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Abstract

In this paper, we study Newton-conjugate gradient (Newton-CG) methods for minimizing a
nonconvex function f whose Hessian is (Hy, v)-Holder continuous with modulus Hy > 0 and exponent
v € (0,1]. Recently proposed Newton-CG methods for this problem [I3] adopt (i) non-adaptive
regularization and (ii) a nested line-search procedure, where (i) often leads to inefficient early
progress and the loss of local superlinear convergence, and (ii) may incur high computational cost
due to multiple solves of the Newton system per iteration. To address these limitations, we propose
two novel Newton-CG algorithms, depending on the availability of v, that adaptively regularize the
Newton system by leveraging the auto-conditioning technique to eliminate the nested line search.
The proposed algorithms achieve the best-known iteration complexity (’)(H}/ (52 = (24v)/ (1+2))
for finding an e-stationary point and, simultaneously, enjoy local superlinear convergence near
nondegenerate local minimizers. Numerical experiments further demonstrate the practical advantages
of our algorithms over existing approaches.

1 Introduction
We consider the nonconvex unconstrained optimization problem

min f(z), (1)
where f : R™ — R is twice continuously differentiable. Our focus is on second-order algorithms that
compute an e-stationary point Z satisfying |V f(Z)|| < €, under the assumption that the Hessian is
(Hy,v)-Holder continuous on a suitable compact set X’ that shall be specified later. That is, there exist
constants Hy > 0 and v € (0,1] such that ||V2f(y) — V2f(2)|| < Hf|ly — z|” for all z,y € X. In the
case v = 1, this condition corresponds to the standard Lipschitz-continuous Hessian assumption, which
has been extensively studied in the literature. In contrast, the Holder-continuous regime v < 1 has
received comparatively less attention. In this work, we consider the full range v € (0, 1].

Under the Lipschitz-Hessian setting (v = 1), second-order methods are among the most powerful
tools for solving at small to medium-sized problems, due to their local superlinear convergence near
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nondegenerate solutions. However, it is well known that the classic Newton method may fail to converge
globally. To address this, a popular globalization strategy is the cubic-regularized Newton method [23],
which not only enjoys global convergence with an optimal 0(6_3/ 2) iteration complexity for nonconvex
functions [0, 4], but also retains local superlinear convergence. Yet the need to repeatedly solve the
cubic subproblems often constitutes a computational bottleneck in practical applications. To mitigate
this cost, one may solve the subproblems inexactly with first-order methods [3]. As a more mature and
practically stable globalization strategy, the Levenberg-Marquardt (quadratic) regularization [16] 20] is
also widely used, with the resulting linear systems solved using the conjugate gradient (CG) method:

(v2 £ + Ekl) d* = v f(ab), 2)

where d” is the the search direction at iteration k. The regularization (damping) parameter £; plays
a critical role in both theory and performance. For example, by setting ex = /€, i.e., equal to the
square root of the target accuracy €, [25] proposes a capped CG procedure to solve and obtain
an (9(6_3/ 2) iteration complexity for finding an e-stationary point. While this strategy achieves the
optimal global rates, its practical behavior can be unsatisfactory when the target precision € is small.
Specifically, if e, = /€ is small, the method may repeatedly select negative curvature directions in
early iterations, resulting in slow early progress. Moreover, using a non-adaptive €, can destroy the
local superlinear convergence that one expects from second-order methods. To address this issue, [28]
proposes a gradient-norm-based regularization rule that retains both fast global and local convergence.
A more complete discussion of the literature can be found in later sections.

As for the Holder-Hessian regime v < 1, results are still quite limited. Recently, He et al. [13]
proposed a framework that sets e = ¢/(17) and uses the capped CG to solve the corresponding
linear systems. This method finds an e-stationary point within (’)(e*(zﬂ’ )/ (v )) iterations, matching
the lower bound established in [6]. However, the same two limitations persist: (i) a too small and
non-adaptive €; can lead to unnecessarily excessive reliance on negative curvature directions in early
stages, producing weak descent sometimes even worse than gradient descent, and (ii) the desirable
local superlinear convergence near nondegenerate local minimizers is missing. A remedy for this is to
adapt the regularization parameter €, at the cost of introducing a nested line-search procedure that is
agnostic to the problem parameters. More precisely, one needs to solve multiple times per iteration
in the outer line-search loop for an appropriate €, while another inner line-search loop is required for
each € to check whether a sufficient descent is obtained. This results in a computationally expensive
nested double-loop line-search structure.

Contributions. Motivated by these considerations, our main contributions are highlighted below.

e We propose two Newton-CG methods, depending on the availability of v, both of which adaptively
regularize the Newton system using the current gradient magnitudes. To resolve the nested
double line-search loop issue, we extend the auto-conditioning technique from first-order methods
[15, 19], which approximates unknown problem parameters using historical local information,
thereby eliminating the outer line-search loop for selecting ;. This allows our algorithms to
solve only once per iteration, improving practical efficiency.

e Both methods achieve the best-known iteration complexity (’)(H}/(Hy)e*(“”)/(l*”)). For both
algorithms, we establish local superlinear convergence near nondegenerate stationary points,
which is generally unattainable under non-adaptive damping schemes. A technically interesting
point is that when developing a fully parameter-free variant, a direct application of existing
auto-conditioning techniques does not work as the parameters controlled by the auto-conditioning



mechanism can become unbounded in the Holderian regime (v < 1). Furthermore, a capture
theorem is derived to assist the establishment of local superlinear rates.

Related literature. Next, let us review the closely related literature on second-order methods
that has yet to be discussed. We begin with the representative choices of damping (regularization)
parameters in Newton-type methods under the classical Lipschitz-continuous Hessian assumption. We
then summarize the more limited body of work that develops second-order methods for under
Hoélder continuity of the Hessian.

The Lipschitz-Hessian regime. In the classical Lipschitz-Hessian setting (v = 1) , substantial work
has investigated the choice of the damping parameter ¢, in the regularized Newton system. For convex
functions, early works [I8, 24] proposed gradient-based regularization of the form e, o ||V f(z%)]|,
yielding quadratic local convergence but not providing satisfactory global complexity guarantees. More
recently, Mishchenko [21] analyzed the choice e, o ||V f(2*)||*/?, establishing a global O(1/k?) rate
while successfully preserving local superlinear convergence. In the nonconvex setting, however, beyond
the challenge of Hessian indefiniteness, a tension exists between achieving the optimal global rate and
maintaining local superlinear convergence. Ueda and Yamashita [26] proposed a regularization scheme
based on the minimum eigenvalue of the Hessian and the gradient norm. While preserving a local
superlinear rate, it yields a suboptimal global complexity of O(e~2). To improve global performance,
Gratton et al. [I2] designed a trust-region-based method that alternates between regularized Newton
and negative curvature steps, which improves the global rate to nearly optimal. Alternatively, Royer
et al. [25] fixed ) to the target accuracy and employed the capped CG procedure, achieving the
optimal global rate, while Curtis et al. [9] further improved this method by leveraging trust-region
techniques. However, the non-adaptive regularization does not lead to local superlinear convergence.
Along a similar line, Zhu and Xiao [29] achieved the optimal global rate together with local superlinear
convergence using capped CG under additional error bound or global strong convexity assumptions.
These results imply an inherent trade-off: gradient-norm-based regularization generally favors local
behavior, as the regularization term vanishes asymptotically (||V f(z*)| — 0), allowing the algorithm
to behave like pure Newton steps near the solution. On the other hand, fixed-accuracy regularization,
while globally optimal, often sacrifices this local rate. Very recently, Zhou et al. [28] bridged this gap
by introducing novel gradient-norm-based regularization schemes that achieve both the best-known
global rate and local superlinear convergence.

The Holder-Hessian regime. Second-order methods for under a Holder-continuous Hessian have
received relatively limited attention. The regularized Newton frameworks in [5 [7, [8, 1], 13| 27]
constitute the main existing approaches in this setting. Specifically, the early work [5] address
by solving a sequence of (2 + v)-th regularized subproblems, which can be viewed as a natural
generalization of cubic regularization from the Lipschitz-Hessian case. This line was subsequently
extended in [7, 8] to high-order regularized methods for nonconvex optimization under Holder continuity
of higher-order derivatives. In a related direction, [I1] tackles (1) by solving a sequence of (2 + v)-th or
cubic regularized Newton subproblems, while [27] develops adaptive regularized Newton schemes on
Riemannian manifolds ( is a special case) that inexactly solve either (2 + v)-th order regularized
Newton or trust-region subproblems. All these methods achieve optimal worst-case iteration complexity,
but they typically require solving higher-order regularized subproblems or nontrivial polynomial
optimization problems, which can be prohibitively expensive. Building on the quadratic regularized
Newton and capped CG framework of [25], He et al. [13] proposed a parameter-free framework for



solving with optimal global rate. However, its non-adaptive regularization scheme fails to preserve
the appealing local superlinear convergence. In fact, to the best of our knowledge, no existing work
that simultaneously attains optimal global rate and guarantees local superlinear rate for nonconvex
problem with Holder-continuous Hessian.

Organization. In Section [2, we introduce notation and standing assumptions used throughout
the paper. In Sections [3| and [4] depending on the availability of the Holder exponent v, we develop
two Newton-CG methods for that adaptively regularize the Newton system while estimating the
Hy in a line-search-free, auto-conditioned manner. Global iteration complexity and local superlinear
convergence guarantees are established for both methods. Sections [f] and [6] present numerical results
and conclusion, respectively. Appendix [A] contains the proofs of the main results. Appendix [B] briefly
introduces the capped CG procedure used in our algorithms.

Notations. We use || - || to denote the ¢5 norm of a vector or the spectral norm of a matrix. We
denote the level set of f at u € R" by Z¢(u) := {z : f(x) < f(u)}, and we denote its r-neighborhood
by Li(u;r) :={z: ||z —2'|| <r, 2’ € ZL(u)} for all r > 0. For any z € R, we denote the sign function
as sgn(z), which returns 1 when z > 0 and —1 when z < 0.

2 Preliminaries and basic assumptions

By default, we assume the objective function f € C? to be twice continuously differentiable and has
bounded level set, as formalized below.

Assumption 1. The level set L¢(z°) at initial iterate 2° is compact.

As a direct consequence of Assumption |1} there exist fiow € R, Uy > 0 and Uy > 0 such that
F@) > fow, V@I <Ug V@) <Un Vo Zp(°). (3)

Define Ay := f (2°) — fiow. Also, according to the algorithmic design of this paper, all analysis can be
restricted to an rg-neighborhood of the level set .Z¢(z°), with ry defined as

rq = max{1.1,1.1U,, Ug}. (4)

The factor 1.1 here can be replaced by any constant greater than 1. We next make the assumption of
Holder continuity on V2 f over the compact region £ (z%;74).

Assumption 2. The Hessian V2f is (Hy,v)-Hélder continuous on L¢(2%r4) such that
IV2f(y) = V2f (@) < Hylly — 2| Va,y € ZLy(a%ra),
for some v € (0,1] and Hy > 0. Without loss of generality, we default Hy > 1.

Denote the Taylor residuals of f and V f, respectively, as

Ro(y7) = |F(9) = (@) = V)"~ ) = 3y~ )"V, 2)y — )] 5

Ri(y,z) = [V f(y) = Vf(z) = V2 f(z)(y — )|l

Then Assumption [2] immediately implies the following residual bounds:

Hylly —l™ < Hely el

0.
(I+v)2+v) R o,y € Zy(a5ra), (6)

RO(y, J}) <



see [I1]. As a consequence, we can define two handy lower estimators of the constant H as

Hly )= 2Dy, )

2R0(y,x)
Ho(y, z) := Ty — =

Ay — =l

It is immediate that Hy > Ho(y, ) and Hy > Hi(y,z) for all z,y € Lf(2%ry) and z # y.

3 An adaptive regularized Newton-CG method

In this section, we propose an adaptive Newton-CG method for problem , under the basic setting
where the Holder exponent v is known. This method incorporates the auto-conditioning technique
used in developing parameter-free first-order methods (e.g., [15, [19]) to adaptively estimate the local
Holder constant Hy in Zf(x%; 7).

3.1 Algorithm framework

Based on the previous discussion, we present Algorithm [Il At each iteration & > 0 of this algorithm, we
use a CappedCG subroutine (Algorithm |3, Appendix proposed by [25] to solve the damped Newton

system :

1

(V") + 200V £ 7T ) d =~V £(). )

where 7y, is an adaptive estimation of Hy. Rather than approximating Hy through a backtracking

search at each iteration, we employ the auto-conditioning mechanism of [I5] [19]. It is worth mentioning
that all the information for updating the local estimate oy is based solely on historical information of
the algorithm that has already been computed in the previous steps, no extra Hessian/gradient /function
evaluations are needed. Then, depending on whether CappedCG returns an approximate solution (SOL)
of or a negative curvature (NC) direction of V2 f(2*), Algorithm [I| will exploit the damped Newton
or negative curvature directions, respectively.

Algorithm 1: An adaptive regularized Newton-CG method

1 Input: initial point z° € R", parameter vo > 1, line-search parameters 7,0 € (0, 1), exponent v € (0, 1].
while Vf(z*) # 0 do
s | Set Hy = V?f(a"), g = Vf(2*), er = (yllgr]”)/ O, and ¢ = min{1/2, ||gx[|”/" )} Then call

(M

(d, d-type) < CappedCG(Hy, gk, €k, Ck, U).

4 if d_-type == NC then
5 Set d* + —sgn(d*gy)
that

|d™ Hyd|
(KR

d, and find ay = 7%, where jj is the smallest nonnegative integer j such
fa* +07d") < f(a*) - T |d" . (9)

if jr > 1 then set o, = Ho(l?k + gjk_ldk,xk),
T // d_type = SOL
Set d* < d, and find ay, = 6%, where jj, is the smallest nonnegative integer j such that

fa® +67d") < f(z") = next”||d"||*. (10)
9 | if jx == 0 then set o) = Hi(z"* +d*,2%) else set ox = max {Ho(z" + d*, 2*), Ho(z" + 67+~ 1d*, %)}
10 Set z**! = 2* + apd®, Ypy1 = max{yk, 0k}, and k + k + 1.




As discussed in the introduction, a key distinction from the existing parameter-free Newton-CG
methods [I3] for problem is that, instead of setting the damping parameter to ¢ x €/11) we
set g, oc ||V f(z*)|[*/(*¥). On the one hand, in early iterations when the gradients are still large,
the algorithm is more likely to exploit the scaled gradient steps, suppressing the negative curvature
steps that are usually slower in early stages. On the other hand, when the iterates get close to a
nondegenerate local solution of the problem, the adaptively selected ¢ automatically diminishes as
gradient decreases. By setting the relative accuracy of CappedCG to (j = O(||Vf(1‘k)||”/(1+”)), a local
superlinear convergence can also be expected.

3.2 Global complexity bound

The following lemma shows that the main iterates and trial iterates of Algorithm [I}lie within a suitable
neighborhood of the level set, with the proof given in Appendix

Lemma 1. Given Assumption the sequences {z*}1>0 and {d*};>0 generated by Algorithm satisfy
¥+ ad® € Lp(2%rq) for allk >0 and o € [0,1], where rq is defined in ().

This lemma informs us that all analysis can be performed under the constants introduced in (3
and we can activate Assumption [2| to utilize the (H,v)-Holder continuity of V2f in .Zf (2% ry).

Next, we proceed with the global complexity analysis for finding e-stationary points of problem .
As the auto-conditioning mechanism always underestimates H, a sufficient decrease is not necessarily
guaranteed even if CappedCG successfully returns an approximate solution to , a standard analysis
may therefore fail. For Algorithm (I, we divide its iterations before reaching an e-stationary point
(Ke := {k : [Vf(z")] > €,Vt < k}) into three subsets:

Kep = {k € Ke: [V > (V@872 0n < 2,
K.z = {k € Ke: [V > V@012, 01 > 2},
K.s:= {k € K. : [V < [VF@Eb)]/2),

where iterations in K ; generate sufficient descent, while |K¢ 2| and |K, 3| are provably small. In the
following, we provide two lemmas that establish the sufficient descent for K 1, depending on the output
of CappedCG. The proofs of the two lemmas are deferred to Appendix

Lemma 2. Given Assumptions and@ for all k € K1 with d* being the output of CappedCG with
d_type=SOL, the following two statements hold.

(i) The step size oy, is well-defined and it satisfies oy > min {1, (2(1 — n)/(l.l”Hf))l/(H”)H}.

(ii) Let coory :=n(1 —n)*70/100. The neat iterate "' = 2% 4 apd® satisfies
1 24w
F@) = F@™) 2 oy, TV SR (11)

Moreover, the gradient at the next iterate is bounded by |V f(z*1)|| < (2H + 5)||V f(z")]|.

Lemma 3. Given Assumptions and@ for all k € K1 with d* being the output of CappedCG with
d_type=NC, the following two statements hold.

(i) The step size oy is well-defined, and oy > min{1,0((1 —n)/Hp)"/V ||V f ()| (1—)/0+1)},



(i) Let cpep :=mn(1 — 17)%02/22+TV. The neat iterate 2"+ = xF 4 apd* satisfies

1

F(@") = F@Y) = enepry T min { |V £(@8) 7,1} (12)

1
Moreover, we have |V f(z**1)|| < 2a,Ug || d*| whenever ||d¥| < M :=min {U}%,0(1 — n)%UH/HJ}’ }.

In either case, an Q(e>+)/(1+7)) descent can be achieved for k € K.; whenever ||V f(2F)| > .
Recall that Ay = f(2°) — fiow denotes the function value gap. It then follows directly that K| <
O(A e~ H)/(4)) - Since the sequence {yx}r>0 C [0, Hy] is nondecreasing in Algorithm [1], it is
also straightforward to bound |K¢ 2| < [logy(Hf/v0)] = O(1) as 5, doubles for each k € K¢ 2. Note
that K¢ 3 can be divided into at most K¢ 1| + |K¢2| + 1 consecutive subsets with each containing at
most [logy(Uy/€)] iterations as the gradient halves for each k € K. 3. This straightforward analysis
immediately yields an iteration complexity of (9(6*(%” )/(A+¥) 1n(1/ €)). In the next theorem, we show
that the logarithmic factor In(1/¢) can be removed with a more careful analysis; see the detailed proof

in Appendix
1 v
Theorem 1. Given Assumptions and@, we have |K¢| < O(Afo”” e_%) for Algorithm .

The iteration complexity of Theorem |1| matches the best known upper bound in [I3] (non-adaptive
damping scheme), and it also matches the lower bound provided [6]. In the Lipschitz-Hessian special
case (v = 1), the iteration complexity of Theorem [1{ reduces to O (A ijlc/ 23/ 2), outperforming the
@) (AfHJ%E*S/Q) bound by [14] 25| 29], and matching the best known upper bounds in [2§].

3.3 Local superlinear convergence

By choosing e, oc ||V f(zF)[|*/0+), Algorithm [1| allows that e, — 0 as ||Vf(z*)|| — 0. Then,
automatically, the damped Newton system asymptotically reduces to the exact Newton system as
the algorithm converges to a nondegenerate solution x*, indicating local superlinear convergence. In
the next theorem, we formally state this result.

Theorem 2. Given Assumptions[1] and |3, let z* be an arbitrary nondegenerate local minimizer of f
such that V2 f(z*) = ul for some > 0. Then there exists § > 0 such that, for the sequence {z*}1>¢
generated by Algorithm if 20 € Bs(z*) for some ko > 0, then {z*};>k, C Bs(z*) and {z*}i>k,
converges to x* superlinearly in the sense that ||zt — 2*|| < O(||a® — 2*||(1+2)/(A+v)),

The key idea in the analysis is to show that the CappedCG subroutine will always successfully return
an approximate solution to the damped Newton system (d_type = SOL) with a = 1. Once the iterates
x* are sufficiently close to z*, then the remaining analysis will be standard. The detailed proof of this
theorem is moved to Appendix [A:2.5] To our best knowledge, this is the first analysis for Newton-CG
methods that simultaneously attains optimal global complexity and local superlinear convergence under
the Holder-Hessian setting, highlighting the advantage of adaptive damping as opposed to non-adaptive

damping schemes like the one in [13].

4 A universal adaptive regularized Newton-CG method

Notice that Algorithm [I] requires prior knowledge of the Holder exponent v to determine the damping
parameter. Although v is often known in many applications, it is still desirable to have a completely
parameter-free method that is universally optimal for all v € (0, 1], which will be the focus of this
section.



4.1 Algorithm framework

Due to the lack of v, we cannot form the v-dependent adaptive damping scheme . Instead, we view
Holder continuity as an approximate Lipschitz continuity with controllable error, whose underlying
idea can be traced back to [10, 22].

Proposition 1 ([13], Lemmas 1-2). Given Assumption @ for any z > 0 and a > 2, we have

a’y,,(z)
16

z
Ri(y,z) < ly —z||* + - Va,y € Lp(2%rq), (13)

_2 1—v
where the inexact Lipschitz constant is a function of the error level v, (z) := 4Hfl+” z THv,

We remark that the function 7, (-) is used only in the analysis and is not required in the actual
implementation of the algorithm. As detailed in Algorithm 2] we solve

(V2F@h) + 2V F @) ) 1) d =~V f(ab)

by pretending v = 1 in the subproblem of Algorithm . The sequence {v;} adaptively estimates
{7 (IVf(*)]))}. However, we should also note an important difference that, unlike Algorithm |1/ where
{7} is always upper bounded by Hy, the inexact Lipschitz constant v, (||V f(z¥)||) — 400 when
|V £(2*)|| — 0, posting new challenges in the analysis of the algorithm. Also, due to such potential
unboundedness, Algorithm [2] may fail to guarantee sufficient descent. When this occurs, we increase i
by a fixed factor, instead of using local smoothness modulus estimation as adopted in Lines 6 and 9 of
Algorithm

Algorithm 2: A universal adaptive regularized Newton-CG method

1 Input: initial point ° € R™, parameter o > 1, line-search parameters n € (0,1/2] and 0 € (0,1).

2 Set csol = %.
3 while Vf(z*) # 0 do
a | Set Hy=V>f(a"), g = Vf(a"), ex = (wllgrl)'/?, and Gx = min {1/2, ||gk[|'/*}. Then call
(d, d-type) «— CappedCG(Hk, gk, ek, Ck)-
5 if d_type==NC then
6 Set d* < —sgn(dTVgy) ‘diﬁgd‘ d, and find oy, = 67%, where jj is the smallest nonnegative integer j such
that _ ‘
fa* +07d") < f(a*) — T |d" ). (14)
7 If |V f(z" 4+ ard®)|| > ||lgx|l/2 and o, < 0/~x then set vii1 = 2vs.
else // d_type = SOL
Set d* + d.
10 if f(z* +d") < f(z*) and ||V f(2* + d*)|| < ||gx||/2 then set as, = 1.
11 else find ai = 67%, where jj is the smallest nonnegative integer j such that
fa" +0/d") < f(a*) —ne 200 |ld"1. (15)
|| VA 4 and)]] > llgell/2 and f(2") — (2 + ard®) < ey V2 lgel? then set i1 = 2.
13 | Set 2Ft! = 2F + apd® and k «— k + 1.




4.2 Global complexity bound

Similar to Lemma [I| the main iterates and trial iterates of Algorithm [2| also remain in a properly
bounded region, as shown below.

Lemma 4. Given Assumption the sequences {z*}r>0 and {d*}1>o generated by Algorithm @ satisfy
zF + adF € ZLp(a%rq) for all k >0 and a € [0,1], where rq is defined by ).

The proof of this lemma is identical to that of Lemma [I| and is therefore omitted. In light of Lemma
we carry out the global complexity analysis of Algorithm [2| under the (Hy,v)-Holder continuity of
V2f in L (2°;74), as assumed in Assumption [2l Again, we partition the iterations of Algorithm
before finds an e-stationary point (K¢ := {k : ||V f(z")|| > €,Vt < k}) into three parts:

Kep == {k € Ke: [V > IVL@)N/2, v > %IV},
Kez = {k € Ke : |V (@) > IV F(@)1/2, w < IV R,
Kes = {k € K : [V (@) <||Vf(")/2}-

Among the three sets, the iterations in K¢ ; generate sufficient descent. To upper bound the cardinality
of this subset, we establish sufficient descent when CappedCG outputs directions with d_type=SOL, and
NC, respectively. The proofs of the two lemmas are deferred to Appendix

Lemma 5. Given Assumptions and@ for all k € K1 with d* being the output of CappedCG with
d_type=SOL, the following two statements hold.

(i) The step length ay, is well defined and it satisfies ag, > (1 —1)60/3.

(ii) Let cso1 be defined in Algorithm . The next iterate 1 = 2% + o d* satisfies
_1 3
F@*) = F@) = oy, 2 IV ()2 (16)

Moreover, the next gradient satisfies ||V f(z*+1)|| < 5|V f(z%)].

Lemma 6. Given Assumptions and@ for all k € K1 with d* being the output of CappedCG with
d_type=NC, the following two statements hold.

(i) The step length ay, is well-defined, and ag > 6/y.

(ii) Let cne :=n6%/2. The neat iterate ¥t = ¥ + apd® satisfies
_1 3
Fa®) = F@™) 2 eneyy 2 [V F ()2 (17)

Moreover, we have ||V f(z*+1)|| < 20.Ug||d*|| whenever ||d¥|| < 0Ug.

As discussed above, the sequence {7} may be unbounded. Consequently, the order (w.r.t. €) of the
O Y 2HV £(x*)||3/2) descent is not immediately clear from the two lemmas above. The next lemma
provides a guaranteed upper bound on {7x}, whose proof can be found in Appendix

Lemma 7. Suppose that Assumptions and@ hold. Let {vy} be generated by Algorithm @ Then,
Y < max{vo, 27,(€)} for all k € K.



With the sufficient descent established above, the bound on |K ;| can be readily obtained. We now
provide a brief proof overview for deriving bounds on |K¢ 2| and |Kc 3|, respectively. A key observation
for bounding |Kc 2| is that {74} is updated only when k € K. 2, but not every iteration in Ko triggers
an update of {7;}. Thus, we partition K2 into two subsets, depending on whether ~; is updated. The
number of iterations when 7 is updated can be bounded using the monotonicity of {v}, while the
iterations when ~; is not updated can be bounded using sufficient descent. On the other hand, similar
to Theorem |1} |K¢ 3| can be bounded by exploiting the decrease of {||V f(z*)||}. The global iteration
complexity of Algorithm [2]is stated in the following theorem, whose proof is deferred to Appendix

A34
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Theorem 3. Given Assumptions and@ then |K | < (’)(AfH;“ 67%) holds for Algorithm Q

Theorem [3|shows that the iteration complexity of Algorithm [2 matches the best-known upper bound
[13] and the lower bound [6]. In the Lipschitz-Hessian case (v = 1), it also matches the best-known
upper bound [28], improving the dependence on Hy compared to [14] 25, 29].

4.3 Local superlinear convergence

Based on the global analysis of Algorithm 2| {7x} may grow unbounded as the gradient vanishes, which
precludes the standard local analysis. In this section, we first show that such potential unboundedness
is a consequence of degeneracy. If Algorithm [2] enters a certain neighborhood of a nondegenerate
stationary point z*, {74} will stop growing and hence a common upper bound for {7} exists for all
sufficiently large k, enabling the analysis of fast local superlinear convergence.

Lemma 8. Suppose that Assumptions 1| and |9 hold. Let x* be an arbitrary nondegenerate local
minimizer of f such that V2f(x*) = ul for some p > 0. Then there exists § > 0 such that, if
z¥ € Bs(x*), then CappedCG will return oy, = 1 and d_type = SOL, and Algom'thm will enter the next
iteration with Yg+1 = Y.

This lemma shows that if an iterate falls in a §-neighborhood of z*, the parameter v, will stop
growing in this step. However, it does not immediately guarantee that the next iterate will still stay
in this neighborhood. In fact, the iterates may still, possibly, cross over the boundary of Bs(z*) and
return an exploding sequence of {7x}. This causes a “chicken-and-egg” difficulty in the standard
local superlinear analysis: (i) the existence of a non-expansive region requires a finite upper bound
on {7x}; (ii) the upper bound on {v;} relies on the existence of a non-expansive region (in Bs(z*)).
Therefore, the standard analysis strategy represented by Theorem [2| no longer works. Inspired by the
Capture Theorem in [I], we show in the next lemma that a level-set based capture region of the form
Bs(z*)N{x: f(x) < f(z*) + ¢}, c > 0 exists, so that once the iterates of a descent method enter this
region, with the updates bounded by gradient magnitudes, all future iterates will be captured by this
region due to a function value barrier.

Lemma 9. Under the setting of Lemma@ there exists a subset S C Bg(x*) such that if 2% € S for
some ko > 0, then all future iterates will stay in S.

Combining the above two lemmas, we observe that there exists a neighborhood S of z* such that
once an iterate of Algorithm [2| enters S, then all future iterates remain in S and the v; remains a finite
constant, and consequently, a local superlinear rate can be established. The proof of Lemma [§ and [9]
as well as Theorem [4 are all deferred to Appendix
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Theorem 4. Suppose the conditions of Lemmala hold. Let S be defined as in Lemma @ For {{L‘k}kzo
generated by Algorithm@ if k0 € S for some ko > 0, then {x¥}p>p, € S and {z¥}i>k, converges to

x* superlinearly in the sense that ||2*+t1 — z*|| < O(||2* — :U*Hmin{H”’%}).

Note that the local convergence rate of Algorithm [2]is at least as fast as that of Algorithm [I] This
gap follows from the orders of the damping terms, i.e., % > HLV for v € (0,1]. Intuitively, when an
iterate 2" is close enough to a nondegenerate stationary point with ||V f(z¥)| < 1, a larger exponent
yields a smaller damping magnitude. Consequently, the corresponding linear system is closer to the

classical Newton system, which leads to a faster local rate.

5 Numerical results

We conduct numerical experiments to evaluate the performance of our universal adaptive regularized
Newton-CG method (Algorithm |2, abbreviated as ANCG), and compare it with a parameter-free
Newton-CG (abbreviated as HNCG) [13, Algorithm 2] and an adaptive cubic regularized Newton
method (abbreviated as ACRN) [11l Universal Method IIJ.

For all methods, we initialize with z° = (1,...,1)T, and choose the following parameter settings,
which provide numerically stable and efficient performance in practice:

e For ANCG, we set (y0,6,n) = (10,0.5,0.01);
e For HNCG, we set (y-1,60,7r,17) = (10,0.5,2,0.01);

e For ACRN, we set Hy = 10. To solve its cubic regularized subproblems, we employ the gradient
descent approach suggested in [3], with the initial point uniformly selected from the unit sphere.

All the algorithms are coded in Matlab, and all the computations are performed on a laptop with a
2.60 GHz Intel Core i5-14500 processor and 16 GB of RAM.

5.1 Infeasibility detection problem

Consider the infeasibility detection model from [2]:

.l T T P
i 2 (e i+ Bs o)

where p > 2, A; € R™*" b; € R", and ¢; € R for 1 < ¢ < m. For each triple (n,m,p), we generate 10
random instances and aim to compute a 10~ *-stationary point using HNCG, ANCG, and ACRN.

Table reports the average runtime, the average number of subproblems solved, and the average
number of Hessian-vector products for the three methods. A “subproblem” refers to a cubic subproblem
for ACRN and to a damped Newton system for HNCG and ANCG.

Overall, the results indicate that ANCG consistently achieves the lowest runtime across all tested
dimensions, often reducing runtime by more than half relative to HNCG and by a even larger margin
relative to ACRN. Moreover, ANCG requires substantially fewer subproblems and Hessian-vector
products, demonstrating improved computational efficiency without compromising the quality of the
final solution.
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Dimension Runtime (seconds) Total subproblems Hessian-vector products

n m p || HNCG ANCG ACRN || HNCG ANCG ACRN || HNCG ANCG ACRN
100 10 225 0.03 0.01 1.37 49.3 17.0 44.0 1567.4  405.7  707717.9
100 10 2.50 || 0.02 0.01 1.44 50.6 21.0 43.8 1840.0  558.9  730280.6
100 10 275 | 0.02 0.01 1.54 54.0 24.2 49.0 20454  696.4  793014.5
100 10 3.00 | 0.02 0.01 2.07 56.6 28.0 50.2 2221.6  833.9 872891.8
500 50 2.25 1.30 0.83 20.47 63.0 20.0 54.3 4190.4  841.3 813247.3
500 50 2.50 1.62 0.97 19.89 72.7 25.0 56.4 5120.6 1170.5 902732.9
500 50 2.75 1.73 1.14 19.29 72.8 30.0 62.4 5758.3 1511.1 797625.4
500 50  3.00 1.85 1.26 14.89 75.0 34.0 65.5 6255.3 1746.5 629736.3
1000 100 2.25 | 14.94 8.28 84.02 70.1 21.0 58.0 5403.1 1013.7 874021.2
1000 100 2.50 || 18.16  10.59  88.39 80.3 27.0 61.3 7078.0 1569.0 941388.9
1000 100 2.75 | 20.49 1237  62.12 84.0 32.0 64.0 7917.6 1919.5 611309.0
1000 100 3.00 || 22.07 14.19  59.87 85.1 37.0 67.7 8595.4  2295.5 552507.6

Table 1: Comparison of HNCG, ANCG, and ACRN across different dimensions for the infeasibility
detection problem.

5.2 Single-layer neural networks problem

We consider the problem of training single-layer RePU neural networks [17]:

where ¢(t) = t?> and p > 2. For each triple (n,m, p), we generate 10 random instances by independently
sampling a; ~ N(0, I,,), and setting b; = |b;| where b; ~ N(0,1).

Dimension Runtime (seconds) Total subproblems Hessian-vector products
n m p || HNCG ANCG ACRN | HNCG ANCG ACRN || HNCG ANCG ACRN
100 20 225 | 0.02 0.01 0.31 16.2 17.0 6.2 528.6 346.6  198021.6
100 20 2.50 || 0.00 0.00 0.38 18.4 18.3 8.9 611.3 397.2  241037.9
100 20 2.75| 0.00 0.00 0.42 19.4 19.6 10.6 678.4 431.6  272028.1
100 20 3.00 | o0.01 0.00 0.50 22.3 21.1 13.3 810.8 469.7  316404.2
500 100 2.25 | 0.19 0.05 5.76 36.9 21.7 12.7 6385.5 1154.0 305064.4
500 100 2.50 || 0.24 0.06 6.36 40.9 24.2 13.8 10044.5 1470.4 332043.9
500 100 275 | 0.33 0.07 7.29 41.4 26.2 16.5 13660.2  1830.5 379043.2
500 100 3.00 || 0.43 0.08 7.94 44.9 28.5 18.4 | 18813.1 2180.7 419560.4
1000 200 2.25 1.53 0.31 27.09 42.8 234 15.7 || 16185.7 1566.9 351082.2
1000 200 2.50 2.60 0.38 30.94 45.4 25.6 18.3 || 29214.5 2091.2 401068.5
1000 200 2.75 | 4.40 0.42 36.02 48.6 27.3 21.3 | 50089.2 2632.8 457057.8
1000 200 3.00 7.05 0.51 38.82 50.3 30.1 23.0 || 83362.3 3450.8 492060.8

Table 2: Comparison of HNCG, ANCG, and ACRN across different dimensions for the single-layer
neural network problem.

Our goal is to obtain a 10~%-stationary point. The numerical results are summarized in Table
As before, the table reports the average runtime, the average number of subproblems, and the average
number of Hessian-vector products for HNCG, ANCG, and ACRN. The results show a clear pattern
across all tested dimensions: ANCG is consistently much faster than both HNCG and ACRN. In
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addition, ANCG uses the fewest Hessian-vector products.

The two experiments indicate that ANCG solves these problems effectively, achieving the shortest
runtime and using the fewest Hessian-vector products. Moreover, both HNCG and ANCG are
consistently faster and require fewer Hessian-vector products than ACRN, suggesting a computational
advantage of quadratic regularization over higher-order (cubic) regularization schemes that typically
require solving more complex subproblems. Furthermore, relative to HNCG, ANCG consistently solves
fewer total subproblems (i.e., damped Newton systems), often requiring less than half as many. This
reduction highlights the practical benefit of eliminating regularization parameter line search from the
algorithmic structure.

6 Conclusion

In this paper, we study Newton-CG methods for finding an e-stationary point of a nonconvex function
f whose Hessian is Holder continuous with modulus Hy > 0 and exponent v € (0,1]. We identify two
limitations in existing methods: non-adaptive regularization and a line-search based regularization
parameter tuning procedure. The former can lead to inefficiency in the early stage and preclude local
superlinear convergence, while the latter may make the algorithms computationally expensive. To
circumvent these limitations, we propose two Newton-CG algorithms, depending on the availability
of v, that adaptively regularize the Newton system through auto-conditioning mechanisms, thereby
eliminating the need for line search of the regularization parameters. To the best of our knowledge,
this work proposes the first Newton-CG method that attains the best-known iteration complexity
O(H}/ (4] =(2+v)/ (14v)) for nonconvex problems with Holder-continuous Hessians, while simultane-
ously enjoying local superlinear convergence. Numerical experiments further validate the practical
advantages of our method.
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A  Appendix

A.1 Supporting lemmas

We start with a technical lemma that will be applied in the analysis of Theorem [I| and [3| to remove the
In(1/€) factor in the iteration complexities.

Lemma 10. For any nonempty set T C N, and p,q,c, M > 0, let {z;}icz be a positive sequence s.t.
Yier sl < M. Then it holds that Y, 7 In 2 < M, regardless of the cardinality of T.

ecd

Proof. Proof. First, applying the Jensen’s inequality to In(-) function, we obtain:

zi T Xier! p T 1 T S 7 1
Zl 2 uZzeI n(z}) +uln (> guln <ZZGIZZ> +uln ()
p IZ| q c P Z| q c

= < D (MY 4 B (2 <[ D (L),

Note that for any a,b > 0, we have bln(a/b) < a/e, where e ~ 2.718 is the base of natural logarithm.
Applying this fact to the above bound (with a = M¢™9 and b = |Z|) proves the lemma. O
A.2 Proof of Section 3l
A.2.1 Proof of Lemma [1l

Proof.  Because the line-search steps guarantee Algorithm [1| to be a descent method, we have
{2*}i>0 € Z4(20). Then fix any k > 0, to show 2F + ad® € L (2% r,) for all a € [0,1], it suffices to
show ||d*|| < r4, which has two possibilities based on the d_type outputs.
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Case 1. d_type=SOL. In this case, applying the second inequality of Lemma (1) with g = V f(2*)
and 0 = ¢, = (|| Vf(2*)[|*)Y0+) | we obtain

1d* ] < LAV F ()1 /) O+, (18)

Together with the fact that 7, > 79 > 1 and (@), we prove ||d*|| < 1.1 max{Uy, 1} < ry.

Case 2. d_type=NC. Line 5 of Algorithmand yield ||d¥| = (d*)TV2f(z*)d* /||d*||? < Ug < rq.
Combining these two cases, we complete the proof of this lemma. O

A.2.2 Proof of Lemma [2|.

Proof. Throughout this proof, we will frequently use the shorthand e; = (73||V £ (2*)[|*)/ ) defined
in Algorithm [1] to simplify the notation. As the algorithm does not terminate, we have |V f(z*)|| # 0
and hence e > 0. Because d_type = SOL, we can apply the fourth inequality of Lemma [12{i) to yield
d* # 0. Moreover, for k € K1, we also have ||V f(zF1)|| > ||V f(2*)||/2 and o}, < 27;. With the
above information, we can start the proof.

Statement (i). If ax = 1, the statement clearly holds. If o < 1, then we know ji > 1. In this case,
using the definition of o, (Algorithm [1] Line 9) for j € {0, j, — 1} that violates (L0)), we have

— et ||d¥)|? < f(ab + 07d¥) — f(2")

Q) 2 .
< GV () Tdb + %(dk)TVQf(xk)dk + Ro(zF + 09d", %)

i , j , k i gk kY| 07 k|24
@ gi(1- %)(d’“)T<V2f(:ck) o+ 26,0 )d* — %y |d" |2 + Hole” + 97d = J|&d]

o_k9(2+u)j ”dkH2+V
2 )

(#i1) .
< —0ig||d*)? +

where (i) is by the triangle inequality and the definition (), (ii) is by the third relation of Lemma [12{i)
and the definition (7)), and (iii) is by the first inequality of Lemma [12[i), and the definition of oy in
Algorithm 1| Line 9, which is effective for j = 0 or j = j, — 1. As d* # 0, dividing both sides of the
above inequality by o367(|d*||**" /2 yields

g0 < 2= mer

, i € {0, 5, — 1. 19
el J €10, 5r — 1} (19)

Then setting 7 = jir — 1 in the above inequality gives

) _ 1/(1+v) _ 1/(1+4v) _ 1/(14v)
ap = 09k > M 0 > M 6> M 0, (20)
JkHdkHV 1.1%0y 1.1"H;

where the second inequality is by the definition e = (vx||V f(z*)||*)/0**) and (I8), and the last
inequality is because oy, always underestimates Hy.

Statement (ii). Now we prove this statement by considering two separate cases below.
Case 1. o = 1. In this case, we have ¥t = 2% + d* and it holds that

IVF @] < Ra(a® + dF,a*) + [|(V2 fa*) + 26 )d" + V f ()] + 2ex]| "]

5
< plldt 1 + Zenla,
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where the first line is by the triangle inequality, and the second line is by the definition of oy, (Algorithm
Line 9), the definition @, the fourth relation of Lemma (i), and the definition of {; in Line 3 of

k+1 k+1
Algorithm [I| As a consequence, at least one of oy |d*||'T* > M;)H and 2.5¢;||d¥|| > w

will hold. Combined with the definition of K. that o < 2y, and |V f(2* )| > ||V f(2%)] /2, we

1
know ||d¥|| > ’yk_lT”HVf(mk)HH%/lO. By this lower bound of ||d*|| and (I0]), we complete the proof of
when o, = 1.
Case 2. aj < 1. In this case jp > 1. Choosing j = 0 in lower bounds ||d*||¥ > 2(1 — n)ex/o.
Together with the first inequality of , o < 27, and , we obtain that

2 - 21y
Fh) = @) = nepar[d¥|* > n(1 = )2 0y 7V F )]

which implies in this case.
Next gradient bound. By the inequalities @, , the fact that o < 1, 9% > 1, and the definition
of { in Algorithm [1| Line 3, and the first and last inequalities of Lemma (i), one has that

IV f @D = IV f (2" + ard®)]|

< Ri(a*+agdh, oF) + o | (V2 (27) + 261, 1)d" +V f(2F) || + 200e]|d™ ||+ (1— i) |V f (27

daye
)+ (=) [V ()]

< (1-1)1+”I$\Vf(xk)ll + (14 L.75a) [V f (@) < (2Hy +5)|V f(25)].

< Hy|ld"|"™ +

Hence, we complete the proof of this lemma. O

A.2.3 Proof of Lemma [3l

Proof.  As the algorithm does not terminate, we know ||V f(z*)| # 0. By Lemma (ii), we also
confirm that d* # 0 in this case. We should also note that the search direction d* in this lemma is

not the raw output of CappedCG. When d_type=NC, it undergoes an additional re-normalization step
(Algorithm [1| Line 5) such that

Vi Tdk <o and TEE

= —[ld*|| < —e, (21)

where the second inequality is by Lemma(ii). Since k € K1, we have that |V f(z*T1)|| > ||V f(2%)]|/2
and o < 27,. With these in mind, let us prove the two statements one by one.

Statement (i). If @ holds 7 = 0, then aj = 1, which clearly implies this statement. Now let us
consider the case j; > 1 and aj, = 67+ < 1. Because @ fails for j = ji — 1, one has

2j .
%(dk)TVQf(xk)dk+Ro(:ck+¢9]dk, )

Ho(ak + 67dk, %) | 03ak|[2v 6%
2 T2

—26%|d" P < flat+ 0/d)— fab) < O VF (b d +

92j| 0k9(2+u)j||dk“2+u
2

< )
2

|d*|1° + ld*)1* +
where the second line is due to and the definition (7). Next, dividing both sides by 6%/ oy||d*||**" /2
vields that "4 > (1 — n)||d*||*~"/ok. Combining this with oy, = 6%, o < Hy, and ||d¥|| > &y, and
setting 7 = jr — 1 in the above inequality gives

1—v

; 1 1—v , 1 1 344y -y 1
ap = 6% > 01 —n)v||d*| 7 oy = 01 —n)vy TV (M) /HY (22)
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which along with 5 > 1 yields statement (i) as desired.
Statement (ii). If ay = 1, it follows from (), [|d*| > e, and ), > 1 that

Py~ FEAY) > Dt = D@ty 1) 2 T ™ min {95 B 1)

N3

which implies (I2). If ay < 1, ||d¥|| > &, the first inequality of (22)), and (9) imply
2

n Nl T=mm\" -1t 24y
f(l"k) - f(ffkﬂ) > Ea%ﬁ?i > 592 (Uk) Vi v HVf(xk)ll v,

combined with v /o > 1/2, we complete the proof of statement (ii).

1
Next gradient bound. Given ||d*|| < M = min{U%,0(1 — )lUH/Hf”}, let us bound the next
gradient. When oy, = 1, by [|d*|| < UY, we have UH||dkH > ||dkH1+D When o < 1, by the first

inequality of (22), oy < Hy, and ||d*|| < 6(1 — 77) UH/Hf, we have ag,Ug||d*| > HdkH . Overall,
using Assumptions [I] and [2] we obtain that Vf is Lipschitz continuous, which further implies that

IV (@D < IV F @)+ anUnlld®|| < Hdkll "+ aUnlld®| < 201Unl|d"].

where (i) is because ||d¥|| > &5 > ||Vf(:1ck)\|1+% Hence we complete the proof. O

A.2.4 Proof of Theorem [l

Proof. Recall that K. := {k : |[Vf(a!)|| > ¢,Vt < k} contains all iterations before termination. And
by definition, |Kc;|, ¢ = 1,2, 3, form a partition of K.
Part 1. Bounding |K1|. Because v, < Hy for all k € K, combining Lemmas [2| and |3| we know that

each iteration k € K. results in either a constant descent in the objective value f(z*) — f(xF*+1) >
1

CnewH v or a sufficient descent of

. ~Tiv 2ty . — T 2
f(a;k) — f(xkﬂ) > min{csolp, Cnep } v, HVf(xk)H T > min{csol v, ch’V}Hf T Tho |

Because Algorithm [1{is a descent method, and recalling that Ay = f (2°) — fiow, we have

1 v 1
Afolere_% AfH}Hl R
IKe1| < + =0 (AfHJ}+”e 1+v) . (23)

mln{csol,m Cnc,u} Cnc,v

Part 2. Bounding |Kc2|. According to Line 10 of Algorithm [I} the sequence {~x}x>0 is nondecreasing
and is always upper bounded by H;. For every k € K, its definition requires o3, > 2+, and Line 10
of Algorithm [1] states that next yx41 = max{~yk, ox} > 27 will at least double the size. Therefore, we
can bound |K »| by

Kea| < [InHp/In2] 4+ 1= 0O(1).

Part 3. Bounding |K¢3|. The upper bound of this subset is a bit complicated. For all k € K 3, the next
gradient halves: |V f(z¥+1)|| < ||V f(2¥)||/2. Note that K. 1, K2 are finite and K, = K¢ 1 UK. 2 UK, 3,
one can see that K¢ 3 can be partitioned into |Ke 1|+ |Kc 2|+ 1 disjoint subsets of consecutive nonnegative
integers. Now, for those subsets that follows an iteration index k € K., we denote them by Ki’g
with ¢ € Zy := {1,--- ,¢;}. For those subsets that follows an iteration index k € K. or in case the
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subset contains 0, we denote then by Ki,s with i € Zy := {1 +1,--- , {1 + £2}. Then clearly, we have
l < ’Ke,ﬂ and /o < |K6,2’ + 1.

Because € < ||V f(2¥)|| < U, for all k € K, each subset has at most [In(U,/e)/In2] + 1 iterations.
Consequently, for those subsets following an K, o iteration, we have

D K 5] < (Keal +1) dww - 1> <O <ln1> :

1€Lo

Next, for those subsets that follow a K iteration (in Z), directly applying the above bound
would result in an undesirable (’)(e_% In %) complexity. To remove the extra logarithmic factor, let us
further partition these subsets into Zy = Zs, U Z,c by whether the subset follows an iteration k € K 1
with d_type=SOL or d_type = NC, respectively. For notational simplicity, let us suppose the initial
iteration of each Ki,g has gradient norm ¢;. The last iteration of K. ; prior to each K;?) has gradient
norm Si, search direction norm 32 and line-search step length &;.

To upper bound >, 7 | |Ki73], by the relationship &; < (2H + 5); from Lemma we have

Z IKi,sl < Z qln&/ﬂ + 1) <2(1+In(2H; +5))|Zsot| + 2 Z In(6;/€)

iEIsol iEIsol 7;61501

4AfH;+V€ T+v 1 24
<2(1+In(2H; + 5)) |[Kea| + —0 <AfH;+v€ 1+u> ,

_2+4v 1
where the third inequality uses |Zo)| < [Ke 1], ZZEISO] 6, < H;J“” Af/csol (due to and v, < Hy),
and Lemmawith (zi, 0, q,¢) = (0, %v %Z, €).
For Ty, we divide it into Z5%, := {i € Tpe : 0; < M} with M defined in Lemma and 77, = Ty \ I

For each i € Z_., by @ we know the last iteration in K. ; will guarantee a descent of at least

N .23 Mg . 2p220 2 n_. 2, 24y —2
50[?(5232§5§-m1n{1,92(1—77)v5i H, }Zimln{M?’,HQ(l—n)vM v H,; }::C,

where the first inequality is due to the first inequality of and the fact that o}, < Hy. As the total
descent is controlled by Ay, then we easily upper bound |Z;,.| by Af/C = O(1) and obtain

> il <zl (|22 +1) <o (ml). (24)

iEIn>c
For i € I=., again, @D guarantees the last iteration, indexed by k;, in K¢ 1 to generate a descent of at
least 24207 > 1a?6?eT+, where we sirigle out one ¢; and lower bound it by (21)), under the fact that
i > er, = (i, | Vf(@F)]|)1/0F) > ¢T+v . Again, using A; to control the total descent gives
A 2A
S a2 (25)
€T e
which shall be used later as a summation upper bound in Lemma With this in mind, and use the
inequality §; < 2&;Upd; provided by Lemma |3) we have
) (26)

Z ‘K23| < Z (ange)—‘ + 1) <2(1 +1n(2UH))|In§C| 19 Z In (di&'

€IS, €IS, €IS,

4Af H% _2+4v
§2(1 +1n(2UH))|Ke71| + W =0 <Afo € 1+u> ,
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where the third relation is by |Z5,| < |Kc 1/, the summation upper bound (25), and Lemma [10| with
(2i,p, ¢, ¢) = (G40;,2,1,€). Synthesizing the inequalities (23)—(24) and (26), we obtain

o _2tv
Kel = [Kea| + Keal + > K|+ > K1+ > [Kigl+ Y KL §(9(AfHJ}+”E HV)’
I 1€Lg01 €Lz, 1EIrTc

hence we complete the proof of this theorem. O

A.2.5 Proof of Theorem [21

Proof. First, let us define the radius constant ¢ in Theorem [2| as

14+v
v

o= min{ e (5i;) ", ; )"}
2L Hy" \2Hp ) ALa oy agTo s L op ’

where Ly := ||[V2f(2*)|| + 1. By z* € Z(2°), and & < 1/1/ < &, we know Bs(z*) C Lp(a%rq).
f

Consequently, we can apply the (Hy,v)-Holder continuity of V2f in Bs(x*) and obtain
DIV f(a) S Lyl, V€ Bs(a"), (27)

1/v
7)

where the first half of inequality uses § < (ﬁ . With this property, when a point 2* € Bs(z*), the

subroutine CappedCG will always output d_type=SOL because V2 f(2*) = 0 has no negative curvature
directions. Now we would like to claim that the stepsize output by the CappedCG subroutine will always
take ap = 1 when 2* € Bs(z*) by verifying the line search condition :

Pt +d) — %) < V) Td + ()T R+ b

—~

1) H v
D ey || — ST (M) 4 = P
@) p [

< —2eilld** = I + T1aM” < —newll ),

where (i) is by third relation of Lemma [I2{i) and (i) is by (27)), and (18] that implies

K
=2

ldM||” < 111V £ (@) )T < 117 (Lgla* — 2 ) T < 1.17(Lyd) T

Now, we confirm that for Algorithm (I} all once an iteration enters the Bs(z*) neighborhood, it will
always execute the Newton step. It remains to show that all future iterations will remain in this
neighborhood and they will converge superlinearly to the locally optimal solution z*. Now suppose
ke Bs(z*) for some k > ko, then according to the previous argument, 2Pt = 2F 4+ d* we have

= 2| < 1(V2f (2¥) + 264 D) IV f(2*) + 2 — 2| + [|d"+ (V2 f (2*) + 2e )" Vf (27|
< (V% (@*) + 2e,1) 7| (IIVf(ﬂfk) + V2 (") (@* — a®)| + 2ex|a® — 2*| + CkHVf(f“)II)

) 2 v N 1420
< 2yt -1 TSRt — o)+ 95

14+2v

1 v
< —(Hf51+” +RH T LIS 4 (Lyd) T )_5,
I
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where (i) is by triangle inequality, (ii) is by @ and the definition of &g, {; in Line 3 of Algorithm (1| and
(iii) is by (27). Based on this bound, we can conclude by induction that {*};>y, C Bs(z*). Finally,
by reusing the step (ii) in the above inequality, we establish the superlinear rate for k > ko

2L . — v N 1420
IV A < S (Hpllet = o+ 0T o 2]+ [V 5] )

142v

2L, 21+VHf kyj1+v 1T k
< 2 (AN A+ (0 HE 1) 197 5

. k+1 k|| T . . 14+2v
That is, [|[Vf(z")| = O(||Vf(z")[| T+) for k > ko, suggesting a superlinear rate of order T:=>. DO

A.3 Proof of Section Ml

Before presenting the proofs, we first provide supporting inequalities and lemmas. By direct computation,
the following equivalence holds for any z > 0:

y

(72)1/2 (7 v/2 (,YZ)(lfz/)/2 9l+v

> = —F—2>2 “( ) = > . 28
’77’)/,,(2) Hf = Hf e ( )
Its proof can be found in [13, Lemma 3| and is omitted here. The following lemma, used to establish
sufficient descent later, shows that when ~; is sufficiently large, either the gradient norm can be
sufficiently reduced or the search direction is sufficiently large. Throughout Appendix [A-3] we will

frequently use the shorthand ej, = (74| V.f(z*)||)'/? as defined in Algorithm

Lemma 11. Suppose Assumptions[1] and[4 hold, and that CappedCG outputs d_type=SOL at iteration
k > 0 of Algorithm @ If i > v (|V£(@®)]), then either |V f(zFTh)|| < (IVf(zF)|/2 or 11|d*|| >
(IVf (@) | /)12 holds.

Proof. Proof. As the algorithm does not terminate, we have ||V f(z*)|| # 0 and hence ¢ > 0.
Because d_type = SOL, we can see from the fourth inequality of Lemma (1) that d* # 0. If
11)|d*|| > (| V£ (z*)]|/v&)'/? holds, then the lemma is proved. Now, suppose 11||d*|| < (|Vf(z*)|| /) /2.
We next prove ||V f(zF1)| < ||V£(2¥)||/2 must hold. By Algorithm [2| Line 10, it suffices to show
Flak + d¥) < f*) and [V + d9)| < IV F)])/2

We first prove f(z* 4 d*) < f(2*). Suppose for contradiction that f(z* + d*) > f(z¥). Denote
o(a) = f(2* + ad*). Then, one has (1) > (0). Since d* # 0, it follows that

F0) = V()T L () (V) + 2Dy € el <o

Here, the steps (i) and (ii) follow from the third and first relations of Lemma respectively, with
o = er = (||Vf(@®) )2, according to the design of Algorithm Together with ¢(1) > ¢(0),
we know there must exists a local minimizer as such that ¢'(a.) = Vf(2* + a.d*)Td* = 0 and
¢(as) < ¢(0). By Lemma[4 we can then apply (6) to obtain that

Hfa1+y”dk”2+y
1+v

Y

(@) (V@ + 0ud®) — Vf(ab) — 0, V2 (F)dF)
(@)
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Here, (i) uses ¢/(a*) =0, (ii) and (iii) use the third and first relations of Lemma [12]i), respectively. As
|d¥|| # 0, the above inequality further implies that

e § LTI & GITIEH ) (1921 >r>
oy " Hy Hy Vi
where (i) uses the definition of €; in Algorithm |2} (ii) uses a. € (0,1) and v > 0, (iii) uses and
i > 7w ([[V£(@F)])). Together with 11||d*|| < (|V.f(z®)||/y%)"/?, we arrive at a contradiction that
117214 < 1 with v € (0, 1]. Hence, we have proven the claim that f(z* + d¥) < f(z¥).
We next prove ||V f(z* + d*)| < ||V f(z¥)||/2. By Lemma we can apply (13), the last inequality
of Lemma( ), Gk € (0,1), 11]|d*|| < (IV£(2F)]|/9) "2, and v > 7, (| Vf(z*)]) to obtain that

IVf(a® +d")| < Ri(a® +d" %) + (V2 f (@ k)+2€kf)dk+vf(xk)H+2€kHdkH

WV E)]) IVFE) )H
< 2AVIEID gey 4 LTI 2yt
k k k
L VIEDT VD] 5V )|| < IVfEDI
- 484 4 22 - 2
Hence, the proof of this lemma is complete. O

With the above supporting lemmas, we can proceed to the proof of the main results in Section [}

A.3.1 Proof of Lemma [5l.

Proof. As the algorithm does not terminate, we have ||V f(2*)|| # 0 and hence € > 0. Because d_type
= SOL, we can apply the fourth inequality of Lemma i) to yield d* # 0. Moreover, for k € Ke1, we
have |V f(zF1)|| > |V f(2¥)]|/2 and v > 7, (]| V.f(z¥)]]). Using these and Lemma |11, we obtain that
11|d*|| > (IV£(«*)||/v) /2. With the above information, we can start the proof.

Statement (i). If ay = 1, the statement clearly holds. If oy < 1, then we know j; > 1. In this case,
for j € {0, jxr — 1} that violates , we have

. . (1) . 2j .
—nept? || dF|)? < f(a*+67d%) — f(2F) < HJVf(a:k)Tkor%(dk)TVQf(m’“)dk+720(xk+97d’“,:nk)
(i3)

j 0 , H 1167 dF |12+
< — 07 (1= 5 ) (@) (VAF(@*) + 25l )b — 05y ¥ + Ao dT

2
H 0+ | 2+

5 ;
where (i) is by the triangle inequality and the definition (), (ii) is by the third relation of Lemma [12{i)
and the residual bound @ and (iii) is by the first inequality of Lemma ( ). As d¥ # 0, dividing
both sides of the above inequality by H 67(|d*(|**" /2 yields

21— e UV @)l )
9(1+l/)] Z S VL 22+V 1 . 77 ’
H, M " A=) =

(@)
< — 0eg|dF|)? +

where the last inequality follows from the definition of e, i > 7, (||Vf(2z*)|), and (28). Then setting
j =jr— 1 gives
j (v f(ﬂvk)H/’Yk)l/4
— Bk >
ap =6 2(1 77)0( RERE )

(1= BT /20 | (=)
SR

<(HVf( )H/”m)l/‘*)hi

VAT 0
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where the first inequality uses 11||d*|| > (| Vf(z*)|/yx)"/? and ([29), and the last inequality uses the
second inequality in Lemma [12|i). Hence the statement (i) holds.

Statement (ii). We prove this statement by considering two separate cases below.

Case 1. oy = 1. Recall that 11||d*|| > (||V.f(2*)|/v)"/?. Together with (I0), this implies f(z*) —
f@Fhy > (n/121)y, 1/2 |V f(2*)[|3/2. Hence, follows by the deﬁnition of Csol -

Case 2. o < 1. In this case, by 11]|d*|| > (HVf( )I/7x)Y2, (T5), and (30), one has that f(z*) —
f(@F) > negag||d¥||? > (n(1 —1)0/400)y, HVf( (|2, which together Wlth the definition of ¢
proves ([16).

Next gradient bound. By (13), oy, € (0,1], v > 1, { < 1 (see Algorithm , YWIVEEH) < i,
and the first, second and last inequalities of Lemma [12(i), one has

IV = [V f (@ + axd®)|
<Ri(a®+ apd”, 2*)+ 04k||(V2J‘"($k)ﬁL 261J)dk+ V(@) + 20mex]|d"]| + (1 = ax) [V ("))

—5exlld”|

<y, 12’“;( W vse )H+Z!|Vf(x’“)ll§5||Vf(a:’“)\|-

Hence, we complete the proof of this lemma. O

A.3.2 Proof of Lemma [6l.

Proof. As the algorithm does not terminate, we know ||V f(z¥)|| # 0. By Lemma (ii), we also confirm
that d* # 0 in this case. We should also note that the search direction d* in this lemma is not the raw
output of CappedCG. When d_type=NC, it undergoes an additional re-normalization step (Algorithm
Line 6) such that

()72 (o)

Vf(*)Td* <0  and 12

= —[|d*|| < —ex, (31)

where the second inequality is by Lemma(ii). Since k € K1, we have that |V f(z*T1)|| > ||V f(2%)]|/2
and v, (||Vf(2)|) < v,. With these in mind, let us prove the two statements.

Statement (i). If holds j = 0, then aj, = 1, which immediately implies the statement. Now let
us consider the case j, > 1 and o, = 7% < 1. Because fails for j = ji — 1, one has

. . A 2j .
—20%||d"|° < f(aF +07d") — f(ah) < 9]Vf(w'“)Td'“+07(d’“)TV2f(:r’“)d’“+Ro(w’“+9]d’i 2)
927 H.02+v)J
P+ =k

where the second inequality is from (3I). Next, dividing both sides by H0%(|d"||*™" /2, setting
§ = jr — 1 in the above inequality and using the fact that v € (0,1],7 € (0,1/2] and ||d*|| > &}, yields

' /v gk L 1 — )Y = _ o\t
oy, = 6% 29(1 n)ld _0( ey 29(1 m 2 >0/, (32)
1/v 1/v
H,; H, Tk

where the third inequality follows from 5 = (v ||V.f(z*)])*/? and (28). Hence, statement (i) holds.
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Statement (ii). By (14)), (31)), and we have
n 1792 -1 3
Fla¥) = FA) > DadlatP = Ty 2V )2,

which together with the definition of ¢,. implies that holds as desired.

Next gradient bound. Given ||d*|| < OUp, we consider two separate cases. When oy, = 1, we have
k

Up || d¥|| > 0Up ||d¥|| > || d*||? /4. When ay, <1, by (32) we have that axUp ||d*||> £ Upyl|d¥| z”de‘Q. In

addition, by Assumption [I] and [2| one has V f is Lipschitz continuous, which implies that

dk 2
IVFEY) < IV 5 ()] +akUH||dkus”%‘ T axUslld¥]| < 200U 1", (33)

where the second inequality is due to ([BI)) and e, = (y4||Vf(x¥)||)'/2. This completes the proof. O

A.3.3 Proof of Lemma [Tl

Proof. Suppose for contradiction that v, > max{v,2v,(¢)} for some k& € Kc. Then there exists
k < k — 1 such that max{7yo,2v,(¢)} < Yis1 = 27;- By this and |Vf(x¥)|| > €, one has that
% > wle) > 7,,(||Vf(x’;)||). In addition, since v;,, = 2;, it follows from Algorithm [2| that
IV £ 1) > [V £(=F)]/2, and either f(z*) — f(z7) < cuirz /[ V F(2F)||*/? when d_type = SOL,
or a, < 0/v; when d_type = NC. Note that k£ € K. 1, which leads to a contradiction with the sufficient

descent established in Lemma [5| and the lower bound for aj established in Lemma @ Hence, we have
v < max{~o, 27, (€)} for all k € K.. O

A.3.4 Proof of Theorem [3l

Proof. Recall that K. = {k : |V f(2')|| > ¢,Vt < k} contains all iterations before finding an e-stationary
point. Also, |K¢;|, i = 1,2, 3, form a partition of K.

Part 1. Bounding |K;|. Combining Lemmas [| , [6] and [7, we know that each iteration k € Kc1
results in a sufficient descent of

. 3, % . 3 1
f(ka) - f(xk—H) > min{cgol, Cnc}eQ/'Vk2 > min{cgol, enc f€2 / max{yo, 27,(€)} 2,
As Algorithm [2[is a descent method and Ay = f(z%) — fiow, by the definition of 7, (-), one has

13 = _2+v
Afe_%max{’yo,?yy(e)}% B Af max{’yge_iﬂ\/iHJ}*”e 1+V}

min{csol, Cnc} N min{csoly Cnc}

oy v
|K671| < =0 <AfH;+V6 1+V> .
Part 2. Bounding [Kcp|. It follows from the update rule of {7}, and Lemma [5| and [6] that
increases only for some k € Kc2. Thus, we further divide K2 into Kig ={k € Kea : Yhy1 = 2V}
and KE,Z = Kea \ Ki,z- For k € K;Q, Ye+1 = 279%. Since {7Vx}r>0 is nondecreasing and is always
bounded above by max{~o,2v,(€)}, we have \Ki2| < [logy(max{7o,27.(€)}/7)] < O(In(1/¢)). For
k € ]KEQ, one has |Vf (|| > [[Vf(2¥)|/2. In addition, since yr4+1 = 7%, by Lines 7 and 12

of Algorithm , we have either a sufficient descent f(z*) — f(z*+1) > 05017,;1/2||Vf(x’“)||1/2 for

d_type=SOL, or a lower step size bound ay, > 6/, for d_type=NC, which further implies a sufficient
descent f(aF) — f(z**1) > clfl(;fylgl/z||Vf(a:’“)||1/2 due to and (31). Therefore, each iteration

k € KEQ results in a sufficient descent in the objective value. Using the same argument in Part 1,
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= v
we obtain that [K2,| < (’)(AfH]}” E%). Combining the upper bounds of [K},| and |[K2,| yields
R
[Keal < O(A;H e 15),

Part 3. Bounding K. 3|. For each k € K3, the next gradient halves: ||V f(z¥+1)|| < |V f(z*)||/2. Note
that K 1, Kig, KEQ are finite and K¢ = K 1 UK;Q UKZQ UK 3, one can see that K 3 can be partitioned
into |Ke1|+ K|+ K2, |+1 disjoint subsets of consecutive nonnegative integers. Now, for those subsets
that follow an iteration index k € K¢ 1, we denote them by K? 3 with i € Z; := {1, - 51} For those
subsets that follow an iteration index k € K6 9, we denote them by K¢ cawithi € Ip = {61 +1,--+ 01 +0a}.
For those subsets that follow an iteration index k € Ke,z’ or in the case where the subset contains 0, we
denote them by Ki,:& withi € Z3 := {{1 + Lo+ 1,--- {1 + {3+ {3}. Then clearly, 1 < |K¢ 1], l2 < |K272|,
and €3 < [Klo|+ 1.

Part 3 (i). Bounding )7, |K’é3| Since € < ||V f(2*)|| < U, for all k € K, each subset has at most
[In(Ugy/€)/In2] + 1 iterations. Consequently, for those subsets following an Kiz iteration, we have

s = ) ([H4] ) zo (1))

24y
For the rest subsets, directly applying the above bound would result in an undesirable O(e™ 1+ In %)
complexity. To remove the extra logarithmic factor, a more careful analysis is required. For notational
simplicity, let us suppose that the initial iteration of each K’;’g has gradient ¢;, and the iteration prior

to each Ki,:& has gradient norm &;, direction norm 51 and line-search step length &;.
Part 3 (ii). Bounding ) 7, |Ki3] We further partition Z; = Zgo) U Zy, according to whether the

subset follows an iteration £ € K. with d_type=SOL or NC, respectively.
To bound Y7 |K! 3], by the relationship ; < 50; from Lemma [5, we have

sol

>R ) qlnfﬁ/ﬂ +1> <2+ 2In(5))| Tt + Y 2In(6;/€)

1€Ls01 1€Lg01 1€7Ls01
1/2 1 v
SG‘Ke 1| + 4Af max{yo, 271/(6)} S O AfH;+u 67%
’ 3eceor€3/2
and the third inequality uses |Zso1| < |Ke 1], Zzelg 1 5’/2 < Af max {7y, 27, (€)}1/2/cso1 (due to and
Lemma , and Lemmaw1th (zi,p,q,¢) = (6;,3/2, 3/2 €
For ZZGZ |K63| we can further divide Z,. into Z3;. := {z € The : 6 < OUg}, and I, = Tne \ I

For each i € In>c, by ., we know the last iteration in |K€71| will guarantee a descent of at least
n0°Us - n0°Ug S n0°Ug
27v2 7 2max{y0,27(e)}? ~ Zmax{vg,64H;/(1+V)e*(2*2”)/(1+”)}’

gdgsg >

where the first inequality follows from &y > 6/v, and the second inequality is because of v, <
2—2v
max{70,27,(€)}. As the total descent is controlled by Ay, we have |Z;.| < O(Aye v ) and

> Kl < 12 ([WWH)go(eiiZ)‘

i€Tqe

For i € I, by we know the last iteration, indexed by k;, in |K¢ ;| will guarantee a descent of at
least 4 a26% > gd%?e%, where we single out one &; and lower bound it by under the fact that
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1

i > en, = (m, |V (x )H)% €2. Again, using Ay to control the total descent gives

W 24
S aw < ==L (34)
0 e

ieTs,

which shall be used later as a summation upper bound in Lemma With this in mind and using the
inequality §; < 2&;Upd; provided by Lemma |§|7 we have

Z Kigl< > qmgéﬂ +1> < (24 2W(2Ux)) [T +2 ) In((@:d)/e)

1€, ZEI§C ieInSC

4A 1 v
<(2+ 2m(2U)Keal + 1 <O (Afﬂ;wﬁ—?iu)

where the third inequality follows from |Z5| < |Kc 1/, the summation bound (34), and Lemma with
(Zi>p7 q, C) = (dz(sza 27 1/27 6)'
Part 3 (iii). Bounding Y, 7 [K.3]. We partition Zy = T/

follows an iteration k € K22 with d_type=SOL or NC, respectlvely Before proceeding, we establish
an upper bound for the next gradient norm with iteration index k € Kg . For d_type=SOL, by .,
the fact that ax < 1, 9% > 1, and {; < 1/2 in Algorithm 2| and the first, second and last relations of
Lemma [12(i), one has
IV f @) = |V f (" +ard")|
<R1(z"+agd”, 2% +ag || (V2 (") +2e, 1) A"+ V f (") | +2cner]|d¥ ||+ (1 — ) ||V £ ()]

W[V f (= 5 4+¢

< PANTEOD g2 4 2 ity 2%
2

Thus, we have |V f(z"+1)|| < 4H]}+”\|Vf(xk)|]m if |Vf(a®)| < (H]%/31+”)1/(1*”) and v € (0,1). For

d_type = NC, the same resoning in gives |V f(z**1)|| < 20, Up||d¥|| whenever ||d*|| < OUy. With
these next gradient bounds, we are ready to bound Ziéfgol \K§3| and > ;e \Ké3|

UZ]. according to whether the subset

o 20
exlld®|| < 2H [T ||V f ()| T 46|V f (). (35)

For ZiGI;ol K 5], we consider the following two cases:
Case 1. When v € (0,1), we further divide Z/ | into I S={iell,: 6 < (.FIQ/BH"’)I/(1 ")} and
ISO>1 =T\ T Sol For ISOI, we have §; > (H%/?)“”’)l/(1 v) . By Line 12 of Algomthm we know the
last iteration in |K672], indexed by k, will guarantee a descent of at least

1—v

Csowlzl/QHVf(xk)HS/Z > cyo1 max{ o, 2%’(6)}71/2H}r"/(1*”)/3(3+3u)/(2*21/) > Q(e22v).
Using Ay to control the total descent yields \I;o>1| <O(A fe_%), which implies

) ! ln(U /6) _24v
i > g v
Z ‘KE,3‘S‘ISOII.<’71D.2—‘+1) SO(e i+ )

I>

sol

For I;gl, the next gradient bound for |K22| implies §; < 4HJ2/ (1H+2)52v/4Y) 1t then follows that

In(é;/¢) 2/(14v) 1< 52v/(2+4v)
Z K 5] < Z <’7m2-‘ + 1> (2 + 21n(4H )) |Z5| +2 Z In(4; /€)
sol ¢

GISEI ZEI%j
v 4A 2 1/2 1 ,
<2+ 2 K2, | 4 22000 /Z“(E)} < O(ApHF7 1),
€Cqol €
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where the third inequality follows from \Isol| < |K2,), Z 7's 53/ < Ay max{7y0, 27, (€)}'/?/cso1 (due

2v

to the definitions of Zy and KEQ) and Lemma M with (z;,p,q,¢) = (627, 32+v) , %, €).
Case 2. When v =1, implies §; < (2H + 6)d;. Then we have

I HESY (Fniiiz/e)l +1> <2(1 + In(2Hy + 6))|ZLy | +2 > In(3i/e)

i€’ 1€’ 1€Zs01

sol sol

2 pmax{on SHIP _ o ity

<2(1+In(2H; +6)) ’Kgﬂ + €Csol€ d
SO.

where the third inequality uses |Z/;| < |K2,], ZZEI,S 5;3/2 < Ajymax{yo,8H}/?/cso1 (due to the
sol _
definitions of 7y and K@Q) and Lemma |10| with (z;,p, q,¢) = (8;,3/2,1,€).

1
Combining the above two cases, we obtain that Zieféol |Ki73| < O(AfH]}T”e_%) for all v € (0, 1].
Note from the proof of Lemma |§| that the result |V f(z**1)| < 2a,Ug||d*| whenever HdkH < 06Uy
is also valid at iteration k € Ke , because aj > 6/v;. Moreover, by the definition of Z,
that K;Q, i € I, follows an iteration k € K%Q Therefore, for 7., we can use the same arguments
as those for bounding > iz, KLl in Part 3(ii). That is, we start by dividing Z},. into two disjoint
subsets: Tns = {i € I/, : 6; < Uy} and TS = ;C/I;CS We then bound Z 75 [K! 5] and

ZiGZ/’> [K! 5], respectively, following the same derivations used in Part 3(ii). As a result we obtain

nc7 one sees

; ISP
Zz‘el;w IKesl < O(AfHJ}*”E ).
Lastly, summarizing Parts 1-3, we obtain

[Kel = 1Kea| + Keal + D Kigl+ Y Kigl+ D IKigl+ > IKisl+ Y [Kig|

€13 1€Ts01 i€Znc €], IS
1 24v
14v 1o
<O (A fH ¥ € 1+ > .
Hence, we complete the proof of this theorem. O

A.3.5 Proof of Lemma [8|

Proof. First, let us define the radius constant ¢ in Theorem [4] as

1 2 1+v
1 v 1 v 6L, (2H H LN v
2Lng/V 2Hf 2Lg 2Hf 12 M )2

where L, := ||[V2f(z*)|| + 1. The same argument at the beginning of yields that Bs(x*) C
ZL(2%ry), the relation holds for all x € Bs(z*), once an iteration enters the Bs(x*) neighborhood,
Algorithm [2] will always execute the Newton step with oy = 1 and d_type = SOL.

We now show that v;41 = 7 for any ke Bs(x*). From Algorithm [2| we know that 7y increases
only when k € K.3. To prove this statement, it is suffice to show that k ¢ Ko when 2* € Bs(z*).
Suppose for contradiction that 2* € Bs(x*) for some k € Ke2. Then, we have

44— 0| € (T )+ 20d) IV FGR) 2t (V) + 26,0) 7 VF )]
< (V@) + 22D (IVFF) + V2F @) @F = 29| + 26k — a7 + GV £ ()]
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(Z)EH k_ * (| 1+ 2%v k % k:_ * v k % 37
la® =T 4 292 [V F () [[2[[27 — 27| + [V f (27) ] (37)

where (i) is by the triangle inequality, and (ii) is by @ and the deﬁnltlon of ek, (; in Algorithm I 2| By
reusing the step (ii) in the above inequality and repeatedly using , we have

2L,

1954l 2 2 (o [+ 2019 S HDIT D o=+ 97 )

2L * ||V T 1\ = * || T z *
<258 (2 b |+ (o) o= [+ L) 19
(i1) 2L, 1 1 . (#ii) 1

< 2 (2t et ) L ) e[ 9SS IS

where (i) uses vx < 7, (|[Vf(zF)|) for k € K2, (ii) and (iii) are due to 2* € Bs(z*). This contradicts
with ||V f(z*T1)[| > 4[|V f(2*)|| for k€K 2. Thus, when 2 € Bs(z*), we have k ¢ K. 2, which implies
that ve+1 = Y- O

A.3.6 Proof of Lemma [9.

Proof. Recall § defined in (36), let c:2(1+%), and we define S as
* * Y d\2
si={a: Jo—a"l <6 f@) - 1) <50} (38)
Clearly, S C Bs(z*). By the previous discussion in Appendix we conclude that holds for all

x € 5, and Algorithm [2| will always execute the Newton step with vy = 11 if x5 € S.
We next prove that once zj, € S, all future iterates will stay in S. For any z* € S, we have

Ck5k

IV £ (")l >

where (i) is by (x < 1 and the second inequality of Lemma (), (ii) is by the fourth inequality of
Lemma ( ), and (iii) uses the triangle inequality and (27). This implies that ||d¥| < 2 LIV (@ B

And by (27), we have &||a* —z*||2 < f(2F)— f(z )SZ(C) , which implies that ||z* —2*| < ‘2. Thus,

(i) 4y
~2|d| >H(V2 f@®) + 25, Dd* + V f(2")]| > §Hd’“H—HVf(93'“)H,

lz* —2*|| <4,

4L,
k4 — o = flat + d* = 0] < l* — | + 0] £ (14 =)

where (i) uses and ||d¥|| §%||Vf(xk)||. Besides, since Algorithmis a descent method, one has

* o 02
F@ ) = f(a*) < fa*) = fa¥) < Z(E)

Thus, z*T! € S. Now suppose z¥0 € S for some kg > 0, by induction we have that {xk}kzko cSs. O

A.3.7 Proof of Theorem [l

Proof. By Lemma (8 and Lemma @ suppose zF0 € S, where S is defined in , for some kg > 0, we
have that Algorithm [2| will always execute the Newton step, {xk}kzko CS, and ygy1 = v, for k > ko.
Therefore, v; =, for all £ > ky. Then, by we have
s o 2 * 14w 3 1 x 3
o+ = ") < = (Hyll =" + 29 [V S @) = a7l + V£

2 1 1 3
< (Bl = I+ @, + L)L la* = 2712,
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This shows ||zF+1—2*|| = (’)(ka—x*Hmi“{H”’%}) for k> ko, i.e., a superlinear rate of order min{1+,3}.
O

B Capped conjugate gradient method

In this work, we use the capped CG (CappedCG) method [25], presented in Algorithm [3} as a subroutine
to solve the possibly indefinite damped Newton systems. Consider the linear system (H +201)d = —g,
where g # 0 is a nonzero vector in R”, o > 0, and H € S"*" is a possibly indefinite symmetric
matrix. CappedCG can efficiently return either (i) an approximate solution d and d_type=SOL with
well controlled relative error or (ii) a negative curvature direction d and d_type=NC. The following
lemma captures a few useful properties of CappedCG, which are adopted from [25, Lemma 3].

Lemma 12. Let (d, d-type) = CappedCG(H, g,(,0), then the following statements hold:
(i) If d_type=SOL, then d satisfies
olld> <d'(H +200)d,  ||ld| <1107 |g,

dVg=—d"(H +201)d,  |(H+201)d+ g|| < Col||d||/2.

(ii) If d_type=NC, then d satisfies d*g < 0 and d*Hd/||d||* < —o.

Algorithm 3: Capped conjugate gradient method (d, d_type) = CappedCG(H,g,(, o)

1 Input: symmetric matrix H € R"*", vector g # 0, damping parameter o > 0, desired relative accuracy
¢e(0,1).

Output: (d, d-type). // d_type=SOL: solved, d_type=NC: negative curvature

Initialize:

w N

U0, He H+20l, ke 222 (e &or e B T A 000,00 g, p”  —g, j < 0.

Set j < j + 1, and update U « max {U, [|Hp’||/Ilp°l, IHPII/IP°1l, [Hy 1/l [l 11Hr /1771135
Update &, 5, 7,T by Line 3 accordingly.

10 if (y)THy’ < o||y’||* then return (37, NC).

11 else if ||r/|| < [r°|| then return (37, SOL).

12 else if (p!)THp’ < o|p’||? then return (p’, NC).

13 else if ||77| > VT77/?||r°|| then

4 if (p°)THp° < o[|p°||* then return (p°,NC).

s while TRUE do

6 Compute o « (1) Tr? /(p\THp?, o7 < o7 + ayp7, and r7 « v7 + o Hp?; // Begin Standard CG
7 Compute Bj4+1 < ||[r?TH2/||r7 ||, and update p T < —ri+t 4+ ,1p7; // End Standard CG
8

9

14 Compute o,y as in the main loop above;
15 Find i € {0,...,7 — 1} such that (/' — y")TH( ' —y") < olly? " — o*||%;
16 return (y’t! —¢* NC).
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