
Optimal Control Applications andMethods

ORIGINAL ARTICLE OPEN ACCESS

On lifting strategies for optimal control problems
Robert Lampel1 | Sebastian Sager1,2

1Otto von Guericke University Magdeburg, Germany | 2Max Planck Institute for the Dynamics of Complex Technical Systems Magdeburg, Germany |

Correspondence: Robert Lampel (robert.lampel@ovgu.de)

Received: Revised: Accepted:

Academic Editor: | Guest Editor:

Funding: Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) via grants 314838170, GRK 2297 MathCoRe and SA 2016/3-1, SPP 2331 and
European Regional Development Fund via grants timingMatters and IntelAlgen, under the European Union’s Horizon Europe Research and Innovation Program.

Keywords: Newton-type Methods | Direct Optimal Control | Lifting | Multiple Shooting | Condensing

ABSTRACT
The representation of a function in a higher-dimensional space, often referred to as lifting, can be used to reduce complexity.
We investigate how lifting affects the convergence properties of Newton-type methods. For the first time, we conduct a system-
atic comparison of several lifting strategies on a set of 40 optimal control problems. In addition, we consider differences between
interior-point and sequential quadratic programmingmethods, accounting for both Quasi-Newton approximations and exact Hes-
sians. Based on these observations, we propose an adaptive lifting algorithm that reduces the number of iterations by about 27%
on average across all problems and by more than 50% for selected problems compared with naïve lifting approaches.

1 Introduction

The numerical solution of Optimal Control Problems (OCPs) is
a cornerstone of modern engineering, enabling the optimization
of complex dynamic systems ranging from aerospace trajectories
to chemical reactors. Among the various numerical strategies,
direct methods have gained prominence by transforming the con-
tinuous infinite-dimensional problem into a finite-dimensional
Nonlinear Programming (NLP) problem [1]. Specifically, the Di-
rect Multiple Shooting method, pioneered by Bock and Plitt [2],
has become a standard approach due to its superior stability in
handling unstable systems and its ability to utilize state-of-the-art
ODE and DAE solvers [3].
While traditionalmultiple shooting relies on a fixed uniform time
grid,many real-world applications involve "stiff" dynamics or con-
trol trajectories with localized high-frequency behavior. In such
cases, a uniform grid is often computationally inefficient, either
being too coarse to capture critical transients or too fine, leading
to an unnecessarily large NLP. This limitation has motivated the
development of adaptive multiple shooting techniques.
By incorporating iterative grid refinement strategies, the shoot-
ing nodes can be dynamically redistributed to areas of high
discretization error or nonsmoothness. More advanced schemes

utilize multiscale analysis, such as wavelets, to automatically de-
tect where additional resolution is required [4]. These adaptive
frameworks ensure that the solution achieves a prescribed ac-
curacy while maintaining the computational efficiency required
for demanding applications, such as real-time nonlinear model
predictive control (NMPC) [5].
Multiple shooting is alsomotivated by a range of additional objec-
tives. Mattheij and Staarink [6] suggest three main criteria for an
optimal lifting. First, a reduced amount of work for the automatic
integrator. Second, numerical stability, by bounding the growth
of rounding errors within a shooting interval. Third, the amount
of memory required. Their work was later extended by Geiger [7].
In this work, we focus on another property of multiple shoot-
ing: the convergence of Newton-type methods. This effect was
described in [8], where first steps towards the explanation of
this phenomenonwere taken. For boundary-value problems, con-
structive algorithms that aim to minimize local residual contrac-
tion in each Newton step were derived in [9]. Here, we address
the open problemof deriving algorithms that adapt the number of
multiple shooting intervals to accelerate the convergence of NLP
solvers, such as IPOPT [10] and blockSQP2 [11, 12], for optimal
control problems.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited and is not used for commercial purposes.

© 2026 The Author(s) Optimal Control Applications and Methods published by John Wiley & Sons Ltd.

Optimal Control Applications and Methods, 2026;v0:1–16
https://doi.org/10.1002/0000 1 of 16

https://orcid.org/0009-0004-8669-2294
https://orcid.org/0000-0002-0283-9075
mailto:robert.lampel@ovgu.de
https://doi.org/10.1002/0000


1.1 Outline and contributions

We start with a short overview of directmultiple shooting for opti-
mal control problems and related theoretical results in Section 2.
Section 3 contains a new collection of 40 benchmark problems
for which we investigate and analyze the effect of lifting on the
number of iterations for IPOPT and blockSQP2. Inspired by the
previous section’s findings, Section 4 proposes algorithms for bet-
ter initialization of intermediate lifting points and for switching
frommultiple to single shooting. Finally, we present an extensive
numerical study to showcase the effectiveness of our algorithms
in Section 5. We conclude with a discussion in Section 6.

2 Direct multiple shooting

In this section, we first formulate a template continuous op-
timal control problem in 2.1 before moving to its discretized
formulation in 2.2. In 2.3 we briefly address sequential quadratic
programming and condensing. Afterwards, 2.4 introduces com-
mon globalization techniques. In 2.5 we introduce the concept
of the (Quasi-) Newton path before concluding the section by
addressing aspects of real-time performance in 2.6.

2.1 Lifted optimal control problems

We are concerned with problems of the following type

min
𝑢

∫
𝑇

𝑡=0
ℒ(𝑥(𝑡), 𝑢(𝑡)) d𝑡 + Φ(𝑥(𝑇))

s.t. 𝑥(0) = 𝑥0 ∈ 𝑋0 (initial values)
𝑥̇(𝑡) = 𝑓(𝑥(𝑡), 𝑢(𝑡)), 𝑡 ∈ [0, 𝑇] (ODE)
lb𝑔 ≤ 𝑔(𝑥(𝑡), 𝑢(𝑡)) ≤ ub𝑔, 𝑡 ∈ [0, 𝑇] (bounds)

Here the objective consists of the Mayer term Φ and the La-
grange term ∫ ℒ(⋯)d𝑡, 𝑥0 ∈ 𝑋0 ⊂ ℝ𝑛𝑦 is the initial value,
𝑢 ∶ [0, 𝑇] → ℝ𝑛𝑢 the control function, 𝑓 defines the dynamics,
and 𝑔 themixed constraints.We introduce intermediate variables
𝐬1, … , 𝐬𝑛 at 𝑛 distinct ascending time points {𝑡𝑖}𝑛𝑖=1, together with
𝐬0 = 𝑥0. Let 𝑦𝑖 be the solution of the initial value problem (IVP)

𝑥(𝑡𝑖) = 𝐬𝑖 , 𝑥̇(𝑡) = 𝑓(𝑥(𝑡), 𝑢(𝑡)) ∀𝑡 ∈ [𝑡𝑖 , 𝑡𝑖+1]. (1)

To ease the notation we omit the explicit dependency of 𝑦𝑖 on
the initial value 𝐬𝑖 and the control 𝑢 on the interval [𝑡𝑖 , 𝑡𝑖+1], as
they are encoded by the index 𝑖. This leads to the following lifted
problem formulation:

min
𝐬0 ,…,𝐬𝑛 ,𝑢

𝑛∑

𝑖=1
(∫

𝑡𝑖

𝑡=𝑡𝑖−1

ℒ(𝑦𝑖−1(𝑡), 𝑢(𝑡)) d𝑡) + Φ(𝑦𝑛(𝑇)) (2)

s.t. 𝐬0 = 𝑥0 ∈ 𝑋0 (initial values)
𝐬𝑖 = 𝑦𝑖−1(𝑡𝑖), ∀𝑖 ∈ [𝑛]

(matching condition)
lb𝑔 ≤ 𝑔(𝑦𝑖−1(𝑡), 𝑢(𝑡)) ≤ ub𝑔, 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖], ∀𝑖 ∈ [𝑛].

(bounds)

Throughout this work we will use the terms lifting and multiple
shooting interchangeably.

Optimal ExperimentalDesign (OED) problems [13, 14, 15, 16] are
a special case of optimal control problems [17]. If the variational
differential equations and description of the Fisher Information
Matrix are included in an augmented right hand side, OED prob-
lems can also be written in the lifted form (2). They often have
specific properties, such as optimal bang-bang structures [17, 18].
For all OED problems considered in the following we make use
of the so-called 𝐴-criterion.

2.2 Discretization

To solve this problem, we are going to use the first discretize, then
optimize approach. There are three parts for which we have to
choose a discretization: the controls 𝑢, the constraints 𝑔, and
the shooting points 𝑡𝑖 . In general, these three discretizations are
completely independent from one another. However, there are
practical aspects that heavily influence the choice. It is advanta-
geous to choose the shooting and constraint grids as subsets of
the control grid. The reason for this lies in the structure of the
resulting Hessian of the Lagrangian. In particular, the different
shooting intervals are only coupled linearly through matching
conditions, leading to an advantageous exploitable block struc-
ture. The only exception is the end of the time interval, where we
do not add an additional control (as it would have no effect).
Throughout our investigations we will compare the effect of the
number of shooting points on the convergence speed. Thus, we
want all other discretizations to be unaffected by the distribution
of shooting points. Therefore, we choose the constraint grid to be
equal to the control grid. To summarize, we choose one discretiza-
tionwith time points 0 = 𝑡0, 𝑡1, … , 𝑡𝑛 = 𝑇. Referring to the indices
of these time points, we define three index sets:

∙ a control grid 𝐼control,
∙ a constraint grid 𝐼constr, and
∙ a shooting grid 𝐼shoot.

These sets satisfy

{0} ⊆ 𝐼shoot ⊆ 𝐼constr = 𝐼control ∪ {𝑛} = {0, … , 𝑛}.

In particular, we do not count 𝑡0 = 0 as a shooting point.
Equidistant shooting point discretizationswith𝑚 shooting points
are abbreviated byMS-𝑚 (and always include the final time point
𝑡𝑛 = 𝑇 for 𝑚 > 0). We denote the discretized controls by 𝐪𝑖 and
the discretized constraint functions by 𝐠𝑖 . The constraints for the
initial value 𝑥(0) = 𝑥0 are included in 𝐠0. To group these dis-
cretizations according to their corresponding shooting interval,
we write

𝐼shoot = {0 = 𝑗0, 𝑗1, … , 𝑗𝑚}

and summarize them as

𝐠[𝑗𝑘] ∶=
⎧

⎨
⎩

(𝐠𝑖)
𝑗𝑘+1−1
𝑖=𝑗𝑘

if 𝑘 < 𝑚
(𝐠𝑖)𝑛𝑖=𝑗𝑘 if 𝑘 = 𝑚

, 𝐪[𝑗𝑘] ∶=
⎧

⎨
⎩

(𝐪𝑖)
𝑗𝑘+1−1
𝑖=𝑗𝑘

if 𝑘 < 𝑚
(𝐪𝑖)𝑛−1𝑖=𝑗𝑘

if 𝑘 = 𝑚
.

The same notation is used for the corresponding lower and up-
per bounds lb𝐠[𝑗𝑘 ] and ub𝐠[𝑗𝑘 ] . Sometimes we want to refer to all
discretizations. For this purpose we summarize 𝐠[𝑗0], … , 𝐠[𝑗𝑚] as 𝐠,
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𝐪[𝑗0], … , 𝐪[𝑗𝑚] as 𝐪, and 𝐬𝑗0 , … , 𝐬𝑗𝑚 as 𝐬. Usually, the matching con-
ditions are separated from the other bounds, but for measuring
the infeasibility of the whole problem it may be useful to summa-
rize all constraints. For this purpose we define 𝐠̂ as the function
including 𝐠 and all matching conditions.
To measure the violation of the bounds on a shooting interval we
define

𝑣[𝑗𝑘](𝐬𝑗𝑘 , 𝐪𝑗𝑘 ) =
‖‖‖‖‖(𝐠[𝑗𝑘](𝐬𝑗𝑘 ) − ub𝐠[𝑗𝑘 ] )

+ + (lb𝐠[𝑗𝑘 ] − 𝐠[𝑗𝑘](𝐬𝑗𝑘 ))
+‖‖‖‖‖𝑝

where (⋅)+ denotes the positive part and 𝑝 represents the chosen
norm. Similarly, the local contribution to the objective function
is denoted by ℎ[𝑗𝑘], 𝑘 = 0, … ,𝑚. The summed up total objective
is then written as ℎ =

∑𝑚
𝑘=0 ℎ[𝑗𝑘].

Analogously to (1), we define 𝑦[𝑗𝑘] as the solution of the dis-
cretized version of the IVP, with the difference that the control
𝑢(𝑡) is replaced by the matching part of 𝐪[𝑗𝑘]. One possibility
of initializing the 𝐬𝑗𝑘 is to evaluate the ODE (1) (its discretized
version) over the entire time interval starting at 𝐬0 and to set
𝐬𝑗𝑘+1 = 𝑦[𝑗𝑘](𝑡𝑗𝑘+1 ). We refer to this operation as FSInit. Unless
stated otherwise, ‖ ⋅ ‖ always stands for the Euclidean norm.

𝑡

𝑥

𝑥0

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑇 = 𝑡6

𝐪0

𝐪1 𝐪2 𝐪3
𝐪4 𝐪5

𝑡

𝑥

𝐬0 = 𝑥0

𝐬1 𝐬2

𝐬3

𝑦[0](𝑡2) = 𝐬1

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑇 = 𝑡6

𝐪0

𝐪1 𝐪2 𝐪3
𝐪4 𝐪5

F I GURE 1 | Illustration of direct multiple shooting with
𝐼control = {0, … , 5}. The upper plot shows the single shooting version
with 𝐼shoot = {0}, whereas the bottom one shows a lifted version
with 𝐼shoot = {0, 2, 4, 6}. For the bottom discretization we would get
𝐪[0] = (𝐪0, 𝐪1), 𝐪[2] = (𝐪2, 𝐪3), 𝐪[4] = (𝐪4, 𝐪5), and 𝐪[6] = (). The same
pattern applies to the constraints, with the difference being 𝐠[6] = 𝐠6.

2.3 Solution via Newton-type methods and con-
densing

We want to solve the discretized version of (2) using Quasi-
Newton methods applied to the (perturbed) KKT conditions,
compare [19, Chapter 18 and 19]. Let 𝐵 be the exact or an approx-
imation of the Hessian of ℎ with respect to (𝐬, 𝐪). This leads to a
subproblem in 𝐬 and 𝐪. As the solution, we obtain step directions
𝑑𝐬 and 𝑑𝐪. We update the variables using these step directions
and repeat this process until the convergence criteria are satis-
fied. Apart from the total constraint violation, this includes the

optimality error (see [10] for IPOPT and [11, 12] for blockSQP2),
denoted by opt.
Because of the linear coupling in the matching conditions of the
shooting points the Hessian exhibits a special block structure.
This allows for a technique called condensing (cf. [20]). Instead
of computing a step for the original problem, we condense it to
compute a step only in the original variable 𝐬0 and the controls
𝐪. The remaining 𝑑𝐬1 , … , 𝑑𝐬𝑛 and the Lagrange multipliers corre-
sponding to the matching conditions can then be reconstructed
from the QP solution. For the details we refer to the literature
[12, 20, 21].

2.4 Globalization

For the rest of this section, let us consider the general optimiza-
tion problem

minℎ(𝑥) s.t. 𝑔(𝑥) ≤ 0 (3)

We define the violation of the constraints as 𝑣(𝑥) ∶= ‖𝑔(𝑥)+‖.
During the solution process we have to consider both the objec-
tive as well as the constraints. We present two popular methods
for this.
Merit functions combine both objectives into a single function.
Typical merit functions are either augmented Lagrangians or
penalty functions, the latter of which we want to succinctly intro-
duce (cf. [19, Chapter 17]).
A penalty function adds a scaled norm of the constraint violation
to the objective:

𝑃(𝑥, 𝜇) ∶= ℎ(𝑥) + 𝜇 ⋅ 𝑣(𝑥), 𝜇 > 0.

Common choices for the norm of the violation are the squared
euclidean norm (quadratic penalty) or the 𝓁1 norm (nonsmooth
penalty). The drawback of this approach is the choice of the
penalty parameter 𝜇. It can be shown that the minimizer of the
penalty function is equal to the feasible optimum if the penalty
parameter 𝜇 is chosen large enough. In practice, however, high
penalty parameters may lead to numerical problems.
The filter method was suggested by Fletcher and Leyffer [22]. It
considers the objective and the constraint violation 𝑣(𝑥) as two
separate aims.Webriefly summarize themain idea. Let (ℎ(𝑘), 𝑣(𝑘))
denote the values of ℎ(⋅) and 𝑣(⋅) evaluated at the point 𝑥(𝑘).

Definition 1. A pair (ℎ(𝑘), 𝑣(𝑘)) is said to dominate another pair
(ℎ(𝑙), 𝑣(𝑙)) if both ℎ(𝑘) ≤ ℎ(𝑙) and 𝑣(𝑘) ≤ 𝑣(𝑙).

This means that 𝑥(𝑘) is better than or equally as good as 𝑥(𝑙) with
respect to both the objective and the feasibility. Using this concept
we can now define a filter.

Definition 2. A filter is a list of pairs (ℎ(𝑙), 𝑣(𝑙)) such that no pair
dominates any other. A point (ℎ(𝑘), 𝑣(𝑘)) is said to be acceptable
for inclusion in the filter if it is not dominated by any point in the
filter.

In practice, a small envelope is added around the filter to prevent
cycling. A newly computed iterate 𝑥(𝑘+1) is then only accepted as
an improvement in case it is acceptable for inclusion in the filter.
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𝑣(𝑥)

ℎ(𝑥)

ℎ(𝑥) + 𝜇 ⋅ 𝑣(𝑥) ≤ 𝑐

𝑣(𝑥)

ℎ(𝑥)

(ℎ(𝑙), 𝑣(𝑙))

F I GURE 2 | Illustration of penalty methods (left) and filter methods
(right). The hatched region shows which points have a better value with
respect to the penalty function or are accepted by the filter.

2.5 The (Quasi-) Newton path

We refer to the sequence of iterates produced by the solver as
(Quasi-) Newton path, depending on whether we use exact or ap-
proximateHessians. A rigorous introduction to the concept of the
Newton path can be found in [23]. The theoretical investigation
of this path allowed us to gain further insights for BVP in [9]. For
BVP, it turned out that the theoretical Newton path (obtained by
using infinitely small step size control) of the original variables
is not affected by lifting. Furthermore, we saw that lifting at in-
finitely many points may lead to the same Newton path as not
lifting at all.
Due to the fundamental structural differences between optimal
control and boundary value problems, these results do not carry
over.More precisely, thematching constraints for optimal control
problems also introduce new Lagrange multipliers, upon which
the (Quasi-) Newton path depends. For BVP, on the other hand,
lifting only increased the dimension of the root finding problem.
Since the controls and states make the problem very high-
dimensionalwe cannot visualize the path directly. Instead,we opt
to show the sequence of objective values and norms of constraint
violations for the iterates to assert whether two liftings take a sim-
ilar path. We compare these paths for some select problems in
Figure 3.

2.6 Aspects of real-time performance

The real-word computational time required to compute a sin-
gle Newton-type step for optimal control problems depends on
two main factors. First, there is the time to solve the resulting
system of linear equations. Naturally, lifting introduces more
variables and therefore increases the size of the linear system.
However, this does not directly imply that the lifted linear sys-
tem of equations is harder to solve. The resulting system is highly
structured and techniques like condensing can reduce the system
to the size of the one for single shooting. Second, there is the time
required to compute the gradient of the objective and constraint
function and, if necessary, the exact Hessian. Since the first factor
heavily depends on the chosen linear solver, we focus on the last
factor and how we can influence it by means of lifting.
In our numerical experiments we use the automatic differentia-
tion framework CasADi [24]. We observed that multiple shooting
leads to massive speedup in terms of the cost per Newton-type it-
eration, as exemplified in Figure 4. As described in [25], there are
two main reasons for this effect.
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O
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0 1 2 3
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Lotka OED
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Violation

O
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tiv
e

Lotka Shared

0 0.2 0.4

2

4

6

8
start

Violation

Lotka Volterra

Single Shooting MS-8 MS-64

F I GURE 3 | Visualization of the paths taken by blockSQP2 using
SR1/BFGSHessians. The control and constraint discretizations are identi-
cal for all shooting grids. Generally, we observe that few lifting points lead
to larger violations of the matching conditions, since the linearizations
of these conditions become less accurate for larger intervals. For some
problems the multiple shooting path seems to be very similar to the sin-
gle shooting path after the first few iterations and the matching violations
become very small. In other cases, multiple shooting leads to strong devia-
tions. Especially the two OED problems spend most of the iterations very
close to the solution.

First, the total number of non-zero derivativesmay even decrease
due to lifting. The reason is that the state now only depends on
the controls in the current shooting interval, not on all previous
controls. On the other hand, the single shooting derivatives have
to be calculated across the entire time interval, possibly making
it a lot more expensive, see Figure 5.
Second, the linear coupling allows for parallelization across the
shooting intervals. Hence, the derivative computation and the
evaluation of both objective and constraints can be parallelized
across the shooting intervals, saving further time in the process.
This parallelization was also used in Figure 4.

3 A first comparison

A first small-scale quantification of the impact of lifting on the
number of SQP iterations was undertaken in [26]. To get a more
general overview, we perform a numerical study for a greatly
expanded set of optimal control problems taken from the open
benchmark library for optimal control problems mintOC [27].
It currently encompasses more than 80 problems, ranging from
one-dimensional tomore than twenty-dimensional examples and
from quadratic tracking problems to OED problems. Every La-
grange term objective can be rewritten as a Mayer objective.
For this reason we also compare different formulations of some
problems, wherever practical.
In our numerical study we examine both the interior-point solver
IPOPT and the structure-exploiting SQP solver blockSQP2. For
consistency, we use a fixed-step-size Runge–Kutta 4 method and
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IP-SS Bl-SS IP-MS Bl-MS

5
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Solver
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e(
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Lotka Volterra

IP-SS IP-MSBl-SS Bl-MS
0

50

100

Solver

Lotka OED

Hessian Computation Total

F I GURE 4 | Visualization of the real-time required to solve the
Lotka Volterra problem (11 iterations for IPOPT, 12 for blockSQP2) and
to perform 10 iterations for the Lotka OED problem. We compare IPOPT
(IP) and blockSQP2 (Bl) for both single shooting (SS) and multiple shoot-
ing (MS), using MS-64 with the same control discretizations. The darker
regions illustrate the fraction of the time used for computing the exact
Hessian.Multiple shooting drastically decreases the time required to com-
pute the Hessian. This discrepancy increases for problems with many
differential states and controls (such as Lotka OED).

𝐪0

𝑡0
𝑥0

𝐪1

𝑡1

𝐪2

𝑡2 𝑡2

𝐪0

𝑡0
𝐬0

𝑡1

𝐪1

𝑡1
𝐬1

𝑡2

𝐪2

𝑡2
𝐬2

𝑡3

F I GURE 5 | Visualization of the graphs used by the algorithmic dif-
ferentiation framework for single shooting (top) and multiple shooting
(bottom). The shooting intervals in the bottom graph all contribute to the
summed up objective term (2).

keep the control and constraint discretizations with 64 equidis-
tant intervals constant across all choices of lifting points. We
always use an equidistant distribution of shooting nodes. If a
problem requires more than 200 iterations, or if the solver itself
fails, we consider the solution to have failed.
All computations were performed on an AMD Ryzen 7 4800H
with 16GB of RAM running Ubuntu 24. Regarding software, we
used Python 3.13.5, CasADi 3.7.0 [24], NumPy 2.3.1 [28], and
SciPy 1.16.0 [29]. The code is open source and published on
GitHub [30].
We show the number of iterations across all considered problems
and shooting grids in Figure 1 and the corresponding computa-
tional times in Figure 2.We summarize the results in Figure 6 and
perform a more detailed analysis in the following subsections.

3.1 Exact Hessian methods

First, let us address the performance of IPOPT. Generally, we
observe that increasing the number of lifting points has little
effect on the number of required iterations. There is no bench-
mark problem for which the number of iterations monotonically
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IPOPT exact IPOPT Quasi-Newton
blockSQP2 exact blockSQP2 Quasi-Newton

F I GURE 6 | On the left we show the number of problems that con-
verged for a given solver configuration and shooting grid. The right image
displays the average time required to solve a problem. In the latter plot,
the average is taken over the problems that converged across all shooting
grids for the given solver configuration. Generally, the finest the shoot-
ing grid exhibits the most robust convergence and the shortest required
real-time. However, for MS-64 and blockSQP2 the “Egerstedt” problems
no longer converge within 200 iterations.

increases with the number of lifting points. In contrast, there
are a couple of problems for which lifting clearly reduces the
number of iterations or enables convergence in the first place.
Among these are problems such as “Cart Pendulum”, “Ducted
Fan”, “Moon Landing”, and “Van der Pol Mayer”. This can be
attributed to the decreased nonlinearity or the possibility to es-
cape infeasible regions more easily (e.g. for “Van der Pol”). When
considering the real-time performance, lifting at all control dis-
cretizations is indisputably the best choice across all problems.
Next, we want to discuss the performance of blockSQP2 for ex-
act Hessians. As with IPOPT, many problems do not show a clear
trend when it comes to the number of iterations. As shown in
Figure 6, the finer shooting grids MS-16, MS-32, and MS-64 ex-
hibitmore robust convergence than single shooting or the coarser
grids. For simple problems, such as “Batch Reactor” or “Biore-
actor”, lifting slightly increases the number of iterations. The
reasons are extra steps which are needed to satisfy the matching
conditions to sufficient accuracy. Considering the computational
times, the finest shooting discretization constitutes the fastest
choice for the overwhelming majority of problems.
Nevertheless, there are problems for which more lifting points
increase the number of iterations, even offsetting the real-time
benefits of faster multiple shooting iterations. Among these are
“Egerstedt”, “EgerstedtMayer”, and select OEDproblems like “Van
der Pol OED”.

3.2 Quasi-Newton methods

The Quasi-Newton version of IPOPT does not make use of block-
wise Hessian approximations. Therefore, we cannot expect the
quality of the Hessian approximations to improve by introducing
more lifting points. Regarding the influence of lifting on the num-
ber of required iterations and the real-time performance, itmostly
behaves similarly to its exact Hessian counterpart. One notable
exception is the “Electric Car” and “Electric Car Mayer” problem,
where it performs a lot worse for few shooting intervals.
Unlike the exact Hessian methods, for most problems the Quasi-
Newton version of blockSQP2 exhibits a clear trend of improved
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performance with more lifting points. These performance gains
can be observed for problems which showed no clear improve-
ments for the exact Hessian version of blockSQP2, like “Lotka
Competitive / Shared / Volterra”. This suggests that the improve-
ments stem from better Hessian approximations caused by the
higher-dimensional block-wise updates.
Quasi-Newton methods update Hessian approximation based on
local secant information along the iterates. For single shooting
the accumulated sensitivities over the entire time interval can
lead to curvature information that cannot be captured accurately.
When using multiple shooting, the curvature can be captured
more accurately on a per-interval basis.
To validate this hypothesis, we have to examine how well the
Quasi-Newton Hessian approximates the real one on the null
space of the constraints. Therefore, we define the following ma-
trix, which projects onto the null space of the current constraint
matrix 𝐴(𝑘):

𝑃(𝑘) ∶= 𝐼 − (𝐴(𝑘))𝑇
(
𝐴(𝑘)(𝐴(𝑘))𝑇

)−1
𝐴(𝑘).

The better the approximation of the real Hessian the better the
local convergence behavior in the vicinity of the solution. Follow-
ing Nocedal [19, Theorem 18.5], let 𝐵(𝑘) denote the approximate
and ∇2

𝑥ℒ(𝑘) the exact Hessian in iteration 𝑘. We compute the
approximation error in iteration 𝑘 as

𝜅(𝑘) ∶=
‖𝑃(𝑘)(𝐵(𝑘) − ∇2

𝑥ℒ(𝑘))(𝑥(𝑘+1) − 𝑥(𝑘))‖
‖𝑥(𝑘+1) − 𝑥(𝑘)‖

(4)

and display the computed values for 𝜅(𝑘) in Figure 7.
The real-time advantages of multiple shooting carry over and
add to the better Hessian approximations. Again, this makes the
finest shooting grid the best choice for most problems, with the
same exception of “Egerstedt”, “Egerstedt Mayer”, and select OED
problems like “Lotka OED” as for the exact Hessian variant.
The slow convergence and instability ofQuasi-Newton SQPmeth-
ods for OED were already observed in [31]. There, the authors
suggest replacing the 𝐴-criterion by applying the transformation
𝑥 ↦→ −𝑥2 and demonstrate improved convergence.

4 Algorithms

The results from Section 3 heavily favor multiple shooting with
a shooting grid that is equal to the control grid. However, there
are problems exhibiting worse performance for these fine shoot-
ing grids. These problemsmotivate us to devise algorithmswhich
address these issues.
In [9] we considered lifting algorithms for boundary value prob-
lems. The core of these algorithms was the observation that
lifting, starting with FSInit, does not affect the theoretical New-
ton path. This enabled us to determine the lifting points with the
best residual contraction in every iteration by means of dynamic
programming. For optimization problems,which contain the con-
tinuity conditions for the lifted variables as additional constraints,
there are several technical and practical difficulties:

∙ Optimal control problems are typically highly nonlinear. Far
away from the optimal solution the local contraction varies
strongly, as shown inFigure 8. Thismakes approaches based
on local contraction estimates, as derived in [9], impractical.
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F I GURE 7 | Estimated values for 𝜅(𝑘) from (4). The control and con-
straint discretizations are the same asMS-20.Weobserve that both the SR1
and the BFGS approximation become more accurate the finer we choose
the shooting grid. (The increased 𝜅(𝑘) value in the final iteration can be
attributed to numerical errors due to the small step size.)

Moreover, optimal control problems often require step size
control, which further impedes local convergence analysis.

∙ Multiple shooting speeds up the computation (see
Section 2.6) and for Quasi-Newton methods it yields better
approximations (compare Figure 7). These aspects have
to be balanced with the effect that lifting has on the local
curvature of the function and thus the number of required
iterations. In addition, aspects like the barrier parameter
in IPOPT or heuristics like inertia serve to aggravate the
theoretical analysis.

The main approaches for adaptive lifting of BVP are based on

∙ local residual contraction [9],
∙ bounding sensitivities [6, 7] or
∙ removing lifting points based on matching violation [7].

Currently, IPOPT does not provide the callback functionality to
change the state values during the optimization process. Hence,
the following algorithms focus on blockSQP2, unless stated oth-
erwise.
In 4.1 we will first adapt the approach based on local residual
contraction to make it suitable for our scenario. Building on
the insights from 2.5 and 4.1, we devise an algorithm for auto-
matic FSInit in Subsection 4.2. In 4.3 we give attention to the
sensitivity-bounding approach. Penultimately, we will describe
a modification of the residual-based thinning-out strategy for
both blockSQP2 and IPOPT in 4.4 and 4.5. Finally, we describe a
combination of the previously introduced algorithms in 4.6.
To ease the notation, we will sometimes summarize the primal
states, i.e., 𝐬 and 𝐪, as 𝑥.
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F I GURE 8 | Step sizes and optimality for the “Mountain Car” and
“Quadrotor” problems solved using blockSQP2 (Quasi-Newton, MS-64).
We cannot expect monotonic convergence in either the optimality mea-
sure or the step sizes.

4.1 Custom initialization with merit function

As examined in [9], custom initialization has great potential
to speed up the optimization process. Taking a step back, the
residual-based lifting algorithms did nothing else than to choose
better initializations (which resulted from the Newton step) for
the lifted variables. To this end we have to derive a theoretical
foundation regarding which initialization is better.
The initial guess for a start point usually lies far away from the op-
timal solution. Multiple shooting introduces additional degrees
of freedom by allowing us to choose custom initial values of the
states at the start of the shooting intervals. Naturally, we want
to make use of this freedom to find a better initialization. Conse-
quently, we look for a criterion tomeasure the quality of a faraway
start point. The optimality error and the augmented Lagrangian
heavily depend on the initial choice of the Lagrange multipliers.
At the same time, numerical experiments suggest that the initial
choice of these multipliers typically has little to no influence on
the overall convergence behavior.
Therefore, let us consider the globalization criteria from
Section 2.4. For filter methods, it is not straightforward to derive
a single objective from its two components. This leaves the merit
or 𝓁1 penalty function, which only requires an upper bound on
the maximum norm of the Lagrange multipliers. Moreover, the
objective value function and the constraint functions on the dif-
ferent multiple shooting intervals are decoupled. Therefore, we
can apply a similar approach to [9], using dynamic programming.
The weight for choosing a certain initial value for a shooting
interval [𝑡[𝑗𝑘], 𝑡[𝑗𝑘+1]] is given by ℎ[𝑗𝑘] + 𝜇 ⋅ 𝑣[𝑗𝑘], i.e., the penalty
for the contribution to the objective and constraint violations of
the current interval, plus 𝜇 times the resulting violation of the
matching conditions. For this algorithm we only have to provide
sets 𝒮𝑘 = 𝒮(old)𝑘 ∪ 𝒮(new)𝑘 , where 𝒮(new)𝑘 are the newly introduced
candidates at time 𝑡𝑗𝑘 and 𝒮(old)𝑘 are the states computed from
𝒮𝑘−1 via FSInit. We describe the resulting algorithm as merit-
based initialization via dynamic programming and illustrate it in
Figure 9.
Using the merit function introduces the scaling factor 𝜇, raising
the question of how to choose said parameter. Theory suggests
that 𝜇 > ‖𝜆‖∞ for the Lagrange multipliers 𝜆, compare [19]. Nev-
ertheless, many variations are possible. Most notably, choosing
𝜇 = 0 just corresponds to finding a initialization with better ob-
jective. This can be especially helpful for parameter estimation

𝑡
𝐬[0]0

𝐬[1]0
𝐬[2]0

𝐬[1]1
𝐬[2]1

𝐬[2]2

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑇 = 𝑡6

F I GURE 9 | Illustration of the merit-based initialization
via dynamic programming. Here we have 𝒮(new)𝑖 = {𝐬[𝑖]𝑖 } and
𝒮(old)𝑖 = {𝐬[𝑖]𝑘 | 𝑘 = 0,… , 𝑖 − 1}, for 𝑖 = 0, 1, 2.

problems, where initialization with given measurements allows
us to speed up convergence or even to avoid local minima.
On the other hand, ignoring the objective and only minimizing
constraint violation (which is equivalent to choosing 𝜇 arbitrarily
large) leads to an initial guess that is closer to the set of feasible so-
lutions. This latter ansatz is particularly useful for interior point
methods, which have to find a feasible interior start point. It may
allow us to skip a potential restoration phase if the states deter-
mined by FSInit are infeasible. If the ODE cannot be evaluated
on a certain shooting interval this can be incorporated by setting
the corresponding weight to +∞. One such example is described
in [16].
Commonly, the initial controls are chosen to be constant over the
time interval. Additionally, without loss of generality, we assume
the underlying ODE to be autonomous, i.e., have no explicit time
dependence. If we introduce one possible custom initialization 𝐬𝑐
at all lifting points, then we only have to compute the resulting
trajectory once, starting at time 0. All other trajectories are then
obtained by simply shifting this trajectory in time. Consequently,
the cost of determining a custom initialization with respect to
the merit function is greatly reduced. Figure 10 showcases the
initialization computed via merit-based dynamic programming.
The penalty-based approach only seems to be useful for points
far away from the solution, where the matching constraint viola-
tions are large. Furthermore, performing this algorithm in every
iteration over thewhole optimization process seems prohibitively
expensive. Close to the solutionwehave to account for the change
in the optimality error caused by the changed states and make
sure that the determined new points do not lie inside the filter.
Moreover, we observe that the algorithm usually just replaces all
intermediate states by FSInit after a couple of iterations.

4.2 Automatic FSInit

Based on this observation we examine a new algorithm that only
checks whether replacing all states by FSInit leads to a better
iterate. Very close to the optimal solution, however, this encoun-
ters the same problems regarding the filter as the graph-based
approach. For very large violations, on the other hand, the tra-
jectory resulting from FSInit may exhibit very strong oscillations
or be very far away from the previous iterate. For both of these
scenarios FSInit often leads to worse performance.
When using Quasi-Newton updates, large changes through
FSInit can lead to further problems. To explain this, let 𝑥(𝑘) be
the previous iterate, 𝑥(𝑘+1) be the new iterate, and 𝑥(𝑘+1)f s be the
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F I GURE 10 | Comparison of FSInit (left) and the custom initialization usingmerit-based initialization via dynamic programming (right) applied to
the “Van der Pol” problem.We chose initial values (0, 1) as candidates for eight equidistant shooting intervals, 𝜇 = 1, and a constant control of 0.5. Using
blockSQP2 with control and constraint discretizations as for MS-64, starting at the merit-based initialization converges after 10 iterations, compared to
19 iterations for FSInit.

Merit-based initialization via dynamic programming
Input:

𝒮 = {𝒮𝑘}𝑚𝑘=0 ⊳ candidate states
ℎ[𝑗𝑘], 𝑣[𝑗𝑘], 𝑘 = 0, … ,𝑚
𝜇 ∈ ℝ ⊳ current penalty parameter

1: for 𝑠 ∈ 𝒮𝑚 do
2: 𝐽(𝑠) ← ℎ[𝑗𝑚](𝑠, 𝐪[𝑗𝑚]) + 𝜇 ⋅ 𝑣[𝑗𝑚](𝑠, 𝐪[𝐣𝐦]) ⊳ final costs
3: end for
4: for 𝑘 = 𝑚 − 1,… , 0 do ⊳ main loop
5: for all 𝑠[𝑘] ∈ 𝒮𝑘 do
6: 𝑠[𝑘+1] ← 𝑦[𝑗𝑘](𝑡𝑘 , 𝑠

[𝑘], 𝐪[𝑗𝑘]) ∈ 𝑆(old)𝑘+1 ⊳ FSInit value
7: 𝑣[𝑗𝑘](𝑠

[𝑘]) ← 𝑣[𝑗𝑘](𝑠
[𝑘], 𝐪[𝑗𝑘]) ⊳ violation

8: ℎ[𝑗𝑘](𝑠
[𝑘]) ← ℎ[𝑗𝑘](𝑠

[𝑘], 𝐪[𝑗𝑘]) ⊳ objective
9: 𝑃[𝑗𝑘](𝑠

[𝑘]) ← ℎ[𝑗𝑘](𝑠
[𝑘]) + 𝜇 ⋅ 𝑣[𝑗𝑘](𝑠

[𝑘]) ⊳ objective
10: 𝐽(𝑠[𝑘]) ← 𝐽(𝑠[𝑘+1]) + 𝑃[𝑗𝑘](𝑠

[𝑘])
11: 𝜋(𝑠[𝑘]) ← 𝑠[𝑘+1]

12: for all 𝑠′ ∈ 𝒮(new)𝑘+1 do
13: // cost with matching error:
14: 𝑚𝑦𝑣𝑎𝑙 ← 𝐽(𝑠′) + 𝜇‖𝑠[𝑘+1] − 𝑠′‖1 + 𝑃[𝑗𝑘](𝑠

[𝑘])
15: if 𝑚𝑦𝑣𝑎𝑙 < 𝐽(𝑠[𝑘]) then
16: // store lifted transition
17: 𝜋(𝑠[𝑘]) ← 𝑠′

18: 𝐽(𝑠[𝑘]) ← 𝑚𝑦𝑣𝑎𝑙 ⊳ update cost-to-go
19: end if
20: end for
21: end for
22: end for
23: choose 𝐬0 ∈ argmin𝑠∈𝒮0𝐽(𝑠)
24: for 𝑖 = 0, … ,𝑚 − 1 do ⊳ get final solution
25: 𝐬[𝑗𝑖+1] ← 𝜋(𝐬[𝑗𝑖 ])
26: end for
27: return 𝐬 = (𝐬0, 𝐬𝑗1 , … , 𝐬𝑗𝑚 )

new iterate adapted by FSInit. Normally, wewould update the old
Hessian approximation 𝐵(𝑘) along the computed step from 𝑥(𝑘) to
𝑥(𝑘+1). This may be a bad Hessian approximation at 𝑥(𝑘+1)f s .
Consequently, we apply the automatic FSInit when the violations
of the matching conditions are not too large, but only while we
are not too close to the solution. Depending on how close the
previous iterate was to the optimal solution, we replace the cur-
rent shooting variables by FSInit if it improves the merit or the

optimality error. For Quasi-Newton methods we then update the
Hessian along the adapted step from 𝑥(𝑘) to 𝑥(𝑘+1)f s . The general
idea is described in Algorithm 1.
To perform as few additional evaluations as possible we choose
Line 2 in Algorithm 1 as

‖𝐠̂(𝑥(𝑘+1))‖∞ ≤ 0.1 and opt(𝑥(𝑘)) > 0.005.

Still being far away from the optimum, i.e., Line 3, is quantified
by

opt(𝑥(𝑘), 𝜆(𝑘)) > 𝜀opt,merit.

The final if clause in Line 12 is used if the problem is already
close to the area of quadratic convergence with the goal that
only few iterations have to be performed afterwards. For the
high-dimensional OED problems, FSInit only rarely leads to an
improvement in the optimality error, leading to many unneces-
sary evaluations of opt(𝑥(𝑘+1)f s , 𝜆(𝑘+1)). For this reason we skip this
part for OED problems.
Algorithm 1may prevent themultiple shooting problem from tak-
ing a bad path by bringing it back to theNewton path of the single
shooting problem if these paths are not too far from one another,
see Section 2.5.

4.3 Sensitivity-bounding approach

We proceed in a similar way as Geiger [7] proposed for bound-
ary value problems. In comparison to boundary value problems,
we have to take two additional aspects into account, the current
objective as well as the current constraint violations. Under the
assumption that the constraint functions are linear, we can focus
on the differential states and the objective function. For the sake
of simplicity we further assume that the objective is formulated
via a Mayer term that linearly depends on the states at the end of
the time interval. In this simple regime the straightforward idea
would be to bound the sensitivities ∇(𝐬[𝑗𝑘 ] ,𝐪[𝑗𝑘 ])

𝑦[𝑗𝑘](𝐬[𝑗𝑘], 𝐪[𝑗𝑘]) of
the states 𝑦[𝑗𝑘] from Subsection 2.2.
While this approach seems enticing, it comes with several draw-
backs. First, computing the sensitivities comes at a huge compu-
tational cost. Second, while bounded sensitivities may improve
numerical stability during the integration, on their own they
lack the theoretical justification to improve upon the conver-
gence speed. In view of the plethora of possibilities to choose
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Algorithm 1 Automatic FSInit
Input:

𝜆(𝑘), 𝜆(𝑘+1), 𝑥(𝑘), 𝑥(𝑘+1) ⊳ dual and primal
iterates

ℎ ⊳ objective function
𝐠̂ ⊳ matching conditions and bounds

1: if violation small and 𝑥(𝑘+1) not too close to
optimum then

2: 𝑥(𝑘+1)f s ← FSInit(𝑥(𝑘+1))
3: if 𝑥(𝑘) far from optimum then
4: // consider the 𝓁1 penalty:
5: 𝑣f s, 𝑣 ← ‖𝐠̂(𝑥(𝑘+1)f s )‖1, ‖𝐠̂(𝑥(𝑘+1))‖1
6: ℎf s, ℎ ← ℎ(𝑥(𝑘+1)f s ), ℎ(𝑥(𝑘+1))
7: 𝜇 ← ‖𝜆(𝑘)‖∞
8: if ℎf s + 𝜇 ⋅ 𝑣f s < ℎ + 𝜇 ⋅ 𝑣 then
9: 𝑥(𝑘+1) ← 𝑥(𝑘+1)f s ⊳ replace with FSInit
10: end if
11: // consider the optimality error:
12: elseif opt(𝑥(𝑘+1)f s , 𝜆(𝑘+1)) < opt(𝑥(𝑘+1), 𝜆(𝑘+1))
13: 𝑥(𝑘+1) ← 𝑥(𝑘+1)f s ⊳ replace with FSInit
14: end if
15: end if
16: return 𝑥(𝑘+1)

both norms and bound values, there is no obvious choice. Fur-
ther problems arise with the different lengths of the resulting
shooting intervals, which might hinder the ability to parallelize
(e.g., if there is one rather long interval). When computing exact
Hessians, these possibly longer intervals also counteract the per-
formance gains achieved thanks to the decoupling on the short
shooting intervals described in Section 3.

4.4 Automatic condensing

Multiple shooting has advantages for start points that are far away
from the solution. Either because the single shooting function is
highly nonlinear or cannot even be evaluated. Just as we cannot
predict the optimal solution or the required number of iterations
in advance, we cannot make any a priori deductions about the
paths that the different liftings may take. Once we are close to
the solution, however, the added complexity and matching con-
straints of multiple shooting yield no real advantage. In this case,
the matching conditions are usually satisfied up to a small er-
ror and satisfying them to the desired accuracy might even slow
down convergence. This suggests the following approach: we
start with a multiple shooting discretization and switch to sin-
gle shooting once we are close to the solution and the matching
conditions are all almost satisfied.
First, let us consider the case of exact Hessian matrices. There
is a delicate trade-off between the iterations saved by switch-
ing to multiple shooting and the added cost of single shooting
iterations compared to multiple shooting. The precise balance be-
tween these two objectives heavily depends on such factors as the
hardware being used, the way derivatives are calculated, and the
specific solvers being applied.

Approximate Hessians add another layer of complexity to this
problem. The higher-dimensional block-wise Quasi-Newton up-
dates lead to better approximations of the exact Hessian than
the dense updates for single shooting as discussed in 3.2. Once
we switch from multiple to single shooting, we need an ini-
tial Hessian approximation for the lower-dimensional problem.
One possibility would be to start over with the identity matrix.
However, we would lose all the previously accumulated informa-
tion. Therefore, we make use of the condensing algorithm and
use the condensed Hessian of the multiple shooting problem as
approximate Hessian for the single shooting problem.
The solver blockSQP2 always maintains both SR1 and BFGS ap-
proximations. When switching from multiple to single shooting,
we condense the SR1 approximation. Based on practical obser-
vations, we reset the BFGS approximation to the identity matrix.
The reason for this is that the SR1 approximation can be shown
to converge against the true Hessian, see [19, Chapter 6.2]. Thus,
its condensed variant can be considered a good approximation to
the true single shooting Hessian. For BFGS matrices, for which
positive definiteness is always enforced, this is not necessarily the
case.
We outline the general idea inAlgorithm2. Froma practical point
of view, this raises the question of when exactly wewant to switch
frommultiple to single shooting. In otherwords, howwe quantify
being close to the solution with bad local contraction.
First, we have to assure that the matching conditions are almost
satisfied and yield no real advantage. Second, we check whether
we are close to a solution. Obviously, we do not have a priori
knowledge about the solution. Hence, we enforce the norms of
the steps computed by the Newton-type method to be small. To
account for problems across all orders of magnitude we consider
the relative step sizes.
Next, let us discuss our precise choices for Algorithm 2, starting
with Quasi-Newton methods. To make sure that the current iter-
ate 𝑥 is close to the optimal solutionwe require the optimality and
the relative error of the matching conditions to be small enough:

opt(𝑥) < 5⋅10−3, 𝜀match =

√∑𝑚−1
𝑘=0 ‖𝑦[𝑗𝑘](𝑡𝑗𝑘+1 ) − 𝐬𝑗𝑘+1‖2

𝜀m +
√∑𝑚

𝑘=1 ‖𝐬𝑗𝑘‖2
< 5⋅10−3,

(5)
where 𝜀m = 10−16 just prevents division by zero. Finding suit-
able values that work across such a multitude of problems is not
easy to do. One crucial point is that switching to single shooting
too early may worsen the performance, since we lose the good
high-rank Quasi-Newton updates. To ensure that the Hessian ap-
proximation does not change too drastically anymore, we add
further constraints on the step sizes and the total norm of the con-
straint violation. However, these additional constraints are not
enforced for the OED problems, as some may never reach step
sizes that are small enough. For all other problems we consider
the constraint violations, the relative step size, and the current
step size:

‖𝐠̂(𝑥)‖ < 10−3, ‖∆𝑥‖2 < 10−3, and
‖∆𝑥‖
‖𝑥‖

< 5 ⋅ 10−2. (6)

Finally, there is no need to switch to single shooting if multiple
shooting converges just fine, sowe only switch if the optimality of
the current iterate 𝑥 is worse than that of the previous one. For a
couple of problems slightly adjusting these values would improve
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the speedup via Algorithm 2 even further, but we found these
choices to be the best trade-off across all problems.
Let us address the exact Hessian version of blockSQP2. Here, the
difference in the number of iterations is generally way less pro-
nounced. In turn, we do not expect the adaptive Algorithm 2 to
have a significant impact for many problems. The additional re-
quirements from Equation (6) prove to be too restrictive, since
the exact Hessian leads to good performance very close to the so-
lution and the switching to single shooting almost never occurs.
Therefore, we will no longer consider (6) when using the exact
Hessian.

Algorithm 2 Adaptive condensing
Input:

𝑥, 𝜆 ⊳ primal and dual multiple shooting
variables

𝐵 ⊳ (approximate) multiple shooting Hessian

1: if (𝑥, 𝜆) is close to the optimal solution then
2: if local convergence is poor then
3: 𝐵cond ← condense 𝐵
4: 𝑥cond, 𝜆cond ← condense 𝑥, 𝜆
5: end if
6: end if
7: // continue with single shooting
8: return (𝑥cond, 𝜆cond), 𝐵cond

4.5 Condensing for IPOPT

IPOPT does not provide functionality to simply condense the Hes-
sian, which limits us to the exact Hessian version, where this
does not pose a problem. As investigated in Section 2.6, the finest
shooting grid is usually the best choice. There are a few problems
for which the number of iterations for MS-64 is slightly higher
than for single shooting, e.g., “Van der Pol OED”. Notwithstand-
ing, considering the real-time performance, we could not identify
a problem for which switching to single shooting promises better
performance.

4.6 Combining all approaches

The algorithms proposed so far are not mutually exclusive. We
propose the combined Algorithm 3, which switches to single
shooting in case of bad convergence close to the solution or re-
places the states by FSInit during the optimization process using
Algorithm 1.
It would be straightforward and beneficial to include the merit-
based initialization via dynamic programming in the combined
algorithm. However, most of our problems do not benefit from
this and the specific choice of the merit parameter 𝜇 would just
create further ambiguity.

Algorithm 3 Combined lifting heuristic
Input:

𝒮 with 𝒮0 = {𝑠0} ⊳ candidate states
ℎ, 𝐠̂ ⊳ objective and constraint function
𝜆(0) ⊳ initial dual variables
𝐵(0) ⊳ (approximate) multiple shooting

Hessian

1: for 𝑘 = 0, 1, … do
2: 𝑥(𝑘+1), 𝜆(𝑘+1) ← perform step with 𝑥(𝑘), 𝜆(𝑘), 𝐵(𝑘)

3: if 𝑥(𝑘+1), 𝜆(𝑘+1) satisfy criteria then
4: return 𝑥(𝑘+1), 𝜆(𝑘+1)

5: end if
6: 𝐵(𝑘+1) ← compute new (approx.) Hessian
7: 𝑥(𝑘+1), 𝜆(𝑘+1), 𝐵𝑘+1 ← Algorithm 2(𝑥(𝑘+1), 𝜆(𝑘+1), 𝐵𝑘+1)
8: 𝑥(𝑘+1) ← Algorithm 1(𝑥(𝑘), 𝜆(𝑘), 𝑥(𝑘+1), 𝜆(𝑘+1), ℎ, 𝐠̂)
9: end for

5 Numerical experiments

We apply Algorithms 1, 2, and 3 to both the exact and Quasi-
Newton versions of blockSQP2 on our benchmark set. The soft-
ware and hardware setup is the same as in Section 3.We show the
collected results in Figure 3. In this section, we provide a quanti-
tative summary, while the discussion is deferred to Section 6.
Let us now quantify the improvement that Algorithm 3 brings
compared with multiple shooting on the finest shooting dis-
cretization. The average number of required iterations for every
solver is shown in Figure 11. Comparing MS-64 and Algorithm 3
directly, Algorithm 3 requires on average 26.8% fewer iterations
for the exact Hessian and 27.1% fewer iterations for the Quasi-
Newton variant.
Algorithm 1 has a further advantage which can be demonstrated
using the “Three Tank OED” problem. We did not include this
problem in our benchmark set since it converges very slowly and
can only be solved consistently when using Algorithm 1 and the
exact Hessian. The reason for this behavior is that the underlying
dynamics of the system contain square roots. For single shooting,
the terms within these square roots are always positive, but the
matching violations can cause them to become negative, making
theNLP solver fail. Replacing the states with FSInit mitigates this
problem and restores the physically correct positive terms.
We do not claim that our current implementation is fully op-
timized. Some duplicate evaluations could be avoided through
tighter integration with the solver. Yet, we observe convincing
real-time improvements. For instance, applying Algorithm 3 to
theQuasi-NewtonMS-64 version of “LotkaOED” took on average
around 41 seconds, compared with around 50 seconds without
it. Similarly, the using Algorithm 3 for the exact Hessian version
of “Egerstedt” took 39 seconds, compared with 81 seconds for the
default MS-64.

6 Discussion and outlook

We close by discussing the results from Section 5 in Subsec-
tion 6.1, followed by a conclusion and outlook in Subsection 6.2.
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6.1 Discussion

Consistent with Section 3, lifting at every control discretization
proved to be the best choice. As expected, this leaves little room
for improvement when applying our algorithms to these prob-
lems. In many cases, the algorithms either save only one or two
iterations or, due to the unpredictability of the Newton path, add
one or two iterations. Despite the generally small overhead of
Algorithm 1 and the negligible overhead of Algorithm 2 (since
the quantities in (5) and (6) are easy to obtain), the real-time
performance of Algorithm 3 is then on par with, or slightly
worse than, MS-64. We expect the performance of the combined
Algorithm 3 to match the better of its two components. Apart
from small deviations, this is what we observe, with performance
being occasionally slightly better or slightly worse.
To address all algorithms and their use cases, let us differentiate
between the following three scenarios:

Far away from the solution

In this case, the solution process is dominated by the nonlinear-
ity of the problem and possibly numerical issues caused by bad
initial guesses. This effect can be observed in the number of prob-
lems that failed when using single shooting (compare Figure 6).
Therefore,multiple shooting is the best choice,with shooting vari-
ables that can be determined through merit-based initialization
via dynamic programming.

Medium distance to the solution

At this point we assume that the convergence behavior is no
longer governed by strong nonlinearities and numerical issues
with the integrator. For Quasi-Newton methods the convergence
now depends on the quality of the Hessian approximation. More-
over, both the Quasi-Newton and exact Hessian formulation ben-
efit from the parallelization and sparse Hessian structure when it
comes to real-time performance (see Figure 4). Here, Algorithm 1
may lead to a better path and avoid singularities (as for the “Three
Tank OED” problem). To summarize, choosing the finest shoot-
ing grid and applying Algorithm 1 constitutes the best choice.

Close to the solution

Most lower-dimensional problems quickly enter the area of su-
perlinear convergence once they are close to the solution and
there is little room or demand for improvement. The interesting
cases are those problems which exhibit very poor convergence
close to the solution when using blockSQP2 and mainly for the
Quasi-Newton variant. This issue can be addressed by switching
to single shooting via Algorithm 2. For Quasi-Newton methods
this leads to strong real-time improvements for problems like
“Lotka OED”. For the exact Hessian, however, the huge computa-
tional cost of computing the exact single shootingHessian usually
outweighs the time saved by performing fewer iterations.
The transformation 𝑥 ↦→ −𝑥2 described in [31] to improve the
local convergence of OED problems does not contradict our ap-
proach. In fact, we observe even better performance when com-
bining it with Algorithm 2. Moreover, this issue does not appear
to affect IPOPT. We conjecture that poor local conditioning is
mitigated by adjustments of the barrier parameter.

6.2 Conclusion and outlook

We conducted a broad numerical study on the effect of lifting in
optimal control problems.
For exact-Hessian methods, we observed that lifting at all control
discretizations is usually the best choice. It has either a minor or
a positive influence on the required number of iterations, while
noticeably accelerating the evaluation of the Hessian, objective,
and constraint functions.
Quasi-Newton methods with high-rank block-wise updates ben-
efit even more from lifting because the Hessian approximations
improve. However, several problems exhibit worse convergence
as lifting is increased. In particular, OED problems often fall into
this category.
The proposed algorithms produced promising results when ap-
plied to our benchmark set. In particular, we observe that poor
convergence can be mitigated by switching to single shooting or
correcting the shooting points via FSInit.
There are multiple enticing directions for future research. First,
the current switching and initialization criteria could be made
more adaptive, for instance by learning problem-dependent
thresholds from online solver statistics instead of relying onman-
ually chosen global values. Second, a custom condensing proce-
dure which switches to a slightly coarser shooting grid might
enable a better trade-off between the number of iterations and
the cost per iteration. Third, a tighter integration into the solver
could reduce duplicate evaluations and improve warm-start qual-
ity after switching. Finally, it would be valuable to augment our
benchmark collection by closed-loop NMPC experiments and
larger high-dimensional OED instances, in order to assess how
reliably the proposed strategies improve not only iteration counts
but also end-to-end runtime in more difficult settings.
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APPENDIX

Figures 1 and 2 show the relative number of iterations and the
corresponding real-time performance as described in Section 3.
Figure 3 shows the performance of our algorithms as written in
Section 5.
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F I GURE 3 | As in Figure 1, but comparing the number of iterations for the algorithms from Section 4. We consider both the exact and the Quasi-
Newton version of blockSQP2. (∗ For both Egerstedt problems we removed the cap of 200 iterations to calculate the number of iterations for MS-64.)

15 of 16


	On lifting strategies for optimal control problems
	Abstract
	Introduction
	Outline and contributions

	Direct multiple shooting
	Lifted optimal control problems
	Discretization
	Solution via Newton-type methods and condensing
	Globalization
	The (Quasi-) Newton path
	Aspects of real-time performance

	A first comparison
	Exact Hessian methods
	Quasi-Newton methods

	Algorithms
	Custom initialization with merit function
	Automatic FSInit
	Sensitivity-bounding approach
	Automatic condensing
	Condensing for IPOPT
	Combining all approaches

	Numerical experiments
	Discussion and outlook
	Discussion
	Conclusion and outlook

	Ethics declaration
	APPENDIX


