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Abstract

We present an exact method for separating Chvátal-Gomory cuts from binary
knapsack sets, consisting of two steps: i) enumerating a finite set of possible
optimal multipliers for the knapsack constraint; ii) for each candidate, adjusting
optimally the remaining multipliers. We prove that ii) can be formulated as a
binary knapsack problem, leading to a pseudopolynomial-time exact separation
algorithm and two efficient greedy heuristics. Computational experiments on
Generalized Assignment Problem instances confirm the effectiveness of the
approach in terms of cut strength and computational efficiency.

1 Introduction

Mixed-integer programming (MIP) solvers have advanced significantly over the past
few decades, becoming able to handle complex and large-scale problems with increased
efficiency. A pivotal factor in the progress of MIP solvers has been the development
of efficient techniques to tighten MIP formulations through the automatic generation
of cutting planes [6].

Modern MIP solvers derive cutting planes from special substructures (i.e. subsets
of variables and/or constraints) of mixed-integer programming problems [13, 21,
4]. The most commonly exploited substructures are knapsack sets [14], mixed
knapsack sets [18], single-node flow sets [11, 17], and set packing (conflict graphs) [1].
Knapsack sets have been used as a base to derive Lifted Cover inequalities, whose
relevance is evidenced by the great attention received in the literature [12]. The
effectiveness demonstrated by Lifted Cover inequalities raises the question of whether
more aggressive separation algorithms on knapsack sets can further strengthen MIP
formulations. For this purpose, exact separation procedures have been tested in [2].
Exact separation enhancements are beneficial for small yet challenging problems;
however, they remain too time-consuming for larger ones.

In an effort to find a good compromise between quality of the lower bounds
and computational cost, previous works [15, 19] proposed a separation framework
to generate cutting planes belonging to the first Chvátal-Gomory (CG) closure
of knapsack sets. They introduce additional variables to reformulate the original
knapsack set as a fixed-charge knapsack set, then they perform two main steps:
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i) enumerate in a discrete set the multiplier values associated with the knapsack
constraint, then ii) for each main multiplier adjust the multipliers associated with
the bounds ≤ 1. They affirm that this leads to a O(n3b3) separation procedure,
without providing computational results [19]. Building on similar considerations, [16]
proposes a heuristic to identify violated CG cuts.

Our contribution. In this paper (Section 2), inspired by the separation frame-
work of [19], we develop an approach for separating rank-1 Chvátal-Gomory cuts
directly from binary knapsack inequalities. First, we strengthen step i) showing that
intermediate fixed-charge knapsack reformulations are unnecessary. This leads to
a reduced and explicitly characterized discrete set of candidate multipliers (Theo-
rem 2). More importantly, we propose a novel way of dealing with step ii) by proving
that the multiplier-adjustment can be formulated as a binary knapsack problem
(Theorem 3), thus providing a new structural perspective on the separation process.
Building on these theoretical findings, we design a new pseudo-polynomial exact
separation algorithm with complexity O(n3a2MAX ), improving upon best previously
known bounds [19], as well as two efficient greedy heuristics. Computational experi-
ments on Generalized Assignment Problem instances (Section 3) demonstrate the
practical effectiveness of the proposed methods.

2 Chvátal-Gomory Cuts from the Knapsack Substructure

Let N = {1, . . . , n}, b ∈ Z, and aj ∈ Z ∀j ∈ N . We consider the binary knap-
sack set BKP = {x ∈ {0, 1}n :

∑
j∈N ajxj ≤ b}, with b > 0, and aj > 0,

aj ≤ b, j ∈ N . We denote by KPI the convex hull of BKP , and by KP the
set obtained relaxing the integrality constraint in BKP , that is KP := {x ∈ Rn :∑

j∈N ajxj ≤ b, 0 ≤ xj ≤ 1, j = 1, . . . , n}. Any inequality of the form:∑
j∈N

⌊u0aj + uj⌋xj ≤ ⌊bu0 +
∑
j∈N

uj⌋ (1)

for some u0, u1, . . . , un ∈ R+, is a rank-1 Chvátal-Gomory (CG) inequality [10, 5].
The set of points in KP satisfying all rank-1 CG inequalities is called the first
CG closure and is denoted by KP1, and we have KPI ⊆ KP1[6]. For a given
x̄ = (x̄1, . . . , x̄n) ∈ KP , the problem of computing a violated inequality of the form
(1), or proving that this cannot be found (and hence x̄ ∈ KP1) is referred to as
CG separation problem (CGSEP) and is known to be NP-hard [7]. CGSEP can be
rephrased as a Mixed Integer Linear Program [8]:

z∗ := max
∑
j∈N

⌊u0aj + uj⌋x̄j − ⌊bu0 +
∑
j∈N

uj⌋

subject to 0 ≤ u0 < 1

0 ≤ uj < 1 ∀j ∈ N.

(2)
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x̄ ∈ KP1 if and only if the optimal value z∗ ≤ 0. Otherwise, the optimal solution
(u∗0, u

∗
1, . . . , u

∗
n) defines a maximally violated CG inequality for x̄. The additional

upper bound on the values of uj is a necessary condition for obtaining non-dominated
inequalities [20]. The value of z∗ is unaffected by fixing uj = 0 when x̄j = 0; by
complementation, a similar reasoning holds for x̄j = 1. Hence, in (2) N can be
replaced with J = {j ∈ N : 0 < x̄j < 1} [8].

Given x̄ ∈ KP , for any u = (u0, u1, . . . un) ∈ Rn+1 that identifies a CG cut, we
denote the value of the objective function of (2) as:

z(u0, u1, . . . , un) :=
∑
j∈J

⌊u0aj + uj⌋x̄j − ⌊bu0 +
∑
j∈J

uj⌋. (3)

Since 0 ≤ uj < 1 for all j ∈ J , we have that ⌊u0aj⌋ ≤ ⌊u0aj + uj⌋ ≤ ⌊u0aj⌋+ 1.
We denote as I(u0, u1, . . . , un) the set of indices such that adding uj raises the value
of ⌊u0aj⌋ to the following integer, i.e.

I(u0, u1, . . . , un) := {j ∈ J : ⌊u0aj+uj⌋ > ⌊u0aj⌋} = {j ∈ J : ⌊u0aj+uj⌋ = ⌊u0aj⌋+1}.

We observe that the first term in (3), namely
∑

j∈J⌊u0aj + uj⌋x̄j , depends only
on u0 and the set of indices I(u0, u1, . . . , un). On the contrary, the second term
−⌊bu0 +

∑
j∈J uj⌋ has a direct dependency on all u0, u1, . . . , un. Therefore, when we

consider u = (u0, u1, . . . , un), we can always improve the corresponding value of the
objective function z by substituting the last n components of u with the minimal
values ũ1, . . . , ũn such that I(u0, ũ1, . . . , ũn) = I(u0, u1, . . . , un). In this way, the first
term will remain constant while the second one will be as small as possible. This can
be formalized with the following proposition [19, 16].

Proposition 1. Let (u0, u1, . . . , un) be a feasible solution for (2), with I = I(u0, u1, . . . , un).
Then z(u0, u1, . . . , un) ≤ z(u0, ũ1, . . . , ũn), where:

ũj =

{
1− (u0aj − ⌊u0aj⌋) if j ∈ I,

0 if j ∈ J \ I.
(4)

Proof. We observe that ⌊u0aj + uj⌋ = ⌊u0aj + ũj⌋ ∀j ∈ J . In fact if j ∈ I:

⌊u0aj + uj⌋ = ⌊u0aj⌋+ 1 = ⌊⌊u0aj⌋+ 1⌋ = ⌊u0aj − u0aj + ⌊u0aj⌋+ 1⌋
= ⌊u0aj + ũj⌋,

while if j ∈ J \ I:

⌊u0aj + uj⌋ = ⌊u0aj⌋ = ⌊u0aj + 0⌋ = ⌊u0aj + ũj⌋.

This fact implies that: ∑
j∈J

⌊u0aj + uj⌋x̄j =
∑
j∈J

⌊u0aj + ũj⌋x̄j . (5)
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We recall that 0 ≤ uj < 1 ∀j ∈ J : in particular uj ≥ 0 = ũj ∀j ∈ J\I. Moreover, since
u0aj+uj ≥ ⌊u0aj+uj⌋ = ⌊u0aj⌋+1 for all j ∈ I, we have uj ≥ 1−(u0aj−⌊u0aj⌋) = ũj .
Then uj ≥ ũj ∀j ∈ J , which in turn implies:

⌊bu0 +
∑
j∈J

uj⌋ ≥ ⌊bu0 +
∑
j∈J

ũj⌋. (6)

Using (5) and (6) we can now conclude:

z(u0, u1, . . . , un) =
∑
j∈J

⌊u0aj + uj⌋x̄j − ⌊bu0 +
∑
j∈J

uj⌋

≤
∑
j∈J

⌊u0aj + ũj⌋x̄j − ⌊bu0 +
∑
j∈J

ũj⌋ = z(u0, ũ1, . . . , ũn).

Thanks to Proposition 1, we can restrict to optimal solutions for (2) of the
form (4). Moreover, for solutions of this form, the objective function can now
be expressed as a function of the first component u0 and the set of indices I, i.e.
z(u0, I) := z(u0, ũ1, . . . , ũn) where I = I(u0, ũ1, . . . , ũn) = {j ∈ J : ũj > 0}.

Problem (2) reduces to determining an optimal multiplier u∗0 ∈ R and the
corresponding index set I∗ ⊆ J that maximize the function z(u0, I). Previous
work [19] showed that an optimal value of u0 can be identified by restricting attention
to a finite discrete set, by considering the fixed-charged extension of the original
knapsack problem (see Theorems 1–3 in [19]). In the following Theorem 2, we eliminate
the need for this intermediate reformulation and prove a direct characterization of
the relevant discrete set of candidate multipliers. Notably, the cardinality of this set
does not depend explicitly on the knapsack capacity b, in contrast to the construction
in [19].

Theorem 2. There exists an optimal solution (u∗0, u
∗
1, . . . , u

∗
n) to (2) such that u∗0 ∈

C = {p/ai : i ∈ J, p ∈ Z+, 0 ≤ p < ai}.

Proof. Let us denote C ∪ {1} = {c1, . . . , c|C|+1 = 1} with ck < ck+1 for all k =
1, . . . , |C| + 1. Let us consider an optimal solution (u∗0, u

∗
1, . . . , u

∗
n) to (2). Since

0 ≤ u∗0 < 1, then there exists k ∈ {1, . . . , |C|} such that ck ≤ u∗0 < ck+1. If u∗0 = ck
we have the thesis.

Let us consider the case ck < u∗0 < ck+1. Thanks to Proposition 1, we can assume
that (u∗0, u

∗
1, . . . , u

∗
n) is of the form (4), otherwise we can consider the corresponding

optimal solution with the same u∗0. We define I∗ = {j ∈ J : ⌊u∗0aj+u∗j⌋ = ⌊u∗0aj⌋+1}.
We consider two cases:

(i) b−
∑

j∈I∗ aj ≥ 0;

(ii) b−
∑

j∈I∗ aj < 0.
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In the following, to allow easier manipulations, we consider separately the positive
and the negative term of the objective function:

z(u0, I) = f(u0, I)− g(u0, I)

where

f(u0, I) =
∑
j∈J

⌊u0aj⌋x̄j +
∑
j∈I

x̄j

g(u0, I) = ⌊bu0 +
∑
j∈I

(1− (u0aj − ⌊u0aj⌋))⌋

= ⌊bu0 +
∑
j∈I

(
1 + ⌊u0aj⌋

)
−
∑
j∈I

u0aj⌋

= |I|+
∑
j∈I

⌊u0aj⌋+ ⌊u0
(
b−

∑
j∈I

aj

)
⌋.

(i) Let us define:

A = I∗ ∩ {j ∈ J : ckaj ∈ Z+}.

We show that a solution of the form (4) with u0 = ck and I = I∗ \A is also optimal,
i.e. z(ck, I

∗ \ A) ≥ z(u∗0, I
∗). We observe that, since ck < u∗0 < ck+1, we have

⌊u∗0aj⌋ = ⌊ckaj⌋ for all j ∈ J .

f(ck, I
∗ \A) =

∑
j∈J

⌊ckaj⌋x̄j +
∑

j∈I∗\A

x̄j

=
∑
j∈J

⌊u∗0aj⌋x̄j +
∑
j∈I∗

x̄j −
∑
j∈A

x̄j

=f(u∗0, I
∗)−

∑
j∈A

x̄j .

g(ck, I
∗ \A) = |I∗ \A|+

∑
j∈I∗\A

⌊ckaj⌋+ ⌊ck
(
b−

∑
j∈I∗\A

aj

)
⌋

= |I∗| − |A|+
∑
j∈I∗

⌊ckaj⌋ −
∑
j∈A

⌊ckaj⌋+ ⌊ck
(
b−

∑
j∈I∗

aj

)
+

∑
j∈A

ckaj⌋

= |I∗| − |A|+
∑
j∈I∗

⌊u∗0aj⌋ −
∑
j∈A

ckaj + ⌊ck
(
b−

∑
j∈I∗

aj

)
⌋+

∑
j∈A

ckaj

= |I∗| − |A|+
∑
j∈I∗

⌊u∗0aj⌋+ ⌊ck
(
b−

∑
j∈I∗

aj

)
⌋

≤ |I∗|+
∑
j∈I∗

⌊u∗0aj⌋+ ⌊u∗0
(
b−

∑
j∈I∗

aj

)
⌋ − |A|
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=g(u∗0, I
∗)− |A| .

To obtain the inequality, we used hypothesis (i) and the fact that ck < u∗0. Then
recalling the previous results and the fact that xj ≤ 1 ∀j ∈ J :

z(ck, I
∗ \A) ≥ f(u∗0, I

∗)−
∑
j∈A

x̄j − g(u∗0, I
∗) + |A| = z(u∗0, I

∗) +
(
|A| −

∑
j∈A

x̄j

)
≥ z(u∗0, I

∗).

(ii) Let us define:

A = I∗ ∩ {j ∈ J : ck+1aj ∈ Z+},
B = (J \ I∗) ∩ {j ∈ J : ck+1aj ∈ Z+}.

We show that a solution of the form (4) with u0 = ck+1 and I = I∗ \ A is also
optimal, i.e. z(ck+1, I

∗ \A) ≥ z(u∗0, I
∗). We observe that, since ck < u∗0 < ck+1, we

have ⌊ck+1aj⌋ = ⌊u∗0aj⌋ + 1 for all j such that ck+1aj ∈ Z (i.e. j ∈ A ∪ B), and
⌊ck+1aj⌋ = ⌊u∗0aj⌋ otherwise.

f(ck+1, I
∗ \A) =

∑
j∈J

⌊ck+1aj⌋x̄j +
∑

j∈I∗\A

x̄j

=
∑
j∈J

⌊u∗0aj⌋x̄j +
∑

j∈A∪B
x̄j +

∑
j∈I∗

x̄j −
∑
j∈A

x̄j

=f(u∗0, I
∗) +

∑
j∈B

x̄j .

g(ck+1, I
∗ \A) = |I∗ \A|+

∑
j∈I∗\A

⌊ck+1aj⌋+ ⌊ck+1

(
b−

∑
j∈I∗\A

aj

)
⌋

= |I∗| − |A|+
∑
j∈I∗

⌊ck+1aj⌋ −
∑
j∈A

⌊ck+1aj⌋+ ⌊ck+1

(
b−

∑
j∈I∗

aj

)
+

∑
j∈A

ck+1aj⌋

= |I∗| − |A|+
∑
j∈I∗

⌊u∗0aj⌋+ |A| −
∑
j∈A

ck+1aj + ⌊ck+1

(
b−

∑
j∈I∗

aj

)
⌋+

∑
j∈A

ck+1aj

= |I∗|+
∑
j∈I∗

⌊u∗0aj⌋+ ⌊ck+1

(
b−

∑
j∈I∗

aj

)
⌋

≤ |I∗|+
∑
j∈I∗

⌊u∗0aj⌋+ ⌊u∗0
(
b−

∑
j∈I∗

aj

)
⌋ = g(u∗0, I

∗).

To obtain the inequality, we used hypothesis (ii) and the fact that u∗0 < ck+1. We
can now observe the following:

z(ck+1, I
∗ \A) ≥ f(u∗0, I

∗) +
∑
j∈B

x̄j − g(u∗0, I
∗) = z(u∗0, I

∗) +
∑
j∈B

x̄j ≥ z(u∗0, I
∗).
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We are left to rule out the case ck+1 = 1, otherwise the new solution would be
unfeasible for (2). If this was indeed the case, we would have, using the fact that
aj ∈ Z+ and 0 ≤ uj < 1 for all j ∈ J :

z(1, u1, . . . , un) =
∑
j∈J

⌊aj + uj⌋x̄j − ⌊b+
∑
j∈J

uj⌋ =
∑
j∈J

aj x̄j − b− ⌊
∑
j∈J

uj⌋

≤
∑
j∈J

aj x̄j − b ≤ 0

but if we chose u0 = 0 the objective function becomes:

z(0, u1, . . . , un) =
∑
j∈J

⌊0 + uj⌋x̄j − ⌊0 +
∑
j∈J

uj⌋ ≤ 0 = z(0, 0, . . . , 0),

Hence (0, 0, . . . , 0) can be selected as optimal (feasible) solution.

The maximization problem (2) can be then decomposed in |C| subproblems,
corresponding to fixing u0 = p/ai and determining the set of indices I∗ ⊆ J that
maximizes z(p/ai, I). The case u0 = 0 can be excluded as the corresponding optimal
objective value z(0, I∗) = 0 would imply that no CG inequality is violated by x̄.
The following Theorem 3 introduces a novel way to compute the remaining optimal
multipliers, leading to a new approach to compute maximally violated CG cuts
for KPI , forming the basis of the exact separation algorithm which is the major
contribution of this paper.

Theorem 3. There exists an optimal solution (u∗0, u
∗
1, . . . , u

∗
n) to (2) such that u∗0 =

p/ai for some i ∈ J , 0 ≤ p < ai, and u∗j = w∗
j · αj/ai ∀j ∈ J where:

β = β(ai, p) :=pb mod ai,

αj = αj(ai, p) :=ai − (paj mod ai) ∀j ∈ J

w∗ = arg max
wk s.t. 0≤k≤⌊(β+

∑
j∈J αj)/ai⌋

∑
j∈J

x̄jw
k
j − k

and wk = (wk
j )j∈J is the optimal solution to

max
∑
j∈J

x̄jwj

subject to
∑
j∈J

αjwj ≤ (k + 1)ai − 1− β

wj ∈ {0, 1} ∀j ∈ J.

(7)
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Proof. For a given u0 and a set of indices I ⊆ J , the value of the objective function
z(u0, I) is given by

z(u0, I) =
∑
j∈J

⌊u0aj⌋x̄j +
∑
j∈I

x̄j − ⌊bu0 +
∑
j∈I

(
1− (u0aj − ⌊u0aj⌋)

)
⌋

=
∑
j∈J

⌊u0aj⌋x̄j +
∑
j∈I

x̄j − ⌊u0b− ⌊u0b⌋+ ⌊u0b⌋+
∑
j∈I

(
1− (u0aj − ⌊u0aj⌋)

)
⌋

=

∑
j∈J

⌊u0aj⌋x̄j − ⌊u0b⌋

+
∑
j∈I

x̄j − ⌊u0b− ⌊u0b⌋+
∑
j∈I

(
1− (u0aj − ⌊u0aj⌋)

)
⌋.

By Theorem 2, we can furthermore assume that u0 = p/ai for some i ∈ J and
p ∈ Z+, 1 ≤ p ≤ ai − 1. Therefore:

u0b− ⌊u0b⌋ =
1

ai
(pb mod ai) =

β

ai
,

1− (u0aj − ⌊u0aj⌋) =
1

ai
(ai − (paj mod ai)) =

αj

ai
.

and

z

(
p

ai
, I

)
=

∑
j∈J

⌊ p
ai
aj⌋x̄j − ⌊ p

ai
b⌋

+
∑
j∈I

x̄j − ⌊ 1
ai

β +
∑
j∈I

αj

⌋. (8)

The first term does not depend on I, while the last one is such that 0 ≤ ⌊ 1
ai

(
β +

∑
j∈I αj

)
⌋ ≤

|J | since 0 ≤ β < ai and 0 < αj ≤ ai ∀j ∈ J . If we suppose to fix this last term to
some k ∈ {0, . . . , |J |}, the task of maximizing (8) is equivalent to finding I ⊆ J that
maximizes

∑
j∈I x̄j subject to

1

ai

(
β +

∑
j∈I

αj

)
< k + 1

or equivalently ∑
j∈I

αj ≤ (k + 1)ai − 1− β.

This task can be decomposed in O(|J |) = O(n) knapsack problems of the form:

max
∑
j∈J

x̄jwj

subject to
∑
j∈J

αjwj ≤ (k + 1)ai − 1− β

wj ∈ {0, 1} ∀j ∈ J,

(9)

where wj is a binary variable that is equal to 1 if and only if j ∈ I.
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We have |C| = O(naMAX ) subproblems, where aMAX := maxi∈J ai. Solving each
problem (7) individually requires O(|J | ((k+1)ai − 1− β)) operations using dynamic
programming [20]. Since k ≤ |J | ≤ n and ai ≤ aMAX , this amounts to O(n2aMAX )
operations. This leads to a new algorithm for computing a maximally violated CG
cut in O(naMAX · n · n2aMAX ) = O(n4a2MAX ) operations.

However, for given ai and p, the sequence of the knapsack subproblems (7) only
differs for the value of the RHS (corresponding to the “capacity” of the knapsack).
Therefore it is possible to compute the dynamic programming table only once for the
highest capacity ⌊(β +

∑
j∈I αj)/ai⌋ and from that retrieve the optimal solutions for

all the problems (7) with lower capacities [20]. This consideration allows us to reduce
the overall complexity of computing a maximally violated CG cut to O(n3a2MAX )
operations, thus strictly improving the complexity bound for similar approaches [19].
This approach is illustrated by Algorithm 1 and provides a technique to optimize a
function over the first CG closure KP1.

Algorithm 1 Explicit resolution of the Knapsack subProblems (EKP)
Require: a1, . . . , an, b ∈ Z+, x̄ ∈ KP
Ensure: u∗

0, u
∗
1, . . . , u

∗
n ∈ [0, 1), z∗ ∈ R

1: u∗
0 = 0, u∗

1 = 0, . . . , u∗
n = 0, z∗ = 0

2: for i ∈ J = {j : 0 < x̄j < 1} do
3: for p ∈ {1, . . . , ai − 1} do
4: β = pb mod ai
5: αj = ai − (paj mod ai) for all j ∈ J
6: Compute the DP table for (7) with RHS ⌊(β +

∑
j∈N2

αj)/ai⌋
7: for k ∈ {0, . . . , ⌊(β +

∑
j∈N2

αj)/ai⌋} do
8: Retrieve the optimal w to (7) for αj , β, and k using DP table
9: z =

∑
j∈J⌊paj/ai⌋x̄j − ⌊pb/ai⌋+

∑
j∈J x̄jwj − k

10: if z > z∗ then
11: z∗ = z
12: u∗

0 = p/ai
13: u∗

j = wj · αj/ai ∀j ∈ J

Solving this family of linear programs explicitly can be computationally demanding.
Algorithm 2 exploits the standard greedy heuristic for the knapsack problem [6] to
speed up this step. The CG cuts obtained in this way are not ensured to be maximally
violated, but exhibit a better trade-off between computation time and performance
in branch-and-cut setting (Sec. 3).

In a similar spirit, another approach can be devised by using a different heuristic
for finding, for all given u0 ∈ C, the set of indices I∗ ⊆ J that maximizes z(u0, I

∗).
Let us consider the following expression for the objective:

z(u0, I) =
∑
j∈J

⌊u0aj⌋x̄j +
∑
j∈I

x̄j − |I| − ⌊u0b−
∑
j∈I

(u0aj − ⌊u0aj⌋)⌋.

First, we observe that
∑

j∈J⌊u0aj⌋x̄j depends only on u0, and therefore can be
seen as a constant value F once u0 is fixed. For a given cardinality |I|, z(u0, I)
increases when either

∑
j∈I x̄j increases or ⌊u0b−

∑
j∈I(u0aj − ⌊u0aj⌋)⌋ decreases,
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Algorithm 2 Heuristic 1 (H1)
Require: a1, . . . , an, b ∈ Z+, x̄ ∈ KP
Ensure: u∗

0, u
∗
1, . . . , u

∗
n ∈ [0, 1), z∗ ∈ R

1: u∗
0 = 0, u∗

1 = 0, . . . , u∗
n = 0, z∗ = 0

2: for i ∈ J = {j : 0 < x̄j < 1} do
3: for p ∈ {1, . . . , ai − 1} do
4: β = pb mod ai
5: αj = ai − (paj mod ai) for all j ∈ J
6: Sort J = {j1, . . . , j|J|} in decreasing order of x̄j/αj

7: for k ∈ {0, . . . , |J |} do
8: I = {jl : l = 1, . . . , k}
9: z =

∑
j∈J⌊paj/ai⌋x̄j − ⌊pb/ai⌋+

∑
j∈I x̄j − ⌊(β +

∑
j∈I αj)/ai⌋

10: if z > z∗ then
11: z∗ = z
12: u∗

0 = p/ai
13: u∗

j = αj/ai ∀j ∈ I

14: u∗
j = 0 ∀j ∈ J \ I

i.e.
∑

j∈I(u0aj − ⌊u0aj⌋) increases. To identify the best set of indices I ⊆ J with
a fixed cardinality |I| we can add j to I in a greedy way, starting with the indices
with a larger value of x̄j + λ(u0aj − ⌊u0aj⌋), for some λ ∈ R+. The coefficient λ
allows to weigh differently the contribution from x̄j , which would directly increase
the objective function, and the one from u0aj − ⌊u0aj⌋, that would affect it only
indirectly, as could be “canceled” after applying lower integer part. This procedure is
described in Algorithm 3.

Algorithm 3 Heuristic 2 (H2)
Require: a1, . . . , an, b ∈ Z+, x̄ ∈ KP , λ ∈ R+

Ensure: u∗
0, u

∗
1, . . . , u

∗
n ∈ [0, 1), z∗ ∈ R

1: u∗
0 = 0, u∗

1 = 0, . . . , u∗
n = 0, z∗ = 0

2: for i ∈ J = {j : 0 < x̄j < 1} do
3: for p ∈ {1, . . . , ai − 1} do
4: u0 = p/aj
5: Sort J = {j1, . . . , j|J|} in decreasing order of x̄j + λ(u0aj − ⌊u0aj⌋)
6: for k ∈ {0, . . . , |J |} do
7: I = {jl : l = 1, . . . , k}
8: z =

∑
j∈J⌊u0aj⌋x̄j +

∑
j∈I x̄j − k − ⌊u0b−

∑
j∈I(u0aj − ⌊u0aj⌋)⌋

9: if z > z∗ then
10: z∗ = z
11: u∗

0 = u0

12: u∗
j = 1− (u0aj − ⌊u0aj⌋) ∀j ∈ I

13: u∗
j = 0 ∀j ∈ J \ I

3 Computational Results

To assess their performances, the algorithms in Section 2 were embedded into a cut-
and-branch framework. To allow comparisons with similar studies in the literature [16,
2], we adopted as test-bed the most challenging instances –namely D and E– of
the Generalized Assignment Problem (GAP) taken from the OR library [3]. We

10



considered separately the three main approaches presented in Section 2 for computing
maximally violated CG cuts:

1. Explicit resolution of the Knapsack subproblems of the form (7) using dynamic
programming (EKP), corresponding to Algorithm 1.

2. Heuristic based on Algorithm 2 (H1).

3. Heuristic based on Algorithm 3 (H2).

To assess the performances of EKP, H1, and H2, we also considered the perfor-
mance of Gurobi (a commercial solver) and SCIP (a non-commercial solver), disabling
generation of all cuts except cover cuts. For Gurobi, we varied the parameter for
cut aggressiveness, comparing moderate and aggressive cut generation. The results
obtained are the same for the two values.

In accordance with the literature [16], as a measure of improvement with respect
to the solution of the linear relaxation, we used the closed gap defined as 1 −
(LBfinal − LBopt)/(LBinit − LBopt), where LBinit is the value of the objective for
the linear relaxation, LBfinal is the value of the relaxation strengthened by adding all
the cuts, and LBopt is the optimal value when available or otherwise the best known
lower bound. For all instances, the values of LBopt were taken from [2]. For selecting
the parameter λ required by H2, a preliminary analysis shows that the highest closed
gap was achieved for λ = 1 in almost all instances. We witness a consistent behavior,
with smaller closed gaps for values of λ greater or less than 1. Therefore, we only
consider H2 with λ = 1 when comparing with other methods. For a few instances
(namely d401600, d60900, d801600), the linear relaxation already yields the optimal
value, thus we did not consider them.

As we may expect, EKP always performs better than all the other approaches
in terms of closed gap, probably because of the improvement deriving from using
maximally violated CG cuts. For all considered instances, SCIP and Gurobi achieve
much lower closed gaps, with Gurobi showing especially poorer performance, possibly
because of early stopping, as suggested by the extremely low running times. EKP
exhibits running times that are comparable (and sometimes shorter) to both SCIP
and Gurobi.

The heuristics H1 and H2 obtain closed gaps that are always lower but close to
EKP and generate fewer cuts, especially in the case of large instances. The running
times of the heuristics are similar to each other and slightly shorter than those relative
to EKP. The magnitude of this difference might have been influenced by the values
of the coefficients that are relatively small in the instances considered, thus favoring
EKP. Even if the two heuristics use different criteria in their greedy approach, the
final performances are similar.

When comparing with similar heuristics present in the literature [16], both H1
and H2 yield consistently better results in terms of closed gap for all instances for
which we have data. For [16] we do not have access to runtimes and number of
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SCIP Gurobi EKP
Instance Cl. Gap Time Cuts Cl. Gap Time Cl. Gap Time Cuts
e05100 33.04 <1 20 10.25 <1 76.41 <1 110
e05200 29.11 <1 16 21.75 <1 57.03 <1 62
e10100 38.17 <1 22 2.19 <1 65.66 <1 137
e10200 45.58 <1 39 7.03 <1 60.59 <1 169
e10400 53.32 1 38 20.24 1 71.50 <1 119
e15900 35.34 4 38 54.45 2 73.74 1 245
e20100 62.28 1 76 <1.45 <1 91.26 <1 317
e201600 39.35 14 60 21.50 4 66.82 3 378
e20200 55.33 1 69 1.30 1 85.14 <1 242
e20400 50.23 3 63 13.02 1 87.21 1 315
e30900 56.72 13 125 19.74 5 94.91 5 615
e401600 49.64 38 117 35.06 13 83.59 18 897
e40400 56.26 10 132 10.56 3 84.87 3 717
e60900 49.82 50 231 1.62 4 83.28 29 1470
e801600 53.28 207 289 10.93 35 86.37 105 2036
Min 29.11 <1 16 <1.45 <1 57.03 <1 62
Max 62.28 207 289 54.45 35 94.91 105 2036
Mean 47.16 23 89 15.34 5 77.89 11 522
Median 49.82 3 63 10.93 1 83.28 1 315

Table 1: Exact separation vs. solvers for class E. Time in seconds, Closed Gap in %.

EKP H1 H2 HL [16]
Instance Cl. Gap Time Cuts Cl. Gap Time Cuts Cl. Gap Time Cuts Cl. Gap
e05100 76.41 <1 110 76.35 <1 94 74.83 <1 103 63.1
e05200 57.03 <1 62 54.69 <1 63 55.57 <1 66 50.0
e10100 65.66 <1 137 64.17 <1 129 63.37 <1 131 63.4
e10200 60.59 <1 169 57.50 <1 124 57.25 <1 118 55.7
e10400 71.50 <1 119 71.16 <1 100 71.32 <1 121 70.6
e15900 73.74 1 245 72.48 1 200 72.05 1 213
e20100 91.26 <1 317 90.39 <1 294 90.37 <1 329 86.3
e201600 66.82 3 378 66.08 2 337 65.51 2 308
e20200 85.14 <1 242 84.52 <1 230 84.36 <1 219 84.4
e20400 87.21 1 315 85.80 1 288 85.42 1 290 84.2
e30900 94.91 5 615 93.87 4 548 92.81 4 522
e401600 83.59 18 897 80.67 15 793 80.50 15 782
e40400 84.87 3 717 83.80 3 641 82.64 3 594 81.1
e60900 83.28 29 1470 81.47 24 1283 81.05 24 1222
e801600 86.37 105 2036 84.95 89 1818 84.10 89 1685
Min 57.03 <1 62 54.69 <1 63 55.57 <1 66
Max 94.91 105 2036 93.87 89 1818 92.81 89 1685
Mean 77.89 11 522 76.53 9 462.8 76.08 9 447
Median 83.28 1 315 80.67 1 288 80.50 1 290

Table 2: Exact vs. heuristic separation for class E. Time in seconds, Closed Gap in %.
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cuts generated; since results for larger instances are not available, no statistics is
computed.

Computational experiments were conducted using a Dell Precision 7960 worksta-
tion, equipped with an Intel(R) Xeon(R) W-3495X CPU featuring 56 physical cores
and 128 GB of RAM. The operating system used was Ubuntu 22.04 LTS (64-bit).

All the algorithms are implemented in Python (v3.10) using Gurobi (v12.0)
as a branch-and-cut framework. The EKP separation algorithm, which requires
access to the dynamic programming table to solve the knapsack (sub)problems more
efficiently (line 10 in Algorithm 1), is implemented in C++ for efficiency reasons (a
first implementation of the very same EKP algorithm in pure Python was two orders
of magnitude slower).

The procedure is terminated if an integer solution was obtained or if the violation
of all the new CG inequalities was less than 10−2. A maximal number of cut generation
rounds was fixed to 200, and no new cut generation round started if the runtime had
already exceeded 2 hours.

4 Concluding remarks

In this paper, we introduced a new more efficient exact algorithm and two novel
heuristics to optimize over the first Chvátal-Gomory closure of a knapsack set. Our
techniques identify maximally violated CG cuts by solving a sequence of related
knapsack problems. Extensive computational experiments on benchmark GAP
instances from OR-Library show that the proposed approach closes a larger optimality
gap compared to a commercial MIP solver. Moreover, the heuristics outperform the
state-of-the-art heuristics for optimizing the first CG closure [16].

As a direction for future research, the approaches presented could be combined.
For instance, the two heuristics (H1 and H2) could be applied first to generate a
violated inequality, using the more expensive exact knapsack procedure (EKP) only
to certify that no further violated cut exists. This strategy could accelerate the
separation process without compromising its effectiveness in reducing the optimality
gap.

Although the present paper focused on GAP instances to facilitate comparison
with the literature, future computational studies could evaluate the performance of
the proposed methods on a broader class of MILP instances with knapsack constraints,
such as those from the MIPLIB library [9].
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Table 6: Exact vs. heuristic separation for class E. Time in seconds, Closed Gap in
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17



B Cut Generation Outline

In the following, we summarize the main steps for computing the coefficients
(u0, u1, . . . , un) representing a violated CG inequality, arising from a constraint∑

j∈N ajxj ≤ b, given x̄ = (x̄1, . . . , x̄n) ∈ KP .

1. We retrieve the set of indices J0 := {j ∈ N : x̄j = 0}. As mentioned at the
beginning of Section 2, we can restrict to N0 := N \ J0, and fix uj = 0 ∀j ∈ J0.

2. In a similar way we can discard the components such that x̄j = 1, by considering
the complemented variables. We retrieve the set of indices J1 := {j ∈ N0 :
x̄j = 1}, then we update the value of b to b′ = b−

∑
j∈J1 aj and we restrict to

N1 := N0 \ J1. Once we have computed the optimal value u∗0 = p∗/a∗i for the
first coefficient, we can compute uj ∀j ∈ J1 in the following way:

uj =

{
0 if u∗0aj ∈ Z ⇐⇒ ajp

∗ mod a∗i = 0

1− (u0aj − ⌊u0aj⌋) otherwise.

3. We then consider each ai ∈ {aj : j ∈ N1}, that is, if a value appears multiple
times we consider it only once. We can furthermore ignore all ai for which
there exists aj with j ≠ i such that aj/ai = q ∈ Z. In fact, we can express any
ck of the form ck = p/ai as ck = pq/aj .

4. For a fixed ai, we consider each p ∈ {1, . . . , ai − 1}.

5. For a fixed ai and p, we can restrict to N2 := N1 \ J2, where J2 = J2(ai, p) :=
{j ∈ N1 : ajp/ai ∈ Z} = {j ∈ N1 : ajp mod ai = 0}, since the proof of
Theorem 2 shows that there exists an optimal solution with uj = 0 ∀j ∈ J2.

6. We apply either EKP, H1 or H2, considering aj for j ∈ N2, b′.

7. When applying EKP or H1, we vary the maximal capacity of the associated
knapsack problem as (k+1)ai−1−β with k between 0 and ⌊(β+

∑
j∈N2

αj)/ai⌋.

We can implement step 3 and 4 as double for loop. However, since only the ratio
u0 is relevant for computing the coefficients, this implementation may lead to control
the same value u0 = p/a multiple times, thus performing redundant operations. For
instance, if a1 = 16 and a2 = 24, the values 2/16 = 3/24, 4/16 = 6/24, 6/16 = 9/24,
8/16 = 12/24, 10/16 = 15/24, 12/16 = 18/24, 14/16 = 21/24 will be checked
two times, thus leading in this case 18% of redundant coefficients. More complex
implementations may avoid or reduce the number of these redundant operations.
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