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We develop tractable convex relaxations for rank-constrained quadratic optimization problems over n x
m matrices, a setting for which tractable relaxations are typically only available when the objective or
constraints admit spectral structure. We derive lifted semidefinite relaxations that do not require such
spectral terms. Although a direct lifting introduces a large semidefinite constraint in dimension n? +nm+1,
we prove that many blocks of the moment matrix are redundant and derive an equivalent compact relaxation
that only involves two semidefinite constraints of dimension nm + 1 and n + m, respectively. We also derive
a new class of valid inequalities for low-rank problems, which we call projection cuts, that exploit the
fact that rank constraints are inherited by linear images of a low-rank matrix, to strengthen our low-rank
relaxations substantially. For matrix completion and reduced-rank regression problems, among others, we
exploit additional structure to obtain even more compact formulations involving semidefinite matrices of
dimension at most the sum of the two dimensions of the low-rank decision matrix (i.e., of size at most n+m).

Overall, we obtain scalable semidefinite bounds for a broad class of low-rank quadratic problems.
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1. Introduction

This work develops tractable relaxations for rank-constrained optimization problems of the form

min  A-rank(X)+ (H,vec(X ")vec(X "))+ (D, X) (1)

X Rnxm
st rank(X) <k, (Q;,vec(X "vec(X "))+ (E;, X)<b; Viel

where H,Q; € S are nm x nm symmetric matrices, D, E; are n X m matrices, A€ R,k € N are
parameters which control the complexity of X € R"*™ by respectively penalizing and constraining
its rank, Z denotes the index set of constraints, and vec(-) denotes the vectorization of the matrix
X. Note that we write vec(X ") rather than vec(X) to simplify the notation in our subsequent
relaxations; both formulations are equivalent up to a fixed permutation of the coordinates.

Problem (1) is a very general class of problems: it models unregularized and Frobenius-regularized
matrix completion (Candes and Recht 2009) and reduced rank regression (Negahban and Wain-

wright 2011) as special cases, as we discuss in detail in Section 3. However, to our knowledge, there
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are no tractable convex relaxations for low-rank quadratic optimization problems like (1) except
those that exploit a spectral term in the objective or constraints that may not persist in practice.
Accordingly, this paper proposes computationally tractable lifted relaxations of Problem (1).

The closest works to this paper are (i) Kim et al. (2022), who generalize the work of Hiriart-
Urruty and Le (2012) to propose an extended formulation for sets of the form {X : rank(X) <
k, f(X) <0}, where f is a quasiconvex function in the singular values of X, (ii) Bertsimas et al.
(2023b), who, building upon the work of Bertsimas et al. (2022), leverage partial separability to
obtain compact semidefinite relaxations for low-rank problems with a spectral term in the objective
of the form tr(f(X)) for f matrix convex, via a matrix perspective relaxation, and (iii) Li and
Xie (2025), who propose a column generation algorithm for solving the convex relaxation of a
low-rank spectrally constrained problem. All three works yield powerful relaxations when their
structural assumptions hold, but do not yield generic, scalable convex relaxations for general low-
rank quadratic optimization in which the objective and constraints are arbitrary quadratic forms in
vec(X 7). We complement this literature by providing a lifted SDP relaxation for general quadratic
objectives and constraints, and by showing how to systematically eliminate variables to obtain
implementable relaxations for low-rank problems.

Main contributions: In this work, we extend the lifted relaxation idea of Shor (1987) to
Problem (1) by leveraging the representation of low-rank matrices with projection matrices as
proposed in Bertsimas et al. (2022), thus enriching the toolbox of semidefinite relaxations for low-
rank optimization. Our main theoretical contributions are a new class of compact semidefinite
relaxations for generic low-rank optimization problems (Theorem 1 in Section 2.1), and a new family
of valid inequalities, which we term projection cuts (Theorem 2 in Section 2.2), that often close most
of the gap between this convex relaxation and feasible solutions. To the best of our knowledge, this
is the first work that obtains non-trivial and computationally tractable lower bounds for generic
quadratic low-rank optimization problems like (1), without depending on spectral terms.

Structure: We propose lifted relaxations of low-rank quadratic optimization problems in Sec-
tion 2. To illustrate our approach, we apply our lifted relaxation to low-rank matrix completion
and reduced rank regression in Section 3. In Section 4, we numerically benchmark our convex

relaxations on low-rank matrix completion problems.

1.1. Notation

We let non-boldface characters such as b denote scalars, lowercase boldface characters such as x
denote vectors, uppercase boldface characters such as X denote matrices, and calligraphic upper-
case characters such as Z denote sets. We let [n] denote the set of running indices {1,...,n}. The

cone of n x n symmetric (resp. positive semidefinite) matrices is denoted by S™ (resp. St).
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For a matrix X € R™*™, we let X denote its ith column and X denote a vector containing its
ith row. We let vec(X) : R"™*™ — R™ denote the vectorization operator which maps matrices to
vectors by stacking columns. For a matrix W, we may find it convenient to describe it as a block
matrix composed of equally sized blocks and denote the (i,4") block by W) The dimension of
each block will be clear from the context, given the size of the matrix W and the number of blocks.
For any matrices A, B, we use A ® B to denote their Kronecker product (see Gupta and Nagar
2018, Chapter 1.2).

We let X be the pseudoinverse of X, which is used in the Schur complement lemma (Boyd et al.
1994, Eqn. 2.41). Welet V¥ :={Y € S7:Y? =Y ,tr(Y) < k} denote the set of orthogonal projection
matrices with rank at most k, whose convex hull is {P € S : P < I,,,tr(P) < k} (Overton and
Womersley 1992, Theorem 3).

2. Lifted Relaxations for Low-Rank Optimization Problems

In this section, we demonstrate how to apply a lifted relaxation technique to low-rank quadratic op-
timization problems in a manner that yields tractable convex relaxations. Throughout the section,

we study the following reformulation of Problem (1):

min min  A-tr(Y) + (vee(X vee(X )" H) + (D, X) (2)

Y ek X eRnxm
st. (Qivee(X Nvee( X))+ (E;, X)<b;, VieZ, X =Y X.

As demonstrated® in Bertsimas et al. (2022), any rank-constrained optimization problem of the
form (1) can be formulated as an optimization over (X,Y") of the form (2), where the additional
decision matrix Y is a projection matrix which encodes the span of X and whose trace bounds
rank(X). However, unlike Problem (1), Problem (2) concentrates all rank-induced nonconvexity
within the constraints Y? =Y and X =Y X, making it amenable to lifted relaxation techniques.

The rest of the section is organized as follows: First, in Section 2.1, we design a lifted semidefinite
relaxation for Problem (2) (Proposition 1) and show that many of the additional semidefinite vari-
ables can be safely omitted (Theorem 1). Second, in Section 2.2, we develop a family of additional
valid inequalities which we call projection cuts. Third, in Section 2.3, we specialize our results to
the case where H and Q; are block diagonal matrices, and show that our semidefinite relaxations
and projection cuts can be written in terms of optimization problems that do not involve any
n? x n? matrices in this case. Finally, in Section 2.4, we revisit the nonlinear formulation of Burer
and Monteiro (2003), and discuss why a naive lifted relaxation designed around this nonlinear
formulation cannot yield strong lower bounds, while a more sophisticated version of the relaxation

is equivalent to the relaxation designed in Section 2.1.
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2.1. A New Lifted Relaxation and Its Compact Formulation

We introduce matrices W, ,, W,,, W,, to model the outer products vec(X ")vec(X )T,

Y

vec(X T)vec(Y) T, and vec(Y )vec(Y)". By 1nc1uding these decision matrices, we have:

PROPOSITION 1. The convex semidefinite optimization problem

in min A tr(Y) + (W, H) + (D, X)
YGS_’ﬁ:YjI,tr(Y)Sk XeRnX™,
2 2
Wy,y€SY Wo z €8T Wy y ERTTXT

1 vec(X )T vec(Y)T
s.t. vee(X") W, W,, >0,

X —_

vee(Y) W/, W, (3)

Zw(l ) ~Y, Z W(l i)

i=1

<Qi7Wx,x> <E17X> sz VZEI,
is a valid convex relaxation of Problem (2).

REMARK 1. If an optimal solution to (3) is such that W, , = vec(X ")vec(X )T then the optimal

values of (3) and (2) coincide.
Proof of Proposition 1 Fix (X,Y) in (2) and set
(Weny Wey, W, ) = (vec(X Nvee(X ") T, vee(X "vee(Y) ", vec(Y )vec(Y) 7).
It is sufficient to verify that (X,Y , W, ., W, ,, W, ) is feasible for (3)—it obviously attains the
same objective value. First, by construction, the semidefinite constraint is satisfied (at equality).
Moreover, we have

YY" Y:>ZW(“: ,
=1

Ty T __ T 9,1) T

XY =X"= ) wii=Xx".
1€[n]

O
Unfortunately, (3) is not compact as it involves one semidefinite constraint of dimension n? +
nm + 1. Therefore, a natural research question is whether it is possible to eliminate any variables

from (3) without altering its optimal objective value. We now answer this question affirmatively.

THEOREM 1. Problem (3) is equivalent to

min min Atr(Y)+(W,.,H)+ (D, X)
YGS_T_ Y <I, tr(Y)<k X cRRX™
Wy o€SI™

s.t. Wy, =vec(X Nvec(X )T,

<Q17Wm,z> <E17X> Sbm V’LEI,

1,1) T
<Zz€[n‘]X_W X}/ ) - 0.
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Proof of Theorem 1 We show that given a feasible solution to either problem, we can generate
a feasible solution to the other problem with an equal or lower objective value.

Suppose that (X, Y, W, ., W, ,, W, ) is feasible in (3). Then, by summing the PSD principal
submatrices containing W,H WD Wi for each i € [n], we have that

( F o W 3 W ”>> o
Zze[n] W(,Zul) Zze[ ]W;Zyl)
Moreover, from (3) we have that ., W, W,, " =XT and > icin ) =Y. Thus, (X,Y ,W,,)
is feasible in (4) and attains the same obJectlve value.

Next, suppose that (X,Y, W, ) is feasible in (4). By the Schur complement lemma, we must
have Y = X (5, WLD)TX T, Since the cost matrix associated with Y in the objective, AI, is
positive semidefinite, we can set Y := X (>, W(59)TX T without loss of optimality—doing so
cannot increase the objective value nor make the constraints 0 <Y < I, and tr(Y) < k violated.

To construct admissible matrices W, , and W,

.y, let us first define the auxiliary matrix

T
Z mz ,i) XT eRan7
i€[n]

and observe that Y =U "X " = XU. Then, we define the matrix
T

10 0 1 vec(X )T vee(X )T 10 0
M:=|01I1, O vee( X)) W,, W, . 0I,, O
0 0 I,U vee(XT) W,, W, . 0 0 I,U
We let W, ,, W, , denote the relevant off-diagonal blocks, i.e.,

1 vee(X )T vec(Y)T
M =:|vec(X") W,, W..,
vec(Y') W W, .,

z,y

Since Y =U "X T, we have vec(Y) =vec(U' X ") = (I, @ U ")vec(X ") and thus our construction
is consistent with the existing value of Y. We now verify that (X,Y, W, ,, W, ,, W, ) is feasible for

T,y

(3). By construction, M > 0. Thus, (X,Y , W, ,, W, ,, W, ) satisfies the semidefinite constraint

T,y

in (3). Next, by construction, W, , and W, , can be decomposed into n x n blocks satisfying:
W) —weidy wid) —ugTwEhy
T, T, T ’ Y,y x,T .
Summing the on-diagonal blocks of these matrices then reveals that
;

Swip =y wiou= (Ywi | [ Swe ) xr-xt

1€[n] 1€[n] 1€[n] j€[n]

W= UWHU=U"|Y WU |=UX"=Y.
1€[n] 1€[n] 1€[n]

Therefore, we conclude that (X, Y, W, ,, W, , W, ) is feasible in (3) and attains an equal or

z,Yo

lower objective value. Thus, both relaxations are equivalent. O
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Problem (4) is much more compact than (3), as it does not require introducing the variables
W,, € 512 or W, , € R™** TInstead, (4) only involves two semidefinite constraints of dimension
nm+ 1 and n + m respectively. Notably, the proof of Theorem 1 also provides a recipe for recon-
structing an optimal W, , given an optimal solution (Y, X, W, ,) to (4). Namely, compute the
auxiliary matrix U := (Zie[n] Wéfj))TXT and set W, ,:= (I, oU)'W, (I, U).

Finally, it is interesting to consider whether the relaxation developed here is at least as strong as
the matrix perspective relaxation of Bertsimas et al. (2023b). We now prove this is indeed the case.
The relaxation of Bertsimas et al. (2023b) only applies to partially separable objectives. Hence, we

first need to impose more structure on the objective of (2) to compare relaxations.

PROPOSITION 2. Assume that H is positive definite, so that the term (H,vec(X ")vec(X ")) +
(D, X) in Problem (2) can be rewritten as the partially separable term %HXH?J + h(X), where
h is convex in X. Further, assume the matrices Q; are positive definite, so that the terms
(Qi,vec(X Tvec(X "))+ (E;, X) in Problem (2) can be rewritten as the partially separable terms

%HXH% + hi(X) for a common ~, where h; are convex in X. Then, the optimal value of Problem

(3) is at least as large as the relazation of Bertsimas et al. (2023b)

min min A-t(Y)+ ;Ytr(O) +h(X) (5)

Y €Conv (k) XERmX™ 0€ST

1 . 0 XT
5.1. gtr(0)+hi(X)§bi, Viel, (X v ) -0,

Proof of Proposition 2 Given the equivalence between Problems (3)—(4) proven in Theorem 1
and the fact that the quadratic forms are all positive semidefinite, it suffices to show that the
constraints in (4) imply the constraints in (5). Letting 6 := 3", | WD we observe that 6 is

feasible for (5). Similarly, convexity of h,h; implies H — %I =0, Q; — iI >= 0. Therefore, the

constraint W, , = vec(X ")vec(X ") T yields the inequalities

2171;1«(0) +h(X) <(H,W,.,)+ (D, X),

1

which completes the proof. ([l

The proof of Proposition 2 reveals that in the boundary case of reduced rank regression (see
§3.2), our lifted relaxation (4) reduces to a perspective-type relaxation which can be perceived
as decomposing the variable 0 in (5), and strengthening the relaxation by imposing additional

constraints on elements of this decomposition.

2.2. Projection Cuts for Strengthening the Lifted Relaxation
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In this section, we propose a strategy for improving our compact lifted relaxations, sometimes
significantly, by exploiting the fact that the rank constraint rank(X') < & is inherited by many linear
images of X. In particular, if A, B are matrices of arbitrary dimension, then the rank constraint

implies rank(AX B) < k. Formally, we have the following result:

THEOREM 2. Let A € RP*" B € R™* be real matrices, and let us denote D := A® BT € Rpaxnm,
In particular, for any X € R™™, we have vec((AXB)") = Dvec(X"). Further, for the lifted
matriz W, ., € ™™, let the auziliary matric DW, ,DT € SP1 be partitioned into p x p blocks of size
q X q. Then, the following constraint is valid for Problem (2), and may be imposed in (4):

’_(DW,,D")= (AXB)"
AXB Zp

where py = Amax(AAT), and Y is the semidefinite matriz in (4).

3Zp € Conv(Y¥)  s.t. < ) =0,AY AT <p.Zp, (6)

REMARK 2. A natural choice for B in Theorem 2 is taking ¢ = m and B = I,,,. Indeed, any variable
Zp satisfying (6) for I, also satisfies (6) for any B € R™*? (simply left/right multiply the first
semidefinite inequality by Diag(BT, I,)/Diag(B,I,)). The benefit of using a generic B (especially

one with ¢ <m) is computational tractability.

Proof of Theorem 2 Let (X,Y) be feasible for Problem (2), and take the exact lifted matrix
W, ., =vec(X ")vec(X")". Further, for ease of notation, define Wp := DW, ,D" € §77, and
Op(W,,):=3"_ W €81 By definition of D, we have Wp, = vec((AX B)T) vec((AXB)T)"
and @p(W,,)=>._,((AXB)"), ((AXB)"),.=(AXB)"AXB.

Let Zp be the orthogonal projector onto the column space of AY . Since rank(AY") <rank(Y') <
k, the matrix Zp has rank at most k, so Zp € y;j. In addition, from ZpAY =AY and X =Y X,

we have the relationship Zp AX B = AX B. Consequently,

(4 EP) = (AXBEATP AFP )= (5P (45T o

Thus (6) is satisfied by every feasible point of Problem (2) under its exact lift. For the remaining
inequality, observe that AY AT = AY (AY)', because Y is an orthogonal projection matrix. By
construction, span(Zp) =span(AY) =span(AY AT). Since 0 < AY AT < AAT < p,I,, it follows
that AY AT < psZp. Finally, replacing Zp € Y¥ by Zp € Conv(Y)) preserves validity. O

We support our discussion via Example EC.1 in Section EC.1.1, which shows that for a specific
low-rank matrix completion problem, (3) gives a relaxation with an optimality gap of around 50%,

but imposing a small number of projection cuts of the above form closes the gap to 0.

2.3. More Compact Relaxations for Block Diagonal Optimization Problems

In this section, we show that if the quadratic objective matrix H and the constraint matrices Q;

are block diagonal, then we can omit the off-diagonal blocks of W, ,. We demonstrate the utility of
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this observation throughout Section 3, by leveraging it repeatedly to eliminate most of the decision

variables from Problem (4) without altering the objective value, for several low-rank problems:
THEOREM 3. In Problem (4), let the quadratic objective matriz H be block diagonal, i.e.:
H =Diag(H,,...,H,): H, € S™,

and let the constraint matrices Q; similarly be block decomposable into n matrices Q; ;, i.e.,

Qi = Diag(QiJ, LIS 7Qi,n) : QiJ € Sm

Then, letting X, denote a column vector containing the ith row of X, Problem (4) attains the
same optimal value as the following optimization problem:
min min <D,X>+Z<Hi,5i>+)\-tr(Y) (7)

YGConv(y,,lg) XERnxm,Sl,...7Sn€S:’_l P

i . T Zy:l 5 X7
s.t. S EXL-X’L',‘ i€ [n], < X Y =0,

> Q.87 +(E, X) <b, VieT.

j=1

Proof of Theorem 8 Tt suffices to show that given any feasible solution to (7), we can construct
a feasible solution to (4) with the same objective value; the converse is immediate. Let (X,Y, S?)
be feasible in (7). Define the block matrix W € S}™ ™™ by setting W) = §¢ and W) =
X; X . Then, it is not hard to see that W — vec(X ")vec(X )" is a block matrix with zero
off-diagonal blocks and on-diagonal blocks §* — X; X" = 0. Thus, W — vec(X ")vec(X )" is a
positive semidefinite matrix, and W = vec(X ")vec(X ")T. Moreover, due to the block diagonal
nature of the lifted semidefinite matrices H and Q;, (X,Y, W) is feasible in (4) and attains the
same objective value. 0

Compared with (3) or (4), the semidefinite relaxation (7) involves n positive semidefinite variables
of dimension m (vs. one PSD matrix of dimension nm in (3)) and n + 1 semidefinite constraints
of dimension m + 1 (vs. one of dimension nm + 1)—both relaxations involve one semidefinite
constraint of dimension n + m.

Finally, we now present a restriction of Theorem 2 that provides valid inequalities involving only

the matrices S = X; . X", which can be used for the more compact relaxation (7).

COROLLARY 1. Consider a matriz A € RP*™ where each row and column has at most one non-zero
coordinate. Namely, row j of A is of the form ozje;j) for some a; €R and i:jw— i(j) € [n] is
injective. Then, denoting 8' = X; . X i € [n], the following constraint is valid for (2), and may be
imposed in (7) :

2 gi(4) T
3Z, € Conv(Yy)  s.t. (Eie[:K%S (AZ)? > =0,AY A" < (rjréz[g](a?) Z,. (8)
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Proof of Corollary 1 The result follows from applying Theorem 2 to (A, I,,). Indeed, in this

case, ATA=3"_  ajey;

pPa

and Y (DW,,D")"" =(AXB) AXB=X"ATAX =) o’Xee[ X =

a€(p]

2.4. Partial Failure of Lifted Shor Relaxation Without Projection Matrices

e,(; and the i(j)’s are distinct, so

— )\maX(AAT) — )\max(ATA) = max O[?,

J€p]

JE(p)

JElp

0280, O
]

This subsection? justifies the use of a mixed-projection reformulation of Problem (1) to design

our convex relaxations in Section 2. In the presence of a hard rank constraint only (A =0), it is

common to decompose X into X =UV " with U € R"** V € R™** to enforce rank(X) < k by

design, as proposed in the literature (Burer and Monteiro 2003). However, we now show that a

naive first-order lift of this reformulation cannot provide a better bound than the trivial convex

relaxation obtained by disregarding the rank constraint.

To obtain a lifted relaxation, we vectorize X,U,V and let the matrix W collect the appropriate

lifted blocks. Analogously to Proposition 1, the corresponding lifted relaxation is then

min (HW, )+ (D, X)
XGR”XW,UER"’X}C,
VERka,WGSz(erk)er,C
1 vec(X )T vec(U) T vec(V
C[reexn WL e, W
s.t. vec(U) W, W,. W,
vec(V) W, w,, w,
k
Y Wi =X,
J=1 7
<Qia Wﬁc,1> + <E27X> < bi, Vi e I,

where W collects the lifted moment blocks and the constraint X = Z?Zl W i) encodes X =UV'T.

We now show that (9) is no stronger than simply dropping the rank constraint. Formally, we

have the following result (

PROPOSITION 3. For any k> 1, Problem (9) attains the same optimal value as

proof deferred to Section EC.1.2):

min
X Wge.a

(H,W, )+ (D, X)

1 vee(X )T
s.t. (VeC(XT) Wx,;p t 07
<Qi7 Wz,z> + <EzaX> S bi7

Viel.

(10)

Proposition 3 shows that the first-order lifting of the factorized formulation X = UV " does

not encode any nontrivial rank information: once the rank-one condition on the moment matrix is

dropped, the blocks involving U and V' can always be completed so as to represent an arbitrary

matrix X . In other words, Proposition 3 holds because there are no additional constraints on U, V.
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In contrast, our relaxation starts from the mixed-projection reformulation (2), which relies on a
structured decomposition of X.

In particular, we can recover a non-trivial compact semidefinite relaxation from a decomposition
X =UV'" if we further require that U'U = I,. In this case, we must have X' X = VVT.
These two relationships translate into additional constraints in the lifted semidefinite relaxation:
tr(WlEf;l)) =0,; Vj,l € [k] and ZLE ]

constraints, we recover our semidefinite relaxation (4) (proof deferred to Section EC.1.3):

Z 7:3) | respectively. With these additional

fL‘ZL‘ ’L)’U?

PROPOSITION 4. Let A\=0. The following problem attains the same optimal value as (4):
min (HW, )+ (D, X)

XeRnX'm UeRnXk
Ver™xk, Wes"“"*k)*mk

1L vec(X
V€C<XT) W, . W,
vec(U) WJ W

VeC(V) W;U WJU , (11)

s.t.

k
S W = X8 =6, 1< ]

JZ W= Wi,

i€[n] JE[K]

(Qi, Wa) + (Ei, X) <b;, Viel.
The proof of Proposition 4 reveals that, upon imposing X =UVT,.U'U =1, X" X =VVT,
the block matrix ., W) dominates the relaxed projection variable Y = XO©TXT : © =

ZJ clk W * 9. All in all, a lifted relaxation of a Burer and Monteiro (2003) factorization recovers

relaxatlon (4) in extended form, provided additional structure on the factors U,V is imposed.

REMARK 3. One can show that Proposition 3 holds even when adding the constraints tr(W %)) =
d;1 V4,1 € [k]. To obtain a non-trivial relaxation in Proposition 4, it is crucial to observe that
U'U =1, implies X ' X = VV T and to use the latter constraints to relate the diagonal blocks of
W, .. (which appears in the objective) with those of W, ,,.

3. Examples of Low-Rank Relaxations

This section applies the lifted relaxation proposed in Section 2 to two important problems from the
low-rank literature: (i) matrix completion (Section 3.1), which possesses a row-separable quadratic
loss, and (ii) reduced rank regression (Section 3.2), which possesses an objective dependent explic-
itly on X X 7. By exploiting their respective problem structure, we show that our lifted relaxation
can be further reduced to an equivalent relaxation with no semidefinite matrices or constraints of
dimension larger than the sum of the two dimensions of the low-rank matrix, as opposed to the

O((n+m)?) dimension blocks in our lifted relaxations from the previous section.
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Section EC.2 supports this discussion by applying our lifted relaxation technique to three ad-
ditional families of low-rank problems: basis pursuit, sparse plus low-rank matrix decomposition,

and low-rank factor analysis.

3.1. Matrix Completion

Given a random sample {4;;:(i,j) € 2 C [n] x [m]} of a matrix A € R™*™, the goal of the low-
rank matrix completion problem is to reconstruct the matrix A, by assuming it is approximately

low-rank (Candes and Recht 2009). This problem admits the formulation:

min min  |[P(A)-P(X)[F+A-tr(Y) st. X=YX, (12)

Yeyk XeRnxm

where A > 0 is a penalty multiplier on the rank of X through the trace of Y, k is a hard constraint
on the rank of X through the trace of Y, and

A if (1,7) € Q
P A i — ©J ’
(A {0 otherwise
is a linear map which masks the hidden entries of A by outputting a matrix equal to A on 2 and
0 otherwise. By expanding the quadratic [|P(A) — P(X)[|7 = >, (Zje[m]:(i,j)eQ(Xixj - Ai,j)2>,

we can invoke Theorem 3 to obtain the following relaxation of (12)

min min > (S H') = 2(P(X),P(A)) + (P(A), P(A)) + A-tr(Y)
Y €Conv(Vk) X eR"X™ SieST e

7 T
st ST X, X[, <Zie)[g]s *’;)zo.

where H' is a diagonal matrix which takes entries H ; =1 if (7, j) € Q and H} ; =0 otherwise, and

(13)

we retain the constant term (P(A),P(A)) to ensure that all relaxations are directly comparable.
Compared with the matrix perspective relaxation of Bertsimas et al. (2023b), our relaxation is
directly applicable to (12), while Bertsimas et al. (2023b) requires the presence of an additional
Frobenius regularization term —I—%HX |% in the objective.

Because each matrix H* in Problem (13) is binary, we can eliminate the individual matrices S*
and keep only one additional semidefinite variable ® € ST to encode their sum. Formally, we have

the following result (proof deferred to Section EC.2.1):

PROPOSITION 5. Define H := Diag(h) where h; := min;c,; H: ;. Then, Problem (13) attains the
same optimal value as the following optimization problem.:

min min (H,©)+ )Y (H'-H,X; X )-2(P(X),P(A)) +(P(A),P(A)) + A tz(Y)
Y €Conv(Vk) XERX ™, @€ST i€ln] ,

s.t. <2 )§.T> = 0. "
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We point out that if H = 0, relaxation (14) is weak. Indeed, in this case, any completion that
satisfies P(X —A)=0,Y =eI,® =¢ ' X T X is feasible and attains objective value 0 as € — 0. This
situation (H = 0) occurs if each column is missing for at least one row (meaning min;ej, H: ; = 0).
In other words, to obtain nontrivial relaxations via the compact unregularized relaxation (14),
there must exist at least one column j which is observed in every row. When X represents a
dataset of n p-dimensional observations, this means that there must exist at least one variable
which is consistently available for all observations. For example, Goldberg et al. (2001) consider a
collaborative filtering setting where all users are provided with universal queries before they begin
rating other items and Athey et al. (2021) consider a panel data setting possibly involving complete
rows for control units where the goal is to infer missing elements of a control outcome matrix.

On the other hand, to obtain non-trivial relaxations when H = 0, one must either add a Frobenius
regularization term to the objective or strengthen the relaxation via projection cuts (or both).

With the additional regularization term +%||X |2 in the objective, our approach leads to relax-
ations of the form (13) after redefining H' + H*+ %Im. Per Proposition 2, our resulting relaxations
are at least as strong as the relaxation of Bertsimas et al. (2023b). However, the matrices H' are
no longer binary and the compact reformulation in Proposition 5 no longer holds.

Applying Corollary 1, Problem (13) can be strengthened by imposing projection cuts. Let R =
{r1,...,7r/} be a nonempty subset of the rows of X of cardinality |R| > k+1, let Ex € {0, 1}/R"
denote the corresponding row-selection matrix, and define Xx := ExX € RI®*™_ Then, since
rank(Xz) < rank(X) and EgrEj} = Iz, we have the following auxiliary valid inequalities for

Problem (13):

R R

i YT
1Zz € Conv(yﬁzl) s.t. <23€(R o )Z(R> ~0,ErYERr' <Zz. (15)

We require that |R| > k in order that one cannot take Zz = I, rendering the cut trivial.

3.2. Reduced Rank Regression

Given a response matrix B € R™*™ and a predictor matrix A € R"*?, an important problem in
high-dimensional statistics is to recover a low-complexity model which relates the matrices B and
A. A popular choice for doing so is to assume that B, A are related via B = AX + E, where
X € RP*™ is a coefficient matrix, E is a matrix of noise, and we require that the rank of X is

small so that the linear model is parsimonious (Negahban and Wainwright 2011). This yields:

min |B—AX||7 + p-rank(X), (16)

X eRpxm

where 1 > 0 controls the complexity of the estimator. For this problem, our lifted relaxation (4) is

equivalent to the (improved) matrix perspective relaxation of Bertsimas et al. (2023b).
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T

Indeed, by invoking Theorem 1-on vec(X)vec(X)' rather than the mathematically equivalent

vec(X T)vec(X ") " for notational convenience-we obtain (16)’s lifted relaxation
min min <ATA, > W“’“> +(B,B) —2(AX ,B) + u-tr(Y)

Y €Conv(Ym) X cRPXm W cSP™ ;
+ i€[m]

(17)

_ (GORS ‘¢
st. W = vee(X)vec(X)T, (ZlﬂmX]?f Y) -0,

for which we have the following corollary to Theorem 3:

COROLLARY 2. Problem (17) attains the same objective value as
min min (ATA,60)+ (B,B)—2(AX,B)+p-tx(Y)

Y €Conv(Ym) XE]RPX’”,OESi

(18)
s.t. GTX =0,
X'y

which corresponds to the improved relaxation of Bertsimas et al. (2023b, Equation 7).

Corollary 2 suggests other low-rank problems which are quadratic through X X7 (or X " X),
e.g., low-rank factor analysis (Bertsimas et al. 2017), sparse plus low-rank matrix decompositions
(Bertsimas et al. 2023a) and quadratically constrained programming (Wang and Kiling-Karzan
2022) admit similarly compact lifted relaxations.

In this section, we have leveraged Theorem 3 to show that for two quadratic low-rank problems
(plus three additional examples in Section EC.2), it is possible to eliminate enough variables in
the lifted relaxation that no matrices of size n? x n? remain. That is, while naive lifted relaxations

may appear to be too large to be useful, they can often be reduced to practical sizes.

4. Numerical Results

In this section, we report four numerical experiments on low-rank matrix completion problems.
Sections 4.1-4.3 use synthetic instances to isolate the quality of our bounds compared to the matrix
perspective relaxation of Bertsimas et al. (2023b), the impact of the projection cuts developed in
this paper, and the scalability of our approach, respectively. Section 4.4 then evaluates the same
modeling ideas on real datasets with native missingness patterns.

Our first experiment was conducted on a MacBook Pro laptop (Apple M3, 36 GB), using MOSEK
version 10.2, Julia version 1.9, and JuMP.jl version 1.13.0. All other experiments were conducted
on the Imperial High Performance Computing environment (AMD EPYC 7742, 1 TB RAM) using
MOSEK version 11.0.30, Julia version 1.11, and JuMP.jl version 1.29.3. All solver parameters are
set to their default values for all experiments except where explicitly stated otherwise.

All synthetic experiments in this section use the data generation process of Candés and Recht
(2009): We construct a matrix of observations, Ag,; € R"*™, from a rank-k model: Ay =UV € Z,
where the entries of U € R"** 'V € R**™ and Z € R"™™ are drawn independently from a standard
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normal distribution, and € > 0 models the degree of noise. We fix A=0,e =0.1 and set n,m, k as
indicated in each experiment. We then sample a random subset 2 C [n] x [m] of predefined size
|| uniformly at random (see also Candes and Recht 2009, section 1.1.2). Each reported result is

averaged over 10 random seeds.

4.1. Comparison of Lifted Relaxations With Matrix Perspective Relaxation

We first evaluate the quality of our new relaxations, compared with the matrix perspective relax-
ation of Bertsimas et al. (2023b, MPRT'). We consider the regularized problem

X 21,y‘|X||f7 + % (i%SQ(Ai’j — X, ;)? s.t. rank(X) <k,
for some regularization parameter v > 0, with m =n =8 and k =2. As v — oo, we recover the
solution of (12). We compare the lower bounds obtained by three different approaches: MPRT,
our lifted relaxation (13), hereafter denoted “Lifted”, and our lifted relaxation augmented with the
projection cuts (15) for all three-row subsets R C [n], i.e., |R| =3 (“Lifted-proj-cuts”). Figure 1
reports the relative optimality gap achieved by each approach—using the alternating minimization

method of Burer and Monteiro (2003), Jain et al. (2013) initialized with a truncated SVD of P(A)

for the upper bound (absolute values are reported in Figures EC.1-EC.2)—as ~ increases, for

UB-LB

different proportions of sampled entries p = |Q2| /mn. We compute the relative gap as Gap = =55

with UB > 0.

Consistent with Proposition 2, we observe that Lifted and Lifted-proj-cuts obtain smaller op-
timality gaps than MPRT, for all values of «, and that the benefit increases as the fraction of
sampled entries p increases. In particular, when p=0.95, MPRT achieves an uninformative gap of
100% as +y increases (by returning a trivial lower bound of 0, see Figure EC.1) while Lifted achieves
a gap lower than 50% for the largest values of 7. Lifted-proj-cuts has an average optimality gap of
0 for all values of v (average absolute gap < 1075 for all ). From this experiment, it seems that
imposing the projection cuts leads to significantly tighter bounds in some circumstances (p = 0.95),
and only moderately tighter bounds in others (p =0.5). The computational cost of imposing pro-
jection cuts is also rather modest at this scale; an average solve time of around 0.3 seconds per
instance with projection cuts compared with around 0.05 seconds without projection cuts at this

scale (see Figure EC.3 for computational times).

4.2. Performance of Projection Cuts on Synthetic Data

Our second experiment isolates the effect of projection cuts on the strength and computational

cost of our lifted relaxation (13). We use the same experimental setup as Figure 1, with varying

o] _
nm

n, k,~v and fixing m =10,¢=0.1, 0.5. For each triple (n, k,7y) we compare three lower bounds:
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Figure 1 Relative gap obtained with different relaxations of the regularized matrix completion problem as we

vary . We fix n =8. Results are averaged over 10 replications.

the lifted relaxation (13) without projection cuts, the same relaxation with 100 randomly selected
projection cuts (15) of cardinality k+ 1, and the same relaxation with all projection cuts of cardi-
nality k£ + 1. If fewer than 100 cuts are available, the random cut variant imposes all of them. We
report average runtimes and average relative optimality gaps over 10 instances per triple (n, k,~),
using the same alternating minimization setup as in Figure 1 to compute upper bounds. All SDP
relaxations are solved with a relative optimality tolerance of 107® and a time limit of 16 hours.
For SDP instances that return the status SLOW_PROGRESS (approximately 25% of instances), we
use the objective bound when Mosek terminates as a surrogate for the semidefinite bound.

Table 1 shows that the base relaxation (13) is very strong when n is large or when + is relatively
small (i.e., the amount of regularization is large), but its gap increases as <y increases or as n
decreases. Furthermore, we observe that projection cuts can substantially strengthen the lifted
relaxation (13), especially in the weakly regularized regime where 7 is very large. In this case,
imposing all cardinality-k + 1 projection cuts often closes most of the remaining gap, at the cost of
a substantially larger SDP. Moreover, the random cut variant captures a meaningful portion of this
performance improvement while remaining much cheaper than imposing all cuts. This supports
a simple strategy: solve the lifted relaxation without cuts, and perform alternating minimization,

then impose projection cuts only when the base relaxation is not sufficiently strong.

4.3. Scalability of Lifted Relaxation on Synthetic Data

Next, motivated by the observation that relaxations without projection cuts may sometimes be
preferable as n increases, our third experiment benchmarks the scalability of our reduced lifted
relaxation (14) without projection cuts, as we increase n with m =50,k = 2. We do not impose

any Frobenius regularization for this experiment, and thus the method of Bertsimas et al. (2023b)
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Table 1  Average performance of lifted relaxation (13) with and without the projection cuts (15) on synthetic
n x 10 matrix completion instances. “No. cuts” denotes the relaxation (13), “Rand.” denotes (13) augmented with
100 uniformly sampled projection cuts (15) of cardinality k + 1, while “All” denotes (13) augmented with all such
cuts. Gaps are relative gaps (UB — LB)/UB, averaged over 10 replications; runtimes are in seconds. The reported
regularization parameter is vy/nm. A dash denotes that an instance could not be solved within the given

time/memory budget.

k=2 k=3

No cuts Rand. cuts All cuts No cuts Rand. cuts All cuts

n vy/nm Gap (%) T (s) Gap (%) T(s) Gap (%) T (s) Gap (%) T (s) Gap (%) T (s) Gap (%) T (s)

10 104 16.60% 3.34 4.98% 1.47 1.29 % 1.86 9.79% 3.37 7.91% 2.25 7.06 % 6.24
10 10° 53.01% 3.38 7.99% 1.63 6.74 % 2.16  19.80% 337 17.47% 1.97 15.73 % 5.13
10 10¢ 89.56% 3.38 27.97% 1.89 25.83 % 211 41.74% 3.32  39.48% 1.90 37.40 % 4.96

20 10* 0.93% 4.28 0.04% 16.61 0.00 % 113.75 2.74% 4.19 1.27%  34.76 0.02 % 4234.1
20 10° 25.17% 4.20 2.45% 23.50 0.00 % 120.29 17.32% 4.45  12.55%  38.26 0.49 % 4779.1
20 10¢ 79.53% 4.82 21.95% 23.46 0.00 % 131.48 64.27% 420  56.13% 34.69 12.77 % 5439.7

40 10* 0.00% 11.64 0.00% 1562.3 - - 0.02%  23.98 0.00% 1891.7 -
40 10° 0.63% 13.98 0.00% 1641.4 - - 1.36%  13.80 0.32% 2751.7 -
40 106 43.23%  13.21 12.49%  2439.5 - - 35.10% 13.02  26.95% 2948.2 -
60 10* 0.00% 105.65 0.00% 20375.3 - - 0.00% 108.16 - - -
60 10° 0.00% 118.27 0.00% 19914.8 - - 0.00% 131.56 - - -
60 106 20.46% 117.87 7.62% 42081.5 - - 15.41% 119.30 - - -
80 104 0.00% 467.88 - - - - 0.00% 496.72 - - -
80 10° 0.00% 808.08 - - - - 0.00% 467.07 - - -
80 106 5.09% 603.24 - - - - 4.28% 568.44 - - -
100 10* 0.00% 1720.5 - - - - 0.00% 1577.2 - - -
100 10° 0.00% 1995.8 - - - - 0.00% 1803.1 - - -
100 106 0.46% 2521.3 - - - - 0.51% 2747.1 - - -

is not applicable. We use the same data generation process as the previous experiment to generate
A. To ensure that our relaxation (14) is non-trivial, we include a universal-query component in

the observation design. Specifically, we set ¢ = | pm |, observe the first ¢ columns in every row, and

then observe each entry in the remaining m — ¢ columns independently with probability 7= ’1’:2;:
in order that the expected number of observed entries is pnm. This combines the universal query
motivation of Goldberg et al. (2001) with the missing completely at random sampling model of
Rubin (1976).

We report the average lower bound over 10 random seeds (divided by nm so that quantities
have the same scale as we vary n; left) and the average computational time (right) in Figure 2
for p = 0.4,p = 0.3, with Mosek’s relative optimality tolerance set to 10~*. We also report the
average objective value obtained by running alternating minimization from 10 random initialization
points and taking the best solution (Burer and Monteiro 2003, Jain et al. 2013) as a baseline.
We observe that the lifted compact relaxation (14) scales up to n = 350. Further improvements

in SDP algorithms and hardware may extend this range further. We observe similar scalability

performance, albeit with a larger optimality gap, for p=0.4,p=0.2 in Figure EC.4.
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Figure 2 Normalized objective values (left panel) and runtime for the compact lifted relaxation (right panel) as

we vary n with m =50 for our compact lifted relaxation (14) with p=0.4,p=0.3.

4.4. Performance on Real Data

Our final experiment demonstrates the real-world applicability of our methods by evaluating our
lifted relaxations on real missing-data matrices. We select five datasets from the UCI and RDatasets
repos as indicated in Table 2. For each dataset, we drop the response variable and categorical vari-
ables, standardize numerical columns using observed entries, and preserve the native missingness
pattern. We then construct ten 30 x 10 submatrices by selecting missing-affected numerical columns
and rows enriched for missing entries, without masking any additional values. For k € {2,3} and
v/(nm) =10°, we solve the lifted relaxation (13) with and without 1000 randomly sampled pro-
jection cuts (15) of cardinality k + 1. Table 2 reports average runtimes and relative gaps against
the same alternating-minimization upper bound used above. All SDP solver parameters are the
same as in the previous experiment, except that we impose a relative optimality tolerance of 1078,
a memory limit of 128 GB of RAM, and a time limit of 8 hours.

We observe that the strength of our base relaxation (13) depends strongly on the dataset used,
in the sense that it is tight (0% gap when k = 3) with no projection cuts on the movies dataset,
and 100% with no projection cuts on the ambientNOxCH dataset. However, for datasets where
the gap between our base relaxation (13) and alternating minimization is not 0%, imposing 1000

projection cuts is highly effective, reducing the optimality gap by more than half in most cases.

5. Conclusion

This paper develops scalable semidefinite relaxations for rank-constrained quadratic optimization
problems. Our starting point is a mixed-projection reformulation of the rank-constrained problems
and a lifting, obtained by introducing moment variables for the quadratic terms in X and the

projection matrix Y. While a direct lifted relaxation involves large moment matrices with n? x n?
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Table 2  Real-data results for the lifted relaxation (13) with and without 1000 randomly selected projection cuts
(15). Each row reports averages over ten 30 x 10 submatrices constructed from the native missingness pattern of the
indicated dataset. We fix v/(nm) = 10°. “Obs. frac.” denotes the average fraction of observed entries in the selected
30x10 submatrices, while “Miss. cols.” denotes the average number of the 10 selected columns that contain at least

one missing entry.

k=2 k=3
No cuts Rand. No cuts Rand.
Dataset Source Obs. Miss. Gap T Gap T Gap T Gap T
frac.  cols. (%) (s) (%) (s) (%) (s) (%) (s)
Arrhythmia UCI 0.891 2.7 26.00% 9.58 10.21 % 58.75 28.05% 8.97 14.84 % 104.43
Cars93 RDatasets 0.953 3 53.89% 9.24 8.32 % 54.74 64.93% 9.14 19.90 % 115.71
MCAS RDatasets 0.882 3 35.04% 9.18 11.7 % 58.64 46.41% 9.85 23.66 % 124.89
ambientNOxCH RDatasets 0.858 9.8 100% 9.33 24.48 % 67.66 100% 8.91 42.67 % 143
movies RDatasets 0.806 2 0.06% 9.26 0.06 % 54.67 0.00% 9.26 0.00 %  100.4

semidefinite blocks, we show that most of these blocks are redundant and can be removed without
altering the relaxation’s optimal value. Our key insight is that, in a lifted relaxation, the effective
size of a low-rank relaxation is governed by the subset of moments of the matrix queried by the
objective, side constraints, and coupled with a projection matrix, rather than by the size of the
matrix squared.

Beyond this generic reduction, we derive a practical modeling workflow to exploit additional
structure. For instance, for unregularized low-rank matrix completion, our relaxation can be ex-
pressed using the original matrix, a m x m semidefinite matrix, a n X n semidefinite matrix, and a
single (m+n) x (m+n) semidefinite coupling constraint, eliminating any need to manipulate any
matrix whose dimension is O((n +m)?). Collectively, our examples suggest that many large lifted

relaxations can often be transformed into implementable SDPs.

Endnotes

1. The constraints X =Y X,Y? =Y imply that rank(X) < tr(Y’), which can be made to hold
with equality by letting Y =UU " for X =UXV T a singular value decomposition of X.
2. We are grateful to Amir Ali Ahmadi for an insightful question which prompted this subsection.
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Supplementary Material

EC.1. Supplemental Theoretical Results and Examples for Section 2
EC.1.1. Example Showing Valid Inequalities May Strengthen Lifted Relaxation

ExamMpPLE EC.1. Consider a low-rank matrix completion problem of the form
1 1
min EHXHZWL 3 S (X - Aiy)? st rank(X) < k.

X cRnxm
(i,4)€
Let the problem data be v =100,k =2,n="7,m =5, and suppose we are trying to impute the

following matrix, where * denotes a missing entry:

-2 x -1 1 -1

x 4 —4 -5 —4
*x =3 1 4 3
A=| 3 5 -5 -5 -1
7 8 —-10-8 1
3 1 =2 % 5
7 7 —13 -8

Then (using Mosek version 10.2 to solve all semidefinite relaxations):
e The relaxation of Bertsimas et al. (2023b) has an optimal objective value of 4.637.
e The semidefinite relaxation (13) has an objective value of 5.0875.
e The semidefinite relaxation (13) augmented with all projection cuts (15) for |R| =3 has an
objective value of 10.142.
e The method of Burer and Monteiro (2003) finds a feasible solution with objective value 10.142.
That is, the lifted relaxation itself has an optimality gap of around 50%, but projection cuts are

sufficient to close this gap to 0.

EC.1.2. Proof of Proposition 3
Proof of Proposition 3 Let (X,U,V,W) be feasible for (9). Then, by considering the appro-

priate principal submatrix it is immediate that

1 vee(X )T
(VGC(XT) W, . =0.

Moreover, the pair (X, W, ,) is feasible for (10) and attains the same objective value as in (9).
Therefore, the optimal value of (9) is at least that of (10).

Conversely, fix any feasible solution (X, W, ,) of (10). Set U =0, V=0, W, , =0, W, ,=0.
Next, partition W, , into k x k blocks W) € R™*™ and define WL := X, W[50 :=0 for (j,0) #
(1,1). Next, set W) := L1, Vje [k], WiD:=0Vjlek]:j#1, WEY :=nXTX with every

other block of W, , equal to zero. By construction, 25:1 Wé’{;j) = X Moreover, the matrix

Wu,u Wu,v
W/, W,
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is block diagonal, with the only nontrivial coupled block being

i1, X
XTnXTX)

which is clearly positive semidefinite. Therefore, the full moment matrix in (9) is block diagonal:

1 vee(XH)T 0 0

vee(XT) W, 0 0 -0
0 0 W, W, |="
0 0o W, w,,

because its two diagonal blocks are positive semidefinite. Thus, the constructed point is feasible
for (9) and attains the same objective value as (X, W, ) in (10). It follows that the optimal value
of (9) is at most that of (10). Combining the two inequalities yields the result. O

REMARK EC.1. The feasible solution constructed for the reverse inequality also satisfies the con-

straint tr(W7D) =4§;,,Vj,1 € [k].

EC.1.3. Proof of Proposition 4

Proof of Proposition 4 Let zgy denote the optimal value of (11) and z,,,; denote the optimal
value of (4). We show that zpm = 2proj-

First, let (X,Y, W, ,) be feasible for (4). We show that (X,Y, W, ,) generates a solution in
(11) with an equal or lower objective, and hence zpm < Zpro;-

To show this, define © :=3%""" | W[h) 7:= k_%fy) > 0. Moreover,set U =V =0, W, , =W, , =

0, all off-diagonal factor blocks to zero, and for each j € [k] define

W= Ly o, w1

a1
X, Wi .= ~@.
U k: ’ v,V :IC

Then, we have

Ea

k
(W) =1, Y Wil=x, Y wi)=e.

j=1 j=1

woh WD\ 1 /(Y X I, 0 _
wonTwi) " r\x7e) o o)=?

Hence, the factor block is PSD, and together with

1 vee(XT)T
(VGC(XT) W, . =0

Moreover, for each j,

this gives a feasible point of (11) with the same objective value and the same side constraints.

Conversely, let (X,U,V,W) be feasible for (11), and define

n

k k
Yi=) Wi, @:=) Wil=3 Wi
i=1 =1

i=1
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ecd

Summing the principal (u;,v;)-blocks yields
Y X
X"oe

while the principal (1, X)-block gives

) -0, u(¥)=k,

W, =vec(X ")vec(X ).

Summing the diagonal m x m blocks of the latter inequality gives

0-X'X.
Now set
Y =XO'X".
Since ® = X T X, we have ker(@) C ker(X), and therefore
e X'
(%3 )=o

Also, with R:= X©1/2,
R'R=0"2X"X0"? <0002 = P, o) = I,

s0o 0=XY = RR" < I. Finally, applying the generalized Schur complement to
Y X
—
(x-8)=0

Y=X0O'XT<Y,

gives

hence

tr(Y) <tr(Y) =k.

Thus (X,Y, W, ,) is feasible for (4) with the same objective value and the same side constraints.

Therefore, 2p0; < zpm. U
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EC.2. Additional Examples Supporting Section 3

In this section, we first provide a proof of Proposition 5 and then support our discussion in Section
3 by providing three additional families of low-rank problems that admit compact semidefinite

relaxations using the lifting outlined in Section 2.1.

EC.2.1. Proof of Proposition 5

Proof of Proposition 5 We fix (X,Y) in (13) and consider the partial minimization problem
with respect to S*. We write

S’ = X,-v_X; +U", U'=0.
Then, by the Schur complement lemma, the slack matrices U® must satisfy

YU =R=XY'X-X'X,
i€[n]

whenever range(X ) C range(Y'). Since 0 XY < I, we have R > 0. Minimizing for S’ is then

equivalent to solving

ou(R) = min Z(H U = max (M,R),
> UTERZG[TI] M=<H" Vi€[n]
where strong duality holds because the minimization problem satisfies Slater’s constraint qualifi-
cation.

When the matrices H' are diagonal and binary, we have
{M=0: M<H'Vien]}={M: 0<M<H}.

Indeed, let S* denote the support of the matrix H'. By construction, the support of H is S :=
Nie)S*. If M < H' for some i € [n], then the matrix M is supported only on the coordinates in
S*. Applying this reasoning for all ¢ € [n], we can say that matrices in {M =0: M < H' Vi€ [n]}
are only supported on coordinates in S. Restricted to S, the diagonal matrices H',i € [n] and H
are all equal to the identity matrix, showing that both sets are equal. Hence, because R > 0, we
must have ¢ (R) = (H, R). Therefore, for fixed (X,Y), the optimized Si-dependent contribution
in (13) equals

SHLX, X)) +(HXTY'X - XTX),

i€[n]

which can be rewritten as
 (H'-H, X, X)+(H,XY'X).
i1€[n]
Finally, minimizing (H,®) subject to the Schur complement constraint leads to the objective

(H,X"Y'X) since H=0. 0O
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EC.2.2. Sparse Plus Low-Rank Matrix Decomposition

In this section, we leverage the techniques proposed in this paper to obtain a strong convex relax-

ation for the sparse plus low-rank matrix decomposition problem:

min |[A— X —F|% st. rank(X) <k, ||F|o<s, (EC.1)

X eRnXm FecRnXm

where A is a data matrix which is to be approximately decomposed into a low-rank matrix X plus
a sparse matrix F. We remark that convex relaxations for this problem have been proposed for
the special case where the objective is augmented with regularization by Bertsimas et al. (2023a).
However, their matrix perspective relaxation gives a trivial lower bound of 0 for (EC.1).

We now demonstrate that a non-trivial convex relaxation can be obtained by leveraging the
ideas described in this paper. Specifically, we follow Section 2.1 in introducing a projection matrix
Y € Y to model the rank of X, a binary matrix Z to model the sparsity of F', and imposing the

bilinear constraints X =Y X, F = Z o F'. This gives the following reformulation of (EC.1):
min min |IA-X —F|3 st. X=YX,F=ZoF t1(Y)<k,(E,Z)<s,
Ze{0,1}nxXm Y eYk XeRnxm FecRnxm
(EC.2)
which is nonconvex through quadratic constraints and thus is amenable to a lifted relaxation. Fol-
lowing Proposition 1, we vectorize all matrices, introduce a lifted matrix, and relax the constraints
Z €{0,1}"™ and Y € Y* to obtain the following semidefinite relaxation of (EC.1).
min (A,A) —2(A, X + F)+tr(W, ) +tr(W; ;) +2tr(W, ;) (EC.3)
X,FER™X™, YeConv(VF),
Zc[0,1]"*™: (E,Z)<s,

Wac,w7Wy,yan,faWz,zi07
Wz,y7Wg;,f7Wf,z7W:c,Z7Wy,f>Wy,z

vee(XT) W,, W., W, ¢ W,.
s.t. VeC(YT) Wm;[y W, W, W,. =0,
VeC(FT) z WT vaf Wf,z
vec(ZT) Wj: Wy{ WTZ W...
0,4) i,0) __ T
ZWU(U)_Y’ Z w(v)_X ’

diag(W,.) =vec(Z"), diag(W;.) =vec(F").

This relaxation is not practically tractable. However, we observe that, for the support variables
Z, only the diagonal product information is needed, and that the Frobenius objective depends
only on row-wise quadratic terms, so we can fix all off-diagonal moment blocks without loss of
generality, using the same off-diagonal elimination arguments as in Theorem 1 and Theorem 3
(note that Theorem 3 is not directly applicable due to the sparse matrix). This gives rise to the

following application of Theorem 1 to Problem (EC.3), where E denotes a matrix of all ones:
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ProprosITiION EC.1. Problem (EC.3) attains the same value as the following compact relazation:

min (A,A)-2(A, X +F)+ ) tr(8)+(E,T)+2(E,V) (EC4)
X,F,T,VER"*"™, S'eST,
Y eConv(YF), Ze€[0,1]"*™:(E,Z)<s

i T
o (g7 )0 s, x] v

1€[n]

T, F 1 X, F,
< _ > =0, | Xi; Sj; Viy | =0,9(i, ) € [n] x [m].
i iJ F

i Vij Tij

REMARK EC.2. If only entries 2 C [n] x [m] are observed in A, we can replace the original objective
function by ||Pq(A — X — F)||% as in Section 3.1. The convex relaxation (EC.4) can be applied
to this modified problem after modifying (EC.4)’s objective function with row masks H' as in

Section 3.1. Further, these row masks allow us to make the relaxation more tractable by omitting

the variables V; ;,T; ;, Z; ; for (i,7) ¢ 2 and corresponding 2 x 2 and 3 x 3 minors.

i,59 44,59

Proof of Proposition EC.1  We show that for any feasible solution to (EC.3), there exists a
feasible solution to (EC.4) with the same objective value and vice versa.

To prove the result, we require additional notation. Namely, since vec(X ") stacks the rows of
X, we index its entries by £(¢,7) := (i — 1)m+j, (i,7) € [n] X [m], so that vec(X ")y, ;) = Xij-

Problem (EC.4) is a relaxation of Problem (EC.3): Fix a solution to (EC.3) and define

Sh=W0ilesy, icn],  Ty:=Wip)g.is Vi = (W p)etig).e6i.d)-

We claim that (X, F,Y,Z,{S"}icin, T, V) is feasible for (EC.4) and attains the same objective
value. First, the fact that the constraints
Zz W(“ Zl n Wm(i’i) i YT
€ln . €[n] (,‘y‘) =0, <Zze)[2] S ); ) - O7Si _ Wz(,ig’ci) - XzXZT
(Eie[n] Wi ) 2ictn Wiy
hold follows identically to the proof of Theorem 1.
Second, for any (7,j), consider the principal submatrix of the lifted PSD constraint indexed by

(Fij, Zij), i.e., the entries £(i,7) in vec(F'") and vec(Z"). This gives

ij9

((Wf,f)e(i, » (Wi e(u)) 0.
Wf,z)wm,e(, ) (We2)etigyeiig)) —
By the diagonal constraints in (EC.3), (Wy.)u j).e6,5) = Fij and (W) .0,5) = Zij- Hence

T. F,
<FU Zij) =0,

which is exactly the second set of LMIs in (EC.4).
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Third, for any (i, ), the principal submatrix of the lifted PSD constraint indexed by (1, X;;, F};),
e., (1,vec(X ")y vec(F 1) e z), yields
1 X;; F

ij ij
Xij Waw)etigyeisy Wa etig e | =0
Fij (W gy eiigy (W) .

Using (Wo.2)e(i )05 = (8%) 5, the definitions of T;; and V;;, we obtain
L Xy Fi

Xi; S5 Vi; | =0

Fi; Vi; T

which proves (X, F,Y,Z,{S"}ic(n), T, V) is indeed feasible for (EC.4) with the same objective.
Problem (EC.3) is a relaxation of (EC.4): Fix a feasible solution (X, F,Y,Z {S'},T,V)

)

o (EC.4), with a view to construct a solution to (EC.3) with the same objective value.

First, define W, , € 8'™ blockwise via W(”) =S, W(i’k) =X, X, (i#k). Then, W, is
positive semidefinite by construction and tr(W, ,) =", tr(S").

Second, let ®:= 3", S*. From (EC.4) we have Y = X@®'X . Since Y does not appear in the
objective, we may replace Y by Y := X©TX T <Y, which preserves feasibility in Conv(Y*). There-
fore, define U := @' X T € R™*" and set the diagonal blocks W) := S'U, W[ :=UTS'U. Then
S WED=XT and y, Wit = Y. By Theorem 1’s construction, we can complete the remaining
(off-diagonal) blocks of W, , and W, , so the lifted PSD constraint on (1, vec(X "), vec(Y ")) holds.

Third, let ~

1 vee(X )T vec(YT)T
vee(XT) W,, W,y =0
vec(YT) w,, W,
denote the positive semidefinite matrix constructed’ above and let

M.

Ty

TL2
905 {9eti.) Yagyemximls 1Patg—

be vectors whose Gram matrix equals M, ,. In particular,

(90 900.30) = Xig NlgeapI” = (95
For each (i,7), write

Tij = Gei,j) — Xij90,
so that r;; L go and ||r;;|> = (57);; — X2

1"

Next, fix (¢,7) € [n] x [m]. Since

L X By
Xij (8955 Vi | =0,
E] ‘/;j ﬂj

there exists a vector ¢;; such that

<90aQij> = Eja <gé(i,j)aQij> = Vz‘j7 H%‘”Z =T,
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For example, if ||r;;||?> > 0, one may take

Vi - X..F..
qij = Fijgo + aujrij + Bijeis, Qij 1= W
ij

where e;; is a unit vector orthogonal to all previously defined vectors, and

)

Bij = /Tij — ng - a?jH?‘inQ,

which is well-defined by the above 3 x 3 LML If ||r;;||* = 0, then the same LMI implies V;; = X;; F;

and we may take
¢ij = Fijgo +/Tij — I} eij.

wij := qi; — Fijgo,

so that w;; L go and |lu;;||> = T;; — F}. Since

79

Now define

ﬂj Fij
(Ej Zz>t0 and OSZUSJ.,

there exists a vector z;; such that
(90,2i5) =Zij, @iy zis) =Fyg,  Nlzyl®=Zi.
Indeed, if ||u;;||* > 0, we may take

F;(1-Zij)

Zij = Zijgo + aijuij + bijéij, i = i ||?
]

)

where €;; is a unit vector orthogonal to all previously defined vectors, and

bij = \/Zij = 7% — ajl|ui;||?,

which is well-defined because
(1= Zij)(Zi; T — F)

Zij = 7% — b uy |* =
) (%] (%] ) Ej _F;zj

> 0.

If |Ju;;||* =0, then ¢;; = F;;g0, and we may take

Zij = 4ijgo + \/ﬁéija
noting that in this case (g;;, z;;) = F}; follows from F, =T;; <T;;Z;; = F. Z;;.
Finally, define the remaining lifted blocks so that the full lifted matrix in (EC.3) is the Gram
matrix of
{90} U {guip oy U {hadi2a Udas} e Uz
This matrix is positive semidefinite by construction, and satisfies

—

diag(Wy;)=(TT),  diag(W;.)=(FT),  diag(W..)=(2"),

and also satisfies tr(W, ;) = (E, V). Since the blocks W, ., W, ¢, W, . are unconstrained in (EC.3),
the Gram values assigned to them are admissible. Therefore, the constructed solution is feasible

for (EC.3) and has the same objective value as in (EC.4). O
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EC.2.3. Example: Basis Pursuit

Given a sample {A; ;,(7,7) € @ C[n] x [m]} of an ezactly low-rank matrix A € R"*™, the goal of
the low-rank basis pursuit problem is to recover the lowest rank matrix X that exactly matches

all observed entries of A (Candes and Recht 2009). This problem admits the formulation:

min min  tr(Y)st. PA)=PX),X=YX, (EC.5)

Y EVn X cRPXM
where ), := Y denote the set of n x n orthogonal projection matrices of any rank, and P(A)
denotes a linear map that masks the hidden entries of A, X such that P(A), ; = A; ; if (i,j) € Q and
0 otherwise. Following Theorem 1 and pairwise multiplying the constraints A; ; — X, ; =0,V(i,j) € Q
leads to the following relaxation
v B xern iy esym Y )
st A jAre— ApeXij— A Xpo + (W) =0,Y(i,7), (k,£) € 2 x Q
A =X,;,V(i,j) e
W > VeC(XT)VeC(XT)T7 (Zie[,g(W(i,i) );T) 0,
(EC.6)
Similarly to the low-rank matrix completion case, the structure of the compact lifted relaxation
means that if we set Wx(’l,’) = XZXJT for i # j then X, ; = A; ; and X, ; = Aj, for observed entries
(4,7), (k,l) € Q. Hence, any constraints involving the off-diagonal blocks of W, , are satisfied by

the construction in the proof of Theorem 3, and we have the following corollary to it:

CoOROLLARY EC.1. Problem (EC.6) attains the same objective value as
min min tr(Y)
YeConv(Yn) XeRX™, SieST ic(n]
st AijAie— A Xij— A X+ (S);0=0,Y(i,5),(i,£) €Q x Q

Aij=X;;,V(i,7) €Q
. ) Si XT
(N ' T Zze[n] —

St X X[, < ;A ) =0,

(EC.7)

where X, . denotes a column vector containing the ith row of X.

REMARK EC.3. The number of linear equality constraints in (EC.7) grows quadratically in |Q],
thus, in practice, one may subsample or aggregate these constraints to improve the tractability of

the semidefinite relaxation.
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EC.2.4. Example: Low-Rank Factor Analysis

In this section, we apply the lifted relaxation technique developed in Section 2.1 to derive a strong

convex relaxation for low-rank factor analysis as explored in Bertsimas et al. (2017):
min |A— X —DJ|% s.t. rank(X)<k, (EC.8)
Xesh, DeD

where A € ST, is a covariance matrix which is to be approximately decomposed into a positive
semidefinite low-rank matrix X plus a diagonal matrix D, which is contained in a convex set D
(e.g., D={Diag(d):d > 0}. Note that (EC.8) is nonconvex only through the rank constraint.

As in Section 2.1, we introduce a projection matrix Y € Y* and impose X =Y X to model the

rank constraint. This yields the equivalent mixed-projection formulation

min min |[A— X —-DJ|3% st. X=YX. (EC.9)

Ye)}ﬁ XGS:L_, DeD

As in previous examples, we now develop a semidefinite relaxation by vectorizing and lifting.

This yields the following relaxation:

min (A A) —2(A, X) —2diag(A)"d+tr(W, ) +tr(Wy4) +2(P, W, 4)
X€ST, deR™, YeConv(VF),
Diag(d)€D, Wx,wiy,yesizv
Wd,desﬁ, Wz7y€R'n2><n27
2 2
W, g€R™ X", W, 4eR™ XT

(EC.10)
1 vee(X")T vec(YT)" d7

ot vee(X") W, W.y Wi -0
e vec(Y'") Wx_Try W,, Wyal =7
d Wl,d Wde Wd’d
i) ii) _ v T
ZW;y)—Y, ZWI()?/)_X ’
i€ln] i€[n]

where, to simplify notation, we define the diagonal selector P € R"**" by vec(Diag(d)) = Pd.
We now eliminate most lifted blocks without loss of generality, analogously to Theorem 1 and
Theorem 3 (note that Theorem 3 is not directly applicable due to the diagonal matrix). Formally,

we have the following result:
ProprosITION EC.2. Problem (EC.10) attains the same value as the following compact relazation:

min A A)—2(A X)) —2diag(A)"d + tr(S) +e't+2e’v (EC.11
(A,A) -2(A, X) g(A)

XeS, deR™, t,veR™,
5'eST, YeConv(VE), Diag(d)eD

i T
s.t. (Zie["]s X )tO, SzinXzT Vi € [n],

1€[n]

X Y
1 Xyd;
Xii Si; vi | =0, Vi € [n].
di V; t1
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REMARK EC.4. Comparison with Bertsimas et al. (2017): Relaxation (EC.11) is a strong
one-shot semidefinite lower bound for the least-squares objective in (EC.8), without requiring ad-
ditional regularization or bounding-box refinements, and which also applies when A is indefinite
(although we lose the statistical interpretation in this case). By contrast, Bertsimas et al. (2017)
develop semidefinite bounds tailored to classical factor analysis structure through a spectral refor-
mulation that strongly leverages an additional constraint A — D = 0, and their approach does not
apply without this constraint. Thus, the approach derived here is more general, although it may

be weaker after the McCormick branch-and-bound procedure in Bertsimas et al. (2017) is applied.

Proof of Proposition EC.2 We show that for any feasible solution to (EC.10), there exists a
feasible solution to (EC.11) with the same objective value and vice versa.

To prove the result, we require additional notation. Since vec(X ") stacks the rows of X, we
index its entries by £(i,j) := (i — 1)n+j, (i,7) € [n] X [n], so that vec(X 7)., = X

Problem (EC.11) is a relaxation of Problem (EC.10): Fix a solution to (EC.10) and define

Sti= W:L(,’z:;z) S Si, 1€ [n], t; == (Wd,d)ii7 V; = (Ww,d)é(i,i),ia 1€ [TL]
We claim that (X,d,Y,{S"}icin),t,v) is feasible for (EC.11) and attains the same objective value.

First, the feasibility with respect to the constraints

X
follows identically to the proof of Theorem 1.

% T
<Z"€["l 5 )g, ) =0, S=W&-X, X[,

Second, for any ¢ € [n], consider the principal submatrix of the lifted PSD constraint in (EC.10)
indexed by (1,vec(X ")y, di), ie., (1, Xy, d;). This yields

1 X d;
Xii Waw)etii i) Waa)e,yi | = 0.
di Waa)eii.i (Waa)ii

Using (Wo.2)e(ii).00,0) = (S)i; and the definitions of ¢; and v; gives
Cli (% tz

which is exactly the second set of LMIs in (EC.11).

Finally, the objective values agree because tr(W,.) = 3>, tr(W/,LD) = D i t1(SY),;
tr(Waa) =i tio and (P, W, a) =37 i (W a)eiiyi = e v by the definition of P.

Problem (EC.10) is a relaxation of Problem (EC.11): Fix a feasible solution
(X,d, Y, {S }icn), t,v) to (EC.11), with a view to construct a feasible solution to (EC.10).

First, define W, , € S blockwise via WD =8 W .= X; X[ (i#k). Then W, , =0 by
construction and tr(W, ) =3, tr(S°).

)



ecl2 e-companion to Cory-Wright and Pauphilet: Compact Lifted Relazations for Low-Rank Optimization

Second, let @ :=>"
Wi .= UTS'U. Then, identically to the proof of Theorem 1, we can complete the remaining
(off-diagonal) blocks of W, , and W, so that

1 vee(X )T vee(YT)T
vee(X") W, W, = 0.
vec(Y'T) WxTy W,

Third, let M, , denote the PSD matrix in the display above, and let go,{gp};‘il,{hq}gil be

S, U:=0'XT e R"*" and set the diagonal blocks W0 := S'U and

1€[n]

vectors whose Gram matrix equals M, , (e.g., take a Cholesky factor of M, ,). In particular,

Y

lgoll? =1, gq ge(iiy = Xii, and [|geqi, 1> = (W2 eiiy.eiiiy = Sii- Next, fix i € [n] and write
Ge(ii) = Xiigo + i, where 7; L go, ”rzHQ = sz - Xzzz

Introduce a new unit vector e; orthogonal to span{go,g,, h,: p,q € [n?]}, and define

Vs — Xiod
1712117 if ||7'1'H2>0, 5 2
o= |7l Bi = \/ti_di — o ||rg]|2.
0, if ||r;||? =0,
The quantity under the square root is nonnegative because the constraint [ X;; S, v; | = 0 implies,
d; vt

||7“i”2 v, — Xyd;

by Schur complement, that i Xuds  ti—

) = 0. Now, set q; :=d;go + o;7; + B;e;. Then,
90 ¢ =d;, ||lgi||* =t;, and

g%@qi = Xyd; + v (omy) = Xyadi + o | |* = 0.
Define the remaining lifted blocks by

(Wd,d)ij = qi—rqjv (Wx,d)p,i = g;qZ‘7 (Wy,d)q,i = hJQr
By construction, the full lifted matrix in (EC.10) is the Gram matrix of {go,gy,, R, qi},
hence is PSD. Moreover, tr(Waa) = >, 1gill* = e't and (P,W,, ) = > icin) Wea)ei,i =
> €[] g&i,i)qi = e'v. Therefore, the constructed solution is feasible for (EC.10) and has the same

objective value as (EC.11). O



e-companion to Cory-Wright and Pauphilet: Compact Lifted Relazations for Low-Rank Optimization ecl3

EC.3. Additional Low-Rank Matrix Completion Results Supporting Section 4

Figure 1 compares the quality of different relaxations for low-rank matrix completion by returning
the optimality gap achieved, defined as the relative difference between the lower bound (obtained
by each relaxation) and our upper bound (obtained by alternating minimization, AM). Figures
EC.1 and EC.2 report the lower and upper bounds separately. Moreover, Figure EC.3 compares
the same three relaxations in terms of computational time.

Figure EC.4 reports similar results to Figure 2, except with p=0.2 rather than p=0.3.

1.0

—@— MPRT LB —@— MPRT LB
—<Q— Lifted-proj-Cuts —Q— Lifted-proj-Cuts
—l Lifted LB —l Lifted LB
0.8 0.8
A n
n
- o
0.6 0.6
o
I 9
= =
[}
[
=]
5 04r 3 04
o
> >
02t 02t
D o o o
L S =
0.0 — @ ! 0.0 .
10t 10° 10° 10t 10° 10°

(a) p=0.5

Figure EC.1  Absolute lower bounds as we vary 7 for (i) a matrix perspective relaxation (“MPRT”), (ii) our
lifted relaxation (“Lifted”), (iii) our lifted relaxation with projection cuts (“Lifted-proj-cuts”), for

p=0.5 in panel (a) and p=0.95 in panel (b) for n = 8.

\ E=m | o)
08 \\ 08 | \
\ \
— ‘ & \
in o
0.6 > 0.6 \
7 \ = \
2 = \\
g \ o \
3 04 2 oaf
> s \
02t e 02 T~
\/ o N R S °
0.0 : : : ) 0.0 : : : :
10" 10° 10° 10* 10° 10° 10! 10° 10° 10* 10° 10°
v v
(a) p=0.5 (b) p=0.95

Figure EC.2 Absolute upper bounds as we vary  for alternating minimization initialized at a rank-k SVD of

P(A) for pe {0.5,0.95} and n=38.
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Figure EC.3  Runtimes as we vary v for (i) a matrix perspective relaxation (“MPRT”), (ii) our lifted relaxation
(“Lifted”), (iii) our lifted relaxation with projection cuts (“Lifted-proj-cuts”), for p=0.5 in panel
(a) and p=0.95 in panel (b) for n=8.
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Figure EC.4  Objective value (left panel) and runtime for the compact lifted relaxation (right panel) as we vary
n with m =50 for our compact lifted relaxation (14) with p=0.4, p = 0.2. Results are averaged over

10 replications.
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