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Abstract

This paper proposes a context-aware multi-uncertainty-set distributionally robust chance-
constrained DC optimal power flow model. Meteorological features are projected to partition
the non-convex error support into a context-dependent decomposition of conditional local am-
biguity sets, with conditional weights inferred via kernel regression. The minimax problem is
reformulated into a finite-dimensional second-order cone program with proven asymptotic con-
sistency. Out-of-sample tests on the IEEE 30-bus and RBTS systems demonstrate that the
proposed model achieves a high level of empirical feasibility close to the prescribed reliability
level and avoids excessive conservativeness induced by global convex approximations.

1 Introduction

The increasing penetration of renewable energy sources, particularly wind power, has significantly
amplified uncertainty in power system operation. As a result, traditional deterministic optimal
power flow (OPF) models are no longer sufficient to ensure reliable and cost-effective system per-
formance. This has motivated extensive research on stochastic and robust OPF formulations that
explicitly account for uncertainty [11, 2} 3] 4, [5] [ [7], [§].

To address uncertainty, chance-constrained optimal power flow (CC-OPF) models have been
widely adopted to control the probability of constraint violations [4, 5]. However, the effective-
ness of CC-OPF relies heavily on accurate knowledge of the underlying probability distribution of
uncertainties, which is typically unavailable in practice [0l [7]. To overcome this limitation, distri-
butionally robust optimization (DRO) has been introduced into OPF, leading to distributionally
robust chance-constrained OPF (DRCC-OPF) models [9} 10} 1T}, 12].

Among various DRO approaches, Wasserstein-based ambiguity sets have attracted significant
attention due to their favorable theoretical properties and computational tractability [13],[14]. Most
existing DRCC-OPF approaches construct ambiguity sets based on moment information or proba-
bility metrics such as the Wasserstein distance [I3], [14]. However, these methods typically rely on
a single global ambiguity set, implicitly assuming homogeneous uncertainty across different operat-
ing conditions. Such a global construction often leads to overly conservative decisions, as extreme
scenarios are enforced even when they are unlikely under specific contexts.
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In practice, renewable forecast errors are strongly dependent on contextual information, such
as wind speed, direction, and temperature. Ignoring such context may result in inaccurate uncer-
tainty representation and suboptimal operational decisions. This observation has motivated the
development of context-aware DRO frameworks [15], where ambiguity sets are conditioned on ob-
servable features. However, existing contextual DRO models typically employ a single conditional
ambiguity set, which is insufficient to capture the multimodal and regime-dependent structure of
renewable uncertainty.

To address these limitations, we propose a cluster-based multi-uncertainty-set distributionally
robust OPF framework that incorporates contextual information. Specifically, the uncertainty
space is partitioned into multiple context-dependent regions, and a local ambiguity set is constructed
for each region. This structure enables a more refined representation of uncertainty and avoids
enforcing a global worst-case distribution across heterogeneous scenarios.

To further improve tractability, we exploit the aggregation of wind power forecast errors and
reformulate the high-dimensional uncertainty into a one-dimensional representation. This allows
us to derive a computationally tractable reformulation of the proposed model.

The main contributions of this paper are summarized as follows:

o We develop a context-aware multi-uncertainty-set DRCC-OPF model that captures the het-
erogeneous and multimodal structure of renewable uncertainty.

e We construct ambiguity sets based on clustered contextual information, improving the balance
between robustness and operational cost.

e We derive a tractable reformulation of the proposed model via uncertainty aggregation and
convex analysis.

e Numerical experiments on standard test systems demonstrate that the proposed approach
achieves improved reliability and reduced conservativeness compared with existing methods.

The remainder of this paper is organized as follows. Section [2| presents the fundamental
reformulation theorem. Section[3|provides the theoretical analysis. Section[dintroduces the DRCC-
DC-OPF model and its deterministic reformulation. Section [b| summarizes the proposed context-
aware cluster-based DRCC-DC-OPF workflow. Section ?? reports numerical results, and Section [6]
concludes the paper.

2 Fundamental reformulation theorem

We first state the deterministic reformulation that underpins the proposed model. The function
f(z,w) represents a generic convex piecewise-linear functional, which will later be instantiated for
both the cost function and the constraint violation function.

Theorem 1 (Deterministic reformulation under multi-uncertainty-set DRO). Assume that:

C1. The decision variable satisfies x € X, where X is a nonempty convex set. The loss function
has the convex piecewise-linear form

f(@,w) = max {am(z) '@ + b (2)}, (1)

me

where am,(z) € R" and by, (x) € R. Assume that f(z,-) is Lipschitz continuous on each Zj.



C2. The global uncertainty set = C R™ is representable as the union of finitely many nonempty,

compact, and convex subsets Zj with nonempty interiors, k € K := {1,..., K}, namely,
K
E:UEk, EyNE =@, k#L. (2)
k=1

The empirical cluster weight is Wy, = N /N, and the conditional empirical distribution is

R 1 N
P, = N ; Sy (3)

C3. The outer weight ambiguity set and the inner conditional distribution ambiguity sets are given
by

K K
k=1

=1 -
PkZ{PkEW(Ek)iWKPk,Pk)S%}, k=1,...,K. (5)

The L1 ambiguity set is adopted due to its tractability and its equivalence to a robust counter-
part of total variation distance.

Then the two-level minimax DRO problem

K

min sup wg sup Ep [f(z,w 6
mip sup 5w sup B lf(o, ) (©)

is equivalent to the following finite-dimensional deterministic optimization problem:

K
1 0w — 1 Dt
min N+ v(dy )+;wkkz

Ng
1
st tp+n—v> Mo+ — Siks vk,
kTN Z A0k Ny ; ik (7)
Sik > bn () + Sz, (@m(T) + Vikm) — Vikm@rir Yk, i,m,
Vit I« < Ak, Vk,i,m,
ty > 0, )‘k‘ZOa v >0, UER reX,

where © := {n,v,t, X, s, Yikm} and Sz, () denotes the support function of the local closed convex
set Z. Since each Ej is compact, the support function S=, is finite-valued. Here, v corresponds
to the dual variable of the outer weight ambiguity set, while ;g arises from the Wasserstein dual
formulation.

The detailed proof is deferred to[A]



3 Convergence analysis

This section establishes asymptotic consistency for the empirical multi-uncertainty-set DRO back-
bone with sample-based reference weights. In particular, the contextual weighting mechanism
introduced in Section [4]is not part of the asymptotic model. The context-dependent online weight-
ing rule introduced later is an operational extension and is not covered by the present asymptotic
result. We first introduce the assumptions and limit functionals, and then present the unconstrained
and constrained consistency statements. All convergence statements in this section are understood
in the almost sure sense. Since K is finite, all almost sure events can be intersected into a common
full-probability event. For the purpose of asymptotic analysis, the partition {Ek}ﬁil is assumed to
be fixed.

3.1 Probability space and sampling setup
All random objects in this section are defined on a common probability space
(Q,F,P).
Let
wi,we,...: =&

be an i.i.d. sequence of =Z-valued random vectors with common law P* € #(E). For each N € N,
the empirical sample is
Dy(w) :=A{wi(w),...,wn(w)}.

All empirical quantities, including Ny, ﬁ),(cN), P,éN), Wn, Prn, and Jy(-), are measurable functions

of the sample Dy . Throughout this section, all almost sure statements are understood with respect
to the probability measure Pon(2, F).

3.2 Theoretical assumptions

Assumption 1 (Compactness). The decision space X and the uncertainty set = are nonempty
compact sets. Moreover, the uncertainty set admits a finite measurable partition

K
= Uz
k=1

where each Z C R™ is nonempty and compact, and

(1]

ExNEr=9, Vk#£L

Assumption 2 (Lipschitz continuity of the loss). There exists L > 0 such that for all x,2' € X
and all w,w’' € 2,
|f(2,w) = f(2',w')] < L(|lz — 2'l|2 + w — &'|]2). (8)

In particular, for every fived x € X, the map f(x,-) is L-Lipschitz on =.

Assumption 3 (Boundedness). There exists My > 0 such that

sup | f(a,w)| < M. (9)
reX weE



Assumption 4 (Sampling scheme). Assume that the samples {w;}i>1 are i.i.d. random vectors
taking values in =. For each sample size N € N and each k € {1,..., K}, define

N s . Nk
Nk = Z 1{wi65k}7 wy, = F
=1

Let
wy, = P(w € Zg), k=1,...,K,

and assume that
wy, > 0, k=1,...,K.

Assumption 5 (Vanishing ambiguity radii). The outer and inner ambiguity radii satisfy
dw(N) =0, 0k(Ng) — 0. (10)
3.3 Conditional ambiguity sets
For each k € {1,..., K}, define the true conditional distribution
B () :=P(- | w e Ep), (11)

and, on the event { NN, > 1}, define the empirical conditional distribution

A 1
B = 3" G (12)

LW EZ

as well as the corresponding ambiguity set
P = {P e 2(2): Wi(P, P{) < au(Ni) } (13)

Lemma 1 (Convergence of empirical weights). Under Assumption

D™ L r k=1, K.
Consequently,
o™ —w*|; 250,  Np = oo a.s.
Proof. The result follows from the strong law of large numbers; see, e.g., [16]. O

Lemma 2 (Conditional empirical measure convergence). Under Assumptions (1| and |4}, for each
ke {1,...,K}, the empirical conditional distribution Pk(:N) converges weakly to P almost surely

as N — oco.

Proof. By Lemma (1, we have Ny — oo almost surely. Let 74(1) < 7%(2) < --- denote the indices
of the samples such that w,, ;) € Zx. Then {w,, (;)};>1 is an i.i.d. sequence with common law
P, Since Nj, — oo almost surely, the result follows from standard weak convergence results for
empirical measures; see, e.g., [16] [17]. O



3.4 Limit functional definition

Under Assumption [p] the limit weight set and limit ambiguity sets collapse to singletons:

K
Weo 1= {weRf:Zwk—l, |lw — w1 §O} ={w"}, (14)
k=1
PE = (P e P(Zy) : Wi(P, PY) < 0} = {P}}. (15)
Define the empirical objective functional and the limit functional as
K
Jn(x):= sup > wi sup Ep[f(z,w)], (16)
weEWN k—1 PrePr. N
K K
Jso(z) = sup Y wy sup Ep[f(z,w)] =) wikp[f(z,w)] (17)
weWeo 4] PLEPP Pt

3.5 Unconstrained consistency

Define the one-sided excess of A over B by

D(A, B) :=sup inf ||a — bl|2. (18)
acAbEB
Let R
Oy = min Jy(x), Xy := argmin Jy(z), (19)
$€X CCEX
v* 1= min Jo (), X" :=argmin J(z). (20)
TeEX rxeX

Proposition 1 (Unconstrained consistency). Under Assumptions ﬂ the following hold almost
surely as N — oo:

(i) Uniform convergence of the objective functional:

sug |In(z) — Joo(z)] L2 0. (21)
S

(71) Single-sided outer convergence of the optimal solution set:
D(Xn, X*) 225 0. (22)

The detailed proof is deferred to [B]

3.6 Constrained consistency
In addition to Assumptions we impose the following conditions on the constraint functional.

Assumption 6 (Constraint convexity, continuity and boundedness). For any w € =, the function
g(-,w) is convexr on X. Moreover, g is continuous on X x =, and there exist Ly > 0 and My > 0
such that for all x,2’ € X and all w,w’' € =,

l9(z,w) — g(a', )| < Ly (|lz — 2"l + o — &'l2), (23)
sup _|g(x,w)| < M, (24)
reX, weE

In particular, for every fived x € X, the map g(x,-) is Lqy-Lipschitz on =.



Assumption 7 (Slater feasibility). The limit constrained problem satisfies a Slater condition: there

exrists x° € X such that
O (2°) < 0.
Define the empirical constrained problem by
vy = inf  Jn(z)
zeX

s.t. ‘I’N(QJ) <0,

where
K

Oy (z) ;= sup Zwk sup Ep,[g(z,w)].
weEWN k=1 P.ePr N
Let the empirical feasible-set mapping be
I'y:={x e X:oy(z) <0}
Similarly, the limit constrained problem is
Voo 1= xlg/fy Joo ()
s.t. Poo(x) <0,
where
K
Doo(z) =Y wikp:[g(z,w)].
k=1
Define the limit feasible region by

Ilw:={z e X: dy(z) <0}.

(25)

(26)

(30)

(31)

Proposition 2 (Constrained robust consistency). Under Assumptions ~E] and @ﬂ the following

hold almost surely as N — oo:

(i) Uniform convergence of the constraint functional:

sup | (1) — Poo ()] =25 0.
zeX

(71) Painlevé-Kuratowski convergence of feasible sets [I8]: almost surely,

LimsupI'y C ', I'e C Liminf I'y.
N—oo N—oo

(#7i) Optimal value convergence:
’UN a.s. ’UOO'

(iv) Single-sided outer convergence of constrained minimizers: if

X§ = argmin{Jy(z) : z € T'n}, X =argmin{Jo(z) : z € T},

then

a.s

D(X$§, X)) £ 0.

The detailed proof is deferred to [C]

(35)

(36)



4 Data-driven contextual feature clustering and uncertainty-set
construction

4.1 PCA-based feature subspace projection and meteorological mode mapping

When processing joint meteorological covariates for multiple wind farms, the raw feature tensor
often suffers from the curse of dimensionality. In high-dimensional spaces, distance concentration
phenomena may degrade clustering performance, and the empirical covariance matrices become
unstable, which motivates dimensionality reduction prior to clustering. To address this problem,
principal component analysis (PCA) [19] is applied to the standardized meteorological feature
matrix Zyay € RN Xdraw extracting the leading d, principal components to form an orthogonal
projection matrix V € R%av*d=  The low-dimensional contextual feature representation is

2=V Zaw, 2€ZCR%  d, < diaw- (37)

Given the joint observation dataset
D= {(Zivwi)}ij\;h (38)

K-means clustering [20] is performed in the reduced feature space:

K
min Y Y = - el3s (39)

{ck}kzl k=1 z;€C},
where ¢y, is the centroid of cluster Cj. The corresponding local error-sample subset is
zdata . — L1 2 € O, (40)
and the conditional empirical distribution is
A 1
P =— Sewi N}, = |Edata) 41
N, Z;m w = (41)
wie:k
4.2 Context-dependent decomposition of support sets

The global support of wind-power errors is generally nonconvex and multimodal. Directly replacing
it by a single global convex hull may include physically implausible combinations and lead to
excessive conservativeness. We therefore construct a context-dependent decomposition of the global
ambiguity set into conditional local ambiguity sets:

(1]

K
= UEk 5 NEp=o. (42)
k=1

Within each cluster, the empirical mean p; and covariance matrix X, are estimated, defining a
local confidence ellipsoid by

By = {uﬁz,l/?u: Hu||2§pk}, k=1,... K. (43)

This construction preserves the multimodal structure of the global uncertainty support while main-
taining the convexity required by the dual reformulation. This decomposition can be interpreted
as a convexification-by-partition strategy, which preserves the intrinsic multimodal structure of the
uncertainty while avoiding the excessive conservativeness induced by global convex hull approxi-
mations.



4.3 Dynamic inference of reference weights

At the online dispatch stage, the target-day forecast feature ziarger is mapped to a dynamic con-
textual weight vector through a Softmax kernel regression mechanism:

. exp (=1l ztarger — i3
wk(ztarget) = K ( e HQ) 2N k= 1,..., K, (44)
Zj:l €xp (_UHZtarget - Csz)

where 1 > 0 controls the decay rate. This context-dependent weighting rule replaces the empirical
frequency-based reference weights used in the asymptotic analysis. It is introduced to exploit
forecast-side covariate information in online dispatch, and should be viewed as an operational
extension of the empirical multi-uncertain-set DRO framework. The consistency results in Section 3]
are established for the sample-based backbone model with empirical weights. When the target-day
forecast is close to a certain weather regime centroid, the model places a larger reference weight on
the corresponding local ambiguity set.

4.4 Affine-control DC-OPF architecture

Our model builds upon the contextual DRCC-OPF framework proposed in [I5], while extending it
to a cluster-based multi-uncertainty-set structure. Consider a power system with generator set G,
wind-farm set VW, bus set B, and transmission-line set C. The random uncertainty is the wind-power
forecast error vector w. Define the total forecast error by

Q:=1"w. (45)

This assumes a system-wide balancing policy, which is standard in affine reserve models. The
day-ahead decision variables include the baseline generation g;, downward and upward reserve
D .U

capacities r;”, 7/, and participation factor B; for each conventional generator j € G, as well as the

load shedding AL for each bus b € B. In real time, the affine recourse policy is

gilw)=g; —6;Q2, Vjedq. (46)

The deterministic feasible set X' of the decision vector = = (g, 8,7”,7Y, AL) contains the baseline
physical constraints

g—TD > gmin’ g+TU < gmax’ (47)
(1L,g)+(1,f) =(1,L-AL), (1,8) =1, (48)
B >0, rP Y >0, 0<AL<L. (49)

In real time, the reserve and line-flow constraints become

D <-p0< T‘U, (50)
—Cap < Mgg(w) + Mw (f +w) — Mp(L — AL) < Cap. (51)

Here, M¢, My, and Mp denote the matrices of DC power transfer distribution factors (PTDFs)
that map the power injections from generators, wind plants, and loads to the network line flows,
respectively, while Cap represents the array of transmission line capacities [I5]. These random
inequalities must hold jointly with a probability of at least 1 — e.



4.5 One-dimensional projection of the cost function

Under the affine recourse policy , the real-time output of each generator depends on the un-
certainty only through the scalar quantity @ = 1Tw. Since the generation cost of each unit is
approximated by a convex piecewise linear function of its output, the cost of each generator be-
comes a convex piecewise linear function of 2. Consequently, the total operating cost can be
expressed as:

c®)=> max {mys(g; — B8 + njs (52)

jeg

where §; is the number of linear segments used for generator j, and m;, and n;,; denote the slope and
intercept of the s-th segment, respectively. Let € := 17w denote the aggregate wind power forecast
error. Under this aggregation, the local ellipsoidal support set Zj reduces to a one-dimensional
interval

Iy = [Qk?ﬁkL (53)

Qk = 1Tuk — PkV 1T2k1, ﬁk = 1Tuk + PEV 1T2k1. (54)

These bounds correspond to the extreme values of the ellipsoidal set under the linear projection
Q2 = 1"w. The dual robust expected-cost objective is therefore

with bounds

K
min { (¢”,rP) + (V7YY + (P ALY+ sup Zwk sup Epe[C(Q)] ¢ . (55)
reX wEW(Ztarget) k=1 PI?GIP,? i

To facilitate the dual reformulation, we express the total cost in a unified max-affine form. For
each generator j € G, define

fj,s(Q) = mj,s(gj_ﬁjg)"i_nj,& s = 17~-aSj'
Then
C(Q) = ZS:I?E.},{SJ- fj,s(Q)-

Define the Cartesian product

Meost = [J{L, .. S5}

jE€G

Each element (s;)jeg € Mcost represents a segment combination, where s; € {1,...,5;} specifies
the selected segment of generator j.
Then the cost admits the equivalent max-affine representation

C(Q) =  max {A(sj)(a:)Q—i—B(sj)(a:)}, (56)

(Sj)jegEMcost

where the coefficients are defined as

A (@) = — ij,sj5j7 B (z) = Z(mj,sjgj + s, )- (57)

jE€G jeg

10



The equivalence follows from the fact that the sum of generator-wise maxima can be represented
as the maximum over all segment combinations. By applying Theorem [1| in the one-dimensional
projected space, one obtains the finite-dimensional deterministic reformulation

K
Héi%_ UObj + VObj (5111 - 1) + Z wk’(ztarget)tzbj + <CD, TD> + <CU, TU> + <CShed, AL>
,0°°)
' k=1
. . 1 N .
st 1oP) 4 pPI — 0P > \OPig, 4 N > o, VE, (58)
i=1

obj obj obj A .
SikJ 2 B(SJ)(x) + S[k (A(sj)(m) + 7¢k7j(sj)) - %k,J(Sj)Qk,h \V/k, Z, (Sj)jeg € MCOSta
obj obj .
|’yik,J(8j)| < )\k J’ \V/k‘,l, (Sj)jEQ € Mcosta
where Q;“ = 1TGJ;€7Z- and

Sp.(v) = max {vQ} = max{vQ,, vQ}. (59)
Qe(Q;,, Q%]

4.6 CVaR approximation of the joint chance constraint
The random inequalities f can be unified as
max {am ()" w + by (x)} < 0. (60)

meM

Following Rockafellar and Uryasev [21]], a standard conditional value-at-risk (CVaR) approximation
of the corresponding joint chance constraint is

1
inf {7’ + -Ep
TER €

<m%\)§l{am(x)—rw + b (2)} — 7‘) +] } <0. (61)

me

Using the law of total probability and the proposed weight—measure ambiguity structure, this yields

1 K
inf <7+ — sup E wy sup Ep,
TER € wGW(Ztarget) k=1 PrePy,

(7%% {@m(2)Tw + b (2)} — T) 1 } <0.  (62)

To absorb the positive-part operator, define the augmented index set M := MU{0}. The auxiliary
index m = 0 is introduced to absorb the positive-part operator in the CVaR reformulation. We set:

i () = {0’ m=0 g @) = {0’ m =0, (63)

an(x), meM, b (z) — 7, mée M.

Then becomes equivalent to the SOCP-representable system

K
1 .
T4 v — 1)+ ;wk(ztarget)tk] <0, (64)
1
tk +n—v > A\l + Fk Zl Sik, vk, (65)
Sik 2 5Tn(xy 7—) + SEk (dm(x) + 71km) - ’Yi—ll—cm(bk,i’ Vka iv mc M+7 (66)
[Yikmll2 < Ak, Vk,i,m e M. (67)

11



For the ellipsoidal support set , the support function has the analytical form

Sz (v) = v + il 2, 0o (68)

Substituting into yields a finite-dimensional SOCP reformulation. This reformulation
preserves convexity and yields a tractable second-order cone program.

4.7 Deterministic equivalent master problem

Collecting the baseline constraints . the cost reformulation , and the SOCP chance-
constraint reformulation ((64] . the complete deterministic eqmvalent model can be written as

K
min 7™+ 028, — 1)+ > dp(Zrarge )ty + (2, P) + (YY) + (e AL) (69a)
master k‘Zl
st. g—rP > gmn, g+ 1V < gmex, (69b)
(1,9) +(1,f) = (1, L - AL), (1,8) =1, (69¢)
1 K
T+ Z n+ V<6w - 1) + Zwk(ztarget)tk < 07 (69(21)
k=1
1 O
tk+ 1 —v 2> Alg + N, Zl Siks Vk, (69e)
. _ LN T 1/2 . AT Sy
Sik = bm(x) T+ (am(x) + 71km) HE + PkHEk (am(x) + ’szm)HQ YikmWk,is
Vk,i,m € M, (69f)
Siks = YVikohk + Pkﬂzim%k;oHQ — Yio@his ki, (69h)
[Yikoll2 < A, Vk, 1, (69i)
Obj + 77obJ Obj > )\Obj(s 4+ — ZS?]?J" vk, (69j)

s?;?jzB<sj><m>+max{<A<sj><x>+m7<5j)>gk,<A<sj>< %)+ Yt VY = Vot Qi

bj bj .
| fk J(sj)‘ <A VE, i, (55)jeg € Meost, (691)
te >0, \p >0, v>0, neR, TR, (69m)
P >0, A >0, P >0, M eR, >0, rP 7V >0, 0<AL< L. (69n)
The joint decision variable set is
Xmaster = {guﬁaTDaTUvALvT)Thyvta)‘aS77ik:ma7ik05770bj71/0bj)t0bj7)\Obj7 © j’ f]:)J(S )} (70)

The resulting problem is a second-order cone program that can be solved efficiently using off-
the-shelf solvers such as MOSEK or Gurobi, with polynomial complexity in the sample size and
number of clusters.

12



4.8 Explicit coefficient mappings
The random physical constraints are indexed by M = {1,...,2|G| + 2|C|}. The coefficient vector
an(z) € RMWlis defined by

Bi1, m =j (downward reserve),

-B;1, m=|G|+j (upward reserve),
am (7) = T . o (71)
(MW,e,* — (Mgef)1 ) , m = 2|G| + e (forward line-flow violation),

The corresponding constant term by, (x) is

D

_Tj ’ m = j7
U _ .
() = ¢ =01+ (72)
G,e,x9 + MVV,e,*f - MB,e,*(L - AL) - Cap@ m = 2|g‘ +e,

_(MG’,e,*g + MW,e,*f - MB,G,*(L - AL)) - Cape, m = 2|g| + ‘C| +e.

Similarly, the piecewise cost coefficients are

A(S]‘)(x) = Z _mj,sj'ﬁja B(sj)(x) = Z(mj,Sj.gj + nj,Sj)? (73)

Jjeg Jjeg
fOI' (S_])]EQ € Mcost-

Note that the cardinality of Mgt grows combinatorially with the number of generators; how-
ever, in practice, the number of segments per unit is small, which keeps the problem tractable.

5 Data-driven contextual dispatch algorithm

Algorithm [I] summarizes the proposed context-aware cluster-based DRCC-DC-OPF workflow.

13



Algorithm 1 Context-aware cluster-based multi-uncertainty-set DRCC-DC-OPF dispatch frame-
work
Input: Historical joint observation dataset Dyaw = {(Zraw.i wi)}f\il; target-day raw meteorological
forecast feature Zraw target; Dumber of clusters K; Softmax decay parameter n; conservatism
parameters pk, Oy, Ok-
Output: Optimal dispatch and reserve decision x*; dynamic contextual weights .
1: Offline stage: contextual partitioning
2: Compute the empirical mean gz and standard deviation oz of the raw features, and standardize
the data:
3: Zi %diag(az)’l(iraw,i—uz), Vi € {1,...,N}.
4: Principal component analysis (PCA) [19] is applied to the standardized feature matrix, retaining
the first d, principal components to obtain the projection matrix V.
5. Map the raw contextual features to the reduced space according to (37):
2+ V7%, Vie{l,...,N}.
7: K-means clustering [20] is performed in the reduced feature space to obtain clusters {Cy}<
and centroids {cg}5_;.
8 for k=1to K do
Build the local sample subset E%ata = {w; : z; € C}} and estimate the local empirical mean
. and covariance matrix Xy.
10:  Construct the local confidence ellipsoid Zf as in .
11: end for
12: Online stage: contextual inference and dispatch
13: Standardize and project the target-day forecast feature to obtain ziarget-
14: Compute the reference weights Wy (Ztarget) via .
15: Substitute {wy(Ztarget); Mks Ek}le into the deterministic master problem .
16: Solve the resulting SOCP with a convex optimization solver.
17: Return the optimal decision z*.

6 Conclusion

This paper proposed a context-aware cluster-based multi-uncertainty-set distributionally robust
chance-constrained DC optimal power flow framework. By combining contextual feature cluster-
ing, a context-dependent decomposition of support sets, dynamic weight inference, and a weight—
measure dual ambiguity structure, the proposed method captures multimodal weather-dependent
wind uncertainty while retaining tractability. We established a finite-dimensional deterministic re-
formulation for both the objective and the CVaR approximation [2I] of the joint chance constraints,
and proved asymptotic consistency for the empirical DRO objective and constrained feasible-set
mapping. Numerical experiments demonstrate that the proposed approach effectively mitigates
global DRO over-approximation and achieves a better trade-off between expected operating cost
and a high level of empirical feasibility close to the prescribed reliability level. Future work in-
cludes extending the framework to AC-OPF, integrating more expressive contextual clustering
mechanisms, and conducting large-scale experiments on additional network benchmarks.

A Proof of Theorem [1I

This section proves Theorem [I The derivation consists of two steps: the dual reformulation of the
outer weight simplex set and the Wasserstein dual reformulation of the inner conditional ambiguity

14



sets.

A.1 Dual transformation of the outer weight simplex set

Let

vg(x) == sup Ep,[f(z,w)]. (74)
P €Py,

Since f(z,-) is Lipschitz continuous on Zj and Zj is compact, f(z,-) is bounded on Ej, and thus
the expectation is well-defined.
Introduce nonnegative auxiliary variables d:, d, > 0 such that

Wy — Wi, = er — d]; (75)

Then the outer worst-case expectation problem becomes

K
st. 1-— wg = 0,
2 -
Wi +dy, —d; —wg =0, vk,
K
Sw— Y _(df +dj)) =0
k=1

Associate the Lagrange multipliers 7 € R, ap € R, and v > 0 with the above constraints. The
Lagrangian function is

K K
L:Zwkvk(m)+n<1—2wk> Zak wk—i-d d_—wk)
k=1 k=1 k=1
K
o0 = D@ + )
k=1
K K K
=1+ Uiy +Zakwk+z — —ak)—i—Zdlj(ak—u)—i—Zd;(—ak—u). (77)
k=

k=1 k=1 k=1

By standard linear programming duality, the supremum of L over wy, dz, d, > 0 is finite if and

only if
vp(z) —mn—ap <0, ap —v <0, —ayp —v <0, (78)
that is,
ag € [vp(x) —n,v] N [—v, 1], v>0. (79)
Therefore,
K K
sup Zwkvk(a:) = igg {7] + vy + Zwkak cag > vp(x) =, Jog| < 1/} . (80)
weW L =t k=1

Since W > 0, the optimal choice of ay, is the lower bound

ay = max{vg(z) —n, —v}. (81)
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Using max{A, B} = B+ max{A — B,0} and 215:1 Wy = 1, we obtain
K

K
sup Z wivg(x) = inf <N+ vd, + Z W, [—v + max{vg(z) — n+1v,0}]

K
= inf {77 +v(dy—1)+ Zwk max{vg(x) —n+ 1/,0}} . (82)

>0
= k=1

Introducing auxiliary variables ¢ > 0 yields the equivalent representation

M=

inf n+v(dy—1)+

Wt
n,v20,1,20 W

(83)

=
Il

1
. Vk

~—

st. trt+n—v>u(x

A.2 Wasserstein dual reformulation of the inner conditional ambiguity set

The Wasserstein dual reformulation follows standard results in distributionally robust optimization
(see, e.g., [13,14]). Fix k € {1,..., K}. Consider the inner worst-case expectation problem

vp(z) = sup Ep [f(z,w)]. (84)

PrePy,
By the definition of W, there exists a transportation plan Il € £ (=, x =) satisfying mxI1 = Py
and moxIl = Pj. Since

R L
b, = A ; Sisp. (85)
measure disintegration implies the existence of conditional measures {Wi}ivzkl C Z(E)) such that
1 .
dll(w, ) = N Z; dri(w) O, , (d). (86)
Thus,

N
vg(xz) = sup ]\ZZ;/EIC flz,w) dm(w)

mE€Z(Eg)

= (87)
s.t. M;/Ek |w — @il dmi(w) < O
Introduce the dual multiplier Ax > 0 and form the Lagrangian
Ng
1 n
Limio ) = Wb+ 503 [ (@) = Ml = o) i) (55)
i=1Y"k

A Slater point exists because choosing T; = dg,, , yields transportation cost 0 < dj. Hence strong
duality holds for this infinite-dimensional linear program; see, for example, the measure-linear-
programming duality arguments used in Wasserstein DRO reformulations [I3], [14]. Therefore,

= inf L(m;
v () o, S (75, Ak)

k i=1 weEk

N
. 1 .
= )\1:1;0 {)\k(sk +t N g sup [f(z,w) — Apllw — @rill] } . (89)
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Substituting into , and introducing variables s;;, we arrive at

Ny
1
tk+77_VZ/\k5k+FZSik7 (90)
ki1
with
sik = sup {f(2,w) = Apllw — @i ll}. (91)
WEE
Since
f(z,w) = max {amn(z) w+ by(x)}, (92)
meM
it suffices to impose, for all m € M,
Sit — b (2) > sup {am(x)Tw ~ ellw — ak,iu}. (93)
WEEL
Using the dual norm identity
Aellw =@l = inf v (@ - @), (94)
[Vikem I« <Ak
we can rewrite the right-hand side of as
. T ~
sup inf {(am(x) + ’)’ikm) w — 'y;,rmwk’i} . (95)

WEE [Vikm ||+« <Ak

Because the feasible set {Vikm : ||Vikm|l+ < Ak} is compact and convex, Zj is compact and convex,
and the integrand is bilinear, Sion’s minimax theorem [22] allows us to exchange sup and inf:

inf sup {(am(x) + ’yikm)Tw — 'y;md)kl} . (96)

[Vikm ||« <Ak we=y,

Invoking the support function

Sz, (v) = sup v'w, (97)
WEE,
we obtain
Sik > bn (%) + Sz, (@m () + Vikm) — Vikm@hi» |Yikm |+ < Ak (98)
Combining this with completes the proof of Theorem O

B Proof of Proposition

Proof. Step 1: Pointwise convergence. For any fixed z € X, by the triangle inequality,

|In(z) — J(2)| < AN + By, (99)
where

K K
Ay = | sup > wBem[f] = > wikp:[f]], (100)

WEWN 21 g k=1

K K

By :=| sup wg sup Ep |[f] — sup wiE sy [ f]] - 101
’uJGWN; PkG'Pk,N k[ ] wEWN; PkN [ ] ( )
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Insert the intermediate term sup,epy, > wiEps[f] into Ay and use the subadditivity of the

supremum:
K K
Ay < | sup ZwkE}5(N> [f] = sup ZwkEPz: []
wEWN 1= b WEWN =1
K K
+ | sup Z wkEP,: [f] — Z wZEP,: [f]
weWN k=1 k=1

< max [Epon[f] —Epe [ + My sup [jw—w|l.

T 1<k<K weEWN

For By, by the subadditivity of the supremum,
K
By < sup > wp| sup Ep[f]—Esml[f]
weWN 1 PrePr,n k

< o (Balf(ow) - g lfle.w)]).

Since f(x,-) is L-Lipschitz, the Kantorovich-Rubinstein duality yields
(N
Enlf(z,w)] = Epom [f(,w)]| < LWi(P, PY).
Taking supremum over Py, € Py, v,

sup B, [ (,0)] = Epom [f (2, w)]| < Lok(Ny).
P.ePr. N k

Hence,

By < L 5. (N.) 225 0.
N <L max & (Nk)

Combining with the estimate for Ay,
|In () — Joo(z)] L2 0.
Step 2: Uniform convergence. For any P, € P y and z,2’ € X,
[Ep[f(z,w)] = Ep,[f (2, w)]| < Llja — 2/||2.

Taking the supremum over P, and w € Wy,

[In(x) = In(2')| < Lz — 2|2,

|[Joo(7) = Joo(2")] < Lljz — /|2
Let e > 0. 3{a!,....2M} c &,

For every z € X, 327 with ||z — 27| < e/(3L).

TN (2) = Joo(@)] < [T (@) = In(@?)] + [In(2?) = Joo(@)] + | Joo(27) = Joo(2)]

2e ) )
< — 7y — 7).
<3 +1£nja_<u>1§4|JN(ﬂf ) — Joo(27)]
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(105)

(106)

(107)

(108)

(109)
(110)

(111)

(112)



Let {z!,...,2M} C X be a finite 5-net with § = ¢/(3L), and define

M

0 = q {w : A}gnoo In (2, w) = Joo(a:j)} . (113)

Then P(Q1) = 1. For any w € €4, there exists Ny(w) such that for all N > Ny(w),

I w) — N < e/3.
121j2%)]<\/[\JN(x,w) Joo(2?)| < €/3 (114)

For any = € X, choose 2/ with ||x — 27||3 < §. By Lipschitz continuity,

|In(z,w) — In (27, w)| < e/3, |Joo () — Joo ()] < £/3. (115)
Thus,
TN (2, w) = Jo(@)| < [In(2,0) = In (2, w)]
+ [N (27, w) = Joo(@7)| + | Joo (27) = Joo ()]
<e. (116)
Hence,
sgg)( |In (2, w) — Jo(2)| < €. (117)

Step 4: Single-sided outer convergence of minimizers. Assume P(limsupy_, ., D(XN, X*) >
0) > 0. 3N, P(Q2) > 0, Yw € Qg, Jep > 0, an increasing subsequence {N,,}, and &y, (w) €
XNm (W),
inf
TreX*

EN, (W) = 2|2 > eo. (118)
3 subsequence converging to Z(w) € X.

|[Joo (B(w)) = v"] < [Joo(2(w)) = Joo(En,, (W))] + [Joo(En,, (W) = TN, (&N, (), )]
+ |on,, (w) — v*|. (119)

For w € 1 N Qg, the limits yield Jo(Z(w)) = v*, #(w) € X*. Taking limits in (118)) yields

inf ||Z(w) — 2|2 > 120
b [1Z(w) = 27]l2 > eo, (120)
contradicting Z(w) € X*. Hence holds. O

C Proof of Proposition

Proof. Step 1: Uniform convergence of the constraint functional. Since Assumptions
are unchanged and Assumption [0] plays the role of Assumptions for the constraint loss g,
Proposition (1) applies verbatim with g replacing f. Consequently,

sup [Py (2) — Poo ()] =2 0.
zeX

Hence there exists an event Q3 with P(23) = 1 such that, for every w € Qs,

lim sup [Py (z,w) — Poo(x)| = 0.
N—00 pecx
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Step 2: Eventual nonemptiness of the empirical feasible sets. 3z° € X', &, (z°) < 0.
Let g := —3®5(2°) > 0. Vw € Q3, INp(w) € N, VN > Ny(w),

sup |y (z,w) — Poo(x)| < 1. (121)
zeX
Oy (2°w) < Do (2°) + 1o < 0. (122)

z° € 'y(w), VN > Np(w). I'n(w) # 2.
Step 3: Painlevé—Kuratowski convergence of feasible sets.

Outer inclusion. Let x € Limsupy_,.. 'n(w). H{Nn}, zn,, € ', (W), xN,, — .

oy (zn,,,w) <0. (123)

Poo (1) < [Poo(2) = Poo(@n,, )| + [Poc(ZN,,) = PN, (TN, )| + P,y (T, @)
< Lyllz — o, ll2 + sup [Poo(2) = P, (2, w)]. (124)
zE

Taking m — oo yields @ (z) <0, z € I'.
Inner inclusion. Let x € T, ®oo(x) < 0. VA € (0, 1),

2t =\ + (1 — M)z (125)

Do (1) < AP (2°) + (1 — NP () < AD oo (2°). (126)
Let 7y := —A®s(7°) > 0. Poo(2?) < —mp. Vw € O3, IN;(w) €N, VN > Ny (w),

SUp [@ (2,) = Poo(2)] < M, (127)
Dy (2, w) < Do () + 1y < 0. (128)

2 e Ty(w), YN > Ny (w).
limsup inf : |z — yll2 < limsup ||lz — 22 = M|z — 2°||2. (129)

N—oo yelN(w N—o0

Letting A | 0 yields € Liminfy_,o0 I'v(w).
Step 4: Constrained optimal value convergence. Let 2* € X} C I'so. I'so C Liminf I'x(w),
Jzy € Tn(w), zy — x™.

vy(w) = inf Jy(z,w) < In(zN,w). (130)
z€l' v (w)
limsupovy(w) < lim Jy(zn,w) = Joo(2¥) = V0. (131)
N—oo N—o0
H{ N},
nlgnoo un,, (W) = lﬂl&fmv(w). (132)

Let 2y, (w) € )A(fvm (w) C Ty, (w). 3 subsequence, Iy, (w) = T(w) € X. T(w) € Ty
0N, (W) = oo (B(W))] = [T (B, (W), ) = Joo(F(W))]

< sup | I (2,0) = Joo(2)] + LN, (w) — Z(w)]2- (133)
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limy, 00 |UN,, (W) — Joo(T(w))| = 0.

liminf oy (w) = Joo(Z(w)) > min Joo(z) = veo. (134)
N—oo zel's
UN =2 v (135)

Step 5: Single-sided outer convergence of constrained minimizers. Assume P(limsupy_, . D(Xﬁ,, X}
0) > 0. 3y, P(Qy) > 0, Yw € Qq, Jg¢ > 0, an increasing subsequence { Ny, }, &, (w) € chvm (w),

inf
T*e X}

@Nm(w) — .%'*HQ Z £0- (136)

3 subsequence, Zy,, (w) = T(w) € X. T(w) € .

| oo (2(w)) = Voo| < |Joo(E(w)) = Joo(@n,,, (W) + [T (EN,, (W) = IN,, (EN,, (W), w)]
+ Jun,, (W) — Vool (137)

For w € Q3 N Qq, the limits yield J(#(w)) = vso, T(w) € XJ. Taking limits in the distance
inequality yields

k. [Z(w) — z%[|2 = &0, (138)
contradicting Z(w) € X;. Hence holds. O
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