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Abstract

This paper studies the second-order properties of a class of inequality-constrained bilevel program-
ming problems. First-order optimality conditions for bilevel optimization problems were derived
using the first-order directional derivative of the lower-level optimal solution function in the semi-
nal paper by Dempe [1]. In this work, we prove that the optimal solution function of the lower-level
problem is a parabolic second-order directionally differentiable function under certain assumptions.
The associated second-order necessary and sufficient optimality conditions for the bilevel problem
are derived, accommodating lower-level problem that may admit non-unique Karush–Kuhn–Tucker
(KKT) multiplier vectors.
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1 Introduction

A bilevel programming problem has a hierarchical two-level structure in which the optimality of the lower-
level problem implicitly determines the optimality of the upper-level problem. The following optimistic
formulation of the bilevel optimization problem with coupling constraints is considered in this paper.

(BOP ) :

min
x,y

F (x, y)

s.t. G(x, y) ≤ 0,

x ∈ Ψ(y) :=

{
x : x ∈ argmin

z
f(z, y) s.t. g(z, y) ≤ 0

}
,

where F : Rn × Rm → R, G : Rn × Rm → Rp, f : Rn × Rm → R, g : Rn × Rm → Rq are smooth
functions, and Ψ is a point-to-set mapping Ψ : Rm → 2R

n

. The set Ψ(y) may be non-singleton for some y.
A feasible point (x, y) ∈ Rn×Rm of BOP is called a local optimal solution if there exists ε > 0 such that
F (x, y) ≤ F (x̂, ŷ) for all (x̂, ŷ) ∈ Rn × Rm, x̂ ∈ Ψ(ŷ), G(x̂, ŷ) ≤ 0 with ∥(x, y)− (x̂, ŷ)∥ ≤ ε. A feasible
point is a global optimal solution if these conditions hold for all ε > 0. The lower-level problem of BOP is

(LPy) : min
x

f(x, y) s.t. g(x, y) ≤ 0,
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which is a parametric programming problem. The global optimal solution of LPy is obtained for the
given upper-level decision vector y to determine a feasible point of BOP. This is often achieved in the
literature by formulating the lower-level problem as a convex problem. The BOP becomes intrinsically
challenging when the convexity of the lower-level problem is not assumed. Another difficulty with BOP is
the lack of regularity when the problem is reformulated into a single-level problem. A detailed discussion
of several important aspects of BOP can be found in Dempe [2] and Bard [3].

The common practice of determining optimality conditions and proposing an approximation scheme
for solving any optimization problem relies on a local approximation of the problem at a suitable reference
point. The approximation of a bilevel problem at any point depends on sensitivity information from the
lower-level parametric problem, which is primarily used in bilevel optimization through two approaches.
One approach is to transform a bilevel problem into a single-level optimization problem using the opti-
mal value function (marginal function) of the lower-level problem. This is known as the value function
approach. However, the single-level problem arising from the reformulation of the bilevel optimization
problem is inherently nonconvex and nonsmooth. Hence, using generalized gradients of the value func-
tion, one can derive some optimality conditions for the bilevel optimization problem. Another approach
focuses on the sensitivity of the optimal solution function of the lower-level parametric problem. This
function is proven to be piecewise differentiable under certain assumptions, and the Jacobian of the opti-
mal solution function can be estimated by solving a finite set of quadratic programming problems, as
demonstrated by Dempe and Vogel [4].

There is a vast amount of research on the first-order optimality conditions for bilevel optimization
problems, including the difficult classes of nonsmooth and nonconvex bilevel frameworks. In a bilevel opti-
mization problem, the optimality of the upper-level problem depends implicitly on the optimal solution
function of the lower-level problem, which is generally not known explicitly. The directional differentiabil-
ity of the optimal solution function becomes an important tool for deriving optimality conditions. Dempe
[1] and Mehlitz [5] employed this approach to establish first-order optimality conditions for bilevel prob-
lems with uniquely solved lower-level problems. Another widely explored direction is the value function
approach for deriving optimality conditions for bilevel problems. Initially, Ye and Zhu [6] derived first-
order optimality conditions via the Clarke subdifferential of the value function by introducing a suitable
constraint qualification—the partial calmness condition on the single-level problem obtained through the
value function reformulation. This work has attracted substantial attention and has been further devel-
oped in subsequent works. For instance, as a substitute for the restrictive partial calmness condition,
Dempe and Zemkoho [7] employed a weaker form of the generalized Mangasarian–Fromovitz constraint
qualification (MFCQ) on the single-level problem, along with an additional semicontinuity assumption
on the set-valued mapping Ψ, to derive the first-order optimality conditions. Later, in a different work,
Dempe and Zemkoho [8] dropped the semicontinuity assumption on Ψ by assuming convexity of the
value function. Using tools from nonsmooth analysis, Babahadda and Gadhi [9] employed convexificator
calculus for the value function, while Dempe et al. [10] estimated the Mordukhovich subdifferential of the
value function of the lower-level problem for the purpose of deriving optimality conditions. The classical
KKT-based approach reformulates a bilevel problem into a mathematical program with equilibrium con-
straints (MPEC) by replacing the convex lower-level problem with its KKT optimality conditions under
suitable regularity assumptions. Within this approach, Dempe and Zemkoho [11] studied first-order opti-
mality conditions for nonsmooth bilevel optimization problems by applying various stationary condition
concepts of the corresponding MPEC to the bilevel optimization problem. Using Guignard constraint
qualification on the MPEC formulation, Dempe and Zemkoho [8] derived first-order optimality condi-
tions for bilevel problems. The combined MPEC–value function approaches are developed by Ye and Zhu
[12] and Ma et al. [13] to establish first-order optimality conditions, and various constraint qualification
concepts for KKT-based and combined approaches are systematically discussed in the work by Ye [14].

Although first-order methods are useful, they are inherently limited to characterizing stationary points
and do not capture the curvature information of the upper and lower-level functions in a bilevel opti-
mization problem. Thus, studying second-order properties of bilevel problems is of significant importance
for deriving refined optimality conditions and designing numerical solution methods. An earlier work
in this direction is by Falk and Liu [15], who investigated the second-order differentiability properties
of the solution function under the Jacobian-uniqueness condition on the lower-level problem. In addi-
tion, they developed a quasi-Newton-type scheme, called adaptive leader-predominant algorithm, which
exploits generalized derivative information of the solution function to accelerate convergence. Recently,
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using the second-order sensitivity properties of the optimal solution function, Dyro et al. [16] conducted
an error-bound analysis to solve two-level machine learning problems with the unconstrained lower-level
problems.

This motivates the study of second-order sensitivity properties of the optimal solution function for
bilevel optimization under weaker assumptions. In this work, we establish second-order sensitivity prop-
erties of the optimal solution function without assuming the linear independence constraint qualification
(LICQ) for the lower-level problem. Furthermore, we derive second-order optimality conditions for a class
of bilevel optimization problems satisfying the second-order growth condition near local optimal solu-
tions. Recent work has been done in this direction under some restrictive assumptions. Liu et al. [17, 18]
derived second-order optimality conditions for bilevel optimization problems with nonconvex lower-level
problems by introducing a new solution concept, the bi-local solution. In [17], the bilevel problem is
reformulated as an MPEC in order to establish second-order optimality conditions. To derive the main
results, the authors consider MFCQ for the implicit formulation under the Jacobian-uniqueness condition
and generalized MFCQ on the MPEC. These assumptions are considered restrictive. In another work,
Liu et al. [18] adopt comparatively weaker assumptions, namely MFCQ and the constant rank constraint
qualification (CRCQ) for the lower-level problem, along with the metric subregularity constraint qualifi-
cation (MSCQ) for the implicit formulation of the bilevel problem. By employing second-order tangent
approximations of the constraint set, they derive second-order optimality conditions for the bilevel prob-
lem in terms of the directional derivatives of the solution function along parabolic paths. The authors
impose LICQ on the lower-level problem to obtain verifiable optimality conditions.

Prior to the recent work based on the optimal solution function, Mehlitz and Zemkoho [19] derived
second-order sufficient optimality conditions using second-order directional differentiability and epi-
regularity of the value function. In particular, the authors use the second-order growth result of Rückmann
and Shapiro [20], which is based on the parabolic second-order directional derivative of the value function.
Dempe et al. [21] derived second-order necessary and sufficient optimality conditions using approximate
Hessians for a special class of bilevel optimization problems with equality-constrained lower-level prob-
lems. In contrast, they reformulate the bilevel problem as an MPEC and impose the Guignard constraint
qualification on the resulting formulation.

The primary contribution of this paper is the second-order analysis of bilevel problems with the
lower-level problems that admit non-unique KKT multipliers. We establish the second-order directional
differentiability along parabolic paths of the optimal solution function for strongly stable parametric
problems, extending the results of Ralph and Dempe [22], Liu [23]. The second-order directional derivative
along a parabolic path is obtained by solving a quadratic programming problem. In view of the existing
works Liu et al. [17, 18], our analysis does not rely on the uniqueness of KKT multipliers in deriving the
main results. The resulting second-order necessary and sufficient optimality conditions are characterized
as the solution to a quadratic-constrained optimization problem that incorporates both first- and second-
order terms in a unified manner. The study of optimality conditions using parabolic paths has been used
across various classes of optimization problems. Note that there is, a priori, no reason that optimality
should be verified only along such parabolic paths in general. On the other hand, for a broad class of
problems, this approach often leads to verifiable second-order growth conditions in the neighborhood
of a local optimal solution. Moreover, the parabolic approach can typically yield no-gap second-order
optimality conditions associated with second-order tangent approximations; see, for example, Liu et al.
[18], Rückmann and Shapiro [20], Bonnans and Shapiro [24], Ben-Tal [25].

This paper is organized as follows: Section 2 presents preliminary concepts and notations. Section 3
investigates the existence of the second-order directional differentiability of the optimal solution function
for the lower-level problem. Section 4 explores some results to calculate the second-order directional
derivatives of the optimal solution function. Finally, Section 5 derives second-order optimality conditions
for the bilevel problem BOP, based on the framework developed in Section 4.

2 Preliminaries

2.1 Basic notations and assumptions

The following notations are used throughout this paper.
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• ∇h :=
(
∇hT

1 ∇hT
2 · · · ∇hT

q

)T ∈ Rq×p is the Jacobian of a function h : Rp → Rq, where each
∇hi ∈ R1×p is the Jacobian of a function hi : Rp → R.

• ∇2h :=
(
∇2hT

1 ∇2hT
2 · · · ∇2hT

q

)T ∈ Rqp×p represents the Hessian of h, where each ∇2hi ∈ Rp×p.

• dT∇2hd :=
(
dT∇2h1d dT∇2h2d · · · dT∇2hqd

)T ∈ Rq for any d ∈ Rp.
• |A| denotes the cardinality of the set A.
• Λβ := {1, 2, . . . , β} denotes the index set of size β.

• ∇̂ :=
(
∇x ∇y ∇µ

)
and ∇̂2 :=

∇2
xx ∇2

yx ∇2
µx

∇2
xy ∇2

yy ∇2
µy

∇2
xµ ∇2

yµ ∇2
µµ

 denote Jacobian and Hessian with respect to

(x, y, µ) respectively.

• Denote z :=

(
x
y

)
, dz :=

(
dx
dy

)
, and d1z :=

(
d1x
d1y

)
.

• o(t) : R+ → R is a function such that o(t)
t → 0 as t → 0.

• L(x, y, µ) := f(x, y) + µT g(x, y) is the Lagrangian function associated with LPy, where µ ∈ Rq is
the KKT multiplier vector.

• x(y) denotes the optimal solution function of LPy.
• Ig(y) := {i ∈ Λq : gi(x(y), y) = 0} is the active set of the constraint g at the feasible point x(y).
• The set of KKT multiplier vectors of LPy at y is denoted as

M(y) := {µ ∈ Rq : ∇xL(x(y), y, µ) = 0, µT g(x(y), y) = 0, µ ≥ 0}.

• The vertex set of M(y) is denoted by EM(y).
• J(µ) := {i ∈ Λq : µi > 0}.

To study the directional differentiability of the optimal solution function x(·) at y, the following
assumptions are considered at the point (x(y), y) ∈ Rn × Rm.

(H1) The functions f, g ∈ C3 around (x(y), y).

To ensure that M(y) is a nonempty polyhedral set, Mangasarian–Fromovitz constraint qualification
(MFCQ) on the problem LPy is considered. MFCQ for LPy is satisfied if there exists a vector dx ∈ Rn

such that ∇xgi(x(y), y)dx < 0, ∀i ∈ Ig(y).

(H2) MFCQ holds at (x(y), y) for LPy.

The KKT optimality conditions of LPy are sufficient for local optimality if the second-order optimality
conditions for LPy are satisfied. We assume the strong sufficient optimality condition on LPy.

(H3) For all µ ∈ M(y), the following condition holds at (x(y), y) ∈ Rn × Rm.

dTx∇2
xxL(x(y), y, µ)dx > 0,

for any nonzero dx ∈ Rn satisfying ∇xgi(x(y), y)dx = 0, i ∈ J(µ).

A feasible point x(y) is a strict local minimum of LPy if there exists a neighborhood Nx(y) of x(y) such
that f(x(y), y) < f(x′, y) for all x′ ∈ Nx(y) satisfying g(x′, y) ≤ 0. Under Assumptions H1-H3, x(y) is a
strict local minimum of LPy.

(H4) Constant Rank Constraint Qualification (CRCQ) holds for LPy if there exists a neighborhood
N(x(y),y) of the point (x(y), y) such that, for any subset I ⊆ Ig(y), the family of gradient vectors
(∇xgi(x

′, y′))i∈I has a constant rank for all (x′, y′) ∈ N(x(y),y).

Additionally, Assumptions H1–H3, along with the convexity assumption on LPy, ensure that x(·) is the
unique strict global minimizer of LPy.
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(H5) LPy is a convex programming problem for a fixed parameter y.

Assumption H2 allows the presence of non-unique KKT multiplier vectors for LPy. This leads to an
analysis that differs from classical approaches based on LICQ and strict complementarity; see, for exam-
ple, Falk and Liu [15], Fiacco [26]. In Section 4, we consider suitable selections of multipliers that enable
the computation of second-order directional derivatives.

Remark 2.1 Assumption H3 is stronger than the standard second-order sufficient optimality condition, as it
requires the Lagrangian function to be positive definite on the critical subspace of the feasible set for each
multiplier vector. The framework (H1-H5) employs two regularity constraint qualifications for LPy, which are
MFCQ and CRCQ. By providing counterexamples, Janin [27] showed that CRCQ is neither stronger nor weaker
than MFCQ; that is, neither does MFCQ imply CRCQ, nor does CRCQ imply MFCQ. Clearly, both constraint
qualifications are weaker than the linear independence constraint qualification. Shapiro [28] showed that the
solution function x(·) is not necessarily Lipschitz continuous (see the example on Page 642). This example satisfies
the Assumptions H1-H3. The additional Assumption H4 is needed to ensure the Lipschitz continuity of the
solution function x(·). In fact, under this framework, the stronger property that the solution function x(·) is
piecewise smooth is established by Ralph and Dempe [22] and Liu [23]. Assumptions H3 and H5 can be omitted
if strong convexity is assumed for LPy.

2.2 Prerequisites

The following discussions are borrowed from Ralph and Dempe [22], which are used in further devel-
opments. A function χ : Rm → Rn is first-order directionally differentiable along the given direction

dy ∈ Rm at y if and only if lim
α↓0

χ(y+αdy)−χ(y)
α exists. The first-order directional derivative of χ along the

direction dy at y is denoted by χ′(y; dy) and computed as χ′(y; dy) = lim
α↓0

χ(y+αdy)−χ(y)
α . Further, if χ is

also locally Lipschitz continuous, then χ is said to be Bouligand differentiable.
The solution function x(·) is a Bouligand-differentiable function under Assumptions H1-H4 as indicated
by Ralph and Dempe [22]. Consider the following set at y along the direction dy ∈ Rm for a fixed
µ ∈ M(y) as

K1
µ(y; dy) :=

{
dx ∈ Rn :

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy = 0, i ∈ J(µ),

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy ≤ 0, i ∈ Ig(y) \ J(µ)

}
,

and a subset of M(y) as

S1(dy) := argmax
µ∈M(y)

∑
i∈Ig(y)

µi∇ygi(x(y), y)dy.

Theorem 2.1 (i) (Shapiro [28], Dempe [29]) Under Assumptions H1-H3 at (x(y∗), y∗), there exist neigh-
borhoods Nx∗ of x∗ ∈ Rn and Ny∗ of y∗ ∈ Rm such that x(·) : Ny∗ → Nx∗ is first-order directionally
differentiable. For a given vector dy, there exists µ ∈ M(y) such that x′(y; dy) solves the following convex
quadratic program uniquely.

QPµ(y; dy) : min
dx

1

2
dTx∇2

xxL(x(y), y, µ)dx + dTx∇2
yxL(x(y), y, µ)dy

s.t. dx ∈ K1
µ(y; dy).

(ii) (Theorem 2, Ralph and Dempe [22]) Under Assumptions H1-H4 at (x(y∗), y∗), the directional derivative
x′(y; ·) is a piecewise linear function such that, for each µ ∈ S1(dy), x

′(y; dy) solves QPµ(y; dy) uniquely.

The constraint set K1
µ(y; dy) of QPµ(y; dy) is nonempty if and only if µ ∈ S1(dy) (see Lemma 2.2 of

Dempe [29]). Moreover, QPµ(y; dy) is a convex quadratic programming problem over the feasible space
at y. In Theorem 2.1 (i), observe that QPµ(y; dy) has a unique solution x′(y; dy) at given y for some
µ ∈ S1(dy). Hence, the theorem does not compute x′(y; dy) in a constructive manner, as it remains
unclear which µ ∈ S1(dy) should be used to compute x′(y; dy) from the quadratic problem QPµ(y; dy).
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Under the additional Assumption H4, Ralph and Dempe [22] demonstrated that, for any µ ∈ S1(dy),
the solution of QPµ(y; dy) yields x′(y; dy). The following theorem is due to Theorem 5.5 of Dempe [2],
which we state here in the context of BOP.

Theorem 2.2 (First-order sufficient optimality condition) Suppose Assumptions H1-H5 are satisfied at
(x(y∗), y∗). If the optimal value of the optimization problem

min
dy

∇xF (x(y∗), y∗)x′(y∗; dy) +∇yF (x(y∗), y∗)dy

s.t. ∇xGi(x(y
∗), y∗)x′(y∗; dy) +∇yGi(x(y

∗), y∗)dy ≤ 0, i ∈ IG(y∗),

where IG(y∗) = {i ∈ Λp : Gi(x(y
∗), y∗) = 0}, is positive then (x(y∗), y∗) is a strict local minimum point of BOP.

3 Existence of second-order directional derivatives of optimal
solution function

This section focuses on the second-order properties of the optimal solution function x(·) of LPy. The
second-order directional derivative of a general nonsmooth function is considered along a parabolic path
in Ben-Tal and Zowe [30]. In this section, we prove the existence of the second-order directional derivative
of the optimal solution function x(·) of BOP in the parabolic sense under some reasonable assumptions.
Let χ′(y; dy) be the first-order directional derivative of the function χ : Rm → Rn at y along the direction
dy. The function χ is said to be second-order directionally differentiable in the sense of Ben-Tal and Zowe

[30] if lim
α↓0

χ(y+αdy+α2d1
y)−χ(y)−αχ′(y;dy)

α2 exists, where dy, d
1
y ∈ Rm are direction vectors. The parabolic

second-order directional derivative of χ at y along a parabolic path y + αdy + α2d1y is denoted by the
vector χ′′(y; dy, d

1
y), and computed as

χ′′(y; dy, d
1
y) := lim

α↓0

χ(y + αdy + α2d1y)− χ(y)− αχ′(y; dy)

α2
.

If χ′′(y; dy, d
1
y) exists for all dy and d1y, then we say that χ is second-order directionally differentiable at

y. By this, we mean that it is second-order directionally differentiable along parabolic paths in the sense
of Ben-Tal and Zowe.

Furthermore, using the definitions of χ′(y; dy) and χ′′(y; dy, d
1
y), it can be deduced that χ′(y; ·) and

χ′′(y; ·, ·) are positively homogeneous of degree one and two, respectively. That is, for given t > 0, we have

χ′(y; tdy) = lim
α↓0

χ(y + αtdy)− χ(y)

α
= t lim

α↓0

χ(y + αtdy)− χ(y)

tα
= t lim

β↓0

χ(y + βdy)− χ(y)

β
= tχ′(y; dy),

where β = tα. Similarly, using the definition χ′′(y; dy, d
1
y), we obtain, for t > 0,

χ′′(y; tdy, t
2d1y) = lim

α↓0

χ(y + αtdy + α2t2d1y)− χ(y)− αχ′(y; tdy)

α2

= lim
α↓0

χ(y + αtdy + α2t2d1y)− χ(y)− αtχ′(y; dy)

α2
.

Let β = tα. Substituting this into the above expression, we obtain

χ′′(y; tdy, t
2d1y) = t2 lim

β↓0

χ
(
y + βdy + β2d1y

)
− χ(y)− βχ′(y; dy)

β2
= t2χ′′(y; dy, d

1
y).

To analyze the local behavior of the parametric problem LPy, an equality-constrained relaxed problem
is considered by retaining the constraints corresponding to a subset of the active index set Ig(y

∗) at
y∗, while the remaining constraints are omitted. Consequently, a solution of the relaxed problem may
not necessarily be a solution of the original problem. However, every solution of the original problem
corresponds to the solution set of the relaxed problem.
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In the following theorem, we show that the optimal solution function to the relaxed problem RLPy is
second-order continuously differentiable.

Theorem 3.1 Let (x∗, y∗)(= (x(y∗), y∗)) and µ∗ ∈ EM(y∗). Suppose Assumptions H1-H3 hold at (x∗, y∗) and
the family (∇xgi(x

∗, y∗))i∈I is linearly independent for some I satisfying J(µ∗) ⊆ I ⊆ Ig(y
∗). Then there exist

neighborhoods Nx∗ of x∗ and Ny∗ of y∗ such that the optimal solution function xI(·) : Ny∗ → Nx∗ of the following
relaxed problem of LPy,

(RLPy) : min
x

f(x, y) s.t. gi(x, y) = 0, i ∈ I

is second-order continuously differentiable in a neighborhood of y∗.

Proof Assumption H2 implies that M(y∗) is a nonempty polytope. Therefore, its vertex set EM(y∗) is nonempty.
Moreover, Assumption H3 ensures that

d⊤x ∇2
xxL(x

∗, y∗, µ∗)dx > 0 for all dx ̸= 0 satisfying ∇xgi(x
∗, y∗)dx = 0, i ∈ I.

Under the linear independence condition and the strong second-order sufficient condition for the relaxed problem
(RLPy∗), standard results from sensitivity analysis (see Corollary 3.2.5 of Fiacco [26]) imply that the solution
function xI(·) is second-order continuously differentiable in a neighborhood of y∗. □

The above theorem justifies that the optimal solution function of RLPy is second-order continuously
differentiable. However, x(·) is a piecewise smooth function (see Ralph and Dempe [22]), which is not
necessarily a continuously differentiable function. The next theorem proves that the optimal solution
function of LPy is second-order directionally differentiable. This result follows from Theorem 2.3 in Liu
[23], which concerns piecewise smooth functions. A variant of proof is also provided in Liu et al. [18].

Theorem 3.2 Let Assumptions H1-H5 hold at (x∗, y∗)(= (x(y∗), y∗)). Then, there are neighborhoods Nx∗ of
x∗ and Ny∗ of y∗ such that the optimal solution function x(·) : Ny∗ → Nx∗ of LPy is second-order directionally
differentiable at y∗.

Proof Since Assumptions H1-H5 hold, from Theorem 4.10 of Dempe [2], one can conclude that the global optimal
solution function x(·) of LPy is a piecewise smooth function at y∗. Hence, x(·) is a continuous function, and there
exists a finite collection of smooth functions {x1(·), x2(·), . . . , xN (·)} such that x(y) ∈ {x1(y), x2(y), . . . , xN (y)}
around y∗, where xj(y) is the solution of a particular form of RLPy, which is given by

min
x

f(x, y) s.t. gi(x, y) = 0, i ∈ Ij ,

corresponding to the index set Ij satisfying J(µ) ⊆ Ij ⊆ Ig(y
∗) for some µ ∈ EM(y∗), such that the family of

gradients (∇xgi(x
∗, y∗))i∈Ij is linearly independent.

By Theorem 3.1, one can conclude that there are neighborhoods Nx∗ of x∗ and Ny∗ of y∗ such that xj(.) :
Ny∗ → Nx∗ is second-order continuously differentiable for each j = 1, 2, .., N at y∗.
Let dy and d1y be direction vectors at y∗, and denote

I (dy, d
1
y) :=

{
j :

j ∈ {1, 2, . . . , N} such that there exists a sequence of positive real numbers

{αk} ↓ 0 such that x(y∗ + αkdy + α2
kd

1
y) = xj(y

∗ + αkdy + α2
kd

1
y)

}
.

Clearly, I (dy, d
1
y) ̸= ∅. If x(·) is second-order directionally differentiable at x∗ then the sequence{

x(y∗+αkdy+α2
kd

1
y)−x(y∗)−αkx

′(y∗;dy)

α2
k

}
must admit a unique accumulation point for every sequence {αk} of

positive real numbers converging to 0. Hence, to prove the theorem, it suffices to show that

x′′r (y
∗; dy, d

1
y) = x′′s (y

∗; dy, d
1
y) for any r, s ∈ I (dy, d

1
y). (1)

The above considerations yield the existence of r′ > 0 such that for each t ∈ [0, r′], there is some j ∈ {1, 2, . . . , N}
such that x(y∗ + tdy + t2d1y) = xj(y

∗ + tdy + t2d1y). Now, consider the following set for some j ∈ I (dy, d
1
y) as

Rj := {t ∈ [0, r′] : x(y∗ + tdy + t2d1y) = xj(y
∗ + tdy + t2d1y)}.

Note that Rj is a closed set since x(y) and xj(y) are continuous at y∗ under H1-H3 (see Theorem 7.2, Kojima
[31]).

For j1, j2 ∈ I (dy, d
1
y), define a relation j1 ∼ j2 if there exists a sequence of positive real numbers {αk} such

that {αk} ↓ 0 and {αk} ⊆ Rj1 ∩Rj2 . Let j1, j2 ∈ I (dy, d
1
y) and j1 ∼ j2. Then we have,

xj1(y
∗ + αkdy + α2

kd
1
y) = xj1(y

∗) + αkx
′
j1(y

∗; dy) + α2
kx

′′
j1(y

∗; dy, d
1
y) + o(α2

k), ∀k
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as xj1 is second-order directionally differentiable at y∗. Since j1 ∈ I (dy, d
1
y),

x(y∗ + αkdy + α2
kd

1
y) = x(y∗) + αkx

′
j1(y

∗; dy) + α2
kx

′′
j1(y

∗; dy, d
1
y) + o(α2

k), ∀k.

Similarly,

x(y∗ + αkdy + α2
kd

1
y) = x(y∗) + αkx

′
j2(y

∗; dy) + α2
kx

′′
j2(y

∗; dy, d
1
y) + o(α2

k), ∀k.

From the above two expressions,

lim
k→∞

x(y∗ + αkdy + α2
kd

1
y)− x(y∗)

αk
= x′j1(y

∗; dy) = x′j2(y
∗; dy), (2)

and

lim
k→∞

x(y∗ + αkdy + α2
kd

1
y)− x(y∗)− αkx

′
j1(y

∗; dy)

α2
k

= x′′j1(y
∗; dy, d

1
y) = x′′j2(y

∗; dy, d
1
y). (3)

Consequently, from the above discussion, it is clear that for any j1, j2 ∈ I (dy, d
1
y) satisfying j1 ∼ j2, the

expressions (2)-(3) hold. Since [0, r′] =
⋃

I (dy,d1
y)

Rj , we claim that for any r, s ∈ I (dy, d
1
y), one can find a chain

of relations such that r ∼ j1 ∼ j2, . . . ,∼ jt ∼ s. On the contrary, suppose that no such chain exists for given
r, s ∈ I (dy, d

1
y). Denote r = r0 and s = s0. Then, without loss of generality, the index set I (dy, d

1
y) can be

divided into two disjoint subsets such that there exist two separate chains

r0 ∼ r1 ∼ · · · ∼ rk and s0 ∼ s1 ∼ · · · ∼ sℓ,

which satisfy
ri ̸∼ sj for all i = 0, . . . , k, j = 0, . . . , ℓ.

Denote

Rr :=

k⋃
i=0

Rri , Rs :=

ℓ⋃
j=0

Rsj ,

which are closed subsets of [0, r′] being finite unions of closed sets. Moreover, since ri ̸∼ sj for all i, j, there does
not exist any sequence {αk} ↓ 0 such that {αk} ⊆ Rr ∩Rs. Therefore, for some 0 < r′′ ≤ r′

Rr ∩Rs ∩ [0, r′′] = ∅.

On the other hand, since [0, r′] =
⋃

I (dy,d1
y)

Rj = Rr ∪Rs, we have

[0, r′′] =
(
Rr ∩ [0, r′′]

)
∪
(
Rs ∩ [0, r′′]

)
,

where both Rr and Rs are nonempty. Therefore, [0, r′′] is expressed as the union of two disjoint, nonempty, closed
sets, which contradicts the connectedness of [0, r′′]. Therefore, there exists a chain of relations r ∼ j1 ∼ j2, . . . ,∼
jt ∼ s for any r, s ∈ I (dy, d

1
y). Then, (1) holds. This completes the proof of the theorem. □

The epi-regularity condition on the second-order directional differentiable function along a parabolic
path is used in Mehlitz and Zemkoho [19], Rückmann and Shapiro [20] to obtain sufficient optimality
conditions. In this work, we require a stronger condition, which is termed as second-order gph-regularity
condition on the solution function, to derive the sufficient optimality condition for BOP.

Definition 3.1 (Liu et al. [18]) A locally Lipschitz continuous and second-order directionally differentiable
function χ is said to be second-order gph-regular if, for any dy ∈ Rn and any path d1y(·) : R+ → Rn satisfying

limt↓0 td
1
y(t) = 0, the following expansion holds

χ(y∗ + tdy + t2d1y(t)) = χ(y∗) + tχ′(y∗; dy) + t2χ′′(y∗; dy, d
1
y(t)) + o(t2),

where R+ denotes the set of nonnegative real numbers.

Hence, for given path d1y(·) satisfying limt↓0 td
1
y(t) = 0, χ is second-order gph-regular if and only if

lim
t↓0

χ(y∗ + tdy + t2d1y(t))− χ(y∗)− tχ′(y∗; dy)− t2χ′′(y∗; dy, d
1
y(t))

t2
= 0.

Clearly, if χ is second-order continuously differentiable, then it is second-order gph-regular. The following
theorem demonstrates that the solution function x(·) is second-order gph-regular.
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Theorem 3.3 Let the assumptions of Theorem 3.2 hold. Then, there exist neighborhoods Nx∗ of x∗ and Ny∗ of
y∗ such that the optimal solution mapping x(·) : Ny∗ → Nx∗ of LPy is second-order gph-regular at y∗.

Proof Since x(·) is piecewise smooth, it is locally Lipschitz continuous (see Ralph and Dempe [22]). Consider a
path y∗ + tdy + t2d1y(t) satisfying limt↓0 td

1
y(t) = 0. To prove that x(·) is second-order gph-regular, we show that

the sequence {
x(y∗ + αkdy + α2

kd
1
y(αk))− x(y∗)− αkx

′(y∗; dy)− α2
kx

′′(y∗; dy, d
1
y(αk))

α2
k

}
→ 0

for every sequence {αk} ↓ 0. Since x(·) is piecewise smooth, there exists a collection of C2 selection functions
{xj(·)}Nj=1 as in Theorem 3.2. Along the path y∗ + tdy + t2d1y(t), define the active index set

I :=

{
j ∈ {1, . . . , N} :

there exists a sequence of positive real numbers {αk} ↓ 0

such that x(y∗ + αkdy + α2
kd

1
y(αk)) = xj(y

∗ + αkdy + α2
kd

1
y(αk)) for all k

}
.

Since xj(·) ∈ C2, it is second-order gph-regular at y∗ for all j ∈ I . Thus,

xj(y
∗ + αkdy + α2

kd
1
y(αk)) = xj(y

∗) + αkx
′
j(y

∗; dy) + α2
kx

′′
j (y

∗; dy, d
1
y(αk)) + o(α2

k), ∀k, (4)

where

x′′j (y
∗; dy, d

1
y(αk)) := lim

s↓0

xj(y
∗ + sdy + s2d1y(αk))− xj(y

∗)− sx′j(y
∗; dy)

s2
.

Let {αk} ↓ 0 be any given sequence such that {αk} ⊆ Rj := {t ∈ [0, r′] : x(y∗ + tdy + t2d1y(t)) = xj(y
∗ + tdy +

t2d1y(t))} for some j ∈ I and suitable r′ > 0. Then,

lim
k→∞

x(y∗ + αkdy + α2
kd

1
y(αk))− x(y∗)− αkx

′(y∗; dy)− α2
kx

′′(y∗; dy, d
1
y(αk))

α2
k

= lim
k→∞

xj(y
∗ + αkdy + α2

kd
1
y(αk))− xj(y

∗)− αkx
′
j(y

∗; dy)− α2
kx

′′(y∗; dy, d
1
y(αk))

α2
k

= lim
k→∞

(
x′′j (y

∗; dy, d
1
y(αk))− x′′(y∗; dy, d

1
y(αk))

)
+ lim

k→∞

o(α2
k)

α2
k

(using (4))

= lim
k→∞

(
x′′j (y

∗; dy, d
1
y(αk))− x′′(y∗; dy, d

1
y(αk))

)
. (5)

Following the arguments from Theorem 3.2, for any j1, j2 ∈ I satisfying j1 ∼ j2, there exists a common sequence
{ᾱk} ↓ 0 such that {ᾱk} ⊆ Rj1 ∩Rj2 , and

x(y∗ + ᾱkdy + ᾱ2
kd

1
y(ᾱk)) = xj1(y

∗ + ᾱkdy + ᾱ2
kd

1
y(ᾱk)) = xj2(y

∗ + ᾱkdy + ᾱ2
kd

1
y(ᾱk)),

x′(y∗; dy) = x′j1(y
∗; dy) = x′j2(y

∗; dy) = lim
k→∞

x(y∗ + ᾱkdy + ᾱ2
kd

1
y(ᾱk))− x(y∗)

ᾱk
.

 (6)

Writing the second-order Taylor expansion for xj1 and xj2 along {ᾱk}, we have

xj1(y
∗ + ᾱkdy + ᾱ2

kd
1
y(ᾱk)) = xj1(y

∗) + ᾱkx
′
j1(y

∗; dy) + ᾱ2
kx

′′
j1(y

∗; dy, d
1
y(ᾱk)) + o(ᾱ2

k),

xj2(y
∗ + ᾱkdy + ᾱ2

kd
1
y(ᾱk)) = xj2(y

∗) + ᾱkx
′
j2(y

∗; dy) + ᾱ2
kx

′′
j2(y

∗; dy, d
1
y(ᾱk)) + o(ᾱ2

k).

Subtracting the second equation from the first and using (6), we obtain

lim
k→∞

(
x′′j2(y

∗; dy, d
1
y(ᾱk))− x′′j1(y

∗; dy, d
1
y(ᾱk))

)
= 0.

In view of (5) and the above relation, to complete the proof for a given arbitrary sequence, it suffices to show for
the sequence {αk} ↓ 0 with {αk} ⊆ Rj , that

lim
k→∞

(
x′′j (y

∗; dy, d
1
y(αk))− x′′(y∗; dy, d

1
y(αk))

)
= 0.

For this sequence {αk}, consider the path y∗ + sdy + s2d1y(αk) for s ≥ 0 with αk fixed. For sufficiently large k,
define the corresponding active index set

I k :=

{
j ∈ {1, . . . , N} :

there exists a sequence {sl,k} ↓ 0 with sl,k ≤ αk such that

x(y∗ + sl,kdy + s2l,kd
1
y(αk)) = xj(y

∗ + sl,kdy + s2l,kd
1
y(αk)) for all l

}
.

Since ∥sl,kd1y(αk)∥ ≤ ∥αkd
1
y(αk)∥ and {αkd

1
y(αk)} → 0, it follows that {sl,kd1y(αk)} → 0 as k → ∞. As x(·) is

piecewise smooth, I k ̸= ∅ for all k. Furthermore, because {I k} is a sequence of non-empty subsets of the finite
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set {1, . . . , N}, there exist an index t ∈ {1, . . . , N}, a subsequence {kn} ⊆ N, and an integer N0 ∈ N such that
t ∈

⋂
n≥N0

I kn .
For any two selection indices j1, j2 ∈ {1, . . . , N}, we define a relation j1 ◦ j2 along the subsequence {kn} if

there exists sl,kn
∈ (0, αkn

] such that

x(y∗+sl,kn
dy+s2l,kn

d1y(αkn
)) = xj1(y

∗+sl,kn
dy+s2l,kn

d1y(αkn
)) = xj2(y

∗+sl,kn
dy+s2l,kn

d1y(αkn
)), ∀n ≥ N0.

Since xj1 , xj2 ∈ C2, their Taylor expansions along {y∗ + sl,kn
dy + s2l,kn

d1y(αkn
)} yield

xj1(y
∗ + sl,kn

dy + s2l,kn
d1y(αkn

)) = xj1(y
∗) + sl,kn

x′j1(y
∗; dy) + s2l,kn

x′′j1(y
∗; dy, d

1
y(αkn

)) + o(s2l,kn
), ∀n ≥ N0,

xj2(y
∗ + sl,kn

dy + s2l,kn
d1y(αkn

)) = xj2(y
∗) + sl,kn

x′j2(y
∗; dy) + s2l,kn

x′′j2(y
∗; dy, d

1
y(αkn

)) + o(s2l,kn
), ∀n ≥ N0.

Subtracting these two expansions (using xj1(y
∗) = xj2(y

∗) = x(y∗) and x′j1(y
∗; dy) = x′j2(y

∗; dy) = x′(y∗; dy)),

dividing by s2l,kn
, and taking n → ∞, we obtain

j1 ◦ j2 =⇒ lim
n→∞

(
x′′j1(y

∗; dy, d
1
y(αkn

))− x′′j2(y
∗; dy, d

1
y(αkn

))
)
= 0.

We now claim that j and t can be connected by a finite chain of relations j = i0 ◦ i1 ◦ · · · ◦ iM = t along a further

subsequence {k̄n} ⊆ {kn}, where j ∈ I and t ∈
⋂

n≥N0
I k̄n .

For each n ≥ N0, consider the continuous path γkn
: [0, αkn

] → Rm defined by γkn
(s) = y∗+sdy+s2d1y(αkn

).

Let Akn
i := {s ∈ [0, αkn

] : xi(γkn
(s)) = x(γkn

(s))} for i = 1, . . . , N . Due to the piecewise and continuous

nature of x(·), the collection {Akn
1 , . . . , Akn

N } forms a finite closed cover of the connected interval [0, αkn
], i.e.,

[0, αkn
] =

⋃N
i=1 A

kn
i .

Fixing s0 := αkn
∈ Akn

j (since j ∈ I ) and i0 := j, define recursively

sp+1 := inf
{
s ∈ [sl,kn

, sp] : s ∈ Akn
ip

}
,

where sl,kn
= sup{s ∈ [0, αkn

] : s ∈ Akn
t }. If sp+1 > sl,kn

, the connectedness of [sl,kn
, αkn

] and closedness of

the covering sets ensure that sp+1 ∈ Akn
ip

∩Akn
ip+1

for some ip+1 ∈ {1, . . . , N}, which gives

xip(γkn
(sp+1)) = xip+1

(γkn
(sp+1)) = x(γkn

(sp+1)).

The minimality of sp+1 and continuity of xip(·) ensure that xip(γkn
(s)) ̸= x(γkn

(s)) for sl,kn
≤ s < sp+1.

Because {1, . . . , N} is finite, this procedure terminates at sMkn+1 = sl,kn
in at most Mkn

≤ N − 1 steps with

iMkn
= t ∈ I kn , yielding an ordered sequence of indices {j, ikn

1 , . . . , ikn

Mkn−1, t} ⊆ {1, . . . , N} for each n ≥ N0.

Since the index set {1, . . . , N} is finite, there exists a subsequence {k̄n} ⊆ {kn} along which this sequence of
indices is constant: j = i0, i1, . . . , iMk̄n

= t. Hence, j = i0 ◦ i1 ◦ · · · ◦ iMk̄n
= t, and using the transitivity over this

chain, we get

lim
n→∞

(
x′′j (y

∗; dy, d
1
y(αk̄n

))− x′′t (y
∗; dy, d

1
y(αk̄n

))
)
= 0. (7)

Since x(·) is second-order directionally differentiable (Theorem 3.2), for fixed αk̄n
and along {sl,k̄n

} ↓ 0, we have

x(y∗ + sl,k̄n
dy + s2l,k̄n

d1y(αk̄n
)) = x(y∗) + sl,k̄n

x′(y∗; dy) + s2l,k̄n
x′′(y∗; dy, d

1
y(αk̄n

)) + o(s2l,k̄n
), ∀l.

Because x(γk̄n
(sl,k̄n

)) = xt(γk̄n
(sl,k̄n

)) and x′t(y
∗; dy) = x′(y∗; dy), subtracting the C2 Taylor expansion of xt(·)

yields

lim
n→∞

(
lim
l→∞

xt(y
∗ + sl,k̄n

dy + s2
l,k̄n

d1y(αk̄n
))− x(y∗)− sl,k̄n

x′t(y
∗; dy)− s2

l,k̄n
x′′(y∗; dy, d

1
y(αk̄n

))

s2
l,k̄n

)
= 0.

Evaluating the inner limit gives

lim
n→∞

(
x′′t (y

∗; dy, d
1
y(αk̄n

))− x′′(y∗; dy, d
1
y(αk̄n

))
)
= 0.

Combining this with (7), we arrive at

lim
n→∞

(
x′′j (y

∗; dy, d
1
y(αk̄n

))− x′′(y∗; dy, d
1
y(αk̄n

))
)
= 0.

By the standard subsequence principle, since every sequence {αk} ↓ 0 contains a subsequence along which the
error term in (5) converges to 0, the entire sequence converges to 0 as k → ∞. Thus, x(·) is second-order
gph-regular at y∗. □
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4 Second-order properties of the optimal solution function

Suppose that Assumptions H1–H3 hold at (x(y), y), and let µ ∈ V (dy, d
1
y) ⊆ M(y), where

V (dy, d
1
y) :=

{
µ ∈ M(y) :

∃ µk ∈ M(yk) such that {µk} → µ as {αk} ↓ 0, αk > 0,

and yk = y + αkdy + α2
kd

1
y, ∀k

}
.

Let {yk} be the sequence defined by yk = y + αkdy + α2
kd

1
y with αk > 0 such that {αk} → 0. As x(·)

is continuous around y, we have {x(yk)} → x(y) as k → ∞. Since x(·) is second-order directionally
differentiable at y, as shown in Theorem 3.2, the following limits exist.

lim
k→∞

x(yk)− x(y)

αk
= lim

k→∞

x(y + αkdy + α2
kd

1
y)− x(y)

αk
= dx (say) and

lim
k→∞

x(yk)− x(y)− αkx
′(y; dy)

α2
k

= lim
k→∞

x(y + αkdy + α2
kd

1
y)− x(y)− αkx

′(y; dy)

α2
k

= d1x (say).

The first-order properties associated with KKT multipliers of parametric problems are proved in the
monograph by Fiacco [26]. To facilitate the Taylor expansions of the functions in the KKT conditions,
we require some second-order differentiability property associated with the multiplier set V (dy, d

1
y).

Lemma 4.1 Suppose Assumptions H1-H4 hold at (x(y), y) and µ ∈ V (dy, d
1
y). There exists µk ∈ M(yk) such

that limk→∞
µk−µ
αk

= dµ for some dµ ∈ Rq, and limk→∞
µk−µ−αkdµ

α2
k

exists.

Proof The proof follows from Lemma 4.2 of Khatana and Panda [32] by considering the sequence along the
parabolic paths. We omit the details. □

From the above lemma, there is a suitable subsequence of multipliers such that µk ∈ M(yk),

limk→∞
µk−µ
αk

= dµ and limk→∞
µk−µ−αkdµ

α2
k

= d1µ for some sequence {µk} and dµ, d
1
µ ∈ Rq. Hence,

x(yk) = x(y) + αkdx + α2
kd

1
x + o(α2

k) and µk = µ+ αkdµ + α2
kd

1
µ + o(α2

k)

for some subsequence of {αk}. Without loss of generality, assume that the subsequence is {αk} itself.
Since x(yk) solves the problem LPyk at yk and µk ∈ M(yk),

∇xL(x(y
k), yk, µk) = 0, (8a)

gi(x(y
k), yk) = 0, µk

i > 0, i ∈ J(µk), (8b)

gi(x(y
k), yk) ≤ 0, µk

i = 0, i /∈ J(µk). (8c)

Denote z :=

(
x
y

)
, dz :=

(
dx
dy

)
, and d1z :=

(
d1x
d1y

)
. Expanding ∇xL around (x(y), y, µ), we have

∇xL(x(y
k), yk, µk)T

= ∇xL(x(y), y, µ)
T + αk

(
∇2

xxL(x(y), y, µ)dx +∇2
yxL(x(y), y, µ)dy +∇2

µxL(x(y), y, µ)dµ

)
+ α2

k

(
1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )

(
dz
dµ

)
+∇2

xxL(x(y), y, µ)d
1
x

+∇2
yxL(x(y), y, µ)d

1
y +∇2

µxL(x(y), y, µ)d
1
µ

)
+ eno(α

2
k), ∀k,

(9)
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where en = (1, 1, . . . , 1)T ∈ Rn. Further, expanding gi, i ∈ Ig(y) around (x(y), y), we have

gi(x(y
k), yk) =gi(x(y), y) + αk

(
∇xgi(x(y), y)dx +∇ygi(x(y), y)dy

)
+ α2

k

(
1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)d
1
z

)
+ o(α2

k), ∀k.
(10)

Since µ ∈ M(y),

∇xL(x(y), y, µ) = 0, µi ≥ 0, gi(x(y), y) = 0, i ∈ Ig(y), µi = 0, i /∈ Ig(y).

From (8a), we have ∇xL(x(y
k), yk, µk) = 0. Hence, lim

k→∞
∇xL(x(yk),yk,µk)−∇xL(x(y),y,µ)

αk
= 0. Then, from

(9),

∇2
xxL(x(y), y, µ)dx +∇2

yxL(x(y), y, µ)dy +∇2
µxL(x(y), y, µ)dµ = 0. (11a)

As J(µ) ⊆ J(µk) for sufficiently large k, (8b) holds for i ∈ J(µ). Moreover, since
gi(x(y

k), yk) = 0, i ∈ J(µ) by (8b) and gi(x(y), y) = 0, i ∈ J(µ) ⊆ Ig(y), therefore

lim
k→∞

gi(x(y
k),yk)−gi(x(y),y)

αk
= 0 for i ∈ J(µ). Hence, using (10),

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy = 0, i ∈ J(µ). (11b)

In addition, for i ∈ Ig(y)\J(µ), it follows from (8c) that lim
k→∞

gi(x(y
k),yk)−gi(x(y),y)

αk
≤ 0. Then, from (10),

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy ≤ 0, i ∈ Ig(y) \ J(µ). (11c)

Since µi = 0 for all i ∈ Ig(y)\J(µ) and µk
i ≥ 0 for i ∈ Λq, we obtain dµi = limk→∞

µk
i −µi

αk
≥ 0. Moreover,

since Ig(y
k) ⊆ Ig(y) for sufficiently large k, it holds that µi = 0 and µk

i = 0 for all i /∈ Ig(y), implying

dµi = limk→∞
µk
i −µi

αk
= 0 for i /∈ Ig(y).

If dµi > 0 for some i ∈ Ig(y) \ J(µ), then it follows that µk
i > 0 for sufficiently large k. Consequently,

i ∈ J(µk), and from (8b), we have gi(x(y
k), yk) = 0 for sufficiently large k. Thus, using (10), it holds that

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy = 0 for i ∈ {i ∈ Ig(y) \ J(µ) : dµi > 0}.

On the other hand, if ∇xgi(x(y), y)dx +∇ygi(x(y), y)dy < 0 for some i ∈ Ig(y) \ J(µ), then
gi(x(y

k), yk) < 0 for sufficiently large k. Hence, it follows from (8c) that µk
i = 0 for sufficiently large k,

and therefore dµi = 0. Thus,

dµi
(∇xgi(x(y), y)dx +∇ygi(x(y), y)dy) = 0,

dµi ≥ 0, i ∈ Ig(y) \ J(µ), dµi = 0, i /∈ Ig(y).

}
(11d)

It can be verified that the expressions (11a)-(11d) are the KKT optimality conditions of QPµ(y; dy) with
KKT multiplier vector dµ. Hence, this system has a unique solution dx.

Remark 4.1 Recall the discussion in Section 2.2. The feasible set of QPµ(y; dy) is nonempty if and only if
µ ∈ S1(dy). Further, Theorem 2.1 states that x′(y; dy) is the unique solution of QPµ(y; dy) for each of µ ∈ S1(dy).
Since (11a)-(11d) are the KKT optimality conditions of QPµ(y; dy) so the system (11a)-(11d) is consistent if
and only if µ ∈ S1(dy). In that case, for given direction vector dy, if (dx, dµ) solves the system (11a)-(11d) then
dx = x′(y; dy).
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We now proceed with a similar argument as in the formulation of (11a)-(11d) with the new index
sets J(µ; dµ) and Ig(y; dy) as

J(µ; dµ) := {i ∈ Ig(y) \ J(µ) : dµi > 0} ∪ J(µ),

and Ig(y; dy) := {i ∈ Ig(y) : ∇xgi(x(y), y)dx +∇ygi(x(y), y)dy = 0},
and with the following limits

lim
k→∞

∇xL(x(y
k), yk, µk)−∇xL(x(y), y, µ)− αk(∇2

xxL(x(y), y, µ)dx +∇2
yxL(x(y), y, µ)dy +∇2

µxL(x(y), y, µ)dµ)

α2
k

and

lim
k→∞

gi(x(y
k), yk)− gi(x(y), y)− αk(∇xgi(x(y), y)dx +∇ygi(x(y), y)dy)

α2
k

.

The following system (12a)-(12d) can be derived using (8a)-(10) by considering the above limits and
index sets. This is analogous to the process for the derivation of (11a)-(11d). Therefore, we omit the
detailed derivation.

1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )

(
dz
dµ

)
+ ∇̂(∇xL(x(y), y, µ)

T )

(
d1z
d1µ

)
= 0, (12a)

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)d
1
z = 0, i ∈ J(µ; dµ), (12b)

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)d
1
z ≤ 0, i ∈ Ig(y; dy) \ J(µ; dµ), (12c)

d1µi

(
1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)d
1
z

)
= 0,

d1µi
≥ 0, i ∈ Ig(y; dy) \ J(µ; dµ), d1µi

= 0, i /∈ Ig(y; dy).

 (12d)

Define the set of extreme multipliers associated with the KKT conditions (11a)–(11d) by

EMµ =

{
dµ :

(x′(y; dy), dµ) solves (11a)–(11d) for a given µ ∈ EM(y),

(∇xgi(x(y), y))i∈J(µ)∪J(dµ) is linearly independent.

}
.

The set EMµ is indeed the vertex set of the multipliers of the optimization problem QPµ(y; dy).
Consider the following linear programming problem corresponding to the direction vectors dy and d1y,

max
µ∈S1(dy)

∑
i∈Ig(y)

µi

(
1

2

(
x′(y; dy)

T dTy
)
∇2

zzgi(x(y), y)

(
x′(y; dy)

dy

)
+∇ygi(x(y), y)d

1
y

)
(13)

and
S2(dy, d

1
y) = {µ ∈ S1(dy) : µ solves (13)}.

Clearly S2(dy, d
1
y) ⊆ S1(dy). Note that S2(dy, d

1
y) is a nonempty polytope as S1(dy) is a nonempty

polytope.

The systems (11a)-(11d) and (12a)-(12d) are obtained from the second-order expansions (9)-(10) of
the functions in KKT conditions of the lower-level problem corresponding to multipliers in V (dy, d

1
y).

The first-order directional derivative dx(= x′(y; dy)) and the second-order directional derivative
d1x(= x′′(y; dy, d

1
y)) satisfy the systems (11a)-(11d) and (12a)-(12d). In general, the set V (dy, d

1
y) cannot

be obtained explicitly without imposing restrictive assumptions. To derive the second-order directional
derivative of the solution function, we introduce a set of multipliers S2(dy, d

1
y), which acts as a tractable

surrogate for the set V (dy, d
1
y) under certain assumptions. S2(dy, d

1
y) can be obtained by solving the

linear programming problem in (13). In Khatana and Panda [32], the second-order directional derivative
along linear paths was characterized through a quadratic subproblem. Here, we extend this characteri-
zation to the parabolic paths. In particular, we obtain the second-order directional derivatives using the

13



multiplier set S2(dy, d
1
y), which is proved in Lemma 4.2 and Theorem 4.1. This requires constructing the

following perturbed parametric problem, which is important in the proof of Lemma 4.2 and Theorem
4.1. Let yk = y+αkdy+α2

kd
1
y, where {αk} ↓ 0 is a sequence of positive real numbers, and G(yk; dy) ∈ Rq

be defined as

Gi(y
k; dy) :=

{
gi(x(y

k), yk) if i ∈ {i ∈ Λq : ∃µ ∈ S2(dy, d
1
y), µi > 0}

0 otherwise
,

where S2(dy, d
1
y) is computed at y. Consider the following problem P̄yk , which is obtained from Pyk by

perturbing g(x, yk) ≤ 0 as g(x, yk) ≤ G(yk; dy),

(P̄yk) : min
x

f(x, yk) s.t. g(x, yk) ≤ G(yk; dy).

Since P̄yk is a restricted problem than LPyk for which x(yk) is a feasible vector, it follows that xk = x(yk)
is an optimal solution to this perturbed problem. The KKT optimality conditions for P̄yk are

∇xf(x, y
k) + µT∇xg(x, y

k) = 0, µT
(
g(x, yk)−G(yk; dy)

)
= 0,

µ ≥ 0, g(x, yk)−G(yk; dy) ≤ 0.

}
(14)

Under the Assumptions H2 and H3 for the parametric problem LPyk , these KKT optimality conditions
are necessary and sufficient for the perturbed problem. Let M̄(x(yk); dy) denote the set of Lagrange
multipliers of P̄yk ,

M̄(x(yk); dy) := {µ̄k : (x(yk), µ̄k) satisfy (14)}.
We say µ̄k ∈ M̄(x(yk); dy) are the perturbed multipliers of the perturbed KKT system (14). For each
multiplier µ ∈ S2(dy, d

1
y)∩EM(y), we establish in Lemma 4.2 that there exists a sequence of perturbed

multipliers {µ̄k} associated with the perturbed parametric problem P̄yk such that {µ̄k} → µ. Hence,
choosing µ ∈ S2(dy, d

1
y) ∩ EM(y) is justified in the second-order Taylor expansion of the parametric

problem. Theorem 4.1 demonstrates that the KKT system obtained for the multiplier set S2(dy, d
1
y) ∩

EM(y) characterizes the second-order directional derivatives of the solution function.

Lemma 4.2 Let yk = y+αkdy+α2
kd

1
y for a sequence of positive real numbers {αk} converging to 0, and assume

Assumptions (H1)–(H5) hold at (x(y), y). Then,

1. S2(dy, d
1
y) ∩ EM(y) is a non-empty set.

2. Suppose µ ∈ S2(dy, d
1
y) ∩ EM(y) and dµ ∈ EMµ. There exists a sequence of perturbed multipliers µ̄k ∈

M̄(x(yk); dy) for each k such that

µ̄k = µ+ αkdµ + α2
kd

1
µ + o(α2

k),

for some d1µ ∈ Rq.

3. For any direction vectors dy, d
1
y ∈ Rm,

V (dy, d
1
y) ⊆ S2(dy, d

1
y) ⊆ S1(dy) ⊆ M(y).

In particular, V (dy, d
1
y) ∩ S2(dy, d

1
y) ̸= ∅.

Proof (1). Recall that S1(dy) is the set of optimal solutions to the linear programming problem,

max
µ∈M(y)

∑
i∈Ig(y)

µi∇ygi(x(y), y)dy.

Under Assumption (H2) (MFCQ), M(y) is a non-empty, compact polyhedral set. Hence, the above linear program
over the constraint set M(y) attains a finite maximum at an extreme point of M(y), implying that S1(dy) is a
non-empty, compact polyhedral set and that every extreme point of S1(dy) belongs to EM(y).
The set S2(dy, d

1
y) is defined as the solution set of the linear program in (13). Since S2(dy, d

1
y) maximizes a

14



linear objective over the non-empty, compact polyhedral set S1(dy), S
2(dy, d

1
y) is a non-empty polyhedral set

with every extreme point also an extreme point of S1(dy). Hence, S2(dy, d
1
y) ∩ EM(y) ̸= ∅ follows.

(2). By Remark 4.1, for each µ ∈ S1(dy), the solution set of the first-order system (11a)–(11d) is nonempty,
which implies that EMµ ̸= ∅. Let µ ∈ S2(dy, d

1
y) ∩ EM(y) ⊆ S1(dy) and dµ ∈ EMµ. Since µ ∈ EM(y) and

dµ ∈ EMµ, one can select an index set J∗ ⊇ J(µ) ∪ J(dµ) such that the gradient family {∇xgi(x(y), y)}i∈J∗ is
linearly independent. Consider the parameterized equality-constrained optimization problem P ∗(α)

P ∗(α) : min
x

f(x, γ(α)) s.t. gi(x, γ(α)) = Gi(γ(α); dy), i ∈ J∗,

where γ(α) = y+αdy+α2d1y. At α = 0, x(y) is the optimal solution and µ∗ = (µi)i∈J∗ is the associated Lagrange
multiplier vector.
Since Assumption (H3) holds and the gradients {∇xgi(x(y), y)}i∈J∗ are linearly independent, standard sensitivity
analysis (see Corollary 3.2.5 of Fiacco [26]) applies. Thus, there exist unique C2 vector functions x∗(γ(α)) and
µ∗(γ(α)) for α ∈ [0, α0) satisfying the KKT conditions of P ∗(α) with µ∗(γ(0)) = µ∗ and d

dαµ
∗(γ(0)) = d∗µ and

1
2

d2

dα2 (µ
∗(γ(0)) = d1,∗µ for some d∗µ, d

1,∗
µ ∈ R|J∗|.

For yk = γ(αk) = y + αkdy + α2
kd

1
y with sufficiently large k, define µ̄k ∈ Rq by

µ̄k
i =

{
(µ∗(yk))i if i ∈ J∗,

0 if i /∈ J∗.

By construction, (x(yk), µ̄k) satisfies the perturbed KKT system (14) for large k, ensuring µ̄k ∈ M̄(x(yk); dy).

Since µ∗(·) is of class C2, expanding µ∗(yk) about α = 0 along γ(αk) up to second-order gives

(µ∗(yk))i = µi + αkd
∗
µi

+ α2
kd

1,∗
µi

+ o(α2
k), i ∈ J∗.

Hence, we have

lim
k→∞

µ̄k
i − µi

αk
=

d∗µi
, if i ∈ J∗,

0, if i ∈ Λq \ J∗,

and

lim
k→∞

µ̄k
i − µi − αkd

∗
µi

α2
k

=

d1∗µi
, if i ∈ J∗,

0, if i ∈ Λq \ J∗.

It only remains to show that (dµ)i = d∗µi
for all i ∈ J∗.

Expanding ∇xL(x(y
k), yk, µ̄k) = 0 along the sequence {(x(yk), yk, µ̄k)} about (x(y), y, µ) and using

∇xL(x(y), y, µ) = 0, yields

∇2
xxL(x(y), y, µ)dx +∇2

yxL(x(y), y, µ)dy +
∑
i∈J∗

∇xgi(x(y), y)d
∗
µi

= 0. (15)

On the other hand, since dµ ∈ EMµ, the pair (dx, dµ) satisfies the first-order stationary condition (11a),

∇2
xxL(x(y), y, µ)dx +∇2

yxL(x(y), y, µ)dy +
∑
i∈J∗

∇xgi(x(y), y)dµi = 0, (16)

with dµi = 0 for i /∈ J∗. Subtracting (15) from (16) gives∑
i∈J∗

∇xgi(x(y), y)
(
dµi − d∗µi

)
= 0.

By the linear independence of the active constraint gradients {∇xgi(x(y), y)}i∈J∗ , it follows that dµi = d∗µi
for

all i ∈ J∗, which proves our claim. This completes the proof.

(3). The proof of this part is provided in Appendix. □

Theorem 4.1 Suppose Assumptions (H1)–(H5) are satisfied at the given point (x(y), y). Then,

1. (a) Suppose µ ∈ EM(y), and the feasible set of the quadratic programming problem of Part (2) is nonempty,
then µ ∈ S2(dy, d

1
y).

(b) d1x = x′′(y; dy, d
1
y) satisfies the following system for each µ ∈ S2(dy, d

1
y),

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)

(
d1x
d1y

)
= 0, i ∈ J(µ),

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)

(
d1x
d1y

)
≤ 0, i ∈ Ig(y; dy) \ J(µ).
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2. x′′(y; dy, d
1
y) solves the following quadratic optimization problem,

min
d1
x

1

2

((
dTz dTµ

)
∇̂2
(
∇xL(x(y), y, µ)

T
)(

dz
dµ

))T

d1x +
1

2
d1x

T
∇2

xxL(x(y), y, µ)d
1
x + d1x

T
∇2

yxL(x(y), y, µ)d
1
y

s.t.
1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)

(
d1x
d1y

)
= 0, i ∈ J(µ; dµ),

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)

(
d1x
d1y

)
≤ 0, i ∈ Ig(y; dy) \ J(µ; dµ),

for µ ∈ S2(dy, d
1
y) ∩ EM(y) and dµ ∈ EMµ.

Proof (1(a).) The feasible set M(y) is a nonempty polytope under Assumption H2. Recall that S1(dy) denotes
the solution set to the following problem

(P 1) : max
µ

∑
i∈Ig(y)

µi∇ygi(x(y), y)dy

s.t. ∇xf(x(y), y) +
∑

i∈Ig(y)

µi∇xgi(x(y), y) = 0,

µi ≥ 0, i ∈ Ig(y).

The following conditions are the KKT optimality conditions for (P 1).

∇xgi(x(y), y)dw +∇ygi(x(y), y)dy + si = 0, i ∈ Ig(y),

si ≥ 0, µisi = 0, i ∈ Ig(y),

where dw ∈ Rn and si, i ∈ Ig(y) are the KKT multiplier vectors. Consequently, each µ ∈ S1(dy) satisfies the
following system.

∇xf(x(y), y) +
∑

i∈Ig(y)

µi∇xgi(x(y), y) = 0,

µi (∇xgi(x(y), y)dw +∇ygi(x(y), y)dy) = 0, i ∈ Ig(y),

µi ≥ 0, ∇xgi(x(y), y)dw +∇ygi(x(y), y)dy ≤ 0, i ∈ Ig(y).

K1
µ(y; dy) is the set of KKT multiplier vectors associated with a primal optimal solution µ ∈ S1(dy), as shown

in Lemma 2.2 of Dempe [29]. Furthermore, since x′(y; dy) ∈ K1
µ(y; dy) satisfies the KKT optimality conditions

of (P 1) for every µ ∈ S1(dy) (Theorem 2.1). Since (P 1) is a linear programming problem, its primal solution set
satisfying the KKT optimality conditions is independent of the specific choice of the KKT multiplier vector dw.
Hence, by fixing dw = x′(y; dy) in the above KKT system, problem (13) can be written as

(P 2) : max
µ

∑
i∈Ig(y)

µi

(
1

2
dTz ∇2

zzgi(x(y), y)dz +∇ygi(x(y), y)d
1
y

)
s.t. ∇xf(x(y), y) +

∑
i∈Ig(y)

µi∇xgi(x(y), y) = 0, (17)

µi = 0, i ∈ {i ∈ Ig(y) : ∇xgi(x(y), y)x
′(y; dy) +∇ygi(x(y), y)dy < 0}, (18)

µi ≥ 0, i ∈ {i ∈ Ig(y) : ∇xgi(x(y), y)x
′(y; dy) +∇ygi(x(y), y)dy = 0}. (19)

The KKT optimality conditions for (P 2) are

1

2
dTz ∇2

zzgi(x(y), y)dz +∇xgi(x(y), y)d
1
x +∇ygi(x(y), y)d

1
y + bi = 0, i ∈ Ig(y),

bi ∈ R, i ∈ {i ∈ Ig(y) : µi = 0, ∇xgi(x(y), y)x
′(y; dy) +∇ygi(x(y), y)dy < 0},

bi = 0, i ∈ {i ∈ Ig(y; dy) : µi > 0} = J(µ),

bi ≥ 0, i ∈ {i ∈ Ig(y; dy) : µi = 0} = Ig(y; dy) \ J(µ),

where d1x is the KKT multiplier vector for the constraint (17), and bi are the KKT multipliers associated with
constraints (18)–(19). Given that the feasible region of the quadratic problem is nonempty for some µ ∈ EM(y),

let d1x
∗
be a feasible point of the quadratic problem for given dz and d1y. Define

b∗i := −
(
1

2
dTz ∇2

zzgi(x(y), y)dz +∇ygi(x(y), y)d
1
y +∇xgi(x(y), y)d

1
x
∗
)
.
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Then the pair (d1x
∗
, b∗) satisfies the above KKT optimality conditions. Since S2(dy, d

1
y) is the optimal solution set

of Problem (P 2), and µ satisfies the KKT system for the multiplier pair (d1,∗x , b∗), it follows that µ ∈ S2(dy, d
1
y).

(1(b).) S2(dy, d
1
y) is the optimal solution set of the linear programming problem (P 2) and (d1x, b) is the

corresponding Lagrange multiplier of (P 2). Eliminating the vector b, the multiplier set reduces tod1x ∈ Rn :

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)

(
d1x
d1y

)
= 0, i ∈ J(µ),

1

2
dTz ∇2

zzgi(x(y), y)dz +∇zgi(x(y), y)

(
d1x
d1y

)
≤ 0, i ∈ Ig(y; dy) \ J(µ)

 .

It follows from the duality properties of linear programming that the above multiplier set is invariant for every
choice of primal solution µ ∈ S2(dy, d

1
y). In view of (12b)–(12c), for a given µ ∈ V (dy, d

1
y), the directional

derivative x′′(y; dy, d
1
y) satisfies the above multiplier set. Moreover, since V (dy, d

1
y)∩S2(dy, d

1
y) ̸= ∅ (from Lemma

4.2(3)), d1x = x′′(y; dy, d
1
y) satisfies this system for each µ ∈ S2(dy, d

1
y).

(2) From Assumption (H3), it follows that

wT∇2
xxL(x(y), y, µ)w > 0, ∀w ∈ C(y; dy) \ {0},

where the critical cone C(y; dy) is given by

C(y; dy) :=

{
w ∈ Rn :

∇xgi(x(y), y)w = 0, ∀i ∈ J(µ; dµ),

∇xgi(x(y), y)w ≤ 0, ∀i ∈ Ig(y; dy) \ J(µ; dµ)

}
.

Hence, the Hessian matrix of the objective function of the quadratic subproblem is positive definite on the tangent
space to the constraints, which ensures that the quadratic subproblem is strictly convex and admits a unique
optimal solution.
To prove that x′′(y; dy, d

1
y) solves this quadratic problem, by convexity it is sufficient to show that the associated

variational inequality holds at x′′(y; dy, d
1
y) for every feasible vector w, that is,(

1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )(dz
dµ

)

+∇2
yxL(x(y), y, µ)d

1
y +∇2

xxL(x(y), y, µ)x
′′(y; dy, d

1
y)

)T (
w − x′′(y; dy, d

1
y)
)
≥ 0. (20)

Since (x′(y; dy), dµ) solves the first-order KKT system (11a)–(11d) with dµ ∈ EMµ at (x(y), y, µ), by

Lemma 4.2(2) there exists a sequence of perturbed multipliers µ̄k ∈ M̄(x(yk); dy) such that limk→∞
µ̄k−µ
αk

= dµ

along the parabolic path yk = y + αkdy + α2
kd

1
y.

From the stationary condition for each k and µ ∈ S2(dy, d
1
y) ⊆ M(y), we have

∇xL(x(y
k), yk, µ̄k) = ∇xf(x(y

k), yk) +

q∑
i=1

µ̄k
i ∇xgi(x(y

k), yk) = 0, (21)

∇xL(x(y), y, µ) = ∇xf(x(y), y) +

q∑
i=1

µi∇xgi(x(y), y) = 0. (22)

Applying the second-order Taylor expansion of ∇xL about (x(y), y, µ) along the sequence {(x(yk), yk, µ̄k)}, with
x(yk) = x(y) + αkx

′(y; dy) + α2
kx

′′(y; dy, d
1
y) + o(α2

k), and using (21) and (22), we obtain

1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )(dz
dµ

)
+∇2

yxL(x(y), y, µ)d
1
y

+∇2
xxL(x(y), y, µ)x

′′(y; dy, d
1
y) + lim

k→∞

∑
i∈Ig(y)

µ̄k
i − µi − αkdµi

α2
k

∇xgi(x(y), y)
T = 0.

Taking the inner product with (w − x′′(y; dy, d
1
y)) yields(

1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )(dz
dµ

)
+∇2

yxL(x(y), y, µ)d
1
y +∇2

xxL(x(y), y, µ)x
′′(y; dy, d

1
y)

)T (
w − x′′(y; dy, d

1
y)
)

= − lim
k→∞

∑
i∈Ig(y)

µ̄k
i − µi − αkdµi

α2
k

∇xgi(x(y), y)
(
w − x′′(y; dy, d

1
y)
)
.

(23)
Define the index set IS2 := {i ∈ Λq : ∃µ ∈ S2(dy, d

1
y) with µi > 0}. To evaluate the right-hand side of (23), we

partition the active index set Ig(y) into three disjoint subsets:
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(i) For i ∈ J(µ; dµ):

From Part (1(b)), d1x = x′′(y; dy, d
1
y) satisfy the second-order equality constraint

∇xgi(x(y), y)d
1
x +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz = 0 for i ∈ J(µ)

Furthermore, for i ∈ J(µ; dµ)\J(µ), if i ∈ IS2 , this equality holds for d1x = x′′(y; dy, d
1
y) by Part (1(b)). If i /∈ IS2 ,

we have µi = 0 and dµi > 0, implying µ̄k
i > 0 and Gi(y

k; dy) = 0 for all sufficiently large k. The complementarity

condition µ̄k
i (gi(x(y

k), yk) − Gi(y
k; dy)) = 0 in (14) then implies gi(x(y

k), yk) = 0, ensuring the second-order
equality holds for i /∈ IS2 . Hence, both d1x = x′′(y; dy, d

1
y) and feasible vector d1x = w satisfy

∇xgi(x(y), y)d
1
x +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz = 0, ∀i ∈ J(µ; dµ).

This implies

∇xgi(x(y), y)
(
w − x′′(y; dy, d

1
y)
)
= 0, ∀i ∈ J(µ; dµ). (24)

Since µi = 0 and dµi = 0 for all i ∈ Ig(y) \ J(µ; dµ), substituting (24) into (23) eliminates the terms in J(µ; dµ),
which reduces to(

1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )(dz
dµ

)
+∇2

yxL(x(y), y, µ)d
1
y +∇2

xxL(x(y), y, µ)x
′′(y; dy, d

1
y)

)T (
w − x′′(y; dy, d

1
y)
)

= − lim
k→∞

∑
i∈Ig(y)\J(µ;dµ)

µ̄k
i

α2
k

∇xgi(x(y), y)
(
w − x′′(y; dy, d

1
y)
)
. (25)

(ii) For i ∈ IS2 \ J(µ; dµ):
For i ∈ IS2 \ J(µ; dµ), using Part (1(b)), x′′(y; dy, d

1
y) satisfies the equality

∇xgi(x(y), y)x
′′(y; dy, d

1
y) +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz = 0,

whereas the feasible vector w satisfies the corresponding inequality

∇xgi(x(y), y)w +∇ygi(x(y), y)d
1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz ≤ 0.

Subtracting the equality from the inequality yields ∇xgi(x(y), y)(w − x′′(y; dy, d
1
y)) ≤ 0. Since µ̄k

i ≥ 0, we have

− µ̄k
i

α2
k

∇xgi(x(y), y)
(
w − x′′(y; dy, d

1
y)
)
≥ 0, ∀i ∈ IS2 \ J(µ; dµ). (26)

(iii) For i ∈ Ig(y) \ (IS2 ∪ J(µ; dµ)):

We consider two cases.

• If either ∇xgi(x(y), y)x
′(y; dy) +∇ygi(x(y), y)dy < 0 or

∇xgi(x(y), y)x
′′(y; dy, d

1
y) +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz < 0,

then by Taylor expansion gi(x(y
k), yk) < 0 for all sufficiently large k. Since i /∈ IS2 , we have Gi(y

k; dy) = 0.

The complementarity condition in (14), µ̄k
i gi(x(y

k), yk) = 0 implies µ̄k
i = 0. Hence

µ̄k
i

α2
k

= 0.

• Otherwise, i ∈ Ig(y; dy) \ (IS2 ∪ J(µ; dµ)) and x′′(y; dy, d
1
y) satisfies the second-order equality, that is,

∇xgi(x(y), y)x
′′(y; dy, d

1
y) +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz = 0.

Subtracting this from the inequality satisfied by w yields ∇xgi(x(y), y)(w−x′′(y; dy, d
1
y)) ≤ 0. In summary,

for i ∈ Ig(y) \ (IS2 ∪ J(µ; dµ)), since µ̄k
i ≥ 0, we have

− lim
k→∞

µ̄k
i

α2
k

∇xgi(x(y), y)
(
w − x′′(y; dy, d

1
y)
)
≥ 0. (27)

Using (26) and (27), every term in the summation in (25) is non-negative. Combining all three cases, the varia-
tional inequality (20) holds. Consequently, x′′(y; dy, d

1
y) is the unique optimal solution to the quadratic subproblem

for any µ ∈ S2(dy, d
1
y) ∩ EM(y) and dµ ∈ EMµ. □
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From part (1) of Theorem 4.1, it follows that whenever the feasible set of the quadratic subproblem
is non-empty and µ ∈ EM(y), we have µ ∈ S2(dy, d

1
y). On the other hand, the arguments used in

part (2) of Theorem 4.1 imply that x′′(y; dy, d
1
y) is feasible for the quadratic subproblem for any µ ∈

S2(dy, d
1
y) ∩ EM(y). Thus, the following remark is justified.

Remark 4.2 Note that (12a)-(12d) are the KKT optimality conditions of the quadratic optimization problem in
Theorem 4.1, where d1x = x′′(y; dy, d

1
y) is the optimal solution to this quadratic problem and d1µi

, i ∈ Ig(y; dy)
is the corresponding KKT multipliers. Suppose µ ∈ EM(y), then the feasible set of the quadratic problem is
nonempty for given dµ ∈ EMµ if and only if µ ∈ S2(dy, d

1
y) (from the arguments used in Theorem 4.1). In that

case, for given vector (dz , dµ) such that dµ ∈ EMµ and µ ∈ EM(y), if (d1x, d
1
µ) solves the system (12a)-(12d)

then d1x = x′′(y; dy, d
1
y).

From Remarks 4.1 and 4.2 it is clear that for given direction vectors dy, d
1
y, the first- and second-order

derivatives x′(y; dy) and x′′(y; dy, d
1
y) satisfy the system (11a)-(11d) and (12a)-(12d) uniquely at (x, y, µ)

respectively under certain assumptions. Next, we apply the active-set strategy to derive a unified first-
and second-order system. Using an active set strategy on the complementarity constraints (11d) and
(12d) corresponding to some set I satisfying J(µ) ⊆ I ⊆ Ig(y) so that

(
∇xgi(x(y), y)

)
i∈I

is linearly

independent, we can reformulate (11a)-(12d) as (28a)-(28h), which is a system in (dx, dµ, d
1
x, d

1
µ) at given

point (x(y), y, µ) and direction vectors dy, d
1
y at y, which is proved in Proposition 4.1. Here, dx(= x′(y; dy))

and d1x(= x′′(y; dy, d
1
y)) are the first- and second-order directional derivatives of the solution function x(·),

respectively, and dµ and d1µ represent the first and second-order terms in the expansion of the multiplier
vector µ along the parabolic path y + αdy + α2d1y, respectively.

∇2
xxL(x(y), y, µ)dx +∇2

yxL(x(y), y, µ)dy +∇2
µxL(x(y), y, µ)dµ = 0, (28a)

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy = 0, i ∈ I, (28b)

∇xgi(x(y), y)dx +∇ygi(x(y), y)dy ≤ 0, i ∈ Ig(y) \ I, (28c)

dµi ≥ 0, i ∈ I \ J(µ), dµi = 0, i /∈ I (28d)

1

2

(
dTz dTµ

)
∇̂2(∇xL(x(y), y, µ)

T )

(
dz
dµ

)
+ ∇̂(∇xL(x(y), y, µ)

T )

(
d1z
d1µ

)
= 0, (28e)

∇xgi(x(y), y) d
1
x +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz = 0, i ∈ I, (28f)

∇xgi(x(y), y) d
1
x +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz ≤ 0, i ∈ Ig(y; dy) \ I, (28g)

d1µi
≥ 0, i ∈ I \ J(µ; dµ), d1µi

= 0, i /∈ I. (28h)

Proposition 4.1 (Equivalence of Active-Set Reformulation) Suppose Assumptions (H1)-(H5) hold at (x(y), y)
for µ ∈ S2(dy, d

1
y) ∩ EM(y) and dµ ∈ EMµ. Then

1. For every solution (dx, dµ, d
1
x, d

1
µ) of the first- and second-order systems (11a)–(11d) and (12a)–(12d), there

exists at least one index set I satisfying J(µ) ⊆ I ⊆ Ig(y) such that the family of gradients {∇xgi(x(y), y)}i∈I

is linearly independent and (dx, dµ, d
1
x, d

1
µ) satisfies (28a)–(28h).

2. For any admissible index set I so that J(µ) ⊆ I ⊆ Ig(y) and
(
∇xgi(x(y), y)

)
i∈I

is linearly independent, the

system (28a)–(28h) has a unique solution (dx, dµ, d
1
x, d

1
µ), where dx = x′(y; dy) and d1x = x′′(y; dy, d

1
y).

3. For ∥dy∥ ≤ δ and ∥d1y∥ ≤ δ with suitable sufficiently small δ > 0, the system (28a)–(28f) combined with

∇xgi(x(y), y)(dx + d1x) +∇ygi(x(y), y)(dy + d1y) +
1

2
dTz ∇2

zzgi(x(y), y)dz ≤ 0, i ∈ Ig(y) \ I, (29a)

dµi + d1µi
≥ 0, i ∈ I \ J(µ), d1µi

= 0, i /∈ I. (29b)

is locally equivalent to (11a)–(11d) and (12a)–(12d).

Proof (1). Let (dx, dµ, d
1
x, d

1
µ) be a solution satisfying systems (11a)–(11d) and (12a)–(12d) for a given µ ∈

S2(dy, d
1
y) ∩ EM(y) and dµ ∈ EMµ and d1µ as extreme point of the multipliers of KKT system (12a)–(12d).
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Choose the active index set Î as

Î = {i ∈ Ig(y) : µi > 0 or dµi > 0 or d1µi
> 0}.

By construction, the chain of inclusions J(µ) ⊆ J(µ; dµ) ⊆ Î ⊆ Ig(y; dy) ⊆ Ig(y) holds. Since µ ∈ EM(y),
dµ ∈ EMµ is a vertex solution of (11a)–(11d), and d1µ is a vertex solution of (12a)–(12d); therefore the gradient
family {∇xgi(x(y), y)}i∈Î

is linearly independent in Rn. We derive (28a)–(28h) from (11a)–(11d) and (12a)–(12d).

(i) Equation (28a) coincides with the stationary condition (11a). To establish (28b), we consider any index
i ∈ Î. If i ∈ J(µ), the equality ∇xgi(x(y), y)dx+∇ygi(x(y), y)dy = 0 holds directly from (11b). If i ∈ Î\J(µ)
with dµi > 0, the complementarity condition (11d) ensures that ∇xgi(x(y), y)dx +∇ygi(x(y), y)dy = 0. If
i ∈ Î \ J(µ; dµ), then d1µi

> 0, which implies i ∈ Ig(y; dy) by (12d), and hence

∇xgi(x(y), y)dx + ∇ygi(x(y), y)dy = 0. Thus, (28b) holds for all i ∈ Î. Next, the inequality (28c) follows
immediately from (11c). Finally, for i ∈ Î \ J(µ), non-negativity dµi ≥ 0 holds by (11d), while for i /∈ Î, we
have dµi = 0, implying (28d).

(ii) Equation (28e) follows directly from the second-order stationary relation (12a). For equation (28f), let
i ∈ Î. If i ∈ J(µ; dµ), the equality ∇xgi(x(y), y)d

1
x +∇ygi(x(y), y)d

1
y + 1

2d
T
z ∇2

zzgi(x(y), y)dz = 0 holds by

(12b). If i ∈ Î \ J(µ; dµ), then d1µi
> 0, and the second-order complementarity condition (12d) implies that

∇xgi(x(y), y)d
1
x +∇ygi(x(y), y)d

1
y + 1

2d
T
z ∇2

zzgi(x(y), y)dz = 0. For i ∈ Ig(y; dy) \ Î ⊆ Ig(y; dy) \ J(µ; dµ),

condition (12c) gives the second-order inequality (28g). Moreover, for i ∈ Î \ J(µ; dµ), non-negativity
d1µi

≥ 0 holds by (12d), while for i /∈ Î, we have d1µi
= 0, ensuring (28h).

(2). Let I be any fixed admissible index set satisfying J(µ) ⊆ I ⊆ Ig(y) such that {∇xgi(x(y), y)}i∈I is lin-
early independent. Suppose (d̃x, d̃µ, d̃

1
x, d̃

1
µ) is an arbitrary solution to the active-set system (28a)–(28h). It is

straightforward to verify that (d̃x, d̃µ, d̃
1
x, d̃

1
µ) satisfies (11a)–(11d) and (12a)–(12d). By Theorem 2.1, QPµ(y; dy)

is a strictly convex quadratic program under Assumption (H3), so its KKT system (11a)–(11d) admits a unique
solution d̃x = x′(y; dy) and d̃µ ∈ EMµ as vertex solution of the multiplier set. Similarly, by Theorem 4.1, the
second-order parabolic subproblem is strictly convex under Assumption (H3), ensuring that its KKT system
(12a)–(12d) admits a unique primal solution d̃1x = x′′(y; dy, d

1
y) and d̃1µ as a vertex solution of the corresponding

multiplier set. Consequently, using the result of first part,(11a)–(11d) and (12a)–(12d) is equivalent to (28a)–
(28h). Hence, any solution to system (28a)–(28h) must be unique.

(3).Let (dx, dµ, d
1
x, d

1
µ) be the solution of the system (28a)–(28h) for given direction vectors dy and d1y. Then, it

can be easily verified that (tdx, tdµ, t
2d1x, t

2d1µ) also solves (28a)–(28h) for any scalar t > 0 with directions tdy

and t2d1y. For i ∈ Ig(y) \ Ig(y; dy), we have ∇xgi(x(y), y)dx +∇ygi(x(y), y)dy < 0. Therefore, for all sufficiently
small t > 0,

∇xgi(x(y), y)(tdx+ t2d1x)+∇ygi(x(y), y)(tdy + t2d1y)+
1

2
t2dTz ∇2

zzgi(x(y), y)dz ≤ 0, i ∈ Ig(y) \ Ig(y; dy). (30)

Similarly, for i ∈ J(µ; dµ) \ J(µ), we have dµi > 0, which ensures that for all sufficiently small t > 0,

tdµi + t2d1µi
≥ 0, i ∈ J(µ; dµ) \ J(µ). (31)

Denote (d̂x, d̂y, d̂µ, d̂
1
x, d̂

1
y, d̂

1
µ) = (tdx, tdy, tdµ, t

2d1x, t
2d1y, t

2d1µ) and d̂z = (d̂x, d̂y). Set δ1 = ∥d̂y∥ = ∥tdy∥ and

δ2 = ∥d̂1y∥ = ∥t2d1y∥. Combining (30)–(31) with (28g)–(28h) (satisfied by (d̂x, d̂y, d̂µ, d̂
1
x, d̂

1
y, d̂

1
µ)) and using the

facts that ∇xgi(x(y), y)d̂x +∇ygi(x(y), y)d̂y = 0 for i ∈ Ig(y; d̂y) \ I and d̂µi = 0 for i ∈ I \ J(µ; d̂µ), we obtain
(29a)–(29b).

Conversely, (28g)–(28h) can be recovered from (29a)–(29b) directly. Selecting δ = min{δ1, δ2}, it follows that
for ∥d̂y∥ ≤ δ and ∥d̂1y∥ ≤ δ with sufficiently small δ > 0, the system consisting of (28a)–(28f) and (29a)–(29b)
is locally equivalent to (28a)–(28h). From the results of parts (1) and (2), this system is locally equivalent to
(11a)–(11d) and (12a)–(12d).

□

Remark 4.3 The first- and second-order directional derivatives are obtained via the quadratic subproblems in
Theorem 2.1 and Theorem 4.1, respectively. The linear independence condition on the constraint gradients
{∇xgi(x(y), y)}i∈I in their corresponding first- and second-order KKT systems does not affect these primal
solutions; rather, it ensures that the multipliers in these systems correspond to extreme points of the mul-
tiplier sets. Whenever the active-set system (28a)–(28h) is feasible for nonzero vectors for some admissible
index set J(µ) ⊆ I ⊆ Ig(y) and µ ∈ EM(y) such that {∇xgi(x(y), y)}i∈I is linearly independent, then from
Theorem 4.1(1(b)), we have µ ∈ S2(dy, d

1
y) ∩ EM(y). Furthermore, from Proposition 4.1, the first-order KKT

system (11a)–(11d) is satisfied, which ensures that dµ ∈ EMµ.
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5 Second-order optimality conditions for BOP

The existing literature on second-order optimality conditions using the value function approach to estab-
lish the existence of solutions to bilevel programming problems is summarized in Section 1. In this section,
we derive the second-order necessary and sufficient conditions for BOP using the parabolic second-order
directional derivative of the optimal solution function of the lower-level problem. First, we establish
the following second-order necessary optimality conditions for an optimization problem with continuous,
second-order directionally differentiable functions, which will be used later to derive the second-order
necessary conditions for BOP.

Lemma 5.1 Let y be a local optimal solution to the following optimization problem

min
y′

h0(y
′) s.t. hi(y

′) ≤ 0, i ∈ Λp,

where h0 : Rm → R and hi : Rm → R, i ∈ Λp are continuous and second-order directionally differentiable
functions around y. Then there does not exist d1y ∈ Rm such that the following system is satisfied.

h′0(y; dy) + h′′0 (y; dy, d
1
y) < 0, (32a)

h′i(y; dy) + h′′i (y; dy, d
1
y) < 0, i ∈ Ih(y), (32b)

h′0(y; dy) ≤ 0, h′i(y; dy) ≤ 0, i ∈ Ih(y), (32c)

where Ih(y) = {i ∈ Λp : hi(y) = 0}.

Proof Let {yk} be a sequence yk = y + αkdy + α2
kd

1
y with αk > 0 and {αk} ↓ 0 for some (dy, d

1
y) ∈ Rm × Rm.

Since h0 and hi, i ∈ Ih(y) are second-order directional differentiable at y,

h0(y
k) = h0(y) + αkh

′
0(y; dy) + α2

kh
′′
0 (y; dy, d

1
y) + o(α2

k), ∀k, (33)

and hi(y
k) = hi(y) + αkh

′
i(y; dy) + α2

kh
′′
i (y; dy, d

1
y) + o(α2

k), ∀k. (34)

Suppose, for the purpose of contradiction, that there exists d1y such that (32a)-(32c) is satisfied. From the

conditions (32b)-(32c), it follows that for each i ∈ Ih(y), either h′i(y; dy) < 0 or h′i(y; dy) = 0, h′′i (y; dy, d
1
y) < 0.

In either case, there exists N1 such that hi(y
k) < hi(y) = 0 for all i ∈ Ih(y) and k ≥ N1 from (34). Using

the continuity of hi for i ∈ Λp \ Ih(y), there exists N2 ≥ N1 such that hi(y
k) < 0 for all i ∈ Λp \ Ih(y) and

k ≥ N2. Finally, using (32a), (32c), and (33) we can conclude in a similar manner that there is N3 ≥ N2 such
that h0(y

k) < h0(y) for all k ≥ N3. Thus, h0(y
k) < h0(y) for hi(y

k) < 0 for all i ∈ Λp and k ≥ N3. This yields
a contradiction since y is a local optimal solution. Hence, the result follows. □

Let {αk} be a sequence with αk > 0 for each k and {αk} → 0, and the sequence {yk} is defined by
yk = y + αkdy + α2

kd
1
y for each k. From Theorem 3.2, it follows that

x(yk) = x(y) + αkx
′(y; dy) + α2

kx
′′(y; dy, d

1
y) + o(α2

k)

for each k. Consider the expansion of F around (x(y), y) as

F (x(yk), yk) = F (x(y), y) + αk

(
∇xF (x(y), y)x′(y; dy) +∇yF (x(y), y) dy

)
+ α2

k

(
∇xF (x(y), y)x′′(y; dy, d

1
y) +∇yF (x(y), y) d1y

+
1

2

(
x′(y; dy)

T dTy
)
∇2

zzF (x(y), y)

(
x′(y; dy)

dy

))
+ o(α2

k), ∀k.

Let F̃ (·) := F (x(·), ·) and G̃(·) := G(x(·), ·). Then, the first-order directional derivative and the second-
order directional derivative of the implicit function F̃ (y) are given by

F̃ ′(y; dy) = ∇xF (x(y), y)x′(y; dy) +∇yF (x(y), y)dy, (35a)

F̃ ′′(y; dy, d
1
y) = ∇xF (x(y), y)x′′(y; dy, d

1
y) +∇yF (x(y), y)d1y
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+
1

2

(
x′(y; dy)

T dTy
)
∇2

zzF (x(y), y)

(
x′(y; dy)

dy

)
, (35b)

respectively. Similarly, for each active index i ∈ IG(y), the first- and second-order directional derivatives
of G̃i(y) are given by

G̃′
i(y; dy) = ∇xGi(x(y), y)x

′(y; dy) +∇yGi(x(y), y)dy, (36a)

G̃′′
i (y; dy, d

1
y) = ∇xGi(x(y), y)x

′′(y; dy, d
1
y) +∇yGi(x(y), y)d

1
y

+
1

2

(
x′(y; dy)

T dTy
)
∇2

zzGi(x(y), y)

(
x′(y; dy)

dy

)
, (36b)

respectively.

Theorem 5.1 (Second-order necessary optimality condition) Let (x(y), y) be a local optimal solution to BOP,
and F,G ∈ C2 in a neighborhood of (x(y), y). Moreover, assume that Assumptions (H1)− (H5) hold at (x(y), y).
Then,

v := min

{
v(µ, I) :

µ ∈ EM(y), J(µ) ⊆ I ⊆ Ig(y),(
∇xgi(x(y), y)

)
i∈I

is linearly independent

}
≥ 0, (37)

where v(µ, I) is the optimal value of the following optimization problem

(P (µ, I)) : min
dz,d1

z,dµ,d1
µ,α

α

s.t.
∇xF (x(y), y)(dx + d1x) +∇yF (x(y), y) (dy + d1y)

+ 1
2d

T
z ∇2

zzF (x(y), y)dz ≤ α,

∇xGi(x(y), y) (dx + d1x) +∇yGi(x(y), y) (dy + d1y)

+ 1
2d

T
z ∇2

zzGi(x(y), y)dz ≤ α, i ∈ IG(y),

∇xF (x(y), y) dx +∇yF (x(y), y) dy ≤ 0,

∇xGi(x(y), y)dx +∇yGi(x(y), y) dy ≤ 0, i ∈ IG(y),

(28a)− (28f) and (29a)− (29b) hold,

∥dy∥ ≤ 1, ∥d1y∥ ≤ 1.

Proof Under Assumptions H1-H3 and H5 there exist neighborhoods Nx(y) at x(y) and Ny at y such that
x(·) : Ny → Nx(y) is strict global optimal solution function. Therefore, BOP can be written in an implicit form
in the neighborhood of y as

min
y′

F̃ (y′) s.t. G̃i(y
′) ≤ 0, i ∈ Λp,

where F̃ (y′) = F (x(y′), y′), G̃i(y
′) = Gi(x(y

′), y′), i ∈ Λp for y′ ∈ Ny.
Given that (x(y), y) solves BOP locally, it follows that y is a local optimal solution to the above implicit bilevel
problem. Using Lemma 5.1 in the implicit bilevel problem, one can conclude that there does not exist d1y such
that the following conditions are satisfied.

F̃ ′(y; dy) + F̃ ′′(y; dy, d
1
y) < 0,

G̃′
i(y; dy) + G̃′′

i (y; dy, d
1
y) < 0, i ∈ IG(y),

F̃ ′(y; dy) ≤ 0, G̃′
i(y; dy) ≤ 0, i ∈ IG(y).

Consequently, the optimal value of the following problem is nonnegative.

min
α,dy,d1

y

α

s.t. F̃ ′(y; dy) + F̃ ′′(y; dy, d
1
y) ≤ α,

G̃′
i(y; dy) + G̃′′

i (y; dy, d
1
y) ≤ α, i ∈ IG(y),

F̃ ′(y; dy) ≤ 0, G̃′
i(y; dy) ≤ 0, i ∈ IG(y),

∥dy∥ ≤ 1, ∥d1y∥ ≤ 1.

Substituting the values for F̃ ′(y; dy), F̃ ′′(y; dy, d
1
y), G̃′

i(y; dy) and G̃′′
i (y; dy, d

1
y) from (35a)-(36b), we obtain

(P ) : min
α,dy,d1

y

α
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s.t. ∇xF (x(y), y) (x′(y; dy) + x′′(y; dy, d
1
y)) +∇yF (x(y), y)(dy + d1y)

+
1

2

(
x′(y; dy)

T dTy
)
∇2

zzF (x(y), y)

(
x′(y; dy)

dy

)
≤ α,

∇xGi(x(y), y) (x
′(y; dy) + x′′(y; dy, d

1
y)) +∇yGi(x(y), y)(dy + d1y)

+
1

2

(
x′(y; dy)

T dTy
)
∇2

zzGi(x(y), y)

(
x′(y; dy)

dy

)
≤ α, ∀i ∈ IG(y),

∇xF (x(y), y)x′(y; dy) +∇yF (x(y), y)dy ≤ 0,

∇xGi(x(y), y)x
′(y; dy) +∇yGi(x(y), y)dy ≤ 0, ∀i ∈ IG(y),

∥dy∥ ≤ 1, ∥d1y∥ ≤ 1.

Replacing x′(y; dy) = dx and x′′(y; dy, d
1
y) = d1x and incorporating the system (28a)-(28f) and (29a)-(29b) for

some index set I satisfying J(µ) ⊆ I ⊆ Ig(y) such that
(
∇xgi(x(y), y)

)
i∈I

is linearly independent, Problem
(P) can be reformulated into (P (µ, I)). Therefore, the optimal value of the optimization problem (37) is always
non-negative for any I satisfying J(µ) ⊆ I ⊆ Ig(y) such that

(
∇xgi(x(y), y)

)
i∈I

is linearly independent as the
optimal value of problem (P) is non-negative. This proves the theorem. □

A second-order necessary condition can be useful in certain cases. The following example is a modifi-
cation of Example 4.1 of Dempe [1]. Here we see that the first-order necessary condition due to (Corollary
3.4, Dempe [1]) is satisfied at a non-optimal point, whereas the second-order necessary optimality
condition (Theorem 5.1) is not satisfied at that point.

Example 5.1

min
x,y

{(x+ 5)2 + (y − 4)2 | x ∈ Ψ(y)},

where Ψ(y) := argmin
x

{(x− 3)2 | x2 − y ≤ 0}

Note that (x, y) = (1, 1) is a non-optimal point. Here, M(y) = {2} and J(µ) = Ig(y), which results
in a single choice I = Ig(y).

min α

s.t. 12dx − 6dy ≤ α,

6dx + 2dµ = 0, −2dx + dy = 0,

− 1 ≤ dy ≤ 1.

The optimal value of the above problem is 0, which means that the first-order necessary conditions
(Corollary 3.4, Dempe [1]) are satisfied. Next, we will show that the second-order necessary conditions
do not hold at this point.

The problem (P (µ, I)) at (x, y, µ) = (1, 1, 2) in Theorem 5.1 is

min α

s.t. 12(dx + d1x)− 6(dy + d1y) + (dx)
2 + (dy)

2 ≤ α,

6dx + 2dµ = 0, −dy + 2dx = 0,

6d1x + 2d1µ = −2dxdµ, −d1y + 2d1x = −(dx)
2,

− 1 ≤ dy ≤ 1,−1 ≤ d1y ≤ 1.

The optimal value of the above problem is −0.25, which is negative. Hence, this does not satisfy the
necessary condition of Theorem 5.1. □

To derive the second-order sufficient optimality condition, one typically needs to solve an auxiliary sub-
problem with respect to the second-order tangent direction, parameterized by each nonzero first-order
tangent direction (see Theorem 22, Liu et al. [18], Condition 2.5, Rückmann and Shapiro [20]). Because
verifying this condition pointwise for every direction can be difficult, we instead formulate a subproblem
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that uses both the normalized first-order direction dy and the second-order direction d1y simultane-
ously. Specifically, for the case without upper-level constraints, we propose the following combinatorial
quadratic problem P ′(µ, I) with the index I = (I1, I2, I3) with J(µ) ⊆ I3 ⊆ I1 ⊆ I2 ⊆ Ig(y).

(P ′(µ, I)) :

min
dz,d1

z,dµ,d1
µ

∇xF (x(y), y)(dx + d1x) +∇yF (x(y), y)(dy + d1y) +
1

2
dTz ∇2

zzF (x(y), y)dz

s.t. ∇xF (x(y), y)dx +∇yF (x(y), y)dy ≤ 0, (38a)

System (28a)–(28f) holds for I = I1, (38b)

∇xgi(x(y), y) d
1
x +∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz ≤ 0, i ∈ I2 \ I1, (38c)

d1µi
≥ 0, i ∈ I1 \ I3, d1µi

= 0, i /∈ I1, (38d)

∥dy∥ = 1. (38e)

Denote the optimal value of P ′(µ, I) as v′(µ, I) for later use. To establish the second-order sufficient
condition, we shall need the concept of a second-order tangent set for the feasible set of the bilevel
problem BOP.

Definition 5.1 (Liu et al. [18], Bonnans and Shapiro [24]) Given C ⊆ Rn × Rm and z∗ ∈ C, the tangent cone
to C at z∗ is defined by

TC(z∗) :=

{
dz ∈ Rn × Rm :

∃ tk ↓ 0, dkz → dz
with z∗ + tkd

k
z ∈ C

}
.

For z∗ ∈ C and dz ∈ TC(z∗), the outer second-order tangent set to C at z∗ in the direction dz is defined by

T 2
C(z∗; dz) :=

{
d1z ∈ Rn × Rm :

∃ tk ↓ 0, d1,kz → d1z
with z∗ + tkdz + t2kd

1,k
z ∈ C

}
.

To derive the second-order sufficient optimality conditions for the nonsmooth problem with set con-
straint, Liu et al. [18] (Definition 2), and Bonnans and Shapiro [24]( Definition 3.85) have used the outer
second-order regularity assumption. It is used here on the feasible set of the bilevel problem BOP.

Definition 5.2 (Outer second-order regularity) Let C be a closed subset of Rn × Rm, z ∈ C, and dz ∈ TC(z).
We say that C is outer second-order regular at z in the direction dz if, for any sequence {zk} ⊆ C of the form

zk := z + tkdz + t2kd
1,k
z ,

where {tk} ↓ 0 and sequence {d1,kz } satisfies {tkd
1,k
z } → 0, the following condition holds,

lim
k→∞

dist
(
d1,kz , T 2

C(z; dz)
)
= 0,

where dist(u, S) := infv∈S ∥u− v∥ denotes the Euclidean distance from a point u to a set S.

Lemma 5.2 Let χ : Rm → Rn be locally Lipschitz continuous around y ∈ Rm. Then, the following statements
hold:

1. (Bonnans and Shapiro [24, Proposition 2.49]) If χ is directionally differentiable at y, then it is directionally
differentiable at y in the Hadamard sense, and the first-order directional derivative mapping χ′(y; ·) : Rm →
Rn is Lipschitz continuous with modulus L on Rm, that is,

∥χ′(y; d1)− χ′(y; d2)∥ ≤ L∥d1 − d2∥ ∀d1, d2 ∈ Rm.

2. (Liu et al. [18, Proposition 2.6]) Let dy ∈ Rm. If χ is second-order directionally differentiable at y in direction
dy, then χ is second-order directionally differentiable at y in direction dy in the Hadamard sense, and the
second-order directional derivative mapping χ′′(y; dy, ·) : Rm → Rn is Lipschitz continuous with modulus L,
that is,

∥χ′′(y; dy, w)− χ′′(y; dy, v)∥ ≤ L∥w − v∥ ∀w, v ∈ Rm.

24



Under Assumptions (H1)-(H5), the lower-level problem admits a unique strict local minimizer x(y)
for each parameter y near the reference point. Hence, the set-valued mapping Ψ reduces locally to a
single-valued function x(·), and the graph of Ψ can be locally represented as

C := gph(Ψ) = {(x, y) ∈ Rn × Rm : x = x(y)} . (39)

By Theorem 3.2, the solution function x(·) is second-order directionally differentiable along parabolic
paths. The first- and second-order tangent sets to C at (x(y), y) are characterized as follows. The proof
takes use of Lemma 5.2.

Proposition 5.1 Suppose Assumptions (H1)-(H5) hold at (x(y), y) ∈ C.

1. The tangent cone to C at (x(y), y) is given by

TC(x(y), y) =
{
(dx, dy) ∈ Rn × Rm : dx = x′(y; dy)

}
.

2. For any tangent direction (dx, dy) ∈ TC(x(y), y) satisfying dx = x′(y; dy), the outer second-order tangent
set to C at (x(y), y) in direction (dx, dy) is given by

T 2
C

(
(x(y), y); (dx, dy)

)
=
{
(d1x, d

1
y) ∈ Rn × Rm : d1x = x′′(y; dy, d

1
y)
}
.

Proof Let (dx, dy) ∈ TC(x(y), y). Hence, by definition, there exist sequences {tk} ↓ 0 and {(dkx, dky)} → (dx, dy)

such that (x(y) + tkd
k
x, y + tkd

k
y) ∈ C, implying

x(y) + tkd
k
x = x(y + tkd

k
y).

Since x(·) is Hadamard directionally differentiable from Lemma 5.2 (1), it follows that

dx = lim
k→∞

x(y + tkd
k
y)− x(y)

tk
= x′(y; dy).

Conversely, for any dy ∈ Rm and dx = x′(y; dy), let {tk} ↓ 0 be an arbitrary sequence, and set

(dkx, d
k
y) :=

(
x(y + tkdy)− x(y)

tk
, dy

)
.

Then (x(y)+ tkd
k
x, y+ tkd

k
y) = (x(y+ tkdy), y+ tkdy) ∈ C for all k. By directional differentiability, {(dkx, dky)} →

(x′(y; dy), dy) = (dx, dy), which verifies that (dx, dy) ∈ TC(x(y), y). This proves the first part.
Next, let (d1x, d

1
y) ∈ T 2

C

(
(x(y), y); (dx, dy)

)
with dx = x′(y; dy). By the definition of the outer second-order

tangent set, there exist sequences {tk} ↓ 0 and {(d1,kx , d1,ky )} → (d1x, d
1
y) such that(

x(y) + tkdx + t2kd
1,k
x , y + tkdy + t2kd

1,k
y

)
∈ C.

This implies
x(y) + tkx

′(y; dy) + t2kd
1,k
x = x(y + tkdy + t2kd

1,k
y ).

Since x(·) is second-order directionally differentiable in the sense of Hadamard from Lemma 5.2 (2), dividing by
t2k and taking k → ∞ gives

d1x = lim
k→∞

x
(
y + tkdy + t2kd

1,k
y

)
− x(y)− tkx

′(y; dy)

t2k
= x′′(y; dy, d

1
y).

The reverse inclusion follows by selecting d1,kx =
x(y+tkdy+t2kd

1
y)−x(y)−tkx

′(y;dy)

t2k
and d1,ky = d1y, which completes

the proof. □

Theorem 5.2 (Second-Order Sufficient Optimality Condition) Let (x(y), y) be a feasible point of BOP without
upper-level constraints. Suppose that

(i) Assumptions (H1)-(H5) hold;

(ii) F ∈ C2 in a neighborhood of (x(y), y);

(iii)
∇xF (x(y), y)x′(y; dy) +∇yF (x(y), y)dy ≥ 0 for all ∥dy∥ = 1; (40)
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(iv) The graph C := gph(Ψ) is outer second-order regular at (x(y), y) in direction (x′(y; dy), dy) for all dy with
∥dy∥ = 1;

(v) For index sets I = (I1, I2, I3) satisfying J(µ) ⊆ I3 ⊆ I1 ⊆ I2 ⊆ Ig(y) such that {∇xgi(x(y), y)}i∈I1 is
linearly independent,

v′ := min

{
v′(µ, I) :

µ ∈ EM(y), and the optimal solution (dz , d
1
z , dµ, d

1
µ) to P ′(µ, I)

satisfies I2 = Ig(y; dy) and I3 = J(µ; dµ).

}
> 0.

Then (x(y), y) is a strict local minimum of BOP, and there exist constants ε > 0 and c > 0 such that

F (x′, y′) ≥ F (x(y), y) + c∥y′ − y∥2

for all (x′, y′) satisfying ∥y′ − y∥ ≤ ε and x′ ∈ Ψ(y′).

Proof Let (dz , dµ, d
1
z , d

1
µ) be the solution to P ′(µ, I) with J(µ) ⊆ I3 ⊆ I1 ⊆ I2 ⊆ Ig(y) such that

{∇xgi(x(y), y)}i∈I1 is linearly independent, and I2 = Ig(y; dy) and I3 = J(µ; dµ). Then, by Proposition 4.1, in

System (38b)–(38e) we have dx = x′(y; dy) and d1x = x′′(y; dy, d
1
y). Since v′ > 0, we have

∇xF (x(y), y)
(
x′(y; dy) + x′′(y; dy, d

1
y)
)
+∇yF (x(y), y)

(
dy + d1y

)
+

1

2

(
x′(y; dy)

T dTy
)
∇2

zzF (x(y), y)

(
x′(y; dy)

dy

)
> 0

for all (dy, d
1
y) satisfying

∇xF (x(y), y)x′(y; dy) +∇yF (x(y), y)dy ≤ 0, ∥dy∥ = 1.

In view of (40), we obtain
∇xF (x(y), y)x′(y; dy) +∇yF (x(y), y)dy = 0. (41)

Suppose, to the contrary, that there exists a sequence {(x(yk), yk)} with x(yk) ∈ Ψ(yk) and yk ̸= y such that
{yk} → y and

F (x(yk), yk) < F (x(y), y) + o(∥yk − y∥2). (42)

Using Assumptions (H1)-(H3), it follows from the continuity of x(·) that {x(yk)} → x(y). Setting αk := ∥yk−y∥,
the sequence {dk} :=

{
yk−y
αk

}
converges, possibly over a subsequence, to some directional vector dy with ∥dy∥ = 1.

Hence, for the sequence {d1,ky } :=

{
dk−dy

αk

}
, there exists a subsequence of {yk} such that {αkd

1,k
y } → 0. Thus,

yk = y + αkd
k = y + αk(dy + αkd

1,k
y ) = y + αkdy + α2

kd
1,k
y .

Let

d1,kx :=
x(yk)− x(y)− αkx

′(y; dy)

α2
k

.

Since x(·) is second-order gph-regular at y along the sequence yk = y + αkdy + α2
kd

1,k
y , it satisfies

x(yk) = x(y) + αkx
′(y; dy) + α2

kx
′′(y; dy, d

1,k
y ) + o(α2

k),

which implies that

d1,kx = x′′(y; dy, d
1,k
y ) +

o(α2
k)

α2
k

.

Because x(·) is piecewise smooth, by the selection arguments in Theorem 3.3, for each k there exists an index
jk ∈ {1, . . . , N} such that

x′′(y; dy, d
1,k
y ) = x′′jk (y; dy, d

1,k
y ) = ∇yxjk (y)d

1,k
y +

1

2
dTy ∇2

yyxjk (y)dy.

Since the index set {1, . . . , N} is finite and each xj ∈ C2, the families {∇yxj(y)} and {∇2
yyxj(y)} are bounded.

Thus,

max
1≤j≤N

{
∥∇yxj(y)∥, ∥∇2

yyxj(y)∥
}
< ∞.

Using {αk} → 0 and limk→∞ αkd
1,k
y = 0, we obtain

lim
k→∞

αkd
1,k
x = lim

k→∞
αkx

′′
jk (y; dy, d

1,k
y ) + lim

k→∞

o(α2
k)

αk

= lim
k→∞

(
∇yxjk (y)(αkd

1,k
y ) +

1

2
αkd

T
y ∇2

yyxjk (y)dy

)
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= 0.

Because C is outer second-order regular at (x(y), y) in direction (x′(y; dy), dy), by Definition 5.2 we have

lim
k→∞

dist
(
(d1,kx , d1,ky ), T 2

C

(
(x(y), y); (x′(y; dy), dy)

))
= 0.

Therefore, there exists a sequence {(wk
x, w

k
y )} ⊆ T 2

C

(
(x(y), y); (x′(y; dy), dy)

)
such that

lim
k→∞

∥(d1,kx , d1,ky )− (wk
x, w

k
y )∥ = 0.

Recall the implicit objective function F̃ (y) := F (x(y), y). By Lemma 5.2, F̃ ′′(y; dy, ·) is Lipschitz continuous with
some modulus L > 0. Then, it follows that

F̃ ′′(y; dy, d
1,k
y ) ≥ F̃ ′′(y; dy, w

k
y )− L∥d1,ky − wk

y∥.

From Proposition 5.1, (wk
x, w

k
y ) ∈ T 2

C

(
(x(y), y); (x′(y; dy), dy)

)
satisfies wk

x = x′′(y; dy, w
k
y ) for each k. Let µ ∈

S2(dy, w
k
y ) ∩ EM(y). Using Proposition 4.1(2), for some suitable index set I1 satisfying J(µ) ⊆ I1 ⊆ Ig(y),

(dz , dµ, w
k
z , d

1,k
µ ) satisfies (28a)-(28h), where dz = (x′(y; dy), dy) and wk

z = (wk
x, w

k
y ) for appropriate dµ, d

1,k
µ .

Then, by Proposition 4.1, for I2 = Ig(y; dy) and I3 = J(µ; dµ), (dz , dµ, w
k
z , d

1,k
µ ) is feasible for system (38a)–(38e)

for each k. Hence, F̃ ′′(y; dy, w
k
y ) ≥ v′ > 0 for all k.

Expanding F ∈ C2 around (x(y), y) and applying (41), we obtain

F (x(yk), yk) = F (x(y), y) + α2
kF̃

′′(y; dy, d
1,k
y ) + o(α2

k)

≥ F (x(y), y) + α2
k

(
v′ − L∥d1,ky − wk

y∥
)
+ o(α2

k).

Since ∥d1,ky − wk
y∥ → 0 as k → ∞ and v′ > 0, there exists v′′ > 0 such that for all sufficiently large k,

F (x(yk), yk)− F (x(y), y)

α2
k

≥ v′′ +
o(α2

k)

α2
k

,

which contradicts (42). Hence, there exist constants c > 0 and ε > 0 such that

F (x′, y′) ≥ F (x(y), y) + c∥y′ − y∥2

for all (x′, y′) satisfying ∥y′− y∥ ≤ ε and x′ ∈ Ψ(y′). Under Assumption (H5), Ψ is single-valued and continuous;
therefore, (x(y), y) is a strict local minimum of BOP. □

Notice that we do not impose a norm bound on the second-order direction d1y. In second-order sufficient
conditions, the analysis uses an unbounded direction vector d1y. If the objective goes to −∞, the optimal
value is negative, which directly violates the condition v′ > 0. Thus, the condition on the optimal value
v′ > 0 rules out unbounded descent.

The following example demonstrates the case when the first-order sufficient condition (Theorem 4.2 of
Dempe [1], Theorem 5.5 of Dempe [2]) is not satisfied. However, the second-order sufficient condition of
Theorem 5.2 is satisfied at the optimal solution of the example. In this example, the lower-level problem
has non-unique multipliers in the KKT optimality conditions at the optimal solution.

Example 5.2

min
x,y

{(x− 3)2 + (y − 1)2 | x ∈ Ψ(y)},

where Ψ(y) := argmin
x

(x− 5)2

s.t. x− 2y + 1 ≤ 0, (i)

− 2x+ y + 1 ≤ 0, (ii)

2x+ y − 7 ≤ 0. (iii)

Here F (x, y) = (x − 3)2 + (y − 1)2, f(x, y) = (x − 5)2 and g1(x, y) = x − 2y + 1, g2(x, y) = −2x +
y+ 1, g3(x, y) = 2x+ y− 7. The upper-level objective function has a global minimum at (3, 1) in R2. At
y = 1, the lower-level problem is min

x
(x− 5)2 s.t. − 2 ≤ x ≤ 3, which has the minimum value at x = 3.

Therefore, (3, 1) is the global optimal solution to this bilevel problem. Next, it remains to verify that
the second-order sufficient optimality condition of Theorem 5.2 holds at (3, 1), whereas the first-order
conditions of Theorem 2.2 do not hold at this point.
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The first-order sufficient optimality condition of Theorem 2.2 is not satisfied at (3, 1) as ∇yF (3, 1) =
∇xF (3, 1) = 0. Observe that Assumptions H1-H5 hold at (3, 1). The KKT optimality conditions for the
lower-level problem at y = 1 are

2(x− 5) + µ1 − 2µ2 + 2µ3 = 0,

µ1(x− 2y + 1) = 0, µ2(−2x+ y + 1) = 0, µ3(2x+ y − 7) = 0,

µ1 ≥ 0, µ2 ≥ 0, µ3 ≥ 0,

where µ1, µ2 and µ3 are KKT multipliers associated with the constraints (i), (ii) and (iii) respectively.
The above system becomes

µ1 + 2µ3 = 4, µ1 ≥ 0, µ2 = 0, µ3 ≥ 0

at (3, 1). Thus, at (x, y) = (3, 1), M(y) = conv{(4, 0, 0)T , (0, 0, 2)T } and EM(y) = {(4, 0, 0)T , (0, 0, 2)T }.
At (x, y) = (3, 1), the active index set is Ig(y) = {i, iii}. For the extreme multipliers in EM(y), for
µ = (4, 0, 0)T , we have J(µ) = {i}; For µ = (0, 0, 2)T , we have J(µ) = {iii}. Consequently, the family of
admissible index triples{

I = (I1, I2, I3) :
J(µ) ⊆ I3 ⊆ I1 ⊆ I2 ⊆ Ig(y), µ ∈ EM(y),

{∇xgi(x(y), y)}i∈I1 is linearly independent

}

evaluates to

I1 =
(
{i}, {i}, {i}

)
, I2 =

(
{i}, {i, iii}, {i}

)
,

I3 =
(
{iii}, {i, iii}, {iii}

)
, I4 =

(
{iii}, {iii}, {iii}

)
.

(a) For I1 =
(
{i}, {i}, {i}

)
,

P ′((4, 0, 0)T , I1) : min
dz,d1

z,dµ,d1
µ

d2x + d2y

s.t. 2dx + dµ1 + 2dµ3 = 0,

2d1x + d1µ1
+ 2d1µ3

= 0,

dx − 2dy = 0, d1x − 2d1y = 0,

2dx + dy ≤ 0,

∥dy∥ = 1.

The solution to P ′((4, 0, 0)T , I1) is (dx, dy, dµ1 , dµ3 , d
1
x, d

1
y, d

1
µ1
, d1µ3

) = (−2,−1, 4, 0, 0, 0, 0, 0) with the

optimal value v′((4, 0, 0)T , I1) = 5. Here I2 = Ig(y; dy) = {i} and I3 = J(µ; dµ) = {i}.
(b) For I2 =

(
{i}, {i, iii}, {i}

)
,

P ′((4, 0, 0)T , I2) : min
dz,d1

z,dµ,d1
µ

d2x + d2y

s.t. 2dx + dµ1 + 2dµ3 = 0,

2d1x + d1µ1
+ 2d1µ3

= 0,

dx − 2dy = 0, d1x − 2d1y = 0,

2dx + dy ≤ 0, 2d1x + d1y ≤ 0,

∥dy∥ = 1.

The solution to P ′((4, 0, 0)T , I2) is (dx, dy, dµ1 , dµ3 , d
1
x, d

1
y, d

1
µ1
, d1µ3

) = (−2,−1, 4, 0, 0, 0, 0, 0) with the

optimal value v′((4, 0, 0)T , I2) = 5. Here, Ig(y; dy) = {i} ̸= I2.
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(c) For I3 =
(
{iii}, {i, iii}, {iii}

)
,

P ′((0, 0, 2)T , I3) : min
dz,d1

z,dµ,d1
µ

d2x + d2y

s.t. 2dx + dµ1 + 2dµ3 = 0,

2d1x + d1µ1
+ 2d1µ3

= 0,

2dx + dy = 0, 2d1x + d1y = 0,

dx − 2dy ≤ 0, d1x − 2d1y ≤ 0,

∥dy∥ = 1.

The solution to P ′((0, 0, 2)T , I3) is (dx, dy, dµ1 , dµ3 , d
1
x, d

1
y, d

1
µ1
, d1µ3

) = (−1
2 , 1, 0,

1
2 , 0, 0, 0, 0) with the opti-

mal value v′((0, 0, 2)T , I3) = 1.25. Here, Ig(y; dy) = {iii} ̸= I2.
(d) For I4 =

(
{iii}, {iii}, {iii}

)
,

P ′((0, 0, 2)T , I4) : min
dz,d1

z,dµ,d1
µ

d2x + d2y

s.t. 2dx + dµ1 + 2dµ3 = 0,

2d1x + d1µ1
+ 2d1µ3

= 0,

2dx + dy = 0, 2d1x + d1y = 0,

dx − 2dy ≤ 0,

∥dy∥ = 1.

The solution to P ′((0, 0, 2)T , I4) is (dx, dy, dµ1 , dµ3 , d
1
x, d

1
y, d

1
µ1
, d1µ3

) = (−1
2 , 1, 0,

1
2 , 0, 0, 0, 0) with the opti-

mal value v′((0, 0, 2)T , I4) = 1.25. Here, I2 = Ig(y; dy) = {iii} and I3 = J(µ; dµ) = {iii}.
Taking the minimum over all feasible admissible triples that satisfy I2 = Ig(y; dy) and I3 = J(µ; dµ):

v′ = min
{
v′((4, 0, 0)T , I1), v′((0, 0, 2)T , I4)

}
= min{5, 1.25} = 1.25 > 0.

Since v′ > 0, the second-order sufficient optimality condition of Theorem 5.2 is satisfied at (3, 1).

6 Conclusion

This work derives second-order necessary and sufficient optimality conditions for BOP with a strongly
stable lower-level problem that admits non-unique KKT multiplier vectors. The analysis uses the solu-
tion function’s parabolic second-order directional derivative for the lower-level problem. Specifically, the
second-order directional derivative in the parabolic sense of the implicit bilevel problem is applied to
derive these optimality conditions. Third-order differentiability information is required for the lower-
level problem, which is the limitation of this work. The derivations can easily be extended for upper
and lower-level equality-type constraints. Numerical approximation techniques for BOP can be devel-
oped using these second-order optimality conditions, which may constitute a future scope of the present
contribution. Liu et al. [17] introduces a generalized concept of a local optimal solution called a bi-local
solution for the bilevel problems with nonconvex lower-level problems. The bi-local solution reduces to
the standard local optimal solution when the lower-level problem is convex. In a recent work of Liu
et al. [18], it is proved that under Assumptions H1-H3, a bi-local solution and a standard local optimal
solution are equivalent. Extending the main results of Section 5 to characterize optimality conditions
for bi-local solutions of bilevel optimization problems with nonconvex lower-level problems constitutes
another direction for future research.
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Appendix

Consider the lower-level value function φ(y′) := min
x

{f(x, y′) | g(x, y′) ≤ 0}.

Lemma .1 Suppose Assumptions (H1)-(H5) hold at (x(y), y). Then, for any direction vectors dy, d
1
y ∈ Rm, the

first-order directional derivative φ′(y; dy) and the parabolic second-order directional derivative φ′′(y; dy, d
1
y) of the

optimal value function φ(y) := minx{f(x, y) | g(x, y) ≤ 0} exist and are given by

φ′(y; dy) = max
µ∈M(y)

∇yL(x(y), y, µ)dy,

and

φ′′(y; dy, d
1
y) = max

µ∈S1(dy)

{
∇yL(x(y), y, µ)d

1
y +

1

2
dTz ∇2

zzL(x(y), y, µ)dz

}
,

where dz :=

(
x′(y; dy)

dy

)
.

Proof Under Assumptions (H1)-(H3) and (H5), it follows from Theorem 4.1 and relation (4.7) of Shapiro [28]
that the first-order directional derivative of φ(·) along the direction dy exists and satisfies

φ′(y; dy) = max
µ∈EM(y)

∇yL(x(y), y, µ)dy.

Since this is a linear programming problem in µ over the nonempty, compact polyhedral set M(y), the maximum
over M(y) is attained at an extreme point in EM(y). Therefore,

φ′(y; dy) = max
µ∈EM(y)

∇yL(x(y), y, µ)dy = max
µ∈M(y)

∇yL(x(y), y, µ)dy.

This proves the first assertion. Next, by Theorem 4.2 of Shapiro [28], the parabolic second-order directional
derivative φ′′(y; dy, d

1
y) exists and is given by the minimax problem

φ′′(y; dy, d
1
y) = min

dx∈
⋃

µ∈M(y)

K1
µ(y;dy)

max
µ∈S1(dy)

∇yL(x(y), y, µ)d
1
y +

1

2

(
dTx dTy

)
∇2

zzL(x(y), y, µ)

(
dx
dy

)
. (43)

By Lemma 2.2 of Dempe [29], the critical cone K1
µ(y; dy) is nonempty if and only if µ ∈ S1(dy). Furthermore, by

Theorem 2 of Ralph and Dempe [22], under Assumption (H4) the set K1
µ(y; dy) is invariant for all µ ∈ S1(dy).

Denoting this common polyhedral set by K1(y; dy), the union reduces to⋃
µ∈M(y)

K1
µ(y; dy) =

⋃
µ∈S1(dy)

K1
µ(y; dy) = K1(y; dy).

Hence, (43) can be rewritten as

φ′′(y; dy, d
1
y) = min

dx∈K1(y;dy)
max

µ∈S1(dy)

{
∇yL(x(y), y, µ)d

1
y +

1

2

(
dTx dTy

)
∇2

zzL(x(y), y, µ)

(
dx
dy

)}
.

Under Assumption (H3), the objective function is strictly convex in dx over the closed convex set K1(y; dy), and
affine (hence concave and continuous) in µ over the compact polyhedral set S1(dy). Therefore, applying Fan’s
minimax theorem [33] and Kim and Kum [34], we can interchange min-max operator to max-min operator, and
we obtain

φ′′(y; dy, d
1
y) = max

µ∈S1(dy)
min

dx∈K1(y;dy)

{
∇yL(x(y), y, µ)d

1
y +

1

2

(
dTx dTy

)
∇2

zzL(x(y), y, µ)

(
dx
dy

)}
= max

µ∈S1(dy)

{
∇yL(x(y), y, µ)d

1
y +

1

2
dTy ∇2

yyL(x(y), y, µ)dy

+ min
dx∈K1(y;dy)

(
1

2
dTx∇2

xxL(x(y), y, µ)dx + dTx∇2
xyL(x(y), y, µ)dy

)}
.

By Theorem 2.1(ii), for every µ ∈ S1(dy), the inner quadratic program over K1(y; dy) is uniquely solved by
dx = x′(y; dy). Substituting dx = x′(y; dy) into the objective yields

φ′′(y; dy, d
1
y) = max

µ∈S1(dy)

{
∇yL(x(y), y, µ)d

1
y +

1

2
dTz ∇2

zzL(x(y), y, µ)dz

}
,

which completes the proof. □
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Proof of Lemma 4.2(3):

Proof By definition, since S1(dy) is the optimal solution set of (P 1) with the constraint set M(y) and S2(dy, d
1
y)

is the optimal solution set of (P 2) with the constraint set S1(dy), the inclusions S
2(dy, d

1
y) ⊆ S1(dy) ⊆ M(y) hold

directly. Furthermore, under Assumption (H2)(MFCQ), the multiplier set-valued mapping M(·) is upper semi-
continuous and compact-valued in a neighborhood of y. Thus, the parabolic limiting set V (dy, d

1
y) is a nonempty,

compact subset of M(y).
The proof of Step 1 below holds from Lemma 2.3 of Dempe [29] using the first-order Taylor approximation of the
marginal function φ. We provide the proof for the sake of completeness.
Step 1: Proof of the inclusion V (dy, d

1
y) ⊆ S1(dy).

Arguing by contradiction, suppose there exists µ0 ∈ V (dy, d
1
y) \ S1(dy). Since S1(dy) is the solution set of (P 1),

there exist constants δ1 > 0 and ε1 > 0 such that

∇yL(x(y), y, µ)dy < max
v∈M(y)

∇yL(x(y), y, v)dy − δ1, ∀µ ∈ M(y) ∩Nε1(µ
0), (44)

where Nε1(µ
0) := {µ ∈ Rq : ∥µ− µ0∥ < ε1}.

Since µ0 ∈ V (dy, d
1
y), by definition there exist a sequence of positive real numbers {αk} ↓ 0 and a sequence

of multipliers {µk} with µk ∈ M(yk), where yk = y+αkdy +α2
kd

1
y, such that limk→∞ µk = µ0. Along a suitable

subsequence, we have
lim

k→∞
α−1
k

(
(x(yk), µk)− (x(y), µ0)

)
= (dx, dµ), (45)

where dx = x′(y; dy) by directional differentiability of the solution function (Theorem 3.2).
Under Assumptions (H1)-(H3), φ is directionally differentiable at y along dy, and from Lemma .1

φ′(y; dy) = lim
αk↓0

φ(yk)− φ(y)

αk
= max

µ∈S1(dy)
∇yL(x(y), y, µ)dy. (46)

Using Taylor’s expansion of the Lagrangian about (x(y), y, µ), and observing that φ(yk) = L(x(yk), yk, µk) and
φ(y) = L(x(y), y, µ0) by complementary slackness and relation (46) yields

φ(yk) = L(x(yk), yk, µk)

= L(x(y), y, µ0) + αk

{
∇xL(x(y), y, µ0)

x(yk)− x(y)

αk

+∇yL(x(y), y, µ
0)
(
dy + αkd

1
y

)
+∇µL(x(y), y, µ0)

µk − µ0

αk

}
+ o(αk)

= L(x(y), y, µ0) + αk max
v∈M(y)

∇yL(x(y), y, µ0)dy + o(αk). (47)

Since µ0 ∈ M(y), KKT stationarity gives ∇xL(x(y), y, µ0) = 0. Dividing by αk and comparing both sides of
(47), it follows from (44) and (45) that for all sufficiently large k

∇yL(x(y), y, µ0)dy +∇µL(x(y), y, µ0)
µk − µ0

αk
+

o(αk)

αk
≥ ∇yL(x(y), y, µ0)dy + δ1. (48)

On the other hand, note that ∇µL(x(y), y, µ0) = g(x(y), y). For sufficiently large k, it follows that Ig(y
k) ⊆ Ig(y).

Because µk
i = 0 for all i /∈ Ig(y

k) and gi(x(y), y) = 0 for all i ∈ Ig(y), we obtain

∇µL(x(y), y, µ0)(µ
k − µ0) = g(x(y), y)T (µk − µ0) = 0

for all large k. Consequently, the term ∇µL(x(y), y, µ0)
µk−µ0

αk
vanishes identically, which contradicts relation

(48) as k → ∞ since δ1 > 0. Hence, V (dy, d
1
y) ⊆ S1(dy).

Step 2: Proof of the inclusion V (dy, d
1
y) ⊆ S2(dy, d

1
y).

We again use the argument of contradiction. Suppose there exists µ0 ∈ V (dy, d
1
y) \ S2(dy, d

1
y). From Step 1, we

have µ0 ∈ S1(dy). Since µ0 /∈ S2(dy, d
1
y) and S2(dy, d

1
y) is the set of optimal solutions to the linear program (P 2)

in (13), there exists a scalar δ2 > 0 such that∑
i∈Ig(y)

µ0
i

(
∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz

)

< max
µ∈S1(dy)

∑
i∈Ig(y)

µi

(
∇ygi(x(y), y)d

1
y +

1

2
dTz ∇2

zzgi(x(y), y)dz

)
− δ2, (49)
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where dz =

(
x′(y; dy)

dy

)
. Under Assumptions (H1)-(H5) using Lemma .1, we obtain

φ′′(y; dy, d
1
y) = max

µ∈S1(dy)

{
∇yL(x(y), y, µ)d

1
y +

1

2
dTz ∇2

zzL(x(y), y, µ)dz

}
.

Adding the constant quantity ∇yf(x(y), y)d
1
y + 1

2d
T
z ∇2

zzf(x(y), y)dz to both sides of (49), we obtain

∇yL(x(y), y, µ
0)d1y +

1

2
dTz ∇2

zzL(x(y), y, µ
0)dz + δ2 < φ′′(y; dy, d

1
y). (50)

Now, along the sequence yk = y + αkdy + α2
kd

1
y, consider the sequence {µk} such as µk ∈ M(yk) converging to

µ0 ∈ V (dy, d
1
y). By Theorem 3.2, x(·) admits the second-order directional Taylor expansion:

x(yk) = x(y) + αkx
′(y; dy) + α2

kx
′′(y; dy, d

1
y) + o(α2

k).

Setting dµ := limk→∞
µk−µ0

αk
along a suitable subsequence, we can write µk = µ0 + αkdµ + o(αk). With-

out loss of generality, that subsequence is {yk}. Expanding the Lagrangian L(x(yk), yk, µk) = f(x(yk), yk) +
(µk)T g(x(yk), yk) around (x(y), y, µ0) up to second order in αk gives

L(x(yk), yk, µk) = L(x(y), y, µ0)

+ αk

(
∇xL(x(y), y, µ

0)x′(y; dy) +∇yL(x(y), y, µ
0)dy + g(x(y), y)T dµ

)
+ α2

k

(
∇xL(x(y), y, µ

0)x′′(y; dy, d
1
y) +∇yL(x(y), y, µ

0)d1y

+
1

2

(
dTz dTµ

)
∇̂2L(x(y), y, µ0)

(
dz
dµ

)
+ g(x(y), y)T

(
lim

k→∞

µk − µ0 − αkdµ

α2
k

))
+ o(α2

k). (51)

Since µ0 ∈ M(y), ∇xL(x(y), y, µ
0) = 0. For active indices i ∈ Ig(y), gi(x(y), y) = 0, while for inactive indices

i /∈ Ig(y), µ
k
i = µ0

i = 0 for all large k. Thus,

g(x(y), y)T dµ = 0 and g(x(y), y)T
(

lim
k→∞

µk − µ0 − αkdµ

α2
k

)
= 0.

Furthermore, from the quadratic form ∇̂2L(x(y), y, µ0),

1

2

(
dTz dTµ

)
∇̂2L(x(y), y, µ0)

(
dz
dµ

)
=

1

2
dTz ∇2

zzL(x(y), y, µ
0)dz + dTµ∇2

µzL(x(y), y, µ
0)dz +

1

2
dTµ∇2

µµL(x(y), y, µ
0)dµ

=
1

2
dTz ∇2

zzL(x(y), y, µ
0)dz +

q∑
i=1

dµi

(
∇xgi(x(y), y)x

′(y; dy) +∇ygi(x(y), y)dy
)
,

where ∇2
µµL(x(y), y, µ

0) = 0 because L is affine in µ. For i /∈ Ig(y), dµi = 0. For i ∈ J(µ0), the first-order

condition (11b) gives ∇xgi(x(y), y)x
′(y; dy) + ∇ygi(x(y), y)dy = 0, while for i ∈ Ig(y) \ J(µ0), the first-order

complementary condition (11d) ensures that dµi

(
∇xgi(x(y), y)x

′(y; dy) +∇ygi(x(y), y)dy
)
= 0. Hence,

dTµ∇2
µzL(x(y), y, µ

0)dz =

q∑
i=1

dµi

(
∇xgi(x(y), y)x

′(y; dy) +∇ygi(x(y), y)dy
)
= 0.

By complementary condition µkg(x(yk), yk) = µ0g(x(y), y) = 0, we have φ(yk) = L(x(yk), yk, µk) and φ(y) =
L(x(y), y, µ0). Substituting into (51) gives

φ(yk)− φ(y) = αk∇yL(x(y), y, µ
0)dy + α2

k

(
∇yL(x(y), y, µ

0)d1y +
1

2
dTz ∇2

zzL(x(y), y, µ
0)dz

)
+ o(α2

k).

Since µ0 ∈ S1(dy), we have φ′(y; dy) = ∇yL(x(y), y, µ
0)dy using Lemma .1. Subtracting αkφ

′(y; dy), dividing by
α2
k, and taking the limit as k → ∞, we obtain:

φ′′(y; dy, d
1
y) = ∇yL(x(y), y, µ

0)d1y +
1

2
dTz ∇2

zzL(x(y), y, µ
0)dz .

This contradicts (50) since δ2 > 0. Therefore, V (dy, d
1
y) ⊆ S2(dy, d

1
y).

Since V (dy, d
1
y) is nonempty and V (dy, d

1
y) ⊆ S2(dy, d

1
y), it follows immediately that

∅ ̸= V (dy, d
1
y) = V (dy, d

1
y) ∩ S2(dy, d

1
y).

This completes the proof. □
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