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Abstract

Chance-constrained programs (CCPs) provide a powerful modeling framework for decision-
making under uncertainty, but their nonconvex feasible regions make them computationally
challenging. A widely used convex inner approximation replaces chance constraints with Con-
ditional Value-at-Risk (CVaR) constraints; however, the resulting solutions can be overly con-
servative and suboptimal. We propose a scenario-wise scaling approach that strengthens CVaR
approximations for CCPs with finitely supported uncertainty. The method introduces scal-
ing factors that reweight individual scenarios within the CVaR constraint, yielding a family
of potentially tighter inner approximations. We establish sufficient conditions under which,
for a suitable choice of scaling factors, the scaled CVaR approximation attains the same op-
timal value as the original CCP and admits a (near-)optimal solution of the CCP. We show
that these conditions are tight and further relax them in the convex setting. We also show
that optimizing over scenario-wise scaling factors is NP-hard. To address this computational
challenge, we develop efficient heuristic and sequential convex approximation algorithms that
iteratively update the scaling factors and generate improved feasible solutions. Numerical ex-
periments demonstrate that the proposed methods consistently improve upon standard CVaR
and state-of-the-art convex approximations, often reducing conservativeness while maintaining
tractability.

1 Introduction

Chance-constrained programs (CCPs) provide a principled way to optimize decisions under uncer-
tainty by explicitly controlling the probability of constraint violation. Specifically, a CCP chooses
a decision x ∈ X ⊆ Rn to minimize (without loss of generality) a linear cost subject to the
requirement that some uncertain constraint holds with high probability:

v∗ = min
x∈X

{
c⊤x : P

{
ξ̃ : g(x, ξ̃) ≤ 0

}
≥ 1− ε

}
, (1)

where ξ̃ is a random vector, g(·, ·) models the uncertain feasibility constraint, and ε ∈ (0, 1) is a
risk tolerance. Throughout this paper, we assume that CCP (1) is feasible, and the uncertainty is
finitely supported, as specified below.

Assumption 1. The underlying probability distribution of ξ̃ is finite, i.e. ξ̃ has N possible real-
izations (i.e., scenarios) {ξ1, ξ2, · · · , ξN} with pi = P{ξ̃ = ξi} for i ∈ [N ], and

∑
i∈[N ] pi = 1.
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This assumption is common in the CCP literature (see, e.g., [28, 24, 33, 3]), as one can often
approximate a general distribution using a finite sample. With the finitely supported distribution
P, we can equivalently rewrite CCP (1) as

v∗ = min
x∈X

c⊤x :
∑
i∈[N ]

piI
[
g(x, ξi) ≤ 0

]
≥ 1− ε

 , (2)

where I[·] is the zero-one indicator function.
Without loss of generality, we assume that the function g(x, ξ) is defined as g(x, ξ) = maxj∈[J ] gj(x, ξ),

where gj(x, ξ) : Rn×Ξ→ R for all j ∈ [J ] := {1, . . . , J}. Therefore, formulation (2) can model both
single and joint chance-constrained programs. When J = 1, CCP (2) includes a single chance con-
straint; otherwise, it contains a joint chance constraint where g(x, ξi) ≤ 0 if and only if gj(x, ξ

i) ≤ 0
for each j ∈ [J ].

1.1 Motivation

Despite its modeling power, CCP (2) is computationally challenging: even with linear g(·, ξ) and
X = Rn

+, the problem is NP-hard [28]. As a result, a large body of work develops convex ap-
proximations of (2). A convenient way to express the chance constraint is through the violation
probability. Indeed, CCP (2) is equivalent to

v∗ = min
x∈X

c⊤x :
∑
i∈[N ]

pi I
[
g(x, ξi) > 0

]
≤ ε

 , (3)

where we define the (nonconvex) violation probability function

p̄(x) :=
∑
i∈[N ]

pi I
[
g(x, ξi) > 0

]
.

One particular approach to derive conservative inner approximations of (3) is to replace p̄(x) with
a convex approximation p̂(x) satisfying p̂(x) ≥ p̄(x) for all x ∈ X . Among convex approximations
obtained by upper-bounding the indicator function via a convex function, the Conditional Value-
at-Risk (CVaR) approximation (i.e., p̂(x) = infβ<0 (−β)−1{

∑
i∈[N ] pi[g(x, ξ

i)− β]+}) is known to
be the tightest [30]. Despite its tightness, the CVaR approximation differs significantly from the
original CCP in many aspects. One particular property of the original CCP that is lost in the
CVaR approximation is the invariance with respect to scaling of each scenario constraint.

Specifically, for any fixed α ∈ RN
++, define hα(x, ξ

i) := αig(x, ξ
i) for i ∈ [N ]. Then constraints

g(x, ξi) ≤ 0⇔ hα(x, ξ
i) ≤ 0

are equivalent scenario by scenario. Therefore, the chance constraint itself is unchanged by positive
scaling of each scenario constraint. In contrast, convex approximations that aggregate scenario
functions, such as the CVaR approximation, depend on the magnitudes of scenario constraints.
Therefore, changing the scale of individual scenarios can change the strength of the approximation
even though the underlying CCP is identical. This issue is particularly visible in CCPs with
a covering structure, which appear in numerous applications where certain demands have to be
met with high probability (see, e.g., [13, 14, 37, 40, 41]). A common special case has X = Rn

+,
c ∈ Rn

+, and g(x, ξ) = maxj∈[J ] gj(x, ξ) = maxj∈[J ] b
i
j − (Ai

j)
⊤x with Ai

j ∈ Rn
+, bij > 0 for
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i ∈ [N ] and j ∈ [J ]. A standard preprocessing step [33, 45] is row-wise normalization, i.e., dividing
each row bij − (Ai

j)
⊤x by the demand bij so that each normalized constraint has a unit constant

term. This normalization preserves the feasible set of the original CCP, but it can change the
optimal solutions of conservative inner approximations like CVaR. More generally, different choices
of the scaling vector α in the CVaR approximation may lead to different optimal solutions and
optimal objective values. A suitable choice of α potentially reduces conservativeness and improves
the optimal objective value of the approximation (see Example 2 in Appendix A for a concrete
example).

1.2 Literature Review

Initially introduced by [7, 6], CCPs have been widely used to handle uncertainty in optimization
problems. For example, in the energy sector, CCPs can be employed to address the challenges
posed by various sources of uncertainty. Uncertainty may come from the intermittent nature
of renewable energy sources, fluctuations in energy demand, potential transmission line failures,
and other stochastic factors that can impact the overall performance and reliability of the energy
systems (see, e.g., [11, 32]). In finance, CCPs are widely used in risk management, specifically
through the optimization of investment portfolios under uncertain market conditions. By incorpo-
rating market volatility and other stochastic factors into financial models, CCPs enable financial
analysts and portfolio managers to devise strategies that balance potential returns with acceptable
levels of risk (see, e.g., [31, 12]). In logistics, CCPs facilitate the effective planning and operation
of supply chains by accounting for the variability in demand and uncertainties in transportation.
These models allow for optimizing inventory levels, routing, and scheduling, ensuring supply chain
operations remain efficient and resilient against disruptions (see, e.g., [15, 16]). Interested readers
are referred to [2, 25] for a comprehensive review.

Despite its significance, the feasible region of CCP (1) is generally nonconvex, making the
problem challenging to solve directly. To address this, several approaches have been proposed
in the literature to solve CCP (1). One approach is the sample average approximation (SAA)
method proposed by [35, 27], which reformulates CCP (1) as a mixed-integer program. Standard
optimization solvers can then handle this reformulation; however, solving it to optimality may
still be computationally challenging in practice. Another approach is to develop convex inner
approximations of the nonconvex chance constraint (see, e.g., [29, 5, 30, 1]). The best-known convex
approximation is to replace the chance constraint in CCP (1) with the conditional value-at-risk
(CVaR) approximation proposed by [30]. The CVaR approximation usually returns a feasible yet
sub-optimal solution. Recently, bisection-based methods [1, 21, 22] like ALSO-X and ALSO-X#
are proposed to improve the CVaR approximation. This improvement occurs because ALSO-X
refines the solution iteratively, allowing for a more effective optimization process compared to the
one-shot CVaR approximation.

In this paper, we propose to use scenario-wise scaling to improve the CVaR approximation.
Scaling the constraints is crucial for ensuring the effectiveness and efficiency of the optimization
process (see, e.g., [26]) and is important for improving the performance of LP/MIP solvers (see,
e.g., [4] and the references therein). Scaling within the CVaR approximation of chance-constrained
programs has appeared in the literature, particularly for achieving a better approximation for
joint chance constraints (see, e.g., [8, 47, 46, 9]). [8] use scaling to approximate joint chance-
constrained problems, improving upon the standard approach using Bonferroni’s inequality. [47]
show that CVaR approximation can be exact with scaling for distributional robust joint chance-
constrained problems with moment ambiguity sets. However, existing works focus on scaling of
individual constraints in joint chance-constrained settings and do not consider scaling applied to
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individual scenarios. As a result, the conditions under which the scenario-wise scaling within
the CVaR approximation of a CCP is exact, and how it relates to the optimal objective value
of a CCP, have remained unclear. This work fills this gap. In particular, we identify sufficient
conditions under which the scaled CVaR approximation preserves an optimal solution of a CCP,
and we further establish NP-hardness results for the scaled CVaR approximation. We also develop
efficient algorithms to improve CVaR approximation using scenario-wise scaling, and our numerical
study demonstrates the effectiveness of the proposed algorithms.
Organization. The remainder of the paper is organized as follows: Section 2 details the scaling
procedure and illustrates the advantages of scaling. Section 3 introduces an efficient heuristic.
Section 4 numerically validates the proposed methods. Section 5 concludes the paper.
Notation. The following notation is used throughout the paper. We use bold letters (e.g., x,A)
to denote vectors and matrices and use corresponding non-bold letters to denote their components.
We use R+(/Z+) to denote the set of nonnegative real(/integer) numbers, and R++ to denote the
set of positive numbers, i.e., R+ := [0,∞) and R++ := (0,∞). We let e be the vector of all ones.
Given an integer n, we let [n] := {1, 2, . . . , n}. Given a real number t, we let (t)+ := max{t, 0}.
Given a finite set I, we let |I| denote its cardinality. We let ξ̃ denote a random vector and denote
its realizations by ξ.

2 Scenario-Wise Scaled CVaR Approximation

For a given random variable X̃ with probability distribution P and cumulative distribution function
FX̃(s) = P{X̃ ≤ s}, and a given risk parameter ε ∈ (0, 1), (1 − ε) Value-at-Risk (VaR) of X̃ is

defined as VaR1−ε(X̃) := mins{s : FX̃(s) ≥ 1− ε}. Following the definition of VaR,

P
{
X̃ ≤ 0

}
≥ 1− ε⇔ VaR1−ε(X̃) ≤ 0.

The corresponding Conditional Value-at-Risk (CVaR) is defined by

CVaR1−ε(X̃) := min
β
{β + ε−1EP[X̃ − β]+},

which serves as an upper bound of VaR1−ϵ(X̃). Note that

min
β
{β + ε−1EP[X̃ − β]+} ≤ 0⇔ min

β≤0
{β + ε−1EP[X̃ − β]+} ≤ 0.

Applying the above arguments to CCP (2), one can then obtain a CVaR (inner) approximation
[30, 34] of CCP (2):

vCVaR = min
x∈X

c⊤x : min
β≤0

β +
1

ε

∑
i∈[N ]

pi
[
{g(x, ξi)− β}+

] ≤ 0

 . (4)

Introducing nonnegative auxiliary variables s, the CVaR approximation (4) can be reformulated
as

vCVaR = min
x∈X ,β≤0,s≥0

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ g(x, ξi), i ∈ [N ]

 . (5)
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As discussed in Section 1.1, for each constraint g(x, ξi) with i ∈ [N ], we introduce a corresponding
scaling variable αi for scenario-wise scaling. For fixed scaling factors α ≥ e, we define an α-scaled
CVaR approximation:

vCVaR(α) := min
x∈X ,β≤0,s≥0

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ αig(x, ξ
i), i ∈ [N ]

 , (6)

and we denote the optimally scaled CVaR approximation by

vCVaR
S := inf

α≥e
vCVaR(α)

= inf
x∈X ,β≤0,s≥0,α≥e

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ αig(x, ξ
i), i ∈ [N ]

 .
(7)

To the best of our knowledge, the scaled CVaR approximation formulation of the form (6) is
introduced in the literature for the first time. While [8] refers to a notion of “scaling” within the
CVaR approximation, it focuses on scaling each individual constraint in the joint chance constrained
setting, rather than individual scenarios. In our setting, if we set αi = 1 for each i ∈ [N ] in (6),
we recover the original CVaR approximation (4), i.e., vCVaR(e) = vCVaR. We note that (6) is
precisely the CVaR approximation of a scaled version of CCP (2), i.e., the CVaR approximation of
v∗ = minx∈X {c⊤x :

∑
i∈[N ] piI

[
αig(x, ξ

i) ≤ 0
]
≥ 1− ε}. It then follows that (7) is a conservative

approximation of the CCP (2), which implies the following result.

Proposition 1. We have v∗ ≤ vCVaR(α) for all α ≥ e, and therefore v∗ ≤ vCVaR
S ≤ vCVaR.

Note that if v∗ = vCVaR
S and there exists α̂ ≥ e such that vCVaR

S = vCVaR(α̂), then any solution
of (6) with α = α̂ is an optimal solution of the original CCP (2) due to the conservativeness of
scaled CVaR approximations. We next identify sufficient conditions such that the optimally scaled
CVaR approximation (7) provides an exact solution to CCP (2).

Theorem 1 (Exact case). Let x∗ denote an optimal solution of CCP (2) and define I∗ := {i ∈
[N ] : g(x∗, ξi) < 0}. Suppose that

∑
i∈I∗ pi > 1 − ε. Then, we have v∗ = vCVaR

S , and there exists

(α̂, β̂, ŝ) such that vCVaR
S = vCVaR(α̂) and (x∗, β̂, ŝ) minimizes the scaled CVaR approximation (7).

Proof. Due to Proposition 1, we only need to show that vCVaR
S ≤ v∗. Under the condi-

tions that g(x∗, ξi) < 0 for all i ∈ I∗ and
∑

i∈I∗ pi > 1 − ε, we use x∗ to construct a fea-
sible solution to the scaled CVaR approximation (7). Define τ :=

∑
i∈[N ]\I∗ pi ∈ [0, ε) and

ᾱ :=
∑

i∈[N ]\I∗ pig(x
∗, ξi)/(ε− τ). The construction is as follows:

α̂i = max

{
− ᾱ

g(x∗, ξi)
, 1

}
, i ∈ I∗; α̂i = 1, i ∈ [N ] \ I∗;

β̂ = −ᾱ;
ŝi = 0, i ∈ I∗; ŝi = g(x∗, ξi) + ᾱ, i ∈ [N ] \ I∗.

Then it is easy to verify that ŝi + β̂ ≥ α̂ig(x
∗, ξi) for each i ∈ [N ] and

εβ̂ +
∑
i∈[N ]

piŝi = −εᾱ+
∑

i∈[N ]\I∗
pi[g(x

∗, ξi) + ᾱ] = −(ε− τ)ᾱ+
∑

i∈[N ]\I∗
pig(x

∗, ξi) ≤ 0.

Therefore, (x∗, β̂, ŝ, α̂) satisfies all constraints in the scaled CVaR approximation (7), which implies
vCVaR(α̂) ≤ c⊤x∗ = v∗. This completes the proof. □
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We make the following remarks about Theorem 1:

(i) Example 3 in Appendix A illustrates the correctness of Theorem 1. In fact, the two conditions
of Theorem 1 (i.e., g(x∗, ξi) < 0 for all i ∈ I∗ and

∑
i∈I∗ pi > 1 − ε) are essentially tight

for guaranteeing the equivalence between the optimal objective values of the scaled CVaR
approximation and its exact CCP counterpart. If either of these two conditions in Theorem 1
is not satisfied, Example 4 and Example 5 in Appendix A illustrate that the scaled CVaR
approximation (7) may not provide an optimal solution;

(ii) Theorem 1 extends to distributionally robust chance constrained programs under the type-
∞ Wasserstein ambiguity set, since the corresponding formulations are equivalent to CCPs
of the form (2) (see, e.g., Proposition 8 in [21]). The extension of Theorem 1 to type-∞
Wasserstein distributionally robust chance constrained programs also suggests a conceptual
connection to adversarial robustness. In particular, type-∞ Wasserstein distributionally ro-
bust optimization has been shown to be closely related to adversarial training formulations in
machine learning (see, e.g., 38). Exploring whether the scaling ideas developed in this paper
can be adapted to adversarial training remains an interesting direction for future research;

(iii) The condition g(x∗, ξi) < 0 for all i ∈ I∗ can be viewed as a special case of the setting in
[17], where the authors studied a strict chance constraint that requires strict satisfaction of
the constraint g(x, ξi) < 0 for all i ∈ [N ]. Nevertheless, in the convex case, we will relax
this condition. In the purely discrete case, we can always slightly perturb the constraint such
that, for all x ∈ X , g(x, ξi) ≤ 0 if and only if g(x, ξi) < 0;

(iv) We remark that the second condition is not restrictive at all. For example, in chance
constraints with equiprobable scenarios (i.e., pi = 1/N for each i ∈ [N ]), the condition∑

i∈I∗ pi > 1 − ε can accommodate cases where Nε is not an integer. Otherwise, since the
distribution is finite, one can always perturb ε to satisfy the condition

∑
i∈I∗ pi > 1 − ε if

g(x∗, ξi) < 0 for all i ∈ I∗.

To provide further insight into Theorem 1, we consider the following example.

Example 1. Let us consider the following example with N = 6, pi = 1/6 for each i ∈ [N ],
and ε = 5/12. For a given optimal solution x∗, suppose that the scenarios are ordered such
that g(x∗, ξσ1) ≤ g(x∗, ξσ2) ≤ g(x∗, ξσ3) ≤ g(x∗, ξσ4) < 0 and 0 < g(x∗, ξσ5) ≤ g(x∗, ξσ6). By
Theorem 1, it follows that I∗ = {σ1, σ2, σ3, σ4} and

∑
i∈I∗ pi = 2/3 > 1− ε. This example satisfies

the conditions in Theorem 1, which implies that v∗ = vCVaR
S . As illustrated in Figure ??, in this

example, CVaR1−ε[g(x
∗, ξ)] can be expressed as

CVaR1−ε[g(x
∗, ξ)] =

1

5/12

[
1

12
g(x∗, ξσ4) +

1

6
g(x∗, ξσ5) +

1

6
g(x∗, ξσ6)

]
.

Clearly,
∑

i∈I∗ pi > 1 − ε with I∗ = {i ∈ [N ] : g(x∗, ξi) < 0} guarantees the scenario-wise scaled
CVaR approximation to recover the optimal objective value (by choosing ασ4 large enough). If we
instead perturb the risk parameter to ε = 1/3, then in this example we obtain

∑
i∈I∗ pi = 1− ε. In

this case, the corresponding CVaR reduces to CVaR1−ε[g(x
∗, ξ)] = 1/2[g(x∗, ξσ5)+ g(x∗, ξσ6)] > 0.

Even if the scenarios ξσ5 , ξσ6 are scaled with factors ασ5 ≥ 1 and ασ6 ≥ 1, respectively, it is
impossible to satisfy

CVaR1−ε[hα(x
∗, ξ)] = 1/2[ασ5g(x

∗, ξσ5) + ασ6g(x
∗, ξσ6)] ≤ 0.

Consequently, the scenario-wise CVaR approximation cannot recover the optimal objective value in
this setting with

∑
i∈I∗ pi = 1− ε. ⋄
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Figure 1: An Illustration of Conditions in Theorem 1 with N = 6 and ε = 5/12, adapted from
Figure 2 of [36].

The condition
∑

i∈I∗ pi > 1 − ε in Theorem 1 may appear restrictive. However, it can be
significantly relaxed when all constraints, including the deterministic ones (i.e., constraints in
x ∈ X ) and the realization of the uncertain constraint in each scenario (i.e., the function g(x, ·)),
are convex.

Theorem 2 (Convex case). Let x∗ denote an optimal solution of CCP (2), and define Ī∗ := {i ∈
[N ] : g(x∗, ξi) ≤ 0} and X̄ ∗ = {x ∈ X : g(x, ξi) ≤ 0, i ∈ Ī∗}. Then in the convex case (i.e., g(·, ξi)
is convex for all i ∈ Ī∗, and set X is convex), v∗ = vCVaR

S if there exists Ī ⊆ Ī∗ such that (i) for
each i ∈ Ī, there exists xi ∈ X̄ ∗ such that g(xi, ξi) < 0; and (ii)

∑
i∈Ī pi > 1− ε.

Proof. Similar to the proof of Theorem 1, we only need to show that vCVaR
S ≤ v∗. For ϵ ∈ (0, 1),

define x(ϵ) := (1 − ϵ)x∗ + (ϵ/|Ī|)
∑

i∈Ī x
i. Due to convexity of set X and {g(·, ξi)}i∈Ī , we have

x(ϵ) ∈ X̄ ∗ and g(x(ϵ), ξi) < 0, i ∈ Ī. Then, following the proof of Theorem 1 (replacing x∗ by
x(ϵ)), we have vCVaR

S ≤ c⊤x(ϵ) for all ϵ ∈ (0, 1). Therefore, vCVaR
S ≤ limϵ→0 c

⊤x(ϵ) = c⊤x∗. □
We make the following remarks about Theorem 2:

(i) Even though the infimum of (7) may not be attainable (such as Example 2 of Appendix A),
the scaled CVaR approximation (7) admits solutions arbitrarily close to its infimum, i.e., any
ϵ-optimal solution of the scaled CVaR approximation (7) implies an ϵ-optimal solution of
CCP (2);

(ii) Interested readers are referred to Example 6 of Appendix A for an illustration of the correct-
ness of Theorem 2. Similarly, when the assumption

∑
i∈Ī pi > 1− ε of Theorem 2 is not met,

the scaled CVaR approximation (7) may fail to find the optimal solution (see, e.g., Example 7
in Appendix A).

Motivated by Theorem 2, we establish a simple yet practically relevant sufficient condition under
which v∗ = vCVaR

S holds without requiring knowledge of the optimal solution. Specifically, this
sufficient condition consists of two parts, namely, (i) the existence of a point x̄ ∈ X such that
g(x̄, ξi) < 0 for all i ∈ [N ], and (ii)

∑
i∈I pi ̸= ε for all I ⊆ [N ]. Note that part (ii) of the sufficient

condition is not restrictive following remark (iv) of Theorem 1. Next, we further propose a practical
procedure for identifying such a certificate x̄. Given a tolerance δ̄ < 0 (e.g., δ̄ = −10−5), we may
compute x̄ by solving the following feasibility problem:

x̄ ∈ argmin
x∈X

{
0: g(x, ξi) ≤ δ̄, i ∈ [N ]

}
. (8)
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In a wide range of chance constrained programs, including stochastic lot-sizing problems [35],
portfolio optimization [45, 10], and transportation applications [10], it is easy to construct a feasible
solution x̄ to problem (8).

According to the equivalence of CCP (2) and the scaled CVaR approximation (7) in Theorem 2,
and given that solving CCP (2) is in general NP-hard (see, e.g., [28]), solving the scaled CVaR
approximation (7) is also NP-hard. We formally present the NP-hardness result below.

Lemma 1 (Theorem 1 in [28]). The optimal objective value of a chance constrained linear program
is NP-hard to compute, even when the problem takes the special form

min
x

{
n∑

i=1

xi : P{max
i∈[n]

(ξi − xi) ≤ 0} ≥ 1− ε,x ∈ Rn
+

}
,

and ξ has a finite support with p1 = p2 = . . . = pN = 1/N .

Combining Theorem 2 and Lemma 1, we can show the NP-hardness of the scaled CVaR ap-
proximation (7).

Theorem 3. The scaled CVaR approximation (7) is NP-hard to solve, even when c = e, X = Rn
+,

Ξ ⊂ Rn and g(x, ξ) = maxi∈[n](ξi − xi).

Proof. We first show that the two assumptions in Theorem 2 are satisfied by the CCP

min
x

{
n∑

i=1

xi : P{max
i∈[n]

(ξi − xi) ≤ 0} ≥ 1− ε,x ≥ 0

}
. (9)

Without loss of generality, assumption (ii) in Theorem 2 is satisfied by (9) because one can always
add a small enough quantity to ε so that the resulting CCP is equivalent to the original CCP
(9) while assumption (ii) in Theorem 2 is satisfied. Regarding assumption (i) in Theorem 2, let

ξmax
+ :=

{
(maxi∈[N ] ξ

i
j)+

}n

j=1
∈ Rn

+. Note that g(ξmax
+ + e, ξi) < 0 for all i ∈ [N ]. Therefore,

assumption (i) in Theorem 2 is satisfied. Consequently, Theorem 2 implies that the scaled CVaR
approximation of the CCP yields the optimal objective value as (9). Moreover, Lemma 1 implies
that the corresponding scaled CVaR approximation is NP-hard to solve. □

3 Solution Approaches

As we have shown in the last section, solving the scaled CVaR approximation (7) is, in general,
NP-hard. In this section, we introduce some heuristics for solving the scaled CVaR approximation
(7). We first develop an efficient heuristic approach to update the scaling factors α. We then
introduce a sequential convex approximation approach.

3.1 An Efficient Heuristic Based on Theorem 1

In contrast to the algorithms proposed in [8, 47], our first solution approach does not optimize
over α within an optimization problem. Instead, we update α based on the solution construction
described in Theorem 1. To illustrate, we assume in this section that

∑
i∈I pi ̸= ε for all I ⊆ [N ].

In Algorithm 1, we iteratively update α in the scaled CVaR approximation (7).
Proposition 2. Let δ2 = 0 and set the initial solution of Algorithm 1 as the solution from CVaR
approximation (4). The sequence of objective values {c⊤x(k)}k∈Z+ generated by Algorithm 1 is
monotonically nonincreasing, bounded from below, and hence convergent.
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Algorithm 1 A Heuristic to Solve the Scaled CVaR Approximation (7)

1: Input: Let k ← 0 with initial solution x(0), let δ1 denote the stopping criterion parameter, let
δ2 denote a violation threshold, and initialize ∆←∞

2: while ∆ ≥ δ1 do
3: Denote Ik = {i ∈ [N ] : g(x(k), ξi) < δ2} and ᾱ = 1

ε−
∑

i∈[N ]\Ik
pi

∑
i∈[N ]\Ik pig(x

(k), ξi).

Update α(k+1) as

α
(k+1)
i = max

{
− ᾱ

g(x(k), ξi)
, 1, α

(k)
i

}
, i ∈ Ik;α

(k+1)
i = 1, i ∈ [N ] \ Ik

4: Solve the scaled CVaR approximation (7) with α(k+1), i.e.,

vCVaR(α(k+1)) = min
x∈X ,β≤0,s≥0

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ α
(k+1)
i g(x, ξi), i ∈ [N ]

 ,

(x(k+1), β(k+1), s(k+1)) ∈ arg min
x∈X ,β≤0,s≥0

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ α
(k+1)
i g(x, ξi), i ∈ [N ]


5: Let ∆←

∣∣c⊤x(k) − c⊤x(k+1)
∣∣ and k ← k + 1

6: end while
7: Output: A feasible solution x(k) and its objective v̄CVaR

S = c⊤x(k)

Proof. At iteration k + 1 of Step 4 in Algorithm 1, the scaled CVaR approximation (7) we are
solving is

vCVaR(α(k+1)) = min
x∈X ,

β≤0,s≥0

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ α
(k+1)
i g(x, ξi), i ∈ [N ]

 . (10)

We only need to show that x(k) is feasible to the scaled CVaR approximation (10). Let (x(k), β(k), s(k))
be an optimal solution at the k-th iteration after solving the scaled CVaR approximation with α(k).
Then we have

s
(k)
i + β(k) ≥ α

(k)
i g(x(k), ξi) ≥ g(x(k), ξi) = α

(k+1)
i g(x(k), ξi), i ∈ [N ] \ Ik,

s
(k)
i + β(k) ≥ α

(k)
i g(x(k), ξi) ≥ α

(k+1)
i g(x(k), ξi), i ∈ Ik.

Hence, x(k) is feasible to the scaled CVaR approximation (10). Thus, the sequence of {c⊤x(k)}k∈Z+

is monotonically nonincreasing. Given that the objective function c⊤x is bounded below by v∗,
the monotonicity of the sequence of {c⊤x(k)}k∈Z+ implies its convergence. □

We make the following remarks about Proposition 2:

(i) From Proposition 2, we can demonstrate that, using the CVaR solution as an initial solution,
the output of Algorithm 1 is no worse than the CVaR approximation (4), i.e., v̄CVaR

S ≤ vCVaR.
When the CVaR approximation (4) is infeasible (see, e.g., Example 3 of Appendix A), other
solutions, such as ones generated by the ALSO-X# approach proposed by [22], can be used
as an initial solution;
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(ii) The scaling coefficient updating procedure proposed in Algorithm 1 can be easily incorpo-
rated into other CVaR-based approximation algorithms. For example, the scaling coefficient
updating procedure can be integrated into ALSO-X# (see, e.g., [22]) to enhance its perfor-
mance further. For detailed discussions, we refer interested readers to Appendix B;

(iii) At each iteration, we can warm-start the process with the solution found in the previous
iteration;

(iv) In the implementation of our numerical experiments, to avoid an excessively large ᾱ (which
may lead to numerical issues), in Step 3 of Algorithm 1, we select δ2 = −0.005. Note that,
in such cases, the sequence of objective values {c⊤x(k)}k∈Z+ generated may not converge,
and we may set a maximum iteration limit. If the maximum iteration limit is reached, the
minimum value from the sequence {c⊤x(k)}k∈Z+ is reported as the final output.

In the subsequent subsection, we discuss how to use sequential convex approximations to obtain a
stronger initial solution for Algorithm 1.

3.2 A Sequential Convex Approximation Approach

Recall that throughout the paper we define g(x, ξ) = maxj∈[J ] gj(x, ξ), which allows formulation
(2) to cover both single (J = 1) and joint (J > 1) chance constrained programs. Using this
definition, we can equivalently write the optimally scaled CVaR approximation (7) as

vCVaR
S = inf

x∈X ,β≤0,
s≥0,α≥e

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ αigj(x, ξ
i), i ∈ [N ], j ∈ [J ]

 .

The product terms {αigj(x, ξ
i)}i∈[N ],j∈[J ] bring difficulty to the solution of the scaled CVaR ap-

proximation. One way to address it is to use the well-known difference-of-convex (DC) approach
(see, e.g., Section 2 of [42]). Using the fact that xy = 1/4[(x+ y)2 − (x− y)2], we can reformulate
the scaled CVaR approximation (7) as

vCVaR
S = inf

x∈X ,β≤0,
s≥0,α≥e

c⊤x :

εβ +
∑
i∈[N ]

pisi ≤ 0,

4si + 4β ≥ [αi + gj(x, ξ
i)]2 − [αi − gj(x, ξ

i)]2, i ∈ [N ], j ∈ [J ]

 .

This reformulation allows us to apply sequential convex conservative approximations. To ensure the
validity of the sequential convex approximations, throughout this subsection, we assume that the
function gj(x, ξ) is affine in x for each j ∈ [J ], i.e., gj(x, ξ

i) = aj(ξ
i)⊤x− bj(ξ

i) with aj : Ξ→ Rn,
and bj : Ξ → R. This affine structure arises in a broad class of CCP models and has been widely
used in the CCP literature (see, e.g., [33, 3, 45, 44, 18, 19, 10]).

In the sequential convex approximation, at iteration k + 1, for each i ∈ [N ], j ∈ [J ], we replace
[αi−gj(x, ξi)]2 by its first-order Taylor approximation using the solution from the previous iteration
k, that is,

[αi − gj(x, ξ
i)]2 ≥ [α

(k)
i − gj(x

(k), ξi)]2 + 2[α
(k)
i − gj(x

(k), ξi)](αi − α
(k)
i )

+ 2[α
(k)
i − gj(x

(k), ξi)]∇x(k)gj(x, ξ
i)
⊤
[x− x(k)],
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Algorithm 2 A Sequential Convex Approximation Algorithm to Solve the Scaled CVaR Approx-
imation (7)

1: Input: Let k ← 0 with initial solution x(0), let δ1 denote the stopping tolerance parameter,
and initialize ∆←∞

2: while ∆ ≥ δ1 do
3: Solve Problem (11) to obtain x(k+1)

4: Let ∆←
∣∣c⊤x(k) − c⊤x(k+1)

∣∣ and k ← k + 1
5: end while
6: Output: A feasible solution x(k) and its objective value v̄CVaR

S (DC) = c⊤x(k)

where∇xgj(x, ξ
i) denotes the derivative of gj(x, ξ

i) for x(k). Then, we solve the following program:

(x(k+1),α(k+1)) ∈proj(x,α) arg min
x∈X , β≤0,
s≥0,α≥e

c⊤x,

s.t. εβ +
∑
i∈[N ]

pisi ≤ 0,

[αi + gj(x, ξ
i)]2 ≤ 4[si + β] + [α

(k)
i − gj(x

(k), ξi)]2

+ 2[α
(k)
i − gj(x

(k), ξi)](αi − α
(k)
i )

+ 2[α
(k)
i − gj(x

(k), ξi)]∇x(k)gj(x, ξ
i)
⊤
[x− x(k)], i ∈ [N ], j ∈ [J ].

(11)

Problem (11) serves as a convex approximation of scaled CVaR approximation (7), which is it-
eratively solved in a sequential convex approximation algorithm as summarized in Algorithm 2.

Algorithm 2 is similar to the sequential convex approximation (SCA) algorithm proposed by
[20]. Based on the property 1 and property 2 in [20], by initializing Algorithm 2 with the solution
obtained from the CVaR approximation (4), the sequence of objective values {c⊤x(k)}k∈Z+ gener-
ated by Algorithm 2 is monotonically nonincreasing, bounded from below, and therefore convergent.
Hence, we can show that the output of Algorithm 2 improves upon the CVaR approximation (4),
i.e., v̄CVaR

S (DC) ≤ vCVaR, if Algorithm 2 is initialized using the CVaR solution. These properties
of Algorithm 2 are formally summarized below.

Corollary 1. Suppose we set the initial solution of Algorithm 2 as the solution from CVaR ap-
proximation (4), then the sequence of objective values {c⊤x(k)}k∈Z+ generated by Algorithm 2 is
monotonically nonincreasing, bounded from below, and hence convergent, and the output of Algo-
rithm 2 is better than CVaR approximation (4), i.e., v̄CVaR

S (DC) ≤ vCVaR.

We remark that even though Algorithm 2 remains a difference-of-convex algorithm (DCA),
it is different from the DCA proposed in [20], where the latter directly approximates the chance
constraint using difference-of-convex functions.

Different from Algorithm 1, which updates α and x separately, Algorithm 2 updates them
simultaneously. However, note that Algorithm 2 may encounter numerical issues when using
commercial solvers because Problem (11) involves many quadratic constraints. To reduce the
number of quadratic constraints in Problem (11), we take a hybrid strategy inspired by Algo-
rithm 1. Specifically, let Ik = {i ∈ [N ] : g(x(k), ξi) < 0}. Rather than relaxing all product terms
{αigj(x, ξ

i)}i∈[N ],j∈[J ], the key idea is to relax only those terms where i ∈ Ik. For i ∈ [N ] \ Ik, we
simply set αi = 1. The details of this hybrid approach are presented in Algorithm 3.
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Algorithm 3 A Hybrid Algorithm to Solve the Scaled CVaR Approximation (7)

1: Input: Let k ← 0 with initial solution x(0), let δ1 denote the stopping tolerance parameter,
let δ2 denote a violation threshold, and initialize ∆←∞

2: while ∆ ≥ δ1 do
3: Denote Ik = {i ∈ [N ] : g(x(k), ξi) < δ2} and Īk = [N ] \ Ik
4: Obtain (x(k+1),α(k+1)) by solving

(x(k+1),α(k+1)) ∈proj(x,α) arginf
x∈X ,β≤0,
s≥0,α≥e

c⊤x,

s.t. εβ +
∑
i∈[N ]

pisi ≤ 0,

si + β ≥ gj(x, ξ
i), αi = 1, i ∈ Īk, j ∈ [J ]

[αi + gj(x, ξ
i)]2 ≤ 4[si + β] + [α

(k)
i − gj(x

(k), ξi)]2

+ 2[α
(k)
i − gj(x

(k), ξi)](αi − α
(k)
i )

+ 2[α
(k)
i − gj(x

(k), ξi)]∇x(k)gj(x, ξ
i)
⊤
[x− x(k)], i ∈ Ik, j ∈ [J ]

5: Let ∆←
∣∣c⊤x(k) − c⊤x(k+1)

∣∣ and k ← k + 1
6: end while
7: Let (x(k+1),α(k+1)) be the input of Algorithm 1, run Algorithm 1 until it terminates, and let

xH and its objective value v̄CVaR
S (H) be the output of Algorithm 1

8: Output: A feasible solution xH and its objective value v̄CVaR
S (H) = c⊤xH

Moreover, combining elements of Algorithm 2 and Algorithm 1 can further enhance the solution
quality. The key observation is that, when Algorithm 2 terminates with the prespecified tolerance
or encounters numerical difficulties, its output provides a feasible solution x(k) to the scaled CVaR
approximation with the scaling vector fixed at its final value α(k). Therefore, after Algorithm 2
terminates, we can fix the scaling vector at the final iterate α(k) and solve Step 4 of Algorithm 1
once more. This step cannot worsen the objective value returned by Algorithm 2.

Corollary 2. Let (x(k),α(k)) be the output of Algorithm 2. Then solving Step 4 of Algorithm 1 with
α = α(k) cannot produce an objective value worse than that returned by Algorithm 2. In particular,
the optimal value of the scaled CVaR approximation with alpha fixed at α(k) is no greater than the
objective value produced by Algorithm 2.

Motivated by Corollary 2, we can first apply Algorithm 2 to generate an initial solution, followed
by Algorithm 1 to refine subsequent iterations. Because both algorithms preserve monotonicity
in the objective sequence, the final output sequence is consistently nonincreasing. A summary of
this hybrid approach is provided in Algorithm 3, and its detailed implementation is discussed in
Section 4.

3.3 Incorporating Auxiliary Optimality Information

Based on the solution construction in Theorem 2 and Algorithm 1, we observe that if a solution
violates a scenario, the corresponding constraint will not be scaled up. This observation motivates
us to incorporate auxiliary optimality information to fix the value of the corresponding α in the
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scaled CVaR approximation (7). We employ a straightforward and effective method to incorporate
the optimality information and fix α.
Corollary 3. Let x∗ denote an optimal solution of CCP (2) and define I∗ := {i ∈ [N ] : g(x∗, ξi) ≤
0}. Under the assumptions of Theorem 1 or Theorem 2, we have

v∗ = inf{vCVaR
S (α) : αi = 1, i ∈ [N ] \ I∗, αi ≥ 1, i ∈ I∗}.

In the next section, we demonstrate how Corollary 3 can be integrated into our algorithmic
implementations.

4 Numerical Study

In this section, we numerically demonstrate the effectiveness of the proposed methods. All the
instances in this section are executed in Python 3.9 with calls to solver Gurobi (version 11.0.3
with default settings) on a personal PC with an Apple M1 Pro processor and 16GB of memory.
To evaluate the effectiveness of the proposed algorithms, we use “Improvement” to denote the
percentage of differences between the value of a proposed algorithm and CVaR approximation, i.e.,

Improvement (%) =
CVaR approximation value− value of a proposed algorithm

|CVaR approximation value|
× 100%.

4.1 Joint Chance Constraint: Instances from [39]

The joint CCP that we test admits the following form:

v∗ = min
x∈[0,1]n

c⊤x :
1

N

∑
i∈[N ]

I

max
j∈[J ]

∑
k∈[n]

ξij,kxk − bij

 ≤ 0

 ≥ 1− ε

 .

We evaluate the proposed method on three sets of joint CCP instances with N = 3000, 1-4-multi-
3000 , 1-6-multi-3000 , and 1-7-multi-3000 from [39]. To approximate the scaled CVaR approxima-
tion (7), we employ the following two steps:
Step 1. We use the solution of CVaR approximation (4) as the initial starting point for Algorithm 3
and run Algorithm 3 for one iteration to determine the scaling factor α.
Step 2. We use the scaling factorα from Step 1 as input to Algorithm 1 and implement Algorithm 1
with δ2 = −0.005 for 25 iterations to obtain the best objective value.

For both Step 1 and Step 2, we consider incorporating the auxiliary optimality information
discussed in Corollary 3. We use v∗U to denote the best upper bound of the scaled CVaR approx-
imation (7) and solve ηi = minx∈[0,1]n{c⊤x :

∑
k∈[n] ξ

i
j,kxk − bij ≤ 0, j ∈ [J ]} for each i ∈ [N ].

Following the approach recently employed in [23], if ηi > v∗U for some i ∈ [N ], we set αi = 1.
We record the total running time of the steps above as the running time of approximating the

scaled CVaR approximation (7). For comparison, we also implement the ALSO-X# algorithm from
[22]. In ALSO-X# (see the detailed algorithm in Algorithm 4 of Appendix B), we choose tL as
the quantile bound from [39], tU as the CVaR approximation (4), and δA = 0.05. To ensure that
Nε is not an integer, we consider the risk parameters ε ∈ {0.050333, 0.100333, 0.200333, 0.300333}.
Table 1 summarizes the average numerical performance across instances, while the detailed results
are reported in Table 3 in Appendix C.

We observe that our approach to solving the scaled CVaR approximation (7) consistently im-
proves the objective value compared to the CVaR approximation (4). In most cases, our method
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Table 1: Numerical Results of a Joint CCP with Different ε

ε n J Instance
CVaR

Approximation
ALSO-X# Scaled CVaR Approximation

Value Time (s) Improvement Value Time (s) Improvement

0.050333
20 10 1-4-multi-3000 −5778.50 −5845.66 83.83 1.16% −5851.09 525.05 1.26%
39 5 1-6-multi-3000 −9864.42 −9976.61 83.86 1.14% −9979.76 530.35 1.17%
50 5 1-7-multi-3000 −15766.16 −15879.72 108.17 0.72% −15885.74 690.25 0.76%

0.100333
20 10 1-4-multi-3000 −5826.18 −5901.36 84.28 1.29% −5905.43 531.48 1.36%
39 5 1-6-multi-3000 −9947.12 −10081.34 84.15 1.35% −10086.58 538.40 1.40%
50 5 1-7-multi-3000 −15852.28 −15995.49 108.00 0.90% −16004.91 691.10 0.96%

0.200333
20 10 1-4-multi-3000 −5880.51 −5970.65 99.69 1.53% −5977.62 660.87 1.65%
39 5 1-6-multi-3000 −10047.76 −10219.45 85.62 1.71% −10226.30 543.84 1.78%
50 5 1-7-multi-3000 −15962.55 −16145.73 107.37 1.15% −16153.17 688.10 1.19%

0.300333
20 10 1-4-multi-3000 −5917.73 −6022.59 83.89 1.77% −6031.27 563.86 1.92%
39 5 1-6-multi-3000 −10120.96 −10325.93 85.49 2.03% −10332.91 541.71 2.09%
50 5 1-7-multi-3000 −16041.49 −16260.96 108.01 1.37% −16268.84 686.50 1.42%

Average 1.34% 1.41%

achieves greater improvement than the ALSO-X# method and demonstrates superior average per-
formance. Note that our approach is different from ALSO-X# and does not rely on the bisection
procedure that the latter requires. Although our method for approximating the scaled CVaR
approximation (7) requires a longer computation time than the ALSO-X# method, due to the
quadratic constraints in Algorithm 3 and the increased number of iterations in Algorithm 1, it
yields better objective value improvements, highlighting its effectiveness despite the added compu-
tational cost. We also remark that we compare our method with the approach that uses an interior
point local solver IPOPT [43] to directly solve the scaled CVaR approximation (7). The fact that
our method outperformed IPOPT further suggests that the nonconvex optimization problem (7)
is challenging to solve in practice. Detailed numerical comparisons can be found in Table 5 of
Appendix D.

4.2 Portfolio Optimization

In this subsection, we study a portfolio optimization problem adapted from [45], with relevant
formulations appearing in [33, 10, 19]. We consider the following formulation, where the decision
vector is restricted to [0, 1]n and the total allocation is controlled by an investment budget constraint∑

k∈[n] xk ≤ 0.2n:

v∗ = min
x∈[0,1]n

c⊤x :
1

N

∑
i∈[N ]

I

∑
k∈[n]

ξikxk ≥ 1

 ≥ 1− ε,
∑
k∈[n]

xk ≤ 0.2n

 .

For numerical experiments, we follow the data generation scheme in [45], where n is fixed to 50,
N ∈ {500, 1000}, {ξi}i∈[N ] are i.i.d. uniform random variables in the range from 0.8 to 1.2 and
the risk parameter ε ∈ {0.050333, 0.100333, 0.200333, 0.300333}. For each combination of (n,N, ϵ),
we generate 5 instances. The cost vector c is generated at random, where each component takes
an integer value uniformly sampled from {1, · · · , 100}. We employ the following two steps to
approximate the scaled CVaR approximation (7):
Step 1. We use the solution of CVaR approximation (4) as the initial starting point for Algo-
rithm 3.
Step 2. We implement Algorithm 1 with δ2 = −0.005 for 20 iterations to obtain the best objective
value.

Similar to the joint chance constraint case discussed in Section 4.1, we incorporate the aux-
iliary optimality information outlined in Corollary 3 in both Step 1 and Step 2. Let v∗U de-
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Table 2: Numerical Results of Portfolio Optimization

ε n N
CVaR

Approximation
ALSO-X# Scaled CVaR Approximation

Value Time (s) Improvement Value Time (s) Improvement
0.050333 50 500 2.86 2.80 0.38 1.76% 2.79 9.62 2.37%

1000 2.84 2.79 0.70 1.63% 2.77 19.03 2.48%

0.100333 50
500 2.78 2.68 0.48 3.24% 2.68 9.91 3.66%
1000 2.77 2.69 0.94 2.36% 2.67 20.55 3.54%

0.200333 50
500 2.68 2.53 0.64 5.08% 2.52 10.20 5.89%
1000 2.67 2.52 1.23 5.00% 2.50 20.94 6.00%

0.300333 50
500 2.60 2.37 0.68 7.76% 2.36 10.41 8.92%
1000 2.58 2.35 1.34 7.84% 2.33 21.79 9.12%

Average 4.33% 5.25%
*Each row is the average over five independent instances.

note the best upper bound of the scaled CVaR approximation (7). For each i ∈ [N ], we solve
ηi = minx∈[0,1]n{c⊤x :

∑
k∈[n] ξ

i
kxk ≥ 1,

∑
k∈[n] xk ≤ 0.2n} . If ηi > v∗U for any i ∈ [N ], then

we enforce αi = 1. All other settings are consistent with those described in Section 4.1. Table 2
summarizes the average numerical performance across instances, whereas the detailed results un-
der different choices of ε and N are provided in Table 4 in Appendix C. Overall, our approach for
solving the scaled CVaR approximation (7) consistently yields higher-quality solutions than the
ALSO-X# method. When averaged across all tested instances, the improvement achieved by the
scaled CVaR approach increases with the violation level ε, ranging from 2.43% versus 1.70% at
ε = 0.050333 to 9.02% versus 7.80% at ε = 0.300333. These results indicate that the proposed
method attains improved objective values, particularly for moderate-to-high risk parameters, while
requiring only a modest increase in computational time.

5 Conclusion

In this paper, we investigated the scaled CVaR approximation for solving CCPs. We provided
sufficient conditions under which the scaled CVaR approximation preserves an optimal solution
of a CCP. We also developed efficient algorithms to solve the scaled CVaR approximation. Our
numerical study confirmed the effectiveness of the proposed algorithms. An important direction
for future research is the extension of the proposed scaling framework to broader distributionally
robust settings, including general Wasserstein ambiguity sets, which may require new definitions
of scaling.
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A Examples

Example 2. Consider a single CCP with 2 equiprobable scenarios (i.e., p1 = p2 = 1/2), risk
parameter ε = 2/3, set X = R2

+, constraint g(x, ξ) = 1− ξ⊤x, and ξ1 = (1, 0)⊤, and ξ2 = (1, 1)⊤.
In this case, the CCP (2) is equivalent to the following mixed-integer linear program

v∗ = min
x∈R2

+,z∈{0,1}2
{2x1 + x2 : x1 ≥ z1, x1 + x2 ≥ z2, z1 + z2 ≥ 1} . (12)

Note that here we have v∗ = 1. The CVaR approximation of the CCP (12) is

vCVaR = min
x1≥0,x2≥0,β≤0,s≥0

2x1 + x2 :
x1 ≥ 1− s1 − β, x1 + x2 ≥ 1− s2 − β,

(s1 + s2)/2 + 2β/3 ≤ 0

 ,

with vCVaR = 2. To improve the CVaR approximation, we can implement a scaling procedure. To
illustrate, note that, given α ≥ 1, g(x, ξ) ≤ 0 is equivalent to ḡ(x, ξ) ≤ 0 with ḡ(x, ξ1) = g(x, ξ1)
and ḡ(x, ξ2) = αg(x, ξ2). In this case, one can replace g(x, ξ) ≤ 0 by ḡ(x, ξ) ≤ 0 in the original
CCP (12), resulting in the following CVaR approximation:

vCVaR(α) = min
x1≥0,x2≥0,β≤0,s≥0

2x1 + x2 :
x1 ≥ 1− s1 − β, α(x1 + x2) ≥ α− s2 − β,

(s1 + s2)/2 + 2β/3 ≤ 0

 .

Note that the optimal objective value v∗ is independent of the scaling factor α while vCVaR(α)
varies with changes in α. When α ∈ [1, 3), vCVaR(α) = 2 with an optimal solution x∗1 = 1, x∗2 =
0, s∗1 = s∗2 = 0, β∗ = 0. When α ∈ (3,∞), vCVaR(α) = 1 + 3/α with an optimal solution x∗1 =
0, x∗2 = 1 + 3

α , s
∗
1 = 4, s∗2 = 0, β∗ = −3. The optimal objective values vCVaR(α) of the scaled CVaR

approximation are plotted in Figure 2. As we may observe in this example, v∗ = limα→∞ vCVaR(α).
⋄

Figure 2: The Scaled CVaR Approximation Objective vCVaR(α) for Scaling Factor α ∈ [1, 50].

Example 3. Consider a single CCP with 4 equiprobable scenarios (i.e., N = 4, p1 = p2 = p3 =
p4 = 1/4), risk parameter ε = 1/2, deterministic set X = Z+, constraint g(x, ξ) = ξ1x − ξ2,
ξ11 = −9, ξ21 = ξ31 = ξ41 = 4, ξ12 = −10, and ξ22 = ξ32 = ξ42 = 2. In this example, CCP (2) resorts to

v∗ = min
x∈Z+

{−x : I (9x ≥ 10) + I (4x ≤ 2) + I (4x ≤ 2) + I (4x ≤ 2) ≥ 2} .
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By a simple calculation, the optimal value is v∗ = 0 with the optimal solution x∗ = 0. Notice
that with the solution x∗ = 0, we have (i) 4x∗ = 0 < 2; and (ii) 1/4[I (9x∗ ≥ 10) + I (4x∗ ≤ 2) +
I (4x∗ ≤ 2) + I (4x∗ ≤ 2)] > 1 − 1/2. Hence, the two conditions in Theorem 1 are satisfied. The
scaled CVaR approximation (7) is expected to provide the optimal solution in this example. We
first check the corresponding CVaR approximation, that is,

vCVaR = min
x∈Z+,β≤0,s≥0

−x :

−9x+ 10 ≤ s1, 4x− 2 ≤ s2 + β, 4x− 2 ≥ s3 + β,

4x− 2 ≤ s4 + β,
∑
i∈[4]

si/4 + β/2 ≤ 0

 .

It turns out this CVaR approximation is infeasible.
We then consider the scaled CVaR approximation (7), which can be recast as,

vCVaR
S = inf

x∈Z+,β≤0,
s≥0,α≥e

−x :

−9xα1 + 10α1 ≤ s1 + β, 4xα2 − 2α2 ≤ s2 + β, 4xα3 − 2α3 ≤ s3 + β,

4xα4 − 2α4 ≤ s4 + β,
∑
i∈[4]

si/4 + β/2 ≤ 0

 .

We obtain vCVaR
S = 0 with x∗ = 0, β∗ = −10, α∗

1 = 1, α∗
2 = α∗

3 = α∗
4 = 5, s∗1 = 20, s∗2 = s∗3 = s∗4 = 0.

Therefore, in this example, we can use the scaled CVaR approximation (7) to find the optimal
solution. ⋄

Example 4. Consider a single CCP with 4 equiprobable scenarios (i.e., N = 4, p1 = p2 = p3 =
p4 = 1/4), risk parameter ε = 1/2, deterministic set X = Z+, constraint g(x, ξ) = ξ1x − ξ2,
ξ11 = −9, ξ21 = ξ31 = ξ41 = 4, ξ12 = −10, and ξ22 = ξ32 = 2, ξ42 = 0. In this example, CCP (2) resorts to

v∗ = min
x∈Z+

{−x : I (9x ≥ 10) + I (4x ≤ 2) + I (4x ≤ 2) + I (4x ≤ 0) ≥ 2} .

By a simple calculation, the optimal value is v∗ = 0 with the optimal solution x∗ = 0. We also
have 4x∗ = 0 ̸< 0, which violates the first assumption of Theorem 1. In this case, the scaled CVaR
approximation (7) can be written as

vCVaR
S = inf

x∈Z+,β≤0,s≥0,α≥e

−x :

−9xα1 + 10α1 ≤ s1 + β, 4xα2 − 2α2 ≤ s2 + β,

4xα3 − 2α3 ≤ s3 + β, 4xα4 ≤ s4 + β,
∑
i∈[4]

si/4 + β/2 ≤ 0

 .

However, in this case, the scaled CVaR approximation is infeasible. This implies that when the
condition g(x∗, ξi) < 0 for each i ∈ I∗ in Theorem 1 is violated, the scaled CVaR approximation
may not yield the optimal solution. ⋄

Example 5. Consider a single CCP with 4 equiprobable scenarios (i.e., N = 4, p1 = p2 = p3 =
p4 = 1/4), risk parameter ε = 1/4, deterministic set X = Z+, constraint g(x, ξ) = ξ1x − ξ2,
ξ11 = −9, ξ21 = ξ31 = ξ41 = 4, ξ12 = −10, and ξ22 = ξ32 = ξ42 = 2. In this example, CCP (2) resorts to

v∗ = min
x∈Z+

{−x : I (9x ≥ 10) + I (4x ≤ 2) + I (4x ≤ 2) + I (4x ≤ 2) ≥ 3} .

By a simple calculation, the optimal value is v∗ = 0 with the optimal solution x∗ = 0. We also
have 1/4[I (9x∗ ≥ 10) + I (4x∗ ≤ 2) + I (4x∗ ≤ 2) + I (4x∗ ≤ 2)] = 3/4 ̸> 1− 1/4, which violates the
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second assumption of Theorem 1. In this case, the scaled CVaR approximation (7) can be written
as

vCVaR
S = inf

x∈Z+,β≤0,s≥0,α≥e

−x :

−9xα1 + 10α1 ≤ s1 + β, 4xα2 − 2α2 ≤ s2 + β,

4xα3 − 2α3 ≤ s3 + β, 4xα4 − 2α4 ≤ s4 + β,
∑
i∈[4]

si/4 + β/4 ≤ 0

 .

However, this scaled CVaR approximation is infeasible, which implies that we cannot use the scaled
CVaR approximation to find the optimal solution when we violate the condition

∑
i∈I∗ pi > 1− ε

in Theorem 1. ⋄

Example 6. Consider a single CCP with 3 equiprobable scenarios (i.e., N = 3, p1 = p2 = p3 =
1/3), risk parameter ε = 0.4, set X = R2

+, constraint g(x, ξ) = 1 − ξ⊤x, and ξ1 = (1, 0)⊤,
ξ2 = (1, 1)⊤, and ξ3 = (1, 1)⊤. In this case, the CCP is equivalent to the following mixed-integer
linear program

v∗ = min
x∈R2

+,z∈{0,1}3
{3x1 + 2x2 : x1 ≥ z1, x1 + x2 ≥ z2, x1 + x2 ≥ z3, z1 + z2 + z3 ≥ 2} = 2.

CVaR approximation is

vCVaR = min
x1≥0,x2≥0,
β≤0,s≥0

3x1 + 2x2 :

x1 ≥ 1− s1 − β, x1 + x2 ≥ 1− s2 − β,

x1 + x2 ≥ 1− s3 − β,
∑
i∈[3]

si/3 + 0.4β ≤ 0

 .

We have vCVaR = 3. We then consider the scaled CVaR approximation (7), that is,

vCVaR
S = inf

x1≥0,x2≥0,
β≤0,s≥0,α≥e

3x1 + 2x2 :

x1α1 ≥ α1 − s1 − β, x1α2 + x2α2 ≥ α2 − s2 − β,

x1α3 + x2α3 ≥ α3 − s3 − β,
∑
i∈[3]

si/3 + 0.4β ≤ 0

 .

We obtain vCVaR
S = 2. For α > 10, an optimal solution of the scaled CVaR approximation is

x∗1 = 0, x∗2 = 1 + 5/α∗
2, β

∗ = −5, α1 = 1, α∗
2 = α∗

3, s
∗
1 = 6, s∗2 = s∗3 = 0. Hence, limα∗

2→∞ x∗2 = 1.
Therefore, in this example, we can use the scaled CVaR approximation (7) to find the optimal
solution. ⋄

Example 7. Revisit Example 6 with the risk parameter ε = 1/3. The scaled CVaR approximation
(7) can be written as

vCVaR
S = inf

x1≥0,x2≥0,
β≤0,s≥0,α≥e

3x1 + 2x2 :

x1α1 ≥ α1 − s1 − β, x1α2 + x2α2 ≥ α2 − s2 − β,

x1α3 + x2α3 ≥ α3 − s3 − β,
∑
i∈[3]

si/3 + β/3 ≤ 0

 .

We obtain vCVaR
S = 3 with x∗1 = 1, x∗2 = 0, β∗ = 0, α∗

1 = α∗
2 = α∗

3 = 1, s∗1 = s∗2 = s∗3 = 0, which is the
same solution from CVaR approximation. Hence, in this example, we cannot use the scaled CVaR
approximation (7) to find the optimal solution. ⋄
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B Scaling in ALSO-X#

The ALSO-X# method with a bilevel structure, recently proposed by [22], can be used to solve
CCP (2). In the lower-level ALSO-X#, we solve the CVaR loss function with a given upper bound
of the upper-level objective value. We then check whether its optimal solution x∗ satisfies the
chance constraint. The upper-level ALSO-X# searches for the best upper bound of the objective
value. Formally, the output of ALSO-X# admits the form:

Algorithm 4 ALSO-X# [22]

1: Input: Let δA denote the stopping tolerance parameter, and tL and tU be the known lower
and upper bounds of the optimal value of CCP (2), respectively

2: while tU − tL > δA do
3: Let t = (tL + tU )/2 and (xA#, βA#) be an optimal solution of the lower-level ALSO-X#

(13a):

(xA#, βA#) ∈ arg min
x∈X ,β≤0

εβ +
∑
i∈[N ]

pi
[
g(x, ξi)− β

]
+
: c⊤x ≤ t

 (13a)

4: Let tL = t if xA# satisfies the checking condition of the upper-level ALSO-X# (13b):∑
i∈[N ]

piI
[
g(xA#, ξi) ≤ 0

]
≥ 1− ε; (13b)

otherwise, tU = t
5: end while
6: Output: A feasible solution xA# and its objective value tU to CCP (2)

To enhance the solution quality of Algorithm 4, we can integrate ALSO-X# with the scaling pro-
cedure proposed in Algorithm 1. In the scaled ALSO-X#, we first execute ALSO-X# Algorithm 4,
and when Step 4 of ALSO-X# Algorithm 4 encounters an infeasible solution (i.e., the optimal solu-
tion xA# of the lower-level ALSO-X# (13a) violates the chance constraint

∑
i∈[N ] piI

[
g(xA#, ξi) ≤ 0

]
<

1− ε), then we run the scaling procedure in Algorithm 1 with the same t to update the coefficient
of the constraint g(x, ·) and see if we can find a feasible solution. If YES, we further decrease
tU = t; otherwise, we increase tL = t. The detailed procedure for the scaled ALSO-X# algorithm
is shown in Algorithm 5.

We make the following remarks about the scaled ALSO-X# algorithm Algorithm 5:

(i) Formally, the scaled ALSO-X# Algorithm 5 enhances the solution quality of ALSO-X#
Algorithm 4;

(ii) We can use the solutions of the the lower-level ALSO-X# (14a) as warm-starts for the scaling
procedure in Algorithm 5. However, the detailed implementation of Algorithm 5 is beyond
the scope of this paper and is left for future research.

C Detailed Numerical Results in Section 4

In this section, we present the detailed numerical results from Section 4, reported in Tables 3 and 4.
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Table 3: Numerical Results of a Joint CCP with Different ε

ε n J Instance
CVaR

Approximation
ALSO-X# Scaled CVaR Approximation

Value Time (s) Improvement Value Time (s) Improvement

0.050333

20 10

1-4-multi-3000-1 −5789.51 −5843.79 82.49 0.94% −5855.93 514.46 1.15%
1-4-multi-3000-2 −5779.51 −5846.49 82.29 1.16% −5847.95 516.39 1.18%
1-4-multi-3000-3 −5769.41 −5843.38 82.27 1.28% −5851.34 514.92 1.42%
1-4-multi-3000-4 −5783.57 −5851.97 86.89 1.18% −5852.95 544.46 1.20%
1-4-multi-3000-5 −5770.51 −5842.69 85.23 1.25% −5847.29 535.01 1.33%

39 5

1-6-multi-3000-1 −9847.60 −9959.17 84.92 1.13% −9955.26 519.66 1.09%
1-6-multi-3000-2 −9866.40 −9974.94 83.07 1.10% −9981.91 527.56 1.17%
1-6-multi-3000-3 −9871.75 −9977.33 82.69 1.07% −9984.87 510.72 1.15%
1-6-multi-3000-4 −9883.64 −10003.54 82.87 1.21% −10000.99 537.30 1.19%
1-6-multi-3000-5 −9852.74 −9968.08 85.73 1.17% −9975.77 556.52 1.25%

50 5

1-7-multi-3000-1 −15778.48 −15889.29 112.51 0.70% −15887.76 702.28 0.69%
1-7-multi-3000-2 −15750.66 −15865.71 105.56 0.73% −15875.14 676.66 0.79%
1-7-multi-3000-3 −15782.39 −15890.83 104.74 0.69% −15898.61 665.38 0.74%
1-7-multi-3000-4 −15774.55 −15892.31 109.25 0.75% −15904.19 709.18 0.82%
1-7-multi-3000-5 −15744.71 −15860.44 108.82 0.74% −15863.01 697.77 0.75%

Average 1.01% 1.06%

0.100333

20 10

1-4-multi-3000-1 −5831.68 −5896.96 83.84 1.12% −5905.09 528.52 1.26%
1-4-multi-3000-2 −5828.17 −5905.42 84.64 1.33% −5911.56 531.10 1.43%
1-4-multi-3000-3 −5821.63 −5904.40 82.41 1.42% −5905.65 523.53 1.44%
1-4-multi-3000-4 −5829.83 −5904.91 85.21 1.29% −5910.76 541.50 1.39%
1-4-multi-3000-5 −5819.61 −5895.10 85.31 1.30% −5894.11 532.75 1.28%

39 5

1-6-multi-3000-1 −9925.97 −10051.00 82.90 1.26% −10058.75 526.54 1.34%
1-6-multi-3000-2 −9945.20 −10074.19 83.89 1.30% −10083.20 540.89 1.39%
1-6-multi-3000-3 −9956.57 −10094.98 84.01 1.39% −10093.75 536.86 1.38%
1-6-multi-3000-4 −9970.29 −10116.59 85.54 1.47% −10119.14 558.59 1.49%
1-6-multi-3000-5 −9937.59 −10069.96 84.41 1.33% −10078.05 529.11 1.41%

50 5

1-7-multi-3000-1 −15863.65 −16007.58 104.56 0.91% −16011.72 673.40 0.93%
1-7-multi-3000-2 −15838.68 −15984.78 108.66 0.92% −15999.82 691.10 1.02%
1-7-multi-3000-3 −15864.52 −15995.88 104.93 0.83% −16006.65 679.16 0.90%
1-7-multi-3000-4 −15860.93 −16006.49 112.01 0.92% −16019.04 711.60 1.00%
1-7-multi-3000-5 −15833.63 −15982.70 109.83 0.94% −15987.32 700.24 0.97%

Average 1.18% 1.24%

0.200333

20 10

1-4-multi-3000-1 −5882.23 −5970.88 86.58 1.51% −5980.71 577.25 1.67%
1-4-multi-3000-2 −5882.54 −5971.24 86.85 1.51% −5973.87 640.85 1.55%
1-4-multi-3000-3 −5878.65 −5972.94 143.45 1.60% −5978.93 906.55 1.71%
1-4-multi-3000-4 −5885.45 −5975.44 86.07 1.53% −5986.93 569.93 1.72%
1-4-multi-3000-5 −5873.65 −5962.76 95.51 1.52% −5967.68 609.77 1.60%

39 5

1-6-multi-3000-1 −10021.39 −10186.63 86.27 1.65% −10194.21 545.36 1.72%
1-6-multi-3000-2 −10041.39 −10202.49 86.25 1.60% −10213.07 545.86 1.71%
1-6-multi-3000-3 −10060.69 −10239.33 84.70 1.78% −10241.54 540.22 1.80%
1-6-multi-3000-4 −10077.44 −10258.85 85.58 1.80% −10261.55 551.13 1.83%
1-6-multi-3000-5 −10037.88 −10209.94 85.31 1.71% −10221.13 536.61 1.83%

50 5

1-7-multi-3000-1 −15971.22 −16145.13 107.16 1.09% −16158.38 698.58 1.17%
1-7-multi-3000-2 −15953.23 −16146.98 108.54 1.21% −16153.00 688.87 1.25%
1-7-multi-3000-3 −15966.21 −16137.15 105.53 1.07% −16152.76 665.84 1.17%
1-7-multi-3000-4 −15973.34 −16161.04 108.43 1.18% −16152.64 693.69 1.12%
1-7-multi-3000-5 −15948.75 −16138.35 107.20 1.19% −16149.07 693.50 1.26%

Average 1.46% 1.54%

0.300333

20 10

1-4-multi-3000-1 −5918.46 −6021.46 83.16 1.74% −6035.26 551.97 1.97%
1-4-multi-3000-2 −5918.62 −6021.50 82.34 1.74% −6031.71 565.63 1.91%
1-4-multi-3000-3 −5917.11 −6026.06 84.21 1.84% −6030.98 558.55 1.92%
1-4-multi-3000-4 −5923.33 −6026.11 85.33 1.74% −6034.92 576.17 1.88%
1-4-multi-3000-5 −5911.10 −6017.82 84.42 1.81% −6023.47 566.99 1.90%

39 5

1-6-multi-3000-1 −10091.29 −10287.13 84.76 1.94% −10291.76 545.71 1.99%
1-6-multi-3000-2 −10110.44 −10303.21 87.72 1.91% −10312.85 548.39 2.00%
1-6-multi-3000-3 −10136.15 −10344.58 84.32 2.06% −10342.07 527.24 2.03%
1-6-multi-3000-4 −10154.42 −10375.44 85.69 2.18% −10384.77 543.57 2.27%
1-6-multi-3000-5 −10112.49 −10319.31 84.94 2.05% −10333.10 543.62 2.18%

50 5

1-7-multi-3000-1 −16046.86 −16258.91 107.78 1.32% −16266.73 689.61 1.37%
1-7-multi-3000-2 −16035.80 −16267.09 112.93 1.44% −16277.78 715.99 1.51%
1-7-multi-3000-3 −16043.21 −16256.97 104.97 1.33% −16270.95 666.46 1.42%
1-7-multi-3000-4 −16050.82 −16265.87 105.29 1.34% −16268.84 681.97 1.36%
1-7-multi-3000-5 −16030.74 −16255.95 109.07 1.40% −16259.88 678.48 1.43%

Average 1.72% 1.81%
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Table 4: Numerical Results of Portfolio Optimization

ε n N
Instance

with Seeds
CVaR

Approximation
ALSO-X# Scaled CVaR Approximation

Value Time (s) Improvement Value Time (s) Improvement

0.050333 50

500

1231 4.18 4.08 0.53 2.33% 4.10 9.89 1.91%
1232 1.19 1.19 0.28 0.00% 1.17 9.30 1.78%
1233 2.61 2.58 0.29 1.26% 2.56 9.54 1.88%
1234 1.63 1.60 0.28 2.22% 1.58 9.45 3.36%
1235 4.69 4.55 0.52 3.01% 4.55 9.94 2.95%

1000

1231 4.18 4.09 1.00 2.16% 4.10 19.60 1.90%
1232 1.19 1.19 0.50 0.00% 1.16 18.47 2.01%
1233 2.60 2.57 0.51 1.12% 2.55 19.16 1.89%
1234 1.62 1.59 0.50 1.84% 1.57 18.34 3.09%
1235 4.63 4.49 1.00 3.02% 4.47 19.57 3.53%

Average 1.70% 2.43%

0.100333 50

500

1231 4.08 3.92 0.77 3.97% 3.93 10.34 3.65%
1232 1.17 1.13 0.27 3.47% 1.13 9.41 3.00%
1233 2.56 2.53 0.30 1.37% 2.50 9.96 2.27%
1234 1.57 1.53 0.28 2.60% 1.50 9.41 4.51%
1235 4.54 4.32 0.79 4.79% 4.32 10.44 4.88%

1000

1231 4.09 3.97 1.51 3.10% 3.97 20.92 2.96%
1232 1.16 1.16 0.55 0.00% 1.13 20.28 2.90%
1233 2.55 2.52 0.51 1.39% 2.49 18.91 2.34%
1234 1.56 1.51 0.53 2.67% 1.49 20.75 4.53%
1235 4.47 4.26 1.60 4.65% 4.25 21.89 4.94%

Average 2.80% 3.60%

0.200333 50

500

1231 3.94 3.70 0.82 6.15% 3.71 10.58 5.77%
1232 1.14 1.11 0.53 2.42% 1.09 10.04 4.38%
1233 2.50 2.41 0.53 3.69% 2.39 9.96 4.56%
1234 1.50 1.41 0.52 6.15% 1.39 9.89 7.39%
1235 4.34 4.04 0.78 6.96% 4.02 10.52 7.33%

1000

1231 3.97 3.76 1.57 5.27% 3.74 21.74 5.84%
1232 1.13 1.11 1.01 2.35% 1.09 20.58 4.30%
1233 2.49 2.40 1.01 3.71% 2.38 20.16 4.45%
1234 1.48 1.38 1.06 6.82% 1.36 20.98 8.27%
1235 4.27 3.97 1.52 6.85% 3.96 21.26 7.12%

Average 5.04% 5.94%

0.300333 50

500

1231 3.82 3.48 0.78 9.13% 3.47 10.90 9.15%
1232 1.11 1.08 0.53 2.95% 1.05 10.06 5.51%
1233 2.44 2.30 0.53 5.69% 2.27 10.01 7.00%
1234 1.43 1.29 0.52 10.16% 1.25 10.01 12.51%
1235 4.18 3.73 1.04 10.87% 3.74 11.08 10.45%

1000

1231 3.85 3.51 1.59 8.70% 3.50 22.32 8.98%
1232 1.11 1.08 1.00 2.92% 1.05 20.76 5.31%
1233 2.43 2.29 1.01 5.62% 2.26 20.80 7.09%
1234 1.41 1.27 1.05 10.38% 1.23 21.22 12.82%
1235 4.10 3.62 2.06 11.56% 3.63 23.89 11.38%

Average 7.80% 9.02%
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Algorithm 5 Scaled ALSO-X#

1: Input: Let δA denote the stopping tolerance parameter, and tL and tU be the known lower
and upper bounds of the optimal value of CCP (2), respectively

2: while tU − tL > δA do
3: Let t = (tL + tU )/2 and (xA#, βA#) be an optimal solution of the lower-level ALSO-X#

(14a):

(xA#, βA#) ∈ arg min
x∈X ,β≤0

εβ +
∑
i∈[N ]

pi
[
g(x, ξi)− β

]
+
: c⊤x ≤ t

 (14a)

4: Let tL = t if xA# satisfies the checking condition of the upper-level ALSO-X# (13b),
i.e.,

∑
i∈[N ] piI

[
g(xA#, ξi) ≤ 0

]
≥ 1−ε; otherwise, run the scaling procedure in Algorithm 1 to

update the coefficient of the constraint g(x, ·). If the solution output from the scaling procedure
in Algorithm 1 is feasible to the CCP, let tL = t; otherwise, tU = t

5: end while
6: Output: A feasible solution x̄A# and its objective value tU to CCP (2)

D Numerical Results Using IPOPT Solver ([43])

To further evaluate the performance of our method discussed in Section 4, we compare it with
the IPOPT solver (see, e.g., [43]) for directly solving the scaled CVaR approximation (7). We
consider solving the scaled CVaR approximation (7) under different upper-bound settings, that is,
we consider αU ∈ {10000, 20000, 50000} in the scaled CVaR approximation (7) as

vCVaR
S = min

x∈X ,β≤0,s≥0,α

c⊤x : εβ +
∑
i∈[N ]

pisi ≤ 0, si + β ≥ αig(x, ξ
i), i ∈ [N ], 1 ≤ αi ≤ αU , i ∈ [N ]

 .

For all numerical results presented in this section, we use the solution of CVaR approximation (4)
as the initial starting point for the IPOPT solver. Each instance is solved with a time limit of
3600 seconds, using the default settings described in [43]. If we cannot solve the instance within
the time limit, we denote the result as “—.” We use “Improvement” to denote the percentage of
differences between the value obtained from the IPOPT solver and CVaR approximation, i.e.,

Improvement (%) =
CVaR approximation value− value of the IPOPT solver

|CVaR approximation value|
× 100%.

Since the solution of the IPOPT solver may converge to a local optimum that is worse than the
initial solution, the Improvement reported may be negative. If IPOPT fails to find feasible solutions
within the time limit, the average (marked with parentheses) will be calculated over instances for
which IPOPT does find a feasible solution.

Following the same settings as those described in Section 4.1, the results obtained using the
IPOPT solver are presented in Table 5. We find that the IPOPT solver is unstable when solving
the scaled CVaR approximation (7) and the performance of IPOPT is sensitive to the choice of
the upper bound of α. Regardless of the upper bound on α, the IPOPT solver fails to solve all
instances to local optima.
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Table 5: Numerical Results of a Joint CCP with Different ε Using the IPOPT Solver

ε n J Instance
CVaR

Approximation
IPOPT with αU = 10000 IPOPT with αU = 20000 IPOPT with αU = 50000

Value Improvement Time (s) Value Improvement Time (s) Value Improvement Time (s)

0.050333

20 10

1-4-multi-3000-1 −5789.51 −5856.36 1.15% 42.98 −3907.21 −32.51% 896.29 −3930.35 −32.11% 1137.78
1-4-multi-3000-2 −5779.51 −3774.00 −34.70% 1081.53 −3914.96 −32.26% 1172.65 −5847.85 1.18% 46.24
1-4-multi-3000-3 −5769.41 −5850.97 1.41% 36.34 −5851.30 1.42% 50.44 −5852.15 1.43% 45.80
1-4-multi-3000-4 −5783.57 −5855.41 1.24% 853.19 −5363.52 −7.26% 1120.67 −5855.88 1.25% 42.42
1-4-multi-3000-5 −5770.51 −5847.71 1.34% 759.02 −5847.90 1.34% 48.89 −5848.12 1.34% 79.78

39 5

1-6-multi-3000-1 −9847.60 −4715.17 −52.12% 1050.76 −5552.73 −43.61% 1958.64 −9963.15 1.17% 482.06
1-6-multi-3000-2 −9866.40 −9986.35 1.22% 110.18 −9985.54 1.21% 756.33 — — 3600.00
1-6-multi-3000-3 −9871.75 −8897.43 −9.87% 275.73 −3778.40 −61.73% 294.53 −3453.30 −65.02% 339.25
1-6-multi-3000-4 −9883.64 −10008.02 1.26% 126.00 −6258.29 −36.68% 1639.07 — — 3600.00
1-6-multi-3000-5 −9852.74 −9984.75 1.34% 136.82 −5755.42 −41.59% 970.66 — — 3600.00

50 5

1-7-multi-3000-1 −15778.48 −15902.91 0.79% 279.86 −15902.83 0.79% 82.59 — — 3600.00
1-7-multi-3000-2 −15750.66 −15886.40 0.86% 155.41 −15878.77 0.81% 225.76 — — 3600.00
1-7-multi-3000-3 −15782.39 −10966.13 −30.52% 344.26 −10540.66 −33.21% 660.41 −10191.29 −35.43% 2740.78
1-7-multi-3000-4 −15774.55 −15901.23 0.80% 160.82 −15913.76 0.88% 316.42 −15901.05 0.80% 408.35
1-7-multi-3000-5 −15744.71 −15881.81 0.87% 72.37 −15873.20 0.82% 101.42 −15874.82 0.83% 58.05

Average −7.66% −18.77% (−12.45%)

0.100333

20 10

1-4-multi-3000-1 −5831.68 −5910.98 1.36% 960.78 −5907.93 1.31% 105.92 −5908.13 1.31% 65.95
1-4-multi-3000-2 −5828.17 −5912.97 1.46% 53.91 −5913.35 1.46% 38.30 −5913.26 1.46% 82.27
1-4-multi-3000-3 −5821.63 −4277.83 −26.52% 1553.48 −4103.27 −29.52% 1206.77 −5905.92 1.45% 57.44
1-4-multi-3000-4 −5829.83 −5909.92 1.37% 42.35 −5911.07 1.39% 50.75 −5911.35 1.40% 54.37
1-4-multi-3000-5 −5819.61 −5894.85 1.29% 51.62 −5895.32 1.30% 60.99 −4112.11 −29.34% 1120.31

39 5

1-6-multi-3000-1 −9925.97 −10061.82 1.37% 220.22 −10062.52 1.38% 34.90 −10062.83 1.38% 46.56
1-6-multi-3000-2 −9945.20 −10086.21 1.42% 457.22 −10084.84 1.40% 132.32 — — 3600.00
1-6-multi-3000-3 −9956.57 −10107.55 1.52% 88.06 −10106.39 1.50% 1129.46 — — 3600.00
1-6-multi-3000-4 −9970.29 −10121.97 1.52% 65.15 −10119.67 1.50% 1103.21 −10120.66 1.51% 185.91
1-6-multi-3000-5 −9937.59 −6681.68 −32.76% 2564.60 −10083.03 1.46% 459.03 — — 3600.00

50 5

1-7-multi-3000-1 −15863.65 −16019.40 0.98% 90.13 −16017.69 0.97% 1704.50 −16016.49 0.96% 176.73
1-7-multi-3000-2 −15838.68 −10946.83 −30.89% 2114.74 — — 3600.00 −16005.89 1.06% 1223.53
1-7-multi-3000-3 −15864.52 −12869.22 −18.88% 2280.27 −16002.81 0.87% 72.19 −16003.88 0.88% 757.04
1-7-multi-3000-4 −15860.93 −16019.43 1.00% 86.14 −16019.11 1.00% 135.34 −16012.86 0.96% 150.48
1-7-multi-3000-5 −15833.63 −15992.87 1.01% 126.80 — — 3600.00 — — 3600.00

Average −6.32% (−1.07%) (−1.54%)

0.200333

20 10

1-4-multi-3000-1 −5882.23 −5980.90 1.68% 60.33 −5981.29 1.68% 92.64 −5982.58 1.71% 79.71
1-4-multi-3000-2 −5882.54 −5975.39 1.58% 118.26 −5944.34 1.05% 1335.93 −3775.14 −35.82% 1254.68
1-4-multi-3000-3 −5878.65 — — 3600.00 −5981.66 1.75% 79.12 −3953.03 −32.76% 1008.98
1-4-multi-3000-4 −5885.45 −5985.57 1.70% 80.63 −5985.85 1.71% 72.83 −3801.25 −35.41% 1060.49
1-4-multi-3000-5 −5873.65 −5969.43 1.63% 96.34 −5969.97 1.64% 70.32 −5970.48 1.65% 90.51

39 5

1-6-multi-3000-1 −10021.39 −10193.10 1.71% 72.18 −10192.75 1.71% 738.18 −10194.72 1.73% 224.50
1-6-multi-3000-2 −10041.39 −10214.84 1.73% 86.70 −10212.85 1.71% 215.10 −10212.41 1.70% 444.14
1-6-multi-3000-3 −10060.69 −10245.91 1.84% 77.05 — — 3600.00 −10246.20 1.84% 2295.06
1-6-multi-3000-4 −10077.44 — — 3600.00 −10274.30 1.95% 199.66 −10270.80 1.92% 380.29
1-6-multi-3000-5 −10037.88 −10229.68 1.91% 944.48 −10230.54 1.92% 144.37 −10228.89 1.90% 209.22

50 5

1-7-multi-3000-1 −15971.22 −16161.54 1.19% 80.40 −16160.78 1.19% 110.50 −16160.89 1.19% 264.81
1-7-multi-3000-2 −15953.23 — — 3600.00 −16154.10 1.26% 115.48 −16155.65 1.27% 246.37
1-7-multi-3000-3 −15966.21 −16161.73 1.22% 110.24 −16160.10 1.21% 128.82 −16160.41 1.22% 264.63
1-7-multi-3000-4 −15973.34 −16166.21 1.21% 77.53 — — 3600.00 — — 3600.00
1-7-multi-3000-5 −15948.75 −16150.54 1.27% 126.65 −16149.75 1.26% 102.94 — — 3600.00

Average (1.56%) (1.54%) (−6.76%)

0.300333

20 10

1-4-multi-3000-1 −5918.46 −5529.07 −6.58% 1109.47 −5967.94 0.84% 1219.53 −6035.95 1.99% 115.28
1-4-multi-3000-2 −5918.62 −6031.59 1.91% 83.70 −6031.64 1.91% 66.21 −6032.01 1.92% 160.50
1-4-multi-3000-3 −5917.11 −6032.30 1.95% 68.59 −6032.78 1.95% 540.16 −4373.25 −26.09% 1084.91
1-4-multi-3000-4 −5923.33 −6037.02 1.92% 299.47 −6037.10 1.92% 134.30 −6036.37 1.91% 103.80
1-4-multi-3000-5 −5911.10 −4329.24 −26.76% 1755.72 −6030.15 2.01% 139.35 −3832.07 −35.17% 1209.61

39 5

1-6-multi-3000-1 −10091.29 −10301.80 2.09% 185.77 −10302.85 2.10% 1137.36 −10303.76 2.11% 290.70
1-6-multi-3000-2 −10110.44 −10319.13 2.06% 78.86 −10320.36 2.08% 108.68 −10320.34 2.08% 299.29
1-6-multi-3000-3 −10136.15 −10350.59 2.12% 66.52 −10351.18 2.12% 107.02 −10352.26 2.13% 248.15
1-6-multi-3000-4 −10154.42 −10393.37 2.35% 79.72 −10395.64 2.38% 105.96 −10394.16 2.36% 193.27
1-6-multi-3000-5 −10112.49 −10328.75 2.14% 103.98 −10328.43 2.14% 112.36 — — 3600.00

50 5

1-7-multi-3000-1 −16046.86 −16272.00 1.40% 134.34 — — 3600.00 — — 3600.00
1-7-multi-3000-2 −16035.80 −16280.56 1.53% 96.06 −16284.22 1.55% 126.57 −16285.86 1.56% 279.63
1-7-multi-3000-3 −16043.21 −16271.90 1.43% 105.23 −16272.40 1.43% 160.19 −16275.51 1.45% 880.99
1-7-multi-3000-4 −16050.82 −16270.86 1.37% 100.12 −16271.18 1.37% 96.51 −16272.31 1.38% 212.77
1-7-multi-3000-5 −16030.74 −16266.31 1.47% 132.44 −15314.50 −4.47% 120.63 — — 3600.00

Average −0.64% (1.38%) (−3.53%)
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