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Abstract

We study asymptotic consistency of data-driven distributionally robust opti-
mization with shrinking ambiguity sets. The analysis separates reference-distribution
convergence from ambiguity-set shrinkage on a prescribed test-function class. Un-
der compactness and continuity assumptions, this yields uniform convergence of
robust objectives, optimal-value convergence, and outer convergence of minimizers.
For constrained DRO, the same mechanism gives uniform convergence of robust
constraints and Painlevé-Kuratowski convergence of feasible regions under a Slater
condition. We verify the assumptions for empirical reference measures and generic
cost-based optimal-transport ambiguity sets, including the norm-cost case, and
extend the framework to MADRO models with uncertain mixture weights.
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1 Introduction

Distributionally robust optimization (DRO) replaces the unknown data-generating law
by an ambiguity set to hedge against sampling error, model misspecification, and distri-
butional shift. Major ambiguity models include moment-based sets [1, 2], ¢-divergence
sets [3], and Wasserstein or optimal-transport sets [4-9]. A basic asymptotic question is
whether data-driven DRO converges to the population stochastic optimization problem
as the ambiguity set shrinks, including convergence of robust objectives, constraints,
feasible regions, optimal values, and minimizers.

Existing analyses are often tied to specific perturbation models. Stochastic program-
ming stability studies perturbations of probability laws [10-14], while metric-specific
DRO analyses exploit particular discrepancies and empirical concentration estimates
[4, 5, 15]. Set-valued stability further studies convergence of distributional sets under
specific metrics [16, 17]. This paper instead gives a test-function-based consistency prin-
ciple that separates statistical convergence of the reference distribution from geometric
shrinkage of the ambiguity set.

The contributions are as follows. First, reference convergence and ambiguity-set
shrinkage on a prescribed test-function class are shown to imply uniform convergence of
robust objective and constraint functionals. Second, this yields optimal-value conver-
gence, Painlevé-Kuratowski outer convergence of minimizers, and, under a Slater con-
dition, full Painlevé-Kuratowski convergence of constrained feasible regions. Third, the
assumptions are verified for empirical reference measures and generic cost-based optimal-
transport ambiguity sets, and the same mechanism is extended to Mixture Ambiguity
Distributionally Robust Optimization (MADRO) with uncertain mixture weights. The
remainder of the paper is organized as follows. Section 2 introduces the framework.
Sections 3 and 4 establish unconstrained and constrained consistency. Section 5 verifies
the assumptions. Section 6 extends the framework to MADRQO. Section 7 concludes.

2 Data-Driven DRO Framework

Let = C R™ be closed with Borel g-algebra B(Z), and let P* € Z(Z) be the target law.
Samples are realized on (2°°, B(Z)®>, (P*)*°). All convergence statements are pathwise
on probability-one events; after fixing a sample path, P:if and Py are deterministic,
and measurability of value or solution-set mappings is not considered. For each N,
let Pt € P(E) be the reference law and Py C Z(Z) the ambiguity set. We use
a prescribed test-function class F to measure reference convergence and ambiguity-set

shrinkage.

Assumption 2.1 (Decision set and objective function regularity). The decision set
X C R? is nonempty, convex, and compact. The loss function f : X x = — R satisfies:

(i) For every x € X, the mapping £ — f(z,&) belongs to the test-function class F.



(ii) There exists a nondecreasing continuous function p; : [0,00) — [0,00), with
pr(0) =0, such that |f(x,&) — f(2',€)] < pg(lx — 2'|) for all x,2" € X and £ € =.

Assumption 2.2 (Pointwise integrability on the test class). For every ¢ € F, there is
a probability-one event Al such that, on Al [ [¢|dP* < oo, [ |¢]dPy" < oo for all
N, and [ [¢|dP < oo for all N and all P € Py.

Assumption 2.3 (Reference-distribution convergence on the test-function class). For
every 1) € F, there is a probability-one event Af such that, on AF, [L«dPy" —

Jowdp*,

Assumption 2.4 (Sequential ambiguity-set shrinkage toward the reference distribu-
tion). For every ¢ € F, there is a probability-one event Ai such that, on Ag, every
sequence Py € Py satisfies [ ¢ dPy — [Z¢ dPR" — 0.

Assumption 2.5 (Nonemptiness of ambiguity sets). There exists an event A? € A with
P(A%) = 1 such that, on A?, Py # () for every N.

Assumption 2.6 (Eventual finite-valuedness of robust functionals). There exists an
event A" € A with P(A") = 1 such that, on A", the robust objective Ry(f) is finite-
valued on X for all sufficiently large N. In the constrained case, each robust constraint
functional ®y ; is finite-valued on X for all sufficiently large N.

Under nonemptiness of Py, the sequential condition in Assumption 2.4 is equiv-
alent to fixed-test-function uniform shrinkage, as shown later in Lemma 3.2. These
assumptions make the ambiguity sets asymptotically indistinguishable from the target
distribution on the test-function class used by the optimization model, which is the key
input for the unconstrained consistency analysis below.

3 Unconstrained Asymptotic Consistency

We next convert the distributional assumptions into uniform convergence of the ro-

bust objective. Under Assumptions 2.1-2.6, we define the robust objective functional

R (f)(x) == suppep, [z f(2,€) dP(§) and the population objective Roo(f)(z) := = f(x,&) dP°(E).

Lemma 3.1 (Test-function convergence of ambiguity-set selections to the target distri-
bution). Suppose Assumptions 2.2, 2.3, 2.4, and 2.5 hold. For every ) € F, there exists
an event Ay = Aé N Af; N Ag N A with P(Ay) =1 such that, on Ay, for every sequence
Py € PN, wadPN — f5¢dpo.

Proof. See Appendix A. n

Lemma 3.2 (Sequential shrinkage implies uniform shrinkage for a fixed test function).
Suppose Assumptions 2.2, 2.4, and 2.5 hold. Fix ¢ € F. On the event A{b N Ag nA?

one has Ay (Y) = suppep, | [z dP — [2 o dPR| — 0.
Proof. See Appendix A. n



3.1 Uniform Convergence of Robust Objective Functionals

Lemma 3.3 (Inherited modulus continuity of finite-valued robust objectives). Under
Assumptions 2.1 and 2.2:

(1) If, for some N, Rn(f) is finite-valued on X, then |Ry(f)(x) — Rn(f)(a")] <
pr(lx —2'|) for all z,2" € X.

(i) The population objective R (f) satisfies |Roo(f)(x) — Roo(f)(2")] < py(lx — 2'|)
for all x,2’ € X.

Proof. See Appendix A. m

Lemma 3.4 (Convergence of robust objectives at fixed decisions). Under Assump-
tions 2.1-2.6, for every x € X, there exists an event A, with P(A,) = 1 such that,

on Ay, Ry (f)(@) = Reo(f)(2).
Proof. See Appendix A. n

Pointwise convergence alone is not sufficient for stability of minimizers; the compact-

ness and uniform modulus assumptions are used next to obtain uniform convergence.

Theorem 3.5 (Uniform convergence of robust objective functionals). Under Assump-
tions 2.1-2.6, there exists an event Ay with P(Af) =1 such that, on Ay,

sup Ry (f)(2) = Roo(f)()| = 0.

TEX
Proof. See Appendix A. O

Corollary 3.6 (Epigraphical convergence of robust objectives). Under the assump-
tions of Theorem 3.5, there exists an event Ay with P(Ay) = 1 such that, on Ay,
epiy Ry (f) K, epiy Roo(f), where epiy h := {(z,a) € X xR : h(z) < a}.

Proof. See Appendix A. n

3.2 Optimal Values and Minimizer Sets in Unconstrained DRO

Define the unconstrained optimal values and minimizer sets by 0y := infex Ry (f)(2),
v* = infyen Roo(f) (), Xy = arg min, .y Ry (f)(z), and X* := argmin, ., Roo(f) ().

Theorem 3.7 (Optimal-value and minimizer consistency for unconstrained DRO). Un-
der the assumptions of Theorem 3.5, on the event Ay, Oy — v*, and in the Painlevé—
Kuratowski sense,

Limsup Xy C X*.

N—o0

Proof. See Appendix A. n



4 Constrained Asymptotic Consistency

The preceding results establish the basic consistency mechanism for unconstrained DRO.
We next show that the same mechanism also controls robust constraints and feasible-set
convergence. To analyze the asymptotic behavior of feasible regions and minimizer sets,

we use set convergence in the sense of Painlevé-Kuratowski; see [18, Chapter 4].

Definition 4.1 (Painlevé-Kuratowski set convergence). The inner (lower) limit of {Cy }
is Liminfy o Cy = {x € X : limsupy_, ., dist(z, Cy) = 0}, and the outer (upper) limit
is Limsupy_,.. Cn = {z € X : liminfy_, dist(z,Cy) = 0}. We write Cy oo if
Limsupy_,.. Cn € C' C Liminfy_,o, C.

Let gj(x,&), j =1,...,J, be a finite family of constraint functions. Define ¢ ;(z) :=
Roo(g5)(x) and @y ;(x) := R (g;)(x).

Assumption 4.2 (Constraint regularity and Slater condition). Let X C R? be nonempty,
compact, and convex. For each j =1,...,J, let g;: X x = — R satisfy:

(i) For every z € X, the mapping & — g;(x, &) belongs to F.
(ii) For every ¢ € Z, the mapping x — g¢;(z, ) is convex on X.

(iii) There exists a nondecreasing continuous function py, : [0,00) — [0,00), with
pg;(0) = 0, such that |g;(z,£) — g;(2',&)| < pg,(Jz — 2'|) for all z,2" € X and
ez

Furthermore, there exists z° € & such that ¢ ;j(z°) < 0for j=1,...,J.

Since = +— g;(x,£) is convex for every &, the population functional @ ;(x) =
Jz 9;(x, &) dP°(§) is convex on X. Furthermore, since integration against a non-negative
measure and taking suprema preserve convexity, the empirical robust functionals ®y ;
are also convex on X wherever they are finite-valued.

Define the population and empirical feasible regions by

Too =z € X : Do) <0}, Tyi=[|{z €X: By;(x) <0}

J=1

Cc

Define the corresponding constrained optimal values and minimizer sets: v :=
infoer,, Roo(f)(x), 0% = infoery Ry (f)(2), X} = argmin,cr Reo(f)(x), and X5 =
argmingr, Ry (f)(x).

Lemma 4.3 (Uniform convergence of robust constraint functionals). Under Assump-
tions 2.2-2.6 and 4.2, there exists an event A, with P(A,) = 1 such that, on A,

max)<j<j SUP,cx [Pn;(T) — Pooj()] — 0.

Proof. See Appendix B. O



The following theorem is the set-convergence step needed to transfer objective con-

vergence to constrained optimal values.

Theorem 4.4 (Painlevé-Kuratowski convergence of robust feasible regions). Under As-

sumption 4.2 and the assumptions of Lemma 4.3, on the event A,
Tn —5 T

Proof. See Appendix B. n

Theorem 4.5 (Constrained optimal-value and minimizer consistency). Under the as-
sumptions of Theorem 3.5 for the objective and the assumptions of Theorem 4.4 for the
feasible regions, on A, := Ay N Ay, 05 — v, and

Limsup X§ C X7

N—o0

Proof. See Appendix B. O

The abstract assumptions used so far are high-level; the next section verifies them

through empirical reference convergence and cost-based optimal-transport shrinkage.

5 Verification of Assumptions

We now verify the two distributional inputs through empirical reference convergence and
OT.-ambiguity-set shrinkage.

Proposition 5.1 (Summable deviation implies reference-distribution convergence). Let
D be a metric on P(Z) such that D(P,, P°) — 0 implies [c¢dP, — [Z¢dP° for
every ¢ € F. Suppose that for every ¢ > 0, S x_ P(D(P, P°) > €) < oo. Then
D(PEE, P°) — 0 almost surely, and hence Assumption 2.3 holds.

Proof. See Appendix C. m

This condition can be checked by standard concentration inequalities for empirical
measures under suitable moment or tail assumptions; see, for example, [15].

Proposition 5.2 (OT.ambiguity-set shrinkage). Let ¢ : = x = — [0,00] be a mea-
surable transportation cost satisfying c(£,€) = 0 for all £ € =. Define OT.(P,Q) =
inferpq) Jo, = (&) dy(&,C), where T'(P,Q) denotes the set of couplings of P and Q;
see [19]. Let 6n | 0 and set P = {P € P (Z) : OT. (P, P") < dy}. Suppose that every
W € F is c-Lipschitz, that is, there exists Ly < oo such that |¢(&) — ¢¥(C)] < Lyc(€,C)
for all £, € Z. Then, for every iy € F,

/Ede—/Ez/;dP]{?f

Consequently, Assumptions 2.4 and 2.5 hold.

sup < Lw(SN — 0.

PePs,
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Proof. See Appendix C. O

In particular, when ¢(§, ) = ||€ — (||, the ¢-Lipschitz condition reduces to ordinary
Lipschitz continuity with respect to the ambient norm.

Together, Propositions 5.1 and 5.2 verify the two distributional inputs required by
the abstract consistency theorems: reference convergence and ambiguity-set shrinkage.
We next apply the same mechanism to MADRO.

6 MADRO Extension

Having verified the distributional inputs for transportation-cost ambiguity sets, we now
apply the same mechanism to mixture ambiguity sets with uncertain component distri-
butions and uncertain weights.

Let PM4 be the mixed ambiguity set, and Py’ """ the mixed reference distribution.
The robust objective is evaluated using the componentwise robust values vy (z) and the
outer weight aggregation formula: sup,,cyy,, Zszl wivn k(). Componentwise shrinkage
can be verified, for example, by taking Py = {P : OT,, (P, P]{?fk) < 0N}, where 0y |
0, cx(&,€) = 0, and the relevant componentwise test functions are ¢g-Lipschitz. For fixed
componentwise robust values vy (x), the outer maximization over uncertain mixture
weights admits a finite-dimensional LP dual reformulation. A complete deterministic
reformulation is obtained once the componentwise values vy x(z) admit tractable dual
representations. As derived in Appendix D, the final LP dual reformulation is:

K tk+n—v>uove(x), k=1,...,K,
n | - bvatr: 0 <ty < —1,... _
inf inf o9+ v (0uwy D+ iyt 0<t, <20, k=1,...,K, (1)
k=1 v>0, neR

The consistency analysis mirrors the abstract framework: componentwise reference
convergence and componentwise shrinkage control the distributions, while shrinkage of
the weight set controls the mixture coefficients.

Assumption 6.1 (Componentwise reference-distribution convergence). For every k =
1,..., K and every ¥ € F, there exists an event Aﬁk with P(Aﬁk) = 1 such that, on

Af/ik, fEfzde]r\,eﬁC — [cwdPg.
Assumption 6.2 (Componentwise ambiguity-set shrinkage). For every £k = 1,..., K

and every ¢ € F, there exists an event Ai’k with ]P’(Aik) = 1 such that, on Ag’k,
Py # 0 for every N, and supp, cp,., | JzwdP, — [cvdPRL] — 0.

Assumption 6.3 (Weight ambiguity shrinkage). There exists an event A" with P(AY) =
1 such that, on AW, Wy # 0, Wy € Wh, SUDy, ey lWN — Wy|[1 — 0, and Wy — w°.

Lemma 6.4 (Reference-distribution convergence of the mixed reference distribution).
Under Assumptions 6.1 and 6.3, for every ¢ € F, on an event AwMA’R, fE 1/JdP]]\\,M’ref —
Je v dPMA2 where PMA° = S wpPY.



Proof. See Appendix D. O

Theorem 6.5 (Ambiguity-set shrinkage of the mixed ambiguity set). Under Assump-
tions 6.1-6.3, for every iy € F, on an event AgA’C, SUP pagpiia | fE P dPMA_fE 0 dP]]\‘fAvreﬂ —
0.

Proof. See Appendix D. n

Corollary 6.6 (Consistency of MADRO). Under Assumptions 2.1, 2.2, 2.5, 2.6, and
6.1-6.3, the mixed reference distribution satisfies Assumption 2.3, and the mixed am-
biguity set satisfies Assumptions 2.4 and 2.5. Consequently, Theorems 3.5, 3.7, 4.4,
and 4.5 yield uniform convergence of MADRO robust objectives, optimal-value conver-
gence, feasible-region PK convergence under the Slater condition, and PK outer conver-

gence of minimizer sets.

7 Conclusion

We developed a test-function-based consistency framework for data-driven DRO with
shrinking ambiguity sets. By separating reference-distribution convergence from ambiguity-
set shrinkage, the framework yields uniform convergence of robust objectives and con-
straints, optimal-value convergence, feasible-region convergence under Slater conditions,
and outer convergence of minimizers. The assumptions were verified for empirical refer-
ence measures and OT, ambiguity sets and extended to MADRO with uncertain mixture
weights.

A Proofs for Unconstrained DRO Consistency

Proof of Lemma 3.1. Fix ¢ € F and define A, := A}, N AN Af NA? Then P(A,) = 1.
For every w € Ay and every sequence Py € Py(w), we decompose fE YdPy — fa Y dP°

(/EdeN—/Ede]{,ef) + (/EdefVef—/Edeo).

The first term converges to zero by Assumption 2.4, and the second term converges to
zero by Assumption 2.3. O

Proof of Lemma 3.2. Fix w € A,IZ, N Ag N A?. We suppress w from the notation. By
Assumption 2.2, all integrals in the definition of Ay(¢)) are finite real numbers for indi-
vidual P € Py, although the supremum may a priori be +00. Suppose for contradiction
that Ayx(¢) 4 0. Then there exists ¢ > 0 and a subsequence N, — oo such that
Anp, (1) > €. For each k, we can choose Py, € Py, such that

’/E@deNk—/E@deﬁ:

> €.




However, completing the sequence Py, with arbitrary elements from Py for indices N not
in the subsequence (which is possible since Py # () by Assumption 2.5), Assumption 2.4
implies that for the full sequence Py,

'/E¢dPN—/E¢dPJf§f —0

This contradicts the inequality along the subsequence Nj. Hence Ay (7)) — 0. [

Proof of Lemma 3.3. Fix x,2’ € X. For every P € Py, Assumption 2.1(ii) gives

/: f(x,€) dP(€) < / £, €) dP(€) + pr(|z — o)),

Taking the supremum over P € Py gives

Ry(f)(x) < Ry()(2) + pr(jz — 2')).

Interchanging x and 2’ yields

Ry ()(@) < Ru(f)(@) + py(lz — 2]).

Hence
IR (f)(x) = R () (@) < psllz — ).

The proof for R (f) is identical, with P° in place of P. The required integrals are finite
by Assumption 2.2, since f(z,-) € F for all z € X. ]

Proof of Lemma 3.4. Fix x € X and set ¢,() := f(x,€&). By Assumption 2.1, ¢, € F.
Let
7l R C [} F
A=Ay NA; NA; NATNA".

Then P(A,) = 1. Fix w € A,, and suppress w from the notation. By Assumption 2.6,
Rn(f)(x) is finite for large N. Thus,

RN (f)(#) = Roo(f)(2)] < sup

PePyN

+ /Ef(x,g)dP}“vef(ﬁ)—/Ef@’g)dpo(g)"

[ fa€yap©) - [ re.9arstie)

The first term tends to zero by Lemma 3.2, and the second term tends to zero by

Assumption 2.3. Hence Ry (f)(x) = Roo(f)(x). O

Proof of Theorem 3.5. Since X is compact metric, it is separable. Fix a countable dense
subset D = {z;,}men C X. For each m, by Lemma 3.4, there exists an event A, with



P(A,,, ) =1 such that Ry(f)(zm) = Reo(f)(xm) on A, . Define

Tm *

Ap=A"n AN () As,

m=1

Then P(Af) = 1. Fix w € Ay, and suppress w from the notation. By Assumption 2.6,
for all sufficiently large N, Ry (f) is finite-valued on all of X. For these sufficiently large
N, Lemma 3.3 applies, and Ry(f) and Roo(f) share the modulus p;. Given € > 0,
choose § > 0 such that pf(d) < €/4. Since X is compact, the open balls B(x,,,d) cover
X. Extract a finite subcover corresponding to indices my, ..., mp. Since Ry (f)(xm,) —
Roo(f)(zm,) for each ¢ € {1,..., L}, there exists Ny such that for all N > Ny and all
te{l,...,L},
Ry () (me) = Ree ) (o) < €/2.

For any x € X, there exists ¢ such that |z — x,,,| < J. Then for N > N,

Ry (f)(@) = Roo (/) ()] < [Ra()(2) = R () (2m, )]
HIRN () (@m,) = Roo () (@m, )]
+ [ Roo(f)(@m,) = Roo(f) ()]

<2p5(0) +€/2 <e.

Taking the supremum over x € X" yields

sup [R (f)(#) = Roo(f) ()] = 0.

rzeX

Proof of Corollary 3.6. By Theorem 3.5, on Ay,

sup Ry (f)(2) = Roo(f)(2)| = 0.

TEX

Extend Ry (f) and Ro(f) to the ambient Euclidean space by setting them equal to
+00 outside &X. Since X' is compact, uniform convergence on A yields epi-convergence
of these extended functions [18, Chapter 7]. In particular, Ry(f) P R (f). By the
definition of epi-convergence, this is equivalent to the Painlevé-Kuratowski convergence
of the epigraphs:

epiy R (f) — epiy Roo(f).

Proof of Theorem 3.7. For every x € X, the uniform error bound implies

Reoo(f)(@)=sup Ry (f)(2)=Roo (/) (2)] < R (f)(2) < Roo(f)(@)+sup [Rn(f)(2)=Reo(f)(2)]-

zZEX zeX
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Taking the infimum over x € X yields

v* = sup Ry (f)(2) = Roo(f)(2)] < Oy < 0" +sup R (f)(2) = Reo(f)(2)]

zeX zEX

By Theorem 3.5, the right-hand side converges to 0, and therefore oy — v*. We
next prove the outer inclusion for minimizer sets. By Theorem 3.5 and the eventual
finite-valuedness proved via Assumption 2.6, Ry(f) is finite-valued and continuous on
X for all sufficiently large N. Hence Xy # () for all sufficiently large N. Also, X* # () by
compactness of X' and continuity of Ro(f). Discarding finitely many indices, let { N}
be an arbitrary subsequence and let xy, € X N,- By compactness of X, passing to a
further subsequence if necessary, we may assume that zy, -z € X. Choose any
z* € X*. Since xy, € Xy,, we have Ry, (f)(zn,) = 9n, < R, (f)(z*). Hence we can
bound the difference as

Roo(F)(@n,) = Reo(f)(2") < [Reo(f)(@m) — Rv (/) (@n)] + R, () (27) = Reo(f)(27)]
< 2325 Ry, (f)(2) = Roo(f)(2)] -

Taking the limit superior gives limsup,,_, . (Reo(f)(2n,) — Roo(f)(2z*)) < 0. By continu-
ity of R (f), passing to the limit along zy, — 7 yields Roo(f)(Z) < Roo(f)(z*) = v*.
Since v* is the infimum, R (f)(Z) = v*, which proves that £ € X*. Since the subse-
quence and cluster point were arbitrary, we conclude that Limsupy . Xy C X*. ]

B Proofs for Constrained DRO Consistency

Proof of Lemma 4.3. Fix j € {1,...,J}. Since X is compact metric, let D = {z,, };men
be a countable dense subset of X'. For each m, set

Vi (&) = gj(@m, &)
By the constraint regularity assumption, v;,, € F. Define

[e's) J
Aggi= () (AL, n AL naf ), A= AN AT N ()4,

m=1 J=1

Then P(4,) = 1. Fix w € A,
Lemma 3.4 and Assumption 4.2 imply

and suppress w from the notation. For fixed j and m,

(I)N,j (.Tm) — (I)oo,j (.CEm)

11



By Assumption 2.6, for each fixed j, @y ; is finite-valued on X for all sufficiently large
N. The same modulus argument as in Lemma 3.3 gives, for all sufficiently large NN,

[P (@) = P (@) < pg,(lw = 2']),  Va,2' e X,

and
[P j(2) = Poo i (2')| < pg; (|2 —2']), Va2’ € X.

Using a finite d-net in D, exactly as in the proof of Theorem 3.5, yields

sup | Py ;(z) — Poo ;(z)| — 0.
reX

Since J < oo, taking the maximum over j = 1,...,J gives

12X, Sup |Pn,j(7) — oo ()| — 0.

]

Proof of Theorem 4.4. Define en := max;<j<jsup,cy |Pn,;(2) =P j(7)|. By Lemma 4.3,
eny — 0.

We first prove the outer inclusion (Limsupy_,., I'v € I'). Let { Ny} be an arbitrary
subsequence, and let xy, € I'y,. By compactness of X', passing to a further subsequence
if necessary, we assume zy, — Z € X. Since zy, € I'n,, we have Oy, ;j(zy,) < 0 for
7 =1,...,J. Hence, for each 7,

Do j(Tn,) = Pooj(Tn,) — P j(n,) + Py (@) < | Pooj(n,) — Py j(@n,)] < -

Taking the limit as & — oo and using the continuity of @, ; yields ¢ ;(Z) < 0. There-
fore, z € I's. This proves Limsupy_, . I'n C I'w.

For the inner inclusion (', € Liminfy o I'y), let x € T'y,. We distinguish two
cases. First, suppose @ j(x) <O0forall j =1,...,J. Set n := —maxj<j<j Poo ;(z) > 0.
Since ey — 0, there exists Ny such that for all N > Ny, ey < n/2. Then, for every
g=1,...,J and every N > Ny,

Py j(x) < Pooj() + [P j(7) — Pooj(2)| < —m+en < —1/2 < 0.

Thus x € I'y for all N > Ny, which implies x € Liminf y_,, I'y.

Next, suppose max;<j<; Poo j(z) = 0. Let 2° be the Slater point from Assumption 4.2
satisfying @, ;(2°) <0 forall j =1,...,J. For A € (0,1), define 2* := (1 — X\)x + Az°.
Since X is convex, z* € X. By convexity of each @ ;,

Do j(77) < (1= N)Puo j(2) + APu j(2°) < 0

for j=1,...,J. Fix A € (0,1). By the first case (strictly feasible interior point), there

12



exists Ny such that 2* € 'y for all N > N,. Consequently, dist(z,['y) < |z — 2*| for
all N > N,. Taking the limit superior as N — oo yields

lim sup dist(z, I'y) < |z — 27|
N—oo
Since z* = (1 — Az + Az°, we have |z* — x| = M2° — x| — 0 as A | 0. Hence

limsupy_,, dist(z,I'y) = 0. By the distance characterization of the inner limit, = €
Liminfy_,, I'y. Combining the two inclusions yields I'y PE, I's. O

Proof of Theorem 4.5. Fix w € A,. Then

Sup (R (£)(7) = Roo(f)(w)] = 0
by Theorem 3.5, and

122 SR ) = nsl)] =0

by Lemma 4.3. Moreover,
PK
'y —T's

by Theorem 4.4.
By the Slater condition, there exists £ € X and 1 > 0 such that
(Dm,](jf) S -, ]:1,,J

Since

max | By () — Poi(7)] = 0,

we have @y ;(7) < —n/2 for all j and all sufficiently large N. Hence € I'y eventually,
so I'y # () eventually.

We first establish the upper bound (limsupy_,. 05 < vS). Let z* € X C '
(which is valid since X} # (). By Theorem 4.4, I',, C Liminfy_,,, 'y, hence there
exists a sequence zy € I'y such that xy — z*. Since 0§ = infer, Ry (f)(x), we have
0% < Rn(f)(xy). Therefore,

lim sup 0% < limsup Ry (f)(xn)

< limsup(Roo()(zx) + 51p [R(£)(2) = Recl£)(2)]) = ReslF)a) = 1

For the lower bound (liminfy_,., 05 > vS), let {N,,} be a subsequence such that
0%, — liminfy_, 95. For each m, choose 2y, € Xﬁ,m satisfying Ry, (f)(Zn,,) = 0%, -
By compactness of X', passing to a subsequence if necessary, we assume 2y, — T € X.

Since Zy, € I'n, , the outer inclusion Limsupy_,. 'y € 'y, implies £ € I',. Hence

13



vS, < Roo(f)(Z). Moreover,

Cc
o0

0%, = Roo(F)(@)] = [Rov,, (/) (En,,) = Roo(f)(2))]
< sup (RN (F)(2) = Roo(N)(2)] + [Roo (/) (En) = Roo(F)(Z)] -

The right-hand side converges to 0. Therefore, 05, — Roo(f)(Z), and thus v5, <
liminfy_,o, 5. Combining the two bounds yields 9%, — vS..

For the outer inclusion of constrained minimizers, let { Ny} be an arbitrary subse-
quence and let Zy, € X]i,k. By compactness of X, passing to a further subsequence if
necessary, we assume Ty, — & € X. Since Ty, € I'y,, Theorem 4.4 implies z € I'.

Moreover, since &y, € X5, Ry, (f)(Zn,) = 0%, . Since 05, — vS,,

R (F)(&83,) = Roo(£)(@)] < sup [Rn, (£)(2) = Reo(f)(2)]

zeX

+ [Roo(f)(@n,) = Roo(f)(T)] = 0.

Hence Ry, (f)(Zn,) = Reo(f)(Z). Combining the limits yields R (f)(Z) = vS,. Since
Z € ', we conclude z € X!. As the subsequence and cluster point were arbitrary,
Limsup_, o va C X, O

C Verification Proofs

Proof of Proposition 5.1. Fix € > 0. Let
En(e) :== {D(Px, P°) > ¢}.

By assumption, Y x_; P(En(€)) < co. By the Borel-Cantelli lemma,

N—o0

P (hm sup EN(e)) =0,

where

limsup Ey(e) = ﬂ U Ex(e).

N—roo n=1k=n

Let
N, :=limsup Ex/(e).

N—o0

Then P(N,) = 0. For any sample path w ¢ N, there exists a finite integer Ny(w, €) such
that
D(Py'(w), P°) < e
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for all N > Ny(w,e€). To establish almost sure convergence independent of €, consider

the countable sequence €,, = 1/m, m € N, and define
N = G M /.
m=1
By countable subadditivity,
P(N) < i P} /) = 0.
m=1
For any w ¢ A and any € > 0, choose m € N such that 1/m < e. Since w ¢ N, there

exists an integer No(w,1/m) such that for all N > Ny(w, 1/m),

D(P(w), P°) < — <.

1
m
Therefore,

D(Px(w), P°) — 0.

Since P(N') = 0, we conclude that
D(Py", P°) =0

almost surely. By the condition given in the proposition, we obtain

/Ewdpﬁf%/adeO

almost surely for every ¢ € F. O]

Proof of Proposition 5.2. Fix ¢» € F and P € P§,. Take Ly < oo from the c-Lipschitz
condition. For every € > 0, choose 7. € I'(P, Pi!) such that

c(€,0) d7.(€,¢) < OTu(P, P) + e < oy +&.

o

(1]

X

Use the marginals of v, to write the difference of integrals as one joint integral:

[var— [varg = [ wie - v@)anieo.

Apply the c-Lipschitz bound:

’/Ede—/EdefVef

< [ WO-0I €O Lo [ 60 du0) < Lulbrte)

EXE
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Let € | 0 to obtain:

/wp—/@z)dpﬁf < Lydn.
Take the supremum over P € Pg;:
sup /de —/de}\?f < Lyoy — 0.
Peps |J= =

Thus Assumption 2.4 holds.
To prove Pif € P, use the diagonal coupling (id, id)4 Pi'. Since ¢(€, &) = 0,

OT, (P, P') < / (6, €) AP () = 0 < b

Hence Pi' € Pg, so P§ # 0. Conclude Assumptions 2.4 and 2.5. O

D MADRO Proofs

MADRO Dual Reformulation Derivation. For fixed x, the outer aggregation problem

over w € Wy is
K

sup w N k(). (2)
wEWN ;

Recall that the ¢;-weight ambiguity set is given by Wy = {w € A : [[w—wn][1 < duyn}-
Introduce auxiliary variables u; > 0 to linearize |wy — Wy | such that

—wi + Wy < ug, W — WN g < U, k=1,...,K.

Then (2) is equivalent to the primal linear program:

K
sup vak(x)wk
w,u k—1
K
s.t. Zwk = 1,
k=1
Wg — Uk <wN,ka k= ; 7K7 (3)
—wk—uk<—u§N’k, k—]_, 7K,
K
Zuk < N,
k=1

The feasible set is nonempty because wy € Ag and d, 5 > 0, with feasible point
w = wy,u = 0. It is also compact. Hence, if vy x(z) < oo for all k, the primal linear

program has a finite optimal value, and finite-dimensional LP strong duality applies.
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We form the Lagrangian. Let n € R be the dual variable for » , wy = 1, ay > 0
for wy —w, < Wy, P > 0 for —wy, —up < —Wny, and v > 0 for Y, up < 0y n. The

Lagrangian is:

K K K
£(w7u77]7a7ﬁ7 V) = ZUN,k(x)wk + T](l - wk) + V((Sw,N - Zuk>
k=1 k=1 k=1
K K
+ Z ozk(wva — Wg + uk) + Z ﬁk(—ﬁ)]\[’k -+ Wi + uk.)
k=1 k=1

K
=1+ Ow,NV + Z W k(o — Br)
=1
K K

—i—Zwk(vN,k(a:) —n— ok + Br) +Zuk(—y+ak+ﬁk).

k=1 k=1

Since wy > 0 and ug > 0, the supremum of the Lagrangian over (w,w) is finite if and
only if:

Ung(T) =1 — oy + B <0, —v 4o+ Fr <0, k

1,..., K.
Equivalently,
ap — B+ 1> ong(x), ag + Br < v, k=1,...,K.

Therefore the dual problem is

n,v,0,0

K K
inf  n+0unv+ E W g — E Wy 1 B
k=1 k=1

st. ag — Bk +n>one(z), k=1,....K,
Oék—f-BkSV, kzl,...,K,

Oékzo, 5]4207 kzl,...,K,
v >0, n € R.
Equivalently, introduce the substitution
tkiz&k—ﬂk—l—l/, k:L,K (5)

Since ay, B > 0 and ay + £, < v, we have

0<t, <2, k=1,...,K.

Y

Moreover, ay — B = tx — v. Substituting this into (4) and using Zszl Wy = 1, we
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obtain the final dual form presented in the main text:

K
};Iz}ft n+v(dwn—1)+ ;wwtk
st te+n—v>uove(x), k=1,...,K, (6)

Ogtk§2l/, /{Z:L...,K,
v >0, n € R.

]

Proof of Lemma 6.4. Let AY" = AV, AR On AYA dby — we and [L o dPyS, —
fE 1 dPg. Because limits commute with finite sums, fE Wvd PJJ\\]/IA,ref _y kK:1 . fE y dP]r\,‘ifk N
Zf:l wy, fa YdP? = fa 0 dPMAo. v

Proof of Theorem 6.5. Fix ¢ € F and define

K
AJAC = A N (ﬂ Ag,k) nAY.
k=1

Then IP’(AQJL“’C) =1. Fixw e A%A’C and suppress it. First note that

sup Jlwy —w°|[y < sup |lwy —wn| + ||wny — w°[|; = 0.
wy EWN wyEWN

For k=1,... K, set

ank ::[¢dpﬁz, ag ;:/WP,:.

On AfA’R, an, — ay, for every k. Since K < oo, there exists Cy, < oo such that

max ‘CLNJJ S Ow
1<k<K

for all sufficiently large N. Let PM4 = 25:1 wy Py, € PMA. The difference is bounded

as:

K K K
A M A ref 1
’/deM —/deN < ZwN,k /¢dPN,k—&N,k + ZwN,kaN,k—ZwN,kaN,k
= = k=1 = k=1 k=1
< max sup /dek—aNk + Cyllwy — Wnl1-
1<k<K PrePnyi |JE 7 v

Taking the supremum over PM4 € PM4 bhoth terms on the right-hand side converge to
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0 by Assumptions 6.2 and 6.3, as well as the fact that K < oo. Hence:

sup / W dPMA — / W dPY e — 0.
P]\/IAG'P]J\V]IA = =
This proves the stated ambiguity-set shrinkage toward Pa ™. O
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