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Abstract

This paper studies the second-order properties of a class of inequality-constrained bilevel program-
ming problems. First-order optimality conditions for bilevel optimization problems were derived
using the first-order directional derivative of the lower-level optimal solution function in the semi-
nal paper by Dempe [1]. In this work, we prove that the optimal solution function of the lower-level
problem is a parabolic second-order directionally differentiable function under certain assumptions.
The associated second-order necessary and sufficient optimality conditions for the bilevel problem
are derived, accommodating lower-level problem that may admit non-unique Karush-Kuhn-Tucker
(KKT) multiplier vectors.
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1 Introduction

A bilevel programming problem has a hierarchical two-level structure in which the optimality of the lower-
level problem implicitly determines the optimality of the upper-level problem. The following optimistic
formulation of the bilevel optimization problem with coupling constraints is considered in this paper.

min F(z,y)
Yy
(BOP) : s.t. G(z,y) <0,
x € U(y):= {:c : x € argmin f(z,y) s.t. g(z,y) < O},

where FF: R" xR™ - R, G:R*"XxR™ - RP, f: R*" xR™ = R, g¢g:R"XxR"™ — R? are smooth
functions, and W is a point-to-set mapping ¥ : R — 28" The set ¥(y) may be non-singleton for some y.
A feasible point (z,y) € R™ x R™ of BOP is called a local optimal solution if there exists € > 0 such that
F(z,y) < F(Z,9) for all (,9) € R® xR™, & € ¥(3), G(&,9) <0 with |(z,y) — (£,9)]] < e. A feasible
point is a global optimal solution if these conditions hold for all € > 0. The lower-level problem of BOP is

(LPy) : mwin f(z,y) st. g(z,y) <0,



which is a parametric programming problem. The global optimal solution of LP, is obtained for the
given upper-level decision vector y to determine a feasible point of BOP. This is often achieved in the
literature by formulating the lower-level problem as a convex problem. The BOP becomes intrinsically
challenging when the convexity of the lower-level problem is not assumed. Another difficulty with BOP is
the lack of regularity when the problem is reformulated into a single-level problem. A detailed discussion
of several important aspects of BOP can be found in Dempe [2] and Bard [3].

The common practice of determining optimality conditions and proposing an approximation scheme
for solving any optimization problem relies on a local approximation of the problem at a suitable reference
point. The approximation of a bilevel problem at any point depends on sensitivity information from the
lower-level parametric problem, which is primarily used in bilevel optimization through two approaches.
One approach is to transform a bilevel problem into a single-level optimization problem using the opti-
mal value function (marginal function) of the lower-level problem. This is known as the value function
approach. However, the single-level problem arising from the reformulation of the bilevel optimization
problem is inherently nonconvex and nonsmooth. Hence, using generalized gradients of the value func-
tion, one can derive some optimality conditions for the bilevel optimization problem. Another approach
focuses on the sensitivity of the optimal solution function of the lower-level parametric problem. This
function is proven to be piecewise differentiable under certain assumptions, and the Jacobian of the opti-
mal solution function can be estimated by solving a finite set of quadratic programming problems, as
demonstrated by Dempe and Vogel [4].

There is a vast amount of research on the first-order optimality conditions for bilevel optimization
problems, including the difficult classes of nonsmooth and nonconvex bilevel frameworks. In a bilevel opti-
mization problem, the optimality of the upper-level problem depends implicitly on the optimal solution
function of the lower-level problem, which is generally not known explicitly. The directional differentiabil-
ity of the optimal solution function becomes an important tool for deriving optimality conditions. Dempe
[1] and Mehlitz [5] employed this approach to establish first-order optimality conditions for bilevel prob-
lems with uniquely solved lower-level problems. Another widely explored direction is the value function
approach for deriving optimality conditions for bilevel problems. Initially, Ye and Zhu [6] derived first-
order optimality conditions via the Clarke subdifferential of the value function by introducing a suitable
constraint qualification—the partial calmness condition on the single-level problem obtained through the
value function reformulation. This work has attracted substantial attention and has been further devel-
oped in subsequent works. For instance, as a substitute for the restrictive partial calmness condition,
Dempe and Zemkoho [7] employed a weaker form of the generalized Mangasarian—Fromovitz constraint
qualification (MFCQ) on the single-level problem, along with an additional semicontinuity assumption
on the set-valued mapping W, to derive the first-order optimality conditions. Later, in a different work,
Dempe and Zemkoho [8] dropped the semicontinuity assumption on ¥ by assuming convexity of the
value function. Using tools from nonsmooth analysis, Babahadda and Gadhi [9] employed convexificator
calculus for the value function, while Dempe et al. [10] estimated the Mordukhovich subdifferential of the
value function of the lower-level problem for the purpose of deriving optimality conditions. The classical
KKT-based approach reformulates a bilevel problem into a mathematical program with equilibrium con-
straints (MPEC) by replacing the convex lower-level problem with its KKT optimality conditions under
suitable regularity assumptions. Within this approach, Dempe and Zemkoho [11] studied first-order opti-
mality conditions for nonsmooth bilevel optimization problems by applying various stationary condition
concepts of the corresponding MPEC to the bilevel optimization problem. Using Guignard constraint
qualification on the MPEC formulation, Dempe and Zemkoho [8] derived first-order optimality condi-
tions for bilevel problems. The combined MPEC—value function approaches are developed by Ye and Zhu
[12] and Ma et al. [13] to establish first-order optimality conditions, and various constraint qualification
concepts for KKT-based and combined approaches are systematically discussed in the work by Ye [14].

Although first-order methods are useful, they are inherently limited to characterizing stationary points
and do not capture the curvature information of the upper and lower-level functions in a bilevel opti-
mization problem. Thus, studying second-order properties of bilevel problems is of significant importance
for deriving refined optimality conditions and designing numerical solution methods. An earlier work
in this direction is by Falk and Liu [15], who investigated the second-order differentiability properties
of the solution function under the Jacobian-uniqueness condition on the lower-level problem. In addi-
tion, they developed a quasi-Newton-type scheme, called adaptive leader-predominant algorithm, which
exploits generalized derivative information of the solution function to accelerate convergence. Recently,



using the second-order sensitivity properties of the optimal solution function, Dyro et al. [16] conducted
an error-bound analysis to solve two-level machine learning problems with the unconstrained lower-level
problems.

This motivates the study of second-order sensitivity properties of the optimal solution function for
bilevel optimization under weaker assumptions. In this work, we establish second-order sensitivity prop-
erties of the optimal solution function without assuming the linear independence constraint qualification
(LICQ) for the lower-level problem. Furthermore, we derive second-order optimality conditions for a class
of bilevel optimization problems satisfying the second-order growth condition near local optimal solu-
tions. Recent work has been done in this direction under some restrictive assumptions. Liu et al. [17, 18]
derived second-order optimality conditions for bilevel optimization problems with nonconvex lower-level
problems by introducing a new solution concept, the bi-local solution. In [17], the bilevel problem is
reformulated as an MPEC in order to establish second-order optimality conditions. To derive the main
results, the authors consider MFCQ for the implicit formulation under the Jacobian-uniqueness condition
and generalized MFCQ on the MPEC. These assumptions are considered restrictive. In another work,
Liu et al. [18] adopt comparatively weaker assumptions, namely MFCQ and the constant rank constraint
qualification (CRCQ) for the lower-level problem, along with the metric subregularity constraint qualifi-
cation (MSCQ) for the implicit formulation of the bilevel problem. By employing second-order tangent
approximations of the constraint set, they derive second-order optimality conditions for the bilevel prob-
lem in terms of the directional derivatives of the solution function along parabolic paths. The authors
impose LICQ on the lower-level problem to obtain verifiable optimality conditions.

Prior to the recent work based on the optimal solution function, Mehlitz and Zemkoho [19] derived
second-order sufficient optimality conditions using second-order directional differentiability and epi-
regularity of the value function. In particular, the authors use the second-order growth result of Riickmann
and Shapiro [20], which is based on the parabolic second-order directional derivative of the value function.
Dempe et al. [21] derived second-order necessary and sufficient optimality conditions using approximate
Hessians for a special class of bilevel optimization problems with equality-constrained lower-level prob-
lems. In contrast, they reformulate the bilevel problem as an MPEC and impose the Guignard constraint
qualification on the resulting formulation.

The primary contribution of this paper is the second-order analysis of bilevel problems with the
lower-level problems that admit non-unique KKT multipliers. We establish the second-order directional
differentiability along parabolic paths of the optimal solution function for strongly stable parametric
problems, extending the results of Ralph and Dempe [22], Liu [23]. The second-order directional derivative
along a parabolic path is obtained by solving a quadratic programming problem. In view of the existing
works Liu et al. [17, 18], our analysis does not rely on the uniqueness of KKT multipliers in deriving the
main results. The resulting second-order necessary and sufficient optimality conditions are characterized
as the solution to a quadratic-constrained optimization problem that incorporates both first- and second-
order terms in a unified manner. The study of optimality conditions using parabolic paths has been used
across various classes of optimization problems. Note that there is, a priori, no reason that optimality
should be verified only along such parabolic paths in general. On the other hand, for a broad class of
problems, this approach often leads to verifiable second-order growth conditions in the neighborhood
of a local optimal solution. Moreover, the parabolic approach can typically yield no-gap second-order
optimality conditions associated with second-order tangent approximations; see, for example, Liu et al.
[18], Riickmann and Shapiro [20], Bonnans and Shapiro [24], Ben-Tal [25].

This paper is organized as follows: Section 2 presents preliminary concepts and notations. Section 3
investigates the existence of the second-order directional differentiability of the optimal solution function
for the lower-level problem. Section 4 explores some results to calculate the second-order directional
derivatives of the optimal solution function. Finally, Section 5 derives second-order optimality conditions
for the bilevel problem BOP, based on the framework developed in Section 4.

2 Preliminaries

2.1 Basic notations and assumptions

The following notations are used throughout this paper.



® Vh := (Vh? VhE ... Vh;r)T € R?*P is the Jacobian of a function h : RP — RY where each
Vh; € RY™P is the Jacobian of a function h; : R? — R.

® V2h:= (V2h{ V2] - V2hép)T € RIP*P represents the Hessian of h, where each V2h; € RP*P.

o dTV2hd := (d"V2hid dTV?had --- dTV2hyd)" € RY for any d € RP.

® | A| denotes the cardinality of the set A.

o Ag:={1,2,...,3} denotes the index set of size /3.

V2, V2, Vi,

~ ~ yx
oV = (VaC Vy Vu) and V2 := gzﬁy Véy gzw denote Jacobian and Hessian with respect to

. ep Vyp Y up
(z,y, p) respectively.

1
® Denote z := <x)7 d, = (dx>, and d} := <dgf>
Y dy d,

® o(t) : RT — R is a function such that # —0ast—0.

o L(z,y,pn) :== f(z,y) + prg(z,y) is the Lagrangian function associated with LP,, where u € RY is
the KKT multiplier vector.

¢ 1(y) denotes the optimal solution function of LP,.

o I,(y):={ieA; : gi(z(y),y) = 0} is the active set of the constraint g at the feasible point z(y).

® The set of KKT multiplier vectors of LP, at y is denoted as

M(y) :=={neR? : VoL(x(y),y,u) =0, p"g(z(y),y) =0, > 0}.

® The vertex set of M (y) is denoted by EM (y).
o J(u):={ieAy:p; >0}

To study the directional differentiability of the optimal solution function x(-) at y, the following
assumptions are considered at the point (z(y),y) € R™ x R™.

(H1) The functions f,g € C* around (z(y),y).

To ensure that M(y) is a nonempty polyhedral set, Mangasarian—Fromovitz constraint qualification
(MFCQ) on the problem LP, is considered. MFCQ for LP, is satisfied if there exists a vector d, € R"
such that V,g;(z(y),y)d, <0, Vi € I,(y).

(H2) MFCQ holds at (z(y),y) for LP,.

The KKT optimality conditions of LP, are sufficient for local optimality if the second-order optimality
conditions for LP, are satisfied. We assume the strong sufficient optimality condition on LP,.

(H3) For all u € M(y), the following condition holds at (z(y),y) € R™ x R™.
dy V2. L(x(y),y, n)ds > 0,
for any nonzero d, € R™ satisfying V,g;(x(y),y)d, =0, i € J(u).
A feasible point z(y) is a strict local minimum of LP, if there exists a neighborhood N, of z(y) such
that f(x(y),y) < f(2',y) for all 2" € Ny, satisfying g(2’,y) < 0. Under Assumptions H1-H3, z(y) is a
strict local minimum of LP,.
(H4) Constant Rank Constraint Qualification (CRCQ) holds for LP, if there exists a neighborhood
N(a(y),y) of the point (z(y),y) such that, for any subset I C I,(y), the family of gradient vectors

(V2gi(2',y'))icr has a constant rank for all (2,y") € Niz(y).y)-

Additionally, Assumptions H1-H3, along with the convexity assumption on LP,, ensure that z(-) is the
unique strict global minimizer of LP,.



(H5) LP, is a convex programming problem for a fixed parameter y.

Assumption H2 allows the presence of non-unique KKT multiplier vectors for LP,. This leads to an
analysis that differs from classical approaches based on LICQ and strict complementarity; see, for exam-
ple, Falk and Liu [15], Fiacco [26]. In Section 4, we consider suitable selections of multipliers that enable
the computation of second-order directional derivatives.

Remark 2.1 Assumption H3 is stronger than the standard second-order sufficient optimality condition, as it
requires the Lagrangian function to be positive definite on the critical subspace of the feasible set for each
multiplier vector. The framework (H1-H5) employs two regularity constraint qualifications for LP,, which are
MFCQ and CRCQ. By providing counterexamples, Janin [27] showed that CRCQ is neither stronger nor weaker
than MFCQ); that is, neither does MFCQ imply CRCQ), nor does CRCQ imply MFCQ. Clearly, both constraint
qualifications are weaker than the linear independence constraint qualification. Shapiro [28] showed that the
solution function z(-) is not necessarily Lipschitz continuous (see the example on Page 642). This example satisfies
the Assumptions H1-H3. The additional Assumption H4 is needed to ensure the Lipschitz continuity of the
solution function z(-). In fact, under this framework, the stronger property that the solution function z(-) is
piecewise smooth is established by Ralph and Dempe [22] and Liu [23]. Assumptions H3 and H5 can be omitted
if strong convexity is assumed for LPy.

2.2 Prerequisites

The following discussions are borrowed from Ralph and Dempe [22], which are used in further devel-

opments. A function y : R™ — R™ is first-order directionally differentiable along the given direction

d, € R™ at y if and only if 11?01 w exists. The first-order directional derivative of x along the
«

x(y+ady)—x(y)

direction d, at y is denoted by Xx’(y;d,) and computed as x'(y;d,) = h?ol . Further, if y is
.

also locally Lipschitz continuous, then y is said to be Bouligand differentiable.
The solution function z(-) is a Bouligand-differentiable function under Assumptions #1-H4 as indicated
by Ralph and Dempe [22]. Consider the following set at y along the direction d, € R™ for a fixed
n € M(y) as
Kl(y:dy) = 4 dy €R" - Vegi(©(y),y)de + Vygi(z(y), y)dy = 0, % € J(w), ’
Vegi(@(y),y)de + Vygi(z(y), y)dy <0, i€ Iy(y) \ J(n)

and a subset of M(y) as

S'(d,) := argmax Z 1iVygi(z(y), y)dy.
HEM (y) i€y (y)

Theorem 2.1 (i) (Shapiro [28], Dempe [29]) Under Assumptions H1-H3 at (x(y*),y"), there exist neigh-
borhoods Ng= of * € R™ and Ny= of y* € R™ such that (-) : Ny» — Nz« is first-order directionally
differentiable. For a given vector dy, there exists u € M(y) such that x'(y;dy) solves the following convex
quadratic program uniquely.

o
QPyu(y;dy) = min §d1T-V§xL(w(y)7y,u)dx+d5V§zL(w(y)7y,u)dy

x

st de € Kp(y;dy).

(11) (Theorem 2, Ralph and Dempe [22]) Under Assumptions H1-H4 at (z(y*),y"), the directional derivative
@' (y;-) is a piecewise linear function such that, for each u € S*(dy), @' (y; dy) solves QP (y;dy) uniquely.

The constraint set K}L (y;dy) of QP,(y;d,) is nonempty if and only if u € S*(d,) (see Lemma 2.2 of
Dempe [29]). Moreover, QP,(y;d,) is a convex quadratic programming problem over the feasible space
at y. In Theorem 2.1 (i), observe that QP,(y;d,) has a unique solution z’(y;d,) at given y for some
p € S(d,). Hence, the theorem does not compute 2’(y;d,) in a constructive manner, as it remains
unclear which p € S'(d,) should be used to compute 2’(y;d,) from the quadratic problem QP,(y;d,).



Under the additional Assumption H4, Ralph and Dempe [22] demonstrated that, for any u € S'(d,),
the solution of QP,(y;d,) yields 2’(y; d,). The following theorem is due to Theorem 5.5 of Dempe [2],
which we state here in the context of BOP.

Theorem 2.2 (First-order sufficient optimality condition) Suppose Assumptions H1-H5 are satisfied at
(z(y*),y"). If the optimal value of the optimization problem

min Vi F(2(y"), y )2 (v dy) + Vy F(z(y"), y")dy
Yy

st VaGi(a("),y")a' (" dy) + VyGila(y"),y")dy <0, i € Ia(y"),
where Ig(y*) = {i € Ap : Gi(z(y"),y") = 0}, is positive then (z(y*),y™) is a strict local minimum point of BOP.

3 Existence of second-order directional derivatives of optimal
solution function

This section focuses on the second-order properties of the optimal solution function z(-) of LP,. The
second-order directional derivative of a general nonsmooth function is considered along a parabolic path
in Ben-Tal and Zowe [30]. In this section, we prove the existence of the second-order directional derivative
of the optimal solution function z(-) of BOP in the parabolic sense under some reasonable assumptions.
Let x’(y; dy) be the first-order directional derivative of the function x : R”™ — R" at y along the direction
dy. The function x is said to be second-order directionally differentiable in the sense of Ben-Tal and Zowe

2 1 ;o
[30] if li% x(y+ady,+a dyl:zx(y)fax (y;dy)
@

exists, where dy,dzl! € R™ are direction vectors. The parabolic

second-order directional derivative of x at y along a parabolic path y + ad, + oz2d,!1/ is denoted by the
vector x”(y; dy, d,), and computed as

' (y: dy, db) = Tim x(y + ady +a?dy) — x(y) — ax’'(y; dy)
YTV G0 a? '
If X" (y; dy, d}/) exists for all d, and d;, then we say that x is second-order directionally differentiable at
y. By this, we mean that it is second-order directionally differentiable along parabolic paths in the sense
of Ben-Tal and Zowe.
Furthermore, using the definitions of x'(y;d,) and x"(y;d,, d;), it can be deduced that x'(y;-) and
X" (y; -, -) are positively homogeneous of degree one and two, respectively. That is, for given ¢ > 0, we have

Xy +oatdy) = x(y) _ . Xy +atdy) = x(y) _
= 1m
« al0 ta 810 8

X' (y;tdy) = lii% =tx'(y: dy),

where 3 = ta. Similarly, using the definition x”(y; dy, d, ), we obtain, for ¢ > 0,

242 71y _ T
X//(y;tdyvtzdé):limX(y+atdy+atdy) X() — ax’ (y; tdy)

al0 o?
_ i X atdy + 0?8dy) — x(y) — ot/ (4 dy)
al0 o? '

Let 8 = ta. Substituting this into the above expression, we obtain

2 71 o
sty D) — £ i X (y + Bdy + 52d)) : X(y) — B (yidy) _ 2" (y: dy, D).
310 g
To analyze the local behavior of the parametric problem LP,, an equality-constrained relaxed problem
is considered by retaining the constraints corresponding to a subset of the active index set I (y*) at
y*, while the remaining constraints are omitted. Consequently, a solution of the relaxed problem may
not necessarily be a solution of the original problem. However, every solution of the original problem

corresponds to the solution set of the relaxed problem.



In the following theorem, we show that the optimal solution function to the relaxed problem RLP, is
second-order continuously differentiable.

Theorem 3.1 Let (z*,y")(= (z(y*),y™)) and u* € EM(y*). Suppose Assumptions H1-H3 hold at (z*,y*) and
the family (Vzg;(z*,y™));er 18 linearly independent for some I satisfying J(u*) C I C Ig(y™). Then there exist
neighborhoods Ny of ©* and Ny« of y* such that the optimal solution function x(-) : Ny — Ng= of the following
relazed problem of LPy,

(RLPy) : mgnf(x,y) s.t. gi(x,y) =0, i€l

is second-order continuously differentiable in a neighborhood of y*.

Proof Assumption H2 implies that M (y*) is a nonempty polytope. Therefore, its vertex set EM (y*) is nonempty.
Moreover, Assumption H3 ensures that

d;ngL(x*, y*, 1 )dg >0 for all dy # 0 satisfying Vgg;(z*,y")de =0, i € I.

Under the linear independence condition and the strong second-order sufficient condition for the relaxed problem
(RLPy~), standard results from sensitivity analysis (see Corollary 3.2.5 of Fiacco [26]) imply that the solution
function zy(-) is second-order continuously differentiable in a neighborhood of y*. O

The above theorem justifies that the optimal solution function of RLP, is second-order continuously
differentiable. However, z(-) is a piecewise smooth function (see Ralph and Dempe [22]), which is not
necessarily a continuously differentiable function. The next theorem proves that the optimal solution
function of LP, is second-order directionally differentiable. This result follows from Theorem 2.3 in Liu
[23], which concerns piecewise smooth functions. A variant of proof is also provided in Liu et al. [18].

Theorem 3.2 Let Assumptions H1-H5 hold at (z*,y*)(= (z(y*),y")). Then, there are neighborhoods Nz+ of
x* and Ny~ of y* such that the optimal solution function x(-) : Ny — Ny« of LPy is second-order directionally
differentiable at y*.

Proof Since Assumptions H1-H5 hold, from Theorem 4.10 of Dempe [2], one can conclude that the global optimal
solution function x(-) of LPy is a piecewise smooth function at y*. Hence, z(-) is a continuous function, and there
exists a finite collection of smooth functions {x1(-),z2(:),...,zn(-)} such that z(y) € {z1(y),z2(y),...,zn(y)}
around y*, where 2;(y) is the solution of a particular form of RLPy, which is given by

min  f(z,y) s.t. gi(z,y) =0, i € I,
xT

corresponding to the index set I satisfying J(u) C I; C I4(y*) for some p € EM(y*), such that the family of
gradients (Vzg;(z*,y"))icy, is linearly independent.

By Theorem 3.1, one can conclude that there are neighborhoods Ny« of z* and Ny~ of y* such that xi(.)
Ny« — Ny= is second-order continuously differentiable for each j =1,2,..,N at y*.
Let dy and dé be direction vectors at y*, and denote

d dl) ~je€A{1,2,..., N} such that there exists a sequence of positive real numbers
Y =97 .
Y {1} | 0 such that z(y" + agpdy + a%d;) =2 (y" + agdy + aidé)
Clearly, ¥(dy, dé) # 0. If z(-) is second-order directionally differentiable at x* then the sequence
z(y* +ardy+aidy)—a(y") —ara’ (y";dy)
aj

} must admit a unique accumulation point for every sequence {ay} of
positive real numbers converging to 0. Hence, to prove the theorem, it suffices to show that
x'rl(y*;dy,d;) = xg(y*;dy,dlll) for any r, s € j(dy,dgl/). (1)
The above considerations yield the existence of ' > 0 such that for each t € [0,7’], there is some j € {1,2,..., N}
such that z(y* + tdy + t2dllj) =a;(y* +tdy + t2d11/). Now, consider the following set for some j € .#(dy, dqll) as
Rj:={te[0,r]: a(y" +tdy +t3dy) = x;(y" + tdy + t*dy)}.

Note that R; is a closed set since z(y) and z;(y) are continuous at y* under H1-H3 (see Theorem 7.2, Kojima

[31]).
For j1,j2 € S (dy, dzl!)7 define a relation j; ~ jo if there exists a sequence of positive real numbers {ay } such
that {og} | 0 and {a;} C Rj, N Rj,. Let j1,j2 € J(dy,d?lJ) and ji ~ j2. Then we have,

2, (Y + apdy + aidy) = 5, (y*) + apal, (y*idy) + ajal, (y*: dy, dy) + o(ai), Yk



as xj, is second-order directionally differentiable at y*. Since j1 € 5 (dy, d?IJ),
241 2 1 2
2(y” + apdy + akdy) = x(y") + agaf, (v dy) + ajad, (y75 dy, dy) + o(ai), k.
Similarly,
2y + apdy + ofdy) = w(y”) + axal, (v dy) + ol (v dy, dy) + o(ai), V.
From the above two expressions,

z(y* + apdy + aidy) — x(y*)

. ! * I *
Jim o =G, (Y7 dy) = x5, (Y75 dy), (2)
and
o a(y + apdy + ajdy) — (y") - agal (y5dy) 1 "o o 1

Consequently, from the above discussion, it is clear that for any j1,j2 € % (dy,dglj) satisfying j; ~ jo, the

expressions (2)-(3) hold. Since [0,7'] = |J Rj, we claim that for any r,s € .¥(dy, dll,), one can find a chain
S (dy,dy)
of relations such that r ~ j; ~ ja,...,~ ji+ ~ s. On the contrary, suppose that no such chain exists for given

r,s € f(dy,dll/). Denote 7 = 19 and s = sg. Then, without loss of generality, the index set /(dy,dé) can be
divided into two disjoint subsets such that there exist two separate chains

rog~ry~--~rp and Sg~ Sy~~~ Sy,

which satisfy
ri#s; foralli=0,...,k j=0,...,L

Denote
k J4
RT = U RT‘ia Rs = U st7
i=0 §=0

which are closed subsets of [0, r! ] being finite unions of closed sets. Moreover, since 7; o s; for all ¢, j, there does
not exist any sequence {ay} | 0 such that {a;} € R" N R®. Therefore, for some 0 < r”" < ¢’/

R NR*NJ0,7"] = 0.
On the other hand, since [0,7'] = |J R; = R" U R®, we have
I (dy,dL)
[0,7"] = (R" n[0,7"]) U (R* N [0,7"]),

where both R” and R® are nonempty. Therefore, [0,7"] is expressed as the union of two disjoint, nonempty, closed
sets, which contradicts the connectedness of [0, r”]. Therefore, there exists a chain of relations r ~ j; ~ ja,...,~
Jjt ~ s for any r, s € . (dy, dqll) Then, (1) holds. This completes the proof of the theorem. O

The epi-regularity condition on the second-order directional differentiable function along a parabolic
path is used in Mehlitz and Zemkoho [19], Riickmann and Shapiro [20] to obtain sufficient optimality
conditions. In this work, we require a stronger condition, which is termed as second-order gph-regularity
condition on the solution function, to derive the sufficient optimality condition for BOP.

Definition 3.1 (Liu et al. [18]) A locally Lipschitz continuous and second-order directionally differentiable
function x is said to be second-order gph-regular if, for any dy € R™ and any path d%,() : Ry — R" satisfying
limy o td; (t) = 0, the following expansion holds
241 2 2
X(y" + tdy + £2dy (£) = X (") + 0 ("3 dy) + X" ("3 dy, dy (1)) + o(£?),

where R4 denotes the set of nonnegative real numbers.

Hence, for given path dzlj() satisfying lim; o td; (t) =0, x is second-order gph-regular if and only if

iy X"ty + 2dl (1) — x(y*) — X' (™ dy) — X" (y*: dy, dy (1))

=0.
t10 12

Clearly, if x is second-order continuously differentiable, then it is second-order gph-regular. The following
theorem demonstrates that the solution function z(-) is second-order gph-regular.



Theorem 3.3 Let the assumptions of Theorem 3.2 hold. Then, there exist neighborhoods Ny~ of * and Ny= of
y* such that the optimal solution mapping x(-) : Ny — N+ of LPy is second-order gph-regular at y*.

Proof Since z(-) is piecewise smooth, it is locally Lipschitz continuous (see Ralph and Dempe [22]). Consider a
path y* +tdy + th;(t) satisfying limy o td}!(t) = 0. To prove that z(-) is second-order gph-regular, we show that
the sequence

2

{x(y* + apdy + ody(ar)) — 2 (y") — ax’ (y";dy) - aix'%y*;dy,d;(ak))} o
«
k

for every sequence {ay} | 0. Since z(-) is piecewise smooth, there exists a collection of C? selection functions
{:rj()}évzl as in Theorem 3.2. Along the path y* + tdy + thé (t), define the active index set

there exists a sequence of positive real numbers {ay} | 0
S :=<je{l,...,N} : . 9 1 y 9 1 .
such that z(y* + agdy + ardy(og)) = z;(y" + agdy + agdy(oy)) for all k
Since z;(-) € C?, it is second-order gph-regular at y* for all j € .#. Thus,
2 (Y + ardy + apdy(ar)) = 5 (y") + o (y"5 dy) + 0 (y*; dy, dy(ag)) + o(ad),  Vk, (4)
where - ,
i (y* + sdy + s7°dy(ay)) — 2 (y*) — szl (y*; d
03y ) = i T ) 2 ) Z )

Let {a}} | 0 be any given sequence such that {ag} C R; := {t € [0,7] : a(y* +tdy + t3d}(t)) = z;(y* + tdy +
th;(t))} for some j € # and suitable v’ > 0. Then,

(y* + agdy + afdy(ay)) —(y*) — apa’(y*; dy) — aja” (y*; dy, dy (o))

lim 5
k—o0 O‘k
— im 2 (" + apdy + afdy(on)) — 2;(y*) — ap(y*; dy) — o (y*; dy, dy (o))
o k—oo Oti
. "o 1 "ok 1 . O(Oé%) .
= lim (2] (" dy, dh () — 2" ("3 dy d(ap)) ) + lim 2 (g (1)
. N, % 1 ", % 1
= lim (o (4" dy. dy(an)) — 2" ("5 dy dy () ) - (5)

Following the arguments from Theorem 3.2, for any ji, jo € .# satisfying j1 ~ ja, there exists a common sequence
{a} | 0 such that {a;} C R;, N R;,, and
_ N _ 2 41, _ X
a(y” + agdy + aidy(ay)) = zj, (y* + ardy + ajdy(ay)) = zj, (y* + ardy + ajdy(ar)),
2y + andy + ady(ar) — o(y") ©)
xl(y*§dy) = xg-l (y*§dy) = 333‘2 (y*§dy) = khm g —k Y .

—00 (72

Writing the second-order Taylor expansion for z;, and z;, along {&j}, we have

Subtracting the second equation from the first and using (6), we obtain
: 1/- * 1/~
Jim(af, (5”5 dy, dy (@) — o, (y"s dy, iy (n)) = 0.

In view of (5) and the above relation, to complete the proof for a given arbitrary sequence, it suffices to show for
the sequence {ay} | 0 with {ag} C Rj, that
. * 1 * 1
lim (7 (573 dy, dy(en)) — 2" (75 dy, dy () ) = 0.
k—o0

For this sequence {ay}, consider the path y* + sdy + stgll (a) for s > 0 with oy fixed. For sufficiently large k,
define the corresponding active index set
S ( N} there exists a sequence {51} | 0 with s; ), < oy, such that
=q7€1{L,..., : .
2y + sprdy + st pdy(or)) = 2 (" + s rdy + 57 pdy (o)) for all |

Since ||sl)kd11/(ak)|| < ||akd@1/(ak)|| and {akd;(ak)} — 0, it follows that {sl)kdllj(ak)} — 0as k — oo. As z(-) is
piecewise smooth, gF # ) for all k. Furthermore, because {ﬂk} is a sequence of non-empty subsets of the finite



set {1,..., N}, there exist an index ¢ € {1,..., N}, a subsequence {kn} C N, and an integer Ny € N such that

te Fhn
n>Nyp :
For any two selection indices ji1,j2 € {1,..., N}, we define a relation j; o jo along the subsequence {kn} if
there exists s; 5, € (0, ay, | such that

2 1 2 1 2 1
2(y* + 81, dy + ik, dy(ak,)) = 2, (" + 51k, dy + sk, dy(ag,)) = 25, (Y + 51k, dy + ik, dy(ag, ), Vn > No.
Since xj,,x;, € C?, their Taylor expansions along W+ sip,dy + 5127,% dgl;(akn)} yield

2 1 2 1 2
i (" + s, dy + stk dy(an,)) = 25, (") + suk, @5, (W dy) + i, 25 (05 dy, dy(a,)) + o(sik, ), ¥n > No,

/,

2 1 2 1 2
Ty (Y + suk, dy + STk, dy (o, ) = 24, (U°) + sip, 25, (U5 dy) + sk, 2, (U7 dy, dy(ag,)) + o(six, ),  Yn > No.

Subtracting these two expansions (using z;, (y*) = zj,(y*) = z(y*) and x}l (y*;dy) = 1:;-2 (y*;dy) = ' (y*; dy)),
dividing by SIQ,kn’ and taking n — oo, we obtain

j1 052 = nlem (x;-ll (y™;dy, d;‘/(ockn)) - 13/2 (y*;dy, d;(akn))) =0.

We now claim that j and ¢ can be connected by a finite chain of relations j =igoij0---0i); =t along a further
subsequence {kn} C {kn}, where j € .# and t € MNn>n, Fhn

For each n > Ny, consider the continuous path vy, : [0, o, ] = R™ defined by 7, (s) = y* +sdy +82d?1/(0q€n ).
Let A?" = {s € [0,ar,] : zi(vk,(s)) = z(vk,(s))} for ¢ = 1,...,N. Due to the piecewise and continuous
nature of z(-), the collection {A’f", R Af\}‘} forms a finite closed cover of the connected interval [0, oy ], i.e.,
[0, g, ] = Ui, Af™.
Fixing so := ay,, € A?" (since j € #) and ig := j, define recursively

. kn
Spy1 = inf {s € [S1,k,s5p] * SE Ay },

where s, 1, =sup{s € [0,0p,] : s€ Af"} If sp41 > Sy, , the connectedness of [s; 1, ,ap, ] and closedness of
the covering sets ensure that s,1 € AZ," N Ai-c;rl for some 4,41 € {1,..., N}, which gives

i, (Vk, (8p+1)) = Tiyiy Yk, (8p+1)) = T(Vk,, (Sp+1))-
The minimality of s,11 and continuity of ;,(-) ensure that z;, (vx, (s)) # (7, (5)) for sk, <5 < spt1.
Because {1,..., N} is finite, this procedure terminates at SMy, +1 = Sik, in at most My < N —1 steps with
ing,, =tE€ #Fn  vielding an ordered sequence of indices {7, i]f", . 7i}1€\}fkn—17 t} C{1,...,N} for each n > Np.
Since the index set {1,..., N} is finite, there exists a subsequence {kn} C {kn} along which this sequence of
indices is constant: j = ig, i1, ..., iM;;n =t. Hence, j = igoijo--- OiMEn = t, and using the transitivity over this
chain, we get

. * 1 * 1
nl;moo (:c;-'(y s dy, dy(o‘l%n)) — a:g(y ;dy,dy(aEn))) =0. (7
Since z(-) is second-order directionally differentiable (Theorem 3.2), for fixed a; and along {s; ; } | 0, we have
o7 sy, dy s, dy(0F,) = 207) s, o (075 d) + oy, Wy dy o, ) + oSy, VL

Because z(vg, (5, 5,)) = zt(7g, (5,.5,)) and zy(y*;dy) = 2’ (y*; dy), subtracting the C? Taylor expansion of z(-)
yields

) . xe(y* + Sz,f%dy + s?,—vnd}/(a,}n)) —x(y*) - Sk A dy) — 312;;"37/,(y*§ dy, dzl!(a,;n))
lim lim : 5 :
n—00 \ l—o0 s;

Evaluating the inner limit gives
. * 1 * 1
nhﬁmoo (m%’(y ;dy,dy(a,;n)) - x”(y ;dy,dy(o%n))> =0.
Combining this with (7), we arrive at
. 1k, 1, ok 1, _
Tim_ (x] ("3 dy, di(az, ) — 2" (y ,dy,dy(ak”))) 0.

By the standard subsequence principle, since every sequence {ay} | 0 contains a subsequence along which the
error term in (5) converges to 0, the entire sequence converges to 0 as k — oo. Thus, z(-) is second-order
gph-regular at y*. O

10



4 Second-order properties of the optimal solution function

Suppose that Assumptions H1-#H3 hold at (z(y),y), and let p € V(dy, dzll) C M(y), where

3 ¥ € M(y*) such that {u*} — pas {ar} 10, ap > O,}

V(dy,,dt) =< pe My :
( Yy y) {N’ (y) and yk:y+akdy+aid;7 Yk

Let {y*} be the sequence defined by y* = y + apdy + afd)} with oy > 0 such that {ag} — 0. As z(-)
is continuous around y, we have {z(y*)} — x(y) as k — oco. Since z(-) is second-order directionally
differentiable at y, as shown in Theorem 3.2, the following limits exist.

ky _ x(y + apd, + a2d) —x
lim 7‘%@ )~ 2(y) = lim < My k y) W) =d, (say) and
k— o0 Qg k—o0 Qg
M) —2(y) — ara!(y; +agdy +aidl) — z(y) — apa’(y; d
lim x(y*) — x(y) : o' (y; dy) — lim z(y + apdy + ajdy) _ x(y) — o’ (y; dy) — d! (say).
k—o00 Qg k—o00 Qg

The first-order properties associated with KKT multipliers of parametric problems are proved in the
monograph by Fiacco [26]. To facilitate the Taylor expansions of the functions in the KKT conditions,
we require some second-order differentiability property associated with the multiplier set V(d,, d%,)

Lemma 4.1 Suppose Assumptions H1-H4 hold at (xz(y),y) and p € V(dy,d}!). There ezists u* € M(y*) such

k k

— —p—agd .

”a B B ZRZ R ”2 kT exists.
k ay

that limy,_, =dy for some dy € R?, and limy,_, o

Proof The proof follows from Lemma 4.2 of Khatana and Panda [32] by considering the sequence along the
parabolic paths. We omit the details. O

From the above lemma, there is a suitable subsequence of multipliers such that u* € M(y*),
pF—p—ogd,
aj

pF—p
(693

limy o0 =d, and limy_, o = dllt for some sequence {u*} and dy, dli € RY. Hence,

2(y*) = 2(y) + andy + ajd; + o(a}) and p* = p + ard, + ajd), + o(aj)

for some subsequence of {ay}. Without loss of generality, assume that the subsequence is {ay} itself.
Since z(y*) solves the problem LP,. at y* and p* € M(y*),

Vo L(z(y"),y*, ") =0, (8a)
9:(x(W"),y*) =0, pf >0, ieJub), (8Db)
g9i((y*),y") <0, pf =0, i¢J(u"). (8¢)
x dy 1 dX .
Denote z := y) d, = 4] and d; := d“f . Expanding VL around (z(y),y, 1), we have
y y
Vo L(2(y*), y*, u*)"
= Vo L(z(y), y, )" + (VimL(w(y), Y, 1) de + Vo, L(2(y), y, p)dy + Vi, L(z(y), v, N)du)
()

+af (5 (@ 4 T, L0907 () + ThaLlot) )

+ V2L L((y),y, 1)y + V3 L),y 1)d}, ) + enolod), k,

11



where e, = (1,1,...,1)T € R™. Further, expanding g;, i € I,(y) around (z(y),y), we have

%mw%mﬂ%@@m»+%(m%@@LM@+vwmmmm%)
o (S0, 000 + -0 D) + 0l
Since p € M(y),

VeL(z(y),y, 1) =0, pi >0, gi(x(y),y) =0, i € I4(y), p: =0, i & Iy(y).

From (8a), we have V,L(z(y*),y"*, u*) = 0. Hence, hm Ve L(z(y).y" 1) Ve Lz@yn) _ Then, from

k—o0 Gk
(9),
Vi L(@ (), y, 1) de + Vi, L(x(y), y, )dy + Vi, L(x(y), y, p)dy = 0. (11a)
As J(u ) C J( k) for sufficiently large k, (8b) holds for i € J(u). Moreover, since
gi(z(y"),y") = 0, i € J(u) by (8b) and gi(z(y),y) = 0, i € J(u) S Iy(y), therefore
khm 9i(z(y")y a)k 9:@W-Y) — ( for i € J(p). Hence, using (10),
—o0
Vagi(2(y): y)de + Vygi(2(y),y)dy =0, i € J (). (11b)
In addition, for i € I4(y)\ J(u), it follows from (8c) that klim gi(m(yk)’y’;);gi(x(y)’y) < 0. Then, from (10),
—00
Vagi(2(y),y)de + Vygi(x(y),y)dy <0, i€ Iy(y) \ J(w). (11c)

Since p; = 0 for all i € I, (y)\ J(u) and ¥ > 0 for i € Ay, we obtain d,,, = limy_, o0 “&a £ > 0. Moreover,
since I,(y*) C I,(y) for sufficiently large k, it holds that u; = 0 and ,ul =0 for all ¢ ¢ I,(y), implying
dyiy = limy oo X2 = 0 for i ¢ I,(y).

If d,, > 0 for some i € I,(y)\ J(u), then it follows that uf > 0 for sufficiently large k. Consequently,
i € J(u¥), and from (8b), we have g;(z(y*), y*) = 0 for sufficiently large k. Thus, using (10), it holds that

ngi(x(y), y)dL + Vygz(x(y)’y)dy =0forie {Z € Ig(y) \ J(/.L) : d;u > O}

On the other hand, if V,g;(z(y), y)ds + Vyg9:(2(y),y)d, < 0 for some i € I;(y) \ J(u), then
gi(x(y*),y*) < 0 for sufficiently large k. Hence, it follows from (8c) that uf = 0 for sufficiently large k,
and therefore d,,; = 0. Thus,

G 20, i € LG\ T()y =0, ¢ Iy(y). )

dm (ngz' (a:(y), y)dx +Vy9 (x(y)a y)dy) =0, }
It can be verified that the expressions (11a)-(11d) are the KKT optimality conditions of QP,(y; d,) with
KKT multiplier vector d,. Hence, this system has a unique solution d,.

Remark 4.1 Recall the discussion in Section 2.2. The feasible set of QPy(y;dy) is nonempty if and only if

1 € S*(dy). Further, Theorem 2.1 states that @’ (y; dy) is the unique solution of Q P, (y; dy) for each of u € St (dy).

Since (11a)-(11d) are the KKT optimality conditions of QPu(y;dy) so the system (11a)-(11d) is consistent if

and only if u € S1(dy). In that case, for given direction vector dy, if (dg,d,) solves the system (11a)-(11d) then
e =2/ (y;dy).

12



We now proceed with a similar argument as in the formulation of (11a)-(11d) with the new index
sets J(w;d,) and I4(y;dy) as

(i dyp) = {i € I(y) \ J(n) : dy, >0} U J(p),

and Iy (y; dy) := {i € Iy(y) : Vogi(z(y),y)da + Vygi(x(y), y)dy = 0},
and with the following limits

VaL(x(y*), y*, 1) = Vo L(x(y), y, p) — ax (V2 L(x(y), y, ) de + Vo, L(x(y), y, w)dy + V2, L(x(y), y, 1)d,)

2
k—o00 Q,

i %W 6°) — i@ (W), y) = an(Vagi(@(y), 9)de + Vygi(@(y), y)dy)

k—o0 Oéi
The following system (12a)-(12d) can be derived using (8a)-(10) by considering the above limits and
index sets. This is analogous to the process for the derivation of (11a)-(11d). Therefore, we omit the
detailed derivation.

1 - 4\ | < d!

3 (7 ) T Lot ) () + 97,2t (G ) =0 (12
L H

1 .

502 V2.0i(2(y), y)d= + Vagi@(y), y)dz = 0, i € J(u;dy), (12b)

1 .

382 V2012 (y), )= + Vagi(w(y), ) <0, i € I(ysdy) \ J (i dy), (12¢)

1
dy, <2dfvigi(x(y)7y)dz + Vzg,;(x(y),y)d;> -0,

dy, >0, i€ly(y;dy)\ J(sdy), d,, =0, i¢I(y;dy).

M Hi

(12d)

Define the set of extreme multipliers associated with the KKT conditions (11a)—(11d) by

(2'(y;dy),d,) solves (11a)-(11d) for a given p € EM (y), }

EM, = {dy: - .
(Vagi(z(y), y))ieJ(H)UJ(dM) is linearly independent.

The set EM,, is indeed the vertex set of the multipliers of the optimization problem QP,(y;dy).
Consider the following linear programming problem corresponding to the direction vectors d, and dé,

w3 (5 @) ) Vi) (TG 4 vateng) 09

eSi(d
a ( i€l4(y)

and
S2(dy,d31/) ={ue S'(d,) : psolves (13)}.
Clearly S?(d,,d!) C S'(d,). Note that SQ(dy,d;) is a nonempty polytope as S'(d,) is a nonempty

Y Py
polytope.

The systems (11a)-(11d) and (12a)-(12d) are obtained from the second-order expansions (9)-(10) of
the functions in KKT conditions of the lower-level problem corresponding to multipliers in V(d,, d};)
The first-order directional derivative d (= 2'(y;d,)) and the second-order directional derivative
dy,(= 2" (y; dy, d}))) satisfy the systems (11a)-(11d) and (12a)-(12d). In general, the set V/(d,,d,) cannot
be obtained explicitly without imposing restrictive assumptions. To derive the second-order directional
derivative of the solution function, we introduce a set of multipliers S?(d,, dé), which acts as a tractable
surrogate for the set V(dy,d;) under certain assumptions. Sz(dy,d}!) can be obtained by solving the
linear programming problem in (13). In Khatana and Panda [32], the second-order directional derivative
along linear paths was characterized through a quadratic subproblem. Here, we extend this characteri-

zation to the parabolic paths. In particular, we obtain the second-order directional derivatives using the

13



multiplier set S? (dy, d}/), which is proved in Lemma 4.2 and Theorem 4.1. This requires constructing the
following perturbed parametric problem, which is important in the proof of Lemma 4.2 and Theorem
4.1. Let y* = y+ ayd, —l—aid}/, where {ay} | 0 is a sequence of positive real numbers, and G(y*;d,) € R?

be defined as

gz(z(yk)vyk) IEAS {l € Al] : EI.UJ € 52(dy7d31;)a Hi > O}
0 otherwise ’

Gi(y*;dy) = {

where S?(d,, dzlj) is computed at y. Consider the following problem Pyk, which is obtained from Py x by

perturbing g(z,y*) < 0 as g(z,y*) < G(y*;d,),

(Pye) + min f(z,y") st g(z,y") < G(y*5d,).

Since P, is a restricted problem than LP, for which z(y") is a feasible vector, it follows that F = 2(yk)
is an optimal solution to this perturbed problem. The KKT optimality conditions for P, are
Vaf (@,y*) + 1" Vag(ae,y*) =0, " (g9(z,y") = G(y*:dy)) =0, 14
p=0, gla,y*) -Gy~ d,) <0.
Under the Assumptions H2 and H3 for the parametric problem LP, ., these KKT optimality conditions
are necessary and sufficient for the perturbed problem. Let M (x(y*);d,) denote the set of Lagrange
multipliers of Py,

M(z(y");dy) = {@" : (a(y"), ") satisty (14)}.
We say ji* € M(z(y*);d,) are the perturbed multipliers of the perturbed KKT system (14). For each

multiplier 4 € S?(d,, dllj) N EM (y), we establish in Lemma 4.2 that there exists a sequence of perturbed

multipliers {71¥} associated with the perturbed parametric problem pyk such that {ii*} — u. Hence,

choosing € S%(dy,d}) N EM(y) is justified in the second-order Taylor expansion of the parametric

problem. Theorem 4.1 demonstrates that the KKT system obtained for the multiplier set S?(d,, dzlz) N
EM (y) characterizes the second-order directional derivatives of the solution function.

Lemma 4.2 Let yk =y+agdy +a2d@1/ for a sequence of positive real numbers {ay} converging to 0, and assume
Assumptions (H1)—(H5) hold at (z(y),y). Then,

1. S%(dy, dé) N EM(y) is a non-empty set.

2. Suppose j € SQ(dy,d?lJ) NEM(y) and dy € EM,. There exists a sequence of perturbed multipliers i e
M (x(y*); dy) for each k such that

ﬂk =p+ apdy + aidh + o(a%),
for some dllt € RY.
3. For any direction vectors dy, d; eRrR™,
V(dy,dy) € S?(dy,dy) C S (dy)  M(y).
In particular, V(dy,dy) N S?(dy, dy) # 0.

Proof (1). Recall that S*(dy) is the set of optimal solutions to the linear programming problem,

iVy9i Y)dy.
e ‘EIZ( 1V ygi (z(y), y)dy
1Cly y)

Under Assumption (H2) (MFCQ), M (y) is a non-empty, compact polyhedral set. Hence, the above linear program
over the constraint set M(y) attains a finite maximum at an extreme point of M(y), implying that Sl(dy) is a
non-empty, compact polyhedral set and that every extreme point of S*(dy) belongs to EM (y).

The set S2 (dy,dgll) is defined as the solution set of the linear program in (13). Since S2 (dy,dgll) maximizes a

14



linear objective over the non-empty, compact polyhedral set S 1 (dy), Sz(dy, dé) is a non-empty polyhedral set
with every extreme point also an extreme point of S*(dy). Hence, S2(dy, d?lJ) N EM(y) # 0 follows.

(2). By Remark 4.1, for each p € S'(dy), the solution set of the first-order system (11a)-(11d) is nonempty,
which implies that EM, # 0. Let u € S*(dy,dy) N EM(y) C S*(dy) and dy € EM,,. Since u € EM(y) and
dy € EM,, one can select an index set J* O J(u) U J(dy) such that the gradient family {Vzg;(z(y),y)}ticy= is
linearly independent. Consider the parameterized equality-constrained optimization problem P*(«)

P™(a): minf(z,7(a)) st gi(@7(a) =Gi(y(a)idy), i€,

where v(a) = y+ady+a2d?1¥. At a = 0, z(y) is the optimal solution and p* = (u;);c s+ is the associated Lagrange
multiplier vector.
Since Assumption (#3) holds and the gradients {Vg;(z(y), y) };cj+ are linearly independent, standard sensitivity
analysis (see Corollary 3.2.5 of Fiacco [26]) applies. Thus, there exist unique C? vector functions z*(y()) and
w* (y(a)) for a € [0, aq) satisfying the KKT conditions of P*(a) with pu*(v(0)) = ¢* and %u* (7(0)) = dj, and
%%(p*(w(O)) = dllj*for some dj,, dzj* eRIV
For y* = (o) =y + apdy + a%dé with sufficiently large k, define i* € RY by
. (W (y™)); ifie J7,

! 0 ifi¢ J*
By construction, (m(yk),ﬁk) satisfies the perturbed KKT system (14) for large k, ensuring ﬂk € M(aj(yk); dy).
Since p*(+) is of class C?, expanding w* (yk) about a = 0 along v(ay) up to second-order gives

(" (4"))i = i + andjy, + ofdy] +o(af), i€

Hence, we have

_ * P *
i ﬂ?*#i _ dy,, ifieJ%,
koo Qg 0, ifieAg\J",
and
_ « 1 o
lim ,LL,];: — Wi — O‘kdm _ dﬂ:’ lf S .]*’
ko0 aj, 0, ifieAg\J%.
It only remains to show that (dy); = dj;, for all i € J*.
Expanding ViL(z(y*),y*,i*) = 0 along the sequence {(z(y*),y*, ")} about (z(y),y,n) and using
me(x(y)7 Y, lu) = 07 yiEIdS
ViaL(2(y),y. Wz + Via L(@(y),y, m)dy + Y Vagi(a(y),y)d, =0. (15)
“w
i€J*
On the other hand, since d;, € EM,,, the pair (dz,d,) satisfies the first-order stationary condition (11a),
VaaL(x(y),y, 1)de + Vi L(z(y),y, m)dy + > Vagi(x(y),y)dy, =0, (16)
icJ*

with dj,; = 0 for ¢ ¢ J*. Subtracting (15) from (16) gives

icJ*
By the linear independence of the active constraint gradients {Vzg;(x(y),y)}ic. =, it follows that dy, = dj;, for
all i € J*, which proves our claim. This completes the proof.

(3). The proof of this part is provided in Appendix. O

Theorem 4.1 Suppose Assumptions (H1)-(H5) are satisfied at the given point (x(y),y). Then,

1. (a) Suppose p € EM(y), and the feasible set of the quadratic programming problem of Part (2) is nonempty,
then p € Sz(d%dé).
(b) di =" (y; dy,d;) satisfies the following system for each p € S (dy,dlll),
1 d} .
3 AV Laia) )t + Vegitao) () =0, i€ T,
Y

1 dk )
3 dI'V2.9i(x(y), y)d= + V=gi(z(y),y) (d%) <0, i€ Ig(y;dy) \ J(w).
Yy
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2. x”(y;dy,dlll) solves the following quadratic optimization problem,

T
. 1 ES d 147 T
min o ((dzT df) V* (Vellww),v.m") (d;)) dy + 5dz VioL(x(y),y, o +dz VieL(x(y),y p)dy

1 d; ‘
st gl V) + Vagi(ol)n) () =0, i € Suid),
Yy

1 dl )
§dzTV§zgi($(y),y)dz + V29:(x(y),y) ( I) <0, ielg(y;dy)\ J(pu;du),

for € S*(dy,dy) N EM(y) and d,, € EM .

Proof (1(a).) The feasible set M (y) is a nonempty polytope under Assumption #2. Recall that S*(dy) denotes
the solution set to the following problem

(Pl) t o max Z 1iVygi(z(y), y)dy
i€lgy(y)
st. Vef(z(®),y)+ > miVagi(z(y),y) =0,
i€ly(y)

The following conditions are the KKT optimality conditions for (Pl).
Vagi(2(y), y)dw + Vygi(z(y), y)dy + 5 =0, i € Ig(y),
8 20, pis; =0, i€ lg(y),

where dyy € R™ and s;, @ € I4(y) are the KKT multiplier vectors. Consequently, each p € Sl(dy) satisfies the
following system.

Ve f(@(),y)+ > miVagi(z(y),y) =0,
i€ly(y)
ti (Vagi(2(y), y)dw + Vygi(z(y),y)dy) =0, i€ I4(y),
i 20, Vagi(z(y), y)dw + Vygi(x(y),y)dy <0, i€ Ig(y).
K}L(y; dy) is the set of KKT multiplier vectors associated with a primal optimal solution p € Sl(dy), as shown
in Lemma 2.2 of Dempe [29]. Furthermore, since z’(y;dy) € K}L(y; dy) satisfies the KKT optimality conditions

of (P) for every u € S'(dy) (Theorem 2.1). Since (P') is a linear programming problem, its primal solution set
satisfying the KKT optimality conditions is independent of the specific choice of the KKT multiplier vector dq.
Hence, by fixing dw = 2’(y; dy) in the above KKT system, problem (13) can be written as

P mx S g (AR + Vaanlet).)d)

i€ly(y)
st Vef(@@),y)+ >, miVagi(z(y),y) =0, (17)
i€l4(y)
pi =0, ie€{icly(y) : Vagi(z(y),y)a' (y;dy) + Vygi(z(y),y)dy < 0}, (18)
pi >0, ie{i€lyly) : Vagi(x(y),v)a' (y;dy) + Vygi(z(y),y)dy = 0}. (19)

The KKT optimality conditions for (P?) are
1 .
3 2 V2.9i(2(y), y)dz + Vagi(@(y), y)dz + Vygi(@(), y)dy +bi =0, i € Iy(y),

bi €R, i€{i€ly(y): i =0, Vagi(z(y),y)z' (y: dy) + Vygi(x(y),y)dy < 0},
by =0, i€ {i€lg(y;dy):p >0} =J(p),
bi >0, de{iclg(y;dy):p; =0} = Ig(y;dy) \ J(p),

where di is the KKT multiplier vector for the constraint (17), and b; are the KKT multipliers associated with
constraints (18)—(19). Given that the feasible region of the quadratic problem is nonempty for some p € EM (y),
let di* be a feasible point of the quadratic problem for given d, and dll,. Define

£ 1 *
by = (5 Az V2:9i(2(y), y)d= + Vygi((y), y)dy + Vagi(e(y) y)da ) :
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Then the pair (dglc*7 b*) satisfies the above KKT optimality conditions. Since 52 (dy, dé) is the optimal solution set
of Problem (P?), and y satisfies the KKT system for the multiplier pair (d}g*, b*), it follows that € S?(dy, dll,)

(1(b).) SQ(d%dglj) is the optimal solution set of the linear programming problem (P?) and (di,b) is the
corresponding Lagrange multiplier of (P2)A Eliminating the vector b, the multiplier set reduces to
1 dy .
3Lt + eatat)n) () =0, i€ I,
1 n
dy e R" : .
3 8= V2:0i(2(y), y)d= + V=gi(2(y). ) <d1) <0, i€ Ly(y;dy) \ J(u)

It follows from the duality properties of linear programming that the above multiplier set is invariant for every
choice of primal solution u € Sz(dy,dé). In view of (12b)—(12c), for a given pu € V(dy,d‘qll), the directional
derivative ' (y; dy, dlll) satisfies the above multiplier set. Moreover, since V (dy, d_,ll) NS2(dy, dl,lj) # ) (from Lemma
4.2(3)), di = 2" (y; dy, d;) satisfies this system for each € S2(dy, dglJ)

(2) From Assumption (H3), it follows that

w! Vi L(a(y),y, pw > 0, Vw € Cy;dy) \ {0},
where the critical cone C(y;dy) is given by

Vagi(x(y), y)w =0, Vie J(u;dyu),
Vagi(z(y), y)w <0, Vi€ Ig(y;dy) \ J(p;dy)

Hence, the Hessian matrix of the objective function of the quadratic subproblem is positive definite on the tangent
space to the constraints, which ensures that the quadratic subproblem is strictly convex and admits a unique
optimal solution.

To prove that = (y; dy, d,ll) solves this quadratic problem, by convexity it is sufficient to show that the associated

Cly;dy) = {w eR” :

variational inequality holds at z”(y; dy, dzlJ) for every feasible vector w, that is,
L@ dby 92 (v.L Ty (4=
5 ( z /J.) ( x (x(y)vyuu) ) d#

T
+ VioL(2(y), y, p)dy + Vag L(xz(y), y, p)z” (y; dy, dgl;)) (w — 2" (y; dy, dgl,)) >0. (20)

Since («'(y;dy),dy) solves the first-order KKT system (lla) (11d) with d, € EM, at (z(y), Y u), by

Lemma 4.2(2) there exists a sequence of perturbed multipliers % € M (z(y"); dy) such that limy_, o ﬁak“ =dy

along the parabolic path y =y+apdy + akd}!.
From the stationary condition for each k and p € S2(dy, dlll) C M(y), we have

q
VaL(z(y*), 4", i) = Vo F @), 0") + D i Vagi(=(y*), ") = 0, (21)
=1
q
Val(z(y),y, 1) = Vaf (@), y) + Y 1iVagi(z(y),y) = 0. (22)
=1

Applying the second-order Taylor expansion of VL about (z(y), y, 1) along the sequence {(z(y"*),v*, i)}, with
z(y*) = z(y) + apz’ (y; dy) + azz” (y; dy,dl) + o(a?2), and using (21) and (22), we obtain

3 (@ ) T (astat) ) (37) + TieLe) mid,

— ard
+ V3 La(y) o )2’ (gidy, dy) + Tim > B B Z 1= O G g (y), y) T = 0.
ZGI (y) k

Taking the inner product with (w — 2 (y; dy, dlll)) yields

T
(5 (@ D) T (Tatet ) (§) + VD)0, + T L) sy d}) ) (0= "5, 2)

~k
. S — g — agdy,
=— lim Y WVzgi(m(y),y) (w - x”(y;dy,dé)) .
a
i€ly(y) k
(23)
Define the index set Zg2 := {i € Aq : Iu € S%(dy, dgl/) with u; > 0}. To evaluate the right-hand side of (23), we
partition the active index set I4(y) into three disjoint subsets:
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(i) For ic J(w;d,):
From Part (1(b)), dL = 2" (y; dy, dé) satisfy the second-order equality constraint

1 .
Vegi(@(y), y)ds + Vygi(z(y), y)dy + §dZV§z9i(w(y),y) . =0 forie J(u)

Furthermore, for i € J(u;du)\J(1), if i € Zg2, this equality holds for di = 2" (y; dy, dy) by Part (1(b)). If i ¢ Zg2,
we have p; = 0 and dy; > 0, implying ﬂf > 0 and G;(y*; dy) = 0 for all sufficiently large k. The complementarity
condition ¥ (g;(z(y*),y*) — Gi(y¥;dy)) = 0 in (14) then implies g;(z(y*),y") = 0, ensuring the second-order
equality holds for ¢ ¢ Ig2. Hence, both dl = 2’ (y; dy, d}/) and feasible vector d} = w satisfy

1 .
Vagi(#(y), y)da + Vygi(@(y),y)dy + 5dz VZagi(a(y),y)d= =0, Vi € J(us dp).

This implies

Vagi(@y).y) (w—2"(yidy,dy)) =0, Vi€ J(uidy): (24)
Since p; =0 and dy, = 0 for all ¢ € I4(y) \ J(; du), substituting (24) into (23) eliminates the terms in J(p;dy),
which reduces to
L al) 92 (. L ™y (%) + 92,1 dy + Vi, L Mydyedy) "(y; dy, dy
5 (= dp) Vo (Ve L(z(y), y, 1)) d, ) + Vel @@,y mdy + Veo L(e(y), v, W (y; dy, ) (w—x (y; dy, y))

T
=—lim > BV (v-o"idyd))) . (25)
—00 | (0%
i€l (Y\J (widy) —F
(i) For i € Tg2 \ J(w;dy,):
For i € Zg2 \ J(p;dy), using Part (1(b)), 2’/ (y; dy, d?lj) satisfies the equality

1
Vagi(2(y), )2 (s dy, dy) + Vygi(@(v), v)dy + 502 V22052 (y), y)d= =0,

whereas the feasible vector w satisfies the corresponding inequality
1, 12
Vagi(@(y), y)w + Vygi(z(y), y)dy + 5dz Vz2gi(2(y), y)d= < 0.

Subtracting the equality from the inequality yields Vgg;(2(y),y)(w — & (y; dy, dzll)) < 0. Since ﬁf > 0, we have

ok
~EVagi(w(v).y) (w =" (yidy,d})) 20, Vi € Tea \ J(nidy). (26)
k
(i) For i € I,(y)\ (Zs» U J(u:d,.)):
We consider two cases.

® If either Vag;(z(y), y)a' (y; dy) + Vygi(z(y),y)dy < 0 or
1
Vagi(x(y), y)a" (y; dy, dy) + Vygi((y),y)dy + 5d2 V2.9:(a(y), y)d= <0,

then by Taylor expansion gi(m(yk)> yk) < 0 for all sufficiently large k. Since i ¢ Zg2, we have G’i(yk; dy) = 0.

The complementarity condition in (14), ﬂfgi(x(yk),yk) = 0 implies ﬂi—f = 0. Hence 2 =0.

2
X

e Otherwise, i € I¢(y;dy) \ (Zg2 U J(p;dy)) and z” (y; dy, dqll) satisfies the second-order equality, that is,
1
Vagi(2(y), )2 (43 dy, dy) + Vygs(@(v), v)dy + 52 V220i(w(y), y)dz = 0.

Subtracting this from the inequality satisfied by w yields Vzg;(x(y), ) (w — 2" (y; dy, d;)) < 0. In summary,
for i € Iy(y) \ (Zgz U J(p;dy)), since fi¥ > 0, we have

iy
— lim 259,gi(a(y),y) (w - " (yidy. d})) > 0. (27)

k—o0 Qg
Using (26) and (27), every term in the summation in (25) is non-negative. Combining all three cases, the varia-
tional inequality (20) holds. Consequently, ="/ (y; dy, dé) is the unique optimal solution to the quadratic subproblem
for any u € Sz(dy,d%,) NEM(y) and dy, € EM . O
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From part (1) of Theorem 4.1, it follows that whenever the feasible set of the quadratic subproblem
is non-empty and p € EM(y), we have u € S*(dy,d,;). On the other hand, the arguments used in
part (2) of Theorem 4.1 imply that z”(y;d,, d;) is feasible for the quadratic subproblem for any u €

S2(d,,d) N EM(y). Thus, the following remark is justified.

Y Py

Remark 4.2 Note that (12a)-(12d) are the KKT optimality conditions of the quadratic optimization problem in
Theorem 4.1, where di = =" (y; dy,dzl!) is the optimal solution to this quadratic problem and d;lw 1€ Ig(y; dy)
is the corresponding KKT multipliers. Suppose p € EM(y), then the feasible set of the quadratic problem is
nonempty for given d, € EM , if and only if u € S?(dy, d;) (from the arguments used in Theorem 4.1). In that
case, for given vector (d.,dy) such that d, € EM, and p € EM(y), if (d;,dh) solves the system (12a)-(12d)
then di = z" (y; dy, dll/)

From Remarks 4.1 and 4.2 it is clear that for given direction vectors d, d; the first- and second-order
derivatives 2’ (y; d,) and 2" (y; d,, d;)) satisfy the system (11a)-(11d) and (12a)-(12d) uniquely at (,y, 1)
respectively under certain assumptions. Next, we apply the active-set strategy to derive a unified first-
and second-order system. Using an active set strategy on the complementarity constraints (11d) and
(12d) corresponding to some set I satisfying J(u) € I C I,(y) so that (ngi(ac(y),y))iel is linearly

independent, we can reformulate (11a)-(12d) as (28a)-(28h), which is a system in (d,, d,,, d}, d},) at given

point (z(y), y, ) and direction vectors dy, d}, at y, which is proved in Proposition 4.1. Here, d, (= 2’(y; d))
and d}(= =" (y; dy, d})) are the first- and second-order directional derivatives of the solution function x(-),
respectively, and d,, and dllt represent the first and second-order terms in the expansion of the multiplier

vector u along the parabolic path y + ad, + ozzd;7 respectively.

V2, L(x(y),y, w)de + Vo, L(x(y), y, p)dy + Vi, L(x(y),y, p)d, =0, (28a)
Vagi(2(y), y)de + Vygi(2(y),y)dy, =0, i€l (28b)
Vagi(@(y), y)de + Vygi(z(y), y)dy <0, i€ ly(y)\I, (28c¢)
d, >0, iel\J(u), d,, =0, i¢l (28d)
1 ~ d, -~ dl
3 @ D) FTastot) ) () + 9Ll (55 ) =0 (28¢)
W
1 .
Vagi(2(y),y) dy + Vygi(@(y), y)dy + 54T V2 0:(2(y), y)d= =0, i€, (28f)
1 .
Vagi(z(y),y) dy + Vygi(z(y), y)d, + §dzTV§zgi(x(y),y)dz <0, iely(y;dy)\ 1, (28g)
d,, >0, ieI\J(ud,), d, =0, i¢l (28h)

Proposition 4.1 (Equivalence of Active-Set Reformulation) Suppose Assumptions (H1)-(H5) hold at (z(y),y)
for p e SQ(dy,d?lJ) NEM(y) and dy, € EM,,. Then

1. For every solution (dg, d,,, d%, d}L) of the first- and second-order systems (11a)—(11d) and (12a)—(12d), there
exists at least one index set I satisfying J(p) C I C I4(y) such that the family of gradients {V+g;(z(y),y) }icr
is linearly independent and (dg, dy, dL, d}L) satisfies (28a)—(28h).

2. For any admissible index set I so that J(p) C I C I4(y) and (Vzgi(z(y), y))iel
system (28a)—(28h) has a unique solution (dg, d#,dglc,d}t), where dy = ' (y; dy) and dL = 2" (y; dy, dzll)

3. For ||dy|| <6 and ||d?14|| < 0 with suitable sufficiently small § > 0, the system (28a)—(28f) combined with

is linearly independent, the

1 .
Vagi(2(y), y)(de + dz) + Vygi((y), y)(dy + dy) + idfvzzgi(w(y),y)dz <0, iclgy\ I, (29)
du, +dl, >0, iel\J(u), d, =0, i¢l. (29b)
is locally equivalent to (11a)—(11d) and (12a)—(12d).

Proof (1). Let (dx,du,di,d,ﬂ) be a solution satisfying systems (11a)—(11d) and (12a)-(12d) for a given p €
S2(dy,d5) N EM(y) and d;, € EM,, and di& as extreme point of the multipliers of KKT system (12a)-(12d).
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Choose the active index set I as
I={iely(y): pwi>0ordy >0ord, >0}

By construction, the chain of inclusions J(u) € J(u;dy) € I C Iy(y;dy) C Ig(y) holds. Since p € EM(y),
dy € EM,, is a vertex solution of (11a)—(11d), and dﬁ is a vertex solution of (12a)—(12d); therefore the gradient
family {Vzgi(z(y), y)},;j is linearly independent in R™. We derive (28a)—(28h) from (11a)-(11d) and (12a)-(12d).
(i) Equation (28a) coincides with the stationary condition (11la). To establish (28b), we consider any index
iel.1fie J(u), the equality Vaugi(2(y), y)ds+ Vygi(2(y), y)dy = 0 holds directly from (11b). If i € I\ J(x)
with d;,; > 0, the complementarity condition (11d) ensures that Vag;(z(y),y)dz + Vygi(z(y),y)dy = 0. If
i€\ J(udy), then d}ti > 0, which implies i € I4(y;dy) by (12d), and hence
Va29i(x(y), y)de + Vygi(z(y),y)dy = 0. Thus, (28b) holds for all i € I. Next, the inequality (28¢) follows
immediately from (11c). Finally, for 4 € I\ J(u), non-negativity d,, > 0 holds by (11d), while for i ¢ I, we
have d;; = 0, implying (28d).

(ii) Equation (28e) follows directly from the second-order stationary relation (12a). For equation (28f), let
i€ 1.1 i € J(u;dy), the equality Vg (2(y), y)di + Vygi(z(y), y)dy + 5d2 V3.9:(2(y), y)d> = 0 holds by
(12b). If i e T\ J(; dy), then dll“ > 0, and the second-order complementarity condition (12d) implies that
Vagi(2(y), y)di + Vygi(@(y), y)dy + 5d2 VZ.gi((y),y)d= = 0. For i € Ig(y;dy) \ I C Ig(y;dy) \ J(u; dp),
condition (12c) gives the second-order inequality (28g). Moreover, for i € I \ J(p;dy), non-negativity
dy,; > 0 holds by (12d), while for i ¢ I, we have dj,, = 0, ensuring (28h).

(2). Let I be any fixed admissible index set satisfying J(u) C I C I4(y) such that {Vzg;(xz(y),y)} ier is lin-
early independent. Suppose (CZZ,GZM,CEC,UZ}L) is an arbitrary solution to the active-set system (28a)—(28h). It is
straightforward to verify that (dg, d., ds, d}t) satisfies (11a)—(11d) and (12a)—(12d). By Theorem 2.1, QPy(y; dy)
is a strictly convex quadratic program under Assumption (H3), so its KKT system (11a)—(11d) admits a unique
solution dy = z' (y; dy) and d]t € EM, as vertex solution of the multiplier set. Similarly, by Theorem 4.1, the
second-order parabolic subproblem is strictly convex under Assumption (#3), ensuring that its KKT system
(12a)-(12d) admits a unique primal solution di = z” (y; dy, d},) and J}L as a vertex solution of the corresponding
multiplier set. Consequently, using the result of first part,(11a)-(11d) and (12a)-(12d) is equivalent to (28a)—
(28h). Hence, any solution to system (28a)—(28h) must be unique.

(3).Let (ds,dy, db, db) be the solution of the system (28a)—(28h) for given direction vectors dy and dzll. Then, it

can be easily verified that (td, tdu,th}thd}L) also solves (28a)—(28h) for any scalar ¢ > 0 with directions tdy

and t2d11/. For i € Ig(y) \ I4(y;dy), we have Vzg;(z(y), y)de + Vygi(z(y),y)dy < 0. Therefore, for all sufficiently
small ¢ > 0,

1 .
Vagi(@(y), y) (tde +12dz) + Vygi(2(y), y) (tdy +tdy) + §t2dzTV§zgi(fE(y), y)dz <0, i€ lg(y)\Ig(y;dy). (30)
Similarly, for i € J(p;dy) \ J(p), we have dy; > 0, which ensures that for all sufficiently small ¢ > 0,
tdy, +t7d)y, >0, i€ J(udy)\ J(p). (31)

Denote (dz,dy, dyu,dy, dy, dy,) = (tda, tdy, tdu, t2dy, t2dy, t2d),) and dz = (dw,dy). Set 81 = ||dy|| = |[tdy| and
0 = HEZ.}/H = thd;H. Combining (30)—(31) with (28g)—(28h) (satisfied by (dx,dy,d“,d;,dg,,dﬁ)) and using the
facts that Vug;(z(y),y)de + Vygi(@(y),y)dy = 0 for i € I4(y;dy) \ I and dy, = 0 for i € T\ J(u;dy,), we obtain
(29a)—(29b).

Conversely, (28¢)—(28h) can be recovered from (29a)—(29b) directly. Selecting § = min{dy, d2}, it follows that
for [|dy|| < & and H@H < ¢ with sufficiently small § > 0, the system consisting of (28a)—(28f) and (29a)—(29b)
is locally equivalent to (28a)—(28h). From the results of parts (1) and (2), this system is locally equivalent to
(11a)—(11d) and (12a)—(12d).

O

Remark 4.3 The first- and second-order directional derivatives are obtained via the quadratic subproblems in
Theorem 2.1 and Theorem 4.1, respectively. The linear independence condition on the constraint gradients
{Vzgi(x(y),y) }ics in their corresponding first- and second-order KKT systems does not affect these primal
solutions; rather, it ensures that the multipliers in these systems correspond to extreme points of the mul-
tiplier sets. Whenever the active-set system (28a)-(28h) is feasible for nonzero vectors for some admissible
index set J(u) C I C I4(y) and p € EM(y) such that {Vzg;(z(y),y)}ier is linearly independent, then from
Theorem 4.1(1(b)), we have p € S?(dy, d};) N EM((y). Furthermore, from Proposition 4.1, the first-order KKT
system (11a)—(11d) is satisfied, which ensures that d, € EM .
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5 Second-order optimality conditions for BOP

The existing literature on second-order optimality conditions using the value function approach to estab-
lish the existence of solutions to bilevel programming problems is summarized in Section 1. In this section,
we derive the second-order necessary and sufficient conditions for BOP using the parabolic second-order
directional derivative of the optimal solution function of the lower-level problem. First, we establish
the following second-order necessary optimality conditions for an optimization problem with continuous,
second-order directionally differentiable functions, which will be used later to derive the second-order
necessary conditions for BOP.

Lemma 5.1 Let y be a local optimal solution to the following optimization problem
min  ho(y') s.t. hi(y') <0, i € Ay,
y/

where hg : R™ — R and h; : R™ — R, i € Ap are continuous and second-order directionally differentiable
functions around y. Then there does not exist dlll € R"™ such that the following system is satisfied.

ho(y; dy) + he (y; dy, dy) < 0, (32a)
Ri(y; dy) + hi (y; dy, dy) <0, i€ In(y), (32b)
ho(y;dy) <0, hi(y;dy) <0, i€ Ih(y), (32¢)

where Ip(y) = {i € Ap : h;(y) =0}.

Proof Let {y*} be a sequence y* =y + opdy + aid%} with a, > 0 and {ax} | 0 for some (dy,dlll) e R™ x R™.
Since hg and h;, i € I, (y) are second-order directional differentiable at y,

ho(y®) = ho(y) + arho(y; dy) + aiht (y; dy, dy) + o(a), Yk, (33)
and h;(y") = hi(y) + aphi(y; dy) + aphi (y; dy, dy) + o(ak), Vk. (34)

Suppose, for the purpose of contradiction, that there exists dll, such that (32a)-(32c) is satisfied. From the
conditions (32b)-(32¢), it follows that for each i € Ij,(y), either h(y;dy) < 0 or hj(y;dy) = 0, hY(y;dy, d‘vl!) < 0.
In either case, there exists Nj such that h;(y*) < hi(y) = 0 for all i € I(y) and k > Nj from (34). Using
the continuity of h; for i € Ap \ I, (y), there exists No > Nj such that h;(y*) < 0 for all i € Ap \ I,(y) and
k > Na. Finally, using (32a), (32c), and (33) we can conclude in a similar manner that there is N3 > Na such
that ho(y"®) < ho(y) for all k > N3. Thus, ho(y*) < ho(y) for hi(y*) < 0 for all i € Ap and k > N3. This yields
a contradiction since y is a local optimal solution. Hence, the result follows. O

Let {ay} be a sequence with ay, > 0 for each k and {a;} — 0, and the sequence {y*} is defined by
Yy =y + opdy + a%d; for each k. From Theorem 3.2, it follows that

2(y*) = x(y) + ara’ (y; dy) + aja” (y; dy, dy) + o(af)
for each k. Consider the expansion of F' around (z(y),y) as
F(y),0) = Fa(),0) + o (TP (0).0) 2 5) + 9, F (el ),
+aj, (VzF(x(y), y) " (y; dy, dy) + Vy F(x(y), y) dy

5 ) ) V2R (TG ) )

+o(a?), Vk.

Let F(-) := F(x(-),-) and G(-) := G(z(-),-). Then, the first-order directional derivative and the second-
order directional derivative of the implicit function F(y) are given by

F'(y;dy) = Vo F(x(y),y)a' (y; dy) + Vo F(z(y),y)dy, (35a)
F'(y;dy, dy) = Vo F(x(y), y)2" (y; dy, dy) + Vy F(2(y), y)dy
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+ % (' (ys dy)" dyy) VI F(2(y), ) (x/(z;dy)) : (35b)

respectively. Similarly, for each active index i € Ig(y), the first- and second-order directional derivatives
of G;(y) are given by

Gi(y;dy) = VaGi(2(y),y)2' (y; dy) + Vo Gi(z(y), y)dy, (36a)
G (y; dy. dy) = Vo Gi(x(y), y)a" (y: dy, d) + V,Gi(x(y), y)d,,
+ % (' (y: dy)" dy) V2.Gi(2(y), ) (x’(i’;ydy)) : (36D)

respectively.

Theorem 5.1 (Second-order necessary optimality condition) Let (z(y),y) be a local optimal solution to BOP,
and F,G € C? in a neighborhood of (z(y),y). Moreover, assume that Assumptions (H1) — (H5) hold at (z(y),y).

Then,
€ EM(y), J(u) C1C I,(y),
v :=min< v(u,I) :M w), J(u) . g(y)‘ =0, (37)
(Vagi(z(y), y))ieI is linearly independent

where v(u, I) is the optimal value of the following optimization problem

P(u,I)) : min
(P(u, 1)) dal i o

Ve F(2(y), y)(de + d3) + VyF(2(y), y) (dy + dy)
+3dI V2. F(z(y),y)d- < a,

VaGi(2(y),y) (de + d3) + VyGy(z(y), y) (dy + dy)
+3dIV2,G;(xly),y)d. <, i € Ig(y),

Vo F(2(y),y) dz + VyF(z(y),y) dy <0,

VaGi(z(y),y)ds + VyGi(z(y),y)dy <0, i€ lg(y),

(28a) — (28f) and (29a) — (29b) hold,

ldyll <1, |yl < 1.

s.t.

Proof Under Assumptions H1-H3 and H5 there exist neighborhoods N, at z(y) and Ny at y such that
z(-) : Ny — Ny (y) Is strict global optimal solution function. Therefore, BOP can be written in an implicit form
in the neighborhood of y as

min  F(y) st. Gi(y)) <0, i€ Ap,
y/

where F(y') = F(z(v),y'), Gi(v') = Gi(z(¥/),y'),i € Ap for y' € Ny.

Given that (z(y),y) solves BOP locally, it follows that y is a local optimal solution to the above implicit bilevel
problem. Using Lemma 5.1 in the implicit bilevel problem, one can conclude that there does not exist dglJ such
that the following conditions are satisfied.

F'(y;dy) + FW(ZJ;dyydgl;) <0,

Gilysdy) + Gi (y;dy,dy) <0, i€ Ig(y),

F'y;dy) <0, Gi(y;dy) <0, i€ Ia(y).
Consequently, the optimal value of the following problem is nonnegative.

min le'
a,dy,d?lj

s.t. ﬁ’/(y; dy) + F‘”(y; dy,dgl/) <a,
Gilyidy) + G (yidy, dy) < o, i € Ia(y),
Fl(y;dy) <0, Gi(y;dy) <0, i€ lg(y),
ldyll <1, [ldyll < 1.
Substituting the values for ﬁ"(y; dy), F”(y; dy,d;)7 @g(y; dy) and Gg'(y; dy, d?ll) from (35a)-(36b), we obtain
(P): min1 «

oe,dy,dy
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st VaF(x(y),y) (@' (y; dy) + 2" (y; dy, dy)) + Vy F (2(y), y) (dy + dy)
3 @)™ ) VG0 (7 My)
VaGi(x(y),y) (@ (s dy) + 2" (y; dy, dy)) + VyGi(@(y), y)(dy + dy)
43 @) ) ViGitam) (TG Y) <o vietow),

VaF(z(y),y)z' (y: dy) + Vy F(z(y), y)dy <0,
VaGi(z(y),v)2' (y;dy) + VyGi(z(y),y)dy <0, Vi€ Ig(y),
ldyll <1, |ldyl < 1.

+

Replacing 2/ (y; dy) = dz and 2" (y; dy7d11,) = d and incorporating the system (28a)-(28f) and (29a)-(29b) for
some index set I satisfying J(u) C I C I4(y) such that (Vg;gi(x(y),y))iel is linearly independent, Problem
(P) can be reformulated into (P(u, I)). Therefore, the optimal value of the optimization problem (37) is always
non-negative for any I satisfying J(u) C I C I4(y) such that (Vzgi(w(y),y))iel is linearly independent as the
optimal value of problem (P) is non-negative. This proves the theorem. O

A second-order necessary condition can be useful in certain cases. The following example is a modifi-
cation of Example 4.1 of Dempe [1]. Here we see that the first-order necessary condition due to (Corollary
3.4, Dempe [1]) is satisfied at a non-optimal point, whereas the second-order necessary optimality
condition (Theorem 5.1) is not satisfied at that point.

Ezxample 5.1
min {(z + 52+ (y— 4 |z € ¥(y)},

where W(y) := argmin{(z — 3)* | 2* —y < 0}
x

Note that (x,y) = (1,1) is a non-optimal point. Here, M(y) = {2} and J(u) = I4(y), which results
in a single choice I = I, (y).
min «
s.t. 12d, —6d, < a,
6dy +2d, =0, —2d, +d, =0,
—1<d, <1.
The optimal value of the above problem is 0, which means that the first-order necessary conditions
(Corollary 3.4, Dempe [1]) are satisfied. Next, we will show that the second-order necessary conditions

do not hold at this point.
The problem (P(u,I)) at (z,y, 1) = (1,1,2) in Theorem 5.1 is

min «

s 12(dy + dy) — 6(dy + dy) + (do)® + (dy)* < o,
6dy, +2d, =0, —d, +2d, =
6dy +2d), = —2d,d,, —d, +2d), = —(d,)?,
—1<dy,<1,-1<d, <1.

The optimal value of the above problem is —0.25, which is negative. Hence, this does not satisfy the
necessary condition of Theorem 5.1. [l

To derive the second-order sufficient optimality condition, one typically needs to solve an auxiliary sub-
problem with respect to the second-order tangent direction, parameterized by each nonzero first-order
tangent direction (see Theorem 22, Liu et al. [18], Condition 2.5, Riickmann and Shapiro [20]). Because
verifying this condition pointwise for every direction can be difficult, we instead formulate a subproblem
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that uses both the normalized first-order direction d, and the second-order direction d; simultane-
ously. Specifically, for the case without upper-level constraints, we propose the following combinatorial
quadratic problem P’(u,7) with the index 7 = (I3, Iz, Is) with J(p) C I3 € Iy C Iy C I4(y).

(P'(u, 1)) :

1
L omin - VoF(a(y),y)(ds +db) + V,F(e(y),y)(d, + d) + 3dE VEF (). )d.

s.t. Vo F(z(y),y)ds + VyF(z(y),y)dy, <0, (38a)
System (28a)—(28f) holds for I = I, (38b)
1 .
Vagi(@()y) dz + Vygi(@(y), y)d, + 5d2 VEgi(@(y),y)d. <0, i€ L\ I, (38¢)
d, >0, iech\I3, d, =0, i¢l, (38d)
[yl = 1. (38e)

Denote the optimal value of P'(u,Z) as v'(u,Z) for later use. To establish the second-order sufficient
condition, we shall need the concept of a second-order tangent set for the feasible set of the bilevel
problem BOP.

Definition 5.1 (Liu et al. [18], Bonnans and Shapiro [24]) Given C' C R™ x R™ and 2* € C, the tangent cone

to C' at 2" is defined by
It 10, d¥ > d.
To(z*) :={d, e R" x R™; = k¥ 02 .
(=) { with 2* + tpdf € C

For z* € C and d, € T¢(2"), the outer second-order tangent set to C' at z* in the direction d is defined by

1,k 1
T2(z*:dz) == {d: € R" x R™ : H.tkig’ dt _>d22 . |
with 2* + tpd. +t;dz" € C

To derive the second-order sufficient optimality conditions for the nonsmooth problem with set con-
straint, Liu et al. [18] (Definition 2), and Bonnans and Shapiro [24]( Definition 3.85) have used the outer
second-order regularity assumption. It is used here on the feasible set of the bilevel problem BOP.

Definition 5.2 (Outer second-order regularity) Let C be a closed subset of R" x R™, z € C, and d. € T¢(2).
We say that C is outer second-order reqular at z in the direction d. if, for any sequence {zk} C C of the form

=y + trpd, + t%di’k7
where {t;} | 0 and sequence {d;’k} satisfies {tkdi’k} — 0, the following condition holds,
lim dist(di’k, Té(z;dz)) -0,
k—o0

where dist(u, S) := inf,cg ||u — v|| denotes the Euclidean distance from a point u to a set S.

Lemma 5.2 Let x: R™ — R" be locally Lipschitz continuous around y € R™. Then, the following statements
hold:

1. (Bonnans and Shapiro [24, Proposition 2.49]) If x is directionally differentiable at y, then it is directionally
differentiable at y in the Hadamard sense, and the first-order directional derivative mapping x'(y;-): R™ —
R"™ is Lipschitz continuous with modulus L on R, that is,

Ix'(yid1) — x'(y;d2)|| < Llldy — da|| Vdy,dy € R™.

2. (Liu et al. [18, Proposition 2.6]) Let dy € R™. If x is second-order directionally differentiable at y in direction
dy, then x is second-order directionally differentiable at y in direction dy in the Hadamard sense, and the
second-order directional derivative mapping X”(y; dy,-): R™ — R"™ is Lipschitz continuous with modulus L,
that 1is,

I (3 dys w) = X" (i dys )| < Lljw —ol] - Voo, 0 € R™.
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Under Assumptions (H1)-(H5), the lower-level problem admits a unique strict local minimizer z(y)
for each parameter y near the reference point. Hence, the set-valued mapping ¥ reduces locally to a
single-valued function z(-), and the graph of ¥ can be locally represented as

C :=gph(¥) ={(z,y) e R" xR™ : z=2z(y)}. (39)

By Theorem 3.2, the solution function z(-) is second-order directionally differentiable along parabolic
paths. The first- and second-order tangent sets to C' at (z(y),y) are characterized as follows. The proof
takes use of Lemma 5.2.

Proposition 5.1 Suppose Assumptions (H1)-(H5) hold at (z(y),y) € C.
1. The tangent cone to C at (z(y),y) is given by

To(z(y),y) = {(d(y,dy) ER" xR™ : d; = m/(y;dy)}.

2. For any tangent direction (dz,dy) € Tc(x(y),y) satisfying dew = ' (y;dy), the outer second-order tangent
set to C at (z(y),y) in direction (dz,dy) is given by

TE(@W).v); (doydy) = {(d},d}) € R xB™ : d} = (y dydy) }

Proof Let (dx,dy) € To(x(y),y). Hence, by definition, there exist sequences {t} 0 and {(dk, d];)} — (dz,dy)
such that (z(y) + tgd®,y + tkd];) € C, implying

2(y) + tdy = 2y + trdy).
Since z(-) is Hadamard directionally differentiable from Lemma 5.2 (1), it follows that

tpdh) —
& — lim z(y + trdy) — 2(y)

k—o0 ik

=a'(y; dy).
Conversely, for any dy € R™ and dy = 2’(y; dy), let {t;} | 0 be an arbitrary sequence, and set

(dh, db = (m(y +tkf§) — oY) d_,,) '

Then (z(y) + tpdk, y+tkd§) = (z(y+trdy), y+trdy) € C for all k. By directional differentiability, {(dfe,d’;)} —
(z'(y; dy), dy) = (dz, dy), which verifies that (dz,dy) € To(2(y),y). This proves the first part.
Next, let (di,d.}!) € Tg((w(y),y); (dz,dy)) with dz = 2'(y;dy). By the definition of the outer second-order

tangent set, there exist sequences {t;} | 0 and {(dglg’k7 dll,’k)} — (dé,dé) such that
(m(y) Ftypdy + E2d5F Y+ tdy + tid;”f) ec.
This implies
2(y) + bk’ (y; dy) + ™ = 2y + trdy + thdy™).
Since xz(-) is second-order directionally differentiable in the sense of Hadamard from Lemma 5.2 (2), dividing by

ti and taking k — oo gives

x (y Ftpdy + tid},”‘) — z(y) — tra' (y; dy)

1 . 1
dy = kli?;o 2 = xll(y; dy, dy)
k
. . Lk e(yrtedy Htidy) —z(y) —tez’ (yidy) Lk _ 1 .
The reverse inclusion follows by selecting dz™" = 4 = and dy’" = dy, which completes
k
the proof. 0

Theorem 5.2 (Second-Order Sufficient Optimality Condition) Let (z(y),y) be a feasible point of BOP without
upper-level constraints. Suppose that

(i) Assumptions (H1)-(H5) hold;
(ii) F € C? in a neighborhood of (x(y),y);
(iii)
VaF(x(y),y)a’ (y; dy) + VyF((y),y)dy 2 0 for all [|dyl| = 1; (40)
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(iv) The graph C := gph(¥) is outer second-order regular at (z(y),y) in direction (z'(y; dy), dy) for all dy with
ldyll = 1;
(v) For index sets T = (I1,I2,I3) satisfying J(u) C I3 C Iy C Is C I4(y) such that {Vzgi(z(y),y)}ier, is
linearly independent,
o = min d o' (1, T) - 1 € EM(y), and the optimal solution (dz,dz, dﬂ,dh) to P'(u,T) > 0.
satisfies Is = Ig(y; dy) and Iz = J(p;dy).

Then (z(y),y) is a strict local minimum of BOP, and there exist constants € > 0 and ¢ > 0 such that

2
F(z'y') > Fz(y),y) +clly’ -yl
for all (2, y') satisfying ||y’ —y| < e and 2’ € (y').

Proof Let (dz,d#,d;,d}t) be the solution to P'(,u,I) with J(u) C I3 C Iy C Ip C Ig(y) such that
{V2gi(x(y),y) }icr, is linearly independent, and Iy = I4(y;dy) and Is = J(u;dy). Then, by Proposition 4.1, in
System (38b)-(38¢) we have dy = 2’(y; dy) and di = "’ (y; dy, dé) Since v' > 0, we have

VaF(a(y),y) (o (3 dy) + 2" (g3 dy, d3) ) + Yy F(a(y), ) (dy + d} )

1 "(y; d
45 @) d) Vram. (TG) 0
for all (dy,d%j) satisfying

VaF (@(y), 9)2' (y; dy) + VyF(2(y), y)dy <0, [ldy = 1.

In view of (40), we obtain

Ve F(z(y),y)z’ (y; dy) + Vy F(x(y),y)dy = 0. (41)
Suppose, to the contrary, that there exists a sequence {(z(y*), ")} with z(y*) € U(y*) and y* # y such that
{y"} =y and

k k k 2
F(z(y™),y") < F(z(y),y) + ollly” — ylI*). (42)
Using Assumptions (H1)-(H3), it follows from the continuity of z(-) that {z(y*)} — z(y). Setting ay, := [|[y* — |,
k
the sequence {d*} := { Y a;y } converges, possibly over a subsequence, to some directional vector dy with ||dy|| = 1.
k
Hence, for the sequence {dé’k} = % , there exists a subsequence of {yk} such that {akd;’k} — 0. Thus,
yk =y+ akdk =y + ap(dy + akdyljk) =y + ardy + azdbk.
Let . .
gk 2Y) —2y) — axa’(y; dy)
2= 5 .
X

Since xz(-) is second-order gph-regular at y along the sequence yk =y + apdy + a%d;’k, it satisfies
k 2 1,k 2
(y") = z(y) + axd’ (y; dy) + aga” (y; dy, dy™) + o(aj),

which implies that

2
o(aj)

5

Ak

Because z(-) is piecewise smooth, by the selection arguments in Theorem 3.3, for each k there exists an index
Jr € {1,..., N} such that

dy® = o' (y; dy, dy™) +

) 1
x”(y; dy, dé’k) = x;'k (y; dy, dl,lj’k) = VyZj, (y)d;/’k + idfvf,yxjk (y)dy.

Since the index set {1,..., N} is finite and each z; € C?, the families {Vyz;(y)} and {sz:ﬂj (y)} are bounded.
Thus,

2
s A1V W)l 195525} < oo
Using {ag} — 0 and limy_, o akd;’k = 0, we obtain

o)

. 1.k . " 1,k .
lim apdy” = lim apx;, (y;dy,dy”) + lim
k—o0 kfe k—o0 k Jk(y’ vy ) k—oo Qp

. 1
= lim (Vyﬂ"jxc (y)(akdgljk) + §akd5v?2jyxjk (Z/)dy>

k—o0
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=0.
Because C is outer second-order regular at (z(y),y) in direction (2’ (y;dy), dy), by Definition 5.2 we have
lim dist ((d3*, %), T8 ((2(v), 9); (&' (w3 dy), dy)) ) =0,
k— o0
Therefore, there exists a sequence {(wk, w’;)} c 78 ((z(y),); (2’ (y; dy), dy)) such that
. Lk 1k N
khanéo H(dm 7dy ) - (wmva)H =0.
Recall the implicit objective function F(y) := F(x(y),y). By Lemma 5.2, F”(y; dy, -) is Lipschitz continuous with
some modulus L > 0. Then, it follows that
F (ysdy, dy™) > F (y; dy, wy) — L|ldy™ — wj].
From Proposition 5.1, (wlﬁ,wf) € 7—02 (z(y),v); (2" (y; dy), dy)) satisfies wh = x”(y;dy,wlyc) for each k. Let p €
Sz(dy,wlzj) N EM (y). Using Proposition 4.1(2), for some suitable index set I satisfying J(u) C It C I4(y),
(dz,d‘u,w];,d}[k) satisfies (28a)-(28h), where d, = (2'(y;dy),dy) and wh = (w’i,w{j) for appropriate du,di’k.
Then, by Proposition 4.1, for Is = I4(y;dy) and I3 = J(u;dyu), (dz, dy, wk, dlljk) is feasible for system (38a)—(38e)
for each k. Hence, F‘"(y; dy, w];) > >0 for all k.
Expanding F € C? around (z(y),y) and applying (41), we obtain
k k I k
F(2(y"),y") = F2(y),y) + ak F" (y; dy, dy™*) + o(af)
> F(a(y),y) + o (v/ = Llldy* = will) +o(a}).

Since ||d;,’k — wlsz — 0 as k — oo and v’ > 0, there exists v” > 0 such that for all sufficiently large k,

2
F(x(yk),yki]%— F(z(y),v) > + 0(5{)’

which contradicts (42). Hence, there exist constants ¢ > 0 and € > 0 such that

F(z',y) > Fz(y),y) +cly’ -yl

for all (2, y") satisfying ||y’ —y|| < € and 2’ € ¥(y'). Under Assumption (#5), ¥ is single-valued and continuous;
therefore, (z(y),y) is a strict local minimum of BOP. O

Notice that we do not impose a norm bound on the second-order direction dgll. In second-order sufficient
conditions, the analysis uses an unbounded direction vector d;. If the objective goes to —oo, the optimal
value is negative, which directly violates the condition v’ > 0. Thus, the condition on the optimal value
v’ > 0 rules out unbounded descent.

The following example demonstrates the case when the first-order sufficient condition (Theorem 4.2 of
Dempe [1], Theorem 5.5 of Dempe [2]) is not satisfied. However, the second-order sufficient condition of
Theorem 5.2 is satisfied at the optimal solution of the example. In this example, the lower-level problem
has non-unique multipliers in the KKT optimality conditions at the optimal solution.

Ezample 5.2

min {(z — 32+ @w-1% |z e vy},

where U(y) := argmin (z — 5)*

xT

st. x—-2y+1<0, (1)
—2r4y+1<0, (i)
24y —17<0. (iii)

Here F(z,y) = (v — 3)* + (y — 1)?, f(z,y) = (z = 5)* and gi(z,y) = = — 2y + 1, g2(x,y) = =2z +
y+1,93(z,y) = 22 + y — 7. The upper-level objective function has a global minimum at (3,1) in R2. At
y = 1, the lower-level problem is min (z — 5)2 s.t. —2 < x <3, which has the minimum value at z = 3.

x

Therefore, (3,1) is the global optimal solution to this bilevel problem. Next, it remains to verify that
the second-order sufficient optimality condition of Theorem 5.2 holds at (3, 1), whereas the first-order
conditions of Theorem 2.2 do not hold at this point.
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The first-order sufficient optimality condition of Theorem 2.2 is not satisfied at (3,1) as V,F(3,1) =
V. F(3,1) = 0. Observe that Assumptions H1-#5 hold at (3,1). The KKT optimality conditions for the
lower-level problem at y = 1 are

2(z —5) + p1 — 2p2 + 2u3 = 0,
pm(@—2y+1) =0, po(22+y+1) =0, u3(2z+y—-7) =0,
M1207 /.L2ZO, /’L3207

where 1, 1o and pg are KKT multipliers associated with the constraints (i), (ii) and (iii) respectively.
The above system becomes

/1’1+2:U'3:4a #1207 M2:03,u'320
)7.(0,0,2)7} and EM (y) = {(4,0,0)7, (0,0,2)T}.

0
{ 111} For the extreme multipliers in EM (y), for
, we have J(u) = {iii}. Consequently, the family of

at (3,1). Thus, at (x,y) = (3,1), M(y) = conv{(4,0,
t (z,y) = (3, 1), the active index set is I,(y) =
pu=(4,0,0)T, we have J(u) = {i}; For u = (0,0,2)
admissible index triples

{V.9:(x(y),y) }icr, is linearly independent

{I (I, Iy, 13) : Jpw)CI3CL CI ng(y)’ MEEM(y),}

evaluates to

1, = ({i}7 {i}7 {i})v I, = ({i}7 {i7 iii}7 {i})7
Ty = ({iii}, {i, iii}, {iii}), Zs = ({iii}, {iii}, {iii}).
(a) For Il = ({i}7 {i}7 {i}),

/ T . : 2 2
P'((4,0,0)",Z4) : dz,iildri,d; d; +d
s.t. 2d, +d,, +2d,, =0,

1 1 1 _
2d), +d,, +2d,, =0,
dy —2dy =0, d} —2d, =0,
2d, +d, <0,
[dyll = 1.

The solution to P'((4,0,0)7,T1) is (dy,dy,dy,, dyy,dL,dL,dY L dL ) = (—2,—1,4,0,0,0,0,0) with the

pas Qpgs Qs Qs Gy 5 Cpig

optimal value v’((4,0,0)7 Il) = 5. Here I = I,(y;d,) = {i} and I3 = J(; ) = {i}.
(b) For I, = ({i}, {i, iii}, {1})

/ T . : 2 2
P'((4,0,0)",Z,) : nBR . dy +d,
st 2dy +dy, +2d,, =0,

1 1 1
2d, +d), +2d,, =0,
dy —2d, =0, d —2d, =0,
2d, +dy, <0, 2d, +d, <0,
l[dyll = 1.

The solution to P’((4,0,0)7,T5) is (dy,dy,dy,, dyy, dL,dE,dY L dL ) = (—2,—-1,4,0,0,0,0,0) with the

1y 3y Py Py Ty ) s

optimal value v'((4,0,0)7 Ig) = 5. Here, I, (y, y) = {i} # I>.
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(c) For Zy = ({iii}, {i, iii}, {iii}),
P'((0,0,2)",13) : ddqudlldL a2 +d;
s.t. 2d, +d,,, +2d,, =0,
2d;, +d,,, +2d,,, =0,
2d, +dy =0, 2d} +d, =0,
dy —2d, <0, d —2d, <0,
[dyll = 1.

The solution to P’((0,0,2)7, Z3) is (dy, dy, dyy , dpy, d, db, d, ,dL ) = (—5,1,0,1,0,0,0,0) with the opti-
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mal value v'((0,0,2)7,Z3) = 1.25. Here, I,(y;d,) = {iii} # I.
(d) For Z, = ({iii}, {iii}, {iii}),

P'((0,0,2)7,7y) : dz,iﬁidli,d; 2 +d,
s.t. 2d, + dy, +2d,,, =0,
2d), +d,, +2d,, =0,
2d, +dy, =0, 2d}+d, =0,
dy —2d, <0,
ldyll = 1.

The solution to P'((0,0,2)T,Z4) is (du, dy, dpy, , dyy, di, dy, dy, i) = (—5,1,0, ,0,0,0,0) with the opti-

mal value v'((0,0,2)7,Z,) = 1.25. Here, I = I,(y; d,) = {iii} and I3 = J(u;d,,) = {iii}.
Taking the minimum over all feasible admissible triples that satisfy I, = I, (y;d,) and Is = J(u;d,):

v = min {u’((470, 0)7,71), v'((0,0, 2)T,I4)} = min{5,1.25} = 1.25 > 0.
Since v' > 0, the second-order sufficient optimality condition of Theorem 5.2 is satisfied at (3,1).

6 Conclusion

This work derives second-order necessary and sufficient optimality conditions for BOP with a strongly
stable lower-level problem that admits non-unique KKT multiplier vectors. The analysis uses the solu-
tion function’s parabolic second-order directional derivative for the lower-level problem. Specifically, the
second-order directional derivative in the parabolic sense of the implicit bilevel problem is applied to
derive these optimality conditions. Third-order differentiability information is required for the lower-
level problem, which is the limitation of this work. The derivations can easily be extended for upper
and lower-level equality-type constraints. Numerical approximation techniques for BOP can be devel-
oped using these second-order optimality conditions, which may constitute a future scope of the present
contribution. Liu et al. [17] introduces a generalized concept of a local optimal solution called a bi-local
solution for the bilevel problems with nonconvex lower-level problems. The bi-local solution reduces to
the standard local optimal solution when the lower-level problem is convex. In a recent work of Liu
et al. [18], it is proved that under Assumptions H1-H3, a bi-local solution and a standard local optimal
solution are equivalent. Extending the main results of Section 5 to characterize optimality conditions
for bi-local solutions of bilevel optimization problems with nonconvex lower-level problems constitutes
another direction for future research.
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Appendix

Consider the lower-level value function ¢(y’) := min{f(z,v’) | g(z,y") < 0}.

Lemma .1 Suppose Assumptions (H1)-(H5) hold at (z(y),y). Then, for any direction vectors dy, dé e R™, the
first-order directional derivative ¢’ (y; dy) and the parabolic second-order directional derivative " (y; dy, dé) of the
optimal value function ¢(y) := ming{f(z,y) | g(z,y) < 0} ezist and are given by

¢ (yidy) = max VyL(z(y),y, u)dy,
neM (y)

and

1

peS(dy)

(.

where d, 1= <1’ (Z’ dy))
Yy

Proof Under Assumptions (H1)-(#3) and (H5), it follows from Theorem 4.1 and relation (4.7) of Shapiro [28]
that the first-order directional derivative of ¢(-) along the direction dy exists and satisfies

/
ydy) = VyL Y, ) dy .
@' (y; dy) lmax Ny (x(y), y, 1) dy

Since this is a linear programming problem in p over the nonempty, compact polyhedral set M (y), the maximum
over M(y) is attained at an extreme point in EM (y). Therefore,

"(y;dy) = max VyL(z(y),y,p)dy = max Vy,L(z(y),y, p)dy.
¢ (y; dy) ona yL((y),y, p)dy e yL(2(y),y, p)dy

This proves the first assertion. Next, by Theorem 4.2 of Shapiro [28], the parabolic second-order directional
. . "e . 1 . . . ..
derivative " (y; dy, dy) exists and is given by the minimax problem

1 d
¢y dy, dy) = VyL(x(y), y, w)dy + 5 (42 dy) VI L(x(y),y. 1) <dz> )

min max
d.€ U K}(y;dy) peSt(dy)
HEM (y)
By Lemma 2.2 of Dempe [29], the critical cone Kb(y; dy) is nonempty if and only if 4 € St (dy). Furthermore, by
Theorem 2 of Ralph and Dempe [22], under Assumption (74) the set K/i(y; dy) is invariant for all p € S*(dy).
Denoting this common polyhedral set by Kl(y; dy), the union reduces to
U Kiwd)= | Kiyidy) =K'(y:dy).
HEM (y) neS! (dy)

Hence, (43) can be rewritten as

n max {VyL(x(y)v Y, N)dzl; + % (dg dg) szL(x(y)’ Ys 1) (EZ) } ’

" 1 .
sdy,dy) = mi
? (Y dy, dy) de €K1 (y;dy) pEST(dy)

Under Assumption (#3), the objective function is strictly convex in dy over the closed convex set K (y;dy), and
affine (hence concave and continuous) in p over the compact polyhedral set S 1(dy). Therefore, applying Fan’s
minimax theorem [33] and Kim and Kum [34], we can interchange min-max operator to max-min operator, and
we obtain

"e . 1y _ . 1 l T 4T 2 dg
¢ (s dy, dy) —#Elg%y)dwelrgla;dy){VyL(m(y),yyu)dva 5 (dz dy) VzL((y),y, 1) (dy)}

_ 1, 1roe
= s S0} + SV L) 00,

. 1 72 T2
+dmelrg111(r;;dy) (§dw Ve L(@(y), y, p)de + dz Vay L(z(y), y, H)dy) } i

By Theorem 2.1(ii), for every p € St (dy), the inner quadratic program over Kl(y; dy) is uniquely solved by
dy = ' (y; dy). Substituting dy = «’(y; dy) into the objective yields

1
¢ (y;dy,dy) = max {vyL(x(y>,y,u>d§,+—dZvizLu(y),y,u)dz},
HES(dy) 2

which completes the proof. O
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Proof of Lemma 4.2(3):

Proof By definition, since S(dy) is the optimal solution set of (P') with the constraint set M (y) and S2(dy, d@l,)
is the optimal solution set of (P?) with the constraint set S*(dy), the inclusions S%(dy, dll,) C S'(dy) € M(y) hold
directly. Furthermore, under Assumption (H2)(MFCQ), the multiplier set-valued mapping M (-) is upper semi-
continuous and compact-valued in a neighborhood of y. Thus, the parabolic limiting set V' (dy, d}}) is a nonempty,
compact subset of M (y).
The proof of Step 1 below holds from Lemma 2.3 of Dempe [29] using the first-order Taylor approximation of the
marginal function ¢. We provide the proof for the sake of completeness.
Step 1: Proof of the inclusion V(dy,dllj) C S1(dy).
Arguing by contradiction, suppose there exists u’ € V(dy, dlll) \ §1(dy). Since S1(dy) is the solution set of (P1),
there exist constants d; > 0 and €1 > 0 such that

VyL(e(),y,mdy < max VyL(e(y)y,0)dy =81, Vi € M(y) N Ney (1) (44)
where Ne, (u°) := {p € R : [|p — p|| < e1}.

Since u" € V(dy, d;)7 by definition there exist a sequence of positive real numbers {a;} J 0 and a sequence
of multipliers {uk} with uk € M(yk), where y¥ =y + oy dy + ozid@l,, such that limg_, o ,uk = MO. Along a suitable
subsequence, we have

Jim ot ((2(y"), 17) = (@(v). 1)) = (da- dp), (45)

where dy = ’(y; dy) by directional differentiability of the solution function (Theorem 3.2).
Under Assumptions (H1)-(#H3), ¢ is directionally differentiable at y along dy, and from Lemma .1

k
"y do) = i w — \van dor. 46
v (yidy) = lim) o eV @),y w)dy (46)

Using Taylor’s expansion of the Lagrangian about (z(y),y, 1), and observing that ¢(y*) = L(z(y"*), y*, 1*) and
»(y) = L(z(y),y, ko) by complementary slackness and relation (46) yields

o(y") = L"), ", 1")
)w(y’“) — 2(y)

= L(z(y),y, uo) + ak{VmL(x(y), Y, 1o o

k

+ VyL(@(y),y.1°) (dy + ardy ) + VuL(a(y), v, uo>";k’v“’} + ola)

= L(z(y),y, po) + ap max VyL(z(y),y, po)dy + o(ag). (47)
veEM (y)

Since pg € M(y), KKT stationarity gives VzL(z(y),y, po) = 0. Dividing by aj and comparing both sides of
(47), it follows from (44) and (45) that for all sufficiently large k

k
— ol
VyL( (), 9, 10)dy + Vi (2(y), v, 10) = + (a:) > VyL(@(y),y, to)dy + 61 (48)

On the other hand, note that ¥V, L(z(y), y, o) = 9(z(y), y). For sufficiently large k, it follows that Io(y*) C I4(y).
Because uf = 0 for all i ¢ I,(y*) and g;(z(y),y) = 0 for all i € I,(y), we obtain
k T, k
ViuL(z(y),y, n0) (1" = po) = g(z(y),y)" (1" — po) =0

Hk—/to
Qg

for all large k. Consequently, the term V,L(z(y),y, po) vanishes identically, which contradicts relation

(48) as k — oo since d1 > 0. Hence, V(dy,dé) C St(dy).

Step 2: Proof of the inclusion V (dy,dy) C S*(dy,dy).

We again use the argument of contradiction. Suppose there exists u° € V(dy, dqlJ) \ .5’2(dy7 d;) From Step 1, we
have ¥ € S'(dy). Since u° ¢ S%(dy, dé) and 52 (dy, dé) is the set of optimal solutions to the linear program (P?)
in (13), there exists a scalar d2 > 0 such that

1
S oud (Vygi(x(y), Y)dy + 3z Va0 (ﬂc(y),y)dz>
i€l4(y)

1
< max >y (Vygi (x(y), y)dy + fdfvgzgi(w(y),y)dz) — 82, (49)
uGSl(dy)iel ) 2
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.
where d, = (x (Zc/l’ dy)) Under Assumptions (#1)-(#5) using Lemma .1, we obtain
y

1
oy dyydh) = max {VyL(w(y),y,u)diJrfdfvﬁzL(w(yLy,u)dz}-
HES(dy) 2

Adding the constant quantity Vy f(z(y), y)d%! —+ %dzvng(a;(y), y)d= to both sides of (49), we obtain
1
VyL(@(y), v, n’)dy + §dzTV§zL($(y),y, p0)dz + 82 < ¢ (y; dy, dy). (50)

Now, along the sequence y* =y + apdy + aidllj, consider the sequence {1} such as % € M(y*) converging to
1l € V(dy, dzl/) By Theorem 3.2, z(-) admits the second-order directional Taylor expansion:

a(y*) = a(y) + apa’ (y; dy) + ara (y; dy, dyy) + o(ai).

k 0
Setting dy = limg 00 % along a suitable subsequence, we can write u* = pu® + agdu + o(ay,). With-

out loss of generality, that subsequence is {y*}. Expanding the Lagrangian L(z(y"*),v*, u*) = f(z(/*), ") +
(,uk)Tg(:r(yk), yk) around (z(y),y, /,LO) up to second order in «y, gives

L(z("), 4" 1" = Lz(y), y. 1°)
+ay (Va:L(:v(yL y, 10)a (y; dy) + Vy L(z(y), y, 1°)dy + g(x(y), y)Tdu)

+aj (Vz:L(x(y), y, 1)z (y; dy, dy) + Vy L(z(y), y, 1°)d,,

L1 ds v w—u® —agd
+ 5 (@ df) V2 L(z(y) v, )(dﬂ> +9(x(y),y) (klggo ai“))

+o(a}). (51)
Since u° € M( ), VaL(z(y),y,u°) = 0. For active indices i € Iy4(y), gi(z(y),y) = 0, while for inactive indices
i ¢ Ig(y), pf =pd = 0 for all large k. Thus,

k 0
. — — ard
9(x(y),y) dy =0 and g(z(y),y)" ( lim AR kG “) =0.

k—o0 Qg

Furthermore, from the quadratic form §2L(1’(y), Y, uo),

1 -~ d 1 1
5 (d2 d) V2L(z(y),y, 1) (d;) = deTVEZL(fL‘(y),y, 1O)dz 4 df Ve L(a(y), y, 1°)ds + §dfvi#L(l‘(y),y, 1)y

1 q
= 5dz VEL(x(y)y, 1*)d= + D dy, (Vagi(2(v) )7 (4 dy) + Vygilw(y), v)dy ),
=1

where V,%HL(x(y),y,,uO) = 0 because L is affine in . For i ¢ I4(y), du, = 0. For i € J(u%), the first-order

W
condition (11b) gives Vag;(z(y), y)a' (y; dy) + Vygi(z(y),y)dy = 0, while for i € I(y) \ J(u"), the first-order
complementary condition (11d) ensures that du, (Vzgi(z(y), )z’ (y; dy) + Vygi(z(y),y)dy) = 0. Hence,

q
4\ Vi L(a(y),y, 1°)d= = > dy, (ngi(w(y), v)r' (y;dy) + Vygi(:v(y),y)dy) =0.
=1

By complementary condition p*g(x(y*),y"*) = 1 g(z(y),y) = 0, we have p(y*) = L(z(y*),y", u*) and o(y) =
L(x(y),y, u°). Substituting into (51) gives

1
o(y*) — e(v) = ok VyL(x(y),y, n*)dy + o (VyL(Sv(yLy,uo)d@l; + 542 VEL(a(y).y, ;P)dz) + o(a}).

Since ,uO e st (dy), we have ¢ (y; dy) = Vy L(z(y), y, uo)dy using Lemma .1. Subtracting a¢’(y; dy), dividing by
a%, and taking the limit as k — oo, we obtain:

1
¢ (y;dy, dy) = VyL(z(y), y, 1°)dy + QdZVEzL(w(y)vy, 10)d-.

This contradicts (50) since dg > 0. Therefore, V' (dy, d;) C 52%(dy, dglJ)
Since V' (dy, d}}) is nonempty and V(dy,dllj) c 5? (dy,dllj)7 it follows immediately that

0 # V(dy,dy) = V(dy,dy) N S*(dy, dy).
This completes the proof. O
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