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Abstract In this paper, we propose a descent method for composite optimization problems
with linear operators. Specifically, we first design a structure-exploiting preconditioner tailored
to the linear operator so that the resulting preconditioned proximal subproblem admits a closed-
form solution through its dual formulation. However, such a structure-driven preconditioner may
be poorly aligned with the local curvature of the smooth component, which can lead to slow
practical convergence. To address this issue, we develop a subspace proximal Newton framework
that incorporates curvature information within a low-dimensional subspace. At each iteration,
the search direction is obtained by minimizing a proximal Newton model restricted to a two-
dimensional subspace spanned by the current preconditioned proximal gradient direction and a
momentum direction derived from the previous iterate. By orthogonalizing the subspace basis
with respect to the local Hessian-induced metric, the resulting two-dimensional nonsmooth sub-
problem can be efficiently approximated by solving two one-dimensional optimization problems.
This orthogonalization plays a crucial role: it allows a single pass of alternating one-dimensional
updates to provide a good approximation to the original coupled two-dimensional subproblem
while keeping the per-iteration computational cost low. We establish global convergence of the
proposed method and prove a Q-linear convergence rate under strong convexity. Comparative
numerical experiments demonstrate the effectiveness of the proposed algorithm, particularly on
high-dimensional and ill-conditioned problems.
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1 Introduction

Composite optimization problems arise in a wide range of applications, including machine learn-
ing, signal processing, and data science. A typical formulation is

min F(z) = f(z) + g(x),

TER™
where f : R™ — R is a continuously differentiable function, g : R™ — R is a proper, convex, and
lower semicontinuous function but not necessarily differentiable. Due to their broad applicability,
the design of efficient algorithms for such problems has attracted considerable attention.

In recent years, first-order methods have attracted much attention because of their low
computational cost and scalability to large-scale problems. Representative approaches include
the proximal gradient method [17], the iterative shrinkage-thresholding algorithm (ISTA) [3],
and various primaldual methods[4, 9, 15]. These methods only require gradient information and
proximal operators, making them attractive for high-dimensional applications. However, it is
well known that the performance of first-order methods can deteriorate significantly when the
problem is ill-conditioned, which is frequently encountered in practical applications.

To address this issue, second-order methods have been extensively studied. Classical proxi-
mal Newton-type methods [13, 24] exploit curvature information to achieve faster local conver-
gence. Nevertheless, the main difficulty of second-order approaches lies in the computational cost
of evaluating or approximating Hessian matrices, which becomes prohibitive for large-scale prob-
lems. Besides, introducing non-diagonal preconditioning matrices typically destroys the closed-
form property of proximal operators. As a consequence, many practical algorithms rely on diago-
nal preconditioning [19, 22] to preserve computational efficiency. Although such approaches often
improve practical performance, it is generally difficult for them to achieve theoretical guarantees
comparable to those of vanilla proxima Newton and quasi-Newton methods.

Between first-order and second-order methods lies another important class of techniques:
momentum methods. The key idea of momentum methods is to exploit historical information
to accelerate convergence. Classical frameworks of momentum methods include the heavy-ball
method [20], Nesterov’s accelerated gradient method [16], and the nonlinear conjugate gradient
methods [7, 8, 10, 21]. Due to their low computational cost and strong empirical performance,
momentum-based methods have become widely used in large-scale optimization problems.

Understanding why momentum methods perform well has attracted considerable attention in
recent years. For instance, the heavy-ball method and Nesterov acceleration have been interpreted
through the lens of inertial dynamical systems [1, 14, 25, 26]. The nonlinear conjugate gradient
method, on the other hand, originates from the conjugacy property of the linear conjugate
gradient method and its finite termination property on quadratic problems. However, in large-
scale or ill-conditioned settings, the conjugacy property may deteriorate, leading to degraded
performance.

To mitigate this issue, Yuan and Stoer [27] proposed a subspace algorithm. The main idea
is to construct a low-dimensional subspace using historical search directions together with the
current gradient direction. Within this subspace, a second-order model is approximated using
finite differences, and the optimal solution of the subspace problem is used to determine con-
jugate parameters. This strategy can be interpreted as a subspace optimality principle. When
the basis and the approximation model are properly chosen, the resulting method can achieve
fast asymptotic convergence comparable to full-space second-order algorithms [28]. As a result,
subspace algorithms have attracted increasing attention. More recently, Lapucci et al. [11] estab-
lished global convergence results for subspace methods in the nonconvex setting. This strategy
has been extended to multi-objective [5] and constrained optimization problems [12].
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Given the strong empirical and theoretical performance of subspace algorithms in smooth
optimization, a natural question arises:

Can the subspace algorithm of Yuan and Stoer be extended to composite optimization problems?

In this paper, we address this question by studying a more general class of composite opti-
mization problems with linear operators.

min F(z) = f(z) + g(Az), (1)
TER™
where f : R™ — R is a continuously differentiable function, g : R™ — R is a proper, convex, and
lower semicontinuous function but not necessarily differentiable, and A € R™*™. Models of the
form (1) arise in a wide range of applications such as imaging (especially total variation regu-
larization), sparse recovery, and various linearly constrained optimization problems. Extending
subspace algorithms to problems of the form (1) presents several fundamental challenges. First,
the proximal operator of the composition go A does not admit a closed-form solution, which makes
it difficult to construct efficient descent directions and the associated subspace. In particular, the
choice of search directions is crucial for capturing useful curvature information and maintaining
desirable convergence properties. Second, even when the search is restricted to a low-dimensional
subspace, the resulting nonsmooth subproblem may still be difficult to solve efficiently. Design-
ing computational strategies that balance approximation accuracy and computational efficiency
therefore becomes a central challenge in extending subspace methods to composite optimization.
To address these challenges, this paper explores efficient strategies for subspace construction
and fast algorithms for solving the subspace model. The main contributions are summarized as
follows.

e When the linear operator A has full row rank, we exploit the singular value decomposition
(SVD) of A and complete the orthogonal eigenvectors of AT A to construct a preconditioner
P, which enables the preconditioned dual problem to admit a closed-form solution. In the
linear case where A is not of full row rank, we remove inactive constraints so that the re-
maining rows become full rank, allowing the same preconditioning strategy to be applied. We
further investigate the applications of this preconditioning strategy, particularly in linear-
ly constrained optimization problems. By exploiting the structure induced by the proposed
preconditioner, we construct a closed-form preconditioned projection, which significantly sim-
plifies the projection step that typically arises in projected gradient methods. As a result, the
computational difficulty of evaluating projections onto the feasible set is greatly reduced [6].

e The structure-driven preconditioner P may severely misalign with the local curvature of the s-
mooth term f, leading to ill-conditioned Hessian P*1/2V2f(;r)P*1/2 in the transformed prob-
lem. To alleviate this issue, motivated by the affine-invariant property of Newton’s method,
we introduce a subspace second-order model that improves the conditioning of the prob-
lem. Specifically, a local second-order approximation is constructed within a low-dimensional
subspace using finite differences. To balance approximation accuracy and computational ef-
ficiency, we identify two conjugate directions associated with the local curvature within this
subspace. Along each direction, a one-dimensional second-order model is constructed and
solved efficiently. The resulting search direction consists of a preconditioned descent direction
and its conjugate direction, which leads to a preconditioned proximal gradient method with
conjugate momentum (P2GM_CM).

e Numerical experiments demonstrate that the conjugate direction plays a crucial role in the
performance of the proposed algorithm. The resulting method achieves competitive perfor-
mance on several representative problems, including LASSO problems, linearly constrained
optimization problems, and structured ¢; regularization problems.
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The rest of this paper is organized as follows. Section 2 introduces the notation and prelim-
inary results that will be used throughout the paper. In Section 3 we develop the preconditioned
proximal gradient framework and describe the construction of the structure-exploiting precondi-
tioner. Section 4 discusses several important applications in which the proposed preconditioning
strategy leads to closed-form dual updates. In Section 5 we introduce the subspace acceleration
mechanism and the conjugate momentum strategy, and derive the associated search directions.
Section 6 presents the complete algorithm together with efficient methods for solving the one-
dimensional subproblems and establishes the global and linear convergence results. Numerical
experiments demonstrating the efficiency of the proposed method are reported in Section 7.
Finally, some conclusions are drawn at the end of the paper.

2 Preliminaries

Throughout this paper, the n-dimensional Euclidean space R™ is equipped with the inner product
(-,-) and the induced norm ||- ||. Denote by S, (S'}) the set of symmetric positive (semi-)definite
matrices and by O™ the set of orthogonal matrices in R™*™. The rank of a matrix is denoted by
R(-). For a differentiable function f, Vf(z) € R® and V2f(x) € R"*" denote the gradient and
the Hessian of f at x, respectively. For a positive definite matrix H, we define the norm

lella = v/ (z, Hz).

For simplicity, we denote [n] := {1,2,...,n} and define the n-dimensional unit simplex by

A, = mER":in:L x; >0

1€[n]
To avoid ambiguity, we introduce the partial order < (<) in R” as
u= (<) <= v—ueR}R},),

and in S™ as
U (R)V = V-UeSL(S],).

For b € R™, we denote the interval
[—00,b] = [—00,b1] X + -+ X [—00, byy].
For a € R, r > 0, and p € [1,40o0], the ¢, ball centered at a with radius r is defined as
Byla,] = {z € R : |z —all, < r}.
For a proper extended real-valued function h : R™ — (—o0, +00], its domain is defined as
domh := {x € R" : h(z) < +o0}.
The subdifferential of h at x € dom h is defined by
Oh(z) :={v e R" : h(y) > h(z) + (v,y — z), Yy € R"}.
The convex conjugate of h is defined as

W (y) = sup {(z,9) = h(z)}
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The proximal operator associated with A is defined by
. 1 2
prox, () = arg i {100 + g~ ol |
Let C' C R™ be a nonempty closed convex set. The normal cone of C' at x € C is defined by
Neo(z):={veR": (v,y—z) <0, Vy € C}.
The support function of C' is defined as

oc(z) == sup(z,y), x€R™
yel

The indicator function of C is defined by

0, zeC,
5C($){+OO e

For a symmetric positive definite matrix H € S’ , and a nonempty closed convex set C' C R",
the preconditioned projection of x onto C' is defined as

11¢ (@) 1= argmin [ly — /|
It holds that z = [T () if and only if
H(z — z) € Ne(z).
A differentiable function f is said to be L-smooth if
IVf(x) = Vi)l < Lllz —yll, Ve,yeR"
This implies the descent inequality
Fl) < @)+ V)T =) + 2y — o)
The function f is p-strongly convex if
1) 2 J@) + V@) (- 2)+ Gy - 2l

for all z,y € R".
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3 Preconditioned proximal gradient method

In this section we develop a preconditioned proximal gradient framework for solving compos-
ite optimization problems of the form (1). In general, the proximal mapping of g o A does not
admit a closed-form expression, which may significantly increase the cost of each proximal gra-
dient step.To address this difficulty, we introduce a preconditioning strategy that transforms the
proximal gradient subproblem into a dual problem with a much simpler structure.

For P € S ,, consider the following preconditioned proximal gradient subproblem

1
min V£ (2) T (z — %) + g(Az) + 5 }o — 3. 2

To analyze this problem, we introduce its saddle-point formulation

1
. kT k k|2 TA *
ggn}tgrela?%Vf(a:) (x—a:)+f2\|x—x||p+y x—g(y),

where ¢g* is the convex conjugate of g. By the minimax theorem, the problem can be equivalently
written as

1
: k k k2 *
vf —2®) + S|z — +y " Az — )
;Ielﬂ%x jrelﬁg ()" (z —2¥) 2Hx = |p+y Az —g*(y)

Let ¥ denote the minimizer of problem (2). The optimality condition with respect to = yields
# =2k - PTHVf(a?) + ATYE), (3)

where y* is the optimal solution of the following dual problem:

1 - *
min ~y' AP ATy + g% (y) — d* Ty, (4)
yER™ 2
with
a® = Az® — APTIVf ().
The main motivation behind the preconditioned proximal gradient method is to simplify the

dual subproblem through a proper choice of the preconditioner P. In particular, if P is chosen
such that

AP'AT =1, (5)

then the dual problem (4) reduces to

. 1 2 * kT
Join S llyll® +97() — ™y,

whose solution is simply
y* = proxg*(ak).

Therefore, the key question becomes how to construct a suitable preconditioner P that satisfies
condition (5) while remaining computationally tractable.
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3.1 Selection of P

We now describe a systematic way to construct a preconditioner satisfying condition (5). The
construction relies on the SVD of the matrix A.
Let the SVD of A be
A=UAVT,

where U € Q™ and V € Q™. Then
ATA=vATAVT.
Based on this decomposition, we select the preconditioner P as

AT A, R(A) = n,

P = {omm

ATA+V } V', R(A)=m<n,

P

where P € ST7™. To further reveal the structure of the preconditioner, define

A, R(A) =n,
M = A
[0<

n—m

Om m
)X :| + |: x P1/2:| VT, R(A) =m < n.

With this construction, the preconditioner can be written as
P=M"M.

Consequently, P € S| and satisfies condition (5). This choice of P ensures that the dual
subproblem admits a closed-form solution, which significantly simplifies the computation of the
proximal gradient step.

3.2 Diagonal preconditioning

A main appeal of iteration (2) is that, for suitable choices of P, the subproblem (4) admits a
closed-form solution, making each iteration computationally efficient. It is worth noting, however,
that such a choice of P is tightly coupled with the linear operator A in order to guarantee
AP~ 'AT = I,,. While this property greatly simplifies the dual update, it may introduce a
potential drawback.

Specifically, since P is primarily designed to accommodate the structure of A, it may be
poorly aligned with the local second-order geometry of f. When the spectral structure of A
differs substantially from that of the local curvature V2 f(z*), the induced metric | - ||p may
impose an inappropriate scaling across different directions. This mismatch may lead to additional
ill-conditioning and thus slow down the convergence of the overall algorithm, even though the
subproblem itself remains easy to solve.

To strike a balance between per-iteration computational cost and improved curvature explo-
ration, we propose a diagonal preconditioning strategy. Instead of fixing P, we allow a variable
preconditioner P = Py in (4) such that the quadratic term in the dual subproblem becomes
diagonal; equivalently, we enforce that AP, AT is a diagonal full-rank matrix. This diagonal
structure decouples the dual variables and allows direction-wise scaling to be adjusted indepen-
dently. As a result, the preconditioner Pj can better capture the local curvature information
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while preserving the computational simplicity of the update.The remaining question is how to
construct such a preconditioner Pj.

From a preconditioning perspective, the matrix P = M T M in (2) can be interpreted as
inducing a change of variables y = Mx. Denote

We then apply a diagonal preconditioning matrix Dy, to the function A in order to better capture
its local geometry. The diagonal matrix Dy can be constructed using various diagonal precondi-
tioning strategies, such as the diagonal Barzilai-Borwein method [] or diagonal BFGS updates
[]. Once Dy, is specified, we define the preconditioning matrix as

P, := M "D, M,

where
Dy = dlag(dlfa ) dﬁ)v
with bounded entries satisfying
0<d <df <d,, Vk, icin].

With this construction, we obtain

Dt R(A) =
APTAT = {7k (4)=m, (8)
D fmxm)> R(A)=m<n

4 Application

In this section we illustrate how the proposed preconditioning strategy can significantly simplify
the computation of the dual subproblem for several important classes of composite optimization
problems. By exploiting the structure of the linear operator A, the preconditioner transforms
the dual problem into a form where the optimal solution can be obtained via simple projections
onto standard convex sets. Consequently, computationally expensive proximal evaluations are
replaced by closed-form projection operations.

4.1 Ellipsoidal constrained problems

Consider the ellipsoidal constrained optimization problem:

min  f(x)

st. 2! Bx <,

where B € S} and R(B) = m. Let A be a matrix satisfying AT A = B. Then the constraint can
be written in the form

g(Az) = 532[0m,\/5] (Az),
where By[0,,,v/b] denotes the Euclidean ball with radius v/b. The conjugate function of g is

07 yGBQ[Omal/\/BL

+ o0, otherwise.

g (y) = 6132[0,,“1/\/5] (y) = { (9)
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Applying the preconditioner P, = M T D, M, the resulting dual problem becomes
kT

in =y
min =yl H-1 —a®y.
y€B2[0m,1/V] 2 Dimxm

In particular, when Dy := LiI,,, the optimality condition yields the closed-form solution

y* = HBQ[Om,l/\/E] (Lia").

Therefore, the dual update reduces to a simple projection onto a Fuclidean ball, which can be
computed efficiently in closed form.

4.2 Structured ¢y regularization problems

Next we consider structured ¢; regularization problem:

min f(z) + AllAz],

where A > 0, A € R™*" and R(A) = m. In this case
9(Az) = M| Az|:.
The conjugate function is

Oa yeBOO[OvaL

+ o0, otherwise.

9" (y) = 0B_[0,.,\(Y) = {

Using the preconditioner P, = M " D;, M, the dual problem becomes

i L2 ET
min — _ —a .
YEBoo [0, \] 2 ”yHDkﬁnm] Yy

The optimality condition leads to the explicit solution

y* =Tp_ 0, A/(Dkpmxma®)-

Hence the dual update reduces to a projection onto an ¢, ball, which is equivalent to a simple
componentwise clipping operation.

4.3 linear constrained optimization problems

When the linear operator A is not of full row rank, the preconditioning matrix can be constructed
using the linearly independent components of A. This observation is particularly useful for linear
constrained optimization problems, where redundant or inactive constraints can be removed so
that the remaining constraint matrix becomes full row rank. Let us consider the linear constrained
optimization problem:

min  f(x)
s.t. Bx <b,
Cx =c,
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where B € RP*™ and C € R?7*™. At iteration k, we define the working constraint matrix

By,
A =
k |: O:| ;
where By, consists of the selected inequality constraints. The corresponding nonsmooth term is

Gk (Ag®) = 0[— oo by ] x e} (ArT).

The conjugate function of g is given by

T T
by Y:pe] T € Ypetlpeta  Yllipa] = 0p,,
+ 00, otherwise.

gl:(y) = U[—oo,bk]x{c}(y) = { (11)

Using the preconditioner P, = M, ];r Dy, My, the dual problem becomes:

1
yu:;fgigopk 3 IIny;k—[;m] + 08 Yuip] + € Yipr g — " Y-

The key ingredient for applying the proposed framework to linear constrained optimization prob-
lems lies in identifying the working matrix Ay. In contrast to classical active-set methods, which
attempt to precisely identify the active constraints, our approach only requires excluding several
clearly inactive constraints. In many practical situations, removing inactive indices is significantly
easier than accurately detecting the full active set.

4.8.1 Simplex constrained optimization problems

Consider the simplex constrained optimization problem:

min  f(z)
st. 0, <=z,
102 =1.

In this case, Ay is constructed from the identity matrix by replacing the row corresponding to
the active dual index i; with the vector 1,]. More precisely,

Ak = 7In -+ elk(ln + eik)T,
and

9k (AkT) = 01000, 1]x{1}x[~00,0,_:,] (AKT).

The conjugate function is

{ Yiy» y[l:ik—l,ik-l-l:n] i On—la (12)

9i(Y) = Olmoo0abelixo00n-, )W) = 4 70 otherwise.

Since Ay is a rank-one update of of the identity matrix, the Sherman—Morrison formula yields

the closed-form expression

_eik(ln + eik)T
1— (1, +ei) e,

Alzl = (I'n, - elk(]-n + eik)—r)71 - <In - ) - 7In + eik(ln + eik)—r'
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Using the preconditioner P, = A,;'—DkAk, the dual problem becomes

. 1 2
min Lo v - Ty,

Y[1ig—1,i+1:n] Z0n—1

From the optimality conditions we obtain
k k k k
y" = Dy (|:a[1:ik1]i|+ X {aik - 1} x |:a[ik+1:n]i|+> :

4.8.2 Capped simplex constranined optimization problems

Next, consider the capped simplex constrained optimization problem with parameter s > 0:
min  f(z)
st. 0, =x=1,,
1)z <s.

In this case, A is constructed from the identity matrix by replacing the row corresponding to
the active dual index 5, with the vector 1,]. More precisely,

Ak: = In + eik(ln - eik)—r7
and
Gr(AR) = 0o, 1,14, 1] [—00,5]x[0n sy 1n—i, | (AkT)-
The conjugate function is
Z [yi]-l- + SYiy., Yi, 2> 0,

g;(y) = U[Oik—l,lik—l]X[*W,S]X[On—ikyln—ik](y) = 1€l —1,i+1:n] (13)
+ o0, otherwise.

Again, since Ay, is a rank-one update of the identity matrix, the Sherman—Morrison formula gives

- (L — e )T
Ailz I, in(Ln — € T 1:In_ elk( - - =1I,—e;, (1, —¢ T~
k ( +ek( ek) ) 1+(1n_eik)—r€ik ek( ek)

Applying the preconditioner P, = A] Dy Ay, the dual problem becomes

i L 2 kT
02 [yl + ) Wil + syi —a™y.

P>
Yik i€[liig—1,ip+1:n]

From the optimality conditions we obtain, for i # iy,

. 1, yr >0,

Y; k
Oed—k—ai—i— [0,1], yF=o0,
' 0, yr <0,

and

k
Y; :
0e ( . ) + N (0.
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Since d¥ > 0, we have

df(af - 1)7 a’i'c > ]-7
yr=1<0, af e 0,1],
d¥a¥, a¥ < 0.

Therefore,
¥ = Dy (af; - in{af 1; 0;
Y = Ve Q1,1 max{mln{a[l:ik—l]v in—1}0i -1}

X [afk — s]+ X aﬁkﬂm] — max{min{aﬁ-k_~_1:"]7 1,-i.},0n_;, })

5 Subspace acceleration and conjugate momentum

Although the diagonal preconditioning strategy improves the scaling of the proximal gradient step
and preserves the closed-form structure of the dual subproblem, its capability remains limited. In
particular, diagonal preconditioning only performs coordinate-wise scaling and therefore cannot
fully capture the coupling between variables or the richer curvature information of the objective
function. As a consequence, the practical acceleration obtained from diagonal scaling alone may
still be insufficient, especially for ill-conditioned problems.

To further enhance the performance of the algorithm, we incorporate a subspace acceleration
mechanism. Within this framework, two key questions naturally arise. The first concerns how
to construct a subspace that effectively captures useful curvature and descent information from
past iterates. The second concerns how to design an efficient subspace model so that the resulting
subproblem can be solved rapidly while maintaining good approximation quality. These issues
will be addressed in the following subsections.

5.1 Selection of subspace and approximate model

To exploit historical information while keeping the computational cost low, we construct a low-
dimensional subspace that captures useful search directions from recent iterations. In particular,
for k > 1 we define the two-dimensional subspace

Ly = span{vg, sk},
where v represents the current preconditioned proximal gradient direction and s incorporates
information from the previous step. Specifically, the direction s is defined as

dp_1, ¥ + dj_1 € dom(g o A),
Skiz{kl bt ( ) (14)

H(I;(])cm(goA)('rk +dj1) — ", otherwise.

Remark 1 If dom(g o A) = R™, then s = dx_1. When dom(g o A) # R", as in constrained
optimization problems, the direction dj_; may become infeasible at the point 2*. In this case, if
P, = I, then s reduces to §i in [12, Eq. (17)]. However, computing the Euclidean projection
Hdom(goA)(xk + di—1) can be expensive. Instead, when dj_ is infeasible we set

Sk = Hggm(goA)(xk + dkfl) - xka

under our preconditioning framework. Note that even if dj_; is feasible, we may still have
Hfgm(goA)(xk +dg_1) — 2¥ # dp_1, which explains why the two cases in (14) are distinguished.



Preconditioned Proximal Gradient Methods with Conjugate Momentum: A Subspace Perspective 13

The choice of the direction vy, is also crucial. Here we define vy, as the preconditioned proximal
gradient direction at ¥, which is obtained by solving the following subproblem:

. 1
min V(") o + g(Az® + Av) + §||v||%3k (15)
vER™

Having constructed the subspace L, we next define the corresponding subspace model used
to refine the search direction. Restricting the step to Lx, we consider the following subspace
proximal Newton subproblem:

1
min Vf(z")Td + g(Az* + Ad) + Z||d||%, , (16)
deLy 2 k

where Hj, := sz(ack). Since L = span{ug, s} is two-dimensional, any d € L can be written
as d = Gja, where G, = [vg, 5] and « € R?. Substituting this representation into (16) yields
the equivalent two-dimensional optimization problem

1
. T k 2
min ¢, o + g(Az" + AGra) + §||O‘||Qw (17)

T T
Qk _ Vg Hkvk Vg Hksk
’ v,ijsk S;—Hksk

GO

Vg o
V()T sk , and Gy = [vg, Sk].

where ¢, = [

5.2 Conjugate basis of subspace

Although problem (17) is only two-dimensional, obtaining its exact solution may still be non-
trivial due to the presence of the nonsmooth term g(Az* + AGra). In many practical situations,
computing the exact minimizer is unnecessary and may introduce additional computational over-
head. Therefore, instead of solving (17) exactly, we aim to construct an efficient approximation
of the minimizer.

To this end, we exploit the structure of the subspace model and perform optimization along
carefully chosen directions. In particular, by transforming the basis of the subspace into a con-
jugate basis with respect to the Hy-inner product, the quadratic term becomes diagonal, which
enables efficient alternating one-dimensional optimization.

Specifically, we orthogonalize s, with respect to vy under the Hg-inner product and define

T
——Vk. (18)

With this construction we have U,;FH xSk = 0. Consequently, problem (17) can be rewritten
in the equivalent form

~ 1
o k 2
min (Ck,a) + g(Az"” + AGra) + §||oz||Qk, (19)
V@) ] 4 vl Hpor 0 _ . .
where ¢, = V) o | E = 0 §;—Hk§k , and Gy = [vg, Sg]. Instead of solving

(19) directly, we adopt an alternating optimization strategy by solving two one-dimensional
subproblems. The first subproblem optimizes along the direction vg:

1
migﬁ V() Topag + g(Az® + ay Avg) + §v;Hkvk(ozl)2. (20)
a1
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The second subproblem optimizes along the orthogonalized direction §j:

1
mi% Vi(a®) Tsran + g(Azk + anA3y) + iékTHkék(ag)z. (21)
[e2:15
Let of and o denote the minimizers of (20) and (21), respectively. We then define the interme-
diate direction ~
di = O/f’()k + Oéggk.

To further refine the search direction, we perform an additional line search along dy, by

solving the one-dimensional subproblem:

- . 1 -
miel%g V(P Tdpos + g(Az® + aszAdy) + §J;€erdk(Oé3)2. (22)
as

Let af be the minimizer of (22). The final search direction is then given by

dk = o/gfdk.
Note that U;Hkék =0 and cZk = obvg + ks, then

d} Hydy, = [Jofui)3, + |asll5, -

Remark 2 We adopt dj as the final search direction rather than Jk for two reasons. First,
in constrained problems the additional scaling step ensures that the resulting direction remains
feasible. Second, solving (22) provides an adaptive stepsize along dj;, which improves the stability
and effectiveness of the search direction.

It remains to compute the Hessian—vector products Hivy and Hysk. To avoid explicitly
forming the Hessian matrix, we approximate the Hessian—vector products using finite differences
of gradients. Specifically, we use

Hyv ~ Hi(v) := %(Vf(:ck +ev) — Vf(xh), v € {v, sk} (23)

Based on this approximation, the one-dimensional subproblems (20) and (21) can be reformulated
as

min Vf () Topan + g(Aa* + a1 Avy) + q’“(;’“) lowll? (1), (24)
and -
mierﬂé Vf(a*) T span + g(Az" + an A3y) + %‘Sk) 13.]1% (a2)?, (25)

where qi(v) = v Hy(v), v € {vi, 51 }. Denote
Jk = Ozlka —+ Ozégk,

where of and o are the minimizers of (24) and (25), respectively. To further refine the search
direction, we solve an additional one-dimensional subproblem along dp:

min V(") dpag + g(Ar* + agAdy) + 25 (ay)?, (26)

az€R

where ) )
Qk,d = qr(vk) HalkaH + g (1) |‘Oé§§kH (27)
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The final search direction is then defined as
dk = a’gcik, (28)

where af is the minimizer of (26).

The remaining question is whether the obtained search direction dj satisfies the sufficient
descent condition. Before analyzing this property, we first establish the following auxiliary lemma.

Lemma 1 Let h : R® — R U {+oco} be a proper convex and lower semicontinuous function,
which is not necessarily differentiable. Assume that x* is the minimizer of

1
. T - 2
min a x+ h(x) + 5 llz|| 5, (29)
where P > 0. Then
a’z* + h(z*) — h(0) < — ||2*|% (30)

Proof Since P > 0 and h is convex, the optimality condition of (29) gives
0 € a+ Px* + Oh(z").
Combining this with the convexity of h yields
h(0) — h(z*) > (—a — Pz*) T (0 — z*).
Rearranging the terms gives the desired result.

We are now ready to provide a sufficient condition under which the direction dj, is a descent
direction.

Proposition 1 Assume that there exist constants 0 < ¢; < ¢o and c3 > 0 such that ¢y <
ar(vk) < c2, qx(5k) > 1 and Py = csI, in (24), (25) and (15) for all k. Then, the search
direction dy, defined in (28) satisfies the following conditions:

V(") di + g(Ac* + Ady) — g(Ac*) < =T el (31)

csmin{l, c3/ca}

Vf(ack)—rdk + g(Aac’€ + Ady) — g(A;vk) < 1

[ (32)
Proof By Lemma 1 and the definition of dj, we obtain
Vf(@®) T dy, 4 g(Aa® + Ady) — g(Az®) < —gpa - (a5)%.

On the other hand, we use the fact [|al|* + [|b]|* > 1/2la + b||* together with the definition of
qk,d, we obtain

2

ara- (03)” = ai(vn) [[o§otve||” + au(30) [lo§osan|” = T [laf(abon +ads)|” = F il

Therefore,
V(@) Tdi + g(Aak + Ady) — g(Aa®) < =5 i

which proves (31).
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Next we prove (32). Since o and o¥ are the minimizers of (26) and (24), respectively, we
have

Vf(mk)Tdk + g(A:I:k + Ady) — g(Axk)

(set az=21 in (26))
% _ Uk,d

1 ~ 1 =~
S (0h)? 4 VS @) i+ g(A* + SAdL) - g(Aah) + 2

8

(convexity of g) 1 1 1
< 5 VI (alve + ahdi) + S9(A2" + afAvy) + S g(Az" + ah ASy)
1 2 ~ -2
— g(Az") + g(%(vk) latvel|” + qr(3r) |labse])
1 1 2
= §(Vf(xk)—rvkoz’f + g(Az* + of Avy,) — g(Az") + iq’“(v’f) Ha}kaH )

1 _ _ 1 .
+ E(Vf(xk)—rsko/zc + g(Az* + b A3)) — g(Az®) + qu(sk) |}a’2€sk||2)

<0 (by Lemma 1)

1 X 1 2

< (V%) Tugal + g(Az* + of Ave) — g(Ae¥) + Lax(un) [lobun )
(any 0Sa1<1) 1 kNT k gy, L 2 2
= (V) Topan + g(Ar* + an Aw) — g(Ax%) + Sau(wn) el (01)?)

(convexity of g)
<

1
< 5 (VF) vk + an(g(Aa* + Au) = g(A") + 52 o, (00)?)

« Co¥
- 5 (VIG*) Ton + (g(Aa" + Awy) — g(A*) + 2 ol )

(any 0<ai<min{l,cz/c2}) ¢ 1
< 5 (V") o+ (9(Aa® + Av) — g(A®)) + 5 lowll7,)
(by Lemma 1) o1 9
< 0 o,

~ cgmin{l,c3/co}

<
- 4

2
el

where the last inequality follows by Py = c3I and the arbitrary of oy € [07 min{1,c3/ 02}}. The
proof is completed.
6 Preconditioned proximal gradient method with cojugate momentum

To guarantee the sufficient condition stated in Proposition 1, for v € {vg, 8;} we define

max{cl,min {UTHHEQ(U),CQ}} , v H(v) >0,
aw(v) = max{cl,min{”Hk(U),cQ}}, vTHk(v) <0, (33)

c1, v Hy,(v) =0,

where Hj,(v) is defined in (23), ¢; and ¢y are the positive constants introduced in Proposition 1.

The complete preconditioned proximal gradient method with conjugate momentum is de-
scribed as follows.
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Algorithm 1: Preconditioned proximal gradient method with conjugate momentum (P2GM_CM)

Require: z° € domg?, 0 < ¢; < ¢z, 0 < c3< ey, 0,7 € (0,1)
1: for k=0,--- do

2:  Update c3I,, = P, X cqI,
3:  Compute v as the solution of (15)
4: if v = 0 then
5: return 2z
6: else
7 if k=0 then
8: Set dj, = vy,
9: else
10: Compute s as in (14)
11: Update Hy(vi) and gx(vi) as in (23) and (33), respectively
12: Update
o) ]
S;Hk (vk)
13: Update Hy(5x) and qx () as in (23) and (33), respectively
14: Compute of and of as the minimizer of (24) and (25), respectively
15: Update cik = a’ka + a’2“§k
16: Update g, q as in (27)
17: Compute o as the minimizer of (26)
18: Update dj, := a’?fdk
19: end if
20: Compute the stepsize ¢ € (0,1] in the following way:
ty :=max{y/ :j €N, F (2 ++7d) — F(2¥)
< oy (VF(a*) "di + g(Az® + Ady) — g(Az")).}
21: Update z*t! := z* 4+ t,dy,
22:  end if
23: end for

Remark 3 Lines 3, 10, 14, and 17 contribute to the main computational cost of Algorithm 1,
since each of these steps requires solving a subproblem. Fortunately, due to the specific choice
of Py, the subproblems appearing in Lines 3 and 10 admit closed-form solutions. The remaining
challenge lies in solving the three one-dimensional subproblems (24), (25), and (26). In the next
subsection, we present efficient methods for solving these one-dimensional subproblems.

6.1 Methods for one-dimensional subproblem

The subproblems arising in Algorithm 1 reduce to several one-dimensional optimization problems.
Depending on the structure of the objective function and the constraints, these problems can
be categorized into two types: constrained quadratic optimization problems and /;-regularized
optimization problems. In the following, we present specialized solution strategies for each case.
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6.1.1 Constained optimization problems

The one-dimensional subproblem takes the form:

min  at® + bt,
zk+tden

where a > 0 and b € R are constants. Note that there exist ¢; and ¢, such that
2+ tdy € 02, Yt € [ty t.].
The optimal solution is therefore given by
t; = min{max{t;, —i},tu}.
2a

We summarize the procedure in the following algorithm.

Algorithm 2: Method for one-dimensional constrained optimzation problem
Require: z*,d;, € R", a,b, 2

1: Compute t = —%

2: if % + tpdy € 2 then

3: return i

4: else

5. return t, = —L max{t:z* +t(—Ldy) € 2}
6: end if

6.1.2 01 regularized problems

Another type of subproblem arising in Algorithm 1 involves #; regularization and takes the form:
min h(t) := at® + bt + |jv + td||,

where a > 0,b € R and v,d € R™. The optimality condition for this problem is

0 € 0h(t) :=2at+b+ > Olv; +1td;],

i€[m]
where
dia v; + tdz > 07
8|vi + tdl| = [—dq;, dz], v; +td; = 0, (34)
—d;, v; + td; < 0.

Since h is convex, the subdifferential satisfies
OTh(t1) <97 h(ta), t1 <ta.

Moreover, we have
Oh(t) C [2at +b— D,2at + b+ D],

where D := Zie[m] |d;|. Based on this property, we develop a partitioning method with the initial
interval

-D—-b D-b
2¢  2a |’
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Algorithm 3: Partitioning method for one-dimensional ¢; regularized problem

Require: L ==L0=b 1y =L5=b g —[L U]n —g 1 d;i #0,i € [m]} U{L,U}, Bool = True

1: while Bool do

2:  if |S| < 2 then
3: Bool = False
4: Compute s = —(b+ >, sign(v + LU d,)d;)/(2q)
5: return max {L, min{s,U}}
6: else
7: Select Spedian the median of S
8: Compute the subdifferential Oh(smedian)
9: if 0 € Oh(Smedian) then
10: Bool = False
11: return s,cdian
12: else
13: if O h(smedian) < 0 then
14: Update L = spedian
15: Update S = Sis>s,cuian]
16: else
17: Update U = Smedian
18: Update S = S[s<s,..ai0n]
19: end if
20: end if
21:  end if

22: end while

6.2 Convergence analysis

In this section we analyze the convergence properties of the proposed algorithm. We first show
that the stepsize produced by the line-search procedure admits a uniform lower bound.

Lemma 2 Suppose that f is L-smooth. The stepsize generated by Algorithm 1 has a lower bound:
tmin 3= min{(1 —o)c1 /L, 1} (35)
Proof It suffices to consider the case ¢t < 1, in which the backtracking procedure is activated.

In this situation the Armijo condition is violated for the trial stepsize 2t, yielding
F (2% + 2tydy) — F(2*) > 20t (V£ (%) Tdi, + g(Az* + Ady) — g(Az")). (36)

Since f is L-smooth, we have
F (2% + 2tydy) — F(2*)

< 25V f(2*) T di + g(Az® + 20, Ady,) — g(Ax®) + § 12t (37)

L
<25 (Vf(2®) Tdy, + g(Ax® + Ady) — g(Ax®)) + 3 12tdy]?
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where the second inequality follows from the convexity of g and the fact that 2t; € (0,1].
Combining this inequality with (36) gives

(o = 1)(Vf (") Tdi + g(Az" + Ady) — g(Aa®)) < Lt ||di>.

Using condition (31), we obtain

(1 — 0')01
7 .

Therefore t; > t?in, which completes the proof. a

te > (38)

To establish global convergence, we impose the following standard assumption on the ob-
jective function.

Assumption 1 For any 2°€domF, the level set Ly (2°) := {z: F(z) < F(2°)} is compact.
Under this assumption we can prove the global convergence of the proposed algorithm.

Theorem 1 Suppose that Assumption 1 holds and f is L-smooth. Let {x*} be the sequences
of points generated by Algorithm 1. Then {x*} has at least one accumulation point, and any
accumulation point x* is a stationary point.

Proof By armijo line search, we deduce that {F(z*)} is monotone decreasing and

csmin{l, c3/co}

F(ab*) = F(a*) < ot (V") Tdy + g(Aa" + Ady) — g(4ah)) < 1

ot [lol|*,

(39)
where the last inequality follows by relation (32). Therefore 2% € Lp(2°) for all k, and hence
{x*} has at least one accumulation point z* due to the compactness of £z (x°). In particular,
there exists an infinite index set K such that

lim 2% = z*.
ke
Moreover, since F is lower semicontinuous and L (z°) is compact, the sequence {F(z*)} is
bounded below. Together with the monotonicity of {F(z*)}, this implies that {F(z*)} is a
Cauchy sequence. Hence
lim F(z") — F(zF) = 0.
k—o0

Combining this limit with (39) yields

lim t, ||o||* = 0. (40)
k—o00
Together with (38), we obtain
lim v = 0.
k—o00
Recalling that Py = c3I,, we conclude that x* is a stationary point. O

The above theorem guarantees that the proposed algorithm globally converges to stationary
points. Next, we further strengthen the result by establishing a linear convergence rate under
the stronger assumption that the objective function is strongly convex.

Theorem 2 Suppose that f is L-smooth and strongly conver with module > 0. Let {z*} be
the sequence generated by Algorithm 1. Then

F(abt) — F(2%) < (1 - %min {“, 1} min {C3 1} min {(1;)61 1}) (F(z*) — F(z")).

Cq C2
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Proof By direct calculation, we have

F(a") - F(a*) < max {Vf(a") (2" = 2) + g(Ae*) - g(Ar) = & [l - 2M||" }

u 2
< max {Vf(a") (2" =) + g(4a") = g(A) = 5= ||lo =]}, }

< max {jj, 1} max {Vf(xk)T(xk — 2) + g(AzF) — g(Ax) — % Hx - kaik }

Cq 1 2
< max{u,l} 3 HkaPk

< —2max {jj, 1} max {02, 1} (VF(®) T dy + g(Az® + Ady) — g(Azh)).

C3

Substituting this bound into line search condition gives

Fla) — F(a*) < _% min {“, 1} min {CS 1} oto(F(a) — F(z*)).

Cy4 C2

The desired result follows by rearranging the inequality and adding —F (z*) to both sides.

7 Numerical experiments

In this section, we evaluate the empirical performance of the proposed method on several compos-
ite optimization problems. The goal of these experiments is to assess the efficiency and robustness
of the proposed algorithm in comparison with several widely used first-order methods.

The tested algorithms are summarized as follows:

— FISTA bt: FISTA with backtracking [23];
— FISTA bt_rs: FISTA with backtracking and gradient restart [18];
— PDHG: primal-dual hybird gradient method [9]:

"t =2k — 7V (YY),
Cf'k _ $k+1 —|—9(£L'k+1 _ xk)7
y T =1 _j0,.,] (v* + 0 Az),

where 7 =1/L, § = 0.9 and o = 4/(7(1 + 0)2||AT A|) ;

— P2GM_M: the preconditioned proximal gradient method with momentum, obtained from
Algorithm 1 by removing Line 12, i.e., §; = sy;

— P2GM_CM: preconditioned proximal gradient method with subspace acceleration, as de-
scribed in Algorithm 1.

In P2GM_M and P2GM_CM, the preconditioning matrix is chosen as P, = P, where P is
defined as in (6). The scalar «y is selected according to a Barzilai-Borwein stepsize computed
in the P-norm, which allows the scaling of the preconditioner to adapt to the local curvature of
the objective function.

All numerical experiments were implemented in Python 3.7 and conducted on a personal
computer equipped with an Intel Core i7-11390H processor (3.40 GHz) and 16 GB of RAM. To
evaluate the convergence behavior of the tested algorithms, we compute an approximation of
the optimal objective value by running P2GM_CM for a sufficiently large number of iterations.

Denote this value by F' &~ F*. For each algorithm we then report the objective gap F (zF) — F.



22 Jian Chen, Xinmin Yang

In the following subsections, we present numerical results on three representative appli-
cations: LASSO problems, simplex-constrained quadratic problems, and structured quadratic
composite problems.

7.1 LASSO problems

We first consider the LASSO problem, which is a widely used benchmark in sparse signal recovery
and machine learning. The problem is given by

1
min 5 [[Az = b[* + Az (41)

Here A € R™*™ is the data matrix, b € R™ is the observation vector, and A > 0 is a regularization
parameter controlling the sparsity of the solution.

The problem instance is synthetically generated to simulate a high-dimensional, noisy, and
numerically ill-conditioned sparse regression environment.

— Dimensions: We set the number of samples m = 5000 and the feature dimension n = 500.
— Ill-Conditioned Design Matrix: The matrix A is constructed using the singular value
decomposition

A=UXV'.

To induce numerical stiffness, the singular values are logarithmically spaced in the interval
[1073,1] and scaled by v/m. This scaling ensures that the data term

iATA
m

has a bounded spectral norm while maintaining a large condition number x ~ 10°. The
orthogonal matrices U and V' are generated from random Gaussian matrices via QR factor-
ization.

— Sparse Ground Truth: The true solution zi,.. is generated with extreme sparsity (p =
0.5%), resulting in approximately 2-3 active nonzero elements drawn uniformly from [1,2].
This sparsity forces the optimization trajectory to frequently interact with the non-smooth
boundaries induced by the ¢; regularization.

— Noisy Observations: The observation vector is generated as

b= ATtrye + €,

where ¢ is Gaussian noise with noise level 1072, This introduces measurement noise and
simulates realistic perturbations in the data.
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Fig. 1: Objective gaps w.r.t. iterations and CPU time for problem (41) with A = 10~%.

7.2 Tll-conditioned quadratic problems with simplex constraint
Next, we consider the minimization of a quadratic function over the unit simplex:

. _ 17 T
. f(z) = 5% Qr+c x. (42)

This problem serves as a representative example of constrained optimization with a highly ill-
conditioned objective function.
The problem instance is generated according to the following specifications:

— Dimension: n = 100.
— Condition Number:

k=5 x 10°.

— Spectrum: The eigenvalues of @ are logarithmically spaced in the interval [1, &].
— Matrix Construction: The positive definite matrix @) is constructed via spectral decompo-

sition
Q=UAUT,

where U is a random orthogonal matrix generated from a Gaussian matrix via QR factoriza-

tion and A = diag(Aq,...,A,) contains the prescribed eigenvalues.
— Linear Term: The vector c¢ is sampled from a standard Gaussian distribution.



24

Jian Chen, Xinmin Yang

10244 102 FISTA_Is

i FISTA_rs
S \ P2GM_M
1074 = T 1074 T P2GM_CM

Flxk) = Fx )
-
5
C
Fx¥) = Fix )
-
5
L

10-10 10-10 |

FISTA_Is

FISTA_rs 1013

P2GM_M

P2GM_CM

10716 10-16

0 1000 2000 3000 4000 5000 0.0 25 5.0 7.5 100 125 150
Iterations CPU Time (seconds)

10-13

(a) Iterations (b) CPU time

Fig. 2: Objective gaps w.r.t. iterations and CPU time for problem (42).

7.3 Structured ¢; regularization quadratic problems

Finally, we consider a structured composite optimization problem of the form

min F(z) = f(z) + All Az, (43)

where the smooth component is the quadratic function

flx) = %mTQx + ¢l

This problem combines an ill-conditioned quadratic objective with a structured linear operator
in the nonsmooth term.

The problem parameters are generated as follows:

Dimension: n = 100, and the linear operator A has m = 50 rows.
Quadratic Term: The matrix Q) € S} | is generated via spectral decomposition

Q=UAUT,

where U is a random orthogonal matrix obtained from the QR factorization of a Gaussian
matrix. The eigenvalues {);} are logarithmically spaced in the interval [1, ] with x = 5x 10%.
Linear Term: The vector ¢ € R" is sampled from a standard Gaussian distribution.
Linear Operator: The matrix A € R"™*" is constructed via singular value decomposition

A=UuxVvT,

where U4 and V are random orthogonal matrices generated from Gaussian matrices via QR
factorization. The singular values of A are logarithmically spaced in [1, 0 4] with o4 = v/5000.
Preconditioning Matrix: To exploit the structure of A, we construct the preconditioning
matrix

P=V (ATA+ [OmmeD v,

where P € S 7™ is chosen as the identity matrix. The inverse P! can therefore be computed
analytically from the block structure.



Preconditioned Proximal Gradient Methods with Conjugate Momentum: A Subspace Perspective 25

1084 1004 |
105 -+ 10
102 =N 102

o107ty

x x
g &
L 104 1 10744
g <
5 5
- y 2
1077+ : 107 -
10710 10710
PDHG PDHG
10713 PZGM_M 10713 P2GM_M
P2GM_CM e P2GM_CM
107 10716
0 2000 4000 6000 8000 10000 12000 14000 0 5 10 15 20 25
Iterations CPU Time (seconds)
(a) Iterations (b) CPU time

Fig. 3: Objective gaps w.r.t. iterations and CPU time for problem (43) with A = 1/16.

7.4 Discussion of numerical results

Figures 1-3 illustrate the convergence behavior of the tested algorithms on three representative
problems: LASSO, simplex-constrained quadratic programming, and structured ¢; regularization
problems. In all experiments, the proposed method P2GM_CM consistently achieves the fastest
decrease of the objective gap with respect to both iterations and CPU time.

A key observation from these figures is the clear performance gap between P2GM_CM and its
non-conjugate variant PP2GM_M. While both methods share the same preconditioning frame-
work, the orthogonalized conjugate momentum used in P2GM_CM significantly improves the
efficiency of the subspace search, leading to much faster convergence. This confirms that incor-
porating curvature information through conjugate directions plays an essential role in accelerating
the algorithm.

Moreover, compared with classical first-order methods such as FISTA and PDHG, the pro-
posed approach demonstrates stronger robustness to ill-conditioning and maintains stable con-
vergence across different problem structures. These results highlight the advantage of combining
structure-exploiting preconditioning with subspace acceleration.

8 Conclusions

In this paper we studied composite optimization problems involving linear operators and pro-
posed a preconditioned proximal gradient framework with conjugate momentum from a subspace
perspective. By exploiting the structure of the linear operator, we constructed a precondition-
er that transforms the proximal gradient subproblem into a dual formulation whose solution
admits closed-form expressions for several important classes of problems. This structure-driven
preconditioning significantly simplifies the computation of proximal updates.

To further improve the convergence behavior, we introduced a subspace acceleration mech-
anism that incorporates curvature information through a proximal Newton model restricted to
a low-dimensional subspace. By orthogonalizing the subspace basis with respect to the Hessian-
induced inner product, the resulting two-dimensional nonsmooth problem can be efficiently ap-
proximated by a sequence of one-dimensional optimization problems. This design preserves com-
putational efficiency while capturing useful second-order information.

We established global convergence of the proposed algorithm and proved a @-linear conver-
gence rate under standard smoothness and strong convexity assumptions. Numerical experiments
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on several representative applications, including LASSO problems, simplex-constrained quadrat-
ic programs, and structured ¢; regularization problems, demonstrated that the proposed method
achieves competitive performance, especially on ill-conditioned problems.

Several directions for future research remain open.

First, it would be of interest to extend the proposed framework to more general composite
optimization problems in which the nonsmooth term may also be nonconvex. Such an ex-
tension would broaden the applicability of the method to a wider class of modern machine
learning and signal processing models.

Second, inspired by the recent developments of the dimension-reduced second-order method
[28], it would be worthwhile to investigate the fast asymptotic convergence properties of the
proposed algorithm. In particular, understanding whether the subspace proximal framework
can inherit superlinear or fast local convergence behavior remains an interesting theoretical
question.

Finally, our numerical experiments indicate that the orthogonalization of the momentum
direction plays a crucial role in improving the practical performance of the algorithm. This
observation suggests a broader research direction: incorporating conjugate or orthogonalized
momentum into other momentum-based optimization frameworks. In particular, it would
be interesting to explore whether similar ideas can be integrated into accelerated schemes
such as Nesterov’s method, potentially leading to new accelerated algorithms with improved
robustness and convergence behavior.
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