-selection mechanism
without gradient information and integrates naturally with the Armijo conditions in the
step-search procedure.

To analyze the convergence of Algorithm 2.1, we introduce the following notation.
Let {X;}, {X;'}, {Xi}, {X,j}, and {)A(k*} be random vectors in R™ with realizations
Tk, Tk + apdi, Tk, Tk + Brqr, and T — Brqr, respectively. We define the magnitudes of
the zeroth-order oracle errors as random variables {Ey}, {E;}, {EL}, {E+} and {E }

by Ex = |f(Xx) — F(Xp. &), Ef = |F(Xe + andy) — (Xk + agdy, €7, By =
o > 200 .

F(Xp) = F(X, &), By = | £(Xn + Brar) — F(Xi+ Brar. &), By =1 F(Xk — Boaw) —

F( Xy — Bryqx, 515,07))|, respectively, with realizations ey, ez, ek, éz, and ¢, . For notational

convenience, we let {ay} and {5x} denote the random step size sequences, with realizations

written using the same symbols.
At iterate X of Algorithm 2.1, randomness arises in the following operations:

1. Stochastic gradient at Xj;: Given X} a gradient estimate g = g(Xk,ﬁlgl)) is com-
puted via Oracle 2. Then, given X, ai, and g, the intermediate point le is set
deterministically.

2. Stochastic function values at X; and X ,j : Given X and X : function estimates
are computed via Oracle 1, introducing the corresponding errors errors Fj and E,j
These estimates are used to update a1 and form Xj.

3. Stochastic Hessian at Xj: Given X, a Hessian approximation H (X k,f,(f)) is com-
puted via Oracle 3, and then the smallest eigenvalue A\; and an associated negative
curvature direction ¢ (if one exists) are obtained deterministically. If g exists, trial
points X + and X are constructed using X k> qr and Bk. Otherwise, the algorithm sets

Xk+1 < Xk and ﬁk+1 < Bk:



4. Stochastic function values at X ks X ,j and X &+ When g, exists, given X ks X ,j and

X r function estimates are computed via Oracle 1. These estimates are used to chose
between the two directions and thereby determine X1 and Sg1.

Thus, conditioned on Xp, ay, Bk, all randomness in iteration k is captured by 515;0), 5,&0”,
51531), f,(go), EIEOi), and f,(f). Let Z, == {f,go),§£0+),§]gl),é]io),é,(gOi),f,(f)} and JFj denote the
o-algebra representing the history of the algorithm up to iteration &, i.e., F := o (ulezi).
For analysis purposes, we introduce the augmented filtrations, F = o <fk Uo (51(;421))
and £/ =0 (]—'k Uo (5,5‘21, o) e 5,21)1)).

Our analysis relies on categorizing iterations k =0,1,...,t—1, for t > 1, into different

types. These types can be defined in terms of estimation accuracy using the following
random indicator variables:

1 =1 {llg(Xe &) = VF(X) 2 < € + g VF(XR) 2}
1 = L{(V2 () — H(Xi €0kl < 6+ sl el el
Pasin (H (X 7)) = Main( P F X)) < e+ iaPhain( T FX0)]
and I,{ =1{E, + E <ey}, f,f =1 {Ek + maX{EA,j,EAk_} < ef} .
With high probability, the number of iterations with accurate function evaluations being
generated has a lower bound with respect to ¢t. This holds trivially for Oracle 1.1.

Lemma 2.6. Let py = 1 — 3exp(—a(5 — €f)), where a is the positive constant from
Oracle 1.2. Then, the indicators variables I{ and f,{ satisfy the submartingale condition,

ie., P [I,{ = 1|.7:,;_1] > ps and P [f,{ = 1|]—A",’€_1} > pg. Furthermore, if ef > 2e + 2log 6
(equivalently, py > %), then for any positive integer t > 1 and any py € [0, py], it follows
that P [0 1 > pyt] = 1 - exp <—@§'§f”2t>.

Proof. By the definition of Oracle 1.2, at the descent steps, for all k € N

P

(® [Ek > s|.7-",'€_1] < exp(a(ef —5)), IPEI(COH [E,j > S‘f]/c_l] < exp(a(ef — s)). (2.2)

Consequently, by the definition of I / , Oracle 1.2, and py, it follows that

P[] = 01Ffy| =P [By+ Bf > eflFi 1] SP[By>es/2 or Bf > e;/2F, )]
< P[Ey > e/2Fq] + P[E] > ef/2|F]
<2exp(alef —er/2)) <1—py.



Thus, the random process {Z o ! I f —p ft} is a submartingale. Since
—

(t+1)—1

oI —prt+1) (fo pﬁ) = 1] — py| < max{|0 — p|,[1 - pyl} = By,

k=0
for any t > 1, by the Azuma-Hoeffding inequality, we have for any positive constant c,
P ZZ L If prt < —c} < exp (—20

both sides yields the second result.
Similarly, at the negative curvature steps, for all £k € N

§t>. Setting ¢ = (py — py)T and subtracting 1 from

]Péz(c()) [Ek > 8|.7:“,/€_1] < exp(a(efr — s)), ]P)éz(c()i) [EAki > s\ﬁ,’c_l} < exp(a(ef — s))
Consequently, for all £ € N,
P, £o) [maX{Ek ,E > s|fk 1] < ]P’é(()i) [E > s or E > s|fk 1}
< Peos) [E > S\fkq} + Pos [Ek_ > 3’]:—/671}
= Pon ) [B > sl +P, = By > |7
< 2exp(a(es — s)) = exp (a (ef + %log2 —-s)), (2.3)
and as a result, by the definition of I ,{ , Oracle 1.2, and py, it follows that
P {f,f = O|.7:,/€_1} =P [Ek + max{EZ,E,;} > ef|.7:",'€_1] < 3exp(a(ef — —)) =1—py.
O

The analysis of subexponential random variables draws on [31, Chapter 2]; however,
those results are insufficient for our purposes, as thea distribution considered here is pa-
rameterized by two quantities, a and ey, rather than one. We therefore invoke a stronger
result from [11], stated in the following proposition.

Proposition 2.7. Let X be a random variable such that for some a > 0 and b >0, P[|X]| >
s] <exp(a(b—s)), for all s > 0. Then, it follows that E{exp(A|X])} < exp(Ab) for
all X € [0,a).

1- )\/a

Using Proposition 2.7, we next establish a lemma that provides a high-probability upper
bound on the total error caused by noisy function evaluations.

Lemma 2.8. Foranys>0andt>1,P [ V(B ED) > (3 4 2¢p) + 3] < exp (—%s)
and P [S42 (B + max{Bf By }) > (2 +2¢7) + 5] < oxp (—25).
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Proof. For the descent step, by Proposition 2.7, since (2.2) holds for both function estima-
tion errors Fj and Elj, it follows that

E [exp(2AE})] <

= 2)\/ exp(2Xes) and E [exp(2AE})] < 1721)\/61 exp(2Xey),

for all A € [0, %) Then, by the Cauchy-Schwarz inequality, for all \ € [0, %),

E [exp(AEx + A )| Ff_y] < \/E [exp(2AEL)| Ff_, ] E [exp(2AE; )| F_,]

. (2.4)
< s exp(2Xey).
By Markov’s inequality, for any A € [0, %), s > 0, and positive integer ¢, we have
t—1 i—1
P Z(Ek +E) > 3] =P [exp ( Z E, + E+)> > exp()\s)]
k=0 k=0
(2.5)

<e~ (1 55a exp(2)\ef)> ,

where the last inequality can be proven by induction as follows. First, this inequality holds
for t =1 due to (2.4). Now if it holds for any positive integer ¢, then for ¢ + 1,

(t+1)—1
e ME |exp | A Z (Ex + E;)

k=0
t
= e ME [exp ()\

1
“ME N (B, + EF 22 e N 22
e exp (Ex + k) - 2)\/ exp(2Xer) | < - 2)\/ exp(2Xey)
k=0

(Ex + E,‘:)) Eém,&gw) [exp (M(E + E/1)) |}-t/—1]]

o F
= o

t

where the first inequality holds by (2.4) and the second inequality holds by the induction
hypothesis. This completes the induction proof. For ease of exposition, we use 1/(1 —xz) <
exp(2x) for all z € [0,1/2] to simplify the result

P
k=0

t—1
Z(Ek +E) > s] <e s [exp(%) exp(2)\6f)]t < exp(A[t(2 + 2¢5) — s)),

where \ € [O, %] The right-hand side is only less than or equal to 1 when s > t(% + 2¢y).
Replacing s with t(% + 2¢5) + s and choosing A = ¢, yields the first result.

11



For the negative curvature step, by Proposition 2.7 and inequalities (2.2)-(2.3),

E [exp(?)\E‘k)] < ﬁ exp(2Xey),

and E [exp(2/\ maX{EA:,EAk_})] = 2)\/a exp(2A(ef + L 1og2)),

for all A € [0, %) Following the same procedure as (2.5),
=1 o .
P |3 (Bt max{ BB ) = ] < e (b exp (M(2es + Hlog2)) )
k=0

< exp(A[t(2 + 2¢5) — 3]).

The right-hand side is only less than or equal to 1 when s > t(g + 2¢). Replacing s with
t(g + 2¢7) + s and choosing A = ¢, yields the second result. O

We introduce the model accuracy assumptions (conditions on the oracle success prob-
abilities) required to derive high-probability iteration-complexity bounds.

Assumption 2.9. We make the following assumptions with regards to the probabilities
(pf, pg, and pg) in the probabilistic oracles:

(i) P [Ik’flz = 1|]:k—1} > pypg and P [f,f[,f = 1|]:k—1ai‘k} > DfPH,

(i7) P [I;ffif;fff = 1|sz—1} > pipgpr,  and (i) pipgpm + pspg + pppm — 2 > 0.

Remark 2.10. The bounds in (i)-(ii) imply that the processes > I/ T Il —prpgt, S ; IfIH
prput, and Zk IOIfIngIH —pfpngt are submartingales. When py = 1, we have I
I,f = 1 almost surely and Assumption 2.9 reduces to the corresponding condition used in the

bounded-noise setting. Moreover, if the algorithm performs only descent steps, then f,{ and
Ilf can be omitted, and Assumption 2.9 simplifies to P [I{Ig = 1|]~'k_1} > Pfpg =i Dfg > %,
which matches the assumption in [20]. Related combined-probability conditions of the form
in (i) also appear in [11].

The following lemma follows from Assumption 2.9(ii) and the Azuma-Hoeffding in-
equality [2]. Its proof is similar to that of Lemma 2.6 and is omitted for brevity.

Lemma 2.11. For all positive integers t, and any pr € [0,pf), Py € [0,pg), and py €
a2
0,p), P[0 1LY > pybgt] =1 exp (—“”fpg 2P ),

2pip;
oo N2
[ZZ IfI > pprt} >1—exp (—W?ﬁ), and
t frg7f rH (P2pgPH—D3DgPH)?
[Zk Bl >pfpngt] >1— exp (— POt ).
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The results of Lemmas 2.6, 2.8, and 2.11, serve as central building blocks for the
subexponential noise analysis in Section 3.2.

3 Convergence Analysis

In this section, we present a comprehensive convergence and complexity analysis for Algo-
rithm 2.1. For convenience in the analysis, we introduce the following indicator random
variables:

Q= 1{|lgrll2 > c4éq} Q=1 {\, < —cymax{ey,&}},
©7 = 1{descent step is successful, i.e., a1 = oy},
and @kH = 1{negative curvature step is successful, i.e., fx+1 = Tﬁlﬁk}.
To formalize the iteration complexity, we define the stopping time
NEgEH,@\ ‘= min {k : HVf(.%‘k)HQ < Eg, )\min(v2f(.%'k)) > —maX{E)\,EH}} , (3.1)

i.e., the number of iterations required to reach an (€4, €y, €x)-stationary point.

3.1 Convergence analysis: Bounded noise case

In this subsection, we analyze convergence under Oracle 1.1, the bounded function evalu-
ation oracle. Specifically, the realizations of the function estimate errors satisfy

er < €5, e;:ﬁef, ék§6f, éfgef. (3.2)
The line search ¢4, ¢, and early termination ¢, and cy parameters are set to satisfy

1-n)(1—k
0<cd<%+%, 0<cg<l—r,<1, 0<n<l,

and 0<cp<7_2';H:%—%’, 0<kg<~v<1l O<cg<l-—ry,<l.

These bounds quantify how oracle accuracy influences the admissible parameter ranges.
For the gradient step, as kg — 1, the upper bounds on ¢4 and ¢4 decrease, necessitating more
conservative acceptance and termination thresholds under less accurate gradient estimates.
For the negative curvature step, increasing k) drives the allowable range of ¢y toward zero,
imposing stricter requirements on curvature-based termination, while kg — 1 forces v — 1,
enforcing a stronger criterion for accepting a negative curvature direction (extreme case
v = 1, direction must coincide with eigenvector). In the noiseless setting, i.e., ¢, = k5 =0
and eg = kg = €y, = k) = 0, the requirements reduce to 0 < cg < 1 — g, 0<cg,eg <1,
0<ce < %, and 0 < v <1, which coincide with the bounds in the deterministic setting.

We next establish properties of the stochastic process generated by Algorithm 2.1 when
the function, gradient, and Hessian estimates are computed via Oracles 1.1, 2, and 3,
respectively.

13



Lemma 3.1. Let ey > 2¢5, and

— 2€g — €H 2 — €\
€g 2> min{ncg(1—rg),1—rg—cg}’ €n = ca \/ d(v—kma—2cp7)’ and € > 1-ky—cH " (33)
Then, there exist constants a, f > 0
_ 2(1/(14k")—cq 2 3(y—kpg—2c
Q= 2(1/ () —ca) ng ), and B = 3Gzrr—27) 26[21{ W), (3.4)

where 0 <k, < 1, and nondecreasing functions hq(-), hy(-) : R = R, satisfying ha(c), hyp(B) >
0 for any o, B > 0, such that for any realization of Algorithm 2.1 the following properties
hold for all k < Ne, ey e+

(i) If the gradient estimate at the descent step of iteration k is accurate (i.e., I} =1) and
lgrlle > cg€q (i-e., Qf = 1), then for ayy < @&, the iteration (descent step) is successful
(09 = 1), which implies a1 = 7 ay;

(13) If the Hessian estimate at the negative curvature step of iteration k is accurate (i.e.,
I,? = 1) and \y < —cygmax{ég,er} (i.e., Qf = 1), then for By < B, the iteration
(negative curvature) is successful (OF =1), which implies Bri1 = 71 Bk;

(i) When I7Q707 =1, then f(xp41) < f(xr) — ha(ag) + dey;
(iv) When THQHOH =1, then f(zp41) < fzr) — hp(Br) + 4ey;
(0) 10— 11— ) .

In summary,

fzg) — halow) + ey, if IO =1,
f(@rg1) < < flzg) — hp(Be) +4ep, if IFQHOT =1, (3.5)
f(zy) + 4ey, otherwise.

Proof. We start with the descent step and consider the case where IgQi = 1 (gradient
is accurate and ||ggll2 > c4€5). By Oracle 2, (3.3), and the termination condition in

: _ 2
Algorithm 2.1, we have ||V f(z1) — gkll2 < €g+54||Vf(2r)||2 and ||gk|l2 > cg€q > % =

s, and as a result ||V f(zx) = gkl < 5[V f (i) 2, where k) = 1— 2000 Rl o
1, from which it follows that

~VIa) ge < — i llonld. V@) ok < —(1 = w1V ()3 (3.6)
Then, by Assumption 2.1, dy = —gx, and (3.6),

Fg + apdy) < f(xr) + oV f () Tdy, + Za? | dil 2

14



L
< floe) — 1857 loells + Foillanls.

2(1/(14kp)—cq)

Thus, as long as ap < @ = I, the inequality can be further bounded by

flay + axdy) < f(xr) — cackllgrll3 = fax) + cacugy di. (3.7)

Invoking the bounded noise condition (3.2) and ey > 2¢,

F(xy + ogdy, £’(€o+)) < fog + ardy) +ef < f(wr) + caongl dy + €;

" ) (3.8)
< F(xg, &) + caomgy di + e,

which implies that the descent step at iterate k is successful (@i = 1) provided the step
size is sufficiently small (part (i) of Lemma 3.1).

When the step is also successful, that is [ ,ZQZ@% = 1, according to the procedure in
Algorithm 2.1 and the noise bound (3.2), it follows that

F(ag + apdy, 607) < F(ay, 67) = cacnl|grll3 + e < Fag, €)) — caance + e,

where hg(a) = 036304. Again, invoking the bounded noise condition and ey > 2ey,

f(@r) = flor + apdy) < Fxp + akdk7€£0+)) +e
< F(wk,ﬁ,(go)) — ha(ag) +ef+ef (3.9)
< flak) — halon) + 2e,
establishing a decrease in the true function.

If instead, I{(1 — QF) = 1, then ||V f(2x)|l2 < gkl + [V f(zr) — grlle < cg€g + €5 +
kg||V f(xg)|l2 from which it follows that

€gt+ 2cg+1—Kg—cCg — _
IV f(@r)ll2 < G200 < Z5=7572E < &, (3.10)

hence the first part of the stopping time definition (3.1) holds.

When @Z = 0 (the descent step is unsuccessful), the trial point is rejected and &, = x,
f(&r) = f(zg). Otherwise, ©f = 1 ensures that the potential increase in the function value
is always bounded

[k + apdi) < F(xg + agdg, ](€o+)) + e

(. E)) + caongrdi + e + € (3.11)

<F
< F(ar, &) + e + e < fla) + 2¢5

We should note that this bound also applies to the case where @i = 0.
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Next, at T < xp + aidg, we consider the negative curvature step. When I,fIQkH =1

(the Hessian is accurate and A\ < —cy max{€m,€x}), by (3.3) and (2.1b)

(V2 f (&) — Hi)awll2 < €5 + salMelllaxll2
A W I

5 —2 A, |?
< (’7+HH QCP’Y)l k‘ ,

By the Lipschitz continuity of V2f (Assumption 2.1),

F(@r £ Brax) < f(ax) £ BV f(@r) Tar + %ng2f(§7k)Qk + L1 831 g 13.

Since min{V f(ix)"qr, —Vf(2%) Tqx} < 0, taking the minimum of the above

min{f (ix + Brar), @k — Bear)} < F(ix) + gt V2 F (k) an + 22 B3 aill3.

(3.12)

(3.13)

Notice that q] V2 f(&x)qr = af (V2 f (&%) — Hi)ax + af Hrar, < |lall2l| (V2 f (@) — He)arl|2 +

q,;erqk. By (3.12) for any 8, < B, it follows that

2 2
%||Qk||2||(v2f(fk) — Hp)qrll2 + %QIIHIC% + L8 8314113 < cpBiay Hign-
Substituting the above bound into (3.13), when I{€J =1 and B4 < 3,
min { f (& + Brar), f(&x — Bear)} < f(&r) + cpBrag Hrgr,
and consequently, by (3.2) and ey > 2¢y, it follows that

min {F(ﬁﬁk + Brqr, é,(f“), F(& — Brqr, é:;(fo_))}

< min { f(Zx + Brar) + &, f(Er — Brar) + &5, }
< min {f (& + Braw), f(&x — Brar)} + max{ée}, é, }
< f(@r) + cpBiar Hyqr + €7 < F (i, é;io)) + cpBiar Hiqr + e

Therefore, @kH = 1 provided the step size is sufficiently small (part (i7) of Lemma 3.1).

When IZQHOM = 1, the step is successful and A\, < —cy max{ép, €\ }, and

min {F(fk + B, E07), F &k — Brar, 5;207))}
< F(&1, &%) + ¢, 8208 Hypr + €5
< F(i1,E”) — ey BNl + e

< F(:Ek,é,(go)) — ﬁ,ch’y520‘;’{(max{EH, EA})?’ + ey,

16
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where h,(8) = c, 6%y (max{ey, €x})3 6% If F(£6kqk, f,go+)) = min{ F(Zx+Lrqx, é,go+)), F(&,—
Brqk, 5,&0_))}, by the definition of py and (3.14)

(& + Bepr) = f(21 £ Brar)
< F(& + Brar, f;i%)) +éf

. . . ) o A (3.15)
= min{F(Zx + Brqr, f;(goﬂ)a F(& — Brqr, §;(€O ")+ ey
< Fig, €)= hy(Br) + ey + max{éf, & }.
Combining the two cases
< f(i’k) +ef— hp(,Bk) +ert+er < f(i’k) — hp(,Bk) + 2€f.
When I}1(1 — Q) = 1, we have A\, > —cgy max{éy,€\} and by (3.3)
Amin (V2 f (£1)) = M| < ex + x| Amin (V2 £ (21))]
< (1 — K\ — CH)@\ + HA‘)\min(VQf(i‘k’)”
< (1 — K\ — CH) max{EH, g)\} + H)\‘)\min(vzf(ik)”,
from which it follows that
Amin (V2 F(@%)) — Ml = Mo — Amin (V2 F(21)) (3.17)

> —cy max{€x, €} — Amin (V> f(2)),
and Amin(V2f(21)) > — max{égy, &}

When @ﬁ = 0 (the negative curvature step is unsuccessful), the trial point is rejected
and zyy1 = &k and f(xg41) = f(2). Otherwise, @,? = 1 ensures that

f(@rg1) = f(@r + Bepr) < F(3g + ﬁkpk:vék N+ max{é;, ¢ }

IA

) + cpBipp Hipr + ey + max{é;, é, }
k) VBl el prll3 + ep + max{ef e} (3.18)
h )—I—ef+max{é;,é,;}
f(&) + e + 25 < f(2g) + 2ey.

IN

(z
Py
F(:f: £
F (& f

I/\ IN

In both cases, ©F = 0 and © = 1, we have f(zx11) < f(dx) + 2e;.

Combining (3.9), (3.18) and I7Q7O©] = 1 yields the first result in (3.5) (part (i) of
Lemma 3.1). Combining (3.11), (3.16) and IJ7Q7OF =1 yields the second result in (3.5)
(part (iv) of Lemma 3.1). The final case can be derived by (3.11) and (3.18).
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For (v), by contradiction, if I](1 — QJ)I} (1 — Q) = 1, then &4 = ), and using (3.10)
and (3.17), we can conclude that

IVF(zn)llz < €&, Amin(V2f(2£)) = Amin(V2f(21)) > — max{en, e},
therefore Ng, ¢, e, < k which contradicts with the hypothesis that k < N¢, ¢, e, - O

Lemma 3.1 provides a fundamental bound on the change in the objective function value
across iterations, accounting for the different cases that may arise in the algorithm. With
the step size bounds @ and 3 specified in the lemma, we define the following random
indicator variables to indicate if iteration k has a large/small step.

1, min{ak,akH} > 647QZ =1 1, min{ﬁkvﬁk—i—l} > BanH =1
Ul =20, max{ag, a1} < a0l =1, U;f =140, max{Bk, Brsr1} < B,QkH =1
0, if QJ =0, 0, Qff =o.

Without loss of generality, we assume that & = a7 and § = Bor™# for some positive
integers my, mg. In this case, it can be shown that for every step, aj and f§ is either a
large step or a small step or a stable step (e.g., QZ or QkH = 0). As an immediate deduction
from properties (¢)-(i7) in Lemma 3.1, it follows that

Y1 -U)(1-69) =0, and IFQf(1-UlH1-06)=0. (3.19)

The above implies that if the gradient or negative curvature information is sufficiently
accurate and of sufficiently large magnitude, then any step size below certain threshold
yields a successful step. In Lemmas 3.2-3.4, we provide bounds on the number of iterations
for different cases.

Lemma 3.2. For any positive integer t,

t—1 t—1
>onegequl + > rffeflefluff < fef) | Jay,
k=0 k=0

where cg 5 = min{hq(@), hy(B)} and a, B are given in (3.4).

Proof. Taking the step size indicator variables (Ufc7 and U,f ) into consideration, one can
derive a slight modification of (3.5) from Lemma 3.1, i.e.,

flxg) — hg(a) + dey, if I,‘ZQ%@%U]? =1
f(@rpy1) < flag) — hp(B) + ey, if IFQHOHUH =1
f(xr) + 4ey, otherwise,
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The above holds since hq(-) and h,(-) are non-decreasing functions on R>g. By summing
up the inequalities from k& = 0 to ¢ — 1, it follows that

t—1 t—1
flae) < fzo) — ha(@) Y IIUHOIUL — hy(B) Y IO OF UL + 4tey.
k=0 k=0
Re-arranging the above and using the definition of ¢, 5 completes the proof. O

Lemma 3.2 follows from Lemma 3.1 and bounds the number of “good” iterations (ac-
curate, successful, large step sizes). The next lemma bounds the number of iterations in
which the step sizes ay and f), are modified. When ||gy |2 is sufficiently large (Qf = 1), oy,
increases on successful iterations (07 = 1) and decreases otherwise. Hence, the number of
iterations with U Ig = 1 in which a4 decreases is bounded by those in which it increases,
plus the number required to reduce aj from g to &. Similarly, the number of iterations
with Qf(1—U}) = 1 in which oy, increases is bounded by those in which it decreases. The
following lemma formalizes these observations.

Lemma 3.3. For any positive integer t,

t—1 t—1 -1
Sl -Udhel+> olui1-e]) <i (Z Q7 + CT) : (3.20)

k=0 k=0 =0
t—1 t—1 i—1

01— U)ol + Y o U1 - of) < } (z of + ) S e
k=0 k=0 k=0

where ¢, = max{log, O%,logT B%,O} and &, B are given in (3.4).

Proof. We first consider the bound for descent steps (3.20). For all ay, t € N, the step size
can be expressed as
t—1 _09\_O9
o — aOTZk:o,ngl((l ©7)-67) _ aOTZ?:lo Qf((1-69)-e7) (3.22)
Let s_1 :== 0, so := min{k € N : o = @}, and s; := min{k : k > s;_1,a = &} for any
i > 1. By (3.22) and the definition of s;, for all i > 0,

R —1 S5 —1
ST og-eg-ef) _ sl ag(a-ef)-e))

Q= Qg = Qg T =ar ' )

from which it follows that 0 = Zisl;l Q7 ((1—67)—067). By the definition of s;, we have:
(i) ax > @ and U] = 1forany 0 < k < sp and Q = 1; and, (i1) {k: s; < k < si41,Q] =1}
is subset of either {k:s; <k < 541, =1, Ul =1} or {k: s, <k < 811,09 =1,U] =
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0}. As a result, for i € N,

Si+1—1
0= Y QN(1-6] -6
k=s;
Siy1—1 Siy1—1 (323)
= ) qui(1-ef)-e)= > a-Ul)(1-e]) -e).
k=s; k=s;

Let iy == max{i € N : s; <t} for any t € N. We consider two cases.
Case 1 (o > @): For any s;, < k < t such that Qf = 1, it follows that oy, > @& and
U = 1. Thus, the exponent in the step size equation (3.22) can be expressed as

iy min{s;+1,t}—1
Yal-e)-e)=> > a-el)-e
k=0 i=—1 k=s;

n min{si+1,t}—1

=> > ui(-e]) -ei) (3.24)

1=—1 k=s;
t—1

=Y Qi1 -6} - 6.
=0

by (3.23) and the fact that U = 1 for k = 0,...,s0 — 1 whenever Q] = 1. Therefore,

ap = aipr im0 HUL(-6)-6)) > 5 As a result, by (3.24) and the definition of ¢,

t—1 t—1
> Uil -6)) <> QUie] +c.. (3.25)
k=0 k=0

Case 2 (ay < @&): In this case, for any s;, < k < t, it follows that a; < & and U,f =0.

The step size a; can be expressed in terms of information at oy, as follows
iy, Ah((1-07)-67) ks Q((A-85)-67) (3.26)

Qp = Q5T =aT

Following the same approach in (3.24), the exponent in (3.26) can be expressed as

=1 t—1
dool(1-ef) -6 =) 91-Ul1-e] e,
k=s0 =0

by (3.23) and the fact that 1-UJ = 0for k =0, ..., so—1 whenever Qf = 1. Consequently,
o =a- roico R-U((1-67)-67) < &, and it follows that

t—1 t—1
> QRO -UHa-el) =y 9l -uhe;. (3.27)
=0 =0
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The bound in (3.20) follows by summing (3.25) and (3.27). The corresponding result
for the negative curvature step sizes, (3.21), is obtained analogously.
O]

Lemma 3.3 bounds the number of iterations corresponding to two “bad” scenarios:
successful steps with overly small step sizes and unsuccessful steps with overly large step
sizes. We now present a lemma characterizing “good” iterations.

Lemma 3.4. For all positive integers t, and any 0 < p, < py and 0 < py < py such

that Byprr + By + b — 2 > 0, if Neyeyey > t and S If > pgt, o I > put, and
-1 o

Zzl:;:() I]g-[]g{ > pngt; then;

t—1 t—1
S roletui + > ol eff Ul > Jegut — ¢,
k=0 k=0

where cgr = PgPH +Pg+DH — 2, ¢; = max{log, O%, log.. Bﬁo’ 0} and &, B are given in (3.4).
Therefore,

t—1 t—1 t—1
P|Neyenan >t O I0>pgt, Y I >put, > I > pyput, (3.28)
k=0 k=0 k=0
t—1 t—1
and Y 1IOIUL + Y IOflof Ul < Legut — .| =0.
k=0 k=0

Proof. If Ne, ey ey >t and 350 1Y > pgt, S0 IF > pt, and Yh_ IIH > Byprt, then
for the descent step, by (3.19) and (3.20),

t—1
> _Tajeiuy
k=0
t—1 t—1 t—1 i—1
=30l - 3T 0L - OYUL - 3 HRJeL(1— Uf) — 3 18081 — 69)(1 - Uf)
k=0 k=0 k=0 k=0
t—1 t—1 t—1 t—1
>3-} (Lotee) <)o~ 10 - g g
k=0 k=0 k=0 k=0
Similarly, for the negative curvature step, by (3.19) and (3.21) it follows that
t—1 t—1 t—1
Yo rrofefult > 3> ol -3y a-rihoy - 5.
k=0 k=0 k=0
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Combining the above two inequalities, it follows that

t—1 t—1
S roteui +Y rffofeful
k=0 k=0
t—1 t—1 -1 (329)
>1 1 HOH 1 1 H\H
>1 Igﬂg+221 QF =3y 1-1)0) -3 1 -1Hf —c;
k=0 k=0 k=0 k=0

By (v) of Lemma 3.1 and I{(1 — Q) IF (1 —Qff) =0 for any k <t < Ne, 22,5

t—1 t—1 t—1 t—1 t—1
DI =Y ROUFOl + 3 -9l + 3 ROYR (- o) + 37— o) (- 9f)
k=0 k=0 k=0 k=0 k=0
t—1 t—1
= DRI+ Y L (1 - 9f)
k=0 k=0

t—1
< Z rof +> ol
k=0

Plugging the above into (3.29) and using the definition of ¢,z completes the proof,

t—1 t—1 -
Y- rioteter + S tofelul > |3 it -} 30 1)~ |0 - e
k=0 k=0

The above lemma establishes a lower bound, increasing with ¢, on the number of “good”
iterations (accurate, successful, large step sizes) when the number of accurate iterations is
sufficiently large. The main theorem follows.

Theorem 3.5. Suppose Assumptions 2.1 and 2.9 hold and ef > 2¢ep. Then, for any 0 <

Dg < Dpg, 0 <Py < py such that pypy +py+ P —2 = cqu > E, andt>T = ﬁ,

2 _6&73

(pg—Dg)* (pu—pn)? (pgPH —PgPH)*
P[Ne,erren <t] >1—exp (— qugg t) — exp (— HQP%{H t) - exp( g gpgp; 4 t)

where R = f(zco_i);f* + ¢7, €55 = min {cdacg g,cpﬁz (maX{EH,E,\})3}, a, B are given in

3.4), c; is giveﬁ in Lemma 3.3, ¢, = 16¢¢, and
f

€, > max £c 2 2¢q
9 (PgPH+Pg+PH—2)caacs » min{neg(1—kg),1—rg—cg}t [’
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1/3
_ €c € 2
€y > max { ((ﬁgﬁHJrﬁngﬁH—?)ch?C?{) ' CH 5(7_,€H_26W)} ) (3.30)

. 1/3 r
_ . 3
€)\ > max ((png+pg+ﬁH72)cp52C:;—1> ' T—ra—cpr [ °

Proof. When N, e, e, >t 2> T, by Lemma 3.2 and the definition of T

t—1 t—1
Yo nojeiuf +y rfofefuy < femlfled 4 Fery < JEL 4 feppt - R
k=0 k=0

= %cht —Cr.

We denote the events

t—1 t—1 t—1
E, = {ng > pgt}, By = {ZI,;H > th}, Eyg = {ZI,?I,? ngth}.
k=0

k=0 k=0

The probability of not reaching a second-order stationary point by iteration ¢ is

P[Nggng»E/\ > t]

t—1 t—1
=P [Ngg,gm >ty eIUl + > THOfef Ul < fegut — cT]

k=0 k=0
t—1 t—1
=P | Ne, ey >t > 100707 + ) I o U < Sequt — ¢y BEgN Ep N Egy
k=0 k=0
t—1 t—1
+P | Neyegon >t 10007 + > IO OlU < Legnt — cr, ESUES U ESy,
k=0 k=0

<0+P{E;UEfUE;}
<PlEg] +P[E}] + P[Egy]

=2 o \2 s =2
< exp (_ (Pg2pgg) t) + exp (_ (pH2p12:IH) t) + exp (_ (nggp?];?%PH) t) 7

where the first inequality follows by (3.28) and the last inequality by a special case of
Lemma 2.11 where py = py = 1 and I,{ = f,{ = 1 for all positive integers k. O
Remark 3.6. We make the following remarks about Theorem 3.5.

e The dependence of the complexity bounds on €, and €y parallels the deterministic case
[/, 15, 21], where iterates converge to a neighborhood of a stationary point. The neigh-
borhood parameters €;, €y, and €y depend on €; with different orders, satisfying €, >

O(e}/Q +€g), €H > (’)(e}/3 +em), and €\ > 0(6}/3 + €)). Consequently, the achievable
second-order accuracy of Algorithm 2.1 is <(’)(e}/2 +€4), O(e}/g +em), C’)(e}/?’ + eA)).
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o When p, = pg =1 and ¢f = ¢; = eg = €\ = 0, the result reduces to the determin-
istic inexact setting [/, Theorem 2.10], where the lower bounds on €; and €y vanish.

Moreover, if pg = 1, the requirement on p, becomes py > 1/2, matching the first-order
condition in [20].

e The probability that Ne, ey e, €xceeds t decays exponentially in t for t > T, where T =
O(e}l + 65;2 + (max{eq, 6)\})_3).

3.2 Convergence analysis: Subexponential noise case

We now extend the analysis to the case where the noise in the function estimates has a
subexponential tail, corresponding to Oracle 1.2. The lemmas from the bounded-noise
setting still hold after replacing I} (py) with I,{Ig (pspg) and I (py) with f,{[,f’ (pspm). We
first state the analogue of Lemma 3.1 for this setting.

Lemma 3.7. Let ey > 4/a + 2¢; and the neighborhood parameters (€, €m, €x) set as pre-

scribed in (3.3). Then, there exist constants &, > 0 (3.4) and nondecreasing functions

ha(-),hp(-) : R — R, satisfying hq(a), hy(B) > 0 for any o, > 0, such that for any

realization of Algorithm 2.1 the following hold for all k < Ne, ey e, -

(i) If the function and gradient estimates at the descent step of iteration k are accurate
(i.e., I,f[,g =1) and ||gkll2 > c4éq (i-e., Q] = 1), then for ay < &, the iteration (descent
step) is successful (©F = 1), which implies a1 =7 ay,.

(ii) If the function and Hessian estimates at the negative curvature step of iteration k are
accurate (i.e., I,fI,fl =1) and \; < —cy max{eny,er} (i.e., QF = 1), then for By < B,
the iteration (negative curvature step) is successful (O = 1), which implies By+1 =

~1
T Bk

(iii) When I]190909 =1, f(x411) < f(x) — halow) + 3es + é, + max{&], é; }.
(iv) When f,{IIkaH@kH =1, f(zrs1) < fzr) — hp(Br) + 3ep +ex + € .

(v) L= Q)1 - ) =0.

In summary,

F(xr) — ha(aw) + 3ep + é, + max{ef, &7}, if I 170907 =1,
f(@ri1) < flzr) — hp(B) + 3ep + ex + €, if I,{I,?QkH@kH =1, (3.31)
f(xr) +2ep + e + e,i’ + €&, + max{é:, é. }, otherwise.

Proof. The proof follows the same arguments as Lemma 3.1. In particular, part (v) is
identical in both statement and proof and is therefore omitted. We restate the remaining
arguments below, highlighting the differences.
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For the descent step, when [ ,{ IQY =1, the case becomes the same as in (i) of Lemma
3.1, and by (3.7) and (3.8), as long as ay < @&, defined in (3.4), it follows that

0
F(x + agdy, &, F(xk,fgio )+ cackgp di + ex +ef < F(J«"k,&i )) + caorgp di, + ey,

which implies that the descent step is successful (7 = 1). When I l{ II0707 =1, the case
is similar to (i7i) of Lemma 3.1, and

f(@p + ondy) < f(xg) — halag) +ep + e + e < f(ar) — ha(o) + 2ey,

where hg(«) == c2éZa. The worst-case bound for f(&#y), analogous to (3.11), is

cgeg
f(@r) = flar + ardy) < f(or) +e5 +ep + ez'.

For the negative curvature step, when ffIHQkH =1, for B < j3 defined in (3.4),
min{F (& + Brar, &), F(dr — Brar, 60 )}
<min{f (2 + Brqr), f(&r — Brar)} + max{e;, é; }
<[f(&x) + cpBraf Hyar + max{e;, &}
<F(Z, é,i” ) + cpBrap Heqr + éx, +max{é;, é; } < F(dy, fk N+ coBran Hear, + ey

and the step is successful (©F =1). When ffIHQHGkH =1,

f (&g + Brpr) < mm{F(xk + Brars E0), F (@ — Brar, €°7))} + max{ef, &}
< F(xk,§k ) + cpBiaqy Hegr +ef + max{é; , é, }
< f(@r) + e — hp(Br) + ey +max{e], e, } < f(ix) — hyp(Br) + 2ey,
where hy(8) = c,v6%cs; (max{e, €, })35%. The bound, analogous to (3.18), is
f(@rr) = f (@ + Brpr) < f(@r) + ep + é + max{e], é; }.
Combining the inequalities for different cases above, yields the desired results. O

The following lemma, analogous to Lemma 3.2, bounds the number of “good” iterations
and follows directly from Lemma 3.7.

Lemma 3.8. For any positive integer t, we have

t—1 t—1
“frHAHoHTrH 3
ZL{I,ZQZ@%U,? +ZI,{I,€ affellyll < It c) g(xt) + ;;t
k=0 k=0
i—1
+ Cal,B (ek + e;: + e + max{é;, é;}) ,
k=0

where ¢ 5 = min{hq(a), hy(B)} and &, 3 are given in (3.4).
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Proof. Similar to the proof of Lemma 3.2, by incorporating the step size indicator variables
U? and U[?, one can re-write (3.31) as

flxg) — hg(a )+36f—|—ek—|—max{ek,ek} if IgIgQZ@iU,g =1,
Flanin) < § fl@n) = hp(B) + 3eg + e + e, if i{rffofef'ull =1,
f(xg) + 3ep + e + ek + &y + max{ek ,€. }, otherwise.

since hq(+) and hy(-) are non-decreasing functions on R>(. Summing the inequalities above
from k = 0 to ¢ — 1, re-arranging the terms, and using the definition of ¢, 5 completes the
proof. O

Lemma 3.3 applies directly in this setting. The next lemma, analogous to Lemma 3.4,
provides a lower bound on the number of “good” iterations (accurate, successful, large step
sizes), implying the proportion remains bounded away from zero as ¢ increases.

Lemma 3.9. For all positive integers t, and any 0 < pry < pyrpg and 0 < ﬁfH < pfpH such
that pr,- pr+pfg+pr 2> 0, if Neyeyoy >t and Y4 TT9 > pot, oL I T > iyt
and S IV TH > proprut, then,

t—1 t—1
> HIeIUl + Y IO U = §(pyobsn + Prg + Pru — 2)t = er = jegmt — cr,
k=0 k=0

where cgg = PrgDfH + Dfg + Pfu — 2, ¢r = max{log, a0710g7 B ,0} and &, B are given in

(3.4). Therefore,

t—1 t—1 t—1
P|Nejewar >t D WL = ppgte D LI = pput, Y LI > popyat,
k=0 k=0 k=0
t—1 t—1
and Y IOV +> I IO ofl Ul < Legut — e, | = 0.
k=0 k=0

Proof. The proof parallels that of Lemma 3.4, incorporating I ,{ and [ ,{ and their associated
probabilities, and is therefore omitted. ]

The main result follows and uses arguments similar to those of Theorem 3.5.

Theorem 3.10. Suppose Assumptions 2.1 and 2.9 hold and ey > 2¢5+5/a. Then, for any

_ _ o _ _ 10 ;44
§>0,0<prg <pfpg: 0 <D < pgpu such that prgPra+Prg+Dra —2 = cgu > ZE =)
. R ’
andt > T = ORI
2 T cap
P{Ne ¢, <t} >1—exp _(pypa=prg)? 4\ _ exp _(pypr=psm)?,
Coretren = ") = 2p3p2 2p3 Py
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2 -2
— exp <—(pfpng PigPi) t) — 2exp (—$st)

203 P2P%
where R = % + ¢, €5 = Min {cddcgéz,cpﬁzc% (max{gH,E)\})3}, a, B are given in

(3.4), ¢; is gz’vén in Lemma 3.3, and the bounds for €;, €r, and €\ are in the same form
as in (3.30) with factor e, = 16€ + 32/a + 4s.

Proof. We define the following two events: A; == {% Z;lo(ek + eZ) <er+ s} and A; =

{% s (éx + max{e; . e, }) <es+ s}. The event {Ng, ;6. > t} can then be divided

into two events using A; and flt,
P [NEgEH,EA > t] =P [NEgEH,EA >, AN At} +P [Ngg,EH’EA >, Ag U Ag} ) (3'32)

We first bound the latter term. By ey > 2e¢ + 5/a and Lemma 2.8, it follows that

PNeycyey >t A uAg} (3.33)
<P[A5]+ P |Af]
[ot-1 t—1
=P |1 (ex+ey)>ep+s|+P %Z(ék+max{ég,é;})>ef+s
L k=0 k=0
M t—1 t—1
<SP (entef)>2p+2 45| +P 1> (6 +max{ef,é}) > 2+ 2 45
L k=0 k=0

< 2exp (—%st)

The former term in (3.32) can be decomposed as follows,
P [Ngg,gH,gA >t AN At}

t—1 t—1
—P [Ngg,gH@ >t AnAL Y I oleu! + > I oo Ul < Legut — cT]
k=0 k=0
t—1 t—1
Neyewar > t, A0 ALY Il ii0geiud + Y HIofloff Ul > Leyyt - CT]

+ P 3,E
k=0 k=0

(3.34)
By Lemma 3.8, when A; N Ay is true and Ne, g6, >t > T, it follows that

t—1 t—1
S rfrgogequl + > ilifofleflull < La-tld 4 3o
k=0 k=0
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t—1
+ L Z (ek + eg + ér + max{é;,é,;})

Ca,p
k=0
—f* Best2
< LTy Srthy <oy e,

Thus, the second term in (3.34) is 0, and we only need to bound the first term,

t—1 t—1
P [Neg,e,m >t A Ay Y rloteiul + > H ol ol Ul < Leynt - cT]
k=0 k=0

t—1 t—1
<P [Ngg,gH,gA >t > [ EoIeiul + > HIoflof Ul < Legut — cT] :

k=0 k=0
(3.35)
The rest of the proof is similar to the one in the bounded-noise setting. We denote the
events
t—1 t—1 t—1
Eyg = {Zf;fffi prgf}v Ern = {Zfiffzf ZPth}a Efgn = {Z e Epngfo}-
k=0 k=0 k=0
Then the probability in (3.35) can be bounded as follows
t—1 t—1
P [Neg,q,,eA >t Y loieiul + > HIafloflUll < Leynt - CT] (3.36)
k=0 k=0
t—1 t—1
=P |Neyenrn >t > LEOIU + Y HIHOI O UM < Legut — cry Epg 0 Epg N Epgy
k=0 k=0
t—1 t—1
+P | Neyeyon >t Y I IQI05U7 + > HIFOfOlUF < Legnt — vy B, U ESy U ESyy
k=0 k=0
t—1 t—1
=0+P | Nepeyon >t O ILIQIOIUL + " HIHOf O UM < Legut — cry B, U Efy UESy
k=0 k=0
<P[Ef U Efy U Efyy]
<P[Ef,] +P[Efy] + P [Efyn]

IN

(pypg—Drg)? (prpa—Pfu)? (ppgpH—DrgPrH)’
exp | —— L2t exp | —— =1 exp | — t).
P < 2p713 +exp 20717 +exp 2p 30207

where the fourth line follows by Lemma 3.9 and the last inequality follows by Lemma 2.11.
Combining (3.33) and (3.36), it follows that

(PsPo—Ptq)* (pspu—Prm)
P [Ne,epen > t] < 2exp (—§st) + exp <— fg%pgfg t) + exp (— L QZﬁpiH t)
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(p3pgpE—Prgbrm)?
- 2p4 22 t).
PgPH

+exp<

Re-arranging the above completes the proof. O

Remark 3.11. The theorem parallels Theorem 3.5 for bounded noise, with two modifica-
tions reflecting the subexponential tails of the function oracle:

e The noise-control parameter ey becomes 2¢5 + 5/a > 2e¢, where a > 0 and e > 0 are
oracle parameters. The lower bounds on the neighborhood parameters €4, €y, and €\ now
depend on ey and a free parameter s > 0, satisfying €, > O((ef+a~t+35)/2+¢,), ey >
O((ef +a P +8)3 en), & > O((ef +a= +5)1/3 +¢)). Consequently, the achievable
second-order accruacy of Algorithm 2.1s (O((ef +a~' + V2 4 ¢),0((ef +a ' +8)13 +ep), O((ef +a”

e In addition to the three exponential terms present in the bounded-noise analysis (now
involving prpy and pypu due to the function oracle in the line search), an additional
factor 2exp(—$st) appears, capturing the subexponential tail of the function noise. The
choice of s > 0 trades a slightly larger neighborhood for faster decay of the failure
probability. As before, the probability that Ne, ey, e, exceeds t decays exponentially in t

fort >T, where T = (’)(6]?1 +a+st+ 69_2 + (max{en, GA})_S)-

4 Numerical Experiments

In this section, we report numerical experiments evaluating the practical performance of
the proposed two-step method (Algorithm 2.1, denoted SS2-NC-G). First, we examine the
sensitivity of the method to key parameters, namely the function-noise level e; (Figure 1)
and the Armijo noise-tolerance parameter e; (Figure 2), and then compare with Adaptive
Line-search with Oracle Estimations (denoted SS-G) [20] and a conjugate-gradient-based
variant (denoted SS-NC-CG) [29] (Figure 3). We use the Rosenbrock function [19] as a test
case, and evaluate performance in terms of objective function value, gradient norm, mini-
mum Hessian eigenvalue, and step size with respect to iterations and function evaluations.

To simulate oracle outputs, we perturb the exact function, gradient, and Hessian values
with controlled bounded noise. This corresponds to Oracle 1.1, Oracle 2 with p, = 1 and
kg = 0, and Oracle 3 with py = 1 and kg = k) = 0. To simplify the experimental setting
and align with the theoretical scaling, we impose €; = ef] = eij’{. The resulting perturbation
models are described below.

e Function estimates: Noisy function evaluations are generated by adding bounded
random noise €7 to the exact objective value, F' < f(x) + ;U (—1,1).

e Gradient estimates: To generate gradient perturbations with bounded norm, we
first draw r ~ N(0,I,) and normalize it as u < r/[|r||2, yielding a random direction
uniformly distributed on the unit sphere. We then draw U ~ (0, 1) and set the radius
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p egUl/ ™. The noisy gradient estimate is g <— Vf(z) + pu. This construction
guarantees that the perturbation satisfies g — V f(z)|]2 < €.

e Hessian estimates: Similarly, we generate Hessian perturbations by first drawing a
random matrix B ~ N(0,1)"*" and normalizing it as u < R/||R||2. We then draw
U ~ Uniform(0,1) and set p « egU?"/ "’ The noisy Hessian estimate is given by H <«
V2f(z) + pu. Under this construction, the perturbation satisfies |[H — V2 f(z)|2 < ep.

For all methods, we use the same step-search hyperparameters ag = Sy = 1, 7 = 0.5,
cq = ¢p = 0.2, and set ¢, = 0. For negative curvature methods, we set the early-termination
threshold to cyy max{€y, €} = 1073, All experiments were conducted in MATLAB R2021b.

We first investigate the sensitivity of S52-NC-G to the noise level e, € {1072,1073,107°,107%, 0}.
As shown in Figure 1, the noise magnitude determines the neighborhood of convergence.
Smaller values of €7 (e.g., 0 and 10~®) produce smoother trajectories and convergence to
smaller neighborhoods, albeit with slower initial progress, whereas larger values yield more
variability and larger neighborhoods, often with faster initial decrease. These trends are
consistent with the theoretical scaling ey = eg = e%, under which the iteration complex-
ity before entering the high-probability regime is (9(6;1). Although larger-noise runs may
progress more rapidly at early stages, smaller-noise runs ultimately attain better objec-
tive values and stationarity. The contour plots further illustrate the differing trajectory
behavior across noise levels.

g 2
o = =
= = 2
= 2 = =1
=195 z S
et E 2
£ 10 & g
g 3 : E
= E =
£ 10 S £

=

9

T2
T2

Figure 1: Sensitivity of Algorithm 2.1 on the Rosenbrock problem for e € {1072,107%,107°,1078, 0}
with ey = 2ey. Top row: metrics vs. iterations. Bottom row: contour plots with trajectories (after
100, 200, 2000, and 20000 iterations).

We next examine the effect of misspecifying ey, which governs step acceptance under
noisy function evaluations. We test ey € {0.25¢¢,2€¢,16€¢,128¢¢}. In the bounded-noise
setting (Oracle 1.1), the theory requires ey > 2¢; for convergence; nevertheless, we also
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consider smaller values to evaluate behavior in the regime in which the noise is underes-
timated. As shown in Figure 2, larger ey yields convergence to a larger neighborhood,
consistent with the dependence of the accuracy bounds on ey, while permitting larger step
sizes and faster initial progress. The choice ey = 2¢, motivated by the theory, seems to
balance early progress and final accuracy.

ey = 0.25¢,
o ey =2
o ef = 16¢s
128¢;

e,
e = 0.25¢f, o
e/ = 0.25¢, B

< e =2,a

[
O

=)
T

Function Value
Minimum Eigenvalue
=

o
10" 4 A
-2 L4 . - ef = 16€7,a
107 0 R e
777777 1073F -~ ep =128¢,0
10*3 7777777777777777777777 1 Lo 4 ej = 128¢;,
0 500 1000 0 500 1000 0 500 1000
Iteration Iteration Iteration

o

v

Figure 2: Sensitivity of Algorithm 2.1 on the Rosenbrock problem for e = 1072 and e; €
{0.25¢¢, 2¢y, 16€7,128¢;}. Results averaged over 10 runs. Top row: metrics vs. iterations. Bottom
row: contour plots with trajectories (after 100, 200, 1000, and 5000 iterations).

In the final experiment, we compare SS2-NC-G with the first-order method SS-G and
SS-NC-CG. The latter follows a simplified version of the framework in [29] and computes
either a Newton-type step or a negative curvature step, with step sizes determined by step
search due to the stochastic nature of the problem. We report the evolution of the objective
value, gradient norm, minimum eigenvalue, and step size with respect to iterations and
function evaluations. Results on the Rosenbrock problem with €; = 1073 and e § = 2¢5 are
shown in Figure 3. Methods incorporating negative curvature (S82-NC-G and SS-NC-CG)
reduce the objective more effectively in regions of negative curvature, while SS-G exhibits
slower progress near saddle-like regions. The trajectory plots reflect this behavior.
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Figure 3: Comparison of Algorithm 2.1 (8S2-NC-G), SS-G, and SS-NC-CG on the Rosenbrock problem
with €y = 103 and es = 2ey. Top row: metrics vs. function evaluations. Bottom row: contour
plots with iterate trajectories (after 100, 500, 1000, and 5000 iterations).

5 Final Remarks

We consider optimization problems in which the objective function and its derivatives are
corrupted by noise and accessed through probabilistic oracles. Within this framework, we
have developed a two-step negative curvature method incorporating a step-search proce-
dure with a relaxed Armijo-type sufficient-decrease condition and a novel mechanism for
selecting the negative curvature direction. Under mild assumptions on the accuracy of the
probabilistic oracles, the proposed approach is endowed with high-probability second-order
convergence and iteration-complexity guarantees. Numerical experiments on a standard
nonconvex problem illustrate the efficiency and robustness of the proposed framework.
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