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Abstract

We study generalized variational inequalities with a three-level hier-
archical structure. This setting extends nested GVI models beyond the
bilevel case, for which O(6™*) complexity bounds are known for any pre-
scribed positive tolerance 9, to a fully three-level hierarchical structure.
We analyze a projected averaged subgradient method combined with a
Tikhonov-like regularization scheme. Under compactness, maximal mono-
tonicity, and a Hoélder-type error bound assumption on the bottom-level
problem, we derive explicit approximation bounds for the three levels
of the hierarchy in terms of corresponding Minty gap functions, prove
(subsequential) ergodic convergence, and establish iteration-complexity
estimates. In the sharpest regime covered by our analysis, the method
achieves complexity of O(573). We also discuss the underlying error
bound condition and provide sufficient conditions for it to hold.

Keywords: Generalized variational inequality; hierarchical variational inequal-
ity; maximal monotone mapping; Tikhonov method; complexity analysis.

1 Introduction

Generalized Variational Inequalities (GVIs) provide a broad framework that
encompasses several classes of equilibrium, optimization, and complementarity
problems. We study a hierarchical setting where the feasible set is itself defined
implicitly through lower-level GVI solution sets. More precisely, we consider a
problem where the upper-level feasible region is the solution set of a GVI whose
own feasible set is, in turn, the solution set of another GVI. We refer to such
nested structure as trilevel hierarchical generalized variational inequality. This
formulation naturally extends bilevel hierarchical GVIs and allows one to model
decision and equilibrium processes with three layers of priority.
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For hierarchical problems with two levels, convergence results for subgradient-
type methods are already available in the literature; in particular, for bilevel
hierarchical GVIs, in [8], complexity bounds of O(§~*) are established for any
prescribed positive tolerance §. If one remains within the two-level hierarchical
setting but specializes the problem structure, then sharper guarantees can be
derived. In particular, the extragradient-type method studied in [12] achieves
complexity of O(§72). Under even stronger assumptions, when both levels re-
duce to optimization problems, accelerated gradient-type techniques yield com-
plexity of O(571), see [10]. By contrast, the literature on three-level hierarchical
problems is still rather limited. To the best of our knowledge, apart from the
seminal work [5] that underlies many subsequent developments in this line of
research, the main available contribution is [13], where all three hierarchical lev-
els consists in optimization problems under strong convexity assumptions, and
a complexity bound of O(§72) is obtained.

Our goal is to address the trilevel problem in a fairly general form. We
work in the setting of maximal monotone multivalued mappings and, relying
on a Holder-type error bound assumption on the bottom-level problem, adopt a
projected averaged subgradient-type technique combined with a Tikhonov-like
regularization scheme. As a result, our analysis covers a class of trilevel hierar-
chical GVIs that, to the best of our knowledge, has not yet been addressed in the
literature. We derive explicit approximation bounds for all three levels of the hi-
erarchy in terms of corresponding Minty gap functions, establish convergence of
limit points in an ergodic sense, and obtain iteration-complexity estimates under
suitable assumptions on the parameter sequences. In the sharpest regime cov-
ered by our analysis, this leads to a complexity bound of O(67%). As expected,
this guarantee is worse than the corresponding bilevel subgradient complexity,
reflecting the additional difficulty introduced by the third hierarchical level.

Regarding the paper organization, in Section 2, we introduce the trilevel
hierarchical GVI, state the standing assumptions, and present the projected av-
eraged subgradient method. In Section 3, we develop approximation bounds for
the three nested optimality conditions by means of Minty gap functions, thereby
quantifying the degree of inexactness attained by the iterates generated by the
algorithm. In Section 4, we build on these bounds to study convergence prop-
erties and to derive explicit complexity estimates, including the rate achieved
under a harmonic parameter regime. Finally, Section 5 is devoted to the key
error-bound condition imposed on the bottom-level GVI: we discuss its mean-
ing, compare it with several related notions already available in the literature,
and provide sufficient conditions ensuring that it holds.



2 Problem Definition

Consider the multivalued mappings F,G,T : R” = R™ and the set Y C R™. We
focus on the hierarchical trilevel GVI, that is the problem to

find u € SOL (G,SOL(F,Y)) : 3t, € T(u): t, (v —u) >0, (GVIT™)
Vv € SOL (G,SOL(F,Y)),

where SOL(G,SOL(F,Y")) is the solution set of the underlying hierarchical
bilevel GVI problem to

find € SOL(F,Y) : 3g, € G(z): g, (v—x) >0, Yo € SOL(F,Y), (GVIP)

and SOL(F,Y) is in turn the solution set of the (single-level) GVI at the bottom
of the hierarchy, that is the problem to

findy €Y : If, € Fy): f, (v—y) >0, VweY. (GVT)

Consistently, we denote by SOL(T, SOL(G, SOL(F,Y))) the solution set of (GVI™).
We assume the following blanket conditions for the rest of the developments.

Assumption 1.
e The set Y is nonempty, compact and convex.

o The mappings F', G and T are mazximal monotone and locally bounded on
Y.

e The problem (GVI) at the bottom of the hierarchy is such that
B >0,Me (0,1] :

dist(y, SOL(F,Y)) < B (f] (y — v))™" , Yo € SOL(F,Y),y € Y, f, € F(y).
(1)

The maximal monotonicity of the mappings is a sufficient condition for them
to be outer-semicontinuous and closed-convex-valued on Y (see [11, Chapter
12]). Note that condition (1) is, as far as we are aware, novel: it is instrumental
for the study of the convergence properties of the method we rely on. In Section
5, we delve into the nature and meaning of (1), relating it to similar assump-
tions discussed in the literature and providing easy-to-grasp conditions for it to
hold. In Appendix A, relying on Assumption 1, we recall and derive some key
theoretical properties concerning the GVIs introduced above. Among others,
we report the basic existence result, whose proof is omitted since it follows from
sequentially applying Proposition 16 to (GVI), (GVIP!) and (GVI™).

Proposition 2. The sets SOL(F,Y), SOL(G,SOL(F,Y)) and
SOL(T,SOL(G,SOL(F,Y))) are nonempty, compact and convex.



To address the trilevel problem, we rely on Tikhonov-like regularization tech-
niques: we consider the mapping H"¢ : R = R":

H™(y) 2 F(y) +1(G(y) + (T (y)),

which is maximal monotone for any 1, > 0, due to Assumption 1.

The question arises naturally on the convergence properties of first-order-like
methods, such as the projected subgradient one, in the more complicated setting
of a trilevel GVI problem. We aim at answering this question by focusing on
the following algorithm to address our trilevel GVI problem, where Py denotes
the Euclidean projection operator on Y, which is well-defined since Y is closed
and convex.

Algorithm 1: Projected Averaged Gradient
Data: {yx}, {nx},{Cx} positive nonincreasing, y; € Y’

for k=1,2,...do
choose fy, € F(yr), 9y € Gyr), ty, € T(y);
e = fy + 0i(gy, + Crtya)s
Ynt1 < Py (yr — yehilecr);
Sy
Y

Zk4+1 <

3 Approximation Bounds for Optimality

To measure optimality of the three nested problems, we rely on the Minty gap
functions for (GVI), (GVIB!) and (GVI™), respectively: T'HY T¢SOLEY)
['T:SOL(G.SOL(FY)) ~see Definition 17. By means of the following proposition,
we show that problem (GVI™) is equivalent to solving a constrained system of
implicitly-defined inequalities.

Proposition 3. The point u satisfyies
[T:SOL(GSOL(F.Y)) () < 0
[GSOLIEY) () < 0
r&Y(u) <o

u€eyY

if and only if it is a solution to (GVIT).



Proof. Letu € Y, T'FY (u) < 0, TESOLIY) (y) < 0 and TTSOLGSOLIY)) () <
0. Relying on Lemma 18 (b), we have

PT,SOL(G,SOL(F,Y))(U) <0
B FT,SOL(G,SOL(F,Y))(U) <0
FG,SOL(F,Y)(u) <0
— FG,SOL(F,Y) (U) <0
IEY(u) <0
u € SOL(F,Y)

u€eyY

FT,SOL(G,SOL(F,Y))(U) <0
= <= u € SOL(T,SOL(G, SOL(F,Y)))
u € SOL(G, SOL(F,Y))
O

System (2) is just as implicit as the original problem and, as such, inherits
the same difficulties as the original formulation. Starting from this system, to
quantify how much each point z; generated by the Algorithm 1 violates the
optimality conditions, we define the following system of inexact conditions by

introducing the nonnegative tolerances ™, 2! and ey

[TSOL(GSOL(FY)) (4} < i

FG,SOL(F,Y) (Zk) < €Ei

LEY () < ep

yeY.

In this section, we identify the values for the tolerances, which will be used to
establish the convergence results in Section 4, thanks to the continuity of the
Minty gap functions (see Lemma (18)).
We define the following finite quantities, which are sometimes called for in
the ensuing analysis:
F £ max(, fyegph Fn(y x&™) | fll, G £ max(y,q)egph Gn(y x&») 9],

T2 maX(y t)egph TN(Y xR™) ||t||7 D= maXg vey Hx - UH

Theorem 4. Consider the sequences generated by Algorithm 1 and let

k 2 k
ko 2= ok s 2uj=1% 7 a1
1 — ) -2 — ’ -

k k k .

Then, in system (3),

—
—

=k
=3

er = M EY + AE5 + A3EE, (4)
with

A2 (T 5 =2 I A /A _ AD2
1= +2771G +2771C1T ) A2_(G+C1T)D7 A3_7



Proof. For all v €Y, AT Hy, ¢;(v), j > 1, we have

.’C. .’C.
lyjer = vl = 1Py (y; — by ™) = Py @)II* < lly; = vihay ™ — vlf?

Gl G T
=y — vl + i 9 |12 + 2950059 T (0 = 3)

A

Gl G T
< lyy = oll? + ey N2 + 29T (0 — )

where the first inequality is due to the nonexpansiveness of the projection op-
erator and the second one is due to the monotonicity of H,, ¢, .

Observing that f, + njg, + n;¢t, € H"% (v) for any f, € F(v),g, €
G(v),t, € T(v), and leveraging Lemma 21, we get, for all f, € F(v),g, €
G(v),ty, € T(v).

=29 f) (w=w;) < s —ol> = g1 — vl + 20077 + 2v;m59, (v — ;)
+27;m5G5ts (v = y;)
lys = vll® = lyjsr = vl? + 28097 + 29 n;(G+ ¢ T) D

IN

IN

ly; — vll? = llyje1 — vll* + 2A077 + 2A2 5 ;.

Summirklg both sides of the inequality from j = 1 to j = k, and dividing them
by 2377, 7, we get

12 2 ko2 ko
_fJ(v _ zk) < Hyl - UH _ ||yk+1k UH + A Eizl 5 + Ay ZJ:kl SR
257 v 25 S ST
j=1"7j j=1"77 j=1"77 j=17j
k k
D? 1 A Zj:l ’732 A Zj:l Vi My
~ 7 % + A k + Ag k )
2 i=1 2 i=1 7 2 i=1

because, due to the telescoping series property, Z§:1 (lly; = vlI? = llyj+1 —v[?) =
lyr — v]|? = |lyke1 — v||>. The claim follows from Definition 17. O

Theorem 5. Consider the sequences generated by Algorithm 1, and let

k v k
kA Zj:l ﬁry] kA 1 k A Zj:l CJ’VJ
@1 — kfi’ @2 — f’ @3 — kfi.
217 Mk 2j=17i > =17
Then, in system (3),
epl = A1 + A3 @5 + A48, (5)

where A1 and A3 are defined in Theorem 4, and

A 2T D.



Proof. For all v € SOL(F,Y), RIS € H,, ¢;(v), j > 1, and observing that
fo+ Nj9v + nj(jtv € H"% (U) for any f, € F(U)7gv € G(U)7tv S T(U)v we get,
for all f, € F(v), g, € G(v),t, € T(v),
lyjn = vl = NPy (ys — b ) = Pr(@)]|? < lly; — ki — vl
'74‘ VCT
= My = ol lsha ™ P + 25057 (0 = )
sl
< gy = vl? + 29200 + 2R T (v - )
= |ly; — vl + 207 A1 + 295 £ (v —y;) + 275 05 94 (v — )
+29;m; G T D,

where the first inequality comes from the non expansiveness of the projection

operator and the second one is due to the monotonicity of H,, ¢, and Lemma
21. Observe that since y; € Y, for every v € SOL(F,Y) there exists f, € F(v)

such that TI(’U — ;) < 0. Rearranging the terms and dividing both sides by
2n; > 0, and choosing f, € F(v), we have

w12y 14— lI2 2 T
— g0 (v —yy) < Amllasl A B LT 0y + A G

2 2 2
12 s — ~2
< lyi=ol"=llyi+1—vl AL Ay~ G
= 2, + Lo 175 G

Summing both sides of the inequality from j = 1 to k, and dividing by Z?:l Y4
we get

k kv
1 C—l|2 = |y — 02 Z':lf’Yj
—gvT(U —z) < . Z lly | ll9j+1 | + A Jj=1n;

< 4 k
=1 =t 2n; > =17
i G
+A4%
Zj:l Vi .
j k
1 Zj:l %’Yj Zj:l Vi G
= AS % + Al k + A4 L )
M D1 Vi 2 =1 2 =17
where the second inequality holds due to Lemma 22. The claim follows from
Definition 17. O

Theorem 6. Consider the sequences generated by Algorithm 1 and let

k Vi
vk Ly 2zt 3,G7 nG gk !

- , 5 T M
Mk Gk 22j—17 2 =17 Gk (Zle ”Yj)



1
1M -1 ¢M

\Iji; _ J ij 7 qlé; J ij
2. >

j=1 j=1

Then, in system (3),

ex = AsUF + A U5 + GB (As)™ U + GB (A)M T +GB (A)™M TE. (6)
Proof. For all v € SOL(G, SOL(F,Y)), hi e Hy, ¢;(v), j > 1, and observing
that f, 4+ 190 + n;¢ite € H"% (v) for any f, € F(v),g, € G(v),t, € T(v), we
get, for all f, € F(v),g, € G(v),t, € T(v), we have

lyjn —ol? = [1Py(y; — k) = Pr(@)| < lly; = v3hgs — vl

iCi iy T
ly; — w1 + sl 112 + 29 " (v — )

IN

5,Gi T
ly; — ol12 + 2921 + 29,k T (0 — y)
= ly; = vlP +202A0 + 295 f,) (v —y;) + 295 mj 9, (v — ;)
+2v; 05 ¢ty (v —y;),

where the first inequality comes from the nonexpansiveness of the projection
operator and the second one is due to the monotonicity of H,, ¢, and Lemma

21. Observe that since y; € Y, for every v € SOL(F,Y) there exists f, € F(v)

such that ?I(v —y;) < 0. Rearranging the terms and dividing both sides by
2n;¢; > 0, and choosing f, € F(v), we have

T i =vlP=llyj1—vl? o =T
“utsv—yy) < Betpme s A 4 25T (- y)

+2 9, (v =) (7)

llys ol =llys+1—v|> G Tl
< 20;C; + Ay G + ¢ 9y (U y])'

Consider the following chain, which holds due to the nonexpansiveness of the
projection operator

j+Ci RS
lyjr = ol = 1Py (y; — by ™) = Pr()|* < lly; — vhes™ —vl?

i T
lyj = vl[? + 28172 + 29,k T (v — )

IN

< lyy —oll? + 20097 + 295 £, (0 = y5) + 20079,

Rearranging the terms and dividing both sides of the previous inequality by 2-;
we get:

2 2
Yi VI — Y41 — v
J



Moreover, for any v € SOL(G, SOL(F,Y)), g, € G(v) exists such that g, (v —
u) <0 for all u € SOL(F,Y), and we have the following chain

9o (v—y;) =9, (v— Psorry)(¥;) + Psorry) () — y5)
9o (v = PsoL(ry) () + 9y (PsoLry) (¥j) — v5)
) —

< 7, (Psorr) ;) — ;i) < GllPsovnry) ;) — yjl
_ M
<GB ( (U5 — U))

Gg (lvme Pl =l o p o Y
B 2, + A1y + Ag 1 )

IN

where the first inequality is due to v € SOL(G, SOL(F,Y)) and Psor,(r,y) () €
SOL(F,Y), and the third one follows from condition (1), and the fourth is true
since M € (0, 1] and therefore ¢ — t* is nondecreasing.

Combining the previous chain with (7) (since we can take g, =g, in (7) and
¢; > 0 for all j) we get

o 4T 0y o llys —vll>=llyz+1—vl? 3 v A i —vl? =1y —vl®
vt (v —y) < 215 G5 + A ni G + G GB( 27,

+A17; + Ag )™M

2
_ Ayl —llyie—ol? A, i
- 2n; G + L, Cj+

M

2
+,GB ly; — vl ||1£+1 v|? A
27,7 CjM CM

Summing both sides of the inequality from j = 1 to k, and dividing by Z?zl Vi
we get

k 35 .
1 ko g —ol® =l —ol|? Xici g
—tT’U—Z < o i J + A ZI]
v ( QS S v 2171 2n;5 G 1 PR
) Mo (9)
LY (WH\I Uohs
Vel 27;¢ M ¢M ¢cM
+Gp J i g
2_7‘:1 Vi

We can write the following upper bound for the third term of the right hand



side of (9):

M
llyj —vl1? =y 41 —vl? 2 n;
k ’y’< J {‘Fl +Aq {+A2 i

=ty M M A
27565 < <5 <
I =
j=17i
Rl e 2 S Vi v Vi g
fom A T, Ay T, T
27;¢M M M <
Z?:l Vi -
) M (10)
k 75 ko 4n5
j=1 ﬁ j=1 ﬁ
1 ¢ ¢+
Az — + Ay S +A272k = <
CAD YT 3=1 7 3=17
M kG M koagng M
j=1 _L j=1"—_1_
Agrt P J P
37 1 + 1 Zk K + 2 Zk K 9
CléM Z?:l v j=17 j=17J

where the first inequality is the Jensen inequality with weights ; > 0 since
M € (0,1] implies t — t™ is concave, the second inequality is due to Lemma
22 and the monotonicity of t — ™, and the third is due to the subadditivity

of t — tM, since

kv k n;
1 Z]:l C% Z]:l ZJ%J
ABﬁZO, Alki"ZO, A2k7j20~
G 21 2 i=1 D=1
Combining (9) and (10) and invoking Lemma 22, we get
R M
R O < A 1 A, == Y GRAM [ ——
bo(v=2) < S oy th G=1 G Ckﬁ PR
e 2 koovgmg N\ M
ORAM i O AM i
+GBA foiv +GBA pILIE?

The relation (6) holds due to Definition 17.

4 Convergence and Complexity Results

We study the convergence properties of Algorithm 1 for problem (GVIT"), in
view of the inexact optimality conditions in (3). In Assumption 7, we state the
conditions on the parameter sequences in Algorithm 1 that allow us to prove

convergence.

10



Assumption 7. Consider the sequences {vi}, {nx} and {Cx} in Algorithm 1.
They satisfy:
i) (a) Ejoi1 Vi = +00
(b) lim ny =0,
k—o0
(C) lim Ve = 07.
k—o0
ii) (a) lim 2 =0,

k—o0 Tk
(b) lim m i1 =+,
(c) lim ¢, =0;

k—oc0

iii) (a) lim 0L Cr 25:1 v; = +o0,
(b) lim =0,

kﬁoonk Ck
M
(¢) lim G (Z?;l 'Yj) = +o0,
(d) 1 (Ck)l/M 207

(6) hm (Ck)l/M = 07

where /\/l € (0,1] is the constant in condition (1).

Relying on the previous conditions and on Proposition 3, we state the next
convergence result.

Theorem 8. Let Assumption 7 hold and Z be any limit point of the sequence
2 produced by Algorithm 1. Then Z € SOL(T, SOL(G,SOL(F,Y))).

Proof. Let limz; = Z. Consider the inexact optimality conditions in (3), and
the estimates for the tolerances in (4), (5) and (6).

We have lime, = 0, lim sfi = 0 and lim &:E‘"i = 0 thanks to Lemma 23 and
to Assumption 7 i), i) and i), and i), ii) and iii), respectively. Then Z solves
system (3), due to z € Y, the closedness of Y and due to the continuity of the
Minty gap functions (see Lemma 18). O

In order to recover convergence rate guarantees for Algorithm 1, we focus
on the inexact optimality conditions in (3). Given a fixed positive tolerance 4,
we are interested in giving the maximum number of iterates to achieve

max{eg, Bl e <4 (11)

Relying on harmonic sequences for {7}, {nx}, {¢x} and the bounds in Lemma

24, we provide the following upper bounds for ey, EEI, 5;5“.

11



Theorem 9. Consider the following choices for the sequences in Algorithm 1:
Ve =7k"%, me =Tk"", Gk = Ck™5,
with
€ (0,05, be(0,a), ce (0, min{a — b, Ma, Mb}),

where M € (0,1] is the constant in condition (1). The following hold for all
k> 2:

i)

1 1
e <1 = -t 2k
where c; & Ay 17(1211“1 +A37(1 5a=1y and
co 2 AQW + A1ﬁ;
i) . ) ) 1
er' S s ey T O

1—a
where C3 — Al 17(1 Sa— g)[l )(211 b)]’ Cq4 = A3m and

¢{(1—a)
2\ (A—(a+c)(1—22-1)/

(iii)

Tri 1 1 L
e () < ¢ Ll-a—b—c +c7ka—bfc +08kM(1fa)fc +Cnga*C e fMb—c’
LA, l-a 2 7(-a)
where cg = A3(1 Qa— 1)%?’ 7 = Al*f(l 20-1)(1— 2a+b+c)’
el A M 2 Qq AM L "
cs £ GB (e M= (T aser )

CloéGﬁch ((1 7= 1>1< S — >>

Proof. We rely on the harmonic series bounds of Lemma 24 throughout.

(i) We focus on (4) in Theorem 4 and provide upper bounds for Z¥ =& and
Zk. In order to cover all possible a € (0,0.5], we rely on points (a) and (b) of
Lemma 24 to derive the following bound:

=k _ Z;ﬂ:l 732 < F(1—a) 1+ k'"2logk Al —a) 1 log k
=1 22?21 i = 1—29a-1 kl—a T 1-—9a-1\ El-a Lo :

For any k > 1, we have the elementary inequality k¢ = e?!°¢* > dlog k. Let us

. . _ . ka—b
apply it with d = a —b > 0, and by rearranging the terms, we get logk < 7—

Therefore the following holds:

logk logk 1 ka—b 1 < 1
ke kb kab = kb(g—b) ket = kb(a —b)’

12



and we get the following upper bound for =¥

o Al—a) (1 logk) _Y(1-a) 1 J1-a) 1
L =1_92a-1\ fl-a ke ) = 1—2e-1kl-a ' (q—b)(1—29"1) kb

[1]

Moreover, we have the following upper bounds, since (a + b) € (0,1) and a €
(0,0.5]:

ok =1 %M < 7i(1—a) 1

=2 Z?:1 v — (1—(a+b))(1—22-1) kb

=k __ 1 < l1—a

=3 k = FA-—2e-T)kil-a-
Zj:l Vi

(ii) We focus on (5) in Theorem 5 and provide upper bounds for ®¥, 5 and
®%. Since (2a —b) € (0,1) and (a + ¢) € (0,1), we have

k 7]2'
D e T} 7 (1—a) 1
V=T, S R OI-@e R
CI)k — 1 < l1—a 1
2 Mk z;;zl v; = (I—2¢—T)qq kl-a—b>
ok — i o {(-a) 1
3 i = (=(ete))(1-2071) ke”

(i4i) We focus on (6) in Theorem 6 and provide upper bounds for U% Wk Wk @k
and WE. Since 2a —b—c € (0,1), 2a — & € (0,1) and b — -& € (0,1), we have

vk — 1 < loa 1 _
Do GeXfy vy = (—2e-t)Fpg kTmeThee
ko
ok — 2=t mgl o F(1—=a) 1
2 SE v T (-2t 1)(1-2a+bte) kOTPE
Tk — 1 < 1 ( l1-a )M 1
- M > = “oa-1)% ) —c
NS ¢ \T=2mT ) R
M
k "’JZ M
j=1 "1/ M _
Uh = | S < ( 1-q ) 1
4 S = 7 \T2 N ({I-2atg) EMa=¢
k n; M
Z_j:l Cl/]j\/l Yi M M
\I’k — kj < n_ ( . l1—a . ) 1b .
5 o1 - ¢ (1=2971) (1—a—b+53) kMb—c

O

Thanks to the bounds in Theorem 9, we can study the global rate of con-
vergence of Algorithm 1 as a function of M € (0, 1], which is the constant in
condition (1). In fact, we have

o ~1
max{ey, P, e} < Cﬁ

where ¢ £ min{min{1 —a, b}, min{a — b, 1-—a—b, ct,min{l—a-b—c,a—b—c,
M(1 —a) — e, Ma — ¢, Mb — c}} and C = 10max{cy,...,c10}. The optimal

13



choice of a, b, c to maximize ¢ turns out to be

1 1 M

a* = -, b= ——— = 12
2 2(1+ M) 41+ M) (2
Notice that this choice satisfies the constraints required in Theorem 9 since:
* *x 1 1 _ M * _ M * M *
at —b =5 — 2(0+M) — 2(1+M)’Ma =5, M0 = 21+ M) Hence ¢* =
LM = ‘4(1/:1/\/1) satisfies 0 < ¢* < min{a* — b*, Ma*, Mb*} = 2(1TM)'

Thus, the overall convergence rate for Algorithm 1 in the sense of conditions (3)

and (11) is
1
© o)

In the best case scenario, i.e. M = 1 in condition (1), we get a* = 1/2, b* = 1/4,
¢* = 1/8 and the converge rate for Algorithm 1 turns out to be O(678).

5 On error bound theory and related conditions
for the single level GVI at the bottom of the
hierarchy

In this section, we examine condition (1) for (GVI) in detail, compare it with
error bounds and related conditions available in the literature, and derive easily
verifiable sufficient conditions under which it holds.

We consider the following Holderian bounds of order M € (0,1] on the
distance to the solution set of (GVI): there exists 8 > 0 such that, for every
yey,

e (Stampacchia error bound: see e.g. [6] for the single-valued mapping case)

(dist(y, S(;L(F, YY) ) *

< . T _ _ @F,Y . 13
< max ff?}r(lm [y (y—v) (y); (13)

e (Minty error bound: see e.g. [9] for the single-valued mapping case)

<dist(y, SEL(F, Y))) *

< max ma Ty —v) =THY (y); 14
< max max fo (y—v) (v);  (14)

e (bound condition in Assumption 1)

(dist(y, S(;L(F, Y))) £

< i i Ty —v): 15
S sl iy -0 (15)

e (bound condition from [12])

(dist(y, S(;L(F, Y)) > »

< min ma Ty — o). 16
~ veSOL(F,Y) fveF}((v) foly=2) (16)

14



The following result clarifies the relations between the conditions described
above.

Theorem 10. Under our standing assumptions, the following statements hold:

e (16) implies (15) and the converse does not hold in general;

1
15) implies (13) and the converse does not hold in general;

(16) )
(15) )
(14) implies (13);
(16) implies (14) and the converse does not hold in general.

Proof. e ((16) = (15)) By the maximal monotonicity of F, we have f, (y —
v) < f (y —v) for every v,y €Y, f, € F(v) and f, € F(y).

((16) <« (15)) Consider n = 2 and

1 1
F(u) = (_1 0) u, Y ={uecR*:ucl01?}.

We have SOL(F,Y) = {(0,u) : w € [0,1]} and, therefore, for all y =
(y1,y2) € Y, dist(y,SOL(F,Y)) = |y1| = y1. Condition (15) holds with
B =1and M = 1/2, since, for all v € SOL(F,Y),

F(y)T(y —v) = 42 + y1va > 33 = (dist(y, SOL(S, K)))?,

where the first inequality is true since for all y,v € Y, yyvs > 0. On the
other hand, (16) does not hold because considering § = (1,1) € Y and
v = (0,0) € SOL(F,Y), we have

T o L _ (dist(y, SOL(E,Y)) »
PO (7-7) =0 % oo = (FLEHEIN T

for any M € (0, 1] and any S > 0.
e ((15) = (13)) Since SOL(F,Y) C Y, we have
. . T/ < . T/,
vesglLl?F,y) fyrél}?I(ly)fy (y-v)=< vesgia(}%,y) fyIélll:‘I(ly)fy (v =)
< in f!(y—v).
ST
((15) <= (13)) Consider, n = 2 and

0 1
F(u) = (1 0) u, Y ={ucR®: |ully <1}.

15



We have SOL(F,Y) = {(0,0)} and, therefore, for all y = (y1,y2) € Y,
dist(y, SOL(S, K)) = |ly||2- Condition (13) holds with § =1 and M =1,
since, for all y € Y,

(—y2 y)'
I(=y2 w1l

= [lyll2 = dist(y, SOL(S, K)).

max F(y)"(y —v) =max (<y> y)v=_(-10 1)

On the other hand, (15) does not hold because, considering any 5 € Y
such that ||g]j2 > 0 and v € SOL(F,Y) = {(0,0)}, we have

|y||2>*4 _ <dist<y,SOL<F, Y>>>*4
5 5 |

F) ' (=) = Ya¥1 5172 =0 2 <
for any M € (0,1] and any 8 > 0.

((14) = (13)) By the maximal monotonicity of F, we get f,[(y —v) <
fJ(y — ) for every v,y € Y, f, € F(v) and f, € F(y).
((16) = (14)) Since SOL(F,Y) C Y, we have

. T T
min ma, —v) < ma ma, —v
vESOL(F,Y) fueF}((v)f” < )< veSOL(}lcﬂY) fueF}((v)f” W )

<max max [, (y—v).
T weYy fveF(v)fv (y )

((16) <= (14)) consider the same counterexample as the one for the case
((15) <= (13)). Condition (14) holds with 8 =1 and M = 1, since, for all
yey,

yT

F)T(y—v) = — =2 _
max Fv) (v —v) =max (—v2 vy = ooy

= llyllz = dist(y, SOL(S, K)).

On the other hand, (16) does not hold because, considering any y € Y
such that ||g]l2 > 0 and v € SOL(F,Y) = {(0,0)}, we have

Fo)' (§—v)=0% ('yﬁ”“‘) # _ (dist(y,S(;L(F, Y))) * ’

for any M € (0, 1] and any S > 0.

O

We recall that if Y is a compact polyhedron and F(z) = Az +b is monotone,

then © and I' are continuous semialgebraic on Y, by the Kurdyka-Lojasiewicz
theory for subanalytic functions, M € (0, 1] exists such that conditions (13) and
(14) hold (see e.g. [2]).

Assuming that F is the subgradient of a convex function ¢ : R™ — (—o0, +00],

we say that the following Holderian bound of order M € (0, 1] for the distance
to the solution set of (GVI) holds whenever there exists 5 > 0 such that, for
every y €Y,

16



e (optimal-value error bound: see e.g. [10])

dist(y, SOL(F, Y))\ ™
( 5 ) < p(y)

The following result makes it possible to relate condition (17) to (14) and to
our condition (15).

- 2%1}1/1 o(v). (17)

Theorem 11. Under our standing assumptions, if F is the subgradient of some
convex function ¢ : R™ — (—o00,4+00], the following statements hold:

o (14) implies (17);
o (17) implies (15).

Proof. e ((14) = (17)) Let (v, f5) € arg max fJ (y —v). Then,
(v,f)Egph FN(Y xR™)

T — — :
— — f_ —_ < — < —
1}}3} fvlen%ﬁ)) fo (y—v)=f5 [y —2) < oy) — @) < ey) 11}611351 o(v),

where the first inequality is due to the convexity of .

e ((17) = (15)) Consider any v € SOL(F,Y)): by the convexity of ¢, we
have p(v) — ¢(y) > fJ(v —y) for ally € Y and all f, € F(y). Therefore,
forally e Y

. < . . T(,, )
¢(y) — min w(v)_vesglﬁ(n”) fyrg}ggy)fy (y—wv)

O

Remark 12. Whenever F is the subgradient of some convex function ¢ :
R™ — (—o00,+0o0] (that is, under the assumption in Theorem 11), the bound

. . T ) e ‘
min min -—w) in our condition (15) turns out to be a gap function
vESOL(F,Y) f.eF(.)f' (=) (15) gap [ :

indeed. This can be shown by applying Theorems 10 and 11, since our bound
from (15) is actually between two gap functions for any y € Y:
TEY () < : . Ty — ) < OFY (4).
(y) < pesin fyrél;?y)fy (y—v) < (y)
We notice that, e,ven under the restrictive conditions of Theorem 11, condition
(16) may not hold. In fact, consider n =1 and F(u) =2u, Y ={u e R:u €
[-1,1]}. Then SOL(F,Y) = {0} and dist(y, SOL(F,Y)) = |y|. In turn,

min  F(u)(y—v) =0 # <y|>;4 _ (dist@’SOL(F, Y)))Aﬂ |

vE€SOL(F,Y) B B

for any M € (0,1] and any 8 > 0. On the contrary, for the example at hand,
conditions (13), (14), (15) and (17) hold.

Thanks to Theorem 11, condition (15) holds for some M € (0, 1] whenever
F is the subgradient of a convex semialgebraic on R™ continuous function ¢ (see
e.g. [3]). Moreover, condition (15) holds with M = 1 (i.e. the best-possible
bound) whenever (GVI) is a monotone linear complementarity problem, under
nondegeneracy assumptions (see [4, Theorem 13]).
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A Generalized Variational Inequalities Proper-
ties

We summarize the main properties of GVIs. Let K C R"™ be a nonempty,
compact and convex set, and S : R” = R"™ be a maximal monotone and locally
bounded mapping. The maximal monotonicity of the mapping S is a sufficient
condition for it to be outer-semicontinuous and closed-convex-valued on Y (see
[11, Chapter 12]).

The GVI is the problem to

find ye K: ds,€8(y): s;(v—y)zo, Yo € K; (GVI(S, K))

and we denote its solution set SOL(S, K).
The Minty counterpart of (GVI(S, K)) is the problem to
find yecK: s (v—y)>0, YWwekK, Vs,ecSw). (MGVI(S, K))

Let us introduce the definitions of monotonicity and maximal monotonicity in
the case of multivalued mappings.

Definition 13 (Monotonicity). 4 mapping S : R™ = R™ is monotone if
(35-3%"(@—uw) >0, Vu,ucR", 5cS(a),scS@).

Definition 14 (Maximal monotonicity). A mapping S : R™ = R™ is maximal
monotone if it is monotone and for every pair (u,s) € (R™ x R™) \ gph(S)
there exists (u,5) € gph(S), where gph(S) = {(u,s)lu € R", s € S(u)}, with
(5-3)"(u-u)<o.

We remark that every continuous monotone single-valued mapping is max-
imal monotone (see, e.g., [11, Example 12.7]), while this is not true when
dealing with multivalued mappings. In the following proposition, whose proof
can be traced back to [8], the equivalence between problems (GVI(S, K)) and
(MGVI(S, K)) is established.

Proposition 15. The following statements hold:

(a) let S be monotone. Ify is a solution of (GVI(S, K)), then it is a solution
of MGVI(S, K));

(b) let S be mazimal monotone. If y is a solution of (MGVI(S, K)), then it
is a solution of (GVI(S, K)).

In the next proposition, whose proof can be traced back to [8], we state some
properties of SOL(S, K).

Proposition 16. The set SOL(S, K) is nonempty and compact. If S is mazimal
monotone, then SOL(S, K) is also convex.
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Next, we introduce the dual gap function for problem GVI(S, K'), which is
used throughout the paper to derive convergence and complexity guarantees.

Definition 17 (Minty gap function). The Minty gap function associated with
(GVI(S, K)) is the function T5K : R" — R defined as

FS’K L T — o).
(y) = max max s (y =)

We remark that in the previous definition we use max instead of sup since we
assume K to be compact and S to be locally bounded and outer semicontinuous.
In fact, we can introduce the finite quantity S £ max,c s(x) llsll, which will be
called-for in the next lemma.

Proposition 18. The following statements hold.

(a) T9K (y) > —Sdist(y, K), where dist(y, K) is the Euclidean distance of y
from the set K ;

(b) assume S is maximal monotone and K = {y € R™ : p(y) < 0} N K, where
K is a compact convex set and ¢ : R — R™ is a convexr function. Then

K () <0

e(y) <0 <y € SOL(S, K);

ye K

FS’K

(c) the mapping is Lipschitz continuous and convezx.

Proof. (a) Fix y € R™ and let v € K be such that ||y — v|| = dist(y, K), which
exists because K is nonempty and compact. Take any s € S (v). Then, by
Cauchy-Schwarz inequality and definition of .5,

sT(y—v) = —[sllly - vl = =Sy - vll = = dist(y, K).
Since I'*¥ (y) is the maximum over all pairs (v, s,), we have

9K (y) = max maxs'(y—v) > 5 (y—o) > -8 dist(y, K),
seS(v) veK
which proves (a).
(b) Let y € SOL(S, K). Since y € K, then ¢(y) < 0 and y € K. Morover,
since S is maximal monotone, due to Lemma 15(a), y is also a solution of the
Minty problem (MGVI(S, K)), which is equivalent to writing

s'(y—v) <0, YweK, VseS(v),
so that

I\S,K _ T, < 0.
W= gyes -0 =
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Vice versa, let ¢(y) < 0, y € K and T'%%(y) < 0. Clearly, y € K. By
definition of T'%¥ for any v € K and s € S(v) we have

s'(y—v) < T9(y) <0,
hence
sT(w—y) >0, YoeK,VseS(v),

that is, y satisfies the Minty variational inequality (MGVI(S, K)). Since S
is maximal monotone, Lemma 15(b) guarantees that y is also a solution of
(GVI(S, K)), thus proving (b).

(c) Let y1,y2 € R™. For any v € K and s € S(v) we have

sTyr—v) = s (y2—v)+s' (y1 —y2)
< s (g2 —v) + lIsl lyr — w2l
< sT(ya—v) + S lyr — vall-

Taking the maximum over v € K and s € S(v) on both sides yields
D98 (y;) = maxseg() maxper s' (y1 — v)

< maX,es(y) MaXpek S| (Y2 —v) + S [ly1 — ya|

= I9K(ya) + Sly1 — 2|

Exchanging the roles of y; and y, we also obtain
I8 (ya) < T (y1) + 5 ly1 — ol
Combining the two inequalities we arrive at
|PS’K(3/1) - FS’K(y2)| < Sly1 —vall, Vyi,y2 € R",

so 'K is globally Lipschitz continuous. The mapping I'"¥ is convex on R™ by
the same reasoning as the proof of [1, Theorem 4.3.8], concluding the proof. [

We also give the definition of the Stampacchia gap function.

Definition 19 (Stampacchia gap function). The Stampacchia gap function as-
sociated with (GVI(S, K)) is the function @K :R" — R defined as

05K 2 min maxs' (y—v).
(y) s€S(y) vef(( (y )

B Technical Results

Below we collect some technical results that are useful for the developments of
our study.

The proof of the following Lemma follows standard reasonings and is there-
fore omitted.
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Lemma 20. Consider u,v € R"™, the following inequality holds:
lu+vl|* < 2||ul|* + 2]|o]%.

The result in the following Lemma readily follows by applying Lemma 20
twice.

Lemma 21. Consider the sequences {v;}, {n;} and {¢;} in Algorithm 1. The
following inequality holds for any j

e —2 —2 —2
a2 <292 (F* 420 @ 4+ 20F G T7). (18)
Proof. Considering hZi’Cj = fy; + M9y, + NGty with f, € F(y;), gy, €

G(yj), ty, € T(y;) according to Algorithm 1, the proof follows from the following
chain of inequalities:

.’C.
iy S 12 = vy, + 259y, + imiCity, II?
< 2|y fy 112 4 20105 9wy + vimiCity; 17
<21y fy, 112 4 2 (27594, 112 4 20lvm5 Gty 1?)
<

—2 —2 =2
2 (F+23 @+ 2 G T),

where the first inequality is due to Lemma 20 with v = v, f,, and v = v;n,9,, +
vnjCjty,, the second one is due to Lemma 20 with u = ~;n;g,, and v =
vj1;¢sty;» and the third one is due to {n;} and {¢;} being nonincreasing. [

By means of Lemma 22, we obtain a key bound related to a generalized
telescoping sum.

Lemma 22. Let {¢;} C Ry be a bounded sequence, and let {a;} € Ry, be
nonincreasing. For any k € N, the following inequality holds, where ¢ = sup; ¢;,

k
Cij — Cj C
§:J7J+1§7_
(674 «
j=1 J k

Proof. The proof follows from the following chain of inequalities

k k—1
GG G Gk (oL
(7] N « « + C]+1 (7] Q4
j=1 J 1 k j=1 J+1 J
_ k—1 _ —
c B 1 1 c (1 1 c
< ——f—cg -—=—4c|———)=—.
(651 - Qg1 Qi (&3] (677 (03] Qe

The proof of the next Lemma can be traced back to [7, Point 1 in Section
2.4.2].
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Lemma 23. Let {a;} and {b;} be sequences of positive real numbers such that:
limg_ oo ar = @, Z;il by = co. Then, limy_, Zle bjaj/2§:1 bj =a.

Relying on the integral test for convergence of harmonic sequences (see e.g.
[7, Chapter 9]), we provide the following bounds for harmonic series, which we
rely on to recover convergence rate guarantees for Algorithm 1 in Section 4.

Lemma 24. Let p be a positive scalar. For any k > 2, the following relations
hold:

(a) ifp € (0,1), then 52 2k1—p <38 | L < [Lplor

(b) Ifpe (0,1], then Y5_, & < 1+ k'"Plogk.
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