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Abstract

An algorithm is proposed for solving optimization problems with stochastic objective and
deterministic equality and inequality constraints. This algorithm is objective-function-free in
the sense that it only uses the objective’s gradient and never evaluates the function value. It is
based on an adaptive selection of function-decreasing and constraint-improving iterations, the
first ones using an Adagrad-type stepsize. When applied to problems with full-rank Jacobian,
the combined primal-dual optimality measure is shown to decrease at the rate of O(1/vk),
which is identical to the convergence rate of first-order methods in the unconstrained case.

Keywords: General constrained optimization, objective-function-free optimization (OFFO), first-
order methods, AdaGrad, evaluation complexity, stochastic analysis.

1 Introduction

This paper proposes an “objective-function-free” algorithm for finding a first-order critical point
of the problem

m]iRnn F(z) =E[f(z,Q)] such that c(x) =0 and ¢ <z <u, (1.1)
zeln™

where ( is a suitably defined random variable. We assume that f is a smooth function of its first
argument x € IR"™ and ¢ is a smooth function from R" into IR (m < n). The inequality ¢ < z < u
must be understood componentwise and the components of the vectors of lower and upper bounds
on the variables £ and u need not be finite.

The use of “objective-function-free” (OFFO) algorithms, that is algorithms avoiding the eval-
uation of the objective function completely, has been central to many applications where noise is
present, such as problems arising in deep learning where f is the sum of a very large number of
terms and it is only realistic to compute a sample approximation of f(x) and its gradient V, f(x).
The unconstrained case has been extensively studied, starting with the famous stochastic gradient
descent [37] and all its modern variants with or without adaptive stepsize ([39, 19, 33, 44] for ex-
ample). Among them the AdaGrad method [16] has been of particular interest because of its solid
and extensive convergence theory (e.g. [44, 30, 15, 3, 26, 41]). Extensions of stochastic gradient
methods to the constrained case have also been investigated, so far focused mainly on the case of
convex constraints, in particular covering the most common case of bound constraints [4]. Several
approaches have been used, such as projected [2, 1] or conditional gradients [18, 7].
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When constraints are nonconvex, as is necessarily the case if they include nonlinear equalities,
things are more complicated. Common practice in deep-learning is to use a simple penalty ap-
proach, where a suitably large penalization of the constraint violation is added to the objective
function, resulting in an unconstrained problem. This is the approach followed, for instance, in
the growing literature on Physics Informed Neural Networks (PINNs) (see [32, 28, 23] and the
references therein for instance) but also in other contexts [42]. Its drawback is that a large penal-
ization parameter is sometimes required to obtain a reasonably small constraint violation, which
leads to ill-conditioning of the objective function, in turn causing (possibly very) slow convergence
of first-order methods.

A second approach is to consider augmented-Lagrangian-based algorithms. Such methods
rely on an estimates of the dual variables (Lagrange multipliers) to compute, at each iterate, a
step which is approximately tangent to the active constraints. Stochastic adaptations have mostly
been inspired by the deterministic iIALM method of [45], itself a recent instantiation of the classical
Hestenes-Powell augmented Lagrangian technique (see [25, 36, 6, 11] or [12, Section 14.4] and the
references therein), and have been proposed and analyzed for instance in [31, 35, 38, 27]. As
it turns out, the sensitivity of the multipliers to small variations of the gradients is quite high
(we comment on this below). In our view, this makes their practical use in numerical algorithms
possibly problematic.

A third approach extends the classical Sequential Quadratic Optimization! [34], in which, at
each iteration, a local (quadratic) model of the objective function is minimized in the tangent
plane to the active constraints. In our noisy context, the main advantage of this technique is that
the objective function’s gradient’s randomness does not affect this plane. A trust-region algorithm
of this type is proposed in [13], where a positive-definite approximation is built and minimized in
the intersection of the tangent plane and a trust region (and other inequalities). The progress of
the algorithm is monitored using a merit function involving a parameter with a somewhat complex
update mechanism and behaviour. Almost sure convergence to first-order critical points is proved
assuming bounded and Lipschitz continuous gradients, bounded constraints and bounded Lips-
chitz continuous Jacobians which are required to be full-rank, as well as unbiased gradients with
vanishing variance. No complexity estimate is presented. The TR-StoSQP algorithm proposed
in [17] is similar in spirit, in that it uses a decomposition of the step within a single trust-region
and relies on a parameter-dependent merit function for monitoring progress. Again, almost sure
convergence is proved (no complexity) under assumptions very similar to those of [13]. The algo-
rithms proposed in [24, 5] are deterministic and use a trust-funnel approach [21, 14] with linear
models. In this method, “constraint improving” and “function decreasing” iterations alternate
according to an adaptive switching condition. This technique avoids using any merit function and
thus the complexities linked to its parameter. The recent paper [43] follows up on [13] but is
also cast in the framework of trust-funnel techniques. It is restricted to equality constraints (as
[24]) and uses a first-order adaptive stepsize strategy with momentum based on the “isotropic”
version? of the Adam method [29]. Under assumptions again similar to those of [13], the authors
establish a “perturbed global rate” of convergence where the square of the optimality measure is
bounded above by the inverse of the iteration number plus constants which may be made as small
as desired by suitable user choices. Although this falls short of a proper complexity analysis [40],
in particular because the stepsize has to be chosen proportional to the inverse of the (unknown)
gradient’s Lipschitz constant, this type of result is standard for Adam-like methods (e.g. [15]).

The method proposed in this theoretical paper is also based on the trust-funnel approach and
elaborates on the numerically successful proposal of [5]. Its main contributions are the following.

1. Its fully “componentwise” approach (where each component of the vector of variables is
considered with its own stepsize) distinguishes it from [13, 17, 24, 5, 43]. This feature can
be important as it is often considered that componentwise first-order methods outperform
full-space ones.

IFormerly Sequential Quadratic Programming (SQP).
2Meaning that the same (adaptive) stepsize is used for all components of the vector of variables.
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2. The new method allows for both equality and inequality nonlinear constraints, at variance
with [24, 5, 43].

3. It also provides a mechanism to take (possibly approximate and nonconvex) second-order
information into account, which is not the case for [13, 5, 43|, the first of these references
nevertheless allowing strictly convex Hessian approximations.

4. Unlike [13, 17, 24, 43], its complexity is fully analyzed in the stochastic setting, yielding an
optimal rate of convergence where the average optimality measure is bounded above by the
inverse of the square root of the iteration number, under a “root-mean-square” stochastic
assumption.

Section 2 describes the new algorithmic framework and states two of its basic properties. Its
global rate of convergence (and hence its worst-case evaluation complexity) is analyzed in Section 3,
including a discussion of the stochastic assumptions and how to weaken them. Some perspectives
are finally outlined in Section 4.

Notations: The symbol || - || denotes the Euclidean norm on R". Expectations and probabilities
are denoted using the symbols E[-] and P[], respectively. If M is a matrix, omin (M) denotes its
smallest singular value.

2 An algorithm

For a given vector x, we assume that we can compute a random approximation g(x) of the gradient
G(z) = V4 F(x), as well use the (exact) Jacobian of the constraints at x

J(z) = Ve(z) € R™*™.
We will use the following “projected gradient” dual first-order optimality measure
Qr(z) = |Posrle — Ga)] — 2| = [[Pr@) =G ()] (2.1)
where
F(z)=T(x)nX(z) with T(z)={yeR"|J(x)y=0} and X(z) ={y e R" |{ < z+y < u},

F () being the (convex) tangent feasibility set at 2 shifted to the origin and P, is the orthogonal
projection onto this set. The corresponding measure using the approximate gradient g(z) is then
given by

wr(z) = [|Pr@[—g@)]|- (2.2)

Note that Q7 (z) and wr(z) use projections onto the same set F(x), and that Qr(x) is a continuous
function of z. We also choose a primal (first-order) optimality measure wy(x), here wy(z) =
|| J(z)Te(z)]|, but other choices are acceptable. (Since the constraints are deterministic, there is
no need to define Qx(z).) As a consequence, x is a true first-order critical point for problem (1.1)
if and only if

Qr(z) =0 and wy(z) =0, (2.3)

while it is an “approximate” first-order critical point if
wr(x) =0 and wy(z)=0. (2.4)
Our algorithmic framework, dubbed STRADIC for Stochastic Trust-Region AdaGrad with Inequality

Constraints, is presented on the following page.

We now briefly comment on some aspects of the STRADIC framework.
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Algorithm 2.1: STRADIC

Step 0: Initialization. A starting point x( is given, together with constants Ox,0r > 1,
B,m,6,7€(0,1]. Set T'_y; =0fori e {1,...,n} and k = 0.

Step 1: Evaluations. Evaluate ¢, = c(zy), Jr = J(ax) and g = V. f(zk, (). Then
compute wr = ||dg||, where

di = P, [~g. (2.5)

where Fj, = T (z) N X (xp) def T N Xy, If ||di|| < ep and wyy < €c, terminate.
Otherwise, set

1
api= ———— for ic{l,....n} and Aj=diag( ——), (26
o il d i

C JThitd} +s

and compute

sf = Pr.ns.[—gr] where Sp={yeR"|||Arylle <1} (2.7)

Step 2: Normal step. Except possibly if
wne < BllsE o, (2.8)

set x;r = xj, + sy, where the step sy i is such that

SN,k S ./"C‘]€7 and ||5N,k||oo < 9]\] WN ks (29)
and there exists a constant x,, € (0, 1) independent of k such that

tlle@r + sl < tlerll? =k wip- (2.10)

2 ) = 2 n YNk
If (2.8) holds and sy was not computed, set x; = 1.

Step 3: Tangential step. If (2.8) holds, select By, a symmetric approximation of V2 f(xy,),
compute a “Cauchy step”

1
s¢ = <argminmk(t5£)> st where my(s) = gils+ isTBks, (2.11)
t€0,1]

choose a step st such that
s7k € FrOSk,  stall > IsS] and my(srr) < 7me(s$). (2.12)
and set 41 = x: + s7,k and
st =Tri+di; (i€{l,...,n}) (2.13)
Otherwise (that is if (2.8) fails), set z441 = xﬁ and I'gyq =T.

Step 4: Loop. Increment k by one and go to Step 2.
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1. We have not covered possible implementations of the normal step in detail, but many are
possible. As a matter of fact, most algorithms for bound-constrained nonlinear least-squares
are acceptable. It is for instance argued in detail in [5] that a few (usually one) steps of
a trust-region based Gauss-Newton method are enough to guarantee (2.10), but this is not
limitative. Also note that the computation of the normal step is totally independent of the
rest of the algorithm. As a consequence, constraint-based preconditioners may be applied
without having to take the objective function into account.

2. For notational consistency, we define sy = 0 at iteration where it is not computed, so that
+

x) = x + sn 1, whether or not sy, was computed.

3. As written above, the definition of Ay assumes that none of the dj ; is zero. Should dj ; be
zero, we define Ag;; = 1 (it turns out that the chosen constant is irrelevant). Also note
that the second part of (2.6), the definition of Sy and (2.12) ensure that, in all cases,

|ST,1€’¢| < ak,ildk,il (Z S {1, .. ,n}) (2.14)

4. Our formulation remains deliberately vague about how to choose the approximate Hes-
sian By and covers a number of possible choices such as Barzilai-Borwein, finite differences
or (limited-memory) quasi-Newton approximations. If available, using the true Hessian
V2 f(xy) is also possible.

5. Observe that the choice st = sF is always acceptable. This is useful if computing By, is
deemed too expensive and By = 0 is chosen at each iteration. When s7; = sé, STRADIC
reduces to a strictly first-order method for constrained problems, in the spirit of [5] albeit
using a componentwise approach.

6. In the same vein, the choice st = s as defined by (2.11) is also fully acceptable for (2.12),
and has the advantage of limiting the computation involved to take second-order information
into account to a single matrix-vector product (for computing 7 in (2.24), at tangential
iterations only). Also note that skc is the first iterate of a Krylov method for minimizing
mg(s) in F N Sk, should further minimization of this quadratic model be desired.

For our subsequent analysis, we need to identify, at iteration k, the index of the smallest
stepsize ay, ;. we therefore denote

p(k) = argmin oy ; = argmax /Ty, +di , +c. (2.15)
i€{l,...,n} i€{1,...,n} ’

Because of (2.6), we also have that, for K > 0 and i € {1,...,n},

Olk,i|dk7i| <1 andthus Ag;,; > 1. (2.16)

Lemma 2.1 Suppose that a tangential step st j is computed at iteration k. Then
T.L 3. 2
9k Sk < 71 mln[ak,u(k)v ]-] ”dk” ’ (217)

and
gk sk > llskll>. (2.18)

Proof. Since 0 € Fi N Sy, the definition of s& in (2.7) as a projection implies that

(g —st) (0-sb) <0,
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and thus
g sk < —lsk %, (2.19)
yielding (2.18). Similarly, the definition of dj, in (2.5) gives that

gLy < —|dll? (2.20)

Consider now the vector
Yk = min[ak’u(k), 1] dk (221)

Then, for each i € {1,...,n},

minfay, k), 1] dri -1

(77X dk,z

and yi € Sg. Moreover, since both dj and the origin belong to the convex set Fj, so does y.
Thus yx € Fj N Sk. Since s = Pr,ns, [—gx] by (2.7), we then derive that

(=g — i) (yx — s£) <0,

from which we deduce that

~gi (e = sr) < (s0) (e — s70) = (55) Ty — sk 11* = —llsk = sowll® + 4lywll® < 2llywl.
Substituting (2.21) in this inequality then gives that

—gic (yr — s%7) < L minfay ), 12 [|di | < 3 minfay, ), 1 [[del|?
Combining this inequality with (2.20) and (2.21), we finally obtain that
9" sk = gk ye — gk (e — s7x) < —minoy ), 1] [[dil® + § minfay ), 1])]|del|?

yielding (2.17). a

We conclude our brief description of the algorithm’s basic properties by showing that our require-
ment to compute a “Cauchy step” in (2.11) implies two simple but useful bounds.

Lemma 2.2 Suppose that a tangential step sy j is computed at iteration k. Then

p L

and
3T

T
P —
Te TR =" max(1, 2] By

n
minfoy ), 1 de]|* + *HBkll > akdi (2.23)
i=1

Proof. One verifies that the Cauchy step (2.11) is given by

7gTSL
min [1“] if (sk)"Byst >0

s¢ = yrsE where v, = (s2)" Bysk (2.24)

otherwise,

and one first observes that, when (s£)? Bysk > 0, (2.17) and (2.18) imply that

—gisi _ lsel® _ lgesel llsgl? 1

sl (si)"Brsie — lIskll* (si)T Brsg ~ 1Bell”

Ve =
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while v = 1 otherwise. Thus (2.22) follows from the middle part of (2.12). Now note that
skc € Fr N Sk because both st and the origin belong to this convex set. Suppose first that
v, < 1, implying that (s£)? Bysk > 0. Then, using Lemma 2.1,

(9F s£)?

1
r.C C\1 C
g + - B = Kk K/
k Sk 2(Sk) kSk Q(Sk)’l BkSkL

3
< ————minfay k), 1] [|di ]
ST Bl H)

3

<————mi 11 1ld 2
S~ Tonax[L, 2] Ba] ks, il

If v =1, sg = sﬁ and the last inequality directly results from (2.17). Hence,

1 1
T T T T
9k ST,k = 9k ST,k + §ST7kBk8T,k - §ST,kBk8T,k:

1 1
< 7(gh sk + g(sﬁ)TBksﬁ) + §|\Bk|| szl
3T

< -
~  4max[1, 2| Bx|]

. 1 -
minfon. . 11 i + 5 1Bell Y oF id? i
i=1

proving (2.23). a

3 Complexity analysis

In our subsequent analysis, we need to distinguish between “normal” and “tangential” iterations.
We denote by {k,} C {k} the index subsequence of iterations at which (2.8) holds, while {k,} C
{k} is the index subsequence of iterations at (2.8) fails. Thus

{0,...,k} ={kry, ... kr } Uk, .., ko } with minf[k,,k,] =0 and max[k. , k., ] =k.

The definition of the algorithm implies that a tangential step and (possibly) a normal step are
computed for k € {k,} and a normal step (but no tangential step) is computed for k € {k,}. We
will also consider the “sharp augmented Lagrangian” Lyapunov function introduced in [5] (whose
value is hopefully decreasing as the iterations progress), which is given by

def
Yz, A) = Lz, A) + plle(z) ], (3.1)
where p is a fixed constant (to be determined below) and L(x, ) is the standard Lagrangian
L(z,\) = f(z) + A e(x), (3.2)

for some multiplier A € R™. Of particular interest in our argument is the least-squares Lagrange
multiplier A(z) defined by

(@) (@)") M) = = J(@) g(x) (3.3)

when the Jacobian J(x) has full rank. We also use the abbreviation
def N
P(x) = z/Jp(x,)\(ac)). (3.4)

3.1 Assumptions

Our analysis uses the following assumptions.

AS.1: f and c are continuously differentiable on IR".
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AS.2: There exists a constant fioy such that, for all £ <z < w and all {, f(z,{) > fiow-
AS.3: There exists a constant k, > 1 such that ||g(z)|| < k4 for all £ < z < w.

AS.4: There exists a constant k. > 1 such that ||c(x)| < k¢ for all £ <z < .

AS.5: There exists a constant k; > 1 such that ||J(x)|| < k; for all £ < x < u.

AS.6: There exists a constant o¢ € (0, 1] such that omin(J(x)) > 0¢ for all £ <z < .
AS.7: The gradient g(z) is globally Lipschitz continuous (with constant L,).

AS.8: The Jacobian J(z) is globally Lipschitz continuous (with constant L ;).

AS.9: There exists a constant kg > 1 such that ||By|| < kp for all k > 0.

AS.10: There exists a constant £ € (0, 1] such that, for all k& > 0, wn x > &llck]|-

AS.1-AS.9 are identical to those used in [4, 13] and other papers mentioned in the introduction.,
and AS.2-AS.5 automatically hold in the common occurrence where the iterates remain in a
bounded set. We immediately note that, for all k£ > 0,

lgr + JiAell = | Pra, (g1)ll < g (3.5)

because of AS.3 and the contractive nature of the projection.

Although the normal step is designed to reduce constraint violation, it does not guarantee that
the sequence {||ck||} converges to zero. Without further assumptions, the iterates may end up
at an infeasible local minimizer x1o. of 1||c(x)||?. Such a situation may be caused by a singular
Jacobian J(21o¢) (in which case J(210¢) T ¢(210c) = 0 does not imply ¢(z10c) = 0), or by the presence
of bounds since —.J (7o) ¢(210c) may belong to the normal cone of the bound constraints at 2.
Unfortunately, convergence to such an xj,. cannot be avoided without either applying a constrained
global optimization method to minimize 1|/c(x)||? subject to the bounds, or restricting the class
of problems under consideration. As in [13, 17, 5, 43] , we follow here the second approach: AS.6
precludes the first cause of the problem, ensuring that J(x1oc)7 ¢(71oc) = 0 implies ¢(x10c) = 0,
while AS.10 prevents the criticality measure wy,(Z1oc) to vanish at an infeasible local minimizer.

Because of the random nature of the gradient estimator, the STRADIC algorithm generates a
random process where, for a given iterate xj, the oracle computes the gradient approximation
gk = Vaif(xg, ;) where ( is a random variable (whose distribution may depend on xy), with
probability space (X, W, P). The expectation conditioned to knowing go, ..., gr—1 will be denoted
by the symbol Eg[-]. Note that X(xk) is measurable with respect to the past. We will use the
abbreviations

Bi[] < Exllk € (k)] and B[] = Exl|k € {k,}].

We next require a “root-mean-square error” condition [4] along the tangential step st given by

AS.11: There exists a constant k4, > 0 such that, for all k£ > 0,

CR B [l

EL[[(Grk — g7.6) srnl] <

This condition only considers the gradient error along the step, which is the minimum that can be
required given that (2.12) only enforces a very loose relation between s and the gradient. As we
will see below, AS.11 is strong enough to ensure an optimal rate of convergence of our algorithm
for generally constrained optimization, comparable to that of standard first-order methods (like
steepest descent) on unconstrained problems. Note that it is weaker than requiring the maybe
more natural total variance condition

EL(1Grw — grkll?] < 63 Ex (|57

%] (3.6)
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since the latter and Cauchy-Schartz inequality ensure that

By (|G — gm0 Tsmal] < \JELUIG A — 97421\ B llsm1l12) < snaBE [lsma 2]
Note that, (3.6) is itself akin to the “strong growth condition”
E7[1(Gr — 9) s7.4l] < FunsBE [lgnll?] - (3.7)

used in [41] in their so far sharpest analysis of (unconstrained) AdaGrad. Observe also that AS.11
only applies to tangential iterations. Additional discussion about AS.11, its relation to and how
to weaken it is provided in Section 3.8.

Before moving on, we note that

e AS.1 and AS.5 imply that ¢ is Lipschitz continuous (with constant L.),
e AS.1, AS.7 and AS.8 imply that V,L(x, \) is Lipschitz continuous (with constant Ly,),

e AS.6 implies that X(x) is well-defined for all x, and thus that the norm of the projected
gradient in the nullspace of J is also bounded (that is ||gx + JE A(zg)|| < k,) and that
il < g,

e AS.1, AS.3, AS.6, AS.7 and AS.8 ensure that /):(.Z‘) is bounded (by ) and Lipschitz contin-
uous (with constant Ly).

Detailed proofs of these statements are available in [5, Lemma 3.1]. As turns out, Ly is proportional
to rgk?%/oZ,,, which justifies the comment made in Section 1 regarding the sensitivity of the
Lagrange multipliers.

3.2 Normal steps

Our analysis hinges on the fact that first-order descent can be shown on the Lyapounov #(x),
both for tangential and normal steps, despite the fact that neither A(zy) or p (which we still need
to define) appears in the algorithm. We start by considering normal steps.

Lemma 3.1 Suppose that AS.6 and AS.10 hold. Then, if ¢} = c(z}7) and sy i, # 0,

Kné
e Il = llexll < Ty WNk (3.8)

Proof. We have from (2.10) that ¢ || < ||cx. Then,
2lerllllexll = e 1) = Alexll + e DUlexll = lerall) = llexl® = llef 1%,

and therefore, using (2.10) and AS.10, that

2
FnWNk K&

+
el — ekl < — <
lewll = llewll = =55 = ==

WN, k
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Lemma 3.2 Suppose that AS.4-AS.10 hold and that a normal step is used at iteration.
Define

2 L
pz?& (kg + HCL)\)QN\/E—FK,JHC(;—FL)\LC) 912Vn—|—77} (3.9)
Then we have that
Y(ay) — dlar) < —nwn k- (3.10)
Proof. We have that
V() = V() = (af, M) — Ul M) + 0@ N = vd, ). (3.11)
A, Ax

where \j, = X(xk) and X: = X(l’:) Now consider A, and A) separately.

Using (3.4), the Lipschitz continuity of V¢ (x, 3\\) (p is fixed in (3.9)) and (3.8), we obtain that

We now invoke the Cauchy-Schwarz inequality, (3.5) and (3.14) to deduce that
Ay <IVaL(@e, M) lsnel — P%ﬂg WAk + %HSN,kH2
< llge + SN lsw el = P%g Wk + %HSN,kH2 (3.12)
< Kgllsnll = P%g WNk + %||8N,k||2~
Using now the definition of Ay in (3.11), the Lipschitz continuity of X and ¢ and AS.4 then

yields that R R
Ax = (@, AL — vl Ae)

< (el + llef = exll) IRF = Rl 5.13)
< Lallsnall llewll + LaLellsn .l
< L fcllsnll + LaLellsn k.
We also observe that, because of (2.12),
Isnell < Vallsnglloo < Onvnwn k. (3.14)

and thus, summing (3.12) and (3.13) and taking into account that wy < kjk. because of
AS.4 and AS.5, that

()= (k)

Kn L
< "5 it wllawall + I sellswall + (5 + IaLe ) fowal?
’ing Ly, 2
<—p 5 WN.k + (kg + Lx ke) ONVRWN | + KFe - +LyL. ) Oy nwn.

The bound (3.10) then follows from (3.9). O
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3.3 Tangential steps

Lemma 3.3 Suppose that AS.5-AS.11 hold and that a tangential step is taken at iteration
k (ie. k € {k;}). Then

T 3 T : T
Ef [ (zrs1)] — 1/1(55}5) < _%Ek [mm[ak#(k), 1] ||dk||2] + Kean B

> ai’idi’i] . (3.15)

i=1
where

0
Ktan = Kair T iJ(LL + “JLA) +p <
B

L
n %B n % 4 LyLe. (3.16)

LJJr*c

BOn L
KB 2

Proof. We again use the decomposition

Ep (o)) - o) = Bf [(@nin, M| = vo(af, 3)
Ay
+ E;; [¢P(xk+17xk+l) - ¢p(xk+17/):z))}

Ax

(3.17)

and consider A, and A, separately. The Lipschitz continuity of V,L(x, \) gives that
T 3 LL T T
As = ~BF| V(oK) sms + L (loral?]] + p(Bllewall - e )

Successively using the Lipschitz continuity of V, L(x, A), that of X and the identity Jysrr =0,
we now verify that

VIL(xz,XZ)Tsﬂk = (Vl.L(x;XZ)TSTyk — VxL(xk,X;:)TsTJC)
+ (VzL($k7 N s — va(xky//\\k)TST,k) + gF srk + AE Tistoi
= (VZL(xZ,',Xg)TsT,k - VzL(mk,X:)TsT,k)
+ ((X;)Tjk - X;{Jk)TST,k +gFsTr+ X;;FJkST,k

< (LL + HJLA) Isw k

| s7kll + gk ST,k

But (2.8) must hold on iteration where the tangential step is computed, and hence, using also
(2.9), (2.22) and AS.9,

0
[snnlloe < Onwn i < BONIsE oo < BON|IsE]| < %HST,k||~ (3.18)

As a consequence,

~ On
VxL(ILh Az)TST,k < ggST,k + 57 (LL + %JLA) ||5T,kH2-
B
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Hence, using (2.23), AS.9, AS.11 and (2.14),
~ 0
EL | Vet (a), )\Z)TST,k] < E[gf str) + B [[(GE — gi )stel] + %(LL + k7 L)EL [Is7 k7]

3 .
< ~ o Bk [minfoe ey ap 1dell*] + (Rase + = cp Pt R DL lsall] + B sl

Za,”d ]

(3.19)
Moreover, the Lipschitz continuity of ¢ and J and the identity Jisr = 0 ensure that

3
< - B fminfa. e, 1 dul] + (Hdwﬂfv(Lﬁ,wLA +> -

Erlle(zri) ] = Ex [lle(ay) + Jestp + (J = Jk)stp + rll]
= Eiflle(zr) + rall]] + LyEL]]

] (3.20)
T LC T
< lle(@oll + LoBLllsn el llsmell] + S EE [[lszl°] -
Hence, combining (2.14), (3.19), (3.20) and (3.18), we deduce that
3
A, < _%Ek [min[a, ,(ky,1] (| di]?]
3.21)
By Bx . (
—|—[/€dir+ . (LL—FFLJL)\)—F?—F TLJ"‘ E; Zakzd .
We may now use the Lipschitz continuity of X and ¢ to deduce that
Ay =Ej [C£+1(Xk+1 - Xﬁ)}
= E; [(Ck+1 — Ck ) ()\kJrl )\ ))} + ]ET [Ck (>\k+1 )\z)] (3 22)

< B [lewss = Gl Rksr = NEU] + B [lewl 1Resn = 311
< LiEL]] ]+ LALEE [[ls7,x /]

Taking into account the fact that, for k € {k,}, (2.8) and AS.10 give that |[c || < wn /€ <
BlIsT.klloo /&, We obtain that

Ay < (ﬁ; + LyL. )E;[HST,kQJ < (ﬁ? + L)L, > E] lz aj ;d} ] (3.23)

i=1

where we used (2.14) to obtain the last inequality. The bound (3.15) the follows by summing
the bounds on A, (in (3.21) and Ay (in (3.23)) and using the definition of k,,, in (3.16). O

Note that (3.16) reduces to

if no normal step is computed.
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Lemma 3.4 If we denote, for i € {1,...,n},

_ n
Tyl \/ka,i+|dkﬁi|2+§’

2
Lrryi =0, Thoyri=Tei 4 |di,il” and ay

then, for all 0 < 79 < 7, all i € {1,...,n} and all realizations of the algorithm,

S minfa ey, 1 . 2>n\f\/ +amax Tk, i —nmax[y, <], (3.24)

i€{l,...,n}
T=T0
T1 1
Z aiﬁi diﬁi < n? log (1 + c ie{r{lax }Fkrl+17i> . (3.25)
T=T0o ERRELAY

Proof. Let v, ; = ,/Q—I—kai and note that u(k;) = argmax;c(y .y Vh,y,,i- Since
I'7ps = 0 for all i € {1,...,n}, we have also that v, ,(rs)—1 = v/S. Define 7, the smallest
T > 79 such that oy, ,x,) < 1 (or 7, = oo if such an a1, ) does not exist). Then

Ta—1
Z minfoy, ek, ), 1] [|dg, ? = Z . 1> + Z Okor (ks ) Z dr.al?
= p— T=Ta i€{1,...,n}
T1
>3 o, i) 1, i)
T=Ta

& |dk:,.,p,(k-,-)|2
— 3 Mot

,ykr+17/"(kr)

> Z |dkmu(k )|2
f=r, Verg1,p(k )+7kr,/¢( )
Vi, : V/cf, k.
_ Z +1,1(k w(kr)

Vkm,u(k ) + Verou(kr)

=1 Z (7k7+17u(k7) - rYk‘r»/J(k'r))

T=Tq

But e, u(k,) < Ve, u(k,_,) by definition of pu(k;_1), and therefore

T1
> minfar, s Yldi 12 20D (ke yanthen) =Yoo sthe ) > 1000y s1p0hrs) = Ve hr 1)):

T=To0 T=T0
(3.26)
Moreover, if 7, = 79, then vy (x,. —1) = /S, while, because of (2.6), we must have that

Viery i(krg —1) = \/< + %, k1) <1

when 7, > 79. Thus (3.26) ensures that

T1
Z min[ak-,-,p(kﬂ-)a 1] ||dk7— ||2 > n (\/ S+ Fk71+1,#(k71) - maX[’h \/a) 5

T=T0

yielding (3.24). Finally, using the concavity and the increasing nature of the logarithm, we
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also have from (2.6) that, for each ¢ € {1,...,n},

Z Oé;“|dkz|2_n2 Z g—l—FkTJrlz

T=T0
2 T+1z* kr,i
— Y
§+Fk7+1>

T=T0

T1
< n2 Z (10g(< + Fkr+1,i) — log(s + Fk.,.,i))

T=T0

=’ ( log(s + Tk, ,,.i) — log(s + ka,i))

giving (3.25) because I'y, ; = 0. a

3.4 Telescoping sum for values of the Lyapunov function

We now use the bounds developed for both types of step to consider the global decrease of the
Lyapunov function v, from which a bound on

1
O = 1 7 i T @20
can be deduced.
Lemma 3.5 Suppose that AS.1-AS.11 hold and define ©y, as in (3.27). Then
V1
]E[\/G)k} + 3 Wnky < Ay + 1 1 E[log(O)] (3.28)

V=rgn

where g
K
Kgap = ng (T] ma’X[n7 \/E} + ’l/)(xo) + K’/\K/C + pK/C - flOW) .

Proof. Using the law of total expectation, we have from (3.10) that

Vi

D ER(w) — ()] =0 ) wng,

v=ry Vv=ro
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But (3.10) also implies, when combined with (3.15), that

Z El(xr,) — (xr, +1)] = Z E[¢(zk,) — w(xgr)} 4 Z EW(Q;L) — (wh,11)]
T=T0 pa— =

> Z E[p(z) ) — ¢(zh, 11)]

> — 3 E d

- 8/4/3 Z mln ak‘r P‘(k )1] || kr || ] — Rtan [||5Tk || ]

T=T0
3 & n
> %T TOIE[mm[akT k)] 1di, |12] = BeanE ;aﬁﬁidiﬁi] ,

Z %”\/EE {\/@74 — nmax[n, /<] — nk..n E[log (04)]

(3.29)
where we have used the inequality [|Ag s7k. [|> < 1 and the second part of (2.6) to deduce
the penultimate inequality, and (3.24) and (3.25) (which are both true for every realization)
to derive the last. Thus, for min[r, ] = 0 and max[r, 1] = k,

E[¢(z0) — ¢¥(@k+1)] Z E[ V(@k,+1)] Z Ely V(@k,+1)]
T=T0o V=ro " (3.3())
3
> InVEE|V/6x] —nmax(n, 1] = nk.n’Ellog (00)] + 1w,
v=rg
Now, using (3.1), and the bound ||:\\(x)|| < Ky, we have that, for all realizations,
def
EW(ZO) - ¢(mk+1)] S T/J(xo) + KaRe + PRc — flow ; n\/gﬂgap - nmax[ﬁa \/E]v
Substituting this inequality in (3.30) and using ¢ € (0, 1] gives that
3 6.
n\ﬁ’%gap Z 4"7\[]E|: :| + 77\[ Z WN,E, nﬁ;tanan[log (@k)} )
vV=rg
from which (3.28) may be deduced. O

3.5 Tangential complexity

Our next step is to use (3.28) to derive a global rate of convergence over tangential steps. We
start by quoting a useful technical result.

Lemma 3.6 Suppose that ¢ < b+ ¢ log(t) for some t > 1. Then ¢ < 2b + 2¢[log(2¢) — 1].

Proof. See [4, Lemma 3.6] for a = 1. a

We now consider the rate of convergence along the subsequence of tangential steps.
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Lemma 3.7 Suppose that AS.1-AS.11 hold. Then

E \/g + glax }Fk,i < KT def VS |26 + 4nma,,77(log(4nman77) — 1)} (3.31)
i€{l,....,n
and
T1
Z E[wTva + WNLk, ] < HT\/E\/ﬁ +1 (1 + \ﬁ) (3.32)

T=T0

Proof. The inequality (3.28) yields that

i
E[\/Gk} < Ky + 2000 ]E [log (, 1+ grmx)] .

Jensen’s inequality and the concavity of the logarithm then imply that

/ 1
E[\/Gk} < Kgap + 2NKiann log (IE 1+ I‘maX]> ,
S

so that we obtain from Lemma 3.6 that

\/g + {nilax }Fk,i] <5 [2@@ + 4nf~@mn<log(4nmann) — 1)} .
S n

PR 2

This is (3.31). We now invoke the inequality Z?:o a; < Vk+1 Z] 0 a; for nonnegative
{aj};?:() to deduce, from (2.13) and (3.31), that

Z Ell|dk. 1] = [Z . II]

T=T0 T=T0

T1
SE|Va+1,| ) llde|?

T=T0

In max I Z]
ie{l,...,n}
\/g + max I Z]
ie€{l,...,n}

Using the switching condition (2.8) and the fact that o, ; < n/\/S for all i € {1,...,n}, we
also deduce that

(3.33)
S VT1 -|— ].E

S TL(T1+1)E

<v/n(m +1)kr

T1

ﬁﬁHT\/ﬁle-Fl
ZEWNk ] < ZﬁE s ll] < Z [l NG :
T=To T=To T=T0

Summing this bound with (3.33) then gives (3.32). O
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3.6 Normal complexity

The analysis of the complexity of normal step also uses the switching condition, but in the other
direction.

Lemma 3.8 Suppose that AS.1-AS.11 hold. Then

S Eflde, || +wnp] < rx (1 N W) | (3:3)

v=rg

where

RT
KN = Fgap + 2NKan 10g ( . (3.35)
NG

Proof. We again consider the complete decrease of the Lyapunov function over all iterations
and obtain, using (3.28), that, for min[ry, ] = 0 and max|r, 1] = k,

Nhgap > Elth(20) — Y(2141)]

=Y EBen) — )]+ 3 El(e) — b))

T=To v=ro
Vi
> Z WN,k, T T}]E{\/@} - Htann2E[log (ek)]
V=rgp

Thus, using Jensen’s inequality, the concavity of the logarithms, (3.28) and (3.35),

Vi
Z WN by < Kgap + NEanE[log (O)]

vV=ro

< Frap + 2080, 1E log (VO )] (3.36)
< Kgap + 2nKann log (E [\/974)

KN .

IN

Taking now the conditional expectation in the switching condition (2.8) for k € k,, (i.e. when
(2.8) fails) obtain that, for v € {vg,..., 11},

Wk, 2 BB, [Ilsk] oo = BB, [0, e, i, lloc] - (3.37)
Now, if k., is the index of the last tangential iteration preceding k,,, (2.6) gives that

Ak (k) = 1 > 1
vo(Ry) ™ - .
Vb 410k TS \/2 max(Lr. 41 (k)5S

But, using AS.3,
Thr41,0(k) < Tokiy < (ky + 1)k2,

and therefore, since kg > 1 >,
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This inequality, (3.37) and the law of total expectation then imply that

T
Ex, (e, loc] | > —20

Elw >SE| ——M I e S
on ) 2 kg /20y + 1) kigy/2(ky + 1)

Eflldk, [|oo] - (3.38)

Using the equivalence of norms and (3.36), this implies that

S Bl ] < VA S Efld, 1] < o 2 ) S" Bl ] < Faky b D

v=rp v=vg v=rp

Summing this bound with (3.36) gives (3.34). O

3.7 Combined complexity

We may assemble the above results to derive a complexity result involving the expectation of the
approximate dual optimality measure.

Theorem 3.9 Suppose that AS.1-AS.11 hold and that either the gradient is exact (i.e.
g1k = Gp, for all k > 0) or AS.11 holds. Then

k

1 RsTRAD KN o #
= Bl + el < \/W+«s(k+1)0<\/m)’ (3.30)

7=0

where
Bn ) N KNKgV2n

Proof. Observe first that AS.11 automatically holds in the gradient is exact. Now consider
iterations from 0 to k of both types (tangential and normal) by setting min(k,,, k-] = 0 and
max[k,,, k-] = k (as in Lemma 3.5). We then obtain, by combining (3.32) and (3.34) and
using AS.10, that

k
SCE(ld; ]+ llesl] < ZE[ndjn . “’ﬂ
=0

=0

kol

/\

1 L
Z Elld. || + wn k. ] E Z E[l|dg, || + wn,k, ]

f T=T0 v=vg

'Wk<ﬂ7’> rgy/2n(k +1)
¢ 11+\[+§1+ B )

where we used the inequalities 7 < k,, < k and k,, < k. The bound (3.39) is finally obtained
dividing both sides by k + 1. m|

IN

Our interest is now to transform this result into a result using the true dual optimality measure
Qr = Qp(xk) given by (2.1). The reader has undoubtely noticed that we have not assumed that
the gradient oracle g(x) is unbiased, an assumption which is common for unconstrained problems
and relates the approximate first-order optimality condition for such problems (g(z) = 0) to true
optimality (G(z) = 0). When inequality constraints are present, this condition is not sufficient,
as was shown in [4] for the case of bound constraints. The simplest approach is a direct analog of
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the unconstrained condition and is to require that the optimality measure is unbiased also for the
case of constraints, that is
Exllldell] = Qr (), (3.40)

but that might be difficult to achieve. A slightly looser condition is to require that
Exl|Qr(zk) — [ldill] < roExldl] (3.41)

for some kg > 0. Finally, the nature of the orthogonal projection in Qr(xy) also implies that a
condition of the form
Exll|Gr — grll] < roEx[ldll] (3.42)

is also suitable because it implies an inequality of the form (3.41) (see [4, Lemma 4.1]).

Theorem 3.10 Suppose that AS.1-AS.10 hold and that either the gradient is exact (i.e.
grk = G, for all k > 0) or AS.11 and one of (3.40), (3.41) or (3.42) hold. Then

1 . RsTrAD KN N 1
T B + el < Doy O s=0(). G

where

_ KQHKT Bn KN FgV2
RsTrAD = ¢ (1 + \/E) + 5577 .

Proof. Tt directly results from Theorem 3.9 and either (3.40), or (3.41) and the triangle
inequality. O

This result implies that, under our assumptions, the algorithm requires at most O(min[ep, ec]~2)
iterations to achieve e-approximate first-order criticality, that is Qp(z;) < ep and ||¢j|| < €. It
is remarkable that this complexity order, which is the best that can be achieved for deterministic
unconstrained problems (see [10, 9, 8]), can also be achieved, under our assumptions, in our more
general stochastic constrained context. This implies that the bound given by Theorem 3.10 is also
optimal in order.

3.8 Further discussion of the stochastic conditions

Can AS.11 or (3.40)—(3.42) be relaxed? The theory presented above suggests two different but
complementary possibilities.

The first is to relax the condition of AS.11 to admit a sufficiently small noise of the first-order
descent ¢! st condition (in addition to the second-order noise allowed by AS.11), and transform
the condition of AS.11 into

R 17 [Jlszel?] -

EL ((Gre — 97.6) " s7.0]] < BaseBE[|97 s7.0]] + 5

for some constants kg4, - < 1 and k4, > 0. In this case, (3.19) now holds for a smaller but strictly
positive value of kg, the rest of the theory being unchanged.

A second possibility is to allow further error depending on a finite number of second-order
terms at past iterations, for instance by requiring

M min[M,k]

E7 (G = gr6) "s1nl] <Y faw B [lsmp—ilI*] = fawoBR[lsmpllP] + D Rawsllsmnsl
J=0 j=1
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for some fixed integer M > 1 independent of k and some kg, ; > 0 for all j € {0,..., min[M, k]}

with max e (1, . min[M.k]} Kair; > 0. The inequality (3.19) then takes the form

min[M k]
Ex wa(ﬁ-akﬁ)TST,k} < —RiBf [oxwt g ] + Ko B [lsmill®] + D0 Hawllsmnsl?
j=1

and the additional (second-order) term Z]m:hi[M’k] Kaesl|$T.k—;||% is carried to the summation in
(3.29) in Lemma 3.5, which becomes

71 71

D E(k,) = (k)] = Y Blak, e Ik, 7 = Mellsr, ] -

T=To0 T=T0

because each second-order term appears at most M times in the sum. This merely amounts to
multiplying the constant k.., by M, and the rest of the theory is again unchanged. Observe that
the choice kg4, = 0 makes the right-hand side of the condition measurable with respect to the
past, a potentially useful property in practice. The same technique of taking into account past
iterations is also applicable to any of (3.40)—(3.42). For instance, (3.42) can be relaxed to

min[M,k]
ExlllGr — gell] < raoBelldil] + Y ko

j=1

|dr—;l-

Of course, mixing these strategies is possible, leading to fairly relaxed conditions. When the
random noise is cause by a sampling process (as is the case in many methods for the minimization
of finite sums), it was for instance observed in [22] that incorporating past steps in the right-hand
side of the accuracy condition covers a very much slower increase in the sample size when iterations
progress.

We finally note that, because we have proved in Theorem 3.5 that O only grows very slowly,
we see from (2.7), (2.12), (2.13) and (3.28) that ||s7 k|| cannot be much shorter that the projected
approximate gradient at zj, motivating our analogy between (3.6) and (3.7).

4 Summary and open questions

A OFFO algorithm for stochastic nonlinear optimization subject to deterministic equality and
inequality constraints has been proposed, which is capable of exploiting (approximate) second-
order information when available. Its global rate of convergence has been shown to be O(1/vk + 1)
when the Jacobian of the constraints is assumed to be full-rank. This rate is, in order, identical
to that of first-order methods for unconstrained problems. The proofs to obtain this result are
(relatively) simple.

Of course, several questions remain. Of particular interest is weakening the assumptions of
bounded gradients, full-rank Jacobians and oracle variance. Handling approximate projections
would also be valuable.
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