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Abstract The inexact adaptive stepsizes for the conjugate gradient method and the quasi-Newton method are
very rare. The exact stepsizes in the gradient method, the conjugate gradient method and the quasi-Newton
method for strictly convex quadratic optimization have a unified framework, while the unified framework for
inexact adaptive stepsizes in the gradient method, the conjugate gradient method and the quasi-Newton method
for strictly convex quadratic optimization still remains unknown. Based on the above observations, we propose
a unified framework for inexact adaptive stepsizes in the gradient method, the conjugate gradient method and
the quasi-Newton method for strictly convex quadratic optimization, which is called approximately optimal
stepsize. The global convergence and the convergence rate of the gradient method with the approximately
optimal stepsize are established by exploring the relation between the approximately optimal stepsize and the
famous Barzilai-Borwein (BB) stepsizes. Some numerical results are presented, which confirm the remarkable
numerical advantage of the gradient method, the conjugate gradient method and the quasi-Newton method
with the unified framework for inexact adaptive stepsizes. Some open problems about the gradient method, the

conjugate gradient method and the quasi-Newton method with approximately optimal stepsize are raised.
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1 Introduction

Consider the following strictly convex quadratic unconstrained optimization problem:

: _ 17 T
Inin flx)= 22 Ax — b x, (1.1)

where b € R, and A € R™*"™ is symmetric and positive definite.

Given an initial point xg, the iterative method for solving problem (1.1) takes the following form:
Tht1 = T + opdy, k=0,1,2,--- (1.2)

where oy, is the stepsize, and dy, is the search direction.
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(i) If dx, = —gx, then the iterative method corresponds to the gradient method.
(ii) If dj, is defined by

— 0k, itk =0,

—gr + Brdi—1, itk >0,

di, =

where g, = V[ (x1), Bk is the conjugate parameter, the iterative method corresponds to the conjugate gradient
method. Some well-known formulae for 5, are called the Fletcher-Reeves (FR) [2], Hestenes-Stiefel (HS) [3],
Polak-Ribi¢re-Polyak (PRP) [4,5] and Dai-Yuan (DY) [6] formulae, and are given by
2 2
gFR _ llgx | HS _ 9k Y1 PRP _ Gk Yr—1 DY _ llgxll
llge—1]” di 1Yk lgr—1l* di 1Yk
where yr_1 = gk — gk—1-
(iii) If dy, is defined by
dk = 7Bk_1.gk7

where By is a symmetric and positive definite approximation to the Hessian matrix, then the iterative method

corresponds to the quasi-Newton method. The Broyden family method [7] takes the following update formula

YkYp B Bysks, By,

B, =B+ + Qwpwy (1.3)

T T
S Yk 5y, Brsk

_ T Yk By sy,
eV B (yB)

When 6 = 1, the formula (1.3) reduces to the Davidon-Fletcher-Powell (DFP) formula [8,9]; when 6 = 0, it
reduces to the Broyden-Fletcher-Goldfarb-Shanno (BFGS) formula [10,11,12,13].

where s, = i1 — Tk, and

The stepsize is the exact stepsize [1] if it satisfies

 ghdy
d7 Ad,

o = argm>ilg flag + ady) = (1.4)

Though the exact stepsize possesses nice theoretical properties, it generally requires expensive cost or is often
difficult to obtain, which makes it impossible to be applied widely in practice.

The inexact stepsize of gradient method for convex quadratic optimization has been studied widely [14,
15,16,17,18,19,20,21,22,23,24,25,26,27]. However, research results about the inexact adaptive stepsizes of the
conjugate gradient method and the quasi-Newton method are scarce. This may be attributed to the complexity
of the search directions of the conjugate gradient methods and the quasi-Newton methods, in contrast to the

search direction —gj, of the gradient method. The exact stepsizes in gradient method, conjugate gradient method

gi dk

Ty while

and quasi-Newton method for strictly convex quadratic optimization have a unified framework —
the unified framework for inexact adaptive stepsizes in the gradient method, the conjugate gradient method
and the quasi-Newton method for strictly convex quadratic optimization still remains unknown. A question is
naturally to be asked:

Can we develop a unified framework for inexact adaptive stepsizes in the gradient method, the conjugate
gradient method and the quasi-Newton method for strictly convex quadratic optimization?

It is interesting to study the above problem. To address it, we propose a unified framework for inexact
adaptive stepsizes in the gradient method, the conjugate gradient method and the quasi-Newton method for

strictly convex quadratic optimization, which is called approximately optimal stepsize. The global convergence
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and the convergence rate of the gradient method with the approximately optimal stepsize are established
by exploring the relation between the approximately optimal stepsize and the famous Barzilai-Borwein (BB)
stepsizes [14]. Some numerical results are presented, which confirm the remarkable numerical advantage of the
gradient method, the conjugate gradient method and the quasi-Newton method with the unified framework.
The remainder of this paper is organized as follow. In Section 2, we present a unified framework for inexact
adaptive stepsizes in the gradient method, the conjugate gradient method and the quasi-Newton method for
strictly convex quadratic optimization, which is called approximately optimal stepsize. In Section 3 we establish
the global convergence and convergence rate of the gradient method with the approximately optimal stepsize
by exploring the relation between the approximately optimal stepsize and the famous Barzilai-Borwein (BB)
stepsizes. Some numerical experiments are conducted in Section 4. Conclusions and some open problems are

given in the last section.

2 The unified framework for inexact adaptive stepsizes —approximately optimal stepsize

We describe the motivation as follows.

(i)The unified framework for inexact adaptive stepsizes in the gradient method, the conjugate gradient
method and the quasi-Newton method for strictly convex quadratic optimization still remains unknown.

(ii) The search directions of the conjugate gradient methods and quasi-Newton methods for strictly convex
quadratic optimization possesses nice theoretical property such as conjugacy under the exact line search, which
makes the two methods enjoy twice finite termination property. The theoretical merits of conjugacy and finite
termination endow the conjugate gradient methods and the quasi-Newton methods with considerable potential
for delivering efficient performance in both convex and nonconvex optimization. Therefore, it is of great sig-
nificance to study inexact adaptive stepsizes of the gradient method, the conjugate gradient method and the
quasi-Newton method, especially for a unified framework for their inexact adaptive stepsizes.

(iii)The exact stepsizes in the gradient methods, the conjugate gradient methods and the quasi-Newton

g dy
T Ady,

methods for strictly convex quadratic optimization have a unified framework — . To develop a unified
framework for their inexact adaptive stepsizes, one should ignore the specific forms of their different search
direction to some extent and borrow the idea of the exact stepsize (1.4) to construct the unified framework for
their inexact adaptive stepsizes.

Based on the above observations, we propose a new type of inexact adaptive stepsize for the gradient
methods, the conjugate gradient methods and the quasi-Newton methods, and call it approximately optimal
stepsize, which is defined as follows.

Approximately optimal stepsize. Suppose f is continuously differentiable, dy, is the search direction of the
gradient methods, the conjugate gradient methods or the quasi-Newton methods, and ¢y (/) is an approximation

model of the line search function f(xy, + ady). If a positive number aj 9% satisfies

098 = arg min éx(a),
a>0
then, Q?OS is called approximately optimal stepsize of the corresponding optimization method related to ¢y («).

Remark 1 If ¢ () = f(xr + ady), then the approximately optimal stepsize a,ﬁ‘os reduces to the exact stepsize,

namely, the optimal stepsize. This is the reason why it is called approximately optimal stepsize.
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Remark 2 If ¢ (o) = fi + agldy + %ankadk, where

2 2

B, = Myl lyr—1ll® sk—15F_1 | yk—1yf 4

k=T T 2 T )
Sk—1Yk—1 Sk—1Yk—1 ||S/€,1H Sk—1Yk—1
then
Tq
Ao = 21
k PEUk

Obviously, approximately optimal stepsize (2.1) is independent of any parameter of f and thus is adaptive.
When dj, = —gy, the gradient method with (2.1) is called GM__AOS; when d, = —g, +5;?de—17 the conjugate
gradient (CG) method with (2.1) is called CG_AOS; when dj, = —B; ‘g with BFGS formula—(1.3) with
6 = 0, BFGS method with (2.1) is called BFGS_AOS. It is noted that SPY is selected in CG_AOS due
to the nice theoretical property of the DY method [6], and BFGS formula is selected in BFGS__AOS due to
the nice theoretical property and numerical effectiveness of the BFGS method. Therefore, approximately
optimal stepsize (2.1) can be regarded as a unified framework for inexact adaptive stepsizes in the
gradient methods, the conjugate gradient methods and the quasi-Newton methods for strictly
convex quadratic optimization.

Remark 3 It follows from the definition of approximately optimal stepsize that different approximation model
leads to different approximately optimal stepsize, and we can design stepsize by constructing approximation
models of line search function.

Remark 4 If d;, = —gy, then the approximately optimal stepsize is the stepsize proposed by Liu et al. [28] in
2018. Some results about approximately optimal stepsizes of gradient method can be seen in these paper [28,
29,30,31,32,33,34].

Remark 5 Although the strictly convex quadratic optimization is considered in the paper, the definition of the
approximately optimal stepsize is also applicable to those cases of convex optimization and general unconstrained

optimization.

3 Some theoretical results about the gradient method with approximately optimal stepsize

(GM__AOS)

By setting dy = —gi in (2.1), we obtain the approximately optimal stepsize for gradient method, which is
described as follows.
2
AOS _ ggdk _ llgx |l
Ok - TR - T 2 T 2 (31)
di Bedi  Jlye_|? x|l — (9F s1-1) n (98 yr-1)
Sh_1Yk—1 k llse—1l* s_1Uk—1

Theorem 3.1 Suppose that f (x) is given by (1.1). Then the approximately optimal stepsize (3.1) satisfies the

following relation:

1
5&532 < afos < 2akBBl,
where ap = ||sial*/sT_yye—1 and o = sT yye 1/ lyka | [14).

Proof By Lemma 3.1 in [29], we can obtain the the smallest and largest eigenvalues of the matrix By, in (3.1);

\ Lo, ( 1 1 \ 1 1 1 1
max — BB, BB BB, BB |’ min — "RE; T BB, BB, BB |-
o o oy A o O Qg A
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It follows that

1 1 1 1 1 1 1 _ 1
aEBQ + aISBg QEBQ - QEBl < BB, T BB, BB, a};BQ’

which implies that

_ 1
)\max(Bk) <2 BB,
A
By the definition of An,, we obtain that
2
1 1 1 1 < 1 1 1 1 1 n 1 1 _ 1
akBB2 akBBQ aEBZ oz,?Bl aEBZ akBB2 akBB2 akBBl oz,?BQ 4 a,ljBl 205,?1317
whih yields that
Newin (Br) > —
min k) Z BB, -
20%BBl
According to (3.1), we have
1
5&532 < a9% < 2akBBl.
The proof is completed. a

By Theorem 3.1, the approximately optimal stepsize (3.1) can be expressed as the convex combination of

two famous BB stepsizes:

t
af0s = 504532 + QthBl, where ¢t € (0,1).

Therefore, we can establish the global convergence and the R-linear convergence rate of GM__AOS by the ways

similar to that in [20,21]. As a result, we only present the theoretical results.

Theorem 3.2 Suppose that f () is given by (1.1). Then, the sequence {x} generated by GM_AOS converges

globally to the minimal point x* .

Theorem 3.3 Suppose that f (x) is given by (1.1). Then, the sequence {x1} generated by GM_AOS converges

R-linearly to the minimal point x* .

4 Numerical experiments

In the section, we conduct some numerical experiments to validate the effectiveness of the gradient method with
approximately optimal stepsize (GM__AOS), the conjugate gradient method with approximately optimal stepsize
(CG_AOS) and the BFGS method with approximately optimal stepsize (BFGS__AOS). Since the numerical
numerical results about GM__AOS can be found in those papers [28,29,30,31,32,33,34], we do not list them
here and only present these numerical results about CG__AOS and BFGS__AOS.
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4.1 Some numerical results about CG__AOS

The termination condition: gy |, < 107%; the initial point: zo = [1,1,--- ,1]7; the test methods: BB method
[14], HDL method [24] and CG__AOS; the test problem is problem (1.1) with the following A and b; the
experimental software: Matlab.

Problem 1: A = (a;;)

l,as3 =2, ,ap, =n—1; b=[0,0,---,0]7.

nxn 18 the diagonal matrix with the main diagonal elements: a;; = 0.001,a22 =

Table 1 The number of iteration number on Problem 1

n=100 | n=500 | n=1000 | n=5000
BB 795 3611 5165 14221
HDL 377 657 641 1783
CG_AOS 291 397 553 861
Problem 2:
A=DT«D, D =100 % (rand(n,n) —5), b= 100 * (rand(n,1) — 0.5).
Table 2 The number of iteration number on Problem 2
n=100 | n=200 | n=300 n=100 | n=200 | n=300 | n=100 | n=200 | n=300
BB 19946 16611 >50000 >50000 9777 20385 4204 6305 >50000
HDL 6279 1836 >50000 2108 3693 5927 2034 2565 >50000
CG_AOS 4392 3048 12147 6875 4107 5748 2631 2608 12535

In Table 2, the first three columns (n = 100,200, 300) corresponds to the random seed 2, the second three
columns corresponds to the random seed 5 and the third three columns corresponds to the random seed 8.

Problem 3: A = (ay),,,, is the diagonal matrix with the following main diagonal elements: a;; = k(A) =

1057 apn =1, [agg, ass, - - >a(n71)(n71)]T = Qpp + (all - ann) * ra’nd(n -2, 1)7 b= [07 0,... O]T € R™.

Table 3 The number of iteration number on Problem 3

n=100 | n=500 | n=1000 | n=5000 | n=10000
BB 4785 5596 3841 6024 5057
HDL 192 624 725 1034 2290
CG_AOS 564 766 703 859 1214

As shown in Table 1, we can see that CG__AOS demonstrates remarkable numerical advantages over the BB
method and the HDL method for Problem 1. Table 2 shows that CG__AOS is superior to the BB method and
outperforms the HDL method for Problem 2 when n is large. The same conclusion holds for Problem 3. The

above three tables show that CG__AQOS is very efficient.

4.2 Some numerical results about BFGS__AOS

The termination condition: ||gx||, < 1075; the initial point: g = [1,1,---,1]7; the test problem is problem
(1.1) with A = (a4j),,,, is the diagonal matrix with the main diagonal elements a;; = 0.001,a22 = 1,a33 =
2, J@py =n—1;6=1[0,0,---,0]7; the test method is BFGS_1 (BFGS method with the unit stepsize 1) and

BFGS_AOS (BFGS method with the approximately optimal stepsize (2.1)). It is noted that the convergence
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of BEGS_1 is established under the condition that By = LC, where C' satisfies uC < A < LC [35]. Here p is
the strong convexity parameter, and L is the Lipschitz constant of the gradient. It means that if this condition

is not satisfied, then BFGS__1 may not converge.

Table 4 The number of iteration number

n=100, | n=100, | n=100, | n=500, | n=500, | n=500, | n=1000, | n=1000, | n=1000,
Bo(1) Bo(2) Bo(3) Bo(1) Bo(2) Bo(3) Bo(1) Bo(2) Bo(3)
BFGS_ 1 F 225 322 F F 372 F F 374
BFGS__AOS 108 120 213 506 471 334 834 701 293

The numerical results are reported in Table 4. In Table 4, the initial matrix By(1) = 1000 % I, By(2) = I,
By(3) = 0.001 * I; “F” represents that BFGS_ 1 fails to solve the problem due to NaN in the iterative process.
As shown in Table 4, we can see that BFGS__AOS can solve successfully more problems than BFGS_ 1, and is
superior to BFGS__1. Therefore, BFGS__AOS is very efficient.

5 Conclusions and some open problems

In the paper we present a unified framework for inexact adaptive stepsizes in the gradient methods, the conjugate
gradient methods and the quasi-Newton methods for strictly convex quadratic optimization, which is called
approximately optimal stepsize. Some numerical results demonstrate that approximately optimal stepsize is
useful and efficient.

We have established the global convergence and convergence rate of GM__AOS. Since the approximately
optimal stepsize does not possess the property ng+1dk = 0 generally, it is difficult to establish the global con-
vergence and convergence rate of CG__AOS and BFGS__AOS as the existing theoretical framework of conjugate
gradient method and quasi-Newton method with the exact stepsize for strictly convex quadratic optimization
can not be used. As for the unified framework for inexact adaptive stepsizes in the gradient methods, the con-
jugate gradient method and the quasi-Newton method for strictly convex quadratic optimization, we raise five
open problems as follows:

(1)Can the conjugate gradient method with approximately optimal stepsize (CG__AOS) converge theoreti-
cally ? If yes, what is the convergence rate?

(2)Can the BFGS method with approximately optimal stepsize (BFGS__AOS) converge theoretically ? If
yes, what is the convergence rate ?

(3)Can the gradient methods with approximately optimal stepsize be extended from strictly convex opti-
mization to general convex optimization ?

(4)Can the conjugate gradient methods with approximately optimal stepsize be extended from strictly convex
quadratic optimization to general convex optimization ?

(5)Can the quasi-Newton methods with approximately optimal stepsize be extended from strictly convex
quadratic optimization to general convex optimization ?

The above open problems is important, and we will focus on these problems in the future.
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