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Abstract

Stochastic minimax problems with decision-dependent distributions (SMDD) have emerged
as a crucial framework for modeling complex systems where data distributions drift in response
to decision variables. Most existing methods for SMDD rely on an explicit functional relation-
ship between the decision variables and the probability distribution. In this paper, we propose
two sample-based zeroth-order algorithms, namely Single-Directional Zeroth-Order Stochastic
Gradient Descent Ascent (SD-ZO-SGDA) and Multi-Directional Zeroth-Order Stochastic Gra-
dient Descent Ascent (MD-ZO-SGDA), to find an e-stationary point of the nonconvex-strongly
concave SMDD. Under accuracy-independent constant step-sizes, SD-ZO-SGDA achieves an it-
eration complexity of O(d3k3e~2) with a batch size of O(e~*x?), where d denotes the total
variable dimension and x is the condition number. Under accuracy-dependent step-sizes, SD-
ZO-SGDA attains an iteration complexity of O(d®x3e~°) with a relaxed batch size of O(e~2x?).
On the other hand, the multi-directional variant MD-ZO-SGDA further reduces gradient esti-
mation variance, which improves the complexity dependence on the condition number x and
dimension d under both step-size settings. Numerical experiments on a synthetic problem and a
real-world competitive EV charging application demonstrate the effectiveness of our algorithms.

Keywords: Zeroth-order methods, stochastic minimax problems, decision-dependent distribu-
tions, nonconvex-strongly concave, sample-based.

1 Introduction

Stochastic minimax optimization is a fundamental framework for nested decision-making, which
optimizes opposing variables through simultaneous minimization and maximization. Its flexibil-
ity in handling competitive objectives enables broad applications, ranging from adversarial train-
ing [7, 12] and distributionally robust optimization [18, 24, B36] to strategic game theory [3, [26]
and policy evaluation in reinforcement learning [30, BI]. In many modern machine learning and
cyber-physical systems, the data distribution is rarely static. Specifically, the data distributions
drift in response to decision variables. For example, consumer demand reacts to price changes [5],[6],
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navigation algorithms redirect traffic flows [20} 27], and credit scoring models affect loan terms and
repayment behaviors [16, 29]. In scenarios where the probability distribution depends on the de-
cision variables through a distribution map, the corresponding stochastic minimax problems with
decision-dependent distributions (SMDD) [33] can be formulated as follows:

i F =E
xrélégl I;leaj))( (x,y) e~D(z,y) [f(z,y,8)], (1)

where ¢ is a random variable supported on Z C R*, ) C R%, f (+): R% x R% x R™ — R is a scalar-
valued function, D(-) : R® x R% — P(R") is a distribution map and E[-] denotes the expectation
with respect to the distribution D(x,y).

The model of SMDD is proposed by Wood and Dall’Anese [33]. The authors introduce the
notation of the performative equilibrium points which are the saddle point for the stochastic min-
imax problem whose probability distribution is induced by itself, and provide sufficient conditions
for existence and uniqueness of the performative equilibrium points. They develop a stochastic
primal-dual algorithm, and prove linear and O(1/v/t) convergence rates under constant and dy-
namic step-sizes, respectively. Narang et al. [25] study a decision-dependent stochastic game model
and propose the concept of performatively stable equilibrium. The authors introduce repeated
retraining and the repeated (stochastic) gradient methods for finding performatively stable equi-
librium. When the decision-dependent stochastic game is strongly monotone, they propose an
adaptive stochastic gradient method for finding Nash equilibrium, and demonstrate O(1/+/t) con-
vergence when the distribution follows a location-scale model. On the other hand, for the saddle
point of the SMDD, Wood and Dall’Anese [33] propose a zeroth-order algorithm for finding the
saddle point in the strongly convex—strongly concave regime. Notably, their analysis necessitates
specific structural assumptions on the distribution map D(z,y), namely opposing mixture domi-
nance. Wood et al. [34] explore a two-stage method for seeking Nash equilibrium which estimates
the distribution map first and then solves the game by the stochastic gradient descent method. More
recently, Gao and Liu [9] propose the adaptive stochastic gradient descent ascent algorithm and its
alternating variant to find the stationary points of SMDD, which learns the unknown distribution
map dynamically and optimizes the minimax problem simultaneously via (alternating) stochas-
tic gradient descent ascent at each iteration. When the distribution map follows a location-scale
model, the authors analyze the non-asymptotic complexity under nonconvex—(strongly) concave
and nonconvex—PL settings of the objective function, respectively. Beyond the gradient-based
framework, Gao et al. [I0] propose a stochastic trust region algorithm for SMDD, which employs a
local regression model to locally learn the distribution map from samples. By solving trust-region
subproblems within the learned environment, the algorithm attains almost sure convergence to a
stationary point under the nonconvex-strongly concave setting.

While these pioneering works have significantly advanced the study of SMDD, most of them
mainly rely on the explicit parametric models of the distribution map. In this work, we consider
a more general and challenging setting that relies only on the accessibility of samples following
the decision-dependent distribution, without requiring explicit knowledge of its internal structure.
To this end, we propose two sample-based zeroth-order algorithms to solve the nonconvex-strongly
concave SMDD. As far as we are concerned, the contributions of this paper can be summarized as
follows.

e We propose two sample-based zeroth-order algorithms, namely Single-Directional Zeroth-



Order Stochastic Gradient Descent Ascent (SD-ZO-SGDA) and Multi-Directional Zeroth-
Order Stochastic Gradient Descent Ascent (MD-ZO-SGDA), to solve nonconvex-strongly
concave SMDD. Specifically, SD-ZO-SGDA generalizes the standard stochastic gradient de-
scent ascent (SGDA) method by replacing the unavailable stochastic gradients with single-
directional two-point gradient estimators. On the other hand, compared with SD-ZO-SGDA,
MD-ZO-SGDA leverages multiple random directions per iteration to construct more accurate
gradient estimators, which effectively reduces estimation variance and improves optimization
stability. SD-ZO-SGDA and MD-ZO-SGDA are sample-based, requiring only the accessibility
of sample realizations from the decision-dependent distribution without any prior knowledge
of its explicit functional relationship or internal structure.

e Under accuracy-independent constant step-sizes, SD-ZO-SGDA achieves an iteration com-
plexity of O(d®k3¢=2) with a batch size of O(e *k?), where d denotes the total variable
dimension and x is the condition number. Under accuracy-dependent step-sizes, SD-ZO-
SGDA attains an iteration complexity of O(d3k3¢~®) with a relaxed batch size of O(e 2x2).
Our analysis quantifies the impact of distributional shifts on zeroth-order estimation, and
identifies that the coupling between decisions and distributions introduces an irreducible

2 is a uniform upper bound of the variance of

variance term of order O(c?/(u?b)), where o
the stochastic function f, p is the smoothing parameter, and b is the batch size. Compared
to existing literature [9] [10], 33, B4] that rely on the Wasserstein continuity of the distribution
map, our theoretical framework demonstrates that convergence can be established without
this assumption. This implies that our algorithms remain robust under a broader class of

decision-dependent distributions.

e Under accuracy-independent constant step-sizes, MD-ZO-SGDA achieves an iteration com-
plexity of O(k?e¢~2) with a batch size of O(e *k2d?). Under accuracy-dependent step-sizes,
MD-ZO-SGDA attains an iteration complexity of O(k?e¢~®) with a relaxed batch size of
O(e 2k2d?). These results demonstrate that leveraging multi-directional sampling effectively
reduces estimation variance. This leads to two key theoretical improvements. MD-ZO-SGDA
improves the dependence on the condition number from O(x?) to O(k?) compared to the
single-directional method. When m o d?, MD-ZO-SGDA achieves a dimension-independent
iteration complexity of O(k%€2). To verify the effectiveness of the algorithms, we conduct
numerical experiments on a synthetic minimax problem and a real-world competitive EV
charging application.

Next, we review the literature on zeroth-order minimax optimization and zeroth-order methods
in decision-dependent settings that is most relevant to our work.

Zeroth-Order Minimax Optimization. Zeroth-order methods are a class of powerful op-
timization tools to solve many complex problems, whose explicit gradients are infeasible to ac-
cess. For nonconvex-strongly concave minimax optimization problems, Liu et al. [23] pioneer
this area by proposing ZO-Min-Max, an alternating projected stochastic gradient descent ascent
method equipped with a zeroth-order gradient estimator. The authors establish that ZO-Min-
Max finds an e-stationary point with a sample complexity of O((d, + dy)e=?). Subsequently,
Wang et al. [32] expand this framework by analyzing both Zeroth-Order Gradient Descent Ascent
(ZO-GDA) and Zeroth-Order Gradient Descent Multi-Step Ascent (ZO-GDMSA). For deterministic



nonconvex-strongly concave problems, they prove that these algorithms require O(k°(d, + dy)e_2)
and O(k(dy + kdylog(e™1))e™2) oracle calls, respectively. In the stochastic setting, the corre-
sponding sample complexities increase to O(k°(dy + dy)e?) and O(k(d, + kdylog(e™1))e™*). To
further improve sample efficiency, researchers have integrated variance reduction and momentum
techniques. For instance, Xu et al. [35] introduce the ZO-VRGDA algorithm, leveraging vari-
ance reduction to achieve an improved sample complexity of O(r3(d, + dy)e~3) in stochastic en-
vironments. Similarly, Huang et al. [I5] propose an accelerated zeroth-order momentum descent
ascent (Acc-ZOMDA) method, which attains an e-stationary point with a sample complexity of
O(k3(dy + dy)?/?¢3). These methods primarily focus on scenarios with a static data distribution.
In contrast, our work addresses environments characterized by decision-dependent distributions.
This dependency presents a fundamental technical challenge: the distributional shift prevents the
effective elimination of stochastic noise through common random numbers, a standard technique
in static settings. Consequently, this leads to an irreducible variance term of order O(a?/(u?b)). A
critical implication of this result is that the smoothing parameter p cannot be chosen arbitrarily
small to reduce smoothing bias, as it would lead to a significant expansion of the variance. Our
framework requires a careful balance between the smoothing parameter u and the batch size b to
ensure robust convergence in the presence of dynamic distributional responses.

Zeroth-Order Methods in Decision-Dependent Settings. Research on applying zeroth-
order methods to decision-dependent environments is still in its nascent stage. The most relevant
work is by Wood and Dall’Anese [33], who briefly discuss a zeroth-order algorithm for SMDD.
Their theoretical results are established in the strongly convex-strongly concave setting. For min-
imization problems with decision-dependent distributions, some zeroth-order methods have been
proposed. For instance, Ray et al. 28] and Liu et al. [22] propose zeroth-order methods employ-
ing one-point gradient estimators to address optimization problems where the distribution evolves
dynamically over time. While these works handle distribution shifts, one-point estimators are sub-
ject to higher variance than multi-point schemes, which often leads to slower convergence. More
recently, Chen et al. [4] explore a two-point gradient estimator for decision-dependent problems.
However, their theoretical guarantees rely on reducing the problem to convex optimization, which
is only valid under restrictive combinations of the objective function and the distribution map.
Hikima and Takeda [I3] advance this field by introducing a variance-reduced one-point estimator
and a two-point gradient estimator for decision-dependent minimization. Crucially, their two-point
method is designed to operate without stringent structural assumptions on the distribution map
or the objective function. Furthermore, Hikima and Takeda [I4] conduct a unified sample com-
plexity analysis of zeroth-order methods across gradient estimators with different search directions.
Despite these advancements in zeroth-order gradient estimation, existing theoretical guarantees
in decision-dependent settings remain confined to either standard minimization tasks or strongly
convex-strongly concave setting minimax setting. Our work bridges this gap by integrating these
foundational estimation techniques, ranging from two-point to multi-directional schemes, into the
more challenging nonconvex-strongly concave minimax framework.

The remainder of this paper is organized as follows. Section [3|introduces the necessary notations
and presents the standard assumptions. Section [4] introduces SD-ZO-SGDA and provides its the-
oretical convergence analysis under accuracy-independent constant as well as accuracy-dependent
step-sizes. Section ?7? describes MD-ZO-SGDA and establishes its improved theoretical convergence



guarantees under both step-size schemes. Finally, Section [5| conducts numerical experiments on a
synthetic problem and a competitive EV charging application to demonstrate the effectiveness of
the proposed algorithms.

2 Preliminaries

Throughout this paper, (x,y) denotes the inner product of two vectors x and y. R? denotes
the d-dimensional Euclidean space endowed with norm ||z|| = \/(x, z). I denotes a d-dimensional
identity matrix. Given a convex closed set X, we define a projection operation to X as Py (-). We
denote a = O(b) if |a|] < C|b| for some constant C' > 0, and a = O(b) if there exist constants
C1,Cy > 0 such that Cy]b| < |a] < Cq|bl. The minimax problem can be reformulated as
following minimization of the primal function ®(z):
min ®(z) := max F(z,y) = F(z,y"(z)), (2)
zeR%N yey

where y*(z) = arg maxycy F'(z,y). Next, we introduce some standard assumptions.

Assumption 1. The function ®(z) is bounded from below in R%, i.e., ®* = inf, g4, (z).

Assumption 2. For any € R%, y € R%, there exists a constant ¢ > 0 such that
ESND(x,y)[(F<x7 y) - f(xa Y, 5))2] S 02' (3>
Assumption 3. The function F(x,y) is Ls-smooth, i.e.,
||VF(x,y) - VF(x/7y/)” < LfH(xvy) - (xlvy/)H’vxvxl € Rdlvyayl SN
Assumption 4. The objective function F(x,y) is 7-strongly concave in variable y, i.e.,
IVyF(z,y) = VyF(z,y)| 2 7lly =y, Yz € Ry, € Y, (4)

and the constraint set ) is a compact convex set with a diameter D > 0 such that ||y — ¢/|| < D
for all y,y’ € ).

Assumption [I] ensures that the optimization problem is well-posed by bounding the objective
from below, preventing the iterative process from diverging. Assumption [2] is essential for esti-
mating the objective value via finite samples and controlling the variance in zeroth-order gradient
estimation. Assumption [3] is a standard smoothness requirement that ensures the reliability of
gradient-based updates and facilitates the convergence analysis via Taylor expansion. Finally, As-
sumption |4 guarantees the existence and uniqueness of the optimal response y*(z), which ensures
that the primal function ®(z) is well-defined and differentiable.

2.1 Single-Directional Two-Point Gradient Estimators

As previously discussed, zeroth-order methods have been extensively adopted for solving saddle-
point and decision-dependent problems. To address the SMDD (|1f), we apply the Uniform smooth-
ing Gradient Estimator (UniGE) [8] I7] to generate two-point zeroth-order gradient estimators,

F _
((E—'_Mlul;y) F(x7y)u1’ (5>
p1/da

G,ul (.’E, Y, ul) -



F(.’I},y + M2U2) B F(l’,y)
pa/dsa

where p1, g > 0 are the smoothing parameters, and the random vectors u; € R and ug € R% are

H,,(z,y,u) = ug, (6)

drawn from the uniform distributions over the unit spheres, denoted by Us,, and Us,,, respectively.

Note that F'(x,y) is an expectation function, its exact value is typically inaccessible in practical
scenarios. Assuming that sample realizations from the decision-dependent distribution D(z,y) are
available for any (z,7) € R® x ), the sample-based approximations of the zeroth-order gradient
estimators in and @ are defined as follows:

b

1 .
Gﬂl (:c,y,ul,B, Blﬂ) = 5 ZGul (x7y,U17§i7fl,i)7 (7>
=1
1< -
Huz(:z)y)uQ)Bv Bug) - 5 ZH;M (x)y)u2)§i7§2,i)a (8>
=1

where b is the batch size, and the mini-batches are drawn as follows: B = {§1}?_, is drawn i.i.d.
from D(z,y), By, = {€1,}0_, is drawn iid. from D(x + piu1,y), and By, = {&,}2_, is drawn
iid. from D(z,y + pousg).

Denote Fﬂl (:E,y) = Eu1~Z/Ib1 [F(:C + Mlulay)] and FHZ (x,y) = EUQNub2 [F(ZC,y + M2u2)] as the
smoothing functions, where U, and Up, represent the uniform distributions over the unit Euclidean
balls in R% and R%, respectively. Following [8, Lemma 4.1], we have

Eu1~MSp1 EB,Bul [G;u (CC, Yy, uq, B) B/,Ll )] = VIF;H (.’E, y)’

(9)
EungSpg EB,BH2 [H,LLQ (.T, Y, u2, Bv B,uz)] = va/JQ (.CE, y)

2.2 Multi-Directional Two-Point Gradient Estimators

In stochastic optimization with static distributions, the randomness of the data ¢ is independent
of the perturbation direction u. However, in decision-dependent settings, the distribution shifts
with every perturbation x + pu, creating a tight coupling between the exploration direction and the
data-generating mechanism. Under a finite query budget, a critical design choice arises between
allocating m samples to a single exploration direction to suppress sampling noise, or querying m
distinct directions with a single sample each to reduce estimation variance.

We adopt the latter multi-directional strategy. By exploring m independent random directions
per iteration, we can effectively suppress the variance between the gradient estimator and the
true gradient. This approach simultaneously reduces the directional bias inherent in zeroth-order
estimation and the sampling noise from the shifting distributions. Accordingly, we consider the
following multi-directional zeroth-order gradient estimators:

d m

G (@ yw) =20 > (Fla+ punisy) = Fla,y) (10)
1=1
d m

Hig(%?/ﬂ@) = ,U,Qizm (F(x7y+ﬂ2u2,i) _F(xuy))UQ,iy (1]-)
i=1



where p1 and po are the smoothing parameters, uy; € R% and U; € R are generated from the
uniform distribution over the unit sphere Us,, and Usg,,, respectively.

Similarly, we define the sample-based multi-directional zeroth-order gradient estimators as fol-

lows: .
- dy -
Gul(xﬂy7uM17£M7§1,M) = ,Ullim (f(x—i_ulul,iay:gl.i) - f(x7y7§Z)) : ul,iv (12>
i=1
- dy ~— -
H,,(z,y, ung,, §0r, &o,0) = L (f(fCaZ/ + pous i, &2,i) — f(x,%ﬁi)) S U4, (13)
i=1
where m denotes the number of random perturbation directions, uy, = {ui;}/"; and up, =

{ug,;}" represent the collections of independent random directions sampled from the unit spheres
Usp, and Usp,, respectively. Furthermore, Ev = {&};11, S = {&ity, and & v = {&,i 1, de-
note the sets of sample realizations drawn independently from the decision-dependent distributions
D(z,y), D(z + pu1,,y), and D(z,y + paus;), respectively.

By [8, Lemma 4.1], we have

EUMI NuSpl EéMaﬁl,M [Gﬂl ('T’ Y, upr, £M7 gl,M)] - VIFIM (.’L‘, y)7

EUM2 ~US Py EEM,@’M [Hﬂz (x’ Y, UMy, EMs 52,M)] = vaM (337 y)

3 SD-ZO-SGDA: Algorithm and Convergence Analysis

This section is devoted to the study of SD-ZO-SGDA. We first present the detailed steps of the
algorithm in Section followed by a rigorous establishment of its convergence theory in Section
.2

3.1 SD-ZO-SGDA algorithm

The proposed algorithm is as follows.

SD-ZO-SGDA operates through a sequential “sample-estimate-update” process at each iter-
ation t. Specifically, Step 4 executes the sampling step, where three independent mini-batches,
By, By, , and By, are drawn from the distributions induced by the current iterates D(zy,y:) and
its perturbed counterparts. These samples are utilized in Step 5 to construct the zeroth-order
gradient estimators G, and H,,,, which approximate the first-order information of the objective
function through randomized perturbations. Subsequently, Steps 6-7 perform the core SGDA
updates: a stochastic gradient descent step is applied to the minimization variable x, and a pro-
jected stochastic gradient ascent step for the maximization variable variable y using the projection
operator Py(+). By re-sampling from the shifting distribution before each gradient estimation, SD-
ZO-SGDA ensures that the optimization process remains tightly synchronized with the evolving
environment, which allows the iterates to converge toward an e-stationary point without requiring
explicit knowledge of the distribution map.



Algorithm 1 Single-Directional Zeroth-Order Stochastic Gradient Descent Ascent (SD-ZO-SGDA)

: Input: iteration limit 7" > 0, initial input zo € R%,yo € ), step sizes (n1,72), smoothing

parameters 1, pu2 > 0 and batch size b.

iid. iid.

. Initialization: Draw sample sets B? = {520 b "X D(z0,90), 821 = {f?ﬂ- b "X D(xo +

pud, o), and 822 = {5871- le R D(zxo,yo + poud). Additionally, sample u{ ~ Us,, and
uy ~ Usp,. Then, compute G, (mo,yo,u?;BO,Bgl) and Hm(mo,yo,ug;Bo,BSQ) using the
estimators defined in and .

:Fort=1,2,--- ., T do

Draw a mini-batch samples Bt = {€/}°_, from D(xy,v:), B

t = {& Y= from D(x; +
piul,y;) and Bfm = {Sél ?:1 from D(z¢, yr + poub);

5. Calculate G, (4, ys, ui; BY, BL), Hyy (4, ye, uh; BY, BY);
6: Update 441 =z — m1G (a:tjyt,uﬁ; Bt, le) with uﬁ ~ Usp,;
7:  Update yiy1 = Py(ye + nyHp, (ze, ye, ub; B, Bfu) with ub ~ Usp,;
8: end for
3.2 Convergence analysis of SD-ZO-SGDA

In this subsection, we establish the theoretical convergence guarantees for the proposed SD-

Z0-SGDA in the nonconvex-strongly concave setting. We first provide several technical lemmas to

characterize the properties of our stochastic gradient estimators and then derive the convergence

rate toward an e-stationary point.

Lemma 1. Suppose that Assumption 2 holds. Then, for any z € R,y € Y and any p1, 2 > 0,

d 2 2
vty || (Pt pn,y) = Fleu| | < BLjad 2| VP @yl (4)
| dy d H% 2 72 2
Eustdsy, @(F(ﬂfa Y+ hpuz) = F(z,y)yuz|| | < 5 Liydy + 2da[|Vy F (2, )] (15)

Proof. Noting that F'is Ly-smooth, we have

and

2
Fle -+ puny) = Fla,y) < n(VaF (@,y),m) + G LluP,

2
Fla+ pury) = Fle.y) = (Ve (@,y),u) = Ll

Combining the above two inequalities, we obtain

4
(F(z + prur,y) = Fla,)) < 203 (VaF(,y) wn)? + EL L]



Taking the expectation with respect to u; on both sides of the above inequality, we arrive at
2]
d% 2 2
= M Eu1 [(F(l’ + ululay) - F(l’,y)) HUIH ]
1

d
Eu1 [HA(F('%' +M1u17y) - F(x,y))m

d2 M4
< —5 (Eu |5 LHIll®] + By [201(VaF (2, y), w)?||ua |?]
Ml 2

< “1L di + 21|V F (2, y)|I,
where the last inequality follows from [I, (2.39)]. Then, we complete the proof of (14).

Similarly, we can prove through an analogous derivation. This proof is complete. ]

Lemma 2. Suppose that Assumptions [2| and [3| hold. Then, for any z € R4, y € ),

3 602d;

Eureitsy, (BB, |G (s, BB | < SAdtL] +6au|VaF e P+ =55, (16)
2 3 999 o | 60%d3

Eunviteyy [0y || s 0B, By || < SBBLS + 60V, Flay) P+ =52, ()

iid ii.d. iid.

where B = {gz ?:1 ~ D(x,y), Bul = {51,1‘}?:1 ~ D(Z’ + Mlulay)a and Bm = {52,1'}?:1 ~

D(l‘, Y+ MQUQ)'
Proof. By the definition of the estimator (), we have

Eunttsy, (B8, [1Gin (29,0, 8|1

S
_E LS o+ pun, i &) — 250 fla,ys &)
= ul)B’Bﬂl Ml/dl ’LL1
r b
—E, pg Fz 4+ mu,y) — }Z «7?+M1U1,3/;§1,i)—F($+M1u1,y)ul
R pa/dy b pa/dy

_%Z f(xayvgz) - F($7y)ul

i=1 pa/da
F(-’B+M1U1,y)—F($,y) 2
= 3 H pa/dy “

2
+721Eu1,13u1 EZ (@ + o, y; €15) — F( + pua, y))

2

w1 B Z z,y;&5) = F(z,y))



3 9.9 o\  30%d?  30d?
< (2120232 + 6d1 ||V, F(x,
> (2/“ oy + Ve F (2, 9)|7 ) + M%b N%b

602d3

pib

3
= SHALGd} + 61|V F (a,y)]” +

where the first inequality follows from the fact that ||a + b + c||* < 3||a||? + 3||b]|* + 3]/c||?, and the
second inequality follows from Lemma 1| and Assumption [2 Then, we complete the proof of .

Similarly, we can prove through an analogous derivation. This proof is complete. ]

At each iteration ¢, we denote the combined search directions and sample realizations as:
u' = (uf,uh), & =(£¢,&), and ¢ ={u',¢'}. (18)

Furthermore, we define ([ ;) = {C0,C1,- -+, ¢} as the collection of all random variables up to iteration
t.

Lemma 3. Let {(xs, 1)}, be the sequence generated by Algorithm 1, &; := E[||y*(z:) — v
Suppose that Assumptions 2 and 3 hold, and 7, = min(ﬁ7 %) Then, for any t > 1:

t—1 t—1
48dy 11— —1—j
0 < ol + LR Yo R IV + Y ai (19
Y j=0 J=0

where

48d
y=1— B S,
4 NyT

An, w2 L2
o Tyt Loy
T

1 1202d3n? N 6r2nzpidi LG . 24120202 d2

p3b nyT nyTU3b

+ 3u%d%L?n§ +

Proof. By the definition of §;, we have
0 = E [ly*(ze) = v (we-1) + ¥ (2e-1) — wel?]

< (L4 N (I (en) = o' lP) + (145 ) Ell =y @)l

< 1+ NR22E |G ] + <1 + 1) E [y — v (@)1, (20)

where Gy—1 == G, (z4-1, yt_l,uti_l; Bi—1,B¢—1,,), the first inequality holds for any A > 0 due to
Young’s inequality, the second inequality follows from the x-Lipschitz continuity of y*() (see, e.g.,
[22] Lemma 16]) and the update rule.

For the second term on the right-hand side of , we have

E [llye — v (-1 |I]
<E lye1 +myHi—1 — y* (2-1)]1%]

= E[llye1 = v @)l + 20y (-1 = " (20-1) T Her + 2| Hea ]

=01 + 2B,y [(yt—l —y*(w1)) B¢,y [Hion | C[O,t—Q]” + nEl[[ He1 )]

10



= 641 + 2nyE [(yt—l —y*(@-1)) (VyF (@1, y-1) + Bt—l)} + 0 E[|[He1]1?)

<01 —2n,E [(y*(xtfl) — yt71)Tva(ﬂft71,yt71)]

. 3 602d>
+ 20, E [lye—1 — v (@e—1) || - | Be=1ll] + m; <2M§d§L§ + 6da ||V F (z-1,y0-1) 1> + M262>
2

T 1
<61 —20,E | Sy (@i-1) — ve—1ll® + = IV F (21, ye—1) |2
2 oL,

217y,u%L?c 3 602d%773
T

.
61+ + 6danE |V F(@er,ye)|”] + G335, +

T 2nyu3L3 3 602d3
< (1-"0) 6+ = 4 2332 + 6o domy
T psb

where H;_1 = HM (It 1, Yt— 17U2 Bt 1, Bi— 1,,11,2) By 1 = vaMQ(xt—layt—l) - va(xt—lvyt—l)
represents the smoothing bias bounded as || B;—1|| < poLys by [I, (2.35)], and the third inequality
follows from the co-coercivity of strongly concave functions.

Then,

1
5t§ <1+)\>

3
(L VEE | SARLS + 1201 [V0ar0) [P+ 120 Ll () = e +

2 b

2n,usl? 3 602d>
( ﬁy7> St + nin f +§u§d§L2 2y 277y

602d?
13b

4, 3 L2 120%d3 61202 p2d2 L2
( _77y7'>5t_1+ Y2 f+3,d%d§L2 2 277y+ cH1%1~f
T

IN

%b yT
48dy K212 A8d1k*n; L5 2412202 d>
+ 2 (2, )|2] 4 Ly e
77yT nyT 77y7'/.,b1b
48d
= Y611+ —RIE [ V()] + Co
TyT
48d —
1 1- 1—
<AID?+ =4 QZ% TE[IVe@y)P] +Cr Y
yT j=0 7=0
where the second inequality follows by choosing A = 4_2# and the condition 7, < %. The proof

is complete. ]

Theorem 1 (Convergence Results). Let {(zt,v:)}L_, be the sequence generated by Algorithm 1,
and d := di +do. Suppose that Assumptions 1-4 hold. Then for any € > 0, the following statements
hold.

(i) Accuracy-Independent Constant Step-size: Suppose that the parameters are chosen
such that
(a) the smoothing parameters 1 = O(e) and pgy = O(ex™1);

(b) the step-sizes 1, = O(d 3k ~3) and n, = O(d~2x~!) such that n, < min (8%?%2@’ 72d1L )

: 1 4 ).
and Tly S min (W’ 37),

11



(c) the batch size b = O(e~*x?).

Then, SD-ZO-SGDA achieves an iteration complexity of O(d*x3¢~2) and a sample complexity
of O(d3k%e0).

(ii) Accuracy-Dependent Step-size: Suppose that the parameters are chosen such that

(a) the smoothing parameters 11 = O(e) and gy = O(ex™1);

(b) the step-sizes 1, = O(e3d~3k3) and n, = O(e2d~2k~1) such that n, < min (8\/(;77?’;%, 72d11Lg)
and 7, < min (ﬁ, %);
(c) the batch size b = O(e 2x?).
Then, SD-ZO-SGDA attains an iteration complexity of O(d®x3¢°) and a sample complexity
of O(d3K%e™T).
Proof. By [21, Lemma 16], ® is L-smooth with L := 2kLy. Then,

L
O(wpi1) < B(we) + V(x4) ' (we1 — 21) + Fllzers = |

L
= q)(xt) — Nz <vq)(xt)7 GlLl (xtvyta uﬁv Bt7B§)> + 5”3:”0,11«1 ('rt’ytv uﬁv Bt’ Bi)HQ

= ®(zy) = 0V O(w1) T (VaFpu (20, 90) = VaF (2, 50)) = 1V 8 (20) (Vi F (w0, y1) — VO(22))
e[ V()2 — n V()T A+ S0 Gl e B B
where Ay := G, (x4, ye, ul, BY, BY) — Vo, (T, yt).
Rearranging the terms in the above inequality yields,

N2l|V®(2)|1? < ®(2) — B(w441) — 1 VO(2e) " (VaFuy (e, yt) — Vo (2, y1))
— 1V O(2) (Vo (0, y1) — VO(21)) — 1.V O(2) T A

SR G (reoy B B P

< () ~ D) + VD@ + 0l VaFpy (o) = Vo F )
LIV [+ |V F e 1) — VO — 1. V()T Ay
IR C e BB,

where the second inequality follows from Young’s inequality. Summing up the above inequalities
for 0 <t < T, we obtain

T T
%x Y AIVE()|P < @(wo) — D(@*) + 00 Y (IVaFpy (21, 41) — Vo F (w1, 1) |
t=0 t=0
T T
1 Y Ve F (e, y0) = V()| —ne > V(x,) A
t=0 t=0

12



L
+ anHGlll xtuyhul?Bt Bt)”2
t=0

< ®(xo) — D(z*) + nepi LHT +1) + e L ley (1) = yell?

T

L
— ey V() At i} ZHGm (e, ye, ut, B, B
t=0 t=0

Taking the expectation with respect to uq, EN ,&1 on both sides of the above inequality, we have

T
jﬂz cor [1IVe(2)|?]
=0

T

< Ecjomy[@(z0) — ®(a)] + nep i LH(T + 1) + no L7 Z Ecor [Ilv*(ze) — ell”]
=0
T

~ e > Ecoa-1) | VO(@e) TEq,[A¢ | Gogoy]
t=0

T
I 3 602d?
+ 50 ) Econ [QM%L%CZ% + 6V F (e y)ll” + u%bl}
t=0

T
< Ecpory[@(20) — @(@)] + met LHT + 1) + 1L} Y Ecory [lv* (@) — will’]
t=0
T
+3Ldin2 Y Ecoqy [IVaF (2, 50) — V(1) + VO(x4)||]
t=0
3LnzpiLid} 3Ln20%d?
#(T—F 1) + nib(T—F 1)
231

T
< E¢jo,m[®(z0) — (2)] + UzM%L?(T +1) + (Ufof + 6Ld177926L3f) Z Ecior [I1y" (2¢) — ye||]
=0

T 2,272 72
3LngpqLydy 3Ln2o2d?
+6Ldi2 > Ecpory [IV®(z)|?] + (1 4 1) + 227 T 4 1),
=0 4 ptb
Rearranging the terms in the above inequality yields,
0 T
(% —6Ldin2) >~ Ecour [I V()]
t=0
T
< E¢jo,)[®(z0) — ()] + nepf L3T (T + 1) + (0oL} + 6Ldin2L7) > Ecporry [y (xe) — well?]
t=0
3Lz L3d} 3Ln202d>
+ 71(T+1) + L(Tle)

4 $2b
< Ecpon)[®(20) — ()] + nepi L3(T + 1)

13



T T t-1 T t-1

+ (oL} +6Ldin2L3) | D*> i | B MY > w TE[IVe@)P] +Ci D> Y
t=0 yT t=0 j=0 t=0 j=0
il ’fL?d% (T+1)+ 3L"‘”’2”2fd% (T +1)
< Ecjo)[®(x0) — (2*)] + nopi LHT + 1)
+ (e L7 + 6Ldyin;L7) (ii 54;121 K2 QZE [V®(xy)]| }+8Cl(T+1)>
+ 3Lng/fL?d% (T+1) + 3L7f2°;)2d% (T +1),
1

where the third inequality follows from > 72, +4 <o

By further rearranging the terms, we obtain

T

Mo 384d, 2304

(z““Ldl”ﬁ‘ g2 WL — LB LY ) 3 Eor [IVR(|]
t=0

< E¢lo,7)[®(z0) — @(27)] + nzM%L}(T +1)
8D?  8C)
+ (9oL + 6 Ldyn>L> (+ T+1 )
(L = L) " nyT( )
3Lnio%d}

3Li;piL3d7
p3b

; (T +1).

(T+1)+

Dividing both sides of the above inequality by

384d 2304
(172—m — 6Ld1173, 2 21 /@2773L§c o HQH;LLCZ%L?)(T +1),
yT y

and applying the parameter constraint 7, < min ( 3 \/ﬁ%’; L, 7 L> we obtain

T+1 ZEgOT] IV ®(z)[|)

(L% 4 6Ldyn;L})32D?
< ————Eeioq[®(20) — (2
= (T + 1), clo,[®(x0) — B(27)] + Tt D

320, 12Ln,0%d?
+ (L% + 6Ldyn, L) %
NyT 1251

+ 4/,61[4?0

+ 3Ln.piL7d3 +

Y

which implies

T
1
77 O Ecourt [1V2(@)?]
t=0

=0 ((T+1)"'Y) + O (T + 1), ") + O (dir* (T + 1) 'n2) + O (17)
+ O (u%ﬁaQ) + O ( zny ) + 0 (d277y"<5/1'2 ) + 0 (/i nﬁuldlny ) +O ( 4n2d %nf,ul_Qb’l)

+ O (dinepsr?®) + O (dinepzdinys®) + O (dinedinys®uy 26 1) + O (K° nxmdi’nf)
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+ O (KPn3din, 2 u?07") + O (nerpidl) + O (nerdipg 1) .

For the accuracy-independent constant step-sizes setting, u1 = O(e), uz = O(ex™1t), 0, =
O(d3k73), n, = O(d2k71), b= O(¢*K?), we have

T

1
T+1 Z E([O,T} [HV(I)(%)’F] < O<52)7
t=0
if T = ©(e2d®k3). This means that, SD-ZO-SGDA achieves an iteration complexity of O(d3k3¢~2),
and a sample complexity of O(d3k%¢~%).

On the other hand, for the accuracy-dependent step-sizes setting, 1 = O(¢), po = O(ex™1),
N = O(e3d3573), ny, = O(2d2k71), b= O(e2k?%), we have

1

T
Tr1 > Ecor [IVE@)[?] < O(e?).
t=0

If T = ©(e°d®k3). This means that, SD-ZO-SGDA attains an iteration complexity of O(d3k3e¢=?),
and a sample complexity of O(d3x%¢~"). The proof is complete. O

Remark 1. The convergence results in Theorem 1 demonstrate a fundamental trade-off between
different step-size settings. Specifically, under the accuracy-independent constant step-sizes, SD-
ZO-SGDA achieves a fast iteration complexity of O(¢~2), though it requires a large batch size
b= O(e*) to suppress estimation variance. In contrast, the accuracy-dependent step-sizes relaxes
the per-iteration requirement to b = O(e~2), making the algorithm significantly more practical for
memory-constrained or high-frequency sampling scenarios, but at the cost of a higher total sample
complexity of O(e™7).

Furthermore, comparing our results with existing literature, the established sample complexity
of O(d*k%¢~%) involves an additional €2 factor relative to standard zeroth-order minimax algo-
rithms designed for static distributions, such as ZO-SGDA [32], which typically achieves O(e™*).
This complexity gap arises from the irreducible variance induced by the coupling between the de-
cision variables and the data-generating mechanism. Unlike static environments where common
random numbers can be employed to effectively cancel out noise during finite-difference estimation,
the decision-dependent shift in SMDD prevents such cancellation, which necessitates a more careful
balance between the smoothing parameter p and the batch size b to ensure robust convergence.

4 MD-ZO-SGDA: Algorithm and Convergence Analysis

This section is devoted to the study of MD-ZO-SGDA. We first present the detailed steps of
MD-Z0O-SGDA in Section followed by a rigorous establishment of its convergence theory in
Section 4.2

15



4.1 MD-ZO-SGDA algorithm

Building upon the foundational framework of SD-ZO-SGDA, we now introduce its multi-
directional variant MD-ZO-SGDA, whose full procedure is summarized in Algorithm 2.

The overall structure of MD-ZO-SGDA inherits the alternating “sample-estimate-update” pro-
cess from Algorithm 1, yet the key of algorithm lies in the structure of the zeroth-order gradient
estimators. Specifically, instead of relying on a single random perturbation direction per iteration,
MD-ZO-SGDA draws m independent random directions. Accordingly, as outlined in Step 4, the
algorithm queries the objective function by drawing sample sets along all m directions from the
shifted distributions. These samples are then utilized to construct the multi-directional zeroth-order
gradient estimators defined in and . Finally, the decision variables x and y are updated us-
ing these newly constructed multi-directional estimators, following the standard stochastic gradient
descent ascent rules.

Algorithm 2 Multi-directional Zeroth-Order Stochastic Gradient Descent Ascent (MD-ZO-SGDA)

1: Input: iteration limit 7" > 0, initial input 2o € R%,yo € Y, step sizes (n1,72), smoothing
parameters pq, g2 > 0 and number of directions m.

2: Initialization: Draw m random vectors {u?,i}gl and {ug’i}ﬁl from uniform distribution
over unit spheres Usp, and Us,,. Draw sample sets €9, = {9}, from D(zg, o), 5(1)’M =
{& 3, from D(xo + ulu%i,yo) and §S7M = {fgd m o from D(zo,yo + ,ugu%i). Compute
initial gradients G, (l‘(),y(],u?wl; 524,5?7]\4) and H,, (o, yo, ug@;égmggM), where the zeroth-
order gradients are estimated from and .

3: Fort=1,2,---,T do

4:  Draw m random vectors {uf ;}i%; ~ Usp, and {uf;}72) ~ Usp,.
Draw sample sets 5}5\4 = {&ym, from D(z4, ys), ﬂ’M = {5{&{’;1 from D(x; + ,ulutl’i,yt) and
§§,M = {féz}ﬁl from D(zy, y + M2U§,z‘)§

5: Calculate G,ul (xta Yt, uAt]\/[1 ; 55\47 giM)v Huz (xb Yt u§\42; 55\47 fS,M);
6:  Update z¢+1 =z — Gy (21, Y, U§\41; gﬁ/p 2i,M);

7: Update yi1 = Py(yr + nyHy, (2, yt, Uﬁ\@;@w 5§,M));
8: end for

4.2 Convergence analysis of MD-ZO-SGDA

We now present the rigorous convergence analysis of MD-ZO-SGDA. Compared to the single-
directional baseline established in Section |3 the utilization of m independent perturbation direc-
tions not only reduces the error in random directions but also reduces the sample noise due to finite
samples by resampling ¢ in each direction.
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Next, we present the technical lemmas required for analyzing multi-directional estimators and
conclude with the main convergence theorem for MD-ZO-SGDA.

Lemma 4. Suppose that Assumption 2 holds. Then, for any z € R,y € Y and any pu1, 2 > 0,

2
M 2] _ M 20 6di 9
Eurrttey, |[|GE(@,yow)|*] < 2LL3 + =2V, F ()1, (21)
2
2 17 6do
Eusmitsy, ||,y 02)|*] < 221305+ 22V, o, )| (22)

Proof. By the definition of G%(:p, Y, u1), we have

Euntn [IIGh: (2, u1) |7

F - F — F T 2
( ot meny) = Foy) = Vel y) + V. F(z, y)Tu1> uwlT] >
2

d2
me

M1

E.,

SRS

- F _ F T 2 9
T F ) (.9) = VoF(2,y) u1> u1u1T+2<VxF(x,y)TU1> U1u1T])

M1

243 s || * 2
— [)‘14u uy + (VxF(a:,y)Tul) U]

(
F
m

2d2 L2,U,2 VJ;F Zz, TV»TF L, 2

n ( 4—211 Id + (dl(y) ( y)Id1 + 7V$F(x7y)v$F(x’y)T

(
m ! d1+2) d1(d1+2)
I v, yw) )

2 <L§u%d1
M% 9 o 6di 2
< %LfdﬁrﬁHVxF(x,y)H )

m

o
o
o
of
o

where the second inequality is due to Assump‘mon Bl the second equality follows from the fact
lla||?T+2aaT

that Efuu'] = 21, and E[(au)?uu'] = a2 - the third inequality is due to the fact that
Vo F(2,y)VeF(2,y)" = ||VoF(z,y)|/*I4,. Then, we complete the proof of (2I)).
Similarly, we can prove through an analogous derivation. This proof is complete. O

Lemma 5. Suppose that Assumptions [2| and |3| hold. Then, for any z € R4, y € ),

- 2 3 18d, 60%d?

B By o |G o b in[|] < g+ B9, PP+ 22t (2
~ 2 3 18d2 602d3

o [y o | [ iai [ | < B3 + 219, PP + e

where EM = {é}f;l, S = {&i0, and o v = {€2,4}7%, denote the sets of sample realizations
drawn independently from D(z,y), D(x + piu14,y), and D(x,y + poug;), respectively.

Proof. By the definition of the multi-directional estimator , we have
HG.U«I (iL', Y, un §M7 51,M)H2

u1,E0,61, M
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Z F(x + piu,y) — F(z,y)

= u1,§17§ [

(0%
i—1 M1
. 2
+@§:f(95+M1U1,i,y,§1,i)—F($+M1U1,i, y) i+ ﬂz (ZL‘,y)—f(ﬂ?’y,&)uLi
m = H1 m = 21
(] =
di ~~ F F ’
< 3E,, | & Z (z + puri, y) — (fﬂ,y)ul,i
mia M
3d3 ’ 3d? ’
mQ/iQE'U«lygl ZAfx‘i‘Mluluyaglz)ulz + 2ﬂ2 uLE EAJEZU Y, &)uu
=1
fu1d2 18d1 ) 3d1
< Eul 2m Hv F( H + m 1E€1 ;HAJC x"‘ﬂl”l Y, §1 z)ul z”
3d? = -
L Z||Af<a:,y,&)u1,i||2
BM%Lffdl 18d1 32 & 32 &
< v, F 2 1 E 2 1 SAPEIIIE
< (M B ) + iy S ]+ oy S
3:“’1d2L2 18d2 60_2d2
Vo F(2,9)|I> + —
2m m(di + 2) mpg
< —upjdiL — F
< gt + IS )+

where Af(z,y,€) = f(z,y,&) — F(z,y). The second inequality is due to the fact that, for i # k,
Eey it [(f(m + iy, €14) — Fla 4 pus, 9) (F (@ + pun g, y, &) — F@ + pun g, y) uf jung | =0,
Eeg, | (f(09.8) = Fle,y)) (F@,9.8) = Fla,p) ul i) =0.
Then, we complete the proof of .

Similarly, we can prove through an analogous derivation. This proof is complete. O

Lemma 6. Let {(x4, )}, be the sequence generated by Algorithm 2, &; := E[||y*(x:) — v/
Suppose that Assumptions 2 and 3 hold, and 7, = min (575> Ly 3T) Then

t—1
144d
8 < 500 + L2 22Wt . JE[HV‘b(fL’t DI? +0227t s (25)
nmi = =
where
144d
'72::1—@4— 122L2
4 Ny TM
ZLMQL2 3u2d2Lf17y N 1202 d3n; 6/<; n2u? d2L2 i 24k2n20%d3
9 1= :
T m pam Ny Tm NyTH3m

Proof. By the definition of §;, we have

0 = E [|ly* (z1) — v (we1) + v (@-1) — wel?]
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< W+ NE @) =5 l?] + (14 ) Elln = v (i) P
< U+ NREE 1617 + (145 ) Elle = oI, (26)

where G)_; = Gp, (xt—1, Y- 1,uM1 ,§M & M) the first inequality holds for any A > 0 due to
Young’s inequality, the second inequality follows from the k-Lipschitz continuity of y*(-) (see, e.g.,
[22] Lemma 16]) and primal update rule.

For the second term on the right-hand side of , we have

E [y — v (ze—1)II]

< E [llye—1 +nyHi_y — y* (ze-1)|’]

= 01+ 20, | (g1 — v (@e-1) T Hiy | + n2E [I1H 1]

= i1+ 2By [ [t =y @) THy | o] | + 02 (11 ]1)
= 0r—1 + 2nyE :(yt—l —y* (@-1) (Vo F(e-1,501) + Btﬂ)} + USEH|H£_1||2]

< 61— 2nyE | (y* (24-1) — yt—l)Tva(xt—lvyt—l)} +2nyE [llye—1 — y* (1) || - [| Be-1]l]

3 18d> 6o°d
1 (oL + 9, Pl + 52 )

T 2 2
< a2 | 1 ) = |+ 519 Pl ) ]

N 2o 602d3

TZyT yHaly  36dy ; 5 . 277y
o S BBLAE +

-1 + T T Tm € IV F (e, y- )] + om!"? iyt pzm

_ ( nyT) 5 Qny/‘%L?c dQLfny i 602d2ny

< -1+ - 2m mu3

where H{ ;= Hy, (z1-1,y-1,ub) €67 €305 Biot = VyFpuy (@i 1,90-1) — Vy F (211, yi 1) repre-
sents the smoothing bias bounded as || B;— 1H < pa Ly by [1I, (2.35)], and the third inequality follows
from the co-coercivity of strongly concave functions.

Then,

1
5t§ <1+)\)

( ny7'>5 QUyM%L} 3M%d2Lf77y 602d277y
tf
-

2m mMQ
36d1 36d1 . 602d?
O+AMnx[2me S VO(2-1) | + ——LHly" (we1) — e |* + M;
1
< ( - M) Si1 + 477?/'M2Lf 3”%d2Lf77y 4 12‘72d277y i 6"927@#%6@[3‘
B . T m /~L2 MNyTm
144d; k%02 144dy >3 L5 24k2n20%d3
+ A [Tz )[?] + Loy + a0
TyTm NyTm NyTpIm
144d
= Y90t 1 + —— K D2E [V (21)|*] + Cy
NyTm
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t—1

t—1

144d, . .

<D+ — el 02> v E[IVe@)P] +C > vy
Y Jj=0 j=0

and the condition 7, < %. The proof

. . . _ A-2nyT
where the second inequality follows by choosing A = -

is complete. O

Theorem 2 (Convergence Results). Let {(z;,9:)}._ be the sequence generated by Algorithm 2,
and d := di +ds. Suppose that Assumptions 1-4 hold. Then for any € > 0, the following statements
hold.

(i) Accuracy-Independent Constant Step-size: Suppose that the parameters are chosen
such that

(a) the smoothing parameters p; = O(e) and pg = O(ex1);

(b) the step-sizes 1, = O(k~2) and 7, = O(xk~!) such that 7, < min <48%f, 2162”‘1%)

: m 4.
and Tly S min (m, 37>,

(¢) the batch size m = O (e *x2d?).

Then, MD-ZO-SGDA achieves an iteration complexity of O(k2¢~2) and a sample complexity
of O(d?k*e6).

(ii) Accuracy-Dependent Step-size: Suppose that the parameters are chosen such that

(a) the smoothing parameters 1 = O(e) and pgy = O(ex™1);

(b) the step-sizes n, = O(e3k72) and 1, = (2 1) such that n, < min <48:7;6%/’;f , 216d1Lg>

: m 4 ).
and Tly S min (m, 37>,

(c) the batch size b = O(e2x2d?).

Then, MD-ZO-SGDA attains an iteration complexity of O(x%¢~>) and a sample complexity
of O(d?k*e™T).

Proof. By the same arguments as in Theorem 1, we obtain

T
> TV |? < (o) - +m2 Vo Fpuy (e, 91) — Vo F (e, 30)|1*
t=0
T
+nxz ||V$F(xt7yt) VCD CL’t - nzZV@ th
t=0

L
+ ﬁxZHGm (@2, Yo, Wiy, Ehrs €L ) |12
=0

< B(wo) — (") + et LH(T + 1) + . L Z\Iy ) — |
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L
—n;EZV(ID xt) TAt—i- 77 Z”GM $t7yt7UM17§M7§1 M)H2
t=0

Where At = Glll (J:ta Yt, UM, EM7 g{w) - VZ‘FMI (xh yt)

Taking the expectation with respect to uyy,, §~ M, €1,m on the both sides of the above inequality,
we have

T

N

5 2 EconlIVe ()|
t=0

T

< Ecpor)[@(x0) — (2")] + e fLHT + 1) + 0o L3 Y Eco.nllly* (@) — vell’]
t=0
T T

9Ld
— Mg Z Ecio.r [VO(z) T A + = S Z Ecio.r IV F (ze, y0) %]

t=0 t=0

3L 2 2L2d2 3L 2 2d2
+u(T+1)+L(T+1)
4m Him

T

< Ecpor1[@(w0) — ()] + mopd LHT + 1) + naL} Y Ecpomllly” (ze) — el
t=0
T

o Y EconIVaF (2, y1) — V(@) ||° + | VD(2:) %]
t=0

3L772M2L2d2 3L 2 2d2
_}_M(T_{_l)_{_ni

4m p2m

(T'+1)

18Ld
LG ZEc[on ly*(z2) — ell?]

t=0
3L’I’]2 2d2

< Ecjom)[@(z0) — ®(a™)] + mepi LH(T + 1) + (L7 +

T 2,212 92
3anM1L dl
m: Y Ecor[IV@()[*) + Tf”(ﬂm

=0 Ml

L(T+1).

Rearranging the terms in the above inequality,

T
N  18Ld;
(3 - ) Z Ecio,n) IV () [1?)
m =0
18Ld d
1 *
< E¢jo,)[@(w0) — (™)) + nepi LHT + 1) + (e L} + L)Y Eqomlly* (@) — uil?]
=0
3LmzuiLid; 3Ln2o2d>
oy 4 2R By
dm pam

< Ecjom)[®(z0) — ®(¢*)] + nepi LH(T + 1)

T T t—-1 T t-1

18Ld 144d
(o SR 9 S LML EEES b o
t=0 5=0 t=0 5=0
3LmuiLid; 3Ln202d2
S ) B
m pim
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where the third inequality follows from > ;°+5 <

By further rearranging the terms,

T
ne  18Ld; 1152d, 20736
(?x T T 77;% - n2rem ’@27721130 - WﬁnﬁLd%L%) Z Ec[O,T][HV‘I)(xt)HZ]
) ) t=0
18 Ld, 8D?  8C,
< Ecjor)[®(z0) — ®(2)] + napi LHT + 1) + (e L7 + ——n3L3) < +—(T+1)
m ?7y7' ny
3LmzpiLidi 3Ln202d>
T )+ L(T +1).
4m puim

Dividing both sides of the above inequality by
Nz 18Ldy o 1152d; (2312 20736

2. 47 272
( 9 o e n2rim [ Wﬁ N Ldi L) (T + 1),
and applying the parameter constraint 7, < min ( 48%f, 215{}1 L), we have
1 L
m Z EC[O,T}[”V(I)(%)HQ]
t=0
4 (L?c + 18Ld; 77$L2)32D2
< Eoq[®(zo) — (2 m = 4313
STt U ([O,T][ (wo0) (z%)] + (T + Dyt pyly
18Ld 2 3L L7 12Ln,0%d?
m Ny T m pim

which implies

T
1 > Econ [IVRG)|]
t=0

=0 ((T+1)" ")+ O (KT +1)" ")+ O (dr*(T+ 1) n ' m™ ) + O ()
+0 (u3r%) + O (p3d3nykm ™) + O (dinyrpy *m™") + O (k' nxmd?ny‘? Y + O (khdin, ul
(dmxuzdzﬁ m ) + O (dinepidany*m™>) + O (dinedsn,s®py *m=) + O (k°n}pidin, *m
O (KPmydin, py *m=?) + O (nerpidim™") + O (nerdip*m™1) .

For the accuracy-independent constant step-sizes setting, u1 = O(e), uz = O(k te), 0, =
O(k7%), gy = O(k'), m = O(d?k%e*), we have

T
T1+1 > _Ecor [HV‘P(%)HQ] <O(e), (28)
t=0
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if T = ©(k?¢2). This means that, MD-ZO-SGDA attains an iteration complexity of O(k%e=2),
and a sample complexity of O(d?k*¢6).

On the other hand, for the accuracy-dependent step-sizes setting, u; = O(¢), o = O(k le),
ne = O(k2€3), ny = O(k~ %), m = O(d*k%e2), we have

T
1
71 2 Ecor [ IV ] < 0(), (29)
t=0
if T = ©(k%5). This means that, MD-ZO-SGDA attains an iteration complexity of O(k?e~?),
and a sample complexity of O(d?k*e™7). O

Remark 2. A comparison between Theorem 1 and Theorem 2 reveals that MD-ZO-SGDA reduces
the iteration complexity from O(d?k3¢2) to O(k%€2), and the sample complexity from O(d>k>e %)
to O(d?k*¢=5). The error of the zeroth-order gradient estimator can be decomposed into two
primary sources: the smoothing bias and the estimation variance. The smoothing bias is controlled
by the parameters p and po, our contribution focuses on reducing the estimation variance, which
results from two different random sources: the directional variance (due to random perturbations)
and the sampling variance (due to finite samples of &). Increasing the number of directions m
yields a tighter upper bound on the estimation error because it addresses both issues simultaneously.
Intuitively, each additional direction u? involves a fresh resampling of ¢, which concurrently reduces
the directional variance and the sampling variance. In contrast, increasing the batch size b for a
single direction only reduces the sampling variance, and provides no relief for the error resulting
from poor directional exploration. Specifically, MD-ZO-SGDA uses m = O(d?k?¢*) to reduces
the (’)(fni) directional variance. This allows for a dimension-independent step-size, leading to the
O(k2?e2) iteration complexity, and an improved sample complexity of O(d?k*¢~).

5 Numerical Experiments

In this section, we evaluate the performance of SD-ZO-SGDA and MD-ZO-SGDA across both
a simple synthetic example and a real-world application.

5.1 A synthetic nonconvex-strongly concave minimax problem

Inspired by recent studies on alternating gradient descent ascent for nonconvex—strongly con-
cave quadratic problems [2], we consider a multi-dimensional synthetic example to fully evaluate
the performance of our sample-based zeroth-order algorithms. We incorporate a Lorentzian-type
potential term to introduce a more complex, non-convex landscape. Specifically, the stochastic
minimax problem is formulated as:

min max Eg., z,y, )|,
»eRd yER)§ 13 D(x,y)[f( Yy 5)]

where the stochastic objective f and the decision-dependent distribution D(z,y) are given by:

10

BENEEEE y'Hy+¢"(Hy), &~ N(z+0.5y,0°1,).

flx,y,6) =
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The matrix H is diagonal, and the ratio of its maximum eigenvalue to the minimum eigenvalue
defines the condition number k of the strongly concave term. Under this setting, the resulting
expected objective function is F(z,y) = —W —0.5y"Hy + 2" Hy. It can be verified that
F(x,y) is non-convex in x and strongly concave in y. For any fixed x, the unique optimal response
is y*(x) = x. Due to the analytically tractable nature of this problem, the unique global saddle
point is (z*,3*) = (0,0). Therefore, we use the squared distance to the saddle point ||z, — 2*||? =

llz¢ — 2*||? + ||y: — y*|| as the performance metric.

0t Dimension d = 2 Dimension d = 8 Dimension d = 32
10"
—— MD (m=30, b=1) — MD (m=30,b=1) | 10! —— MD (m=30, b=1)
— SD (m=1, b=30) — SD (m=1, b=30) — SD (m=1, b=30)

500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
erations.

0 500 1000 1500 2000 2500 3000 3500 4000 0
Iterations It

Iterations

Figure 1: Convergence comparison between MD-ZO-SGDA and SD-ZO-SGDA across different di-
mensions (d € [{2,8,32}). Under a fixed sampling budget per iteration, MD-ZO-SGDA consistently
achieves a lower error floor than SD-ZO-SGDA.
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Figure 2: Comparisons of MD-ZO-SGDA and SD-ZO-SGDA. (a) Convergence curves under differ-
ent condition numbers x € {1,5,10}. (b) Ablation study on the combinations of directions m and
batch size b under a fixed budget. (c) The steady-state error versus the budget parameter N. The
dashed line represents the theoretical O(IN~!) convergence trend.

As illustrated in Figure [1] and Figure the steady-state error floors for both algorithms rise
as d and k increase. This upward trend aligns with the polynomial dimension dependency rela-
tionship established in our complexity theorem. However, MD-ZO-SGDA consistently maintains
a significant accuracy advantage over SD-ZO-SGDA. Figure demonstrates that under a fixed
sampling budget (N = 24), utilizing more directions leads to better convergence. To further verify
the theoretical relationship between the target accuracy and the budget N (where we set N = m for
MD-ZO-SGDA and N = b for SD-ZO-SGDA), we plot their steady-state errors in Figure In this
log-log plot, the steady-state error of MD-ZO-SGDA decreases linearly which perfectly matches our
theoretical O(N 1) rate. However, the error of SD-ZO-SGDA stops decreasing and hits an error
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floor, even if we use a very large batch size b. This result is highly consistent with our theoretical
analysis in Remark 2. For SD-ZO-SGDA, the directional variance term does not have a % factor.
Therefore, increasing b only reduces the sampling noise but cannot reduce the directional error.
MD-ZO-SGDA solves this problem by using m, directions, which introduces a % factor to reduce
both types of variance at the same time.

5.2 Problem Formulation: Competitive EV Charging

In this subsection, we evaluate the performance of the proposed algorithms on a competitive
electric vehicle (EV) charging problem, a benchmark task for decision-dependent minimax opti-
mization formulated by [33]. We compare our methods against their established baselines: EPD,
SEPD, and a one-point zeroth-order algorithm (DFO). We consider a market with two competing
charging service providers operating across n = 3 distinct zones. Each provider aims to maximize
their respective profit by adjusting the price differentials z,y € R™. Following the model in [19],
the profit function for provider one is defined as:

ul(xva’) = <a+7‘,l‘ +p> - ‘|F1x||27

where a represents the service demand, r is the utility vector, p is the baseline price, and I'; is a
diagonal matrix representing the cost of maintaining service quality. The demand «a is decision-
dependent and follows a linear best-response model:

a=ag+ Aix+ Asy, b=bg+ Bix+ By,

where ag ~ D1 and by ~ Dy are stochastic components. The objective is to find the saddle point
of the relative profit, leading to the following stochastic minimax problem:

. 2 2
min max E(ap)~D(y) [IT12]17 = [Toyl]* — (a+r,2) + (b +r,y)],

where X =) = [-1,2]3.

Our simulation utilizes real-world demand data processed from [I1]. We focus on a specific time
window (e.g., 12:00 PM to 1:00 PM) to observe peak-hour dynamics. The data are normalized by
subtracting the mean and scaling by the variance.

For the algorithm parameters, we set the service quality coefficients 7;; = 1 and the utility
values 7; = 0 for all stations. The elasticity matrices are configured as (A;);; = —0.3d;; and
(A2);; = 0.36; j, reflecting the sensitivity of demand to price changes.

We execute the algorithms for T = 4,000 iterations. Figure [3| illustrates the daily demand
fluctuations for the three charging stations over a year, highlighting the inherent stochasticity of
the environment. Figure [4] displays the convergence behavior in terms of the squared distance
to the optimal saddle point ||z; — 2*||2. The results demonstrate that our proposed algorithm
effectively reduces the estimation error despite the decision-dependent nature of the distributions.
Notably, during the initial phase of optimization, both SD-ZO-SGDA and MD-ZO-SGDA exhibit
a significantly more rapid descent in the squared gradient norm compared to DFO. Specifically,
our proposed methods approach a stable error regime within fewer iterations, escaping the initial

25



i A
AT APy, s |
© LN A/ e 2 LAY m o
g oo R A I S\ GRe

o
g ¥
~0.251 Yy M ‘;’\_u,"“'\_':f‘,.,.‘ b

1073 —_zo-

— EPD — SD-Z0-SGDA
-0.75 1 — SEPD — MD-Z0-SGDA
—— station 1 station 2 — - station 3 === DFO

0 50 100 150 200 250 300 350 0 500 1000 1500 2000 2500 3000
day iterations

Figure 3: Demand change between 12-1 pm Figure 4: Algorithm Error per iteration

high-error state more efficiently than the DFO. Once reaching the steady state, the performance
gap between the algorithms diminishes. Both SD-ZO-SGDA and MD-ZO-SGDA settle at an error
floor that is comparable to, and slightly lower than, that of the DFO baseline. These observations

suggest that while all three algorithms eventually reach a similar level of precision, the proposed

zeroth-order SGDA frameworks offer a clear advantage in terms of initial convergence rate.
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