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Abstract

We consider unconstrained derivative-free optimization problems in which only inexact func-
tion evaluations are available. Specifically, we study the setting where the oracle returns function
values with partially controllable inexactness, with the error bounded linearly by a user-specified
accuracy parameter, but with an unknown proportionality constant. This framework captures
optimization problems arising from approximate simulations or experimental evaluations with
adjustable accuracy. We propose a variant of the Stochastic Three Points method (SIAM J. Op-
tim. 30, 1–25, 2020) that jointly updates oracle accuracy and stepsizes without requiring prior
knowledge of the error bound. Assuming that the objective function has a Lipschitz continuous
gradient, we show that the proposed method requires at most O

(
n| ln(ϵ)|2ϵ−2

)
calls to the inexact

oracle to find a point whose expected gradient norm is below ϵ, where n is the number of vari-
ables. As an application, we study model-free steady-state optimization in control systems and
show that it can be addressed using the proposed method.

1 Introduction

Derivative-free optimization (DFO) concerns the solution of optimization problems in which gradient
information of the objective function is unavailable [10, 3, 26], forcing the optimization solvers to
rely only on function evaluations. DFO problems appear in a wide range of applications, including
hyperparameter tuning in machine learning [32], engineering optimization [16, 29], design of black-box
adversarial attacks [9], bilevel optimization [15, 8], and control of physical systems [25, 21, 27]. Several
oracle models have been studied in the DFO literature. In the simplest case, the oracle returns exact
function values. However, in many applications, one often only has access to inexact oracles, which
provide function values corrupted by stochastic or deterministic errors arising from finite-precision
computations or approximate simulations. Depending on the oracle type and the problem dimension,
different classes of methods have been developed. For low- to moderate-dimensional problems, model-
based trust-region [30, 11, 18, 36], direct search [34, 22, 12, 5, 13] and finite-difference methods
[1, 19, 31, 23] are widely used. In higher-dimensional settings, randomized methods [28, 20, 9, 2, 7, 14]
are often preferred due to their scalability.

In this paper, we consider a class of DFO problems characterized by an oracle with partially
controllable inexactness. Specifically, for any query point u ∈ Rn and any accuracy parameter
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δ > 0, the oracle returns a value fδ(u) satisfying |fδ(u) − f(u)| ≤ Cδ, where C > 0 is an unknown
constant that is independent of u and δ. This oracle model represents scenarios where accuracy can
be improved at the cost of more computation or waiting time, though the exact error is unknown.
Such oracles fall outside the scope of classical DFO frameworks and motivate the development of
new algorithms and analyses. Specifically, we propose a variant of the Stochastic Three Points
(STP) method [2] tailored to this type of inexact oracle. The method adaptively balances the oracle
accuracy parameter δ with the optimization progress, without requiring knowledge of the constant
C. We show that the proposed method requires at most O

(
n| ln(ϵ)|2ϵ−2

)
calls to the inexact oracle

to find a point whose expected gradient norm is below ϵ, where n is the number of variables of the
problem.

As a motivating application, we consider model-free steady-state optimization problems [24,
25, 21, 27]. In this setting, the objective function is defined implicitly through the steady-state
behavior of a dynamical system under a constant control input. Since the mapping defining the
system dynamics is assumed to be unknown, inexact function evaluations can be obtained by running
the system until an approximate steady state is reached. The resulting oracle naturally exhibits
controllable inexactness, as the accuracy of the steady-state estimate depends on the simulation or
experiment duration. For systems defined by contractions, we show that this oracle satisfies the
assumptions of our framework, which illustrate the practical relevance of the proposed method.

The remainder of the paper is organized as follows. Section 2 presents the proposed method
along with its convergence and complexity analysis. In Section 3, we describe the application of
the proposed method to model-free steady-state optimization problems. Finally, Section 4 presents
numerical results illustrating the effectiveness of the proposed method.

2 New Method and its Complexity Analysis

We consider the unconstrained optimization problem

min
u∈Rn

f(u), (1)

where the objective function is specified by the assumptions:

A1. f : Rn → R has a global minimizer u∗.

A2. ∇f : Rn → Rn is L-Lipschitz continuous.

When an exact zeroth-order oracle of f is available, one of the simplest derivative-free methods
for problem (1) is the Stochastic Three Points (STP) method [2]. The method generates a sequence
{uk}k≥0 according to the rule

uk+1 = argmin
{
f(uk), f(uk + αksk), f(uk − αksk)

}
, (2)

where sk ∼ N
(
0, 1

nIn

)
is a random search direction sampled from a standard normal distribution

scaled by 1/n, and αk > 0 is a stepsize, typically chosen by the user according to a predefined
sequence. In our setting, however, we assume that only an inexact zeroth-order oracle is available,
characterized by the following assumption:

A3. There exists C > 0, such that, for any (u, δ) ∈ Rn × R++, the oracle returns fδ(u) satisfying

|fδ(u)− f(u)| ≤ Cδ.

To account for the inexact oracle, we propose the following inexact STP (ISTP) method:
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Algorithm 1. Stochastic Three Points Method with Inexact Oracle (ISTP)

Step 0. Given a starting point u0 ∈ Rn, an estimate Ĉ to constant C in A3, an estimate L̂ > 0
to the Lipschitz constant L in A2, and a constant D > 0, consider the sequence of stepsizes
{αk}k≥0 ⊂ R++ given by

αk = D/
√
k + 1, k = 0, 1, 2, . . . , (3)

set k := 0.

Step 1. Define

δk =
(
L̂/Ĉ

) α2
k

4
, (4)

and draw sk ∼ N
(
0, 1

nI
)
.

Step 2. Compute fδk(uk), fδk(uk + αksk) and fδk(uk − αksk).

Step 3. Define

uk+1 = argmin {fδk(uk), fδk(uk + αksk), fδk(uk − αkdk)} , (5)

set k := k + 1 and go back to Step 1.

In Algorithm 1, the sequence of tolerances {δk}k≥0 is coupled to the stepsizes {αk}k≥0 through the
relation δk = O(α2

k) in (4). With the stepsize sequence defined in (3), we get that δk = O(1/k). This
coupling reflects a deliberate balance between exploration and accuracy. In the initial phase, when the
stepsizes are relatively large, the method operates with coarser oracle information, which is sufficient
to identify promising directions and broadly explore the domain. As the algorithm advances and the
stepsizes decrease, higher oracle accuracy is required, ensuring more reliable assessments of candidate
points. This gradual refinement enables Algorithm 1 to transition from exploratory behavior to a
more cautious search focused on regions where consistent descent of the objective function can be
achieved. It is worth noting that other variants of the STP method, based on inexact zeroth-order
oracles, have recently been proposed in [33, 4]. However, these works do not consider the oracle
defined in our Assumption A3.

The next lemma provides an upper bound on the scaled directional derivative αk|⟨∇f(uk), sk⟩|,
showing that it is bounded by the decrease in the objective function between successive iterates, up
to O(α2

k) terms capturing the effect of curvature (Assumption A2) and oracle error (Assumption
A3).

Lemma 2.1. Suppose that A2 and A3 hold, and let {uk}k≥0 be generated by Algorithm 1. Then

αk|⟨∇f(uk), sk⟩| ≤ f(uk)− f(uk+1) +
L

2
α2
k∥sk∥2 +

(
C

Ĉ

)
L̂

2
α2
k. (6)

Proof. By A3 and A2, we have

fδk(uk + αksk) ≤ f(uk + αksk) + Cδk

≤ f(uk) + αk⟨∇f(uk), sk⟩+
L

2
α2
k∥sk∥2 + Cδk. (7)
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Now, it follows from (7), (5), A3 and (4) that

αk [−⟨∇f(uk), sk⟩] ≤ f(uk)− fδk(uk + αksk) +
L

2
α2
k∥sk∥2 + Cδk

≤ f(uk)− fδk(uk+1) +
L

2
α2
k∥sk∥2 + Cδk

≤ f(uk)− f(uk+1) +
L

2
α2
k∥sk∥2 + 2Cδk

≤ f(uk)− f(uk+1) +
L

2
α2
k∥sk∥2 +

(
C

Ĉ

)
L̂

2
α2
k. (8)

On the other hand, we also have

fδk(uk − αksk) ≤ f(uk − αksk) + Cδk

≤ f(uk)− αk⟨∇f(uk), sk⟩+
L

2
α2
k∥sk∥2 + Cδk.

Therefore, using the same reasoning as above, we can see that

αk⟨∇f(uk), sk⟩ ≤ f(uk)− f(uk+1) +
L

2
α2
k∥sk∥2 +

(
C

Ĉ

)
L̂

2
α2
k. (9)

Combining (8) and (9), we conclude that (6) is true.

The next lemma from [2] shows that the random direction sk is normalized in expectation, and
that the expected absolute directional derivative |⟨∇f(uk), sk⟩| is proportional to ∥∇f(uk)∥.

Lemma 2.2 (Lemma 3.4 in [2]). Let {sk}k≥0 ⊂ Rn be generated by Algorithm 1. Then

Esk

(
∥sk∥2

)
= 1 and Esk (|⟨∇f(uk), sk⟩) =

√
2√
nπ

∥∇f(uk)∥.

By combining the two previous lemmas, we conclude that Algorithm 1 generates a sequence of
iterates such that the minimum of the expected gradient norms over the first T iterations converges
to zero.

Lemma 2.3. Suppose that A1-A3 hold and let {uk}k≥0 be generated by Algorithm 1. Then, given
T ≥ 2, we have

min
k=0,...,T−1

E (∥∇f(uk)∥) ≤
√
2nπ (f(u0)− f(u∗))

D
√
T

+

√
2nπ

[
1 +

(
C
Ĉ

)(
L̂
L

)]
LD ln(T )

√
T

. (10)

Consequently,
lim

T→+∞
min

k=0,...,T−1
E (∥∇f(uk)∥) = 0. (11)

Proof. From Lemma 2.1 we have

αk|⟨∇f(uk), sk⟩| ≤ f(uk)− f(uk+1) +
L

2
α2
k∥sk∥2 +

(
C

Ĉ

)(
L̂

L

)
L

2
α2
k
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Then, taking the expectation with respect to sk on both sides, and using Lemma 2.2, we obtain

αk

√
2√
nπ

∥∇f(uk)∥ ≤ f(uk)− Esk(f(uk+1)) +
1

2

[
1 +

(
C

Ĉ

)(
L̂

L

)]
Lα2

k.

Now, taking the expectation with respect to s0, . . . , sk, it follows that

αk

√
2√
nπ

E (∥∇f(uk)∥) ≤ E(f(uk))− E(f(uk+1)) +
1

2

[
1 +

(
C

Ĉ

)(
L̂

L

)]
Lα2

k.

Summing up these inequalities for k = 0, . . . , T − 1, and using A1, we have(
T−1∑
k=0

αk

) √
2√
nπ

min
k=0,...,T−1

E (∥∇f(uk)∥) ≤
T−1∑
k=0

αk

√
2√
nπ

E (∥∇f(uk)∥)

≤ E(f(u0))− E(f(uT )) +
1

2

[
1 +

(
C

Ĉ

)(
L̂

L

)]
L

(
T−1∑
k=0

α2
k

)

≤ f(u0)− f(u∗) +
1

2

[
1 +

(
C

Ĉ

)(
L̂

L

)]
L

(
T−1∑
k=0

α2
k

)
. (12)

Note that, since T ≥ 2, we have

T−1∑
k=0

αk =

T−1∑
k=0

D√
k + 1

≥ D

2

√
T . (13)

Moreover,
T−1∑
k=0

α2
k =

T−1∑
k=0

D2

√
k + 1

≤ 2D2 ln(T ). (14)

Combining (12)-(14), it follows that

D

2

√
T

√
2√
nπ

min
k=0,...,T−1

E (∥∇f(uk)∥) ≤ f(u0)− f(u∗) +

[
1 +

(
C

Ĉ

)(
L̂

L

)]
LD2 ln(T ).

which implies that (10) is true. Finally, using the fact that limT→+∞
ln(T )√

T
= limT→+∞

1√
T

= 0 in

(10), we conclude that (11) is true.

Given ϵ > 0, define
T (ϵ) = inf

{
k ∈ N : E

(
∥∇f(uk)∥

)
≤ ϵ
}
, (15)

where E(·) denotes the (unconditional) expectation with respect to all the randomness generated by
the algorithm up to iteration k, i.e., with respect to s0, . . . , sk−1. From Lemma 2.3, we will show
that Algorithm 1 requires at most O

(
n| ln(ϵ)|2ϵ−2

)
iterations to find a point whose expected gradient

norm is less than or equal to ϵ. For that, let us consider the following auxiliary result.

Lemma 2.4. Given b ∈
(
0, 2

e2

]
, let

a =
16
[
ln
(
2
b

)]2
b2

. (16)

Then
ln(T )√

T
≤ b, for all T ≥ a. (17)
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Proof. Consider the univariate function h(x) = lnx√
x
. A direct computation shows that

h′(x) =
2− lnx

2x3/2
,

so h is decreasing for all x > e2. Since b ∈ (0, 2/e2], we have ln(2/b) ≥ 2, and therefore

a =
16
[
ln(2b )

]2
b2

> 16 > e2.

Thus, h is decreasing on [a,∞), and to prove (17) it suffices to prove that h(a) ≤ b, i.e.,

ln(a) ≤ b
√
a. (18)

From the definition of a, we compute

ln(a) = ln

(
16 [ln(2/b)]2

b2

)
= ln 16 + 2 ln

(
ln(2/b)

)
− 2 ln b,

and
√
a =

4 ln(2/b)

b
.

Hence, the inequality ln(a) ≤ b
√
a is equivalent to

ln 16 + 2 ln
(
ln(2/b)

)
− 2 ln b ≤ 4 ln(2/b).

Using ln 16 = 4 ln 2 and ln(2/b) = ln 2− ln b, this simplifies to

2 ln
(
ln(2/b)

)
≤ −2 ln b,

or equivalently,
ln
(
ln(2/b)

)
≤ − ln b = ln b−1.

Since the logarithm is increasing, we conclude that (18) is equivalent to

ln(2/b) ≤ 1

b
.

To prove this, define p(z) = 1
z − ln(2/z). Then

p′(z) =
z − 1

z2
< 0 for z ∈ (0, 1),

so p is decreasing on (0, 1], and in particular on (0, 2/e2]. Thus,

p(b) ≥ p(2/e2) =
e2

2
− ln(e2) =

e2

2
− 2 > 0,

which shows that ln(2/b) < 1/b. Thus, we have

ln(2/b) < 1/b =⇒ ln(a) ≤ b
√
a =⇒ h(a) ≤ b,

and since h is decreasing on [a,∞), it follows that (17) is true for every T ≥ a.
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Now we are ready to establish a worst-case complexity bound for Algorithm 1.

Theorem 2.5. Suppose that A1-A3 hold and let {uk}k≥0 be generated by Algorithm 1. Given

0 < ϵ ≤
(

4

e2

)√
2πn

[
1 +

(
C

Ĉ

)(
L̂

L

)]
LD (19)

let T (ϵ) be defined in (15). Then

T (ϵ) ≤ max

1, 8nπ

(
f(u0)− f(u∗)

D

)2

ϵ−2, (128nπ)G2L2D2

[
ln

(
4
√
2nπGLD

ϵ

)]2
ϵ−2

 , (20)

where

G :=

[
1 +

(
C

Ĉ

)(
L̂

L

)]
. (21)

Proof. Assume by contradiction that

T (ϵ) > max

1, 8nπ

(
f(u0)− f(u∗)

D

)2

ϵ−2, (128nπ)G2L2D2

[
ln

(
4
√
2nπGLD

ϵ

)]2
ϵ−2

 . (22)

In view of (19), we have

b =
ϵ

2
√
2nπGLD

∈ (0, 2/e2]

Thus, we can apply Lemma 2.4 with

a =
16[ln(2/b)]2

b2
= (128nπ)G2L2D2

[
ln

(
4
√
2nπGLD

ϵ

)]2
ϵ−2.

Specifically, due to (22), it follows that

ln(T (ϵ))√
T (ϵ)

≤ b =
ϵ

2
√
2nπGLD

which, by (21), means that
√
2nπ

[
1 +

(
C
Ĉ

)(
L̂
L

)]
LD ln(T (ϵ))√

T (ϵ)
≤ ϵ

2
. (23)

On the other hand, by (22) we also have
√
2nπ (f(u0)− f(u∗))

D
√
T (ϵ)

<
ϵ

2
(24)

However, in this case, applying inequality (10) of Lemma 2.3 with T = T (ϵ), we would get the
contradiction

ϵ < min
k=0,...,T (ϵ)−1

E (∥∇f(uk)∥) ≤
ϵ

2
+

ϵ

2
= ϵ.

Therefore, (22) must be false.

Remark 2.6. Since every iteration of Algorithm 1 requires three calls to the oracle, Theorem 2.5
establishes that Algorithm 1 takes no more than Õ(nϵ−2) calls to the inexact oracle to find uk such
that E(∥∇f(uk)∥) ≤ ϵ, where Õ(·) hides logarithmic factors in ϵ.
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3 Application to Model-Free Steady-State Optimization

Consider the discrete-time dynamical system{
xt+1(u) = φ(xt(u), u), t = 0, 1, 2, . . . ,
x0(u) = x0,

(25)

where u ∈ Rn is a constant input control, xt(u) ∈ Rp is the state at time t, and the dynamics is
defined by the function φ : Rp × Rn → Rp. In what follows, we will assume that:

A4. For every u ∈ Rn, function φ( · , u) is Lφ-Lipschitz continuous with Lφ < 1.

Example 3.1. Given a control u ∈ Rn, consider the linear dynamical system

xt+1(u) = Axt(u) +Bu+ d,

with A ∈ Rp×p, B ∈ Rp×n, d ∈ Rp, and ∥A∥ < 1. This system can be written in the form (25)
with functions φ(x, u) = Ax + Bu + d. In addition, function φ( · , u) satisfies assumption A4 with
Lipschitz constant Lφ = ∥A∥.

In view of Assumption A4, it follows from the Banach Fixed Point Theorem that, for every
u ∈ Rn, there exists a unique point x∗(u) ∈ Rp such that

x∗(u) = φ(x∗(u), u), (26)

and limt→+∞ xt(u) = x∗(u). The point x∗(u) is referred to as the steady state of system (25). In
this context, we consider the following steady-state optimization problem:

min
u∈Rn

f(u) ≡ F (x∗(u), u), (27)

where F : Rp × Rn → R is a differentiable, nonnegative cost function, and x∗(u) denotes the steady
state of the dynamical system (25) corresponding to the constant input u. Specifically, we will assume
that:

A5. For every u ∈ Rn, the function F ( · , u) : Rp → R is LF -Lipschitz continuous.

Example 3.2. Given x̄ ∈ Rp, λ > 0 and µ > 0, consider the function F : Rp × Rn → R given by

F (x, u) = Hµ(x− x̄) + λΦ(u),

where

Φ(u) =
n∑

i=1

u2i
1 + u2i

, ∀u ∈ Rn,

and

Hµ(z) =

p∑
j=1

hµ(zi), ∀z ∈ Rp,

with hµ : R → R being the Huber function with parameter µ defined by

hµ(zj) =


1
2µ |zj |

2, if |zj | ≤ µ,

|zj | − µ
2 , otherwise.
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Since
∥∇xF (x, u)∥ = ∥∇Hµ(x− x̄)∥ ≤ √

p, ∀x ∈ Rp,

it follows that, for every u ∈ Rn, the function F ( · , u) above satisfies assumption A5 with Lipschitz
constant LF =

√
p.

Steady-state optimization problems of the form (27) arise in several control applications, includ-
ing the operation of continuous stirred-tank reactors [17], building heating and thermal regulation
systems [35], and control of power systems [6]. When the function φ in (25) is unknown, the mapping
u 7→ x∗(u) cannot be computed explicitly. Consequently, neither the exact function values nor the
gradients of f( · ) in (27) are directly accessible (see, e.g., [24, 25, 21, 27]). In this model-free setting,
however, it is possible to approximate f(u) by running the underlying dynamical system for a finite
number of time steps, thereby obtaining an approximation of the steady state. More precisely, one
can iterate the system until a prescribed tolerance is met, i.e.,

∥xt+1(u)− xt(u)∥ ≤ δ,

for some δ > 0. The resulting iterate xt+1(u) is then an approximation of the true steady state x∗(u),
and F (xt+1(u), u) provides a corresponding approximation of f(u).

The next two lemmas show that this procedure yields an inexact zeroth-order oracle for f( · ),
which satisfies Assumption A3.

Lemma 3.3. Suppose that A4 holds and let {xt(u)}t≥0 be generated by (25). Given δ > 0, if

∥xt+1(u)− xt(u)∥ ≤ δ (28)

for some t ≥ 0, then

∥xt+1(u)− x∗(u)∥ ≤
(

Lφ

1− Lφ

)
δ.

Proof. By (28), (25), (26), and Assumption A4, we have

∥xt(u)− x∗(u)∥ ≤ ∥xt(u)− xt+1(u)∥+ ∥xt+1(u)− x∗(u)∥ ≤ δ + ∥φ(xt(u);u)− φ(x∗(u);u)∥
≤ δ + Lφ∥xt(u)− x∗(u)∥.

Thus,

∥xt(u)− x∗(u)∥ ≤ δ

1− Lφ
,

and so

∥xt+1(u)− x∗(u)∥ = ∥φ(xt(u);u)− φ(x∗(u);u)∥ ≤ Lφ∥xt(u)− x∗(u)∥ ≤
(

Lφ

1− Lφ

)
δ.

Lemma 3.4. Suppose that A4-A5 hold and let {xt(u)}t≥0 be generated by (25). Given δ > 0, if (28)
holds for some t ≥ 0, then

|F (xt+1(u), u)− f(u)| ≤ LF

(
Lφ

1− Lφ

)
δ,

where f( · ) is defined in (27).
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Proof. Indeed, it follows directly from (27), A5 and Lemma 3.3:

|F (xt+1(u), u)− f(u)| = |F (xt+1(u), u)− F (x∗(u), u)| ≤ LF ∥xt+1(u)− x∗(u)∥

≤ LF

(
Lφ

1− Lφ

)
δ.

Lemmas 3.3 and 3.4 motivate the following Run-to-Quasi-Steady-State procedure to compute an
approximation fδ(u) of f(u).

Algorithm 2. (fδ(u), x
+(u)) = InexactOracle (u, x0, δ)

Step 0. Set x0(u) = x0 and t := 0.

Step 1. Evaluate the state
xt+1(u) = φ(xt(u);u).

Step 2. If ∥xt+1(u) − xt(u)∥ ≤ δ, stop and return x+(u) = xt+1(u) and fδ(u) = F (x+(u), u).
Otherwise, set t := t+ 1 and go back to Step 1.

Remark 3.5. By Lemma 3.4, the output fδ(u) of Algorithm 2 satisfies the error bound

|fδ(u)− f(u)| ≤ Cδ,

where

C = LF

(
Lφ

1− Lφ

)
. (29)

Therefore, Algorithm 2 provides an inexact oracle for f( · ) in (27) that satisfies Assumption A3.

The iterations of Algorithm 2 will be referred to as time steps, in order to distinguish them
from the iterations of the optimization algorithm. The next lemma establishes an upper bound of
O
(
log(δ−1)

)
on the number of time steps required by Algorithm 2 to terminate and return fδ(u).

Lemma 3.6. Suppose that A4 hold and let {xt(u)}t≥0 be generated by (25) with x0 ̸= x∗(u). Given
δ > 0, define

t(δ) = inf {t ∈ N : ∥xt+1(u)− xt(u)∥ ≤ δ} . (30)

Then

t(δ) ≤ 2 +
log
(
2∥x0 − x∗(u)∥δ−1

)
| log(Lφ)|

. (31)

Proof. If t(δ) ≤ 1, then (31) is clearly true. Thus, suppose that t(δ) ≥ 2. Then, in view of (30), (25)
and A4, we have

δ < ∥xt(δ)(u)− xt(δ)−1(u)∥ ≤ ∥xt(δ)(u)− x∗(u)∥+ ∥xt(δ)−1(u)− x∗(u)∥

≤ Lt(δ)
φ ∥x0 − x∗(u)∥+ Lt(δ)−1

φ ∥x0 − x∗(u)∥ ≤ 2Lt(δ)−1
φ ∥x0 − x∗(u)∥.

That is,
δ

2∥x0 − x∗(u)∥
≤ Lt(δ)−1

φ .
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Taking the logarithm in both sides of this inequality, we obtain

log

(
δ

2∥x0 − x∗(u)∥

)
≤ (t(δ)− 1) log(Lφ).

Since Lφ ∈ (0, 1), dividing both sides by log(Lφ) with see that t(δ) satisfies (31).

Now, assuming that f( · ) in (27) satisfies A1 and A2, we can specialize Algorithm 1 to problem
(27):

Algorithm 3. ISTP for Model-Free Steady-State Optimization

Step 0. Given a starting point u0 ∈ Rn, an estimate Ĉ to constant C in (29), an estimate L̂ > 0
to the Lipschitz constant L of ∇f( · ), and a constant D > 0, consider the sequence of stepsizes
{αk}k≥0 ⊂ R++ given by

αk = D/
√
k + 1, k = 0, 1, 2, . . .

Denoting by x0 the initial state of the system, set x̂0 = x0 and k := 0.

Step 1. Define

δk =
(
L̂/Ĉ

) α2
k

4
,

and draw sk ∼ N
(
0, 1

nI
)
.

Step 2. Call Algorithm 2, and evaluate in this order:(
fδk(uk), x

+(uk)
)

= InexactOracle (uk, x̂k, δk) ,(
fδk(uk + αksk), x

+(uk + αksk)
)

= InexactOracle
(
uk + αksk, x

+(uk), δk
)
,(

fδk(uk − αksk), x
+(uk − αksk)

)
= InexactOracle

(
uk − αksk, x

+(uk + αksk), δk
)
.

Step 3. Define x̂k+1 = x+(uk − αksk) and

uk+1 = argmin {fδk(uk), fδk(uk + αksk), fδk(uk − αkdk)} .

Set k := k + 1 and go back to Step 1.

Remark 3.7. Step 2 of Algorithm 3 requires three calls to Algorithm 2 with

δk =

(
L̂

Ĉ

)
α2
k

4
=

(
L̂

Ĉ

)
D2

4(k + 1)
.

Thus, due to Lemma 3.6, the number tk of time steps executed at the kth iteration of Algorithm 3 is
bounded by

tk ≤ 3

2 + 1

| log(Lφ)|
log

8
(
Ĉ
L̂

)
Mk

D2
(k + 1)

 , (32)

where

Mk = max
{
∥x̂k − x∗(uk)∥, ∥x+(uk)− x∗(uk + αksk)∥, ∥x+(uk + αksk)− x∗(uk − αksk)∥

}
. (33)
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The next example presents a steady-state optimization problem that satisfies all the assumptions
used in our analysis.

Example 3.8. Consider problem (27) with F ( · , · ) given in Example 3.2 and x∗(u) being the steady
state of the dynamical system described in Example 3.1, with matrix B having full column rank. In
this case, we have

x∗(u) = (I −A)−1(Bu+ d),

and thus the objective function in (27) can be written as

f(u) = F (x∗(u), u) = Hµ

(
(I −A)−1(Bu+ d)− x̄

)
+ λΦ(u). (34)

Since Hµ( · ) is coercive, λΦ( · ) is nonnegative, and B has full column rank, it follows that

lim
∥u∥→+∞

f(u) = +∞,

i.e., f( · ) is coercive. Therefore, f( · ) admits a global minimizer u∗, and Assumption A1 is satisfied.
From (34), we obtain

∇f(u) =
[
(I −A)−1B

]T ∇Hµ

(
(I −A)−1(Bu+ d)− x̄

)
+ λ∇Φ(u).

For the Huber function Hµ( · ), it follows that ∇Hµ( · ) is Lipschitz continuous with constant LH =
µ−1. Moreover, since ∥∥∇2Φ(u)

∥∥ = max
i=1,...,n

∣∣∣∣ d2dz2i

(
z2i

1 + z2i

)∣∣∣∣ < 6, ∀u ∈ Rn,

it follows that ∇Φ( · ) is Lipschitz continuous with constant LΦ = 6. Hence, for any u,w ∈ Rn,

∥∇f(u)−∇f(w)∥ ≤
∥∥(I −A)−1B

∥∥∥∥∇Hµ

(
(I −A)−1(Bu+ d)− x̄

)
−∇Hµ

(
(I −A)−1(Bw + d)− x̄

)∥∥
+λ∥∇Φ(u)−∇Φ(w)∥

≤ µ−1
∥∥(I −A)−1B

∥∥∥∥(I −A)−1B(u− w)
∥∥+ 6λ∥u− w∥

≤
[
µ−1

∥∥(I −A)−1B
∥∥2 + 6λ

]
∥u− w∥.

Thus, f( · ) satisfies Assumption A2 with Lipschitz constant

L = µ−1
∥∥(I −A)−1B

∥∥2 + 6λ.

Therefore, this example satisfies Assumptions A1, A2, A4, and A5.

In view of Remark 3.5, Algorithm 2 provides an inexact zeroth-order oracle for f( · ) that satisfies
Assumption A3, with the constant C given by (29). Consequently, Theorem 2.5 immediately implies
that Algorithm 3 achieves a worst-case iteration complexity of Õ

(
nϵ−2

)
to find, in expectation, an

ϵ-approximate stationary point of f( · ) in (27).

Theorem 3.9. Consider the optimization problem defined by (27) and (26), and suppose that as-
sumptions A1, A2, A4 and A5 hold. Let {uk}k≥0 be a sequence generated by Algorithm 3 applied to
(27). Given

0 < ϵ ≤
(

4

e2

)√
2nπ

1 + LF

(
Lφ

1−Lφ

)
Ĉ

(
L̂

L

)LD (35)
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let T (ϵ) be defined in (15). Then, we have

T (ϵ) ≤ max

1, 8nπ

(
f(u0)− f(u∗)

D

)2

ϵ−2, (128nπ)G2L2D2

[
ln

(
4
√
2nπGLD

ϵ

)]2
ϵ−2

 , (36)

where

G :=

1 +
LF

(
Lφ

1−Lφ

)
Ĉ

( L̂

L

) . (37)

Finally, by combining Theorem 3.9 and Remark 3.7, we can establish an upper bound on the total
number of time steps of the dynamical system (25) required by Algorithm 3 to find, in expectation,
an ϵ-approximate stationary point of f( · ).

Theorem 3.10. Under the same assumptions as in Theorem 3.9, the total number τ(ϵ) of time steps
required by Algorithm 3 to find uk such that E

[
∥∇f(uk)∥

]
≤ ϵ is bounded from above by

τ(ϵ) ≤ 3

2 + 1

| log(Lφ)|
log

8
(
Ĉ
L̂

)
M(ϵ)

D2
T (ϵ)

T (ϵ),

where
M(ϵ) = max

k=0,...,T (ϵ)−1
Mk, (38)

and Mk is defined in (33).

Proof. By Remark 3.7, the number of time steps tk executed at the kth iteration of Algorithm 3 to
compute fδk(uk), fδk(uk + αksk), and fδk(uk − αksk) satisfies

tk ≤ 3

2 + 1

| log(Lφ)|
log

8
(
Ĉ
L̂

)
Mk

D2
(k + 1)

 .

Hence, the total number of time steps up to iteration T (ϵ)− 1, denoted t(ϵ), is bounded by

τ(ϵ) =

T (ϵ)−1∑
k=0

tk ≤
T (ϵ)−1∑
k=0

3

2 + 1

| log(Lφ)|
log

8
(
Ĉ
L̂

)
Mk

D2
(k + 1)


≤

T (ϵ)−1∑
k=0

3

2 + 1

| log(Lφ)|
log

8
(
Ĉ
L̂

)
M(ϵ)

D2
T (ϵ)


= 3

2 + 1

| log(Lφ)|
log

8
(
Ĉ
L̂

)
M(ϵ)

D2
T (ϵ)

T (ϵ).

This establishes the stated upper bound.

Remark 3.11. In view of Theorems 3.9 and 3.10, Algorithm 3 requires at most Õ(nϵ−2) time steps
of the dynamical system (25) to find uk such that E

[
∥∇f(uk)∥

]
≤ ϵ.
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4 Illustrative Numerical Results

In this section, we present preliminary numerical results illustrating the performance of ISTP for
model-free steady-state optimization (Algorithm 3). Given γ ∈ (0, 1), we consider the linear system
(consistent with Example 3.1)

xt+1(u) = A(γ)xt(u) +Bu+ d, (39)

where A(γ) = γ
∥G∥G ∈ R10×10, B ∈ R10×5, and d ∈ R10. The entries of G, B, and d are independently

drawn from the standard uniform distribution U(0, 1). By construction, ∥A(γ)∥ = γ. We consider
the following family of optimization problems:

min
u∈R5

fγ(u) ≡ Hµ

(
x∗(u)− x̄

)
+ λΦ(u), (40)

where the functions Hµ(·) and Φ(·) are defined in Example 3.2, and x∗(u) = (I − A(γ))−1(Bu + d)
denotes the steady state of (39) associated with the control input u ∈ R5. The target steady state
x̄ ∈ R10 is defined as

x̄ = (I −A(γ))−1(Bū+ d), (41)

where ū =
[
10 0 10 0 10

]T
. The version of Algorithm 3 (ISTP) tested was the one with param-

eters Ĉ =
√
10
(
0.9
0.1

)
and L̂ = Ĉ

D . In all tests we used u0 =
[
0 0 0 0 0

]T
as starting point and

x0 = (I − A(γ))−1d as initial state. Experiments were conducted in MATLAB R2021a on a 64-bit
Windows machine with an Intel Core i7-1165G7 processor and 32 GB RAM.
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(a) Average ∥∇f(uk)∥ vs iteration k.
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(b) Number of time steps tk at the kth iteration.

Figure 1: Illustrative behavior of ISTP, averaged over 20 runs. Left: convergence of the stationarity
measure. Right: evolution of the number of time steps per iteration for D = 10.

Figure 1 reports the behavior of the proposed method, applied to (40) with γ = 0.1, µ = 102 and
λ = 0.1. Each curve is obtained by averaging over 20 independent runs. The left plot (Figure 1(a))
shows the evolution of the average stationarity measure ∥∇f(uk)∥ as a function of the iteration index
k for D ∈ {1, 5, 10}. For the three choices of D, we observe a clear decay of ∥∇f(uk)∥, illustrating
the convergence behavior predicted by Lemma 2.3. The right plot (Figure 1(b)) reports the evolution
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of the number of time steps tk as a function of k, in the case D = 10. The result indicate that tk
grows logarithmically with k, in agreement with inequality (32) derived from Lemma 3.6.

Table 1 reports the results of ISTP applied to problem (40) with µ = 102, λ = 0, γ ∈
{0.1, 0.3, 0.6, 0.9}, and D ∈ {1, 5, 10}. The results are averaged over 20 independent runs with a
budget of TS = 50,000 time steps. IT denotes the average number of iterations, and TS/IT the
average number of time steps per iteration. The last two columns report the average norm of the
gradient and the average function value at the final iterate. As γ increases, the cost per iteration rises
significantly, which leads to higher TS/IT values and fewer iterations within the fixed time budget.
This reduction in iterations generally results in larger gradient norms and higher final function values.
For γ = 0.1, all values of D give very similar results, with low gradient norms and function values.
When γ = 0.3, the effect of D becomes clearer, and smaller values of D lead to better convergence.
For larger values of γ (0.6 and 0.9), the behavior is less uniform: while D = 1 allows more iterations,
it does not always produce the best results, and intermediate values such as D = 5 often give lower
gradient norms and function values. Overall, the method performs well for small γ, but for larger γ,
the choice of D has a stronger impact on the results.

Table 1: Performance of ISTP for different values of γ and D.

∥A(γ)∥ = γ = 0.1

D IT TS/IT Average ∥∇f(ufinal)∥ Average f(ufinal)

1 4555 10.97 3.852277E-04 5.522718E-07

5 4437 11.27 6.091647E-04 2.919808E-06

10 4432 11.28 9.163947E-04 1.098715E-05

∥A(γ)∥ = γ = 0.3

D IT TS/IT Average ∥∇f(ufinal)∥ Average f(ufinal)

1 3099 16.13 4.236447E-04 5.916292E-07

5 2977 16.79 8.455342E-04 5.386328E-06

10 2983 16.76 1.606957E-03 1.771162E-05

∥A(γ)∥ = γ = 0.6

D IT TS/IT Average ∥∇f(ufinal)∥ Average f(ufinal)

1 1745 28.65 1.869532E-03 2.526982E-04

5 1606 31.13 6.203074E-03 1.501066E-02

10 1607 31.11 5.465124E-03 5.027782E-05

∥A(γ)∥ = γ = 0.9

D IT TS/IT Average ∥∇f(ufinal)∥ Average f(ufinal)

1 548 91.24 1.584950E-01 4.241818E-01

5 488 102.45 6.499064E-02 2.452093E-02

10 479 104.38 1.062564E-01 4.031413E-02

To conclude, we compare ISTP with the model-free feedback optimization method proposed in
[21], applied to problem (40) with λ = 0. In this case, the Model-Free FO method is defined by
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xk+1 = Axk +Buk + d,

Φk = Hµ(xk+1 − x̄),

gk =
vk
δ

(Φk − Φk−1) ,

wk+1 = wk − ηgk,

uk+1 = wk+1 + δvk+1, vk+1 ∼ N (0, I),

with initialization u0 = w0 =
[
0 0 0 0 0

]T
, x0 = (I − A)−1d, v0 ∼ N (0, I), and Φ−1 =

Hµ(x0 − x̄). We use δ = 10−2 and η = 10−3. For a fair comparison between the two methods, we
consider the sequence {uk(t)}t≥0, where

k(t) = max

k :

k∑
j=0

tj ≤ t

 ,

and tj denotes the number of time steps required by iteration j. In other words, k(t) is the largest
iteration index such that the control uk(t) can be computed within a budget of at most t time steps.
For the model-free method, each iteration requires one time step, so uk(t) coincides with ut. Figure 2
reports the evolution of the functional residual f(uk(t))− f(u∗) as a function of the number of time

steps t. Since λ = 0, we have u∗ = ū =
[
10 0 10 0 10

]T
and f(u∗) = 0.
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Figure 2: Comparison between ISTP and the Model-Free First-Order method from [21].
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5 Conclusion

In this paper, we proposed the ISTP method, an adaptation of the STP method in [2] to uncon-
strained minimization problems that relies only on a partially controllable, inexact zeroth-order
oracle of the objective function. Assuming that the objective function has Lipschitz continuous
gradient, we showed that ISTP takes at most O(n| ln(ϵ)|2ϵ−2) calls to the inexact oracle to find a
point where the expected norm of the gradient is below ϵ > 0. As an application, we considered
the use of the new method to solve model-free steady-state optimization problems. Under natural
assumptions on the cost function, we proved that for a contracting discrete dynamical system with
constant control input u, once the distance between two consecutive states is smaller than a given
threshold δ, the cost evaluated at the most recent state provides an approximate value fδ(u) such
that |fδ(u)− f(u)| ≤ Cδ for some constant C. Since this procedure only requires the observation of
the states of the system over a certain number of time steps, it allows the use of ISTP for model-free
steady-state optimization. We also proved that, in this setting, ISTP takes at most Õ(nϵ−2) time
steps of the dynamical system to find a control input whose expected norm of the gradient is below ϵ.
Preliminary numerical experiments with a linear dynamical system illustrate our theoretical findings
and show that ISTP can be competitive with the model-free feedback optimization method from
[21].

As a topic for future research, it would be interesting to generalize ISTP to constrained opti-
mization problems [25] and to investigate its application to bilevel optimization problems [15].

Code Availability

The MATLAB implementation of the ISTP algorithm used in this work is publicly available at:
https://github.com/geovanigrapiglia/ISTP.
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