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Abstract

Two-stage stochastic integer programs provide a powerful framework for modeling decision-
making under uncertainty, but they are notoriously difficult to solve at scale due to their high
dimensionality and intrinsic nonconvexity. Decomposition-based algorithms such as Benders meth-
ods and Branch-and-Price (related dual decomposition methods) have become standard computa-
tional approaches for such problems and demonstrate excellent empirical performance in practice.
Despite their widespread use, however, existing theoretical guarantees are almost exclusively based
on worst-case analyses, which predict exponential convergence behavior in the problem dimension
and fail to explain the strong performance observed in practice. In this paper, we present the first
average-case analysis of Branch-and-Price for a broad class of two-stage stochastic binary integer
programs. We study a stochastic-input model in which objective coefficients and constraint ma-
trices are drawn at random and right-hand-side vectors scale with the decision dimension, while
the number of constraints per scenario is fixed. Under this model, we prove that, with high prob-
ability, Branch-and-Price explores at most n°(°% s) nodes, yielding a quasi-polynomial bound on
the size of the search tree in typical instances, where n denotes the decision dimension and s the
number of scenarios. A key ingredient of our analysis is an average-case bound on the integrality
gap of the natural linear programming (LP) relaxation. We show that this gap shrinks at rate
O(%) with high probability. This result is of independent interest, as it implies that the
integrality gap grows only logarithmically with the number of scenarios on average. This helps
explain why LP-based heuristics work well in practice, even in large-scale stochastic settings with
an enormous number of scenarios, where LP relaxations with a large number of constraints are
usually believed to be weak.
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1 Introduction

Consider the following problem:

OPT(b) = max s (@, x") + 3~ (0, x) (1a)
i€[s]

st AQx® 4 AOxD < b0 vi e [s], (1b)

x@ x@ e {0,1}", Viel[s] (1c)

where A®) € Q™*™ and ¢V € Q" for all i € [s] U {0}.

Problem is a two-stage stochastic integer program, a widely used framework for modeling decision-
making under uncertainty [15,16,19,20]. The vector x(°) represents first-stage (here-and-now) decisions
that must be fixed before the uncertainty is realized, while x(¥) denotes second-stage (recourse) decisions
associated with scenario ¢ € [s]. Each scenario corresponds to a possible realization of the underlying
uncertainty and is characterized by its right-hand side vector b(®*) and scenario-dependent constraint
matrix A®. In this paper, we focus on the setting in which all decision variables are binary and the
first-stage and second-stage variables have the same dimension. These assumptions are made solely for
notational simplicity and clarity of exposition. All results presented here extend in a straightforward
manner to settings with heterogeneous variable dimensions, nonuniform scenario weights, and more
general mixed-integer decision domains.

In practice, uncertainty is typically approximated by a finite set of scenarios obtained via sampling,
scenario reduction, or discretization. Under this approximation, problem can be viewed as a deter-
ministic approximation of the original stochastic program. Although the dimension of grows only
linearly with the number of scenarios s, the associated computational burden often increases super-
linearly. In the worst case, memory requirements, solution time, and solver performance deteriorate
rapidly, and even evaluating a single candidate first-stage solution may require solving a large number
of scenario-specific integer subproblems.

Decomposition methods are therefore particularly appealing for solving problem , as they exploit the
inherent separability across scenarios [4912/141/15[/18]. By decomposing the problem into smaller, more
tractable subproblems, these methods reduce memory usage, improve computational efficiency, and en-
able scalable solution approaches for large-scale instances. Two general decomposition paradigms are
most commonly used in the literature for two-stage stochastic integer programs: Benders decomposition
and dual decomposition. Benders decomposition is a cutting-plane approach that separates inequali-
ties through value-function approximations of the second-stage problem, whereas dual decomposition
reformulates the problem by introducing nonanticipativity constraints and relaxing these constraints
via Lagrangian multipliers. For comprehensive surveys, we refer the reader to [18] for Benders decom-
position and |7] for dual decomposition.

Despite their strong empirical performance, there remains a substantial gap between the practical suc-
cess of decomposition methods and the current theoretical understanding of their convergence behavior
for two-stage stochastic integer programs. Existing convergence guarantees are almost exclusively de-
rived from worst-case analyses, which yield exponential complexity bounds of order ©(2") [21}23].
Such bounds typically rely on the observation that there are at most 2™ possible first-stage integer
solutions and that each iteration of a decomposition algorithm eliminates at least one suboptimal
candidate. However, this pessimistic worst-case behavior is rarely observed in practice. Extensive
computational studies indicate that decomposition methods often converge in only a small number
of iterations, and in many cases even a single iteration suffices to identify a high-quality or optimal
solution [14]. This pronounced discrepancy motivates the need for a refined, average-case analysis of
the convergence behavior of decomposition methods.

In this paper, we focus on the dual decomposition approach. Because problem is nonconvex,



there is generally a positive duality gap between and the Lagrangian dual associated with its
nonanticipativity reformulation. As a result, additional branching is required in practice to close this
gap and recover an integral optimal solution. This leads to algorithmic frameworks commonly referred
to as Branch-and-Price, column generation, or Dantzig—Wolfe decomposition [10,|17]. In this paper,
we study the behavior of these algorithms.

To move beyond worst-case analysis, we adopt the common perspective of considering random input
instances and focus on average-case performance. Specifically, we consider the following stochastic-
input model:

1. All entries of ¢ and A are drawn independently and uniformly from [0, 1], for all i € [s]U{0}.

2. The right-hand-side vectors are given by b = 89 . 2n, where 8% € (},3) for all i € [s] and
r € [m].

This random model has been considered in prior work (see [11,/13]) and is widely used to evaluate the
performance of decomposition methods |1,/2]. Regarding the choice of the right-hand side, note that

if 55” > % for all ¢ and r, then as n — oo with m fixed, all binary solutions of become feasible
with high probability. In this regime, the problem admits the trivial optimal solution in which all
decision variables equal one and thus becomes asymptotically uninformative. For technical reasons

(see Section , we additionally impose the lower bound Bﬁi) > %, which is slightly stronger than
assumptions used in [13]. Instances with very small values of 552) are typically less interesting, as
they admit only a limited number of feasible first-stage solutions. It is a folklore observation that
the most challenging regime occurs when ﬁfnl) is close to % We therefore believe that the proposed
stochastic-input model is representative and well suited for evaluating the typical performance of

decomposition-based algorithms.

In this work, we assume access to an oracle that can exactly solve the dual decomposition problem,
and we measure the convergence behavior of Branch-and-Price by the number of nodes explored in
the Branch-and-Price tree (Section [2| provides precise definitions). We emphasize that this oracle only
requires an optimization oracle for each individual scenario subproblem of dimension n. Following
prior work [5,[11}/13], we adopt a fixed-parameter regime in which the number of constraints in each
scenario subproblem is fixed at m, while the decision dimension n and the number of scenarios s grow.
Unlike previous studies, we do not fix the total number of constraints in problem ; instead, the total
number of constraints grows linearly with the number of scenarios. Our main result can be stated
informally as follows.

Theorem 1.1 In the stochastic-input model, for sufficiently large n, with probability at least 0.9999—%,
the Branch-and-Price algorithm (see Section@ solves after exploring at most n®=1°2%) nodes.

Theorem follows from the combination of two results established in the subsequent sections. The
first result relates the size of the Branch-and-Price tree to the integrality gap of . The second result
shows that this integrality gap is small with high probability under the stochastic-input model. Taken
together, these results yield the stated bound on the number of nodes explored by the Branch-and-Price
algorithm.

Lemma 1.2 Consider the stochastic-input model, and suppose that, with probability at least 1 —6, the
integrality gap of problem satisfies O, (M> Then, for sufficiently large n, with probability

n

at least 1 —§ — %, the Branch-and-Price algorithm solves after exploring at most n®m(1°89) podes.

IWe use the notation Oy, (g(n,s)) to denote a function f(n,s,m) such that for every fixed m > 0, there exists a
constant ¢ such that f(n,s,m) < c-g(n,s) for all sufficiently large n, s.



Theorem 1.3 In the stochastic-input model, for sufficiently large n, with probability at least 0.9999,
. 2
the integrality gap of (1) satisfies Om(%) .

To the best of our knowledge, this work provides the first theoretical average-case analysis of the
Branch-and-Price algorithm, which has been a standard approach for solving large-scale integer pro-
grams since the 1990s [10,/17]. Our result helps close the gap between the widespread practical success
of Branch-and-Price and the lack of rigorous guarantees for its typical-case behavior, especially in
high-dimensional and multi-scenario settings. Moreover, Theorem extends the classical average-
case integrality gap analysis of [13] from single-block integer programs to a much richer multi-block
two-stage setting, while requiring only logarithmic growth in the number of scenarios s (after normal-
izing by %) This is of independent interest, as it shows that the LP relaxation remains tight even
when the number of scenarios grows, a regime typically regarded as computationally prohibitive. In
particular, it provides theoretical support for LP-relaxation-based decomposition methods [1,/8] by
showing that their underlying relaxations continue to yield high-quality dual bounds in large-scale
two-stage problems with many scenarios.

The remainder of the paper is devoted to proving Theorem and is organized as follows. Section
presents a detailed description of the Branch-and-Price algorithm. Sections [3| and 4] prove Lemma [1.2
and Theorem [1.3] respectively.

2 Dual Decomposition and Branch-and-Price Algorithm

In this section, we provide a detailed description of a standard Branch-and-Price algorithm [3}|10L/17].
Similar to the standard Branch-and-Bound algorithm, which relies on LP relaxations, Branch-and-Price
can be viewed as an enumeration procedure guided by a convex relaxation, where each node solves a
dual decomposition problem (also known as column generation, and as “Lagrangian relaxation” in the
stochastic programming literature).

Since in later sections we will also consider Lagrangian relaxations of linear programs, we adopt the
term dual decomposition relazation here to clearly distinguish between these two types of relaxations.

Dual decomposition relaxation. This continuous relaxation is obtained by convexifying each
combination of the first-stage block and a single scenario block separately (whereas the original problem
is equivalent to jointly convexifying the first-stage block together with all scenario blocks). More
precisely, it is formally defined as

DUAL :=max s - <c(0), X(O)> + Z <c(i), x(i)>
1€[s] (2)
st (x9, x®) € conv(X®), Vie s,

where o )
A0y 0) 4 AO) (D) < p@)
XD =L (yO y@O) | 4Oy < b vje s,
y(©, v binary.

We note that solving such a relaxation can be accomplished via standard column generation by solving
multiple integer linear programs (ILPs) whose size is independent of the number of scenarios (more pre-
cisely, each has 2n variables and 2m linear constraints). Additionally, the Branch-and-Price algorithm
only needs the optimal objective value of this relaxation, which can also be obtained by performing a



Lagrangian relaxation of the nonanticipativity constraints. This latter method, which also uses mul-
tiple solves of ILPs whose size is independent of s, is usually the one employed in practice. See, for
example, [4] for more details.

Branch-and-Price. We consider the Branch-and-Price algorithm based on the dual decomposition
relaxation. More precisely, we instantiate the elements of the Branch-and-Price framework as follows
(see |LOL[17] for a general description of Branch-and-Price):

1. Node relaxation: In each node N of the Branch-and-Price tree, we use the value DUAL(N)
of the dual decomposition relaxation (2)) associated with that node (i.e., with the appropriate
variables x(9) fixed to 0/1).

2. Branching rule: Branch on any x(?) variable that has not yet been fixed at the node; it does
not need to be fractional.

3. Node selection rule: “Best-bound,” i.e., select the unpruned node with the largest computed
dual value.

4. Finding an incumbent solution: Whenever we are at a node N where all variables x(*) are
fixed to 0/1 (call the fixing x(?), we compute a solution x(), ..., %(*) such that x(©, =) .. ()
is feasible for the original problem and has value at least DUAL(N).

3 Size of the Branch-and-Price Tree

In this section, we prove Lemma namely, that as long as the integrality gap of problem is
Om (%) with probability at least 1 — §, then with probability at least 1 —§ — %, the Branch-

and-Price algorithm solves after exploring at most n@=(°&5) nodes. (In Section |4} we prove this
assumption on the integrality gap, thereby obtaining an unconditional bound on the size of the Branch-
and-Price tree.)

The high-level idea for proving this result is as follows:

1. We consider the Lagrangian formulation (using an optimal dual solution) of the standard LP
relaxation, and show that the primal optimal solution associated with each node in our Branch-
and-Price (BP) tree has Lagrangian value at least OPT (Lemma . Intuitively, this holds
because the “best-bound” rule guarantees that we never explore nodes with dual value below
OPT, and the Lagrangian value is at least as high as our dual bound from .

2. We can associate with each node in our BP tree a binary vector with Lagrangian value at
least OPT, and at most n internal nodes are associated with the same vector. This implies an
upper bound on the size of our BP tree based on the number of such binary vectors with high
Lagrangian value (Lemma .

This is accomplished by appropriately rounding the primal optimal solution at each node, using
the fact that the Lagrangian value is linear once the Lagrangian dual has been fixed.

3. We prove that, with high probability, there are only n®=0°8%) hinary vectors with such high
Lagrangian value, as long as the integrality gap is small.

While the overall argument is similar to that of [11], the key difference is that the original bound is
exponential in the number of constraints. In our setting, this number is m - s, which would lead to an



exponential dependence on the number of scenarios. By contrast, our bound scales as n©m(°g5) To
obtain this improved dependence on s, we work only with the projection onto the first-stage variables
x(9) that is, we essentially restrict attention to the matrix A(®), which has only m rows. This approach
exploits the fact that the relaxation convexifies each scenario jointly with the first-stage variables,
and is therefore stronger than the LP relaxation considered in [11].

To formalize this argument, consider the standard LP relaxation of the full problem:

OPTyp := maxs - <c(0),x(0)> + Z <c(i),x(i)> (3a)
i€[s]

s.t. AOxO) 4 AOxO) < p®) v e [s], (3b)

0<x<1. (3¢)

Define the integrality gap by
A= OPTLP - OPT

Consider the Lagrangian relaxation of this linear program:
OPTyp = min max | s- <c<0>,x<0>> +3 <c(r),x(T)> + > <u<r>,b<’“> _ 40 ©0) _ A<r>x<r>>

n>0 0<x<1
rée(s] re(s]

:$§80?3§18'< — (AT ( ZW’) °>>+ Z< (") (ACHT () % >+ Z <u b<r>>

Let (X4, pix) be the saddle point of this Lagrangian. To simplify the notation, let fi, := %Zie[s] ,uff).

Given any first-stage point x(9), let

Px®) =5 (e = (AO) T, x@) 4+ 37 (e — (AT Xy 4 37 () 50

r€(s] rel(s]

constant

be the “Lagrangian value” of this point; note that we are using the optimal dual p, and also the
optimal primal xy) for all the scenarios. Define the set of first-stage binary solutions with I'-value at

least OPT as (recall that OPT is the integer optimum)
Q:={x e {0,1}" : 1(x?) > OPT}.

The first claim is that for every node in the Branch-and-Price tree, the primal optimal solution for the
relaxation at that node has I'-value at least OPT.

Lemma 3.1 Consider any internal node in the Branch-and-Price tree, and let X0, %W . x() pe
the optimal primal solution of the relaxation at this node. Then F(X(O)) > OPT.

PrOOF: Let DUAL(N) denote the exact optimal value of the relaxation associated with node N in
the BP tree. During the execution of BP, the value DUAL(N) is used as the node-selection criterion
under the best-bound rule.

We claim that every internal node N explored by BP satisfies DUAL(N) > OPT. By contradiction,
suppose there exists a node N with DUAL(N) < OPT that is selected for branching. By the best-
bound rule, this implies that for every other open node N’ in the BP tree, DUAL(N') < DUAL(N) <



OPT. On the other hand, there exists at least one node N* (open or pruned) whose relaxation
contains the globally optimal integral solution of the original problem. For such a node, we have
OPT < DUAL(N™). Therefore, N* cannot be an open node at the time N is selected, since all open
nodes have DUAL(-) < OPT. Hence, N* must already be pruned. If N* was pruned by integrality,
then an incumbent solution of value OPT has already been found. If N* was pruned by bounds, then
an incumbent of value at least OPT must have been identified prior to pruning. In either case, the
current incumbent value is OPT. However, since DUAL(N) < OPT, node N would be pruned by
the bounding rule and thus could not be selected for branching, contradicting our assumption. We
conclude that every internal node of the BP tree satisfies DUAL(N) > OPT.

To conclude the proof, we show that for any node IV in the BP tree, the optimal primal solution
% xM %) of its relaxation has I-value at least DUAL(V), namely,

rx®) > s- <C(o),)—<<o>> +3 <C<r>7>—<<r>>. (5)

rel(s]

To prove this, we expand the definition of I and use the fact that Xff) maximizes <c(’“) — (A("))TMY) , x(’”)>
to obtain

M) > s- <c<0) _ (A<o>)Tﬁ*7,—(<0)> +y <C(r) _ (A(T))T'ugf)’)—((r)> +3 <Mgr>7b(r)>

rels rels]
—s- <C<o>’,—((o>> +3 <c<r)7>—<<r>> -3 <M§T>,A<°>i<0> +A(r>,—(<r>> +3 <ng>,b(r>>. (6)
res] re(s] re(s]
Since the solution x(®, %M . x(*) is feasible for the original constraints, i.e.,

A0 L AWM < b for all r € [s],

and ugf) > 0, the last two terms of @ sum to a nonnegative value. Therefore,

rE®)>s. <C<o>7,—<<o>> +3 <c<r>,x<r>> ,

re(s)
which proves . This completes the proof of the lemma. O

Given this result, the point x(9) in the lemma would belong to the set § if x(*) had only 0 /1 coordinates.
However, this point is only an optimal solution of the relaxation (at some node) and thus may have
fractional coordinates. Since I'(-) is a linear function, we can round this point to a 0/1 point with at

least as large a I'-value. More precisely, for a node N of our BP tree, define XS\?) as the argmax

x\0) = argmax  I'(x(?)) : x(© € {0,1}" and x© satisfies the variable fixings of the BP tree at N | .
N

We now have that these solutions xg\?) belong to 2, and using this we can bound the size of our BP
tree by the size of €.

Lemma 3.2 For every internal node N in the BP tree, xg\?) € Q. Moreover, for each x(9) € Q, there

are at most n internal nodes N in the BP tree such that xg\(,)) =xO) . In particular, the size of the BP

tree is at most 2n - | + 1.

PROOF: For the first part: for an internal node N in the BP tree, the solution x(?) from Lemma
is feasible for the argmax defining Xg\?), which implies F(Xg\(]))) >T(x®) > OPT, and so XS\(;) €.



For the second property: if two internal nodes N7 and N5 are not on the same path of the BP tree, then

by looking at the common ancestor of these nodes we observe that there is some coordinate Xgo) that

is fixed to 0 in N7 and 1 in N,, or vice versa; this implies that their points ngl) and xg\ez) are different

(in coordinate j). Thus, all the internal nodes N whose solutions xg\?) map to the same point x(9) of 0
must lie along a single path, and thus there are at most n of them (recall that our Branch-and-Price

algorithm only branches on the n first-stage variables x(o)).

This implies that there are at most n - |Q] internal nodes in the BP tree, which further implies at most
2n - Q| + 1 total nodes (since it is a binary tree). This concludes the proof. O

In light of this result, in order to bound the size of the BP tree, it suffices to bound the number of
points in €.

Lemma 3.3 Suppose that with probability at least 1 —§, A < Om(%)‘ Then with probability
at least 1 — + — &, we have || < nOm(logs)

Lemmas [3.2] and [3.3] thus imply the desired Lemma

3.1 Proof of Lemma 3.3

Recall that (x., u«) is the saddle point of the Lagrangian , and that @, = %ZT ,usf).

Recalling the definition of 2, we would like to bound the number of 0/1 points x(®) such that T'(x(?)) >
OPT. For that, consider the following hyperplane defined by the dual fi.:

H = {y eR™: <(1’ —fx),Y) = O}

The relevance of this hyperplane is that it transfers our task into a geometric one, since, as we show,

['(x(9) can be related to the distance from the first-stage columns (cgo) (o ))

the coordinates j where x(©) and xfko) disagree. Let d(y, H) denote the Euchdean distance between a
point y and the hyperplane H.

to the hyperplane H for

Lemma 3.4 For every x(9) € {0,1}" we have
Ix®) <OPT+A—5s- Zd((cgo),ago))7H) . 1(:17§ ) £ (?J))
J

Consequently, if x(©) belongs to Q, then

PrOOF: The “Consequently” part follows directly from the definition of €2, so we only prove the first
part of the lemma.

Since (X, i« ) is a saddle point for the Lagrangian , by strong duality it achieves the value of OPTp,
and so

OPTp —I(x) =s- <c(0) - (A(O))Tﬁ*,x,(ko) - x(0)>

0 ) ©) _ 0
sjl( (AT - (@)~ 2. (7)



(0) -

Moreover, using the fact that x;  is a saddle point and x(? is a 0/1 vector, we claim that for every j

we have
(e = (A TR,) - @) 2" = (e~ (AR, |19 #20,). ®)

This is because if (c(® —(A©) Tz, ) > 0, then z, ) = 1 (since it is a saddle point) and so (z, (0) go)) =

1(2) # 9 ;), whereas if (c@ — (AONT *)j <0, then xioj) =0and —(z ioj) - § )) =1(z 5—0 7é x*]))

Finally, we claim that
0) (0 _
a(( ). 1) < [~ (A7) | (9)
This is because the point (<ﬁ*, a;_o)> (© )) belongs to H, and so it upper-bounds the distance:

({674 ) | (574) (). )

— (Fal”) | = | = (4 ) |

IN

Combining (8) and (9) and applying them to (7)), we get
0) (0
OPTp — I(x@) > 5. Zd( L), H) 1 £a0).

Using the definition of the integrality gap A = OPTrp — OPT and rearranging the terms then gives
the claim of the lemma. 0

Roughly speaking, the previous lemma means that if x(©) € Q, then the vector x(°) and the saddle
point x,(ko) can differ only on coordinates j for which the column (cgo), 50)) is close to the hyperplane
H. We now show that, with high probability, there are only “a few” of these columns; this in turn
will imply that there are only “a few” possibilities for the vectors in Q to differ from xio), which

upper-bounds the size of () as desired.

To make this precise, we define “buckets” of columns based on their distances to H: for ¢ > 1 define

Jp = {] : d((cg-o), ag-o)),H> is in the interval (10%257 k’%Z“q },

and define Jyem := [n]\Uy>; J¢ as the remaining columns (i.e., those with distance at most 10‘2" -2). The
next lemma establishes the connection between the number of column elements in these buckets and
the size of Q. The proof is the same as that of Lemma 5 of [11], but we reproduce it for completeness.
We use the notation () := () + ...+ (%) for positive integers u > v.

Lemma 3.5 We have the following upper bound:

log C
Q| < 2lenl . ﬁ el
- - <CJ/2t)’

A
where C := logn =

PROOF: First, observe that for every column j in |J,~; J¢, the coordinate x( ) has value 0 or 1:
these columns have strictly positive distance to H, hence from @ they have nonzero reduced costs

(e —(AOnT *)j, and so the saddle-point solution a:ioj) is at the boundary of its domain [0, 1].



Next, notice that every point in Q can be thought of as being created by starting with the vector xio)

and then changing some of its coordinates, and because of Lemma we:

e cannot change the value of %9 in any coordinate j in a bucket J, with ¢ > log C,

e can only flip the value of XSFO) in at most 2% of the coordinates j € Jy, for each £ =1,...,logC
(recall that both xioj) and 935-0) take only the values 0 or 1);

e may set a new arbitrary 0/1 value for, in principle, all coordinates in Jyep,.
Since there are at most 2/7reml . Hleozglc ( <‘(}]’;‘2£) possibilities in this process, we have the desired upper
bound. N O

Since both the columns (05-0)7 ago)) and the hyperplane are random objects that depend on the entries

of the input problem, the sizes of the sets Jy are also random. In order to control these sizes with high
probability, we will use the following technical lemma (Theorem 4 of |11]); let S¥=! denote the unit
sphere in R¥.

Lemma 3.6 (Theorem 4 of [11]) For u € S*~! and w > 0, define the slab of normal u and width
w as

Suw = {y eERF: (u,y) € [—w,w]}.

Let Y',....Y™ be independent random vectors uniformly distributed in the cube [0,1]*. For n > k,
then with probability at least 1 — %, we have that for all w € S*~1 and w > lo%, at most 60nwk of the
Y7 ’s belong to Swwﬂ

Notice that if a column (cgo),a§0)> is such that j belongs to Jy, then this column belongs to the

(m + 1)-dimensional slab {y sd(y, H) < 198720411 of width °872¢+1; thus, the previous lemma can

be used to upper-bound the size |Jy| (and similarly for |Jiem|). Notice that we do not even need to
take a union bound over the ¢’s, since the previous lemma controls their sizes simultaneously. This
gives the following:

Corollary 3.1 With probability at least 1 — %, we have simultaneously

| Jrem| < 120(m + 1) log n,
|Je| < 60(m +1)2logn, Ve [logn — 1].

Now we are ready to prove Lemma |3.3

PROOFOF LEMMA : Since we assumed the integrality gap satisfies A < Om(%) with
probability at least 1 — §, by taking a union bound, with probability at least 1 — % — § both this
event and the upper bounds on |Jy| and |Jrem| from Corollary hold. We show that in this case
|Q| < nOmogs) proving the lemma.

Under this event, we have C := 1ogn . % < f(m) -log slog n for some increasing function f(-) > 1. Let

ly > 0 be a sufficiently large integer of order w but satisfying 60(m + 1)22%+11ogn > 4C
(which exists by the previous upper bound on C). We will use the following standard estimate:

2We note that the assumption n > k is without loss of generality, since the result is trivially true otherwise: the
assumption w > 1287 implies that the final upper bound is 60nwk > 60logn - k > k, making the statement vacuous
when n < k.

10



( gab) < (%2)® whenever a > 4b (our definition of £y ensures that this requirement holds in our application

of the estimate). Then we have the following upper bound:

loﬁc VIS l‘ﬁc 240(m +1)2+ log n \ /% l‘ﬁc J. 26 72"
<C/2t) — (f(m) -log slogn)/2¢ = logs
t=Lo 0=ty o=t
c 2
< Om(1) 2> 52 POT s b
— \logs

IN

o(c
On(1) © . 90m(C) < Om(logs)
log s - .

For the terms with £ < £y, we can use the crude estimate (Z) < 2% to get

Lo—1 Lo—1
H ( |Jé| ) < H 2|Jg\ < QOm(l)'ZUQZO logn 2Om(1)~10g10gs«/logsdogn < nOm(logs).

¢
=1 \SO/2

Finally, directly from Corollary 3.1 we have |Jiem| < Oy, (log n). Employing these bounds in Lemmal[3.5]
we obtain

log C
Q] < 2lwenl ﬁ < | Jel Z) < pOmogs),
<o

This concludes the proof of Lemma g

4 Integrality Gap of Random Two-stage Integer Programs

In this section, we prove Theorem Our approach extends the probabilistic analysis of |13], which
was developed for single-block packing integer programs, to a broader class of multi-block packing
integer programs with a two-stage structure. The main technical difficulty, as well as a detailed
comparison with the argument of [13], are deferred to Section where the necessary background
has been introduced.

Recall that the natural LP relaxation of , parameterized by the right-hand side vector b, is given
by

OPTLp(b) := max s (@, x(@) + Z (10a)
st AOx0 4 A6 )X( ) <b®  viels, (10b)
0<x<1. (10c)

and A denotes the (additive) integrality gap of this relaxation, namely
A := OPTLp(b) — OPT(b).

The formal statement of Theorem [I.3]is as follows:

Theorem 4.1 Let Buin := Minie[q],rem] ﬁﬁi) and set o := By — %, Under this stochastic model, and
under the assumptions that n > 24 (m+2)log(2mn), 2v/n1n snm-+6amlogn < n-(Bmin—1), 2‘/37" <

11



(mlog n)1/4, and n is at least a sufficiently large constant, there exists a constant © € (0,1) that only
depends on m, 3 such that

2
P(ASOm<8flogn>) >1- 253 (e
n n

a2mT6 log(2mn) 2m+8
logn T am

for all f > max{
o (depends on m, ) and for sufficiently large n, this implies that

2
]P’(A <o, (Sk’gSk’g"D > 0.9999.

n

}. By choosing f = ologs for some sufficiently large constant

The full proof of this theorem is rather involved and we sketch the main proof ideas in Section 4.1

4.1 Main Steps of Theorem

Since the proof of Theorem consists of several technical components, we first present the key
lemmas and explain how they together imply the theorem. Each lemma is then proved in a separate
subsection.

To bound the additive integrality gap A = OPTyp(b) — OPT(b), we first derive a bound on how
the objective value changes when moving from an optimal LP solution to an integral one (e.g., via
rounding). In later sections, we show how to construct such a desired rounding. To get a hold of
the LP relaxation, it will be useful to consider its saddle-point (min-max) formulation similar to the
previous argument. Let

Litd(x, ) == s - <c<°>,x<0>> +3 <c<i>,x<i>> +3° <u(i),b(i> _ A0)40) _ A(z‘)x<z‘)> (11)
i€[s] i€[s]
denote the objective of this Lagrangian relaxation, so the LP value is OPTp = maxg<x<i min,>g Lffd(x, ).
We use Bmin := minec(q], re[m] Bﬁi), and set a := Byin — i. With a lot of hindsight, define

3amlogn 1
d:.= 1+ ; 12
2 ( V3. n2> (2
We will actually consider optimal primal/dual solution for the LP with modified RHS b, := b — 2d1.

This extra slack will be necessary to ensure feasibility when we perform our rounding in Lemma
in Section The following lemma is used to control integrality gap A. Here, ay) denotes the j-th

column of the matrix A® and xg-i)

denotes the j-th entry of the vector x(¥).

Lemma 4.1 Let (X, o) be saddle-point for Lﬁ}d(x, w) (notice the modified right-hand side b, ); define
p0 = %Zle pD . Also consider any feasible solution X for the original (integer) problem that
keeps all 1-entries ofxff) (i.e., xf;]) =1 = 5{50 = 1). Then, the additive integrality gap of the original

problem can be upper bounded as A < s- A (x(0) 4 >y AD(x@) where for all i = 0,...,s

o) J

ADGEO) o )], a1 = 406 =+ Y () - ).

- (1) (i)
constraint slackness JXGI>K reduced cost

The proof of this lemma follows the same line of argument as in [5/13], and is included in Section
for completeness. We emphasize that controlling the change in the objective value (c,x) alone is not

12



sufficient, since the LP relaxation is solved with a modified right-hand side b,. In order to relate the
rounded solution back to the original problem with right-hand side b, we require an upper bound on
OPTrp(b). This bound is obtained via a standard sensitivity analysis argument based on the optimal
dual multiplier u,. Taken together, Lemma decomposes the integrality gap into two components:
one arising from reduced costs and the other from constraint slackness.

Proof strategy of Theorem Our proof strategy follows a line similar to that of [13]. In
the single-block case, i.e., when s = 1, and motivated by Lemma the construction of a feasible
integral solution X that yields the desired bound on A proceeds as follows. We first (conceptually)
solve OPTpp(bs) to obtain an optimal solution X, and then round down all fractional entries of X.
While this rounding step guarantees integrality, it inevitably increases the constraint slackness. To
compensate for this effect, we subsequently flip a carefully selected subset of originally zero variables
with small reduced cost in order to absorb the additional slackness introduced by rounding. A key
difficulty of this approach is that the gap formula in Lemma depends jointly on (X, ft,), whose
distributions are complicated and correlated with the random data (A,c) in (I). Therefore, the
existence of a sufficiently large collection of such zero variables is highly non-trivial and is guaranteed
via a sophisticated probabilistic argument.

Comparison to [13]. In this work, we extend the result of [13] to multi-block packing integer
programs with a two-stage structure. If one ignores the block structure of and applies the argument
of [13] directly, one obtains A < O,, (exp(poly(s))%) with high probability, which is significantly
weaker than the bound stated in Theorem An important observation is that if we fix the optimal
dual variable fi,, then all block variables x(¥) become independent of each other in the Lagrangian
Lﬁ,id(x, 1), since all coupling constraints have been dualized. This phenomenon is also reflected in
the gap formula in Lemma namely, there are no cross terms between different block variables
x(), In this case, a natural attempt is to apply the argument of [13] to each block separately, which

10g2 n
n

hopefully would yield A < O,, (s log s >7 as promised in Theorem However, this direct

approach encounters a technical difficulty. The analysis in [5/13] depends critically on the magnitude
of the optimal dual solution and on the number of zero entries in the optimal primal solution. Both
quantities are sensitive to the block structure of and to the number of scenarios s. In fact, using
the arguments in [5,/13], one can show that the optimal dual solution and the number of zero entries of
the optimal primal solution behave as in the single-block case on average, that is, ||% Z‘;l ug) HOO 2
Hoptimal dual variables when s = 1||Oo. Despite this favorable average behavior, this information alone
is insufficient to characterize the full distribution of these quantities. Consequently, it does not suffice
to reduce the analysis of the multi-block problem to that of the single-block case. Indeed, a naive
blockwise application of the analysis in [13] would still result in an exponential dependence on s,

yielding a bound of the form O,, (exp(poly(s))@) . Our main contribution is to show that if we
impose an additional lower-bound requirement on the right-hand side b, namely, bgi) = 67@ -2n, ﬁﬁi) €
(1,3), Vi € [s], r € [m], then the average behavior of the magnitude of the optimal dual solution
and the number of zero entries in the optimal primal solution accurately reflects their behavior in each
individual block. Under this condition, we can apply the single-block analysis to each block and obtain

the desired bound stated in Theorem .11
Let ./\/O(i) ={jen]: x{) = 0}. Now let Good be the event that the following happens:

< 1

1. For every block i € [s] U {0}, ||,uf>i)

2. For every block i € [s] U {0}, if H,ugi)Hl > M, then |J\/’éi)’ > sz -min{%H,ug)Hl, 1}.

2an
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Note that in Item 2 of the event Good, we require the cardinality of Néi) to scale proportionally with

||M<(>i) |1, unless || ne |1 is already bounded by a small number with order O(*%6™). This requirement,

while subtle, is essential for the analysis. In later steps, we will sample columns from No(i) to enforce
certain structural properties needed in the proof of Lemma [{.5 and the corresponding sampling pro-
cedure depends explicitly on the magnitude of the dual vector ug). The condition above guarantees
that Néi) contains a sufficiently large collection of indices, ensuring that enough samples can be drawn
to carry out the rounding argument successfully.

The following lemma is the main technical result of this section. It shows that, conditioned on the
event Good, the integrality gap A is at most O,, (%) with high probability.

Lemma 4.2 Let 7 be the same constant defined in Theorem[{.1. Under the condition of Theorem[].]

It follows that
log? 1
Pr (A > Qo (sfongn) ‘ Good) < (8;_2 ) + (s+ 1)7rf.

This is the most technical lemma and the proof is deferred to Section [4.6]

Now we need to show that the event Good holds with high probability, i.e., that the complement event
Good® happens with tiny probability. Notice that this complement event consists of two union of the
events:

; 1
E1: 3ie [s)u{0} such that |8 > o

E2:  Vie [sJu{0}[|p o < o but3i € [sJu{0} such that [|u$”(l > £ and VGV | < 2 «min{%Huprl,l}.

2an

The next lemma bounds the probability of the first event F1.

Lemma 4.3 With probability at least 1 — 2, under the condition of Theorem we have ||,u<(>i)||oo <
1

% for all blocks i € [s] U {0}.
a

The second event E2 is controlled by the following lemma.

Lemma 4.4 Under the condition of Theorem the probability that Vi € [s]U{0}, ||,u<(>i)||oo < 5= but

3i € [s]U{0} such that HM<(>i)||1 > f;zignn and |./\/Oi | < 5=z ~min{%Hp<(f)| > 1} is at most (s +1)/n?.

With these results at hand, the desired bound on the integrality gap directly follows:

ProOOF OF THEOREM [4.I} Combining Lemmas [£.3] and [£:4] we obtain that the complement event
Good® holds with probability at most Sn*—z? Therefore, further using Lemma the probability of a
large integrality gap can be upper bounded as

Pr(A > Qm(%)) =Pr(A> Qm(m) | Good) Pr(Good) + Pr (A > Qm(%) | Good®) Pr(Good®)

n
s+1 s+ 2 2543
ST F D+t = T (s D

This concludes the proof of the theorem. O
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4.2 Proof of Lemma [4.7]

Recall that the fact that (X, o) is a saddle point of Liid(x, 1) means that

OPTyrp(b,) = Jnax m>1101 Lb<> (x,p) = Jnax LbQ (X, o) = I:un Lb (Xoy 1),
that is, X, and [, are optimal primal and dual solutions, respectively. Since L' is bilinear and the
feasible regions are defined by box constraints, the following complementary slackness conditions hold.

(cs.i) For all i € [s], we have (uff),bff) — AOx® _ A(i)xg)> = 0 (if we had “<” then OPTyrp(b,) =
min,>o Lifod(xo, 1) would be —oo, which is impossible, and if we had “>” then u, would not be
optimal) .

(cs.ii) For every 4,7, if c;i) <u<(>), @) ) < 0 then x = 0, and if c() <,u<(>), > > 0 then x() =1
(both by optimality of xoj) .

Recall that the integrality gap is A := OPTyp(b) — OPT(b). The LP optimum can be upper bounded
using the dual vector p, as OPTrp(b) < maxo<x<i Li*4(x, 1o). Moreover, x, remains an optimal
maximizer for this problem with right-hand side b, since shows that the optimal choice of
x depends only on the reduced costs and is therefore independent of the right-hand side. Hence,
OPTLp(b) < Li*(x,, to). On the other hand, the integer optimum OPT(b) is lower bounded by the
value s(c(®, %)) + Diels) (c®, %) of the feasible integral solution X.

Combining these bounds and adding and subtracting >, (ks () A0%0) 4 A0 %) ), we obtain

A<s-(c® - (T AO X _ %) 4 Z (e — (uSHTA®D X — ()

i€[s]

+ 3 (), b — 40RO _ D50, (13)
i€[s]

We next bound the first term in . Recall that a;o) denotes the jth column of the matrix A(©), we
have

c® — (1) T 4O O _ @Y Z §7 (O _ (0 OV (50 _ g0
(60740 ) = 3 (49— 1. ) ) =
< > (e -d), (14)

i.%(0) S 4 (0)
Jx; >xoj

where we justify the contribution of each term j to the last inequality as follows. First, when x( ) = =1,

by hypothesis we also have X(-O) (2-) — _§-0)

sum. Now when xg;) < 1, discussed above gives that Cgo) (1 go),a§0)> < 0, and so swapping
the differences the term becomes (<u5>0), §0)> (-0)) : (xgo) — xg;)) < (<,u<(>0), a§0)> — C;o)) -X;O). When

)‘(5-0) = 0, the jth term is then non-positive and can be dropped and when )‘(§-O) = 1 (which is precisely

©) a®) _ 0

=1, so x = 0 and the term j does not contribute to the

the case x( ) > X(O)) the jth term can be upper bounded as ( , as desired.

The same argument allows us to bound the second term in ({13f) analogously as

(= (NTA0 D =x0) < 3T (e - ). )
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To bound the last term of . by discussed above we have that that related term, but with
respect to X, is actually 0, namely <,u<> b( 2 A(O) — Al > = 0. Thus, to upper bound the

last term of (13) we subtract from it (u (Z), b A(O) (0) oMY ) for all ¢ to obtain that it is at
most

Z < (@ ) _ 24050 _ (i)}—((i)> _ Z <’u<(>i)7b(i) _ bff) _ 40 ()—((0) _ Xgo)) _A® ()—((i) _ X<(>i))>
i€[s] ]
3 ], om0 - 00 )
1€[s] o

SZHuo
+Z‘

i€[s]

F—

oo

e - a0 -
1

o0

Employing the the previous bound and those of and to concludes the proof of Lemma

4.3 Bounding the Size of the Optimal Dual (Proof of Lemma 4.3))

2

. 46min_1
1— L, we have Hug) loo < & for all blocks i € [s]U{0}. We first note that it suffices to consider i€ [s],
(0) +

To simplify the notation, let £ :=

= 5~ > 1. We want to prove that with probability at least

that is, the case i = 0 comes for free: this is because p ~ is deﬁned as the average uo =1 ZZ 1M (Z

and, since norms are convex, by Jensen’s inequality we have || po ||Oo < iy H 1o ||Oo

To prove the desired result, we say that an instance of our problem is typical if every row r € [m)]
satisfies the following:

L > iem Afn?j? < 5+ vnlnsnm;
2. H] € [n]: c;i) > gAff;H < % + vnlnsnm, for all blocks i € [s].

Notice that, for a fixed row r € [m], since the entry Ai?} is uniformly distributed in [0, 1], in expectation

we have E} . A = 2 moreover, since cgi) is also uniformly distributed in [0, 1], the probability

7" N 2
that c(l) > ¢ A(l)‘ can be seen to be 5; L (this uses the fact £ > 1), and so we expect g¢ of the j’s
to Satlsfy this mequahty A quick apphcatlon of Chernoff’s bound show that the extra slack in the
definition of a typical block is enough to guarantee that this property holds with high probability for
all rows and blocks.

Claim 4.2 If sm > 2, with probability at least 1 — # the instance is typical.

A0 —n

PRrOOF: Fix a row r € [m]. Since A( . is uniformly distributed in [0, 1], we have E 5

and so Chernoff bound (Lemma in Appendlx gives

1
(ZAO)>Z+W) < e 2nsnm _

(snm)?’

Jj€[n]

j€[n]

Taking a union bound over all rows, Item 1 in the definition of a typical instance holds with probability
at least 1 — m Also, fix a row r € [m] and a block i € [s], and let X; be the indicator that
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( ) >¢. Am’ SO Y e Xi =17 cgi) >¢&- Affg| Since (c;, A(rl;) is uniformly distributed in the square
[0, 12 and £ > 1, Pr(X; =1) = % (i e., the area of the triangle 0,12 N {(y,x) : y > £x}), and again
by Chernoff bound Pr(}_ ., X; = 3¢ + Vnlnsnm) <

and i € [s], Item 2 in the definition of a typical instance holds with probability at least 1 — —;
Taking a final union bound over the two items, we conclude the proof of the claim.

(Snm . Taking a union bound over all r € [ ]

Then Lemma [4.3] follows from the following bound on the optimal dual for typical instances.

Claim 4.3 If the instance is typical, under the assumption that 2v/nIn snm+ 6am logn < n- (ﬂmin —
%) ,then for all blocks i € [s] we have ||,u<(f)\|oo <¢.

PrOOF: Let DUALy, (1) := Jmax. Ld(x, ). The fact that u, is a saddle point for Ly! means that
it is an argmin of DUALbO(~).7 -

By means of contradiction, assume that for some block i € [s] we have || 19D||oe > & without loss

of generality, assume this is attained at the first coordinate, namely uy) > ¢. First, notice that
DUALy, (1) has the the following closed form (we use (v)T := max{0,v} to denote the positive part
of a value v):

n S

DUAh%m):§:<yc®%7§:( 14m> §:< bm> E:E:((z TA@>,

=1 i=1 i=1 j—1 J
(16)

which is obtained by rewriting Litod (defined in equation (1)) as

S

L (x, p) = <s-c<0> _zs:(Aw))Tu(i), x<0>> +Z< (i) bl>>+ <C<z (AT 4 x<i>>
=1

i=1 i=1
and taking max over 0 < x < 1.

To reach a contradiction, we now construct a solution u, with better value DUALy, (4.) than p,

contradicting its optimality: define p, to be the same as p, except that /Jil) = ,“<(>1) — g, for some

positive .

We claim that DUALy, (1) < DUALp, (pt6) for small enough € > 0. The key observation is that the
difference these quantities can be bounded as

n

DUALy, (42) — DUAL, (110) Z AL —eb{) 4 ¢ H] e : (c@ —(u@)TA@)j zo}‘. (17)

which we now justify: Each of the three terms on the RHS come from the three terms on the RHS
f (16)), with 1) the first coming from the subadditivity of the positive part function (-)* and the fact
((Mgf))TA(O))j = ((Mgl))TA(O)) — A, 2) the second term following directly from the definition of

1,57
f1+; 3) the last coming from the fact that for i # i we do not pick up any difference between u$ and
ui’) (they are the same by definition) and for i = 4, for small enough ¢ because of the positive value
function (-)* we only pick up a difference for j’s such that (c® — (ug))TA(i))j > 0, in which case we

pick up a difference of EA(Z-) <eg

To further upper bound the RHS of (17]), we use the assumptions at hand. Since the instance is typical,
we directly have Zj:l EA(O) <3+ \/nln snm. Also, —sb() = —sb(l) +e2d = —52n611 +e2d <
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—EQnﬁmm —I— €2d. Finally, the non negativity of . and A and the assumption M<(>1 > £ imply that

(e — ( 15 )TA( )); < (e — uol A(z ) < (@ —¢. A )j, and so Item 2 in the definition of a typical
instance implies that - |{j € [n] : (¢ — (u 0 YTAG ))j > 0} < e(g¢ + Vnlnsnm).

Plugging these bounds on , we get
DUALp, (1) — DUAL, (110) < & - (g 3~ 2min +2V/n I snm + 2d)

e ( ( ﬂmm) +2vnInsnm + 2d) (18)

where the last inequality uses the definition £ = 4[3_7271. By the definition of d in and the

assumption that 2v/nlnsnm + 6amlogn < n - (ﬁmin — %), is strictly negative, which contradicts
the optimality of . This concludes the proof of the claim. O

4.4 Number of Zeros in the Optimal Primal Solution (Proof of Lemma |4.4))

()

Recall that Ny @) denotes the set of coordinates j for which the optimal primal solution xg; equals 0.

In this section, we prove that the probability of the following event E:
Hu ||oo < 5 for all blocks i € [s]U{0},

2. but there is a block i € [s]U{0} such that HM(UHl > flogn 44 ‘/\/0(1)| < stz mm{4H,u(z)||1, 1}

2an
is at most (s + 1)/n?.

In order to handle the stochastic dependencies between the set No(i) and the optimal dual vector .,
we will consider each possible value of . separately and then take a union bound over a discretized
set of these possibilities to obtain the desired result.
() 5@
€ ay

optimal dual p, (i.e. cy) - ( gl),u(% < 0), then since x$ is a saddle point of L, we must have

(l) = 0, and hence j € N . Thus, to control the size of ./\/()(i), it suffices to control the number of

The first observation is that if the column (c ) has negative reduced cost with respect to the

columns with negative reduced cost. To this end, for a fixed dual vector u(¥), define the set of columns

whose reduced cost with respect to (¥ is less than —%:

(%) ;i i logn
R = {i el o) - (0,0 < -2E2 1,

an

The additional slack introduced by considering such columns, rather than those with merely negative
reduced cost, will be crucial in the sequel. Next, we construct a discretization of the possible values
of po. Recall that an e-net A (with respect to the norm || - ||;) of a set U C R™ is a subset A C U
such that for every u € U, there exists v € A satistying ||u — v||; < e. We construct a 10ﬁ—net of the

set of dual vectors relevant to the event F, namely {,u ERT : ulloo < 5 Nl > fl"g”} . Since the

2an

argument is standard, we defer the proof to Appendix

Claim 4.4 There is a l‘;gn”—net A for the set {pn € RT : ||ulloo < o, [lul1 = Llosny “yyith respect to

2an
the norm || - |1, of size at most (57 +1)™ < (2mn)™

We now formally connect the newly defined sets Eﬁf&) and A with the event of interest E.
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Claim 4.5 If the event E holds under the assumption that f > 4, then there is a block i € [s| U {0}
and a p € A such that |R m\ < gty - min { 3 || @ Hl, 1}.

PROOF: Suppose the event E holds, and let i be a block such that Hu ||1 > [loan 54 |/\/'OG)’ <

2an
= mm{4||u ||17 1} (note in addition we have 16800 < < 2-). Let u@ be a vector in the set A

such that [|u(® — Sf Ih < logn We claim that u(?) satisfies the desired properties, namely \R
s f1 i
gtz - min {5 @], 1}

To see that, we show that El(j()i) C Néz): Take j € RL?;); this implies

7, logn DG DG DG i H G logn
o) + o= < (@, u®) = (@ i) + () u = i) < @l ) +

7 an Vi Vi I ) )

J an
the last inequality using the fact ay) € [0,1]™; reorganizing the terms this implies that cf) .
< a; 7,U<(>1 ) < 0,and so j € /\/O(i), giving the desired result.

Next, we show that % Hu H1 < Hu( )Hl' using triangle inequality

D _ G 3 D_ G 3 ! 3 LG
161, = 8@ + i = w ), < 1 + 168 = 6P, < (6], + =2 < [a@], + 5168,

> flogn > 2logn .
an

where the last inequality uses the fact ||;L<> ) Il1 ozt >

Combining the previous two paragraphs we then get

; rearranging gives the desired result.
(f)| <

om+2 'mm{ZHMg)’ 171} S om+2 -mm{iH,u 1}7

thus proving the claim. O

’Rm )

We now bound the probability that one of these sets Efj()i) is small, which together with the previous

result upper bounds the probability of the event E and gives the proof of Lemma

Claim 4.6 Under the assumption that f > max {8, m} it holds

logn

Pr (there is i € [sJu{0} and ¥ € A such that |R

s+1
)=

Proor: For each j, notice that whenever a;i) € [%, 1]m and cgi) € [O, i”u(i) ||1), we have

n . 1 i
< g i { 5

) ) ; ) 1 : 1 i logn
)~ @ %) < o = L, < ~3u], < 1L

bl

where the last inequality uses the fact ||,u( )|| > lezgn" > 41;’% since () € A. Thus, when this

(@)

happens, the index j belongs to the set R . Since ¢, and ag-i) have entries uniformly distributed in

[0, 1], this observation implies that j belongs to Ru(“ with probability at least (3)™ - min{4 Hu(i)‘ o1}

Therefore, the expected size of this set, E |E§j) ,

- (3)™ - min{ | x@||,,1}, and further

applying the multiplicative Chernoff bound (Lemma ) over the indicator that each j € Rfﬁg we get
('Ru(” < 2m+1 - min {4HM( )H1’ 1}) < exp ( ~ S Mmin {QHM( b 1}) < 7(2mn)m+2’
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> flogn - 2% (m42) log(2mn)
2an  — n

where the last inequality uses again that || ||, since (Y € A and the

assumption of f.

This implies that

1 L
1}) < Pr (lRu“)| < 2m+1 mln{4H,Lt 1}) < (2mn)m+2

Finally, taking a union bound over all blocks i € [s] and all vectors u(” € A, we obtain

)

(1 1 +1
<Y Yom <|R% s -mm{zllu”Hl»l}) S+ A G < —

n
i€[sJU{0} peA

1y G
(lRu“)| < 2m+2 mm{QH,u( )| 1

Pr (there is i € [sJu{0} and p? € A such that |R (”\ < 2m+2 - min {2HM

This concludes the proof of the claim. O

4.5 Discrepancy Lemma

We next introduce a discrepancy lemma due to Dyer and Frieze, which is central to the proof of the
integrality gap bound. We present a slightly simplified version of the result that is cleaner and sufficient
for our purposes. We also note that this discrepancy lemma may be further improved under alternative
assumptions on the stochastic model using more sophisticated techniques; for related developments,
we refer the reader to [51(6].

Lemma 4.7 [13] Fix constants a, M,e > 0. Then for k being at least a sufficiently large integer
(depending on a,a, M) the following holds.

Let Y',...,Y?" be 2k random vectors in [—a,a]™ where all the coordinates, across all vectors, are

independent and identically distributed. Further assume that each coordinate Y7 satisfies EY? = 0

and Var(Yij) =1 and has a continuous density g satisfying g(x) < M. For every deterministic vector
v € R™ satisfying ||v||e < k272, we have

3k 1

P|3K C{1,2,...,2k}: |K| =k, < o | 2 e

ZYj—v

JEK

4.6 Existence of Good Rounding (Proof of Lemma |4.2)

Recall the definition of the event Good: it occurs whenever both of the following conditions hold:

1. For every block i € [s] U {0}, we have ||,u<(>i) ||OO < 5a-

2an 7

2. For every block i € [s] U {0}, if ||,u<(>i)||1 > [logn then |N(Z)| > s mm{4||,u(l)||1, 1}.

—(s+1D)rf
we obtain a small 1ntegrahty gap, namely,A < O, (Sflo%) . Recall that Lemma states that for

20



any feasible solution x to the original (integer) problem that preserves all 1-entries of xg) (i.e., if
xffj) =1 then )‘(5-1) = 1), the integrality gap A can be bounded by

A<s-AO ZA“ @) (19)

where

AD DY = |||, - [|AD ) = %) 4 a1 + (1,27 = ). (20)

Thus, it suffices to show that under Good there exists a rounding % such that all the quantities A® (x(*)
are small. To this end, we further refine the conditioning on Good. Specifically, we will further condition
on (i) the set of coordinates where the optimal primal Lagrangian solution x, equals 0, and (ii) the
exact data (i.e., cgz) and A7) on the remaining coordinates. As we will see later (Lemma ,
this conditioning fixes the optimal dual vector e, but leaves the columns on the nonzero coordinates
independent and uniformly distributed, subject only to having nonpositive reduced cost. This leaves
enough randomness for us to find the desired rounding with high probability by using some of these
columns. To formalize this, let Ny := {(4,7) : ()
primal Lagrangian solution equals 0.

= 0} be the set of coordinates where the optimal

Lemma 4.5 Consider a conditioning of the set Ny and of the column data ((c ; ), g )))(1 J)¢N, N the

complement of Ny that belongs to the event Good. Under the condition of Theorem [{.1] then with

(conditional) probability at least 1 — (3:21) (s + 1)/ there exists an integer solution x € {0,1}™(s+1)
that Pl

1. Keeps all 1-entries of x) ;

2. Is feasible for ;
8. Has AW (x®) < Om(@) for alli € [s]U{0};
where m = (1 — 5747 T ¢ (0,1).
This result directly implies the desired bound on the integrality gap, i.e., Lemma[4.2]

]’J

yving the bound from Lemma on , under this conditioning we have

PROOF OF LEMMA : Consider a conditioning of Ny and ((c (D)l ))(i,j)¢No that belongs to the
event Good; by emplo
2
A<O, <f10gn>

n

with probability at least — (s 4+ 1)7f. Taking expectation over all the conditionings of Ny and

((c(i) @ ))(Z 7)éN, that belongs to the event Good gives

i &y
2
Pr (A < O, <sflogn> ' Good) > 1—# —(s+ 1)7rf
n n

as desired. O

So for the remainder of the section we prove Lemma [£.5]

3Actually because of Lemma this result does not hold for all the conditionings of the set Ny and

((c(z) A )))(l J)gN,» there is a set of them of measure 0 where the result may not hold. Since such set of measure
0 w111 not affect the use of this lemma, we chose to not include this subtlety in the statement.
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4.6.1 Proof of Lemma [4.5]

We start by formalizing the previous claim that conditioning on the index set Ny and on the columns

(1) 4@
(57> 45) 5 e
leaving the columns on the zero coordinates independent and uniformly distributed, subject only to
having nonpositive reduced cost. To this end, for a dual vector u¥) € R, define

at the remaining indices fixes the optimal dual vector u, (almost surely), while

RO, = {(zy) € [0,1]"™ : 2 — {y,u) < 0}.

Thinking of (z,y) as the data of a column in our problem (where z represents the gain), R;(j()” is the

set of column values that yield nonpositive reduced cost with respect to the dual vector p(9. We will
use the following result from [5413]. Although the result is stated for a single-block instance, it applies
directly here by viewing as a single-block instance.

Lemma 4.6 [5,|15] Conditional on the value of the set Ny, the data ((cgi),ag»i)))(i’j)@\/o in the
remaining indices uniquely determines the optimal primal/dual Lagrangian solutions X, pe almost
surely. If we further condition on an exact value of((c(z) a(z)))(w»)g/\/o that determines X, 1o uniquely,

) ) J g
then the columns (ng)’ a;l)) for (i,7) € Ny are independent and each is uniformly distributed in the set

For the remainder of the proof, we condition on the value of the index set Ay and on the data

(i) (i)
((Cj )& ))(i,j)QNo

the event Good holds. That is, for every block i € [s] U {0} we have |
HHEPHI > L1ogn o also have |./\/éi){ > 5 -min {%Hu@“l, 1}. We denote this conditioning (i.e., the

= 2an

for the remaining columns, such that the pair (xo, o) is uniquely defined and

,ugi)Hoo < i7 and whenever

set of outcomes satisfying these conditions) by Cond.

We now construct the desired rounded solution x = (x(9,... %)) € {0,1}(5*D™ by the following
two steps: (i) rounding down the fractional coordinates of x,, and (ii) setting some of the originally
zero coordinates to 1. More precisely, let fof)J denote the vector obtained by rounding down xg)
componentwise, and let xs € {0,1}" denote the indicator vector of a set S C [n]. We define x(*) :=

fof)J + X7, for some set T C No(i) of coordinates that are set to 1.

By construction, the vector x() preserves all 1-entries of xff), which establishes Item 1 of Lemma
We now construct the sets T, for each block i € [s] U {0}, so as to satisfy

AOD < AOx0 4 g1, (21)
o log?
A (i(z)) < Om(f 05 ”) . (22)

The second inequality is precisely Item 3 of Lemma[4.5] The first inequality implies Item 2, namely the
feasibility of x. Indeed, recall that the original right-hand side for scenario ¢ in the packing problem is

b() = b<(>i) + 2d1. Since x, is feasible for the modified right-hand side, we have
AO § 4O < )
Therefore, inequality implies

A0z 4 A5 < b 1 291 = ),
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which establishes the feasibility of x.

Now for each block i € [s]U{0}, we define the set T to satisfy and (with high probability),
breaking into two cases based on the size of H ,ugf) H1 as follows.

Case 1 if Hug) || L < f;’#: Here we choose the set T to be empty, that is, no additional coordinate

is set to 1 in (9, so that x(9) = fof)J. Clearly, x(¥) satisfies (2I). Moreover, in this case A®)(x(?)
(recall its definition in (20]) reduces to

AO (&) = [|uf], - |AO () — [xP)) +an |

flogn i) (o (i i
<o ] AD () — (x5 ]) + a1 ]|,

flogn

where the inequality follows from the assumption || ufj) 1 < feam.

To upper bound the remaining term, we first observe that the optimal solution x, is a basic optimal

solution (by uniqueness). By standard arguments, xgi) therefore has at most m fractional coordinates;

consequently, x5 — fof)j has at most m nonzero entries (see Appendixfor details). Since all entries

of A® are at most 1, this implies

0<AD(x — |1x7]) < mi. (23)

Substituting into the previous bound yields

an n

o 1 1 log?
A(z)()—((z)) < f;ﬂ -(m+d) < f20gn -dmlogn < Om<f 08 n) ;
an

where the second inequality uses the definition of d in , which implies d < 3amlogn < 3mlogn.
Thus, x() satisfies , completing the analysis of this case.

Case 2 if ||u<(>i) Hl > ! ZIZ%L": In this case the construction of the set T is significantly more involved.

From Lemma we know that, under the conditioning C'ond, the columns indexed by j € Néi)
of block i remain independent and uniformly distributed over the set R(Z()i) of column values with
Ho

nonpositive reduced cost with respect to /,Lff). However, the nonpositive reduced cost constraint still

induces undesirable correlations among the entries of columns in /\/éi). To obtain additional structure,

we therefore restrict attention to a box-like subset of R(i()i) that consists only of column values whose
o

reduced costs are not too negative, so that their contribution to A remains controlled.

Claim 4.8 For every i € [s]U{0} and vector ') € R such that ’02137%1" < H,u(i)Hl and ||p@_ < 5

oo — 2a”

there exists a subset MI(Z(Z) C Rl(j()” with following properties:

flogn
n

1. (Small reduced cost wrt 1)) Every vector (z,y) € MY satisfies z — (y, ) > —

u®
2. (Boz-like) If (Z,Y) € R x R™ is a random variable uniformly distributed in Ml(;()), then Y is
uniformly distributed in [o, 2a)™.
(4)
VOI(M“ ) S flogn-a™
vol(Ry) — nmin {[|u”|, 1}

3. (Relative volume)

23



PROOF SKETCH: The region Mff()b) is defined as

MG = <[<y7u”)>—’%f"< “’ﬂx{y})

yEla,2a]™

That is, we place the interval [(y, u®) — flog" , (y, 1t)] on the first coordinate for each completion
y € [a, 2a]™ of the other coordinates. Tt is easy to verify that this region satisfies the desired properties,
for details see Appendix [D} O

Since, conditioned on C'ond, each column (cg-i)7 a;i)) with j € ./\/’éi) is uniformly distributed over R(i(),;),
Ho
Item 3 of the previous claim implies that such columns satisfy
flogn-a™
n - minf]|u” ||, 1)

7 777 -

Pr ((c(i) a(i)) € M(i()i) ’ Cond) >
Ho

By the definition of C'ond, the set /\/éi) contains at least 574z - min { i Hug) Hl, 1} elements. Therefore,

the expected number of columns in No(i) that fall into M (2) is at least
Ho

flogn-a™ o {l () 1} S flogn -a™
n - mln{”ﬂ )H 1} 2m+2 4H/“L Hl’ - om-+4

Moreover, using the conditional independence of these columns, we may apply the Chernoff bound
(Lemma [A.1)) conditioned on Cond to obtain a high-probability version of this statement.

Claim 4.9 Let M® := {j € Néi) : ( ;s gz)) € Ml(j())} denote the set of columns of./\/éi) landing in
MY Then
Ho

Pr(W(nzflog’W’OOHd> > 1_eXp<_f10gn-a> 1o L

QWV%S 2ny%7 n2

22m+8

where the last inequality follows from the assumption of f > =

We now further condition on the set of “nice” columns M being equal to a fixed set S C [n] that
|S| > f l;i’if‘ . That is, we define Conds C Cond as the subset of scenarios in C'ond for which

M@ = S Note that, conditioned on Cond, the columns indexed by ./\/O(i) are independent and
uniformly distributed over R(?w and since M (2) - R(?i), conditioning further on Condg implies that
Ho Ho Ho

the columns with indices in S are independent and uniformly distributed over M (i()i). By Item 2 of
Ho

Claim , this implies that for each j € S, the vector a;i) is uniformly distributed over [«, 2a]™

Fix such a set S with cardinality at least flg%% and partition it into f’ := ngm disjoint subsets

Si,...,S¢, each of size exactly 2mlogn. (The definition of f guarantees that S is sufficiently large
for such a partition.) We will apply the Discrepancy Lemma (Lemma B ) to each subset S; in order
to identify a suitable set T(*) C S, which will serve as the additional coordinates of X(*) that are set to
1. Although this construction succeeds for each S; only with moderate probability, aggregating over
all Subsets St amphﬁes the probability of finding an appropriate set of coordinates. Finally, define

2 = A0 (x5 — |x)) +d1.
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Claim 4.10 For each set Sy, we have the following:

. Ny ) 1 . 1
Pr (there 18 Tt(l) C S; such that Z AW ¢ [z(’) - =, z(l)} ’ Conds) omiz-
n

jETt<i)

PROOF: Recall that for each j € Sy, conditioned on Condg the vector A+ is uniformly distributed
in [, 2a]™, and independent across j’s; thus, if we renormalize it as

th 2\[<A()j 30[)
2 K

we see that each coordinate of this vector has mean 0 and variance 1, and the Y’s are independent

across j and r. Then define k := % =mlogn, 0 := 2%/5 . 4,3’%, and the vector

:2;{3-(#)— <9+ ?’(;k>1)

Now we can apply the Discrepancy Lemma (Lemma [4.7) to the random vectors Y7 and the target
vector v to obtain that with probability at least Qm% there is a set T(Z) C S of size k such that

H ZjeT(“ Yi— H < 4k/m. Unraveling the definitions, this is equivalent to Z]ET@,) AW ¢ [7() —
201, z(i)]. To conclude the proof, it suffices to show that 26 < 1 -

9 = & 3mlogn _ mlogn
_ﬁ' glogn = n2

where the last inequality uses the assumption on the size of n.

1
<=,
n

Actually, in order to apply this discrepancy lemma, we crucially need to satisfy the requirement
[v]|oo < k'/27¢ for some € > 0. Recalling that z(?) := A®) (xg) — |x|) + d1, the definition of v, and
noticing that we defined d = 6 + % in 7 we have

Mo < 224060 )+ (-0 - 21| = 2B ao | < 2O

o) (0%
where the last inequality uses again the at most m entries of xff) are fractional (more precisely, uses
[23)). This is at most k'/* = (mlogn)*/4, by the assumption on n, which gives ||v||oo < k'/2¢ (with
€= %) as desired. This concludes the proof of the claim. 0

Since each S; is independent of each other, aggregating over the subsets S; boosts the probability of
finding an appropriate set of coordmates yielding the following claim, where the definition of f’ gives

’ fa m
(1 o) = (1 k) 555 = (1 ) 500 =0t

Claim 4.11 Conditioned on Cond, with probability at least 1 — # — 7l there is a set T of size
mlogn such that ZJET(“ AW ¢ [z(i) — %, z(i)] and ng’) — (agi), ,u@) > —% for all j € T,

Therefore, we use the set ") C S prescribed by this claim. When its guarantees hold, we immediately
obtain (21). Indeed, the binary solution

%@ = |x) + xpe
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satisfies o o , , ‘ ‘ , L
ADx@) — Z A@ 4@ LXS;)J <z® 4 A0 LX<(>Z)J — AOx g1

jeT®@
In addition, this solution satisfies :
AV ) = ], A 5 a4 30 (G i) —ef?)
FET
1 1 log?
<™ L g 1187 o Om<f0gn>,
20 n n n

where we used: (i) || 1o H L < m|| ns ||Oo < 5%, with the last inequality following from the definition of
the event C'ond; (ii) the bound from Claim

Wrapping up. Combining the two cases H/‘Q)H1 f;ggn" and HNO)H1 > flog" considered above, we
conclude that for a fixed 1, condltloned on Cond, with probability at least 1 — 2 — 77, the constructed

solution %) satisfies both | and .

Finally, applying a union bound over all i € [s] U {0}, we obtain that, with probability at least

1— 9:21 (s+ 1)7rf , conditioned on Cond, we can simultaneously construct solutions x(*) for all blocks

1 satisfying these properties. This completes the proof of Lemma

5 Conclusion

This paper provides a first rigorous average-case analysis of decomposition-based methods for two-stage
stochastic integer programs, with a particular focus on dual decomposition and the Branch-and-Price
framework. Under a natural stochastic-input model, we show that the Branch-and-Price search tree
has quasi-polynomial size with high probability, substantially improving upon the classical worst-case
exponential bounds. A key ingredient in the analysis is an average-case bound on the integrality gap
of the natural LP relaxation, which shows that the gap is small even when the number of scenarios
grows. An important future direction is to develop a comparable average-case analysis for Benders-
type methods. While this paper focuses on Branch-and-Price and related dual decomposition schemes,
Benders decomposition is another widely used approach for two-stage stochastic integer programs.
Establishing average-case guarantees for Benders-type algorithms would be an important step toward
a more unified theoretical understanding of why decomposition methods perform so well in practice.
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Appendix

A Probabilistic Inequalities
We will need both the additive and multiplicative Chernoff inequalities.

Lemma A.1 [22] Let X,..., X} be independent random variables in [0,1]. Let S =", X; be their
sum and p = ES its expected value. Then for any A >0 and ¢ € [0, 1] we have:

Pr (Szu—i—/\\/g) < o2V , Pr (S’S,u—)\\/%) < e_2>‘2, and Pr (SS (1—5),u) <e "z

B Proof of Claim (4.4

We construct the desired log” -net (w.r.t. the norm ||-||1) of the set U := {p € R : |[pf|oo < 5=, |1l =

! 1Og"} as follows.

First, consider the grid with spacing amz of the interval [0, 2@] plus the endpoint 2a, namely the

set G := ((log’” Z)N0, =) U{x} ={0 logn 2logn LY Then define the l(zlg" net as A :=

anm ?anm?’ anm ’ ) 2a

(GxGx...xG)NU, namely taking the m-dimensional product grid and intersecting with the set U.

Clearly A is contained in U and satisfies the desired size upper bound |A| < ({22 osn T 1)™. Now we
prove its approxunatlon property, namely consider any v € U and we will eXhlblt some v € A such
that [|u — |1 < Og" Indeed, let v be so that its coordinate v; is the first point in G greater than or

equal to u;; since uj < i and we include —a in the grid G, such point always exists. Moreover, since
v > u > 0 we have ||v]|; > [Julls > fQIZi", and so v belongs to A. Finally, by construction of the grid

we have u; <v; <u; + g’fn and hence |lu —v|; < logn”. So A is the desired net.

C Number of Fractional Coordinates of xg)

We observe the following result:

Lemma C.1 x\ has at most m fractional entries for i € [s] U {0}.

PROOF: Since AW € R™*™ for i € [s] U {0}, there are at most m independent rows of A®). Every
vertex of the LP relaxation is a solution of a linear system where some constraints of and some
constraints of are active. Since ([10c) are bound constraints, each active constraint of fixes
some variable to be 1 or 0. For any such linear system defining a vertex, after eliminating all active
constraints of and the corresponding variables, the remaining linear system takes form of

w1y @) 0 e 0
W (02) 0 we ... 0

0 0 0 xrem:brem
w0 0 W)

where Xyem, brem are the remaining variables/right-hand-sides and each row of W@ is from rows of
A and each row of W is from rows of A(9) that are active. Note that there are at most m linearly
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W (01)
. , , W (02) .
independent rows from each A® or A©) Therefore rank (W(’)) , rank < m. Since the
W (0s)
above system is invertible, each W and W () has at most m columns. Therefore at most m entries

of xg) are included in Xyen, which is potentially set to be fractional. O

D Proof of Claim 4.8

We first verify that indeed M:()) C RSR“’ for which it suffices to check that M () is contained in the unit
cube [0, 1]1F™. This is clearly the case, by definition, for the last m coordinates, so it suffices to verify
it for the first coordinate, namely that for every y € [a, 2™, the interval [(y, u(*) — flo%, TN
is contained in [0, 1], which is indeed the case: by the lower bound on (¥ we have (y, u(9) — fl‘:% >

al| @], - flo% > 0, and by the upper bound on p? we have (y, u") < 2a|[u? | < 1.
We now prove the different items in the claim.

Item 1. The bound on the reduced cost follows directly by the definition of the region Ml(f()) if (z,y)

belongs to this region, then z > (y, u) — 181 or equivalently, z — (y, u() > —fl‘:%, as desired.

n

Item 2. This also follows directly from the definition of Mii))

Item 3. The volume of Rfj()i) is at most min{||x?||1,1}, because (z,y) € R/&i()i) means

2=y, u?) <0 = 2 <yl Iu@l < (16l

and also, by definition, z < 1. Combining this observation with Item 2 gives Item 3, and concludes
the proof of the claim.
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