
An objective-function-free algorithm

for nonconvex stochastic optimization

with deterministic equality and inequality constraints

S. Gratton* and Ph. L. Toint�

31 III 2026

Abstract

An algorithm is proposed for solving optimization problems with stochastic objective and
deterministic equality and inequality constraints. This algorithm is objective-function-free in
the sense that it only uses the objective’s gradient and never evaluates the function value. It is
based on an adaptive selection of function-decreasing and constraint-improving iterations, the
first ones using an Adagrad-type stepsize. When applied to problems with full-rank Jacobian,
the combined primal-dual optimality measure is shown to decrease at the rate of O(1/

√
k),

which is identical to the convergence rate of first-order methods in the unconstrained case.

Keywords: General constrained optimization, objective-function-free optimization (OFFO), first-

order methods, AdaGrad, evaluation complexity, stochastic analysis.

1 Introduction

This paper proposes an “objective-function-free” algorithm for finding a first-order critical point
of the problem

min
x∈IRn

F (x) = E[f(x, ζ)] such that c(x) = 0 and ℓ ≤ x ≤ u, (1.1)

where ζ is a suitably defined random variable. We assume that f is a smooth function of its first
argument x ∈ IRn and c is a smooth function from IRn into IRm (m ≤ n). The inequality ℓ ≤ x ≤ u
must be understood componentwise and the components of the vectors of lower and upper bounds
on the variables ℓ and u need not be finite.

The use of “objective-function-free” (OFFO) algorithms, that is algorithms avoiding the eval-
uation of the objective function completely, has been central to many applications where noise is
present, such as problems arising in deep learning where f is the sum of a very large number of
terms and it is only realistic to compute a sample approximation of f(x) and its gradient ∇xf(x).
The unconstrained case has been extensively studied, starting with the famous stochastic gradient
descent [37] and all its modern variants with or without adaptive stepsize ([39, 19, 33, 44] for ex-
ample). Among them the AdaGrad method [16] has been of particular interest because of its solid
and extensive convergence theory (e.g. [44, 30, 15, 3, 26, 41]). Extensions of stochastic gradient
methods to the constrained case have also been investigated, so far focused mainly on the case of
convex constraints, in particular covering the most common case of bound constraints [4]. Several
approaches have been used, such as projected [2, 1] or conditional gradients [18, 7].
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When constraints are nonconvex, as is necessarily the case if they include nonlinear equalities,
things are more complicated. Common practice in deep-learning is to use a simple penalty ap-
proach, where a suitably large penalization of the constraint violation is added to the objective
function, resulting in an unconstrained problem. This is the approach followed, for instance, in
the growing literature on Physics Informed Neural Networks (PINNs) (see [32, 28, 23] and the
references therein for instance) but also in other contexts [42]. Its drawback is that a large penal-
ization parameter is sometimes required to obtain a reasonably small constraint violation, which
leads to ill-conditioning of the objective function, in turn causing (possibly very) slow convergence
of first-order methods.

A second approach is to consider augmented-Lagrangian-based algorithms. Such methods
rely on an estimates of the dual variables (Lagrange multipliers) to compute, at each iterate, a
step which is approximately tangent to the active constraints. Stochastic adaptations have mostly
been inspired by the deterministic iALM method of [45], itself a recent instantiation of the classical
Hestenes-Powell augmented Lagrangian technique (see [25, 36, 6, 11] or [12, Section 14.4] and the
references therein), and have been proposed and analyzed for instance in [31, 35, 38, 27]. As
it turns out, the sensitivity of the multipliers to small variations of the gradients is quite high
(we comment on this below). In our view, this makes their practical use in numerical algorithms
possibly problematic.

A third approach extends the classical Sequential Quadratic Optimization1 [34], in which, at
each iteration, a local (quadratic) model of the objective function is minimized in the tangent
plane to the active constraints. In our noisy context, the main advantage of this technique is that
the objective function’s gradient’s randomness does not affect this plane. A trust-region algorithm
of this type is proposed in [13], where a positive-definite approximation is built and minimized in
the intersection of the tangent plane and a trust region (and other inequalities). The progress of
the algorithm is monitored using a merit function involving a parameter with a somewhat complex
update mechanism and behaviour. Almost sure convergence to first-order critical points is proved
assuming bounded and Lipschitz continuous gradients, bounded constraints and bounded Lips-
chitz continuous Jacobians which are required to be full-rank, as well as unbiased gradients with
vanishing variance. No complexity estimate is presented. The TR-StoSQP algorithm proposed
in [17] is similar in spirit, in that it uses a decomposition of the step within a single trust-region
and relies on a parameter-dependent merit function for monitoring progress. Again, almost sure
convergence is proved (no complexity) under assumptions very similar to those of [13]. The algo-
rithms proposed in [24, 5] are deterministic and use a trust-funnel approach [21, 14] with linear
models. In this method, “constraint improving” and “function decreasing” iterations alternate
according to an adaptive switching condition. This technique avoids using any merit function and
thus the complexities linked to its parameter. The recent paper [43] follows up on [13] but is
also cast in the framework of trust-funnel techniques. It is restricted to equality constraints (as
[24]) and uses a first-order adaptive stepsize strategy with momentum based on the “isotropic”
version2 of the Adam method [29]. Under assumptions again similar to those of [13], the authors
establish a “perturbed global rate” of convergence where the square of the optimality measure is
bounded above by the inverse of the iteration number plus constants which may be made as small
as desired by suitable user choices. Although this falls short of a proper complexity analysis [40],
in particular because the stepsize has to be chosen proportional to the inverse of the (unknown)
gradient’s Lipschitz constant, this type of result is standard for Adam-like methods (e.g. [15]).

The method proposed in this theoretical paper is also based on the trust-funnel approach and
elaborates on the numerically successful proposal of [5]. Its main contributions are the following.

1. Its fully “componentwise” approach (where each component of the vector of variables is
considered with its own stepsize) distinguishes it from [13, 17, 24, 5, 43]. This feature can
be important as it is often considered that componentwise first-order methods outperform
full-space ones.

1Formerly Sequential Quadratic Programming (SQP).
2Meaning that the same (adaptive) stepsize is used for all components of the vector of variables.
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2. The new method allows for both equality and inequality nonlinear constraints, at variance
with [24, 5, 43].

3. It also provides a mechanism to take (possibly approximate and nonconvex) second-order
information into account, which is not the case for [13, 5, 43], the first of these references
nevertheless allowing strictly convex Hessian approximations.

4. Unlike [13, 17, 24, 43], its complexity is fully analyzed in the stochastic setting, yielding an
optimal rate of convergence where the average optimality measure is bounded above by the
inverse of the square root of the iteration number, under a “root-mean-square” stochastic
assumption.

Section 2 describes the new algorithmic framework and states two of its basic properties. Its
global rate of convergence (and hence its worst-case evaluation complexity) is analyzed in Section 3,
including a discussion of the stochastic assumptions and how to weaken them. Some perspectives
are finally outlined in Section 4.
Notations: The symbol ∥ · ∥ denotes the Euclidean norm on IRn. Expectations and probabilities
are denoted using the symbols E[·] and P[·], respectively. If M is a matrix, σmin(M) denotes its
smallest singular value.

2 An algorithm

For a given vector x, we assume that we can compute a random approximation g(x) of the gradient
G(x) = ∇xF (x), as well use the (exact) Jacobian of the constraints at x

J(x) = ∇c(x) ∈ IRm×n.

We will use the following “projected gradient” dual first-order optimality measure

ΩT (x) = ∥Px+F(x)[x−G(x)] − x∥ = ∥PF(x)[−G(x)]∥ (2.1)

where

F(x) = T (x)∩X (x) with T (x) = {y ∈ IRn | J(x)y = 0} and X (x) = {y ∈ IRn | ℓ ≤ x+y ≤ u},

F(x) being the (convex) tangent feasibility set at x shifted to the origin and PF(x) is the orthogonal
projection onto this set. The corresponding measure using the approximate gradient g(x) is then
given by

ωT (x) = ∥PF(x)[−g(x)]∥. (2.2)

Note that ΩT (x) and ωT (x) use projections onto the same set F(x), and that ΩT (x) is a continuous
function of x. We also choose a primal (first-order) optimality measure ωN (x), here ωN (x) =
∥J(x)T c(x)∥, but other choices are acceptable. (Since the constraints are deterministic, there is
no need to define ΩN (x).) As a consequence, x is a true first-order critical point for problem (1.1)
if and only if

ΩT (x) = 0 and ωN (x) = 0, (2.3)

while it is an “approximate” first-order critical point if

ωT (x) = 0 and ωN (x) = 0. (2.4)

Our algorithmic framework, dubbed STRADIC for Stochastic Trust-Region AdaGrad with Inequality
Constraints, is presented on the following page.

We now briefly comment on some aspects of the STRADIC framework.
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Algorithm 2.1: STRADIC

Step 0: Initialization. A starting point x0 is given, together with constants θN , θT > 1,
β, η, ς, τ ∈ (0, 1]. Set Γ−1,i = 0 for i ∈ {1, . . . , n} and k = 0.

Step 1: Evaluations. Evaluate ck = c(xk), Jk = J(xk) and gk = ∇xf(xk, ζk). Then
compute ωT,k = ∥dk∥, where

dk = PFk
[−gk]. (2.5)

where Fk = T (xk) ∩ X (xk)
def
= Tk ∩ Xk. If ∥dk∥ ≤ ϵD and ωN,k ≤ ϵC , terminate.

Otherwise, set

αk,i =
η√

Γk,i + d2k,i + ς
for i ∈ {1, . . . , n} and ∆k = diag

(
1

αk,i|dk,i|

)
, (2.6)

and compute

sLk = PFk∩Sk
[−gk] where Sk = {y ∈ IRn | ∥∆ky∥∞ ≤ 1}. (2.7)

Step 2: Normal step. Except possibly if

ωN,k ≤ β∥sLk ∥∞, (2.8)

set x+k = xk + sN,k where the step sN,k is such that

sN,k ∈ Xk, and ∥sN,k∥∞ ≤ θN ωN,k, (2.9)

and there exists a constant κn ∈ (0, 1
2 ) independent of k such that

1
2∥c(xk + sN,k)∥2 ≤ 1

2∥ck∥2 − κn ω
2
N,k. (2.10)

If (2.8) holds and sN,k was not computed, set x+k = xk.

Step 3: Tangential step. If (2.8) holds, select Bk a symmetric approximation of ∇2
xf(xk),

compute a “Cauchy step”

sCk =

(
argmin
t∈[0,1]

mk(tsLk )

)
sLk where mk(s) = gTk s+

1

2
sTBks, (2.11)

choose a step sT,k such that

sT,k ∈ Fk ∩ Sk, ∥sT,k∥ ≥ ∥sCk ∥ and mk(sT,k) ≤ τmk(sCk ). (2.12)

and set xk+1 = x+k + sT,k and

Γk+1,i = Γk,i + d2k,i (i ∈ {1, . . . , n}) (2.13)

Otherwise (that is if (2.8) fails), set xk+1 = x+k and Γk+1 = Γk.

Step 4: Loop. Increment k by one and go to Step 2.
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1. We have not covered possible implementations of the normal step in detail, but many are
possible. As a matter of fact, most algorithms for bound-constrained nonlinear least-squares
are acceptable. It is for instance argued in detail in [5] that a few (usually one) steps of
a trust-region based Gauss-Newton method are enough to guarantee (2.10), but this is not
limitative. Also note that the computation of the normal step is totally independent of the
rest of the algorithm. As a consequence, constraint-based preconditioners may be applied
without having to take the objective function into account.

2. For notational consistency, we define sN,k = 0 at iteration where it is not computed, so that
x+k = xk + sN,k whether or not sN,k was computed.

3. As written above, the definition of ∆k assumes that none of the dk,i is zero. Should dk,i be
zero, we define ∆k,i,i = 1 (it turns out that the chosen constant is irrelevant). Also note
that the second part of (2.6), the definition of Sk and (2.12) ensure that, in all cases,

|sT,k,i| ≤ αk,i|dk,i| (i ∈ {1, . . . , n}). (2.14)

4. Our formulation remains deliberately vague about how to choose the approximate Hes-
sian Bk and covers a number of possible choices such as Barzilai-Borwein, finite differences
or (limited-memory) quasi-Newton approximations. If available, using the true Hessian
∇2

xf(xk) is also possible.

5. Observe that the choice sT,k = sLk is always acceptable. This is useful if computing Bk is
deemed too expensive and Bk = 0 is chosen at each iteration. When sT,k = sLk , STRADIC

reduces to a strictly first-order method for constrained problems, in the spirit of [5] albeit
using a componentwise approach.

6. In the same vein, the choice sT,k = sCk as defined by (2.11) is also fully acceptable for (2.12),
and has the advantage of limiting the computation involved to take second-order information
into account to a single matrix-vector product (for computing γk in (2.24), at tangential
iterations only). Also note that sCk is the first iterate of a Krylov method for minimizing
mk(s) in Fk ∩ Sk, should further minimization of this quadratic model be desired.

For our subsequent analysis, we need to identify, at iteration k, the index of the smallest
stepsize αk,i. we therefore denote

µ(k) = argmin
i∈{1,...,n}

αk,i = argmax
i∈{1,...,n}

√
Γk,i + d2k,i + ς. (2.15)

Because of (2.6), we also have that, for k ≥ 0 and i ∈ {1, . . . , n},

αk,i|dk,i| < 1 and thus ∆k,i,i > 1. (2.16)

Lemma 2.1 Suppose that a tangential step sT,k is computed at iteration k. Then

gTk s
L
k ≤ −3

4
min[αk,µ(k), 1] ∥dk∥2, (2.17)

and
|gTk sLk | ≥ ∥sLk ∥2. (2.18)

Proof. Since 0 ∈ Fk ∩ Sk, the definition of sLk in (2.7) as a projection implies that(
− gk − sLk

)T (
0 − sLk

)
≤ 0,
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and thus
gTk s

L
k ≤ −∥sLk ∥2, (2.19)

yielding (2.18). Similarly, the definition of dk in (2.5) gives that

gTk dk ≤ −∥dk∥2. (2.20)

Consider now the vector
yk = min[αk,µ(k), 1] dk (2.21)

Then, for each i ∈ {1, . . . , n}, ∣∣∣∣min[αk,µ(k), 1] dk,i

αk,i dk,i

∣∣∣∣ ≤ 1.

and yk ∈ Sk. Moreover, since both dk and the origin belong to the convex set Fk, so does yk.
Thus yk ∈ Fk ∩ Sk. Since sLk = PFk∩Sk

[−gk] by (2.7), we then derive that

(−gTk − sLk )T (yk − sLk ) ≤ 0,

from which we deduce that

−gTk (yk − sT,k) ≤ (sLk )T (yk − sT,k) = (sLk )T yk − ∥sLk ∥2 = −∥sLk − 1
2yk∥2 + 1

4∥yk∥2 ≤ 1
4∥yk∥2.

Substituting (2.21) in this inequality then gives that

−gTk (yk − sLk ) ≤ 1
4 min[αk,µ(k), 1]2 ∥dk∥2 ≤ 1

4 min[αk,µ(k), 1] ∥dk∥2

Combining this inequality with (2.20) and (2.21), we finally obtain that

gT sLk = gTk yk − gTk (yk − sT,k) ≤ −min[αk,µ(k), 1] ∥dk∥2 + 1
4 min[αk,µ(k), 1])∥dk∥2

yielding (2.17). 2

We conclude our brief description of the algorithm’s basic properties by showing that our require-
ment to compute a “Cauchy step” in (2.11) implies two simple but useful bounds.

Lemma 2.2 Suppose that a tangential step sT,k is computed at iteration k. Then

∥sT,k∥ ≥ ∥sCk ∥ ≥ β

max[1, ∥Bk∥]
∥sLk ∥ (2.22)

and

gTk sT,k ≤ − 3τ

4 max[1, 2∥Bk∥]
min[αk,µ(k), 1] ∥dk∥2 +

1

2
∥Bk∥

n∑
i=1

α2
k,id

2
k,i. (2.23)

Proof. One verifies that the Cauchy step (2.11) is given by

sCk = γks
L
k where γk =

 min

[
1,

−gTk sLk
(sLk )TBks

L
k

]
if (sLk )TBks

L
k > 0

1 otherwise,
(2.24)

and one first observes that, when (sLk )TBks
L
k > 0, (2.17) and (2.18) imply that

γk =
−gTk sLk
∥sLk ∥2

∥sLk ∥2

(sLk )TBksLk
=

|gTk sLk |
∥sLk ∥2

∥sLk ∥2

(sLk )TBksLk
≥ 1

∥Bk∥
,
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while γk = 1 otherwise. Thus (2.22) follows from the middle part of (2.12). Now note that
sCk ∈ Fk ∩ Sk because both sLk and the origin belong to this convex set. Suppose first that
γk < 1, implying that (sLk )TBks

L
k > 0. Then, using Lemma 2.1,

gTk s
C
k +

1

2
(sCk )TBks

C
k = − (gTk s

L
k )2

2(sLk )TBksLk

≤ − 3

8∥Bk∥
min[αk,µ(k), 1] ∥dk∥2

≤ − 3

4 max[1, 2∥Bk∥]
min[αk,µ(k), 1] ∥dk∥2

If γk = 1, sCk = sLk and the last inequality directly results from (2.17). Hence,

gTk sT,k = gTk sT,k +
1

2
sTT,kBksT,k − 1

2
sTT,kBksT,k

≤ τ(gTk s
L
k +

1

2
(sLk )TBks

L
k ) +

1

2
∥Bk∥ ∥sT,k∥2

≤ − 3τ

4 max[1, 2∥Bk∥]
min[αk,µ(k), 1] ∥dk∥2 +

1

2
∥Bk∥

n∑
i=1

α2
k,id

2
k,i,

proving (2.23). 2

3 Complexity analysis

In our subsequent analysis, we need to distinguish between “normal” and “tangential” iterations.
We denote by {kτ} ⊆ {k} the index subsequence of iterations at which (2.8) holds, while {kν} ⊆
{k} is the index subsequence of iterations at (2.8) fails. Thus

{0, . . . , k} = {kτ0 , . . . , kτ1} ∪ {kν0
, . . . , kν1

} with min[kτ0 , kν0
] = 0 and max[kτ1 , kν1

] = k.

The definition of the algorithm implies that a tangential step and (possibly) a normal step are
computed for k ∈ {kτ} and a normal step (but no tangential step) is computed for k ∈ {kν}. We
will also consider the “sharp augmented Lagrangian” Lyapunov function introduced in [5] (whose
value is hopefully decreasing as the iterations progress), which is given by

ψ(x, λ)
def
= L(x, λ) + ρ∥c(x)∥, (3.1)

where ρ is a fixed constant (to be determined below) and L(x, λ) is the standard Lagrangian

L(x, λ) = f(x) + λT c(x), (3.2)

for some multiplier λ ∈ IRm. Of particular interest in our argument is the least-squares Lagrange
multiplier λ̂(x) defined by (

J(x)J(x)T
)
λ̂(x) = − J(x) g(x) (3.3)

when the Jacobian J(x) has full rank. We also use the abbreviation

ψ(x)
def
= ψρ

(
x, λ̂(x)

)
. (3.4)

3.1 Assumptions

Our analysis uses the following assumptions.

AS.1: f and c are continuously differentiable on IRn.
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AS.2: There exists a constant flow such that, for all ℓ ≤ x ≤ u and all ζ, f(x, ζ) ≥ flow.

AS.3: There exists a constant κg ≥ 1 such that ∥g(x)∥ ≤ κg for all ℓ ≤ x ≤ u.

AS.4: There exists a constant κc > 1 such that ∥c(x)∥ ≤ κc for all ℓ ≤ x ≤ u.

AS.5: There exists a constant κJ > 1 such that ∥J(x)∥ ≤ κJ for all ℓ ≤ x ≤ u.

AS.6: There exists a constant σ0 ∈ (0, 1] such that σmin(J(x)) ≥ σ0 for all ℓ ≤ x ≤ u.

AS.7: The gradient g(x) is globally Lipschitz continuous (with constant Lg).

AS.8: The Jacobian J(x) is globally Lipschitz continuous (with constant LJ).

AS.9: There exists a constant κB ≥ 1 such that ∥Bk∥ ≤ κB for all k ≥ 0.

AS.10: There exists a constant ξ ∈ (0, 1] such that, for all k ≥ 0, ωN,k ≥ ξ∥ck∥.

AS.1–AS.9 are identical to those used in [4, 13] and other papers mentioned in the introduction.,
and AS.2–AS.5 automatically hold in the common occurrence where the iterates remain in a
bounded set. We immediately note that, for all k ≥ 0,

∥gk + JT
k λ̂k∥ = ∥PT (xk)(gk)∥ ≤ κg. (3.5)

because of AS.3 and the contractive nature of the projection.
Although the normal step is designed to reduce constraint violation, it does not guarantee that

the sequence {∥ck∥} converges to zero. Without further assumptions, the iterates may end up
at an infeasible local minimizer xloc of 1

2∥c(x)∥2. Such a situation may be caused by a singular
Jacobian J(xloc) (in which case J(xloc)

T c(xloc) = 0 does not imply c(xloc) = 0), or by the presence
of bounds since −J(xloc)

T c(xloc) may belong to the normal cone of the bound constraints at xloc.
Unfortunately, convergence to such an xloc cannot be avoided without either applying a constrained
global optimization method to minimize 1

2∥c(x)∥2 subject to the bounds, or restricting the class
of problems under consideration. As in [13, 17, 5, 43] , we follow here the second approach: AS.6
precludes the first cause of the problem, ensuring that J(xloc)

T c(xloc) = 0 implies c(xloc) = 0,
while AS.10 prevents the criticality measure ωN,(xloc) to vanish at an infeasible local minimizer.

Because of the random nature of the gradient estimator, the STRADIC algorithm generates a
random process where, for a given iterate xk, the oracle computes the gradient approximation
gk = ∇xf(xk, ζk) where ζk is a random variable (whose distribution may depend on xk), with
probability space (Σ,W ,P). The expectation conditioned to knowing g0, . . . , gk−1 will be denoted

by the symbol Ek[·]. Note that λ̂(xk) is measurable with respect to the past. We will use the
abbreviations

Eτ
k[·] def

= Ek[·|k ∈ {kτ}] and Eν
k[·] def

= Ek[·|k ∈ {kν}] .

We next require a “root-mean-square error” condition [4] along the tangential step sT,k given by

AS.11: There exists a constant κdir > 0 such that, for all k ≥ 0,

Eτ
k

[
|(GT,k − gT,k)T sT,k|

]
≤ κdir

2
Eτ
k

[
∥sT,k∥2

]
.

This condition only considers the gradient error along the step, which is the minimum that can be
required given that (2.12) only enforces a very loose relation between sT,k and the gradient. As we
will see below, AS.11 is strong enough to ensure an optimal rate of convergence of our algorithm
for generally constrained optimization, comparable to that of standard first-order methods (like
steepest descent) on unconstrained problems. Note that it is weaker than requiring the maybe
more natural total variance condition

Eτ
k

[
∥GT,k − gT,k∥2

]
≤ κ2dir2Eτ

k

[
∥sT,k∥2

]
(3.6)
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since the latter and Cauchy-Schartz inequality ensure that

Eτ
k

[
|(GT,k − gT,k)T sT,k|

]
≤
√

Eτ
k[∥GT,k − gT,k∥2]

√
Eτ
k[∥sT,k∥2] ≤ κdir2Eτ

k

[
∥sT,k∥2

]
.

Note that, (3.6) is itself akin to the “strong growth condition”

Eτ
k

[
|(Gk − gk)T sT,k|

]
≤ κdir2Eτ

k

[
∥gk∥2

]
. (3.7)

used in [41] in their so far sharpest analysis of (unconstrained) AdaGrad. Observe also that AS.11
only applies to tangential iterations. Additional discussion about AS.11, its relation to and how
to weaken it is provided in Section 3.8.
Before moving on, we note that

� AS.1 and AS.5 imply that c is Lipschitz continuous (with constant Lc),

� AS.1, AS.7 and AS.8 imply that ∇xL(x, λ) is Lipschitz continuous (with constant LL),

� AS.6 implies that λ̂(x) is well-defined for all x, and thus that the norm of the projected

gradient in the nullspace of J is also bounded (that is ∥gk + JT
k λ̂(xk)∥ ≤ κg) and that

∥dk∥ ≤ κg,

� AS.1, AS.3, AS.6, AS.7 and AS.8 ensure that λ̂(x) is bounded (by κλ) and Lipschitz contin-
uous (with constant Lλ).

Detailed proofs of these statements are available in [5, Lemma 3.1]. As turns out,  Lλ is proportional
to κgκ

2
J/σ

2
min, which justifies the comment made in Section 1 regarding the sensitivity of the

Lagrange multipliers.

3.2 Normal steps

Our analysis hinges on the fact that first-order descent can be shown on the Lyapounov ψ(x),

both for tangential and normal steps, despite the fact that neither λ̂(xk) or ρ (which we still need
to define) appears in the algorithm. We start by considering normal steps.

Lemma 3.1 Suppose that AS.6 and AS.10 hold. Then, if c+k = c(x+k ) and sN,k ̸= 0,

∥c+k ∥ − ∥ck∥ ≤ −κnξ
2

ωN,k. (3.8)

Proof. We have from (2.10) that ∥c+k ∥ ≤ ∥ck∥. Then,

2∥ck∥(∥ck∥ − ∥c+k ∥) ≥ (∥ck∥ + ∥c+k ∥)(∥ck∥ − ∥ck+1∥) = ∥ck∥2 − ∥c+k ∥
2,

and therefore, using (2.10) and AS.10, that

∥c+k ∥ − ∥ck∥ ≤ −
κnω

2
N,k

2∥ck∥
≤ −κnξ

2
ωN,k

2
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Lemma 3.2 Suppose that AS.4–AS.10 hold and that a normal step is used at iteration.
Define

ρ =
2

κnξ

[
(κg + κc Lλ) θN

√
n+ κJκc

(
LL

2
+ LλLc

)
θ2N n+ η

]
(3.9)

Then we have that
ψ(x+k ) − ψ(xk) ≤ −η ωN,k. (3.10)

Proof. We have that

ψ(x+k ) − ψ(xk) = ψ(x+k , λ̂k) − ψ(xk, λ̂k)︸ ︷︷ ︸
∆x

+ψ(x+k , λ̂
+
k ) − ψ(x+k , λ̂k)︸ ︷︷ ︸

∆λ

. (3.11)

where λ̂k = λ̂(xk) and λ̂+k = λ̂(x+k ). Now consider ∆x and ∆λ separately.

Using (3.4), the Lipschitz continuity of ∇xψ(x, λ̂) (ρ is fixed in (3.9)) and (3.8), we obtain that

∆x = ψ(x+k , λ̂k) − ψ(xk, λ̂k)

= L(x+k , λ̂k) − L(xk, λ̂k) + ρ
(
∥c+k ∥ − ∥ck∥

)
≤ (∇xL(xk, λ̂k)T sN,k +

LL

2
∥sN,k∥2 − 1

2ρκnξ ωN,k.

We now invoke the Cauchy-Schwarz inequality, (3.5) and (3.14) to deduce that

∆x ≤ ∥∇xL(xk, λ̂k)∥ ∥sN,k∥ − ρ
κnξ

2
ωN,k +

LL

2
∥sN,k∥2

≤ ∥gk + JT
k λ̂k∥ ∥sN,k∥ − ρ

κnξ

2
ωN,k +

LL

2
∥sN,k∥2

≤ κg∥sN,k∥ − ρ
κnξ

2
ωN,k +

LL

2
∥sN,k∥2.

(3.12)

Using now the definition of ∆λ in (3.11), the Lipschitz continuity of λ̂ and c and AS.4 then
yields that

∆λ = ψ(x+k , λ̂
+
k ) − ψ(x+k , λ̂k)

≤ (∥ck∥ + ∥c+k − ck∥) ∥λ̂+k − λ̂k∥
≤ Lλ ∥sN,k∥ ∥ck∥ + LλLc∥sN,k∥2

≤ Lλ κc∥sN,k∥ + LλLc∥sN,k∥2.

(3.13)

We also observe that, because of (2.12),

∥sN,k∥ ≤
√
n∥sN,k∥∞ ≤ θN

√
nωN,k. (3.14)

and thus, summing (3.12) and (3.13) and taking into account that ωN,k ≤ κJκc because of
AS.4 and AS.5, that

ψ(x+k )−ψ(xk)

≤ −ρκnξ
2

ωN,k + κg∥sN,k∥ + Lλ κc∥sN,k∥ +

(
LL

2
+ LλLc

)
∥sN,k∥2

≤ −ρκnξ
2
ωN,k + (κg + Lλ κc) θN

√
nωN,k + κJκc

(
LL

2
+ LλLc

)
θ2N nωN,k.

The bound (3.10) then follows from (3.9). 2
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3.3 Tangential steps

Lemma 3.3 Suppose that AS.5–AS.11 hold and that a tangential step is taken at iteration
k (i.e. k ∈ {kτ}). Then

Eτ
k[ψ(xk+1)] − ψ(x+k ) ≤ − 3

8κB
Eτ
k

[
min[αk,µ(k), 1] ∥dk∥2

]
+ κtan Eτ

k

[
n∑

i=1

α2
k,id

2
k,i

]
. (3.15)

where

κtan = κdir +
βθN
κB

(LL + κJLλ) + ρ

(
βθN
κB

LJ +
Lc

2

)
+
κB
2

+
βLλ

ξ
+ LλLc. (3.16)

Proof. We again use the decomposition

Eτ
k[ψ(xk+1)] − ψ(x+k ) = Eτ

k

[
ψρ(xk+1, λ̂k)

]
− ψρ(x+k , λ̂

+
k )︸ ︷︷ ︸

∆x

+ Eτ
k

[
ψρ(xk+1, λ̂k+1) − ψρ(xk+1, λ̂

+
k ))
]

︸ ︷︷ ︸
∆λ

(3.17)

and consider ∆x and ∆λ separately. The Lipschitz continuity of ∇xL(x, λ) gives that

∆x = −Eτ
k

[
∇xψ(x+k , λ̂

+
k )T sT,k +

LL

2
Eτ
k

[
∥sT,k∥2

]]
+ ρ(Eτ

k[∥ck+1∥] − ∥c+k ∥).

Successively using the Lipschitz continuity of ∇xL(x, λ), that of λ̂ and the identity JksT,k = 0,
we now verify that

∇xL(x+k , λ̂
+
k )T sT,k =

(
∇xL(x+k , λ̂

+
k )T sT,k −∇xL(xk, λ̂

+
k )T sT,k

)
+
(
∇xL(xk, λ̂

+
k )T sT,k −∇xL(xk, λ̂k)T sT,k

)
+ gTk sT,k + λ̂Tk JksT,k

=
(
∇xL(x+k , λ̂

+
k )T sT,k −∇xL(xk, λ̂

+
k )T sT,k

)
+
(

(λ̂+k )TJk − λ̂Tk Jk

)T
sT,k + gTk sT,k + λ̂Tk JksT,k

≤
(
LL + κJLλ

)
∥sN,k∥ ∥sT,k∥ + gTk sT,k

But (2.8) must hold on iteration where the tangential step is computed, and hence, using also
(2.9), (2.22) and AS.9,

∥sN,k∥∞ ≤ θNωN,k ≤ βθN∥sLk ∥∞ ≤ βθN∥sLk ∥ ≤ βθN
κB

∥sT,k∥. (3.18)

As a consequence,

∇xL(x+k , λ̂
+
k )T sT,k ≤ gTk sT,k +

β θN
κB

(
LL + κJLλ

)
∥sT,k∥2.
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Hence, using (2.23), AS.9, AS.11 and (2.14),

Eτ
k

[
∇xψ(x+k , λ̂

+
k )T sT,k

]
≤ Eτ

k

[
gTk sT,k

]
+ Eτ

k

[
|(GT

k − gTk )sT,k|
]

+
β θN
κB

(LL + κJLλ)Eτ
k

[
∥sT,k∥2

]
≤ − 3

8κB
Eτ
k

[
min[αk,µ(k),1] ∥dk∥2

]
+
(
κdir +

β θN
κB

(LL + κJLλ)
)
Eτ
k

[
∥sT,k∥2

]
+
κB
2

Eτ
k

[
∥sT,k∥2

]
≤ − 3

8κB
Eτ
k

[
min[αk,µ(k), 1] ∥dk∥2

]
+

(
κdir +

β θN
κB

(LL + κJLλ) +
κB
2

)
Eτ
k

[
n∑

i=1

α2
k,id

2
k,i

]
(3.19)

Moreover, the Lipschitz continuity of c and J and the identity JksT,k = 0 ensure that

Eτ
k[∥c(xk+1)∥] = Eτ

k

[
∥c(x+k ) + JksT,k + (J+

k − Jk)sT,k + r1∥
]

= Eτ
k[∥c(xk) + r1∥] + LJEτ

k[∥sN,k∥ ∥sT,k∥]

≤ ∥c(xk)∥ + LJEτ
k[∥sN,k∥ ∥sT,k∥] +

Lc

2
Eτ
k

[
∥sT,k∥2

]
.

(3.20)

Hence, combining (2.14), (3.19), (3.20) and (3.18), we deduce that

∆x ≤ − 3

8κB
Eτ
k

[
min[αk,µ(k),1] ∥dk∥2

]
+

[
κdir +

β θN
κB

(LL + κJLλ) +
κB
2

+ ρ

(
β θN
κB

LJ +
Lc

2

)]
Eτ
k

[
n∑

i=1

α2
k,id

2
k,i

]
.

(3.21)

We may now use the Lipschitz continuity of λ̂ and c to deduce that

∆λ = Eτ
k

[
cTk+1

(
λ̂k+1 − λ̂+k

)]
= Eτ

k

[
(ck+1 − c+k )T

(
λ̂k+1 − λ̂+k )

)]
+ Eτ

k

[
c+T
k

(
λ̂k+1 − λ̂+k

)]
≤ Eτ

k

[
∥ck+1 − c+k ∥ ∥λ̂k+1 − λ̂+k ∥

]
+ Eτ

k

[
∥ck∥ ∥λ̂k+1 − λ̂+k ∥

]
≤ LλEτ

k[∥ck∥∥sT,k∥] + LλLcEτ
k

[
∥sT,k∥2

]
(3.22)

Taking into account the fact that, for k ∈ {kτ}, (2.8) and AS.10 give that ∥c+k ∥ ≤ ωN,k/ξ ≤
β∥sT,k∥∞/ξ, we obtain that

∆λ ≤
(
βLλ

ξ
+ LλLc

)
Eτ
k

[
∥sT,k∥2

]
≤
(
βLλ

ξ
+ LλLc

)
Eτ
k

[
n∑

i=1

α2
k,id

2
k,i

]
, (3.23)

where we used (2.14) to obtain the last inequality. The bound (3.15) the follows by summing
the bounds on ∆x (in (3.21) and ∆λ (in (3.23)) and using the definition of κtan in (3.16). 2

Note that (3.16) reduces to

κtan = κdir + ρ
Lc

2
+
βLλ

ξ
+ LλLc +

κB
2

if no normal step is computed.
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Lemma 3.4 If we denote, for i ∈ {1, . . . , n},

Γkτ0
,i = 0, Γkτ+1,i = Γkτ ,i + |dkτ ,i|2 and αkτ ,i =

η√
Γkτ ,i + |dkτ ,i|2 + ς

,

then, for all 0 ≤ τ0 ≤ τ1, all i ∈ {1, . . . , n} and all realizations of the algorithm,

τ1∑
τ=τ0

min[αkτ ,µ(kτ ), 1] ∥dkτ ∥2 > η
√
ς

√
1 +

1

ς
max

i∈{1,...,n}
Γkτ1+1,i − ηmax[η,

√
ς], (3.24)

τ1∑
τ=τ0

α2
kτ ,i d

2
kτ ,i ≤ η2 log

(
1 +

1

ς
max

i∈{1,...,n}
Γkτ1+1,i

)
. (3.25)

Proof. Let γkτ ,i =
√
ς + Γkτ ,i and note that µ(kτ ) = argmaxi∈{1,...,n} γkτ+1,i. Since

Γτ0,i = 0 for all i ∈ {1, . . . , n}, we have also that γτ0,µ(τ0)−1 =
√
ς. Define τα the smallest

τ ≥ τ0 such that αkτ ,µ(kτ ) < 1 (or τα = ∞ if such an αkτ ,µ(kτ ) does not exist). Then

τ1∑
τ=τ0

min[αkτ ,µ(kτ ), 1] ∥dkτ
∥2 =

τα−1∑
τ=τ0

∥dkτ
∥2 +

τ1∑
τ=τα

αkτ ,µ(kτ )

∑
i∈{1,...,n}

|dkτ ,i|2

≥
τ1∑

τ=τα

αkτ ,µ(kτ ) |dkτ ,µ(kτ )|
2

= η

τ1∑
τ=τα

|dkτ ,µ(kτ )|2

γkτ+1,µ(kτ )

> η

τ1∑
τ=τα

|dkτ ,µ(kτ )|2

γkτ+1,µ(kτ ) + γkτ ,µ(kτ )

= η

τ1∑
τ=τα

γ2kτ+1,µ(kτ )
− γ2kτ ,µ(kτ )

γkτ+1,µ(kτ ) + γkτ ,µ(kτ )

= η

τ1∑
τ=τα

(γkτ+1,µ(kτ ) − γkτ ,µ(kτ ))

But γkτ ,µ(kτ ) ≤ γkτ ,µ(kτ−1) by definition of µ(kτ−1), and therefore

τ1∑
τ=τ0

min[αkτ ,µ(kτ ), 1] ∥dkτ
∥2 ≥ η

τ1∑
τ=τ0

(γkτ+1,µ(kτ )−γkτ ,µ(kτ−1)) > η(γkτ1+1,µ(kτ1 )
−γkτα ,µ(kτα−1)).

(3.26)
Moreover, if τα = τ0, then γkτα ,µ(kτα−1) =

√
ς, while, because of (2.6), we must have that

γkτα ,µ(kτα−1) =
√
ς + Γkτα ,µ(kτα−1) ≤ η

when τα > τ0. Thus (3.26) ensures that

τ1∑
τ=τ0

min[αkτ ,µ(kτ ), 1] ∥dkτ
∥2 ≥ η

(√
ς + Γkτ1+1,µ(kτ1

) − max[η,
√
ς]
)
,

yielding (3.24). Finally, using the concavity and the increasing nature of the logarithm, we
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also have from (2.6) that, for each i ∈ {1, . . . , n},

τ1∑
τ=τ0

α2
k,i|dk,i|2 = η2

τ1∑
τ=τ0

|dk,i|2

ς + Γkτ+1,i

= η2
τ1∑

τ=τ0

Γkτ+1,i − Γkτ ,i

ς + Γkτ+1,i

≤ η2
τ1∑

τ=τ0

(
log(ς + Γkτ+1,i) − log(ς + Γkτ ,i)

)
= η2

(
log(ς + Γkτ1+1,i) − log(ς + Γkτ0

,i)
)

giving (3.25) because Γkτ0
,i = 0. 2

3.4 Telescoping sum for values of the Lyapunov function

We now use the bounds developed for both types of step to consider the global decrease of the
Lyapunov function ψ, from which a bound on

Θk = 1 +
1

ς
max

i∈{1,...,n}
Γkτ1+1,i (3.27)

can be deduced.

Lemma 3.5 Suppose that AS.1–AS.11 hold and define Θk as in (3.27). Then

E
[√

Θk

]
+

ν1∑
ν=ν0

ωN,kν
≤ κgap + nκtan η E[log(Θk)] (3.28)

where

κgap =
8κB
3η

√
ς

(
ηmax[η,

√
ς] + ψ(x0) + κλκc + ρκc − flow

)
.

Proof. Using the law of total expectation, we have from (3.10) that

ν1∑
ν=ν0

E[ψ(xj) − ψ(xj+1)] ≥ η

ν1∑
ν=ν0

ωN,kν
.
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But (3.10) also implies, when combined with (3.15), that

τ1∑
τ=τ0

E[ψ(xkτ
) − ψ(xkτ+1)] =

τ1∑
τ=τ0

E
[
ψ(xkτ

) − ψ(x+kτ
)
]

+

τ1∑
τ=τ0

E
[
ψ(x+kτ

) − ψ(xkτ+1)
]

≥
τ1∑

τ=τ0

E
[
ψ(x+kτ

) − ψ(xkτ+1)
]

≥ 3

8κB

τ1∑
τ=τ0

E
[
min[αkτ ,µ(kτ ),1] ∥dkτ

∥2
]
− κtanE

[
∥sT,kτ

∥2
]

≥ 3

8κB

τ1∑
τ=τ0

E
[
min[αkτ ,µ(kτ ),1] ∥dkτ ∥2

]
− κtanE

[
n∑

i=1

α2
kτ ,id

2
kτ ,i

]
,

≥ 3

8κB
η
√
ς E
[√

Θk

]
− ηmax[η,

√
ς] − nκtanη

2E[log (Θk)] ,

(3.29)
where we have used the inequality ∥∆kτ

sT,kτ
∥2 ≤ 1 and the second part of (2.6) to deduce

the penultimate inequality, and (3.24) and (3.25) (which are both true for every realization)
to derive the last. Thus, for min[τ0, ν0] = 0 and max[τ1, ν1] = k,

E[ψ(x0) − ψ(xk+1)] =

τ1∑
τ=τ0

E[ψ(xkτ
) − ψ(xkτ+1)] +

ν1∑
ν=ν0

E[ψ(xkν
) − ψ(xkν+1)]

≥ 3

4
η
√
ςE
[√

Θk

]
− ηmax[η,

√
ς] − nκtanη

2E[log (Θk)] + η

ν1∑
ν=ν0

ωN,kν .

(3.30)

Now, using (3.1), and the bound ∥λ̂(x)∥ ≤ κλ, we have that, for all realizations,

E[ψ(x0) − ψ(xk+1)] ≤ ψ(x0) + κλκc + ρκc − flow
def
= η

√
ςκgap − ηmax[η,

√
ς],

Substituting this inequality in (3.30) and using ς ∈ (0, 1] gives that

η
√
ςκgap ≥ 3

4
η
√
ςE
[√

Θk

]
+ η

√
ς

ν1∑
ν=ν0

ωN,kν
− nκtanη

2E[log (Θk)] ,

from which (3.28) may be deduced. 2

3.5 Tangential complexity

Our next step is to use (3.28) to derive a global rate of convergence over tangential steps. We
start by quoting a useful technical result.

Lemma 3.6 Suppose that t ≤ b+ c log(t) for some t ≥ 1. Then t ≤ 2b+ 2c [log(2c) − 1] .

Proof. See [4, Lemma 3.6] for a = 1. 2

We now consider the rate of convergence along the subsequence of tangential steps.
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Lemma 3.7 Suppose that AS.1–AS.11 hold. Then

E

[√
ς + max

i∈{1,...,n}
Γk,i

]
≤ κT

def
=

√
ς
[
2κgap + 4nκtanη

(
log(4nκtanη) − 1

)]
(3.31)

and
τ1∑

τ=τ0

E[ωT,kτ
+ ωN,kτ

] ≤ κT
√
n
√
τ1 + 1

(
1 +

βη
√
ς

)
. (3.32)

Proof. The inequality (3.28) yields that

E
[√

Θk

]
≤ κgap + 2nκtanηE

[
log

(√
1 +

1

ς
Γmax

)]
.

Jensen’s inequality and the concavity of the logarithm then imply that

E
[√

Θk

]
≤ κgap + 2nκtanη log

(
E

[√
1 +

1

ς
Γmax

])
,

so that we obtain from Lemma 3.6 that

E

[√
ς + max

i∈{1,...,n}
Γk,i

]
≤

√
ς
[
2κgap + 4nκtanη

(
log(4nκtanη) − 1

)]
.

This is (3.31). We now invoke the inequality
∑k

j=0 aj ≤
√
k + 1

√∑k
j=0 a

2
j for nonnegative

{aj}kj=0 to deduce, from (2.13) and (3.31), that

τ1∑
τ=τ0

E[∥dkτ
∥] = E

[
τ1∑

τ=τ0

∥dkτ
∥

]

≤ E

√τ1 + 1

√√√√ τ1∑
τ=τ0

∥dkτ
∥2


≤

√
τ1 + 1E

[√
n max

i∈{1,...,n}
Γk,i

]

≤
√
n(τ1 + 1)E

[√
ς + max

i∈{1,...,n}
Γk,i

]
≤
√
n(τ1 + 1)κT .

(3.33)

Using the switching condition (2.8) and the fact that αkτ ,i ≤ η/
√
ς for all i ∈ {1, . . . , n}, we

also deduce that

τ1∑
τ=τ0

E[ωN,kν ] ≤
τ1∑

τ=τ0

β E
[
∥sLk ∥

]
≤ β η

√
ς

τ1∑
τ=τ0

E[∥dkτ ∥] ≤ β η κT
√
n
√
τ1 + 1

√
ς

.

Summing this bound with (3.33) then gives (3.32). 2
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3.6 Normal complexity

The analysis of the complexity of normal step also uses the switching condition, but in the other
direction.

Lemma 3.8 Suppose that AS.1–AS.11 hold. Then

ν1∑
ν=ν0

E[∥dkν∥ + ωN,kν ] < κN

(
1 +

κg
√

2n(kν + 1)

βη

)
, (3.34)

where

κN = κgap + 2nκtan log

(
κT√
ς

)
. (3.35)

Proof. We again consider the complete decrease of the Lyapunov function over all iterations
and obtain, using (3.28), that, for min[τ0, ν0] = 0 and max[τ1, ν1] = k,

ηκgap ≥ E[ψ(x0) − ψ(xk+1)]

=

τ1∑
τ=τ0

E[ψ(xkτ ) − ψ(xkτ+1)] +

ν1∑
ν=ν0

E[ψ(xj) − ψ(xj+1)]

≥ η

ν1∑
ν=ν0

ωN,kν
+ ηE

[√
Θk

]
− κtanη

2E[log (Θk)]

Thus, using Jensen’s inequality, the concavity of the logarithms, (3.28) and (3.35),

ν1∑
ν=ν0

ωN,kν
≤ κgap + nκtanηE[log (Θk)]

≤ κgap + 2nκtanηE
[
log
(√

Θk

)]
≤ κgap + 2nκtanη log

(
E
[√

Θk

])
≤ κN .

(3.36)

Taking now the conditional expectation in the switching condition (2.8) for k ∈ kν (i.e. when
(2.8) fails) obtain that, for ν ∈ {ν0, . . . , ν1},

ωN,kν
≥ βEkν

[
∥sLk
]
∥∞ ≥ βEkν

[
αkν ,µ(kν)∥dkν

∥∞
]
. (3.37)

Now, if kτ⋄ is the index of the last tangential iteration preceding kν1
, (2.6) gives that

αkν ,µ(kν) =
η√

Γkτ⋄+1,µ(kν) + ς
≥ η√

2 max[Γkτ⋄+1,µ(kν), ς]
.

But, using AS.3,
Γkτ⋄+1,µ(kν) ≤ τ⋄κ

2
g ≤ (kν + 1)κ2g,

and therefore, since κg ≥ 1 ≥ ς,

αkν ,µ(kν) ≥
η√

2 max[(kν + 1)κ2g, ς]
=

η

κg
√

2(kν + 1)
.
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This inequality, (3.37) and the law of total expectation then imply that

E[ωN,kν ] ≥ E

[
βη

κg
√

2(kν + 1)
Ekν [∥dkν∥∞]

]
≥ βη

κg
√

2(kν + 1)
E[∥dkν∥∞] . (3.38)

Using the equivalence of norms and (3.36), this implies that

ν1∑
ν=ν0

E[∥dkν∥] ≤
√
n

ν1∑
ν=ν0

E[∥dkν∥∞] ≤
κg
√

2n(kν + 1)

βη

ν1∑
ν=ν0

E[ωN,kν ] ≤
κg κN

√
2n(kν + 1)

βη
.

Summing this bound with (3.36) gives (3.34). 2

3.7 Combined complexity

We may assemble the above results to derive a complexity result involving the expectation of the
approximate dual optimality measure.

Theorem 3.9 Suppose that AS.1-AS.11 hold and that either the gradient is exact (i.e.
gT,k = GT,k for all k ≥ 0) or AS.11 holds. Then

1

k + 1

k∑
j=0

E[∥dj∥ + ∥cj∥] ≤ κSTRAD√
k + 1

+
κN

ξ(k + 1)
= O

(
1√
k + 1

)
, (3.39)

where

κSTRAD =
κT
ξ

(
1 +

βη
√
ς

)
+
κNκg

√
2n

ξβη
.

Proof. Observe first that AS.11 automatically holds in the gradient is exact. Now consider
iterations from 0 to k of both types (tangential and normal) by setting min[kν0

, kτ0 ] = 0 and
max[kν1

, kτ1 ] = k (as in Lemma 3.5). We then obtain, by combining (3.32) and (3.34) and
using AS.10, that

k∑
j=0

E[∥dj∥ + ∥cj∥] ≤
k∑

j=0

E
[
∥dj∥ +

ωN,j

ξ

]

≤ 1

ξ

τ1∑
τ=τ0

E[∥dkτ ∥ + ωN,kτ ] +
1

ξ

ν1∑
ν=ν0

E[∥dkν∥ + ωN,kν ]

≤ κT
ξ

√
k + 1

(
1 +

βη
√
ς

)
+
κN
ξ

(
1 +

κg
√

2n(k + 1)

βη

)
,

where we used the inequalities τ1 ≤ kτ1 ≤ k and kν1 ≤ k. The bound (3.39) is finally obtained
dividing both sides by k + 1. 2

Our interest is now to transform this result into a result using the true dual optimality measure
ΩT,k = ΩT (xk) given by (2.1). The reader has undoubtely noticed that we have not assumed that
the gradient oracle g(x) is unbiased, an assumption which is common for unconstrained problems
and relates the approximate first-order optimality condition for such problems (g(x) = 0) to true
optimality (G(x) = 0). When inequality constraints are present, this condition is not sufficient,
as was shown in [4] for the case of bound constraints. The simplest approach is a direct analog of
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the unconstrained condition and is to require that the optimality measure is unbiased also for the
case of constraints, that is

Ek[∥dk∥] = ΩT (xk), (3.40)

but that might be difficult to achieve. A slightly looser condition is to require that

Ek[|ΩT (xk) − ∥dk∥|] ≤ κΩEk[∥dk∥] (3.41)

for some κΩ > 0. Finally, the nature of the orthogonal projection in ΩT (xk) also implies that a
condition of the form

Ek[∥Gk − gk∥] ≤ κΩEk[∥dk∥] (3.42)

is also suitable because it implies an inequality of the form (3.41) (see [4, Lemma 4.1]).

Theorem 3.10 Suppose that AS.1-AS.10 hold and that either the gradient is exact (i.e.
gT,k = GT,k for all k ≥ 0) or AS.11 and one of (3.40), (3.41) or (3.42) hold. Then

1

k + 1

k∑
j=0

E[ΩT (xj) + ∥cj∥] ≤ κSTRAD√
k + 1

+
κN

ξ(k + 1)
= O

(
1√
k + 1

)
, (3.43)

where

κSTRAD =
κΩκT
ξ

(
1 +

βη
√
ς

)
+
κN κg

√
2

ξβη
.

Proof. It directly results from Theorem 3.9 and either (3.40), or (3.41) and the triangle
inequality. 2

This result implies that, under our assumptions, the algorithm requires at most O(min[ϵD, ϵC ]−2)
iterations to achieve ϵ-approximate first-order criticality, that is ΩT (xj) ≤ ϵD and ∥cj∥ ≤ ϵc. It
is remarkable that this complexity order, which is the best that can be achieved for deterministic
unconstrained problems (see [10, 9, 8]), can also be achieved, under our assumptions, in our more
general stochastic constrained context. This implies that the bound given by Theorem 3.10 is also
optimal in order.

3.8 Further discussion of the stochastic conditions

.
Can AS.11 or (3.40)–(3.42) be relaxed? The theory presented above suggests two different but

complementary possibilities.
The first is to relax the condition of AS.11 to admit a sufficiently small noise of the first-order

descent gTk sT,k condition (in addition to the second-order noise allowed by AS.11), and transform
the condition of AS.11 into

Eτ
k

[
|(GT,k − gT,k)T sT,k|

]
≤ κdir,*Eτ

k

[
|gTk sT,k|

]
+
κdir

2
Eτ
k

[
∥sT,k∥2

]
.

for some constants κdir,* < 1 and κdir > 0. In this case, (3.19) now holds for a smaller but strictly
positive value of κdir, the rest of the theory being unchanged.

A second possibility is to allow further error depending on a finite number of second-order
terms at past iterations, for instance by requiring

Eτ
k

[
|(GT,k − gT,k)T sT,k|

]
≤

M∑
j=0

κdir,jEτ
k−j

[
∥sT,k−j∥2

]
= κdir,0Eτ

k

[
∥sT,k∥2

]
+

min[M,k]∑
j=1

κdir,j∥sT,k−j∥2
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for some fixed integer M ≥ 1 independent of k and some κdir,j ≥ 0 for all j ∈ {0, . . . ,min[M,k]}
with maxj∈{1,...,min[M,k]} κdir,j > 0. The inequality (3.19) then takes the form

Eτ
k

[
∇xψ(x+k , λ̂

+
k )T sT,k

]
≤ −κtEτ

k

[
αkω

2
T,k

]
+ κdir,0Eτ

k

[
∥sT,k∥2

]
+

min[M,k]∑
j=1

κdir,j∥sT,k−j∥2

and the additional (second-order) term
∑min[M,k]

j=1 κdir,j∥sT,k−j∥2 is carried to the summation in
(3.29) in Lemma 3.5, which becomes

τ1∑
τ=τ0

E[ψ(xkτ ) − ψ(xkτ+1)] =

τ1∑
τ=τ0

E
[
αkτ ,µ(kkτ )∥dkτ ∥2 −Mκtan∥sT,kτ ∥2

]
.

because each second-order term appears at most M times in the sum. This merely amounts to
multiplying the constant κtan by M , and the rest of the theory is again unchanged. Observe that
the choice κdir,0 = 0 makes the right-hand side of the condition measurable with respect to the
past, a potentially useful property in practice. The same technique of taking into account past
iterations is also applicable to any of (3.40)–(3.42). For instance, (3.42) can be relaxed to

Ek[∥Gk − gk∥] ≤ κΩ,0Ek[∥dk∥] +

min[M,k]∑
j=1

κΩ,j∥dk−j∥.

Of course, mixing these strategies is possible, leading to fairly relaxed conditions. When the
random noise is cause by a sampling process (as is the case in many methods for the minimization
of finite sums), it was for instance observed in [22] that incorporating past steps in the right-hand
side of the accuracy condition covers a very much slower increase in the sample size when iterations
progress.

We finally note that, because we have proved in Theorem 3.5 that Θk only grows very slowly,
we see from (2.7), (2.12), (2.13) and (3.28) that ∥sT,k∥ cannot be much shorter that the projected
approximate gradient at xk, motivating our analogy between (3.6) and (3.7).

4 Summary and open questions

A OFFO algorithm for stochastic nonlinear optimization subject to deterministic equality and
inequality constraints has been proposed, which is capable of exploiting (approximate) second-
order information when available. Its global rate of convergence has been shown to be O(1/

√
k + 1)

when the Jacobian of the constraints is assumed to be full-rank. This rate is, in order, identical
to that of first-order methods for unconstrained problems. The proofs to obtain this result are
(relatively) simple.

Of course, several questions remain. Of particular interest is weakening the assumptions of
bounded gradients, full-rank Jacobians and oracle variance. Handling approximate projections
would also be valuable.
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