Second-Order Optimality Conditions for Bilevel Optimization
Problems Using Parabolic Directional Derivatives

Bhuvnesh Khatana! and Geetanjali Panda2*

L2"Department of Mathematics, Indian Institute of Technology Kharagpur, Kharagpur,
721302, West Bengal, India.

*Corresponding author(s). E-mail(s): geetanjali@maths.iitkgp.ac.in;
dr.geetanjali.p@gmail.com;
Contributing authors: bhuvnesh323001@gmail.com;

Abstract

This paper studies the second-order properties of a class of inequality-constrained bilevel program-
ming problems. First-order optimality conditions for the existence of solutions to bilevel optimization
problems are derived using the first-order directional derivative of the optimal solution function of
the lower-level problem in the seminal paper by Dempe [1]. In this work, we prove that the optimal
solution function of the lower-level problem is a parabolic second-order directionally differentiable
function under certain assumptions. The associated second-order necessary and sufficient optimality
conditions for the bilevel problem are derived. In this process, the lower-level problem may admit
multiple KKT multiplier vectors.
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1 Introduction

A bilevel programming problem has a hierarchical two-level structure in which the optimality of the lower-
level problem implicitly determines the optimality of the upper-level problem. The following optimistic
formulation of the bilevel optimization problem with coupling constraints is considered in this paper.

min F(z,y)
@y

(BOP) : s.t. G(z,y) <0,
x € U(y) := {x | x € argmin f(z,y) s.t. g(z,y) < O} ,

where F': R"xR™ - R, G: R"xR™ - RP, f: R"XR™ - R, ¢:R"xR™ — R? are smooth functions.
U is a point-to-set mapping ¥ : R™ — 28", The set ¥(y) may be non-singleton for some y. A feasible
point (z,y) € R™ x R™ of BOP is called a local optimal solution if there exists € > 0 such that
F(z,y) < F(&,9) for all (Z,9) € R* xR™, & € U(g), G(&,9) < 0 with ||(z,y) — (£,9)|| < e. A feasible
point is a global optimal solution if these conditions hold for all € > 0. The lower-level problem of BOP is

(LPy) : mwin f(z,y) st. g(z,y) <0,



which is a parametric programming problem. The global optimal solution of LP, is obtained for the
given upper-level decision vector y to determine a feasible point of BOP. This is often achieved in the
literature by formulating the lower-level problem as a convex problem. The BOP becomes intrinsically
challenging when the convexity of the lower-level problem is not assumed. Another difficulty with BOP
is the lack of regularity when the problem is reformulated into a single-level problem. A detailed discus-
sion of several important aspects of BOP can be found in Dempe [2] and Bard [3].

The common practice of determining the optimality conditions and proposing an approximation scheme
for solving any optimization problem relies on a local approximation of the problem at a suitable ref-
erence point, under certain assumptions. The approximation of a bilevel problem at any point depends
on sensitivity information from the lower-level parametric problem, which is primarily used in bilevel
optimization through two approaches. One approach is to transform a bilevel problem into a single-level
optimization problem using the optimal value function (marginal function) of the lower-level problem.
This is known as the value function approach. However, the single-level problem arising from the
reformulation of the bilevel optimization problem is inherently nonconvex and nonsmooth. Hence, using
the generalized gradient of the value function, one can derive some optimality conditions for the bilevel
optimization problem. Another approach focuses on the sensitivity of the optimal solution function of
the lower-level parametric problem. This function is proven to be piecewise differentiable under certain
assumptions, and the Jacobian of the optimal solution function can be estimated by solving a finite set
of quadratic programming problems, as demonstrated by Dempe and Vogel [4].

There is a vast amount of research on first-order optimality conditions for bilevel optimization prob-
lems, including the difficult classes of nonsmooth and nonconvex bilevel frameworks. In the bilevel
optimization problem, the optimality of the upper-level problem depends implicitly on the optimal
solution function of the lower-level problem, which is generally not known explicitly. The directional
differentiability of the optimal solution function becomes an important tool for deriving optimality con-
ditions. Dempe [1] and Mehlitz [5] employed this approach to establish first-order optimality conditions
for bilevel problems with uniquely solved lower-level problems. Another widely explored direction is
the value function approach for deriving optimality conditions for bilevel problems. Initially, Ye and
Zhu [6] derived first-order optimality conditions via the Clarke subdifferential of the value function by
introducing a suitable constraint qualification—the partial calmness condition on the single-level prob-
lem obtained through the value function reformulation. This work has attracted substantial attention
and has been further developed in subsequent works. For instance, as a substitute for the restric-
tive partial calmness condition, Dempe and Zemkoho [7] employed a weaker form of the generalized
Mangasarian—Fromovitz constraint qualification (MFCQ) on the single-level problem, along with an
additional semicontinuity assumption on the set-valued mapping ¥, to derive the first-order optimality
conditions. Later, in a different work, Dempe and Zemkoho [8] dropped the semicontinuity assumption
on ¥ by assuming convexity of the value function. Using tools from nonsmooth analysis, Babahadda
and Gadhi [9] employed convexificator calculus for the value function, while Dempe et al. [10] estimated
the Mordukhovich subdifferential of the value function of the lower-level problem for the purpose of
deriving optimality conditions. The classical KKT-based approach reformulates a bilevel problem into a
mathematical program with equilibrium constraints (MPEC) by replacing the convex lower-level prob-
lem with its KKT optimality conditions under suitable regularity assumptions. Within this approach,
Dempe and Zemkoho [11] studied first-order optimality conditions for nonsmooth bilevel optimization
problems by applying various stationary condition concepts of the corresponding MPEC to the bilevel
optimization problem. Using Guignard constraint qualification on the MPEC formulation, Dempe and
Zemkoho [8] derived first-order optimality conditions for bilevel problems. The combined MPEC-value
function approaches are developed by Ye and Zhu [12] and Ma et al. [13] to establish first-order optimal-
ity conditions, and various constraint qualification concepts for KKT-based and combined approaches
are systematically discussed in the work by Ye [14].

Although first-order methods are useful, they are inherently limited to characterizing stationary points
and do not capture the curvature information of the upper and lower-level functions in a bilevel opti-
mization problem. Thus, studying second-order properties of bilevel problems is of significant importance
for deriving refined optimality conditions and designing numerical solution methods. An earlier work



in this direction is by Falk and Liu [15], who investigated the second-order differentiability properties
of the solution function under the Jacobian-uniqueness condition on the lower-level problem. In addi-
tion, they developed a quasi-Newton-type scheme, called adaptive leader predominate algorithm, which
exploits generalized derivative information of the solution function to accelerate convergence. Recently,
using the second-order sensitivity properties of the optimal solution function, Dyro et al. [16] conducted
an error-bound analysis to solve two-level machine learning problems with the unconstrained lower-level
problems.

This motivates the study of second-order sensitivity properties of the optimal solution function for
bilevel optimization under weaker assumptions. In this work, we establish second-order sensitivity prop-
erties of the optimal solution function without assuming the linear independence constraint qualification
(LICQ) for the lower-level problem. Furthermore, we derive no-gap second-order optimality conditions
for a class of bilevel optimization problems satisfying the second-order growth condition near local
optimal solutions. Recent work has been done in this direction under some restrictive assumptions.

Liu et al. [17, 18] derived second-order optimality conditions for bilevel optimization problems with
nonconvex lower-level problems by introducing a new solution concept, the bi-local optimal solution.
In [17], the bilevel problem is reformulated as an MPEC in order to establish second-order optimality
conditions. To derive the main results, the authors consider MFCQ for the implicit formulation under
the Jacobian-uniqueness condition and generalized MFCQ on the MPEC. These assumptions are con-
sidered restrictive. In another work, Liu et al. [18] adopt comparatively weaker assumptions, namely
MFCQ and the constant rank constraint qualification (CRCQ) for the lower-level problem, along with
the metric subregularity constraint qualification (MSCQ) for the implicit formulation of the bilevel
problem. By employing second-order tangent approximations of the constraint set, they derive second-
order optimality conditions for the bilevel problem in terms of the directional derivatives of the solution
function along parabolic paths. However, no computational procedure for these derivatives is provided
under the stated assumptions. Instead, to obtain verifiable optimality conditions, the authors impose
LICQ on the lower-level problem.

Prior to the recent work based on the optimal solution function, Mehlitz and Zemkoho [19] derived
second-order sufficient optimality conditions using second-order directional differentiability and epi-
regularity of the value function. In particular, the authors use the second-order growth result of
Riickmann and Shapiro [20], which is based on the parabolic second-order directional derivative of the
value function. Dempe et al. [21] derived second-order necessary and sufficient optimality conditions
using approximate Hessians for a special class of bilevel optimization problems with equality-constrained
lower-level problems. In contrast, they reformulate the bilevel problem as an MPEC and impose the
Guignard constraint qualification on the resulting formulation.

The primary contribution of this paper is the second-order analysis of bilevel problems with the
lower-level problems that admit non-unique KKT multipliers. We establish the second-order directional
differentiability along parabolic paths of the optimal solution function for strongly stable parametric
problems, extending the results of Ralph and Dempe [22], Liu [23]. The second-order directional deriva-
tives along parabolic paths are obtained by solving a quadratic programming problem. In view of the
existing works Liu et al. [17, 18], our analysis does not rely on the uniqueness of KKT multipliers in
deriving the main results and does not require constraint qualifications for the implicit reformulation.
The resulting second-order necessary and sufficient optimality conditions are characterized as the solu-
tion to a quadratic-constrained optimization problem that incorporates both first- and second-order
terms in a unified manner. The study of optimality conditions using parabolic paths has been used
across various classes of optimization problems. Note that there is, a priori, no reason that optimality
should be verified only along such parabolic paths in general. On the other hand, for a broad class of
problems, this approach often leads to verifiable second-order growth conditions in the neighborhood
of a local optimal solution. Moreover, the parabolic approach can typically yield no-gap second-order
optimality conditions associated with second-order tangent approximations; see, for example Liu et al.
[18], Riickmann and Shapiro [20], Bonnans and Shapiro [24], Ben-Tal [25].



This paper is organized as follows: Section 2 presents preliminary concepts and notations. Section 3
investigates the existence of the second-order directional differentiability of the optimal solution function
for the lower-level problem. Section 4 explores some results to calculate the second-order directional
derivatives of the optimal solution function. Finally, Section 5 derives second-order optimality conditions
for the bilevel problem BOP, based on the framework developed in Section 4.

2 Preliminaries

2.1 Basic notations and assumptions

The following notations are used throughout this paper.

Vh = (Vh{ Vhi ... Vh;)T € R?*P ig the Jacobian of a function h : R? — RY, where each
Vh; € RY™P is the Jacobian of a function h; : R? — R.
V2h = (VthT Vil ... Vth)T € R%P xRP represents the Hessian of h, where each V2h; € RP*P,

o dTV2hd := (d"V2hid dTVhad --- dTV2hed)" € RY for any d € RP.
o | A| denotes the cardinality of the set A.
e Ag:={1,2,---, 0} denotes the index set of size S.

V2 V2 V2

~ ~ Tx Ty T

V = (Vw Vy Vu) and V? = V;x ng Vzm denote Jacobian and Hessian with respect to
Vie Viy Vi

(z,y, p) respectively.

1
Denote z := v ,d, = do ,and dl = dff .
Y dy z d,

® o(t) : RT — R is a function such that @ —0ast—0.
o L(z,y,pn) == f(z,y) + prg(z,y) is the Lagrangian function associated with LP,, where u € RY is

the KKT multiplier vector.

® 1(y) denotes the optimal solution function of LP,.
o Iy(y):={ie Ay : gi(z(y),y) = 0} is the active set of the constraint g at the feasible point z(y).
® The set of KKT multiplier vectors of LP, at y is denoted as

M(y) :={n € R? : Vo,L(x(y),y,p) =0, u"g(x(y),y) =0, p > 0}.

The vertex set of M (y) is denoted by EM (y).
J(p):={ieAy:p; >0}

To study the directional differentiability of the optimal solution function x(-) at y, the following
assumptions are considered at point (z(y),y) € R” x R™.

(H1)

The functions f,g € C* around (z(y),y).

To ensure that M (y) is a nonempty polyhedral set, Mangasarian—Fromovitz constraint qualifica-
tion (MFCQ) on the problem LP, is considered. MFCQ for LP, is satisfied if there exists vector
dy € R™ such that V,g;(z(y),y)d, <0, Vi € I,(y).

MFCQ holds at (z(y),y) for LP,.

The KKT optimality conditions of LP, are sufficient if the second-order optimality conditions for
LP, are satisfied. We assume the strong sufficient optimality condition.
For all © € M(y), the following condition is satisfied at (x(y),y) € R™ x R™.

dy Vi, L(x(y), y, m)ds > 0,
for any nonzero d, € R™ satisfying V,g;(x(y),y)d, =0, i € J(u).

A feasible point z(y) is a strict local minimum of LP, if there exists a neighborhood Ny, of
x(y) such that f(z(y),y) < f(a',y) for all 2’ € Ny, satisfying g(2’,y) < 0. Under Assumptions



M1 —H3, z(y) is a strict local minimum of LP,.

(H4) Constant Rank Constraint Qualification (CRCQ) holds for LP, if there exists a neighborhood
N(a(y),y) of the point (z(y),y) such that, for any subset I C I,(y), the family of gradient vectors
(Vagi(2',y'))icr has a constant rank for all (2, y") € Niy(y),y)-

Additionally, Assumptions H1-H3, along with convexity assumption on LP,, ensure that z(-) is
the unique strict global minimizer of LP,,.
(H5) LP, is a convex programming problem for a fixed parameter y.

Assumption H2 allows the presence of non-unique KKT multiplier vectors for LP,. This leads to an
analysis that differs from classical approaches based on LICQ and strict complementarity; see, for exam-
ple, Falk and Liu [15], Fiacco [26]. In Section 4, we consider suitable selections of multipliers that enable
the computation of second-order directional derivatives.

Remark 2.1 Assumption H3 is stronger than the standard second-order sufficient optimality condition, as it
requires the Lagrangian function to be positive definite on the critical subspace of the feasible set for each
multiplier vector. The framework (H1 — H5) employs two regularity constraint qualifications for LPy, which are
MFCQ and CRCQ. By providing counterexamples, Janin [27] showed that CRCQ is neither stronger nor weaker
than MFCQ; that is, neither does MFCQ imply CRCQ, nor does CRCQ imply MFCQ. Clearly, both constraint
qualifications are weaker than the linear independent constraint qualification. Shapiro [28] shows that the solution
function x(-) is not necessarily Lipschitz continuous (see the example on page 642). This example satisfies the
Assumptions H1-H3. The additional Assumption H4 is needed to ensure the Lipschitz continuity of the solution
function z(+). In fact, under this framework, the stronger property that the solution function z(-) is piecewise
smooth is established by Ralph and Dempe [22] and Liu [23]. The Assumptions H3 and H5 can be omitted if
strong convexity is assumed for LPy.

2.2 Prerequisites

The following discussions are borrowed from Ralph and Dempe [22], which are used in further devel-
opments. A function y : R™ — R"™ is first-order directionally differentiable along the given direction

dy, € R™ at y if and only if liir()l w exists. The first-order directional derivative of y along the
(0%

x(ytady)—x(y)
«@

direction d, at y is denoted by x’(y;d,) and computed as x'(y;d,) = hrfé . Further, if y is

also locally Lipschitz continuous, then yx is said to be Bouligand differentiable.
z(+) is a Bouligand-differentiable function under Assumptions H1—H4 as indicated by Ralph and Dempe
[22]. Consider the following set at y along the direction d, € R™ for a fixed p € M(y) as

. n . Vagi(@(y), y)ds + Vygi(z(y),y)dy =0, i€ J(n),
Ky dy) = {dm VL) e + Vygi(a), p)dy <0, i€ T(y)\ J(ﬂ)} 7

and a subset of M(y) as

S'(d,) := argmax Z 1:Vygi(2(y), y)dy.
HEM(y) i€ly(y)

Theorem 2.1 (i) (Shapiro [28], Dempe [29]) Under Assumptions H1 — H3, there exist neighborhoods Nz of
z* € R" and Ny~ of y* € R™ such that z(-) : Ny= — Ng= is first-order directionally differentiable. For
a given vector dy, there exists u € M(y) such that x'(y;dy) solves the following convex quadratic program
uniquely.

o
QPyu(y;dy) = min §d5V§zL(w(y)7y7u)dz+d5V§mL(w(y)7y,u)dy

x

s.t. dx € K}L(y;dy).



(i3) (Theorem 2, Ralph and Dempe [22]) Under Assumptions H1 — HA4, the directional derivative z'(y;-) is a
piecewise linear function such that, for each p € S* (dy), 2/ (y;dy) solves QPy(y;dy) uniquely.

The constraint set K, (y;d,) of QP,(y;d,) is nonempty if and only if u € S*(d,) (see Lemma 2.2 of
Dempe [29]). Moreover, QP,(y;d,) is a convex quadratic programming problem over the feasible space
at y. In Theorem 2.1 (i), observe that QP,(y;d,) has a unique solution z’(y;d,) at given y for some
p € S*(d,). Hence, the theorem does not compute 2’(y;d,) in a constructive manner, as it remains
unclear which p € S'(d,) should be used to compute 2’(y;d,) from the quadratic problem QP,(y;d,).
Under the additional Assumption H4, Ralph and Dempe [22] demonstrated that, for any u € S'(d,),
the solution of QP,(y;dy) yields 2’ (y; d,).

The following theorem is due to Theorem 5.5 of Dempe [2], which we state here in the context of BOP.

Theorem 2.2 (First-order sufficient optimality condition) Suppose Assumptions H1 — H5 are satisfied at
(z(y*),y"). If the optimal value of the optimization problem

min - VaF(2(y"), y )2 (v dy) + Vy F(z(y"), y")dy
Yy

st VaGi(z(y®), v (v dy) + VyGi(z(y"),y")dy <0, i € Ia(y®),
where Ig(y*) = {i € Ap : Gi(z(y*),y") = 0}, is positive then (z(y*),y™) is a strict local minimum point of BOP.

3 Existence of second-order directional derivatives of optimal
solution function

This section focuses on the second-order properties of the optimal solution function x(-) of LP,. The
second-order directional derivative of a general nonsmooth function is considered along a parabolic path
in Ben-Tal and Zowe [30]. In this section, we prove the existence of the second-order directional derivative
of the optimal solution function z(-) of BOP in the parabolic sense under some reasonable assumptions.
Let x'(y; dy) be the first-order directional derivative of the function x : R™ — R"™ at y along the direction
dy. The function x is said to be second-order directionally differentiable in the sense of Ben-Tal and Zowe

. 2 41y _ ) ’ .
[30] if li% Xytad, tord,)xy)—ox (vidy) exists, where d,,d, € R™ are direction vectors. The parabolic
[

o2
second-order directional derivative of x at y along a parabolic path y + ad, + azd; is denoted by the
vector x”(y; dy, d}!), and computed as

o Xyt ady +a?dy) = x(y) — ax'(y; dy)
X”(y’dy’dy) = E% o2 .

If X" (y; dy, d}/) exists for all d, and d;, then we say that x is second-order directionally differentiable at

y. By this, we mean that it is second-order directionally differentiable along parabolic paths in the sense
of Ben-Tal and Zowe.

Furthermore, using the definitions of x'(y;d,) and x"(y;dy, dlll)’ it can be deduced that x’(y;-) and
X" (y; -, -) are positively homogeneous of degree one and two, respectively. That is, for given ¢ > 0, we have

Xy +atdy) —x(y) _ . xy+atdy) = x(y) _ . x(y+5dy) = x(y)

=tx'(y;d
@ al0 to 510 B X (3 dy),

(1)

"(y;tdy) = li
X (3 tdy) = lim
where § = ta. Similarly, using the definition x”(y; dy, dglj), we obtain, for ¢ > 0,

X(y + atdy, + o*t*d})) — x(y) — ax'(y; tdy)
2

"(y;td,, t?d}) = li
X' (y; tdy, t7d,) lim o



lim Xy + atd, + o?t%d}) — x(y) — atx/(y; dy)
- al0 «o? '

Let 8 = ta. Substituting this into the above expression, we obtain

+ Bdy + B2d)) — — BX'(y;d
X"(y;tdwﬁd;)_ﬁg%x(y Bdy + B y)ﬁ2 X(y) — BX (y: dy)

= tQX/’(y;dy,d;). (2)

To analyze the local behavior of the parametric problem LP,, an equality-constrained relaxed problem
is considered by retaining the constraints corresponding to a subset of the active index set I (y*) at
y*, while the remaining constraints are omitted. Consequently, a solution of the relaxed problem may
not necessarily be a solution of the original problem. However, every solution of the original problem
corresponds to the solution set of the relaxed problem.

In the following theorem, we show that the optimal solution function to the relaxed problem RLP, is
second-order continuously differentiable.

Theorem 3.1 Let (z*,y")(= (z(y*),y")) and p* € EM(y*). Suppose Assumptions H1 — H3 hold at (z*,y™)
and the family (Vzg;(z*,y"));c; is linearly independent for some I satisfying J(p*) C I C Ig(y™). Then there
exist neighborhoods Ng+ of ©* and Ny« of y* such that the optimal solution function xy(-) : Ny= — Ng» of the
following relaxed problem of LPy,

(RLPy) : mzinf(x,y) s.t. gi(z,y) =0, 1 €1
is second-order continuously differentiable in a neighborhood of y*.

Proof Assumption H2 implies that M (y*) is a nonempty polytope. Therefore, its vertex set EM (y*) is nonempty.
Moreover, Assumption H3 ensures that

d;ViwL(m*, y*, 1 )dy >0 for all dy # 0 satisfying Vzg;(z*,y")dz =0, i € I. 3)
Under the linear independence condition and the strong second-order sufficient condition for the relaxed problem

(RLPy~), standard results from sensitivity analysis (see Corollary 3.2.5 of Fiacco [26]) imply that the solution
function z7(-) is second-order continuously differentiable in a neighborhood of y*. O

The above theorem justifies that the optimal solution function of RL P, is second-order continuously
differentiable. However, z(-) is a piecewise smooth function (see Ralph and Dempe [22]), which is not
necessarily a continuously differentiable function. The next theorem proves that the optimal solution
function of LP, is second-order directionally differentiable. This result follows from Theorem 2.3 in Liu
[23], which concerns piecewise smooth functions. A variant of proof is also provided in Liu et al. [18].

Theorem 3.2 Let Assumptions H1 — H5 hold at (z*,y™)(= (z(y*),y")). Then, there are neighborhoods Ny of
z* and Ny« of y* such that the optimal solution function x(-) : Ny« — Nz of LPy is second-order directionally
differentiable at y*.

Proof Since Assumptions H1—%H5 hold, from Theorem 4.10 of Dempe [2], one can conclude that the global optimal
solution function x(-) of LPy is a piecewise smooth function at y*. Hence, z(-) is a continuous function, and there
exists a finite collection of smooth functions {z1(-),z2(:), -+ ,zn(-)} such that z(y) € {z1(y), z2(y), - ,zn(y)}
around y*, where x;(y) is the solution of a particular form of RLPy, which is given by

le%n f(may) s.t. gi(‘ray):()v ie]j7

corresponding to the index set I; satisfying J(u) C I; C I4(y*) for some p € EM(y*), such that the family of
gradients (Vzg;(z*,y"))ies, is linearly independent.

By Theorem 3.1, one can conclude that there are neighborhoods Ng= of z* and Ny« of y* such that
x;j(.) : Ny» = Ng= is second-order continuously differentiable for each j = 1,2,.., N at y*.
Let dy and dllj be direction vectors at y*, and denote

j€{1,2,---, N} such that there exists a sequence of positive real numbers }

F(dy,dy) =147 -
(. dy) { {ay} | 0 such that z(y* + apdy + a%dé) =2 (y" + agdy + aid;)



Clearly, .# (dy,dlll) # (. If z(-) is second-order directionally differentiable at z* then the sequence

{w(y*+akdy+aid;>w(y*)fakz'(y*;dy>
2
ap

} must admit unique accumulation point for every sequence {ay, } of positive
real numbers converging to 0. Hence, to prove the theorem, it suffices to show that
2! (Y dy, dy) = 24 (y"; dy, dy) for any 7,5 € I (dy, dy). (4)

The above considerations yield the existence of 7’ > 0 such that for each ¢ € [0, '], there is some j € {1,2,--- , N}
such that z(y* + tdy + t2d31/) =a;(y* +tdy + t2d31/). Now, consider the following set for some j € .#(dy, dzlJ) as

Rj:={te[0,r]: a(y" +tdy +t3dy) = x;(y* + tdy + t*d,,)}.
Note that R; is a closed set since «(y) and x;(y) are continuous at y* under H1 — H3 (see Theorem 7.2, Kojima
[31]).
For ji,j2 € F(dy, d311)7 define a relation j; ~ jo if there exists a sequence of positive real numbers {ay} such that
{ag} L 0 and {a;} € Rj, N Rj,. Let j1,j2 € ﬂ(d%dé) and j; ~ j2. Then we have,
2 2 2
2y (" + agdy + ajdy) = 2, (y") + o, (¥ dy) + ok, (v dy, dy) + olak), VE

as 71 is second-order directionally differentiable at 7*.
Since j1 € j(dy,d;),

251 * * 2 1 2
m(y* + apdy + ajpdy) = z(y”) + akx;1 (y"5dy) + akmg-/l (y*; dy,dy) + o(ay), VEk.
Similarly,
* 2 41 * * 2 * 1 2
z(y" + opdy + ajdy) = z(y”) + akx;-Q (y™;dy) + akx;-; (y";dy,dy) + o(ag), Vk.
From the above two expressions,

o(y" + apdy + ajdy) — x(y*)

i — 2 (e d) =2 (v d 5

Jim o 2y, (Y dy) = x5, (Y5 dy), (5)
and

alyt Fagdy + ajdy) —2(y") - (Y dy) o, 1 "o 1
Hence, from the above discussion, it is clear that for any ji,jo € J(dy,d%,) satisfying j1 ~ jo, the expressions
(5)-(6) hold. Since [0,7'] = |J R;, we claim that for any r,s € . (dy, dzll), one can find a chain of relations
S (dy,dy)

such that r ~ j; ~ ja, -+ ,~ ji ~ s. On the contrary, suppose that no such chain exists for given r, s € . (dy, d}j)

Denote r = rg and s = sg. Then, without loss of generality, the index set .% (dy,dzll) can be divided into two
disjoint subsets such that there exist two separate chains

rgr~ry~---~rp and Ssg~ Sy~~~ Sy,

which satisfy
riobs; foralli=0,...,k j=0,...,L

Denote
k ‘
R :=|J R, R :=[JRs,
=0 §=0

which are closed subsets of [0, 7] being finite unions of closed sets. Moreover, since r; 7 s;j for all 4, j, there does
not exist any sequence {ay} J 0 such that {ap} € R" N R®. Hence, for some 0 < " <7/

R NR°n[0,r"]=0.
On the other hand, since [0,7'] = |J R; = R" U R®, we have
S (dy,dy)
[0,7"] = (R" n[0,7"]) U (R* N [0,r"]),

where both R™ and R® are nonempty. Therefore, [0, "] is expressed as the union of two disjoint, nonempty, closed
sets, which contradicts the connectedness of [0, r”’]. Hence, there exists a chain of relation r ~ j1 ~ jo, -+ ,~ ji ~ s
for any r,s € I (dy, dll}) Then, (4) holds. This completes the proof of the theorem. O

The epi-regularity condition on the second-order directional differentiable function along parabolic
path is used in Mehlitz and Zemkoho [19], Riickmann and Shapiro [20] to obtain sufficient optimality
conditions. In this work, we require a stronger condition, which is termed as second-order gph-reqularity
condition on the solution function, to derive the sufficient optimality condition for BOP.



Definition 3.1 (Liu et al. [18]) A locally Lipschitz continuous and second-order directionally differentiable
function x is said to be second-order gph-regular if, for any dy € R™ and any path d};() : Ry — R" satisfying
limy o tdgll(t) = 0, the following expansion holds

X(y* +tdy + £7dy () = x(y™) + tx ("5 dy) + X" (45 dy, dy () + o),

where R4 denotes the set of nonnegative real numbers.

Hence, for given path d;() satisfying lim;|o td; (t) =0, x is second-order gph-regular if and only if

X+ tdy + 2dy (1) = x(yF) — X ("5 dy) — X" (y*5 dy, dy (1))
lim

=0.
t10 12

Clearly, if x is second-order continuously differentiable, then it is second-order gph-regular. The following
theorem demonstrates that the solution function z(-) is second-order gph-regular.

Theorem 3.3 Let the assumptions of Theorem 3.2 hold. Then, there are neighborhoods Ng= of ©* and Ny+ of
y* such that the optimal solution function x(-) : Ny= — Nz« of LPy is second-order gph-regular at y*.

Proof Since z(+) is a piecewise smooth, it is locally Lipschitz continuous (see Ralph and Dempe [22]). Consider a
path y* + tdy + t2d31/ (t) satisfying lim, o tdzl;(t) = 0. To prove z(-) is second-order gph-regular, we claim that the
sequence

{ w(y" + agdy + ajdy(ay)) —a(y*) — apa’(y*; dy) — aja” (y*s dy, dy (o))

o2 } — 0 for each {ay} ] 0.

Since x(+) is piecewise smooth, one can find a collection of functions z;(-) € C? as in Theorem 3.2 along the path
y* + tdy + t2dy(t) for some index set
- j€{1,2,---, N} such that there exists a sequence of positive real numbers
{a} L 0 such that z(y* + axdy + aidy(ax)) = 2;(y* + ardy + aidy(or))
Since z;(-) € C?, it is second-order gph-regular at y* for all j € .#. Then we have
2 1 2 1 2
i (y" + apdy + apdy(ay)) = z;(y") + ax(y"s dy) + agaf (y"5 dy, dy(ar)) + o(ay), Yk, (7
where 5 1 ,
zi(y* + sdy + s7dy (o)) — 25 (y") — s2;(y™; dy)
5 .

"ok, 1 RT
7 (" dy, dy o)) = lim p

Let {a} | 0 be any given sequence such that
{ap} CR;:={t €[0,r]: x(y* +tdy + t2d?1J(t)) =x;(y" +tdy + t2d.,1/(t))} for some suitable 7' > 0. Then, there
exists j € &,

ey + agdy + afdy(ay)) —a(y*) — apa’(y*; dy) — aja” (y*s dy, dy (o))

lim 5
k—o00 ak

o W ondy + ajdy(ag) — z;(y*) — o (y* dy) — aga’ (y*; dy, dy (o))

o k—oco Oé%

. 1", % 1 1", % 1 . O(Oék)Q .
= lim @;(y";dy, dy(ag)) — 2 (Y 5 dy, dy(ag)) + lim ——5~— (using(7))
k—o0 k—o00 ak
= Jim_ af(y"sdy, dy(ar)) = 2" (4”5 dy, dy (). (8)

Using the arguments in Theorem 3.2, for any ji1,j2 € # satisfying j; ~ ja, there exists a common sequence
{@x} | 0 such that

_ _2 31/ _ _2 31/, _ _2 _
2(y" + ardy + akdy(ar)) = 5, (v" + ardy + aidy (@) = o4, (y* + ardy + agdy(ar)),

Yt apdy + a2dl(ag)) — z(y* 9)
(1) = 2, (s de) = 2, (" o) = lim SOk ARG () 2 20T
k—o0 Qap

Using the second-order expansion for j; and j2, we obtain

2, (y* + ardy + ardy(@y)) = xj, () + aga, (v dy) + axal, (v dy, dy(ar)) + o(az),



_ _2 31/ _ _2 1/~ _2
@y (y" + Gpdy + ardy (@r)) = 2, (y") + Qe (v dy) + aral, (y"s dy, dy(ay)) + o(a), k.

Subtracting the second expression from the first expression, and using (9),

. " * 1/~ " * 1/~

kli)n;o Ljo (y 5 dy> dy(ak)) — Ty, (y §dy7 dy(ak)) =0.
Using the second-order expansion for x;(-), we have
1 1 T2
@ (4”5 dy, dy(£)) = Vi (y")dy (t) + 0.5dy Vyya; (y”)dy.

From the above expression, it is clear that :B;'(y*; dy, -) is continuous in the last argument. Further, since dgll (t) is

continuous with respect to t, it follows that x;’(y*; dy, dzll (t)) is also continuous with respect to ¢t. Hence, we have
. " 1 1" 1
biun 7, (y"5dy, dy(t)) — 5, (y"; dy, dy () = 0. (10)

Since (10) holds for all ji,j2 € .#, and in view of (8), to prove the theorem, it suffices to establish the existence
of an index j € .# such that

. * 1 * 1
lim_ 2 (y"; dy, dy(ar)) — 2" (y"; dy, dy (ax)) = 0.
k—oo
For the sequence {ay}, consider a path y* + sdy + st?l/ (ag)) for s > 0 and fixed ay, and the corresponding index

set for sufficiently large k as

Ve o jef{L2,-- , N} such that there exists a sequence of positive real numbers
=4
{51} 4 0 with s; < ay, such that z(y* + s;dy + s%d;(ak)) =xz;(y" + sdy + slzd;(ak))

Clearly, . k # () for all k because z(-) is piecewise smooth function. Since & k is finite for each k, there exists
N > 0 sufficiently large so that j € (> fk, implying that j € .#.
As z(+) is second-order directionally differentiable,
2y + sidy + stdy(an)) = 2(y") + s12' (v dy) + sta” ("5 dy, dy(ar)) + o(s7), VL.
Then

2

k—oo \ l—o0 Sy

271 2
o (hm 2y + sidy + spdy(ox)) = 2(y") = six' (5" dy) — 5 m”<y*;dy,d%,<ak>>> ol

Since j € I for k > N, we have
. (T sidy + spdy (o)) — 5(y%) — si2(yt s dy) — sta” (y* s dy, dy (o))
lim lim =0.

k—oo \ =0 8[2
This gives
Jim ("5 dy, dy(ar)) = 2" ("5 dy, dy (o)) = 0.
Hence, the proof of the theorem follows. O

4 Second-order properties of the optimal solution function

Suppose that Assumptions H1-#H3 hold at (2(y),y), and let u € V(d,, d,) C M(y), where

3 u* € M(y*) such that {u*} — pas {ax} 10, ap >0,
V(dy,dy) := {u € M(y) : .

and y* =y + agdy + aidi, vk

Let {y*} be the sequence defined by y* = y + apdy + afd), with oy > 0 such that {ag} — 0. As z(-)
is continuous around y, we have {z(y*)} — x(y) as k — oco. Since z(-) is second-order directionally
differentiable at y, as shown in Theorem 3.2, the following limits exist.

ky _ x(y + apd, +a2dl) —x
lim 7:10(3; ki) = lim W My kdy) ) =d, (say) and
k—o0 Qg k—oo (673
k) — — agz'(y; d 2(y + apdy, + a2dl) — x(y) — apz’(y; d
i T — () — oz (yidy) _ o 2+ ondy +ajdy) i (y) — ara’(y; dy) — ! (say).
k—o0 o k—oo g

The first-order properties associated with KKT multipliers of parametric problems are proved in the
monograph by Fiacco [26]. To facilitate the Taylor expansion of the functions in the KKT conditions,
we require some second-order result associated with the multiplier set V(dy, d;), which is stated in the
following lemma.
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Lemma 4.1 Suppose Assumptions H1 —H4 hold at (z(y),y) and p € V(dy, dé) There exists u* € M(y*) such

k
—p—apd .
”‘;72’““ exists.

k
that limy_, o ”a:“ =dy for some dy € R?, and limy,_, o
k

Proof The proof follows from Lemma 4.2 of Khatana and Panda [32] by considering V (dy, dlll) in place of V(dz).
(]

pF—p
ag

Nk_u_akdu
oy

From Lemma 4.1, limg_, o

dwd,li € RY. Hence,

= d, and limy_, = db for some sequence {u*} and

z(y*) = 2(y) + ardy + aidl +o(a?) and p* = p+ apd, + aidy, + o(0f)

for some subsequence of {ay}. Without loss of generality, assume that the subsequence is {ay}. Since
z(y") solves the problem LP,. at y* and p* € M(y*),

va:L(x(yk)7yk7ﬂk) = Ov (lla)
gi(z("),y*) =0, pui>0, ieJ(pb), (11b)
gi(z(y™),y") <0, pF=0, i¢Jh). (11c)

1
Denote z := (gi)’ d, = (?f), and dl := (2{“) Expanding VL around (z(y),y, ), we have
Yy Yy
Vo L(z(y*), v, u*)"
= Vo L(z(y),y, )" + oy, (VizL(w(y), Y, 1) dy + Vi, L@ (), y, p)dy + Vi, L (y), y, u)%)
1 ~ d,
ot (5 02 d) P2t ™) () + VaLlat)
+ V2, L(a(y), v )y + V2, L),y )d}, ) + enolad)
yx v Y n v w n k/»

where e, = (1,1,...,1)T € R™. Further, expanding g;, i € I,(y) around (z(y),y), we have

9:(a(y").y") =gu(a (). y) + o (ngi(fc(y% y)da + Vygi(2(y), y)dy)
(13)
Since p € M(y),

VaeL(z(y),y, 1) =0, i >0, gi(x(y),y) =0, i € [,(y), pi =0, i & I4(y).

From (11a), we have V., L(z(y*), y*, u*) = 0. Hence, klim Ve L(z(y").4", ‘Lal Vel (@W).v1) — () Then, from
—00
(12),

V2 L(2(y),y, 1) de + Vi, L(2(y), y, p)dy + Vi, L(2(y), y, p)dy = 0. (14a)
As J(u) C J( k) for sufficiently large k, (11b) holds for i € J(u). Further, since
gi(z(y*),y*) = 0, i € J(u) by (11b) and gi(z(y),y) = 0, i € J(u) C I,(y), therefore
lim @@ —0iE@Y) _ o for j e J(u). Hence, using (13),

k—s00 R

Vagi(2(y), y)ds + Vygi(z(y), y)dy =0, i€ J(p). (14b)

11



Furthermore, for i € I(y) \ J(u), it follows from (11c) that klim gi(m(yk)’ygggi(m(y)’y) < 0. Then, from
—o0
(13),

Vegi(@(y), y)de + Vygi(@(y), y)dy <0, i€ ly(y)\J(u). (14c)

Since p; = 0 for all i € I,(y)\ J(u) and uf > 0 for i € Ay, we obtain d,,, = limg_,0o “faf”i > 0. Moreover,

k

since I,(y*) C I,(y) for sufficiently large k, it holds that p; = 0 and u¥ = 0 for all i & I,(y), implying

dy, = limy_o0 “fo;w =0fori ¢ I(y).
If d,,, > 0 for some i € I,(y)\ J(u), then it follows that u¥ > 0 for sufficiently large k. Consequently,
i € J(u¥), and from (11b), we have g;(x(y*),y*) = 0 for sufficiently large k. Thus, using (13), it holds

that

Vagi(2(y), y)de + Vygi(2(y), y)d, = 0 for i € {i € Iy(y) \ J(1) = dp; > 0},
On the other hand, if V,g;(x(y), y)dz + Vy9:(2(y),y)dy < 0 for some i € I,(y) \ J(u), then
gi(z(y*¥),y*) < 0 for sufficiently large k. Hence, it follows from (11c) that u¥ = 0 for sufficiently large k,
and therefore d,,, = 0. Thus,

d/h‘ Z 0’ 7“ € Ig(y) \ J(p,), dui = O7i g (14d)

dy; (Vagi(2(y), y)de + Vygi(2(y), y)dy) =0,
I4(y).
It can be verified that the expressions (14a)-(14d) are the KKT optimality conditions of QP,(y;d,) with
KKT multiplier vector d,. Hence, this system has a unique solution d,.

Remark 4.1 Recall the discussion in Section 2.2. The feasible set of QP,(y;dy) is nonempty if and only if
€ S1(dy). Further, Theorem 2.1 states that ' (y; dy) is the unique solution of QP (y; dy) for each of u € S*(dy).
Since (14a)-(14d) are the KKT optimality conditions of QP (y;dy) so the system (14a)-(14d) is consistent if
and only if € S'(dy). In that case, for given direction vector dy, if (dg,dy) solves the system (14a)-(14d) then
de = ' (y; dy).

We now proceed with a similar argument as in the formulation of (14a)-(14d) with the new index
sets J(w;dy,) and Iy(y;d.) as

Jiidy) = {i € L) \ J(u) = d, > 0} UJ(p),

and Ig(y; dz) = {l € Ig(y) : vmgz(x(y)a y)dz + Vygl(l'(y)ay)dy = 0}7
and with the following limits

k—oc0 az

and
fim 9i ("), v*) — gi(z(v), y) — e (Vags(2(y), y)ds + Vygi(x(y),y)dy)
k— o0 Oéi ’

The following system (15a)-(15d) is derived using (11a)-(13) by considering the above limits and index
sets. This is analogous to the process for the derivation of (14a)-(14d). Hence, we omit the detailed
derivation.

1 ~ o\ = !

3 (A 4 T Lot ) () + 97,2t (G ) =0 (152)
m

1 ‘

50 V29i(@(), y)d= + Vagi(w(y),y)dz =0, i € J(uidy), (15b)

1 .

§dZV§zgi($(y),y)dz + V.gi(x(y),y)ds <0, i€ I(y;d.)\ J(p;dy), (15¢)

12



1

dy, >0, i€ l(y;d) \ J(psdy), dy, =0, i ¢ I(y;dz).

(15d)

Consider the following linear programming problem corresponding to the direction vectors d,, and dllﬁ

max > g (; (' (y; dy)" d]) V2, 9i(x(y), y) (xl(z;dy)> +Vygi(r(y),y)d§) (16)

eSi(d,
I ( J)iGIg(y)

and

Sz(dy,d;) ={p € S*(d,) : wsolves (16)}.
Clearly S*(dy,d,) < S'(d,). Further, S*(d,,d}) is a nonempty polytope as S'(d,) is a nonempty
polytope.

Theorem 4.1 Suppose Assumptions H1 — H5 are satisfied at the given point (z(y),y). Then,

1. x”(y;dy,dé) solves the following quadratic optimization problem,

T
. 1 N d T T
min 5 (@ a) 9 (Vestot).”) (§2)) db+ad" Thaslot) . + ' VEeL (e, ek
1 ro2 di .

s.t. Edz vzzgl(m(y)7y)dz + ng’L(xay) dl = 07 S J(/"’v d#)?
Y

1 dy .
S V2 s + Veion) () S0 1€ Lo(idy) \ i)
Y

for u e S2(dy,d31/) NEM(y) and dy € EM,,, where

i = da - (z'(y; dy), dy) solves (14a) — (14d) for given pu € EM(y),
B such that (Vagi(z(y),Y))ies(uyui(d,) 8 linearly independent |’

Iy(y; dy) := {i € Ig(y) : Vygi(x(y), v)dy + Vagi(z(y), y)2'(y;dy) = 0 }, and d. = (x (Z;dy))-

2. Suppose u € EM(y) and the feasible set of the above quadratic programming problem is nonempty, then
€ S?*(dy,dy).
Proof (1) The first part of the proof follows from Theorem 5.1 of Khatana and Panda [32] by considering the
parabolic path y* =y + apdy + aidgl/ in place of linear path, and changing the role of S%(dy) by S2(dy, alé)7 and
EM (4, by EM respectively.
(2) The feasible set M (y) is a nonempty polytope under Assumption #2. Recall that S*(dy) denotes the solution
set to the following problem:

(P max > wiVygie(y) u)dy
i€ly(y)
st Vaf(@®),9)+ D wiVagi(z(y),y) =0,
ie[g(y)
pi >0, i€ Ig(y).

The following conditions are the KKT optimality conditions for (Pl).
Vygi(2(y), y)dy + Vagi(x(y),y)dw + si =0, i € Ig(y),
8; >0, pis; =0, i€lIy(y),

where dyy € R™ and s;, i € Iy(y) are the KKT multiplier vectors. Hence, each p € S*(dy) satisfies the following
system.

Vel(@@),y)+ Y miVagi(x(y),y) =0,
i€y (y)

#i (Vygi(x(y), y)dy + Vagi(z(y),y)dw) =0, i€ Ig(y),
pi 20, Vygi(z(y), y)dy + Vagi(z(y),y)dw <0, i€ Ig(y).
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Since (Pl) is a linear programming problem, each solution p € Sl(dy) satisfies the above optimality system for
each multiplier vector dy. K Flt(y; dy) is the set of KKT multiplier vectors for (P'), which is shown in Lemma

2.2 of Dempe [29]. Further, since z’(y;dy) € K}L (z; dy) therefore z’(y; dy) satisfies the above KKT optimality
conditions of (P'). Hence, Problem (16) can be written as

(P?): max > (1 A VZ.9i(z(y), y)d- + Vygi(m(y),y)dgl,>

i€ly(y) 2
st. Vef(z(v),y)+ > niVagi(z(y),y) =0, (17)
i€lq(y)
pi =0, ie€{icly(y) : Vagi(z(y),y)a' (y;dy) + Vygi(z(y),y)dy < 0}, (18)
pi 20, ie{i€ly(y) : Vagi(x(y), v)a' (y; dy) + Vygi(z(y),y)dy = 0}. (19)

The KKT optimality conditions for (P?) are
1 .
5 & V2:0i(2(y), 9)d= + Vygi(2(y), y)dy + Vagi(@(y),y)ds +bi =0, i € Iy(y),

bi €R, i€{i€ly(y): pi=0, Vagi(z(y),y)z'(y: dy) + Vygi(x(y),y)dy < 0},
bi =0, i€{i€ly(y;dy):p; >0} =J(p),
b >0, ie{ie€ly(y;dy): p; =0} =Ig(y;dy) \ J(1),

where d} is the KKT multiplier vector for the constraint (17), and b; are the KKT multipliers associated with
constraints (18)—(19). Given that the feasible region of the quadratic problem is nonempty for some p € EM (y),
let dfl,;* be a feasible point for given d. and dé.

Define b] = — (% dIv2,gi(z(y), y)d= +Vygi(x(y),y)d11, +Vzgi(:c(y),y)d}c*). Then the pair (dglc*,b*) satisfies
the above KKT optimality conditions, and thus, u € S?(dy, dlll) O

Remark 4.2 Note that (15a)-(15d) are the KKT optimality conditions of the quadratic optimization problem in
Theorem 4.1, where d. = =" (y; dy,dgll) is the optimal solution to this quadratic problem and diw 1 € Ig(y; dy)
is the corresponding KKT multipliers. Suppose u € EM (y), then the feasible set of the quadratic problem is
nonempty for given d, € EM, if and only if u € S> (dy,dé). In that case, for given vector (dz,d,) such that
dy € EMy and pu € EM(y), if (d}, dy,) solves the system (15a)-(15d) then di = 2 (y; dy, dy).

From Remarks 4.1 and 4.2 it is clear that for given direction vectors dy,dlll, the first and second
order derivatives a’(y;d,) and z”(y;dy,d}) satisfy the system (14a)-(14d) and (15a)-(15d) uniquely
at (x,y, n) respectively under certain assumptions. Next, we apply the active-set strategy to derive a

unified first- and second-order system.

Using an active set strategy on the complementarity constraints (14d) and (15d) corresponding to some
set I satisfying J(p) C I C I4(y) so that (Vmgi(x(y), y))iel is linearly independent, we can reformulate
(14a)-(15d) as (20a)-(20h), which is a system in (d,,d,, dL,d.) at given point (z(y),y, 1) and direction

1 sy Py Y
vectors dy, d, at y.

V2. L(x(y),y, w)de + V2, L(x(y), y, 0)dy + V2, L(x(y), y, p)d, = 0, (20a)
vmgi(x(y)v y)dw + Vygi(x(y)a y)dy =0, 1€l (20b)
V2gi(2(y), y)de + Vygi(2(y), y)dy <0, i€ Iy(y)\ 1, (20c)
d, >0, iel\J(u), d, =0, i¢l (20d)
1 - L\ = dl
3 A D) FTaLlat) ) () + 9.2l (5 ) =0 (20¢)
m
1 .
Vagi(2(y),y) do + Vygi(2(y), y)dy + 5dT V2 0:(w(y), y)d= = 0, i€ 1, (20f)
1 .
Vagi(2(y),y) dz + Vygi(2(y), y)dy + 5d7 V2 0:(w(y), y)d= <0, i € Iy(y;d:) \ T, (20g)
dy,, >0, ie€lI\J(pd,), d, =0, i¢l (20h)
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Let (dy,d,,d},d},) be the solution of the system (20a)-(20h) for given d, and dj. Then, for some

appropriate small t > 0, (td,, td,, t*d},, t*d),) satisfies (21a)-(21b) for given td,, t*d, .

1 .

Vagi(2(y),y) (dx + dz) + Vygi(@(), y) (dy + dy) + 52 V2, 0:(2(y), y)d= < 0,1 € Lo(y) \ Iy(y; =),
(21a)

and dy, +dy,, >0, i€ J(udy)\ J(p). (21b)

That is, (20a)-(21b) hold in a neighborhood of d, and dj. In that case, (20g)-(21b) can be combined and
rewritten using V,g;(2(y), y)dz + Vygi(z(y),y)dy =0, i € I4(y;d.) \ I and d,, =0, i € I\ J(u;d,) as

Vegi(x(y),y) (do + d3) + Vygi(2(y),y)(dy + d,) + %dfvizgi(x(y), y)d. <0, iely(y)\I, (2lc)

dy, +dy, >0, ieI\J(p), d, =0, i¢l (21d)
Thus, the system (14a)-(14d) and (15a)-(15d) are reformulated as the system (20a)-(20f) and (21c)-(21d)
in a neighborhood of d,, and dj, for ||d,|| <& and ||d} || < 4.

5 Second-order optimality conditions for BOP

The existing literature on second-order optimality conditions using the value function approach to estab-
lish the existence of solutions to bilevel programming problems is summarized in Section 1. In this section,
we derive the second-order necessary and sufficient conditions for BOP using the parabolic second-order
directional derivative of the optimal solution function of the lower-level problem. First, we establish
the following second-order necessary optimality conditions for an optimization problem with continuous,
second-order directionally differentiable functions, which will be used later to derive the second-order
necessary conditions for BOP.

Lemma 5.1 Let y be a local optimal solution to the following optimization problem

min  ho(y') s.t. hi(y') <0, i € Ap,
y/

where hg : R™ — R and h; : R™ — R, i € Ay are continuous and second-order directional differentiable functions
around y. Then there does not exist dzll € R™ such that the following system is satisfied.

ho(y; dy) + he (y; dy, dy) < 0, (22a)
hi(y; dy) + hi (y; dy, dy) < 0, i€ I(y), (22b)
ho(y;dy) <0, hi(y;dy) <0, i€ In(y), (22c)

where Ip(y) = {i € Ap : h;(y) =0}.

Proof Let {yk} be a sequence y* =y + opdy + aidzl! with a, > 0 and {ax} | 0 for some (dy,d;ll/) e R™ x R™.
Since hg and h;, © € I (y) are second-order directional differentiable at vy,

ho(y®) = ho(y) + awh (y; dy) + akhg (y; dy, dy) + o(ad), Vk, (23)

and hi(y*) = hi(y) + ahi(y; dy) + akhi (y; dy, dy) + o(af), Vk. (24)
Suppose, for the purpose of contradiction, that there exists dglj such that (22a)-(22¢) is satisfied. From the
conditions (22b)-(22c), it follows that for each i € Iy, (y), either h}(y;dy) < 0 or hl(y;dy) = 0, hi (y;dy, dglj) <0.
In either case, there exists Ny such that h;(y¥) < hi(y) = 0 for all i € Ij,(y) and k > Ny from (24). Further,
using the continuity of h; for ¢ € Ap \ I, (y), there exists Na > Nj such that hi(yk) < 0forall i € Ap\ Ip,(y) and
k > Ns. Finally, using (22a), (22c), and (23) we can conclude by a similar manner that there is N3 > Na such

that ho(y"®) < ho(y) for all k > N3. Thus, ho(y*) < ho(y) for hi(y*) < 0 for all i € Ap and k > N3. This yields
a contradiction since y is a local optimal solution. Hence, the result follows. O

Let {ax} be a sequence with ay > 0 for each k and {ay,} — 0, and the sequence {y*} be defined by
y* =y + axdy + aid; for each k. From Theorem 3.2, it follows that

a(y¥) = 2(y) + ara/ (y: dy) + a2’ (y; dy, d})) + o(0)
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for each k. Consider the expansion of F' around (z(y),y) as
Fla),0) = Pl ) + au (VaF (@), (5) + 9, F(a(0).0) 4, )
0 (VaF (ol )" 05y )+ 9, o). 1)

()" df) Vet (74 ) )

DN =

+
+ o(a}).

Let F(-) := F(z(),-) and G(-) := G(x(-),-). Then, the first-order directional derivative and the second-
order directional derivative of the implicit function F'(y) are given by

F(ysdy) = Jim F(y’“)a; Fly) _ Tim F(w(y’“),y’“ik— F(xz(y).y)
= Vo F(x(y), y)7' (i dy) + Vy F(2(y), y)dy (25a)

and F"(y;dy, d)) = kli}n;o 2
k
F(x(y*),y*) = F(z(y),y) — ax (VxF(ﬂf(y% y)a'(y;dy) + VyF(2(y), y)dy)
- kli}n;o al
= V. F(z(y), y)a" (y; dy,dy) + Vy F(x(y),y) d,,
+ % (' (g )" dy) VEF (2(y),y) <x/<fi;dy)> : 220

respectively. Similarly, the first-order directional derivative and second-order directional derivative of

Gi(y) for i € Ig(y) are given as follows

Gi(y:dy) = VaGi(z(y), y)2' (y; dy) + V4 Gi(2(y), y)d, and (25¢)
G} (y; dy, dy) = VaGi(a(y),y)2" (y; dy, d) + V,Gi(x(y), y) d,
+ % (&' (y:dy)T dT) V2. Gila(y),y) <x/(‘7§yd?’)> , (254)

respectively.

Theorem 5.1 (Second-order necessary condition) Let (z(y),y) be a local optimal solution to BOP, and F,G € C?
in a neighborhood of (z(y),y). Further, assume that Assumptions (H1) — (H5) hold at (z(y),y). Then,

€ EM(y), J(pn) CIC I4(y),
o= min do(u 1) - jz (y), J(u) L g(y)_ >0, (26)
(Vagi(z(y), y))iel is linearly independent
where v(uw, I) is the optimal value of the following optimization problem
P(u, 1)) : i
(P(p, 1)) 4, 4D it o
+3dz VEF(2(y),y)d- < o,
VaGi((y),y) (d + d) + VyGi(a(y),y) (dy + dy) (27h)
+3d2 VEGi(e(y) y)d < a, i € Ia(y),

Va2 F(z(y),y)de + VyF(z(y),y) dy <0, (27¢)
VaGi(2(y), y)dz + VyGi(x(y),y) dy <0, i€ Ig(y), (27d)
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(20a) — (20f) and (21c) — (21d) hold, (27e)
ldyll <1, fldy]l < 1. (271)

Proof Under Assumptions H1 — H3 and H5 there exist neighborhoods N, (,) at z(y) and Ny at y such that
z(-) 1 Ny — Nw(y) is strict global optimal solution function. Hence, BOP can be written in an implicit form in
the neighborhood of y as

min  F(y') st. Gi(y)) <0, i€ Ap,
y/

where F(y') = Fa(y'),y"), Gi(y') = Gi(z(y),y'),i € Ap for y’ € Ny.

Given that (z(y),y) solves BOP locally, it follows that y is a local optimal solution to the above implicit bilevel
problem. Using Lemma 5.1 in the implicit bilevel problem, one can conclude that there does not exist d}/ such
that the following conditions are satisfied.

F'(y;dy) + F" (y; dy, dyy) <0,
Giy; dy) + G (y; dy,dy) <0, i€ lg(y),
Fl(y;dy) <0, Giy;dy) <0, i€ lg(y).

Consequently, the optimal value of the following problem is nonnegative.

oy

st F(yidy) + F"(y;dy, dy) < @
Gily;dy) + G (lﬁdzﬁdl)ﬁ a, ielg(y),
F'(y;dy) <0, Gi(yidy) <0, i€ Ig(y),

ldyll <1, lldy]l < 1.
Substituting the values for F”(y;dy), F"(y; dy,d;), Gl(y; dy) and GY (y; dy, dé) from (25a)-(25d), we obtain

(P): min  «
a,dy,db

st VeF(2(y),y) (o' (s dy) + 2" (y; dy, dy)) + Vy F(2(y), y)(dy + dy)
3 @) d) Vramw (T%Y) <a
VaGi(z(y),y) (2 (g dy) + 2" (g3 dy, dy)) + Vy Gy (2(y), y) (dy + dy)
43 @) ) VEGitam) (TG W) <o vietaw),
Vo F(a(y), )7 (y: dy) + Vo F(x(y), y)dy < 0,
),

VaGi(z(y), y)a' (y; dy) + VyGi(z(y), y)dy <0, Vi€ Ia(y),
1
ldyll <1, ldyll < 1.
Replacing 2’ (y;dy) = dz and x”(y;dy,dll!) = d. and incorporating the system (20a)-(20f) and (21c)-(21d) for
some index set I satisfying J(u) C I C I4(y) such that (ngi(x(y),y))iel is linearly independent, Problem
(P) can be reformulated into (P(u, I)). Therefore, the optimal value of the optimization problem (26) is always

non-negative for any I satisfying J(u) C I C I4(y) such that (ngi(x(yLy))ieI is linearly independent as the
optimal value of problem (P) is non-negative. This proves the theorem. O

A second-order necessary condition can be useful in certain cases. The following example is a modifi-
cation of Example 4.1 of Dempe [1]. Here we see that the first-order necessary condition due to (Corollary
3.4, Dempe [1]) is satisfied at a non-optimal point, whereas the second-order necessary optimality
condition (Theorem 5.1) is not satisfied at that point.

Ezample 5.1
Ilmli;’l {452+ @ —4)% |z e (Y}

where U(y) := argmin{(z — 3) | % — y < 0}
x
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Note that (x,y) = (1,1) is a non-optimal point. Here, M(y) = {2} and J(u) = I,(y), which results
in a single choice I = I,(y).
min «
s.t. 12d, —6d, < a,
6dy + 2d, =0, —2d, +d, =0,
—1<d, <1
The optimal value of the above problem is 0, which means that the first-order necessary conditions
(Corollary 3.4, Dempe [1]) are satisfied.

Next, we will show that the second-order necessary conditions do not hold at this point.
The problem (P(u,I)) at (z,y, ) = (1,1,2) in Theorem 5.1 is

min «

5.6 12(dy 4+ db) — 6(dy + db) + (de)? + (dy)? < o,
6y +2d, =0, —dy + 2d, =0,
6d. +2d} = —2d,d,, —d}+2d} = —(d,)?,
—1<dy<1,-1<d; <1.

The optimal value of the above problem is —0.25, which is negative. Hence, this does not satisfy the
necessary condition of Theorem 5.1. ([

Let P’(u,I) be the optimization problem obtained from (P(u,I)) by restricting the feasible set of
(P(u, I)) with ||dy|| # 0 and putting o = 0 in the constraint (27b). This takes the following form after
simplifications.

(P'(p, 1)) :

1
L, omin o Vo F(x(y),y)(de + i) + Vo F(2(y),9) (dy + dy) + 5dIVEF(2(y), y)d-

1
s.t. Vo Gi(z(y),y) (de + d}) + VyGi(x(y), y) (dy +d}) + §dZTV§,ZGi(x(y),y)dz <0, i€ lg(y),
Iyl # 0, ||dy|l <1,and (27c) — (27e) hold.

Theorem 5.2 (Second-order sufficient condition) Let (z(y),y) be a feasible point of BOP. Suppose that
Assumptions H1 — H5 hold, and F,G € C? in a neighborhood of (z(y),y). Let
, ) { /( w€ EM(y), J(u) CICI4(y), (Vzgi(x(y),y))iel is linearly independent,}
v (u, I) .

v o= Imin
[ys

and v'(u, I) is the optimal value of P'(p,I)

Ifv' > 0 then (z(y),y) is a strict local minimum of BOP and there exist € > 0 and ¢ > 0 such that
F(a,y') 2 F(a(y).v) + clly’ —u]?

for all (2, y') satisfying ||y’ — || < e and 2’ € V(y'), G(z',y") <O0.

Proof Since v' > 0, from P’(u,I),

VaF(a(y).y) (2 (:dy) + 2" (g dy, d})) + Vy F@(),y) (dy +dy)

o (28)
45 @say)” df) VR (7G]0
for all (dy,dé) satisfying
VaGi(z(y),y) (@' (v dy) + 2" (y; dy, dy)) + Vi Gi(2(y),y) (dy + dy)
1., ' (y;d .
+ 5 (@ (ysdy)" df) VE:Gile(y),v) ( (Zy y)) <0, i€ lIg(y), 29)

VaGi(2(y),y) ' (y; dy) + VyGi(z(y),y) dy <0, i€ Ig(y),
VaF(x(y),y) @' (y; dy) + Vy F(2(y), y)dy < 0.
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From (1) and (2), it follows that @'(y;tdy) = tz'(y;dy) and z”(y; tdy,tzdé) = 122" (y; dy,d%;) for any t > 0.
Suppose Vi F(2(y),y) ' (y; dy) + VyF(z(y),y)dy < 0 for some (dy,dé) satisfying (29). Since

VaF(z(y),y) 2’ (y; dy) + VyF(z(y),y)dy < 0, the objective value of P'(u, T) at the feasible point (tdy, t2d31/) for
some appropriate t > 0 is

t(VaF(ay) 9)a/ (g3 dy) + Vo F (2(y),y)dy

1+ 42 (VmF(x(y)7 y)g;//(?ﬁ dy, dgl,) + VyF(:v(yLy)d?lJ + % (x/(y; dy)T dg’) VEZF(l’(y),y) <x ((yi;ldy)> ) “0

This contradicts (28). Hence, in view of (29), we obtain V. F(z(y),y) 2’ (y; dy) + Vy F(2(y), y)dy = 0. Thus, from
(28), it follows that

1 2 (y; d
VaF (@(y).y)a" (v, dy: dy) + Vy F(2(y), 9)dy + 5 (2 (y3dy)T dy) VEF(a(y).v) < (Zy y)> >0
for all (dy,dé) satisfying (29). Suppose on the contrary that there exist a sequence {(m(yk), yk)} with
z(y*) € U(y¥) and G(z(y¥),y*) <0, satisfying

k k k 2
Flz(y™),y) < Fla(y),y) +olly™ —ul"), (30)
such that {y*} — y. Using Assumptions H1 — A3, this follows from the continuity of z(-) that {z(y*)} — z(y).
k
Consider oy, = ||y —y|| then sequence {d*} := {%} converges to some accumulation point dy, possibly over a

d*—d,
g

k k
subsequence. Hence, for the sequence {d'" } := { }, there is a subsequence of {y*} such that {agd*" } — 0.
. k k
Then, it follows that y* = y + ayd® = y+ g (dy + apdt™) =y + apdy + a%dl . As v’ > 0, so from (30), we have

F(z(y"),v") < F(a(y),y) + o(ly* —y|?) < F(z(y),y) + v ak + o(a}). (31)
From Theorem 3.3, we can obtain
2(y*) = 2(y) + axa’ (y; dy) + aja (y; dy, d) + o(ai).

Since F' € C2, incorporating x(yk) from the above expression and expanding F about (z(y), y) up to second-order,

k k
F(z(y®),v") = F(z(y) + apa’ (y; dy) + aga” (y;dy,d") + o(ai), y + axdy + azd"")

ot (y; dy) + aza” (y; d :dlk
:F(x(w,y)wzmx(y),y)( b (Widy) e )y d)

kT k
1 (ena' (widy) + e (i dy. d)) G2 g (e (3 dy) + ofa” (s dy, ')
zz ’
2 opdy + a%dl apdy + oz%d1

k k
+aj (VxF(w(y), y) & (ysdy,d"") + VyF(x(y),y) d"

P L () v ra). (7 W) ) +o(a).

As G(x(yk ), yk) < 0, applying the expansion of G and proceeding as in the above argument, we conclude that
(dy, dlk) is feasible for (29) after scalarization (if needed). Since V4 F(z,y)z'(y; dy) + VyF(z,y)dy = 0,

F(z(y"), ") = F(a(y),y)

k k
+ o (vzm(y), y)a" (y;dy,d" ) + VyF(a(y),y)d!

43 @) ) VG (7 (g;d“)) +o(af)

> F(a(y),y) +v'ag + o(af).
The above relation contradicts (31). Hence, there exists ¢ > 0 and € > 0 such that
2
F(a',y") > Fz(y),y) +clly — o/
for all (z,y") satisfying ||z’ — z|| < e and 3 € ¥(y'), G(2',y’) < 0. From Assumption H5, ¥ is a single-valued

global optimal solution function of the lower-level problem. Therefore, (z(y),y) is a strict local minimum of
BOP. O
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Notice that the constraint set of P’(y,I) is not closed due to the presence of the condition ||d,|| # 0.
This compromises the practicability of Theorem 5.2. To handle this issue, we solve P’(u,I) restricted
by ||dy|| = a for some a > 0. If the optimal value of P’(y,I) is positive for o > 0, then the claim of
Theorem 5.2 holds.

The following example demonstrates the case when the first-order sufficient condition (Theorem 4.2 of
Dempe [1], Theorem 5.5 of Dempe [2]) is not satisfied. However, the second-order sufficient condition of
Theorem 5.2 is satisfied at the optimal solution of the example. In this example, the lower-level problem
has non-unique multipliers in the KKT optimality conditions at the optimal solution.

Ezxample 5.2
1;11251 {(z - 3)2 +(y— 1)2 |z € ¥ (y)},

where U(y) := argmin (2 — 5)*

x

st. z—-2y+1<0, (7)
—2r+y+1<0, (i)
2z +y—7<0. (iid)

Here F(z,y) = (v = 3)* + (y = 1)?, f(z,y) = (z = 5)* and g1 (2,y) = v — 2y + 1, go(2,9) = =2z +y +
1,93(z,y) = 2x +y — 7. The upper level objective function has a global minimum at (1, 3) V(z,y) € R?.
At y = 1, the lower-level problem is min, (x — 5)2 s.t. —2 < x < 3, which has the minimum value at
x = 3. Therefore, (1,3) is the global optimal solution to this bilevel problem. Next, it remains to verify
that the second-order sufficient optimality conditions of Theorem 5.2 holds at (1,3), whereas the first-
order conditions of Theorem 2.2 do not hold at this point.

The first-order sufficient optimality condition of Theorem 2.2 is not satisfied at (1,3) as V,F(1,3) =
V.F(1,3) = 0. Observe that Assumptions H1 — H5 hold at (1,3). The KKT optimality conditions for
the lower-level problem at y = 1 are

2(x —5) + p1 — 2p2 + 2u3 = 0,
pi(z—2y+1) =0, po(—2z+y+1)=0, p3(2x+y—7) =0,
1 >0, p2 >0, pug >0,

where g1, ug and pg are KKT multipliers associated with the constraints (), (¢2) and (iii) respectively.
The above system becomes

pr+2us =4, pp >0, pa=0,pu3 >0
at (1,3). Hence, at (x,y) = (1,3), EM (y) = convex hull of {(4,0,0)7,

(
Here, two possibilities arise for the index set I. For p = (4,0,0)T, J(u
J(p) = {(#0)}. Here, I,(y) = {(3), (4it)} at (z,y) = (1,3). Hence

)"}

0,0,2
) = {(i)}, and for u = (0,0,2)7

{I |[J(pw) €T CI4(y), peEM(y) (Vzgi(x(y),y))iel is linearly independent } = {{i}, {iii}}

(i) For p = (4,0,0)" and I = {(i)},

/ T . . : 2 2
P'((4,0,0)",{(9)}) : L dy +d,
st. 2dy+dy, +2d,, =0,

1 1 1
2d) +d), +2d),, =0,
dy —2dy =0, d —2d, =0,
2dy +dy <0, 2(dy +dy) + (dy +d,,) <0,
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ldyll =1, ld, ]l <1.

The solution to P'((4,0,0),{(i)}) is (de,dy, dy,, dyy, d, dy,d, ,d)) = (=2,-1,2,0,0,0,0,0) with the
optimal value v'((4,0,0)T,{(i)}) = 2.
(ii) For u = (0,0,2)T and I = {(iii)},
P'((0,0,2)7, {(iid)}) : L 2 +d;
s.t. 2d, +d,, +2d,, =0
2d) + d,,, +2d,, =0,
2d, +dy, =0, 2d, —d, =0,
dy —2dy <0, (dy +dy) — (2dy +2d,) <0,
ldyll =1, lldy]| < 1.

The solution to P'((0,0,2)", {(iii)}) is (de,dy, dp, , dysy, dy, dy, d), ,d ) = (—5,1,0,1,0,0,0,0) with the
optimal value v'((0,0,2)7, {(iii)}) = 1.25. Hence,

v’ = min {1/((4, 0,007, {(9)}),2'((0,0,2)%, {(m’)})} =1.25.
Since v’ > 0, the second-order sufficient optimality condition of Theorem 5.2 holds.

6 Conclusion

This work derives second-order necessary and sufficient optimality conditions for BOP with a strongly
stable lower-level problem that admits non-unique KKT multiplier vectors. The analysis uses the solu-
tion function’s parabolic second-order directional deviation for the lower-level problem. Specifically, the
second-order directional derivative in the parabolic sense of the implicit bilevel problem is applied to
derive these optimality conditions. Third-order differentiability information is required for the lower-
level problem, which is the limitation of this work. The derivations can easily be extended for upper
and lower-level equality-type constraints. Numerical approximation techniques for BOP can be devel-
oped using these second-order optimality conditions, which may constitute a future scope of the present
contribution. Liu et al. [17] introduces a generalized concept of local optimal solution called bi-local opti-
mal solution for the bilevel problems with nonconvex lower-level problems. The bi-local optimal solution
reduces to the standard local optimal solution when the lower-level problem is convex. In a recent work
of Liu et al. [18], it is proved that under Assumptions H1—H3, a bi-local optimal solution and a standard
local optimal solution are equivalent. Hence, under these restrictions, the main results of Section 5 can
be extended to the case of a nonconvex lower-level problem by characterizing the optimality conditions
corresponding to bi-local optimal solutions.
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