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ABsTRACT. Decision-dependent robust optimization (DDRO) problems are
usually tackled by reformulating them using a strong-duality theorem for the
uncertainty set model. If the uncertainty set is, however, described by a
mixed-integer linear model, dualization techniques cannot be applied and the
literature on solution methods is very scarce. In this paper, we exploit the
equivalence of DDRO and optimistic bilevel optimization to derive the first
tailored branch-and-cut method for mixed-integer linear DDRO problems. To
this end, we consider both general-purpose intersection cuts for the case of
decision-dependent uncertainty sets given by general mixed-integer linear models
as well as more tailored interdiction cuts for the case of downward monotone
uncertainty set models. Using the special structure of robust optimization
problems, we also derive a novel version of intersection cuts that are only stated
in the space of the upper-level variables of the respective bilevel reformulation.
‘We present an extensive numerical study that demonstrates the applicability
of our method.

1. INTRODUCTION

Bilevel and robust optimization have many structural similarities since both
include a nested optimization problem. In bilevel optimization, this nested problem
corresponds to the follower’s problem whereas in robust optimization, the nested
problem is used to determine the worst-case realization of the uncertainty within a
prescribed set. While the commonalities between these two fields of optimization
have been mentioned already in Stein (2013) and Leyffer et al. (2020), the first
systematic study of the relations between bilevel and robust optimization has been
published only recently by Goerigk et al. (2025). In particular, the latter paper
includes a result showing that optimistic bilevel optimization and decision-dependent
robust optimization (DDRO) are actually equivalent.

Originally, decision-dependent uncertainties stem from the field of stochastic
optimization problems, where they are often called endogenous uncertainties; see,
e.g., Jonsbraten et al. (1998), Zhan et al. (2016), Apap and Grossmann (2017),
Hellemo et al. (2018), and Motamed Nasab and Li (2021). A bit later, decision-
dependent uncertainties have been studied in the field of robust optimization as
well. For instance, Nohadani and Sharma (2018) consider shortest-path problems
with decision-dependent uncertainties for the arc lengths. The latter paper also
includes a hardness result showing that even linear DDRO problems with polyhedral
uncertainty sets and affine decision-dependence are NP-complete in general. Poss
(2013) and Poss (2014) examines combinatorial optimization problems such as the
knapsack problem under budgeted and knapsack uncertainties. DDRO has also been
used in applications; see Spacey et al. (2012) for software partitioning problems,
Lappas and Gounaris (2016) and Vujanic et al. (2016) for scheduling applications,
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Aigner et al. (2022) and Zhang et al. (2025) for DDRO problems in the field of energy
networks and renewable energy carriers in energy systems, or Zhu et al. (2022) for
health care applications. Last but not least, rather recently, DDRO aspects can also
be found in other fields of robust optimization such as two-stage and multistage
robust optimization (Zhang and Feng 2020; Avraamidou and Pistikopoulos 2020;
Zeng and Wang 2022) or distributionally robust optimization (Luo and Mehrotra
2020; Feng et al. 2021; Basciftci et al. 2021; Yu and Shen 2022; Doan 2022; Ryu
and Jiang 2025).

The equivalence of DDRO and optimistic bilevel optimization shown by Goerigk
et al. (2025) paved the way for the follow-up paper by Lefebvre et al. (2025), in which
the authors present the first extensive numerical study demonstrating the potential
of solving DDRO problems as bilevel optimization problems. The bottom line is that
classic techniques from robust optimization outperform the bilevel reformulation of
the problem if the worst-case uncertainty realization can be obtained by dualization
techniques. However, dualization cannot be applied if the uncertainty set of the
decision-dependent robust problem is given by a mixed-integer linear programming
(MILP) model. Contrarily, the bilevel reformulation yields a mixed-integer bilevel
problem and remains valid, as it does not rely on dualization techniques.

For DDRO problems with a mixed-integer linear uncertainty set, the literature on
solution methods is rather scarce. To the best of our knowledge, the only publicly
available and maintained solver that can be used is the Yasol solver that is originally
designed for solving quantified mixed-integer problems (Ederer et al. 2017; Hartisch
and Lorenz 2022). As a special case, Yasol can also handle DDRO problems with
mixed-integer linear uncertainty sets; see also Lefebvre et al. (2025), where this has
been done. More recently, new approaches have also been introduced by Lozano
and Borrero (2025). In particular, the authors present a column-and-constraint
generation algorithm and a method based on decision diagrams.

On the other hand, the literature on solution techniques for mixed-integer linear
bilevel problems has grown a lot over the last one to two decades. For an overview,
we refer to the survey by Kleinert et al. (2021) or the paper by Thiirauf et al. (2024)
about the instance collection BOBILib (https://bobilib.org), which also contains
the largest up-to-date computational study in this field. Consequently, and as a
result of the observations made by Lefebvre et al. (2025), it is promising to tailor the
most successful techniques from mixed-integer linear bilevel optimization to DDRO
problems with mixed-integer linear uncertainty set models. In this paper, we exactly
pursue this approach. We reformulate the DDRO problem as a bilevel MILP and
design a branch-and-cut method to solve them. While branch-and-bound for bilevel
MILPs goes back to Moore and Bard (1990), the first branch-and-cut method has
been published by DeNegre and Ralphs (2009). Afterward, many research has been
carried out in the field of cutting planes for bilevel MILPs; see, e.g., Tahernejad
et al. (2020), Tahernejad and Ralphs (2025), Fischetti et al. (2017), Fischetti et al.
(2018), and Fischetti et al. (2019). In particular, the latter three papers consider the
application of intersection cuts (Balas 1971; Corntuejols 2008; Conforti et al. 2014) to
bilevel optimization problems. For general mixed-integer linear lower-level problems,
these cuts can safely be considered the state-of-the-art in branch-and-cut for bilevel
MILPs. On the contrary, if the lower-level problem has a more specific structure,
this is exploited to obtain better performing methods. One of the most prominent
of these structures is the downward monotonicity property having interdiction-like
constraints in the lower-level problem; see Fischetti et al. (2019). The resulting
interdiction cuts can only be used for these specific settings but are also much more
effective than the general-purpose intersection cuts.
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Our contribution is the following. We design the first general branch-and-cut
method for mixed-integer linear DDRO problems. If the uncertainty set is given by
a general MILP model, we use intersection cuts to tackle this situation. In case of
downward monotone uncertainty sets, e.g., if the constraints are interdiction-like,
we exploit more specific and stronger interdiction cuts. Note that general bilevel
problems are formulated in both the upper- and lower-level variables and that
the upper-level problem, in general, explicitly depends on the lower-level variables.
Consequently, general-purpose cuts such as intersection cuts are defined in the entire
variable space as well. The situation is different if the DDRO problem is reformulated
as a bilevel problem. In this case, the upper-level problem does not depend on the
specific uncertainty (or lower-level variables), but only on the respective objective
function value of the lower-level problem. While this specific property also occurs
in bilevel interdiction problems, leading to interdiction cuts that are originally
formulated only in the upper-level variable space, this specific setup also enables us
to develop intersection cuts that are defined only in the upper-level variable space
as well.

The remainder of this paper is structured as follows. In Section 2 we briefly
present the problem statement, the basic notation, the most central and standing
assumptions, and a formal proof for X5-completeness of the considered problem
class. Afterward, the branch-and-cut framework is discussed in Section 3, where we
also derive interdiction cuts (Section 3.1) as well as intersection cuts (Section 3.2)
for DDRO. Our computational study is given in Section 4, before we then close the
paper with a summary and some pointers to future research questions in Section 5.

2. PROBLEM STATEMENT

In this paper, we consider DDRO problems of the form

m:gn c'z (1la)

st. zeX, (1b)

a'z+b (uoxy) < B, foralluecU(ry). (1c)

The index set I C {1,...,n} with |I| = p describes the set of variables that
parameterizes the uncertainty set. The index set J C {1,...,n} with |J| = ¢ denotes

the set of variables that is affected by the uncertainty. We define the element-wise
(or Hadamard) product of two vectors u,z; € R? by (uox); = zu;, ¢ € {1,...,q}.
The set X contains any integrality constraints, bounds on the variables x, and any
other constraints that are not affected by the uncertainty. The continuous relaxation
of the set X is denoted by X. Note that it is without loss of generality to only
consider a single uncertain constraint. All of the following developments can be
generalized to multiple uncertain constraints.
Moreover, we consider general polyhedral uncertainty sets of the form

U(zr):=={ueU: Cxr+ Du<a} CRY, (2)
where U C R?, is non-empty, contains integrality constraints and finite bounds on

the uncertainty parameters u. To ensure the existence of solutions for the upcoming
models, we need the following assumption.

Assumption 1. The uncertainty set U(xy) is non-empty and compact for
all xy € X.

As typically done in robust optimization, we can re-write Constraint (1c) as

T T
b <. 3
o (100w} <5 @
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Before we start to derive a solution method for the problem class at hand, we
now formally prove that DDRO problems of the form in (1) are ¥-complete in
general. We note that X5-hardness is mentioned in the recent work by Lozano and
Borrero (2025), but no explicit reduction is provided. We now explicitly present
such a reduction in the following.

Proposition 1. The decision version of Problem (1) with rational input data as
well as X and U(z;) given by mized-integer linear formulations is 35 -complete in
general.

Proof. Membership in ¥4 follows from the results of Woeginger (2021) because the
decision version of Problem (1) admits a formulation with two quantifiers.

The Y5-hardness result easily follows because the Xb-hard problem DNeg in
Caprara et al. (2014) can be written in the format of Problem (1). DNeg is a variant
of a bilevel knapsack interdiction problem and is given by (already written in a
notation towards Problem (1))

. bT
cefotyr

st. dlz< e,
y € S(x),

where d € R", e € R, and S(z) is the set of globally optimal solutions to the
zr-parameterized lower-level problem

max b
ye{0,1}" 4

st. b'y<B,
y; <1l—ux;, forallie{l,...,n}.
Using the notation X := {(z,7) € {0,1}" x R: d" 2 < e} and with ¢ being the zero
vector except from the last entry, which is 1, this problem is equivalent to

min ¢’ (z,7)
.

st (x,n) € X,
n>bly, forallyeU(z)
with
U(z) = {yE{O,l}n:bTygB, yi <1—a,ie{l,...,n}}.

It is easy to see that this can be cast as Problem (1), which proves the claim. O

3. A BRANCH-AND-CUT APPROACH

We now present a branch-and-cut (B&C) algorithm for solving DDRO problems
of the form in (1). To this end, we use the epigraph reformulation of the inner
maximization problem to obtain the problem

T

min c¢'z (4a)
I’n

st. zeX, neR, (4b)

a'w+n<p, (4c)

max {b'(uoz <n, 4d

Jmax (T (wows)} <n (4d)

which is equivalent to Problem (1).
For the B&C algorithm, we initially relax the robust constraint (4d) as well as
the integrality constraints included in the set X. The uncertain constraints are then



BRANCH-AND-CUT FOR MIXED-INTEGER LINEAR DDRO 5

dynamically added to the model as cuts. Thus, in every node ¢ of the B&C tree, we
solve the problem

min ¢z (5a)

z,n

st. ze X' neR, (z,n) €, (5b)
aT.T + 77 S ﬂv (50)

where X! = X N M?* and M" contains the branching decisions and integrality cuts
that have been added previously. Moreover, Q! contains the cuts that have been
added so far.

When an integer-feasible solution (z!,n!) is found at node t, i.e., 2 € X, we
check of the uncertain constraints (4c) and (4d) are satisfied. To this end, we solve
the subproblem

it = d(ah) = b (uozh)}, 6
U () ug%}){ (uoxh)} (6)

arising from the inner maximization problem. If the node solution is not feasible for
the uncertain constraints, i.e., if a "2t + 7 > 3, we generate a cut that is valid for
the uncertain constraints and add it to Qf. Overall, every node t is tackled by the
method given in Algorithm 1.

Algorithm 1 Node processing

Input: The problem at node ¢ of the B&C tree, the current incumbent Z*, and the
sets M* and Q.
Solve Problem (5).
if Problem (5) is infeasible then
Fathom the current node and return to the main B&C loop.
Let (x%,n') denote the solution of Problem (5).
if ¢cTat > Z* then
Fathom the current node and return to the main B&C loop.
if 2! ¢ X then
Either generate an integrality cut, augment M?, and go to Step 1 or branch
and return to the main B&C loop.
9: Solve the Subproblem (6) for ! to obtain 7’ = ®(z?).
10: if (4c) is satisfied for (z!,7') then

11: Set the new incumbent Z* < ¢'at and fathom the current node.
12: else
13: Either generate a cut for (zt,7!), augment Qf, and go to Step 1 or branch

on the integer-feasible point (x?,n') and return to the main B&C loop.

In the following sections, we present two different types of cuts that can be used
in Step 13 of the node processing algorithm.

3.1. Interdiction Cuts. In this section, we derive an interdiction cut to solve
decision-dependent robust optimization problems, in which the uncertainty set is
described by downward monotone constraints. For the remainder of this section, we
make the following assumption.

Assumption 2. The index sets I and J are disjoint and it holds |I| = |J| = p.

Therefore, we can write x = (zy,z;) with I ={1,...,p}and J={p+1,...,n}.
While this is w.l.o.g., it significantly enhances the readability of the required notation.
It also implies that all variables x; can be interdicted. Furthermore, we require the
downward monotonicity property of an x-parameterized problem.
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Definition 1 (Fischetti et al. 2019). Let x € X be given and fized. Moreover,
let & € U(xy) be a feasible point for (6). If u' € U is a feasible point for all
0 < <, we say that the problem satisfies the downward monotonicity property.

For the remainder of this section, we consider the DDRO problem in its epigraph
formulation (4), where z; € {0,1}?, z; € RZ, and b > 0. The uncertainty set is
defined as B

Uy ={ueU:Du<a,u; <1—a;i€l}, (7)
which is a special case of the uncertainty set in (2). Here, D € RZ{™ represents
the interdiction weights and a € R% is the interdiction budget. ‘Note that the
interdiction constraints can be generalized to u; < w; (1 — ;) for some w; € R>o.

With this definition, the uncertainty set satisfies the downward monotonicity
property from Definition 1 because D has only non-negative entries. The following
penalization technique is known from the bilevel literature and is used, e.g., by
Wood (2011) and Fischetti et al. (2019). The uncertain constraint (4d) can be
reformulated by removing the interdiction constraints from the uncertainty set (7)
and penalizing them to obtain

magi{bT(uoatJ) —ZMil'iui} <, (8)

uel icl
where U = {fueU: Du<a,0<u; <1,i€ I} holds. This is again equivalent to
b (woxy) — ZMﬂzm <n, foralluel. 9)
il
For sufficiently large values of M;, the penalty term guarantees that any optimal

solution of the subproblem fulfills z;u; = 0 for all i € I, i.e., the interdiction
constraint u; < 1 — x; for binary x; and u; is satisfied. Hence, it holds

O(xy) = uéI[l]éﬁ(I) b (woxy) = rqflea[g]( {bT(u oxy) — ZEZIMZLUZ} . (10)

Thus, Problem (4) can be reformulated as
T

r;li;l c'x (11a)

sit. r e X, neR, (11b)

a'z4n<p, (11c)

O(xr) <. (11d)

The following theorems are based on the results of Fischetti et al. (2019).
Theorem 1. Let u € U be given arbitrarily. Then, the interdiction cut
p
n>b (uoxy)— Z b (z1 0 x5) U (12)

k=1
is valid for Problem (11).

Proof. Take any feasible point (z,7) for Problem (11) and @ € U. Let v} = a;(1—1;)
for all ¢ € I. Since 4; > 0 and z; € {0,1}, it holds 0 < u} < @;. Moreover, because
the inner maximization problem (10) is downward monotone due to D € RZ™,

it holds Du’ < D@ < a. The interdiction constraints u} < 1 — z; hold due to the
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definition of w'. Thus, v’ is feasible for (10) for the given x. Therefore,
n = ®(xr)

= max b (uowxy)
uelU(xr)

>b"(u oxy)

p p
= Zbk(ﬁoxJ)k — Zbk(xl oxj)kﬁk
k=1 k=1

p
=b"(ioxy)— Z bi(xr o z7) Kl
k=1

holds as claimed. |

Theorem 2. The decision-dependent robust optimization problem (4) with uncer-
tainty set (7) can be equivalently reformulated by replacing Constraint (4d) with the
family of interdiction cuts (12), leading to the problem

min ¢’z (13a)
aj7’r]
s.t. veX, neR, (13b)
a'z+n<B, (13¢c)
p
77ZbT(uoxJ)—Zbk(xloxJ)kuk, for allueU. (13d)
k=1

Proof. We have to show that, for any feasible point (z,7) to Problem (13), the
Constraints (13d) hold if and only if Constraint (11d) holds. Let (x,7n) be feasible
for Problem (13). Then, Constraint (13d) is equivalent to

nzmax{bT(uoxJ)Zbk(xloxJ)kuk} (14a)

uelU =1

= max){bT(uoxJ)—Zbk(xI O.TJ)kUk} (14b)
k=1

uweU(xy

= max b (woxy), 14c
Jmax (woxy) (14c)

where the equality in (14b) holds due to Theorem 1 as well as U(z;) C U and
the equality in (14c) follows from the interdiction constraints u; < 1 — z; in the
uncertainty set U(x), which ensure that u;z; = 0 holds for all ¢ € I. O

From the last two results, we obtain that (box ;); is an appropriate value for M;,
i € I. To linearize the interdiction cuts, we can use the McCormick inequalities
(McCormick 1976) or use any overestimator of (bo x);, since any larger penalty
parameter is also valid.

Definition 2. Let € X be given. A solution u* € U to Problem (10) is called
mazximal, if there exists no extreme point 4 € U with 4 # u* and u* < 4.

In the next theorem, we show that it is sufficient to consider only the maximal
solution u* € U for the inner maximization problem (10) instead of all feasible
points @ € U for Problem (13) to be an equivalent reformulation of Problem (4).

Theorem 3. Let i € U be non-mazimal for Problem (10) and let u* € U\ {a} be
such that u* > 4. Then, the interdiction cut (12) for 4 is dominated by the one
for u*.
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Proof. Let z; € {0,1} for all ¢ € I. Since u* > @ holds, it follows u}(1 — z;) >
@;(1 — ;) for all 4 € I. Thus, it holds
P P
bT(ﬁ oxy)— Zbk(l'] ox )l < bT(u* oxy)— Z b(zroxy)puy <n. O
k=1 k=1

Note that, computationally, it is not clear whether generating cuts for non-
maximal solutions may be beneficial. It could be that generating weaker cuts is
easier and leads to smaller computation times.

The cuts in (13d) can thus be replaced by the respective cuts for the maximal
solution u* € U of the subproblem (10). Consequently, the problem solved at node ¢
is given by

min ¢’z (15a)
w”r]
st. €X' neR, (15b)
a'z+n<p, (15¢)
P
n=b (wowy) =Y bp(xroxy)pu, foralluell, (15d)
k=1

in which U? contains all subproblem solutions u! used for imposing interdiction
cuts of the form (12). Thus, in the root node, we start with the sets X° = X and
U® = (. Then, for every node t in the B&C-tree, we execute Algorithm 1 with cuts
in the form of (12) in Line 13.

3.2. Intersection Cuts. To tackle DDRO problems with more general uncertainty
sets, we derive intersection cuts for the uncertain problem (1) with uncertainty sets
of the form (2). Intersection cuts are well-known in the context of mixed-integer
bilevel optimization. Due to the equivalence of DDRO and bilevel optimization
shown by Goerigk et al. (2025), they can be used to solve DDRO problems as well.

Before deriving intersection cuts tailored to the DDRO setting, let us briefly
recall the bilevel branch-and-cut method presented by Fischetti et al. (2018) and
how to apply it for DDRO problems. To that end, let us consider the Problem (4)
with a single reformulated uncertain constraint in its epigraph reformulation. The
inner maximization problem reads

®(xy) :uér[ljz?;cj)bT(uoxJ), (16)

where the non-empty- and compact-valued uncertainty set is given by
U(zg) :=={ueU: Cxr+Du<a}. (17)

Following Goerigk et al. (2025), the corresponding DDRO problem can be solved as
a bilevel problem and, in particular, via the bilevel branch-and-cut method designed
by Fischetti et al. (2017). The bilevel reformulation reads

min ¢ 'z
x,n,u
st. zeX, neR,
a'z+n<B, (18)

n>b"(uowy),
u € R(z),
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where R(z) is the set of optimal solutions to the lower-level problem
max b (uowxy)
uelU (19)
s.t. Cxzr+ Du <.

The bilevel branch-and-cut method uses the continuous relaxation of the single-
level relaxation of the above bilevel problem as root-node problem, leading to node
problems in the (z, 7, u)-space. Consequently, intersection cuts within this method
are defined in the entire variable space as well. For more details on the cut generation
in the classic bilevel branch-and-cut method, we refer to Fischetti et al. (2017) and
Fischetti et al. (2018). In the DDRO setting, however, the u-variables do not appear
in the definition of Problem (1). We therefore derive intersection cuts directly in
the (x,n)-space. This allows us to solve the node problems in this projected space
at every branch-and-bound node.

Coming back to the general DDRO problem (4), dropping the uncertain con-
straint (4d), and the integrality constraints leads to the root-node problem of our
proposed DDRO branch-and-cut method. The intersection cuts are generated for
vertices (z*,n*) of the node problem. Typically, two sets are used for the generation
of intersection cuts:

(i) A polyhedral cone pointed at the vertex (x*,n*) containing all robust-feasible
points of the node problem. One can use the so-called corner polyhedron
here, which is defined by a basic solution of the model’s LP relaxation.

(ii) A convex set S whose interior contains the vertex (z*,n*) but no robust-
feasible point for the original problem. This set is called robust-free set in
our context.

The intersection cut is then generated by finding the hyperplane that is given by
the intersection points of these two sets. Since the polyhedral cone is given by
the basic solution of the node problem and thus exploits locally-valid information,
the intersection cuts are locally valid. This is in contrast to the globally valid
interdiction cuts derived in Section 3.1.

In the following, we derive a robust-free set for DDRO problems.

Theorem 4. For any @ € U, the set
S(a) == {(m,n):n<bT(ﬁoxJ), Czr+ Di < o} (20)
does not contain any robust feasible point for Problem (4).

Proof. For any robust feasible point (x,7n) with Cxz; + D4 < «, we have

n>®(x;)= max b (uoxy)>b' (owxy). (21)
weU(zr)
Hence, a point (z,n) € S(@) cannot be robust feasible. O

To ensure that any robust infeasible solution to the node problem (z*,1n*) to be
cut belongs to the interior of the robust-free polyhedron, we need to consider an
extended version of the above set, whose validity requires the following assumption.
Assumption 3. Cx; + Du — « is integer for all x € X' and u € U(xy).

The very common assumption that all variables x and u appearing in the inner
maximization problem as well as the data (C, D, «) of the problem are integer,
ensures that the above assumption holds true. Then, we obtain the following
extended robust-free set.

Theorem 5. Suppose that Assumption 3 holds. For any . € U, the set
ST (1) := {(x,n):nng(ﬁoxJ), Cxi+Di<a+1} (22)

does not contain any robust feasible point to Problem (4) in its interior.
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Proof. To be in the interior of S (@), a robust feasible point (x,7) needs to satisfy
n<b'(towxy) and Cx; 4+ Di < a + 1. By Assumption 3, the latter condition can

be replaced by Cz; + D4 < «, hence the claim follows from Theorem 4. O
Consequently, the problem solved in node t reads
min ¢ (23a)
z,m
st. ze X' (z,m) €, (23b)
a'a+n<p, (23¢)

where X! = X N M' and M! contains the branching decisions and integrality
cuts on z that have been added previously. Moreover, Q! C R*t! contains the
intersection cuts w.r.t. the extended robust free set ST () that are valid for the
uncertain constraints.

4. COMPUTATIONAL STUDY

In this computational study, we analyze the performance of the proposed branch-
and-cut method for solving mixed-integer DDRO problems. We start with the robust
knapsack problem with a general knapsack uncertainty set in Section 4.3.1 and then
consider interdiction-like uncertainty sets in Section 4.3.2. In both cases, we use
the branch-and-cut method for DDRO problems presented in the previous section
with intersection cuts from Section 3.2, interdiction cuts from Section 3.1 when
applicable, as well as the pure branch-and-bound method. We benchmark those
against methods that solve the bilevel reformulation of the DDRO problem, namely
our implementation of the bilevel branch-and-cut method developed by Fischetti
et al. (2017) and its pure branch-and-bound counterpart. Additionally, we compare
to the MibS solver (Tahernejad and Ralphs 2020) for mixed-integer linear bilevel
problems (MIBLPs), as well as to the QIP solver Yasol (Ederer et al. 2017). For
more details on the MIBLP and QIP reformulations, see Lefebvre et al. (2025), while
for QIPs in general, we refer to Goerigk and Hartisch (2021) and the references
therein.

Since, to the best of our knowledge, there are no benchmark instances for DDRO
that go beyond budgeted or knapsack uncertainty sets, we also compare the DDRO
and bilevel versions of the branch-and-cut method on a set of instances taken from
the BOBILib (Thiirauf et al. 2024); see Section 4.4. We use the bilevel problems
from the library and reformulate them as DDRO problems according to Goerigk
et al. (2025). We refer to Section 4.2 for details on the instance generation.

Our open-source implementation and all instances used in this computational
study are publicly available at https://github.com/simstevens/bnc-for-ddro.

4.1. Software and Hardware Setup. All numerical experiments were conducted
on a single-core Intel Xeon Gold 6126 at 2.6 GHz with 64 GB RAM and a time limit
of 2h. We implemented the branch-and-cut and branch-and-bound approaches in
Python 3.12.2 and used CPLEX 22.1.1 as the underlying MIP solver. To access CPLEX
callbacks, we relied on the C++ API and transferred the required functionality to
Python.

Internal CPLEX heuristics and preprocessing are deactivated in all experiments
because we need to retrieve the LP basis at the nodes to derive intersection cuts.
CPLEX’s internal cuts remain active in their default setting. We separate the
respective cuts only for integer-feasible node solutions, since preliminary experiments
showed that separating them at fractional node solutions does not improve the overall
performance, i.e., we use “user cuts’ in CPLEX’s terminology. When applicable,
interdiction cuts are separated for all solutions u’ of the subproblem. The number of
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cuts separated at each node is capped at 20 to limit time-consuming cut generation.
A well-known issue of intersection cuts is that they can become very shallow when
applied iteratively to the same LP; see Fischetti et al. (2017). To avoid such shallow
cuts of the form o'z < 7, a cut is discarded if its relative violation in the node
solution ! is too small, i.e., if

a’zt =4 <1075(]y| + 1)

holds. Note that the right-hand side is positive since ! violates the cut. Moreover, we
discard cuts for which the ratio between the largest and smallest nonzero coefficient
exceeds 108 to reduce numerical issues.

For comparison, we use the MIBLP solver MibS 1.2.2 (Tahernejad and Ralphs
2020) to solve the MIBLP reformulation of the DDRO problems and the QIP solver
Yasol 4.0.1.5 (Ederer et al. 2017) to solve the QIP reformulation. Both solvers are
used with their default settings and CPLEX 22.1.1 as the underlying MIP solver.

4.2. Instance Generation. In this section, we describe how the instances for the
computational study are generated. Section 4.2.1 covers the decision-dependent
knapsack instances and Section 4.2.2 explains how we use the BOBILib instances in
the DDRO context.

4.2.1. Knapsack Instances. In the following, we analyze two classes of decision-
dependent robust knapsack instances. To this end, consider a set of n, items, each
with value ¢; and nominal weight a;. The actual weight of item i is given by a; +u;a;,
where @; is the maximum weight deviation and u; € {0,1} indicates whether the
weight of item ¢ is at its nominal value or higher. The decision maker selects a
subset of items y € {0,1}"™ to maximize the total value while ensuring that the
total weight does not exceed the knapsack capacity d for all realizations of the
uncertainty v within the uncertainty set. The first class of knapsack instances is
thus given by

-
24
B @t
s.t. Z a;y; + Z uia;y; < d for all u € Uk(y), (24b)
1€[ny] i€[ny]

where the uncertainty set consists of m, many knapsack constraints and is given as
Ut(y) = {u e {0, 1} fu < bj+wfy, jelm]}. (25)

The decision maker therefore influences the uncertainty budget b;(y) = b; + ijy
through the number of selected items. This type of uncertainty set was introduced
by Poss (2013), who highlights that, for given binary variables y, dense vectors
are inherently more affected by the uncertainty than sparse ones w.r.t. classic
(decision-independent) uncertainty sets.

The second class of decision-dependent robust knapsack instances contains
interdiction-like instances with hedging variables z that incur costs h. Select-
ing x; hedges against the uncertainty on item ¢ by restricting it in the uncertainty
set. This yields the problem

T T
—_h 26
ol T (260)
s.t. Z a;y; + Z wibiy; < d for all u € U'(z), (26D)
i€[ny] i€[ny]

with
U'(z) == {ue{0,1}": fJTu <bj, jE[my], wi <1—a, i€ny)}. (27)

Both instance classes coincide with those in Lefebvre et al. (2025) if m,, = 1.
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The data for the knapsack instances are generated using the gen2 generator by
Martello et al. (1999). It creates knapsack instances with n, items and parameters
within the range from 1 to 1000. The capacity of the knapsack is set to 0.35 Wgum,
where Wy, is the sum of the nominal weights. For a discussion of this capacity
choice, we refer to Lefebvre et al. (2025). The nominal weights a are strongly
correlated to the values ¢ and the maximum weight deviation a is set to 10 % of
the nominal weight. The hedging costs h; are taken uniformly at random from
[ci/10,¢;/5]. The number of items in the knapsack ranges from n, = 20 to n, = 100
in increments of 20, and the number of constraints in the uncertainty set m,, is
taken from {1, 10,100, 1000}. For each combination of n, and m,, we generate 5
random instances, resulting in a total of 100 instances for each instance class. The
data for the uncertainty set is also generated by the gen2 generator with the same
parameters. The constant part of the uncertainty budget b equals the knapsack
capacity, the coefficients f are the knapsack weights, and w is drawn uniformly from
[0,b/n,] to ensure that b(y) > 0 holds for all y.

4.2.2. BOBILib Instances. To obtain instances that go beyond a budgeted or knap-
sack uncertainty set, we use the BOBILib containing bilevel optimization instances
to generate DDRO instances. Given a bilevel problem of the form

. T T
Join ey +ecyy (28a)
st. Az + By >a, (28b)

y € argmin{f ' : Cx + Dy > b}, (28¢)
yeYy

where X and Y contain integrality constraints on the upper- and lower-level variables,
respectively, we can equivalently reformulate it as the decision-dependent robust
optimization problem

IEr)I(l};ley el + c;/ry (29a)
st. Az + By > aq, (29Db)
Cx+ Dy > b, (29¢)
fly<fTu forallueU(z), (29d)
where the uncertainty set is given by
U(z) :={u€Y: Cx+ Du>b}. (30)

From the BOBILib library, we therefore select all instances from the pure-integer
class that have a known optimal solution, resulting in 229 instances. We solve the
resulting DDRO problems (29) with the intersection-cut approach from Section 3.2
and with a pure branch-and-bound strategy. For comparison, we solve the bilevel
reformulation of the DDRO problem (29) with our own implementation of the bilevel
branch-and-cut method by Fischetti et al. (2017) using intersection cuts and pure
branch-and-bound. Note that the bilevel reformulation of the DDRO problem is
not exactly given by the original bilevel problem (28), but by
. T T
a:E)r(I,lyHéY,u Ca T Cy Y
s.t. Az + By > a,

Cxz+ Dy > b, (31)
Ty < flu,

u € argmin{fTa: Cr+ Du > b},
aey

where z and y are now upper-level variables and « is a lower-level variable.
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TABLE 1. Number of solved instances (out of 25 each) within the
time limit of 2 hours for the decision-dependent robust knapsack
problem with general knapsack uncertainty set depending on the
number of constraints in the uncertainty set m,,.

m, 1 10 100 1000

MibS 6 12 16 11

Yasol 5 10 13 13

Intersection (DDRO) 6 14 20 18
Intersection (Bilevel) 4 8 6 8
B&B (DDRO) 8 16 20 18

4.3. Knapsack Instances. In this section, we analyze the computational perfor-
mance of the proposed branch-and-cut method for DDRO problems on knapsack
problems with decision-dependent uncertainty as described in Section 4.2.1. We
first focus on instances with the general knapsack uncertainty set in Section 4.3.1
and then on instances with the interdiction-like uncertainty set in Section 4.3.2. For
both problem classes, we compare the DDRO and bilevel versions of the branch-
and-cut algorithm against the MIBLP solver MibS and the QIP solver Yasol. For
the interdiction-like uncertainty set, we also include a version of the DDRO branch-
and-cut method that uses interdiction cuts.

4.3.1. General Knapsack Uncertainty. We consider knapsack problems with general
knapsack uncertainty set given by Problem (24). Figure 1 shows the empirical
cumulative distribution functions (ECDFs) of computation time (top plot) and
the number of explored branch-and-bound nodes (bottom plot) for a time limit of
2 hours. The DDRO branch-and-cut and branch-and-bound methods solve more
instances within the time limit than the bilevel versions as well as MibS and Yasol.
The pure bilevel branch-and-bound approach does not solve a single instance within
the time limit, while the pure DDRO branch-and-bound approach solves the most
instances overall. The DDRO intersection-cut approach solves more than twice as
many instances as the bilevel version. MibS and Yasol solve a similar number of
instances, but fewer than the novel DDRO methods. The bottom plot indicates
that faster computation times generally coincide with smaller search trees.

Notably, all approaches are able to solve more instances as the number of
constraints in the uncertainty set increases, i.e., for larger values of m,; see Table 1.
Although the overall model size increases with a larger m,, the uncertainty set
becomes more restrictive, which seems to have a stronger effect on the computational
performance than the increase in model size.

Concluding, the novel DDRO branch-and-cut and branch-and-bound methods
perform better than the bilevel versions and the benchmark solvers. Using inter-
section cuts in the DDRO approach, however, yields no improvements in terms
of computational performance for the considered instances compared to the pure
branch-and-bound method; see also Remark 1 in this context as well.

4.3.2. Interdiction-Like Uncertainty. We now consider decision-dependent robust
knapsack problems with interdiction-like uncertainty sets given by Problem (26).
In contrast to the general uncertainty sets, we can now also use the interdiction
cuts derived in Section 3.1. Figure 2 shows the ECDFs of computation time (top
plot) and number of explored branch-and-bound nodes (bottom plot) for a time
limit of 2 hours. The interdiction cuts clearly outperform the other approaches,
solving 97 out of 100 instances within the time limit; the second-best approach
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explored (bottom) for the general knapsack instances. The numbers
in the legend indicate the number of instances solved within the
time limit of 2 hours.

(DDRO intersection cuts) only solves 52 instances. The interdiction cuts also explore
far fewer nodes, indicating that they are highly effective in reducing the search
space. For the remaining approaches, the DDRO versions are generally faster than
the bilevel ones, though the differences are less pronounced than for the general
knapsack uncertainty set. The DDRO branch-and-cut using intersection cuts solves
10 more instances than the pure DDRO branch-and-bound approach and yield
smaller search trees, suggesting that the cuts are not as shallow as for the general
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FIGURE 2. ECDF of computation time (top) and number of nodes
explored (bottom) for the knapsack interdiction instances. The
numbers in the legend indicate the number of instances solved
within the time limit of 2 hours.

knapsack instances. The benchmark solvers MibS and Yasol again solve a similar
number of instances but are also outperformed by the interdiction cut approach.
Note that MibS is not able to detect the interdiction structure of the considered
instances and thus cannot exploit its specialized interdiction techniques that would
most likely improve the performance. Moreover, the computation times exhibit the
same trend with respect to the number of constraints in the uncertainty set m,, as
in the general knapsack cases; see Table 2.
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TABLE 2. Number of solved instances (out of 25 each) within the
time limit of 2 hours for the decision-dependent robust knapsack
problem with interdiction-like uncertainty set depending on the
number of constraints in the uncertainty set m,,.

10 100 1000

11 16 11
Yasol 10 13 13
Intersection (DDRO) 12 18 17

My, 1
)
)
)
Intersection (Bilevel) 5 12 15 13
)
)
2

Mib$S

B&B (DDRO) 11 13 13
B&B (Bilevel) 11 13 10
Interdiction 22 25 25 25

Overall, the interdiction cuts are highly effective for the knapsack interdiction
instances and clearly outperform all other approaches. For the considered instances,
the difference between the DDRO and bilevel versions of the branch-and-cut and
branch-and-bound methods is less pronounced, but the impact of the intersection cuts
is slightly more significant than for the general knapsack instances in Section 4.3.1.

4.4. BOBILib Instances. As noted earlier, the literature on decision-dependent
robust optimization mainly focuses on budgeted uncertainty sets like those considered
for the knapsack problems in Section 4.3. To evaluate the performance of our
proposed branch-and-cut method for DDRO compared to the classic bilevel branch-
and-cut method by Fischetti et al. (2017), we use instances from the BOBILib, a
library of bilevel optimization problems, and reformulate them as decision-dependent
robust optimization problems following the derivation in Section 4.2.2. Because we
synthetically enlarge the bilevel models for the DDRO reformulation, we refrain
from comparing against the MIBLP and QIP solvers and focus on the difference
between the DDRO and bilevel branch-and-cut variants. During the solution process,
numerical issues occurred for 6 instances, which we exclude from the results. This
leaves us with a test set of 223 instances.

Figure 3 reports the ECDFs of computation time (top plot) and number of
explored nodes (bottom plot). The DDRO versions of the branch-and-cut and
branch-and-bound methods outperform the bilevel versions in both runtime and
search-tree size. The pure bilevel branch-and-bound approach performs worst among
the four variants. Intersection cuts improve the bilevel branch-and-cut more than
they improve the DDRO variant. In fact, pure DDRO branch-and-bound already
solves more instances than bilevel branch-and-cut with intersection cuts. Adding
intersection cuts to the DDRO version yields only a small additional benefit. The
size of the search trees again coincides with the computation times; see the bottom
plot in Figure 3.

Overall, intersection cuts do not add much to the computational performance of
the DDRO version. However, using the DDRO branch-and-cut method instead of
the bilevel version itself is advantageous for the BOBILib instances as well, which
may have more complex uncertainty sets than the knapsack instances.

Remark 1. We have so far only used improving-solution intersection cuts with
robust-free sets of the form (22) for both the DDRO and bilevel branch-and-cut
methods. Other intersection-cut families in the bilevel literature—such as improving-
direction and hypercube intersection cuts (Tahernejad and Ralphs 2020)—could be
adapted to the DDRO branch-and-cut method to improve the performance. This
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of 2 hours.

seems especially promising for interdiction instances from the BOBILib, which already
have the min-max structure of DDRO problems and can therefore be tackled directly
without the reformulation in Section 4.2.2. Preliminary experiments with MibS on
these instances suggest that improving-direction intersection cuts are more effective
than improving-solution cuts. We will analyze these aspects in our future research.
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5. CONCLUSION

In this paper, we exploited the equivalence of DDRO problems with decision-
dependent uncertainty sets represented by mixed-integer linear models and mixed-
integer linear bilevel optimization problems. This enabled us to derive the first
tailored branch-and-cut method for mixed-integer linear DDRO problems using
both general-purpose intersection cuts as well as more tailored interdiction cuts that
can be applied to uncertainty sets satisfying the so-called downward monotonicity
property. Our numerical study clearly demonstrates the applicability of our approach.
Since the first branch-and-cut framework is now available for mixed-integer DDRO
problems, we hope that this paves the way to more algorithmic research in this
direction.

For instance, many different techniques from the entire field of mixed-integer
programming including presolve, other cutting planes, primal heuristics, or symmetry
detection, to just name a few, can now be carried over to mixed-integer linear DDRO.
Moreover, our future research will also contain the computational analysis of other
variants of intersection cuts such as improving-direction or hypercube intersection
cuts.
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