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Abstract

Many works in convex optimization provide rates for achieving a small primal gap. However,
this quantity is typically unavailable in practice. In this work, we show that solving a regularized
surrogate with algorithms based on simple primal-dual averaging provides non-asymptotic con-
vergence guarantees for a computable optimality certificate. We first analyze primal and dual
methods based on one average, namely modified dual averaging and generalized conditional
gradient, and establish O(s~1) certificate complexities. Motivated by asymmetries in the one-
average case, we analyze a self-dual, two-average method that preserves symmetry while losing
certificate guarantees. To recover certificate convergence, we propose a three-average method
that achieves an accelerated @(5’1/ 2) certificate complexity. Furthermore, we prove primal-dual
algorithm correspondences for the one, two, and three-average cases. In particular, the primal
three-average accelerated method mirrors the well-known gradient extrapolation method in the
dual. By interpreting our results through the lens of zero-sum matrix games and Fisher markets,
we further connect primal-dual averaging methods to game theory and market dynamics.

Key words. primal-dual averaging, conditional gradient method, accelerated method, gra-
dient extrapolation method, accuracy certificate

1 Introduction

Continuous convex optimization has become ubiquitous in large-scale computing, with applications
in machine learning [Lan20), [SS12| [SNW11| [WR22], compressive sensing [CRT06, [CR0S], statistical
inference [JN20], and imaging science [BT09, [CP11] (to name a few). In several settings, we
require solutions to satisfy a defined optimality bound. Since we cannot run methods indefinitely,
it is crucial to have some certificate of optimality. In this work, we show that simple methods
based on regularization and primal-dual averaging can provide provably convergent, computable
optimality certificates. Our focus is the convex smooth composite optimization (CSCO) problem

¢» = min{g(z) := f(z) + h(2)}, (1)

where f is a closed proper convex function that is L-smooth with respect to the primal norm || - ||,
and h is merely closed proper convex with bounded domain. For fixed € > 0, we say that a point
x € R™ is an e-solution if it achieves an e-small primal gap, i.e., ¢(x) — ¢x < €.
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Instead of solving directly, our strategy is to solve the regularized problem

¢ = min {¢°(«) == f(@) + h(z) + aw(a)}, (2)
where w : R™ — [0,+00] is non-negativd'} closed, and 1-strongly convex with respect to || - || on

dom h and satisfies the following: (1) the generalized linear minimization oracle (GLMO)

min {(v,z) + h(z) + aw(x)},

zeR?
is efficiently computable for all & > 0 and v € R”, and (2) w is bounded on dom h with M :=
maXgedom h W(T) < 00.

By choosing o = O(g/M) and solving to O(e) accuracy, we can obtain an O(g) solution
to (see Lemma [2.1). Adding O(e) regularization can have additional computational and the-
oretical benefits, such as parallel computation in discrete optimal transport [Cutl3], nonergodic
convergence rates in bilinear saddle-point problems [CWC21], and more stable variable selection in
sparse regression [ZH05].

Recent work [GP23| demonstrates that we can obtain stronger primal-dual convergence results
by considering the Fenchel-Rockafellar dual to ,

62 = max(— () (—2) — ()} = - min {0°() == () (=) + [} =~ @)

z€R"

where we define the aggregate function h*(-) = h(-) + aw(-) for convenience and f* is the convex
conjugate of f. By our assumptions on f, h, and w, we have that (h*)* is (1/a)-smooth and f*(-)
is (1/L)-strongly convex relative to the dual norm || - ..

Numerous prior works have revealed deep connections between seemingly disparate optimization
algorithms in the CSCO setting by demonstrating that they are “dual” to each other: one algorithm
solving the primal ([2) generates the same iterate sequences as another algorithm solving the dual .
Duality correspondences often lead to simplified convergence proofs [LF21, [Tib17], optimality cer-
tificate guarantees [Bacl5], and novel algorithm variants [Tib17, BL26l WAL23|]. Existing primal-
dual algorithm pairs include generalized conditional gradient (GCG) and mirror descent [Bacl5l,
ADMM and Dykstra’s algorithm [Tib17], cyclic coordinate descent and ADMM [Tib17], a stochas-
tic variant of GCG and randomized coordinate descent [LE21], and a primal-dual cutting-plane
method and GCG [FS24] [Lia25]. Beyond the setting of , duality correspondences can provide
more efficient algorithms in constrained problems [BL26] and one-level convex reformulations in
bilevel optimization [AAT11].

Our contributions In this work, we characterize primal-dual pairs in three algorithmic classes
targeting the regularized problem , methods with one, two, and three averages, along with their
complexity and optimality certificate guarantees. The algorithms considered are summarized in
Table |1} For one average, we show that a modified dual averaging (MDA) method in the primal
is equivalent to GCG in the dual. Furthermore, both algorithms provide computable primal-dual
e-optimality certificates with @(E_l) complexity. For two averages, we show that a previously
proposed method [ZZ23], which we term aggregated GCG (AggGCQG), is self-dual. While the
algorithm possesses appealing symmetry, it does not admit the same straightforward primal-dual
certificate convergence as the one-average case. Finally, we propose a three-average accelerated
(TAA) method. TAA recovers the computable primal-dual certificate of the one-average case with
an accelerated (7)(5_1/ 2) complexity. Furthermore, an interesting finding is that, through duality,

1This assumption can be made without loss of generality by translation, since strong-convexity implies that w is
bounded from below on dom h.



Averages Algorithm Ref Perspective Complexity Cert. Complexity

) MDA [Nes09, Lia25] Primal (?(8_1) (?(8_1)
GCG [BLMO9) Dual O™ O(e™1)

2 AgeGCG 12723] Primal/Dual O™ -

5 TAA This Work Primal (’?(5_1/2) (?(8_1/2)
GEM [LZ18] Dual O(e~1/?) O(e™1/2)

Table 1: High-level summary of primal-dual algorithm pairs considered in this work. We view
a “Primal” algorithm as solving problem and a “Dual” algorithm as solving problem ({3)).
“Complexity” refers to the complexity of computing an e-solution to , while “Cert. Complexity”
refers to the complexity of computing a verifiable primal-dual certificate of e-optimality (See Defini-
tion . Acronyms are as follows: “MDA” is “Modified Dual Averaging”, “GCG” is “Generalized
Conditional Gradient”, “AggGCG” is “Aggregated GCG”, “TAA” is “Three-Average Accelera-
tion”, and “GEM” is the “Gradient Extrapolation Method”.

TAA is equivalent to a variant of the well-known gradient extrapolation method (GEM) [LZ18§]. As
an additional benefit, we show that the GEM also admits a computable optimality certificate with
@(5_1/ 2) complexity, a novel result in the CSCO setting. We provide additional insight into our
results by game-theoretic interpretations for each pair of primal-dual correspondences and Fisher
market interpretations for each of the three averaging methods in the primal space.

Outline Section [2| provides the key definitions and running examples. Section [3| considers the
simple case of one-average methods, providing primal-dual equivalence results and (7)(5_1) certificate
complexities for MDA and GCG. Moving to two averages, Section [4] formalizes the self-duality of
AggGCG along with a O(e~1) primal gap complexity bound for . Motivated by AggGCG’s lack of
computable certificate guarantees, Section [5| proposes the TAA method. Along with its certificate
complexity, we further state its formal equivalence to the GEM. Conclusions and directions for
future work are discussed in Section[7] Technical proofs and self-contained analyses for each method
are deferred to the appendices.

2 Preliminaries

Let R™ be the n-dimensional Euclidean space equipped with the standard inner product (-,-) and
norm || - ||. The n-dimensional unit simplex is given by A". For a closed convex function f,
we denote the subdifferential of f at x by Of(x), and the linearization of f at o € dom f as
Ce(0) == flxo) + (f'(z0),- — x0), where f'(zo) € Of(xo). If f is continuously differentiable,
then 0f(z) = {Vf(z)}. For a convex function f, we define the Bregman divergence of f as
Dy(z|ly) := f(x) — €s(x;y). We define the convex conjugate of a closed and proper function f as
f*(y) = maxgern{(y, z) — f(z)}. The conjugate f* is convex, and for a closed proper convex f we
have the identity f = (f*)* (see [Becl7, Theorems 4.3 and 4.8]). We define the domain of f as
dom f = {z € R": f(x) < oco}. For u > 0, we say that f is u-strongly conver on @ C dom f with
respect to the norm || - || if D¢(x|ly) > pllz — y||?/2 for all z,y € Q. Additionally, for L > 0 we say
that f is L-smooth with respect to the norm || - || on Q if D¢(z|y) < L|jx — y||?/2 for all z,y € Q.

With basic definitions established, we motivate the substitution of to solve by con-
necting a primal-dual solution of the regularized problem to a primal solution of the original
objective . See Appendix |A| for the proof.



Lemma 2.1. Assume that w : R” — R, is a non-negative function and M := maxecdomp w(z) <
oo is bounded. Given € > 0 and choosing « < £/(2M), if the primal-dual pair (z,s) € dom h x R™
satisfies ¢%(z) + ¢*(s) < /2, then we have ¢(z) — ¢ < e.

Now we define a function that will be critical in our definition of an optimality certificate.

Definition 2.2 (Aggregated Cutting Plane (ACP) Model). Given an initial point yg, a set of points
{x; f:_()l € dom ¢ and a set of convex combination parameters ¢ € [0, 1]*, we define the associated
ACP model as

Po(z) = h*(x) + £y(wi90),  Tjma(e) = (1= G)0(x) + G (A () + £y (23 25)), (4)

where 0 < j < k — 1. We say that 'y, is the ACP model induced by (yo, {; f;ol, ). If £ =0, then
we simply say that I := I'¢ is the single-cutting plane (SCP) model induced by yp.

The ACP model has been used in prior work on proximal bundle methods for convex nonsmooth
optimization [LM24, [LGM24], however it has several appealing properties for broader convex opti-
mization, as we summarize in the following lemma (whose proof is deferred to Appendix .

Lemma 2.3. Let I'y(-) be the ACP model for induced by (yo, {zi}*=4,¢) for yo € domh,
{xi}f;ol C domh and ¢ € [0,1]. Then, the following hold:

a) for all z € domh, T'x(x) < ¢*(x);
b) Ty is a-strongly convex.

Furthermore, define {sj}r>0 as

so = V), sjr1=0-¢)s;+¢GV(z)) (5)
for 0 < j < k — 1. Then, the following bound holds for all u € dom h

c) ¢%(u) + ¥ (sk) < ¢%(u) — mingepn L'y (2).

Motivated by Lemma (C), we define a computable primal-dual optimality certificate. We
define the certificate from the primal perspective, however Lemma (c) shows that we can equiv-
alently define the certificate from the dual perspective.

Definition 2.4 (Primal-Dual Certificate). Let u € dom h and suppose a < ¢/(2M ). We say (u,'y)
is an e-certificate for (|1f) if

¢ (u) — min 'y (x) <
TeR™

where T, is an ACP model induced by (yo, {z;}¥=), ¢).

)

| ™

By Lemmas and [2.3(c), an e-certificate (u,I');) implies that u is an e-solution to (L). Op-
timality certificates based on the minimum of aggregated linearizations have been used repeat-
edly in convex optimization [NOR10, RN23| [GL25], known as “accuracy certificates.” Our defini-
tion of a certificate aligns with these works, unifying recent literature on proximal bundle meth-
ods [LM24], LGM24| Lia25] and classical accuracy certificates.

Throughout the work, we provide additional motivation and intuition for the primal-dual corre-
spondences by adopting a game-theoretic lens. Specifically, we consider an entropically smoothed,
zero-sum matrix game

min max { (¢, 42) + dan(2) = a0 (2) + aH (@) - L7 H(2)} (6)



where H(xz) = (z,logx) is the negative entropy function and we assume that the payoff matrix
A € R™™ has unit matrix norm for convenience. Computing the primal ¢* and dual d* functionsﬂ
gives

f(AT@)
- h(x) w(x)
—N ~ =
¢*(z) = L™ log (Z exp[LALw]) +0an(z) +a H(z), (7)
i=1
d*(z) = —alog Zexp[—a_lAI:z] — L7 H(2) — dan(2), (8)
j=1

where A.; and Aj;. represent the i*" column and j*® row of A, respectively. Defining ¢* as in
and applying standard conjugate calculus, we have

d*(z) = =(h%)"(=Az) = [*(2) = =9 (2), (9)

where f and A% are as in .

In this setting, we denote z € A™ and z € A™ as mixed strategies of the minimizing and maxi-
mizing players, respectively, while gradients V. f(A'z) and V,(h®)*(—Az) are predicted opponent
responses to the primal and dual players, respectively. Since the primal ([7]) and dual functions
are negative Fenchel dual to each other by @]}, the prediction exactly accords with reality. For sim-
plicity, we henceforth use the terms “player prediction” and “opponent response” interchangeably
without reiterating their equivalence. Moreover, we can show that the functions and satisfy
the assumptions of and , so all convergence analysis for the general CSCO problem can
be translated to game setting.

3 One-Average Methods

We begin with a simple baseline consisting of one GLMO and one averaging step. When the
averaging step is performed over gradients, we obtain the DA [Nes09] variant shown in Algorithm

Algorithm 1 MDA Algorithm 2 GCG

Initialize: given yo € domh, o > 0, set Initialize: zy € dom f*, set n = a/(L + «).
n=a/(L+a), so = Vf(yo), and compute for k£ > 0 do

. o Compute
xo = argrﬂlélln {<307Q?> +h (1‘)} . %z, = argmin {(—V(ha)*(—zk),v> + f*(U)} 7(10)
for £k >0 do" vER™
Compute Zhyt = N2k + (1 — 1)z (11)
Ty = argmin {(spy1,x) + h%(z)}, _ end for
zeR"

where sg11 = (1 —n)sp + 0V f(zk).
end for

Adopting the perspective of the dual problem , we can instead employ GCG as shown in
Algorithm [2| Here, the “primal” variables zx,1 are averaged while a single “gradient” is used to

2See [BeclT, Section 4.4.10 and Theorem 4.14]



compute Z;. Comparing the one-average methods, we obtain the following equivalence result. A
similar correspondence was obtained in [Lia25] in the case w(-) = || - —x¢l|?/2 for some ¢ in the
context of proximal bundle methods. The proof is deferred to Appendix

Proposition 3.1. Fix yp € domh and set zop = Vf(yp). Then, on every iteration k& > 0 of
Algorithm [I] and Algorithm [2] we have the following correspondence

Vf(:Ek) =2k, Tp= V(ha)*(—zk), Sk = Zk-

In the context of the zero-sum game @, we can better understand the correspondence between
Algorithms [I] and [2] as a sequential game dynamic, summarized in the following graph

Yo — (50 = 20) —> (21 2 V(ho)* (=) = (V) D 2) = (501 2 201).

T |

In this game, the average iterates {z;} are mixed strategies, while {xy}, {Zx} are responses to
opponent moves.

To start the game, the primal player moves first by selecting strategy yo, and then predicts the
dual player’s response sg simultaneously with the dual player’s actual response zy. We recall that,
by @D, each player’s prediction exactly aligns with reality (i.e., the opponent’s actual response) due
to conjugate symmetry of the problem.

With the game initialized, each round occurs the same way. First, in (a) the dual player
predicts the primal response to their mixed strategy (zy = V(h*)*(—z)). Next, in (b) the primal
player predicts the dual response to their previous move (V f(x) = zx). Finally, in (c) the mixed
strategy (sxt+1 = 2k+1) is updated using the last dual response and the next round begins. Each
player therefore employs simple “regularized best response + averaging” strategies, where the
regularized best response is computed via the GLMO and the primary difference is the role of the
averaging step. The primal player uses averaging to smooth opponent responses, the dual player
uses averaging to compute their own mixed strategy.

With the correspondence established in Proposition we state the following certificate com-
plexities for each 1-average method. Full proofs are deferred to Appendix [B]

Theorem 3.2. For yy € domh, for all & > 0 define yxy1 = (1 — n)yk~+ nrr+1. Given € > 0,
choosing o = ¢/(2M), the pair (y, ') is an e-certificate for in k = O(1 + M Le1) iterations
of Algorithm |1} where 'y, is the ACP model for induced by (yo, {x; 2:01’ {n}*).

Proof Sketch. The majority of the proof of Theorem [3.2]is to show the inequality

Crp1(zrer) 2 (1= n)Tx(ak) + 19 (Tr41),

which utilizes the optimality condition of x4, the strong convexity of w, and the smooth-
ness/convexity of ¢(-). Recursively expanding and applying the definition of y, along with the con-
vexity of ¢(-) gives a linear convergence rate in the model gap with contraction factor (1+a/L)~!.
Our choice of a and standard analysis then gives the complexity.

Theorem 3.3. Given ¢ > 0, choosing a = £/(2M), the pair (2x,I';) is an e-certificate for in
k= O(1+ MLe™!) iterations of Algorithm [2, where I'; is the SCP model for (3) induced by 2.

Proof Sketch. The proof of Theorem [3.3]is somewhat “backwards” compared to the proof of MDA,
where the model gap ¢*(yr) — mingern I'y(2) was directly bounded. First, we prove a convergence
rate for the primal-dual gap ¢*(gx) + ¥*(2) in Proposition (where g is defined in (38)).



We then use the primal-dual convergence to bound the single-cut model gap via a modification of
standard results in GCG analysis (see Lemmas and [B.2).

The convergence results for the one-average algorithm pair exhibit a notable asymmetry. While
Theorems and show primal convergence in an average iterate (y for the former, g for the
latter), this sequence never explicitly appears in either algorithm. Instead, gradient evaluations
and updates occur using the “regularized best response” sequence xy = V(h*)*(—zg).

In the next section, we consider a fully symmetric dynamic where gradients are evaluated at
the true test sequence {yy}.

4 A Two-Average Method

In this section, we study a method which utilizes two averages, one in the primal and one in the
dual, shown in Algorithm [3| which has been previously studied in |[ZZ23]. Full proofs can be found
in Appendix [C] Comparing to Algorithm [I], there are two primary differences. First, gradients are
evaluated at the smoothed sequence {y;} rather than the best-response sequence {zy}. Since {yi}
again serves as the primal test point sequence, as Theorem will show, Algorithm [3]addresses the
asymmetry noted in the prior section. Second, the order of updates is “lagged” in comparison to
Algorithm[1] The dual average sj, which includes V f(yx_1) instead of the available V f(yx), is used
to compute zgy1. Two-average methods have also been proposed in the nonsmooth setting [NS15]
which do not have this “staggered” scheme. However, the delayed updates of Algorithm [3| enable

the use of simple smoothness inequalities in both primal and dual, as shown in Lemma,

Algorithm 3 AggGCG (Primal) Algorithm 4 AggGCG (Dual)
Initialize: yy € domh, sgp € R", n = /(L + «) Initialize: zp € dom f*, vg € R", n = /(L + )
for £ > 0 do for £ > 0 do
1. Compute 1. Compute
The1 = argmin {(sk,z) +h%(x)} . Z+1 = argmin {—(ox,2) + f7(2)}-
TER™ z€R™
2. Compute 2. Compute
Y1 = (1 = myk + np1, (12) zir1 = (1 = n)ze + N2k,
sker = (L—=m)sk + 0V flye).  (13) Ukt1 = (1 = n)ox + 7V (h*)"(—2).
end for end for

While it may not seem obvious at first glance, the update ordering makes Algorithm [3] self-dual,
that is, its dual algorithm utilizes exactly the same updates, as shown in Algorithm

Proposition 4.1. Set sg = zg and vg = yo. Then, on every iteration k& > 0 of Algorithm [3| and
Algorithm [] we have the following correspondence

Yk = Uk, Sk =2k, Tre1= V(h*) (=z), V() = Zrs1 (14)

Since Algorithm [3] is self-dual, we only state convergence results for the primal variant for
simplicity of presentation.



Theorem 4.2. Given € > 0, choosing o = ¢/(2M), then Algorithm |3 computes a pair (y, s)

satisfying ¢%(yx) + ¢%(sk) < e/2in k= O(1+ M Le™1) iterations. Consequently, the complexity
to obtain an e-solution to is O(14+ MLe™).

Proof Sketch: Our argument is largely similar to [ZZ23]. We begin by using smoothness of f
and (h®)* and the strong convexity of h®, f* to provide a series of inequalities. Exploiting the
primal-dual relations between the pairs (zjx11,sk) and (yg, Vf(yx)) allows us to eliminate terms
and, using our choice of «, conclude with the single-step bound

% (Yrr1) + 9% (skr1) < (1 =) (0% (yr) + 9% (s2)),

which provides the complexity result when recursively expanded with our choice of a.

To make the correspondence in Proposition concrete, we revisit the zero-sum game @
Unlike the one-average case, which corresponds to sequential play, the correspondence in
corresponds to simultaneous play. The game begins with strategies yo and zg for the primal and
dual players, respectively. Each round then proceeds in like manner, illustrated below. Updates in
the same column are interpreted to occur simultaneously.

(a) (b)
Zi+1 = V[ (yr) ) — <2k+1 = 8k+1>

20 = S0, =19) = "
( 0 0, Yo O) (xk—&-l _ V(ho‘) (—Zk) — \Wht1 = Vkp1

Each round begins in (a) with the players simultaneously predicting the opposing strategy and
determining their own response based on the previous mixed strategies. The responses/predictions
are then used to update the mixed strategies in (b), which are then used in the next round.
The simultaneous play dynamics of Algorithm [3| were also examined in [ZZ23], where the authors
demonstrated that Algorithm 3]is in fact equivalent to a deterministic variant of the popular Logistic
Fictitious Play [FK93] algorithm.

Theorem {4.2| guarantees convergence in the primal-dual gap ¢“(yx) + ¥*(sx), however it does
not provide guarantees for a computable primal-dual certificate. While a more careful analysis
may provide a suitable certificate, the difference from the one-average Algorithm (1| (which pro-
vides a natural certificate) is notable and admits a simple geometric explanation. In Algorithm
evaluating the gradient at x; naturally allows us to control £f(xyy1;x)) + %;")ka — x341|? by
smoothness and a suitable choice of . However, for Algorithm [3| there is no such trivial relation-
ship between the linearization point yx_1, the test point yx41, and the exact minimizers x4 and
Tk, as visualized in Figure a). We therefore cannot straightforwardly exploit the smoothness of

f, as done in the proof of Theorem [3.2]

5 A Three-Average Method

Motivated by the shortcomings of AgeGCG, we propose TAA, and examine its dual counterpart.
TAA restores convergence guarantees for a computable certificate while achieving optimal complex-
ity like Nesterov’s accelerated gradient (AG) method. Full proofs can be found in Appendix @



Yk+1

T Tk

Trk41 Tk41

(a) Geometry of the AggGCG update. (b) Geometry of the TAA update.

Figure 1: Geometric illustration of the AggGCG and TAA updates. In AggGCG, there is no
trivially exploitable relationship between the minimizer displacement xy, 1 —zy and the linearization
point displacement yi4+1 — yp—1. In TAA the linearization point T4 restores a simple geometric
relationship by interpolating between the last test point y; and minimizer xp. As a result, the
magnitude of the vectors yx11 — Zx+1 and x11 — 2, can be related by a A-dependent rescaling.

Algorithm 5 TAA
Initialize: given yo € domh, L > 0, a > 0, set so = V f(yo) and compute

2a

xo = argmin {(sg,z) + h*(x)}, A= . 15
o = argmin {{sn.0) + B@)} . A= —— T (15)

for £ > 0 do

1. Compute
Trp1 = (1= Nyg + Azy, (16)
Sk+1 = (1 = A)sk + AV f(Zg41), (17)
Thy1 = argrlgin {{skt1,2) + h%(2)}, (18)
TeR™
Ykt = (1 = Ny + ATpy1. (19)
end for

Instead of linearizing at the previous test point yi_1, TAA linearizes at a convex combination
point Zj41. As visualized in Figure [I[b), the triangles (yk, Yk+1, Zx+1) and (yk, Th11, 7)) are clearly
similar. Furthermore, the rescaling coefficient is dependent only on the convex combination param-
eter A. As a result, we obtain a simple geometric relation when analyzing Algorithm [5| Note that
TAA involves three averaging steps: two in the primal and one in the dual. Despite differences
from existing variants of the AG method, TAA still achieves nearly optimal complexity for CSCO,
as shown below.

Theorem 5.1. Given € > 0, choosing « = ¢/(2M), then the pair (yx, %) is an e-certificate for

in k= O(1++/ML/¢) iterations of Algorithm [5, where I'y is the ACP model for induced by
(o, {Zi1}i29 {A}9)-

Proof Sketch: The proof of Theorem follows a similar pattern as Theorem However,
instead of showing a recursive inequality in the {z}} sequence, we show the inequality

Thi1(zre1) = 6% (Wrrr) — (1= N (6% (yo) — To(x0)),



which directly results in a convergence rate. The complexity bound follows from our choice of A.

Theorem demonstrates that Algorithm [5| achieves near-optimal, accelerated complexity for
solving . However, the algorithm is substantially different from other acceleration schemes based
on proximal mappings. To clarify the source of TAA’s acceleration, we consider the GEM [LZ18§]
applied to the dual problem , shown in Algorithm @ To use the GEM, we need a suitable
Bregman regularizer. Accordingly, we assume that the function v* : R® — (—o0, 00| is 1-strongly
convex with respect to the dual norm || - ||, and is L-smooth relative to f*E| with dom f* C dom v*.
Note that either v* = Lf* or v* = 1| - |2 would satisfy these requirements.

Algorithm 6 GEM

Initialize: given a > 0 and gy € dom f*, set zp = go, v—1 = vo = V(h*)*(—g0), 70 = a/L, Ay = 1,
and a_1 =0

for £ > 0 do
1. Compute aay T + /le T 471, Ay ”
Tk+1—7k+T7 ax = 5 ; (20)
R A
Apyr = Ap+ag, O = vp + =L (0p — vr_1). (21)
k
2. Compute
. ~ * Tk?
Jk41 = argmin {%[(W, 9)+ [7(9)] + — Dy~ (g\lgk)} : (22)
geRn «
Ak ag a\*
Pkl = 2k T Gkt Ukt = V(h*)* (—2k+1)- (23)
k+1 k+1
end for

The GEM is known to have the same optimal complexity as the AG method. The next result
presents the complexity of our strongly convex GEM variant for computing an e-certificate to ([1)).

Theorem 5.2. Assume that maxgedom f+ D+ (g]/g0) = D < o0 is bounded. Given € > 0 and choos-
ing o = ¢/(2M), then the pair (zj,I'}) is an e-certificate for in k=0(1+/ML/e) iterations
of Algorithm @ where '} is the ACP model for () induced by (20, {zi+1}ig, {ai/Ait1}i2g).-

Proof Sketch. The first part of the proof of Theorem uses the smoothness of (h®)*, the
optimality conditions on g1, and Fenchel duality to prove the single-step bound

2
aaj, Tht1

Th Th
vkt — vgl]> + - Do (gllgr) — - Do (gr+1llgr) — o Do+ (9llgr+1)

App®(2r) — T
> Ap 1 (zi41) + ak [h (V1) + (Vt1, 9) — F7(9)] + ar (Vk+1 — Ok, Gr+1 — 9)-

Recursively summing this inequality from 0 to £ — 1 and applying the strong convexity of v*,
the construction of 0y, and duality relations yield the certificate convergence bound.

We finally show the most fascinating duality result of the paper: Algorithm [f] is, in fact, the
dual of Algorithm [5] clarifying the source of TAA’s acceleration.

Proposition 5.3. Fix yyp € domh and suppose that we choose v* = Lf* in Algorithm [6] Then,
setting so = z0 = go = Vf(v), To = yo, Algorithm |§| solving is equivalent to Algorithm

3That is, Lf*(-) — v*(-) is a convex function. Note that this definition does not assume that v* is differentiable,
as in [LEN18|. Equivalently, we can say that f* is L™'-strongly convex relative to v*.
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solving with the following correspondencelﬂ
V(@) =gk, Sk =2k, Tk =V

We can once again examine the duality relation in Proposition [5.3] from the game-theoretic
perspective of @ Unlike Algorithm |3] we move back into sequential play with the turn structure
illustrated below.

(@) (b)
/ <I2+1> — (vf(i'k-‘rl) = gk+1)
T !
Yo > (s0 =V f(yo) = 20) » (xo =vo = V(A*)"(=20))  yst1 (e) (8k+1 = 2k+1) (c)

T (a) 3

(Thy1 = vrr1 = V(h*) (—2k41))

The primal player moves first with the starting strategy yo. The dual player responds by setting
their initial strategy zop = V f(yo) and the primal player responds with xg = V(h®)*(—2). Then,
play begins. In (a), the primal player begins by computing the “lookahead” strategy Zj.1 which
acts as a prediction for their next strategy (yxt1) before seeing any dual response. Simultaneously,
the dual player forms an optimistic model of the primal player response using the extrapolated
point 0. In (b), the primal player then predicts the dual player’s move as Vf(Zx,1), while
the dual player performs an optimistic update to compute the response gr+i. As we show in
the proof of Proposition the optimistic response gy exactly coincides with the lookahead
prediction V f(Zr41). Next, in (c) the dual player updates their mixed strategy zpi1, the primal
player computes their response xpi1 in (d), and finally the primal player updates their mixed
strategy yr+1 in (e). The dual player does not directly see the sequence {yx}, however as the
proof of Proposition shows, the optimistic prediction ¥ and response gi41 implicitly provide
information about yy.

In comparison with the one and two-average methods, which use zero-regret dynamics based
on averaging and best-response, the three-average case leverages optimistic learning dynamics: the
GEM directly from the 0y, extrapolation and TAA indirectly through the underlying dual process.

6 Connections to Fisher Market Dynamics

The motivation for the algorithmic progression MDA—AggeGCG—TAA was primarily technical:
first to show convergence in the linearization sequence, then to recover optimality certificates. In
this section, we show that the progression also has an intuitive appeal grounded in Fisher market
dynamics. We consider a smoothed variation of the Fisher market equilibrium with linear utility
functions proposed by [CJ SQ5]|E|7

7

h(p) o)

N n m n 71 A /_a —2
0% (1) =Y _exp(p) + 6 Bilog | Y exp(6~" (logbij — p17) | + gy (1) + 5 [l — vt
j=1 =1 7j=1

where pi; is the logarithmic unit price of item j, b;; is buyer ¢’s valuation for item j, B; is buyer ¢’s
budget, p < 7z define box constraints, and § > 0 is an entropic smoothing parameter. The added

“Since f* is not necessarily differentiable, there is some ambiguity in the definition of D,+(g||gr) in Step 2 of
Algorithm @ The choice used in the inductive proof of Proposition is to define Dy~ (gl|gx) using Zr € Of*(gk).
The original formulation in [CJS25] did not contain the a perturbation
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regularization term admits a natural interpretation as a penalization for multiplicative deviations
from a benchmark price. In this example, primal variables are prices, dual variables represent
demand (incorporating individual allocations from each buyer).

MDA (One-Average). In each round, the market generates provisional prices x; by a best-fit
approximation to smoothed demand si. Buyers then respond to this provisional price in each
round with the proposed demand V f(zy). However, Theorem does not show convergence in
the provisional prices, but instead the exponentially smoothed price sequence {yx}. The market
dynamics (Algorithm (1) are therefore operationally asymmetric, with the market responding to a
smoothed demand model s; without explicitly posting the smoothed price y.

AggGCG (Two-Averages). Algorithm [3| remedies the asymmetry in MDA market dynamics,
but loses convergence guarantees for optimality certificates. In the MDA results, the ACP model
included the latest buyer allocation Vf(xg+1). As a result, there was an explicit, primal-dual
relationship between the latest provisional price xj and smoothed demand forecast sg. Algorithm
breaks this connection by linearizing at yi_1 to generate x, which we can interpret as the buyers
responding to stale prices y;_1 from round k — 1. Similarly, the market response corresponds to the
smoothed demand s;_1 from the previous round. As a result, we lose the primal-dual connections
between the latest price/demand pair that admit a natural certificate.

TAA (Three-Averages). The technical motivation for a third average was primarily geometric
as visualized in Figure (b) The move to TAA also admits a more interesting market interpretation
as forecasting. Each round k of Algorithm [5|begins by predicting the next set of prices Zp41. Buyers
respond to the forecast price signal with V f(Zx1), which is then incorporated into the smoothed
demand sp41. The market computes the best-fit prices xy11 for demand sgy1, which are then added
to the smoothed price ygy1. In this dynamic, buyers do not directly respond to the convergent price
sequence {yx}, but instead to the primal-side price forecasts {Zy1}. We can then interpret TAA
as a cautious forecast model, where both primal and dual-side forecasts are hedged by averaging.
Moreover, with the additional forecast sequence {Zx1}, TAA achieves market equilibrium at faster
rates than MDA and AggGCG.

7 Conclusion

In this work, we explore primal-dual correspondences in regularized convex optimization with a
focus on certifiable optimality. Motivated by primal-dual correspondences in one and two averages,
we propose the TAA method which leverages three averages to obtain near-optimal complexity for
solving . While TAA is new, we show that its dual counterpart is the well-studied GEM. We
show that both TAA and the GEM obtain computable e-certificates for primal-dual gap convergence
with (’5(5*1/ 2) complexity, a novel result for the GEM to our knowledge. Our certificate guarantees
further enhance the utility for the GEM as a subsidiary solver by providing upper bounds on a
computable termination condition. Furthermore, we provide in-depth intuition and motivation for
our results with concrete examples in Fisher markets and zero-sum matrix games.

There are a number of directions for future work. Our analysis relies on knowledge of the
problem smoothness L. However, L may be unknown at runtime, particularly for large-scale prob-
lem instances. Future work on universal variants of TAA would substantially improve its scope of
application. Similarly, our analysis focused on smooth problems, whereas an increasing number of
methods target the class of relatively smooth problems [LEN18]. Recent work [LTP23] has general-
ized the typical smoothness/strong-convexity duality relation to the relative case, suggesting that
algorithmic correspondences may exist under these generalized relations.

12



A Technical Results

We begin by providing the proof of Lemma which connects the regularized problem to the

true target .
Proof of Lemma By Fenchel-Rockafellar duality, we have

¥*(s) > min{y*(2)} @ g2,

z€R™

which implies that

¢% () — 9 < ¢%(x) + ¥ (s). (24)

Let x, € Argmin ¢(z). Note that, by the definition of ¢$ and the boundedness of w(z) on domh,
x€dom h

6% < §(w.) + aw(a.) < 6y + aM. (25)

This inequality and the non-negativity of w thus yield

()

6(x) = 6 — aM < ga) + aw(@) = 6 < ¢%() +U7(s) < 3,

where the second inequality follows from (24). By the choice a < £/(2M), we obtain

¢(m)—¢*§§+aM§a,

which completes the proof. ]
Next, we recall technical results relating a closed convex function f to its Fenchel dual f*.

Lemma A.1 ([Becl?, Theorem 4.20]). Let f : R®™ — (—o0, 0] be proper, closed, and convex.
Then, the following are equivalent for any x, y € R™:

a) (z,y) = f(z)+ f*(y),
b) y € df(x),
c) x €0f*(y).

Lemma A.2 ([Becl7, Corollary 4.21]). Let f : R®™ — (—o00,00] be proper, closed, and convex.
Then, for any z,y € R™:

Of (x) = Argmax{(z,z) — f*(2)}, 0f"(y) = Argmax{(y,u) — f(u)}.

z€R™ =

With basic duality results established, we now provide a proof of Lemma [2.3
Proof of Lemma Statements (a) and (b) follow by the definition of T in (4)), the convexity
of f, and the a-strong convexity of h.
c¢) Define vy, = argmin yepn g (2). Then, by the definitions of I'y and sj in and , respectively,
we can show

0e aFk(’Uk) = Sk + 8h°‘(vk),
which implies that —s; € 0h®(vi). By Lemma we obtain

h(vk) + (s, vk) = —(h%)*(—sk). (26)

13



Similarly, we observe by Lemma [A]] that
fl@i) = (Vf(@i),zi) = = f1(Vf(2s)), (27)
for all i € {0,...,k — 1}. Define the sequence of scalars {x;}*_, recursively as
xo = f(wo) = (Vf(wo)swo)s  Xi+1 = (1 — G)xi + Gi(f (ws) — (V fai), 23)).

Expanding the inequality, using and the definition of s; in , and applying the convexity of
f* we obtain

Xk < —f*(sk)- (28)
Then, by the definitions of v and I'y, we have
— min Iy(2) = ~Ti(vr) = (s, 06) = h%(ox) =x 2 (A%)"(=si) + f7(s8) = 9% (s0)-
Therefore, statement (c) immediately follows. ]

For completeness, we state the counterpart of Lemma for a dual ACP model. The proof is
identical to the primal case, and is therefore omitted.

Lemma A.3. Let I';(-) be the ACP model for induced by (zo,{gi}f:_ol,g) for zp € dom f*,
{gi}fz_ol C dom f* and £ € [0,1]*. Then, the following statements hold:

a) for all g € dom f*, I (g) < ¢*(9);
b) I'; is (1/L)-strongly convex.
Furthermore, define {vy}>0 as
vo = V(h*)" (=20), vjt1 = (1 =&)v; +&V(AY) (=g)),
for 0 < j < k — 1. Then, the following bound holds for all g € dom f*

c) ¢ (vr) +¢%(g) < ¥*(g) — minyern I (u).

Finally, we provide a technical lemma that will be used in the analysis of Algorithm [l The
statement is a slight generalization of [CT06, Lemma 3.2] to the case of relative strong convexity and
the case when v is not necessarily differentiable. Non-differentiability does not affect our results,
as our analysis of Algorithm [6] does not require any properties of the Bregman function aside from
the 1-strong convexity of v*.

Lemma A.4 (Three-Points Inequality). Let ® : R™ — (—o00,00] and w : R™ — (—00, 00| be closed,
proper, and convex functions with dom® C domw and dom ® has a nonempty relative interior.
Assume that ® is p-strongly convex relative to w, that is, ®(-) — pw(-) is a convex function. Fix
zg € dom P, 8 > 0 and define

o+ = argmin {®(x) + 5 Dy (z]20)}
reR™

where Dy, (z||zg) is defined using an arbitrary w’(zg) € dw(zp). Then, for any u € dom ®,
®(z") + S Du(z " |lzo) + (B + p) Du(ul|z™) < ®(u) + B Dy (ulzo),

where Dy, (+||zT) is defined using some suitable w’(z") € dw(x™).
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Proof: Define p(-) = ®(-) + D, (:||zo). By the optimality condition on z*, we have 0 € dp(z™).
Since ®(-) — pw(-) is convex, we have that ¢(-) — (8 + p)w(-) is convex. By [Becl7, Theorem 3.40],
we have for all x € dom ¢,

(B8 + p)ow(z) +0[p(-) — (B + pw()](x) = dp(x).

Then, using that 0 € dp(xz™) and rearranging, we have

—(B+pw'(@") € A(e(-) — (B + pw(-))(@™)

for some w'(x1) € dw(z™). It follows from the definition of the subdifferential that

p(a") = (B+ pw@™) — (B +m)(W'(@") u—a¥) <o) - (B+ pww).
Substituting the definition of ¢(-) and noting
T)yu—a") =Dy(ufz™)

wu) —w(z

gives the result. =

B Omne-Average Analysis

We begin by providing a proof of the algorithm correspondence in Proposition [3.1
Proof of Proposition First, note that if s; = z;, for £ > 0, then

Tp = aagerlgyiln {(sk, x) + h*(2)}
= armgerﬁgx {(=sk,z) = h*(x)} = V(h*)*(=sk) = V(h*)*(—2z). (29)

Similarly, by the optimality condition on Zzj, the convexity of f and Lemma we have

zp = argmax {{(V(h*)"(=z), 2) — f(2)} = VF(V(R*)"(=2)) = V(). (30)

z€R™

Therefore, it is sufficient to prove that s; = zp for all £k > 0, which we will show by induction.
The base case is trivial by our choice of zg = V f(yo) = so. Now, assume k > 0 and the inductive
hypothesis s = 2, which implies and . Then,

_ (@)
Zer1 = (L — )z +nZk ® (1 =n)sk +nV f(xr) = Spy1,

where the second equality follows from the inductive hypothesis and . We thus complete the
proof. =

B.1 Analysis of MDA

In this subsection, we prove the MDA certificate complexity claimed in Theorem
To begin, we define I'y, as the ACP model induced by (yo,{xi}f:_ol,{n}k). That is, T'o(-) =
C¢(-590) + h(-) and for all £ > 0,

Prpn() = (U =n)Tk() + (), () = € (5an) +hO().
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Observe that, by construction, we have for all x € domh
sk + Oh%(x) = 0Tk (x),

hence ), = argmin ,crn 'k (x) by the optimality conditions on zj in Algorithm [1, For convenience,
we define the quantities for k£ > 0

mp — min Fk(.%') = Fk(l‘k), tk = ¢°‘(yk) — Mg,
zeR™

where
Ykr1 = (1 = n)yk + nTpq1-

Observe that y; does not directly include the point xg, however the dual average sy, includes gradient
information from xzg.
Proof of Theorem By the definition of T'y;1 and my 1, for k > 0 we obtain

Mp1 = (L = 0)Tr(Tr41) + 07k (Trg1)

> (1= i+ o) + S g — ()
— =yt o) + 2 o —

L
= (1= e+ [ wCoin) + 5 o~ ] (i)
> (1 —n)my +no™(zr11), (iii)

where ([i) follows by the 1-strong convexity of w, by the choice n = a/(a+ L), and by the
L-smoothness of f. Then, expanding the inequality from 1 to k4 1, we have

k+1
Mps1 > (1=n)"'mo + 1 2(1 — )% (ay)
i=1

k+1

= —(1 =)o+ (1= )6 (o) +n Y _(1 — )0 (ws)
=1

> —(1— )" + ¢* (yrt),

where the second line follows by the definition of ¢y, and the third by the convexity and the definition
of yr11 and induction. Therefore, we obtain

thr1 = 0% (Yrr1) — M1 < (1 — ).

Since 1 —n=L/(a+ L) = (1+«a/L)~!, we have for all k > 0

. to
¢ (yr) — min I'g(z) < ————.
(1+)

As a result, we obtain a point yy satisfying ¢®(yx) — mingedomn k() < £/2 after

kz(’)(l—i—Llog (t0>>
a €

iterations. Choosing o = £/(2M) with Definition [2.4] yields the complexity result. ]
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B.2 Analysis of GCG

In this subsection, we prove the complexity bound stated in Theorem
We begin by defining the Wolfe gap for (3] as

S(z) = max {(=V(h*)"(=2),z —v) + f7(2) = " (v)}. (31)

The following lemma provides a useful relation between the Wolfe gap and the primal-dual gap.

Lemma B.1. For z € dom f*, define y = V(h*)*(—2). Then, we have

5(z) = 9%(2) + 9% ().
Proof: Using and the definition of y, we have

S(2) & max{(—y,z = v) + *(2) - f*(v)}

veER”™
= f1(2) + (y, —2) + max{{y,v) — f*(v)}
= [*(2) + h%(y) + (A)"(=2) + f(y)
BB @)+ o)

where the third line follows by Lemma [A.1](a) and the fourth line follows by the definitions of ¢*
and ¥ in and , respectively. [

The Wolfe gap therefore acts as a primal-dual certificate of optimality, as has been shown in
numerous prior works [Lia25| [Jagl3]. Accordingly, we can explicitly connect the Wolfe gap to
the notion of an SCP model, as the following lemma shows. For notational convenience, we define
the linearization £(ja)(+; 2) as

Cipoy(52) = (B)"(=2) + (=V(h*)"(=2),  — 2). (32)

Lemma B.2. Fix z € dom f*. Then, we have

S(z) = ¢*(z) — min I'*(v), (33)

vER™
where I'(-) = £(pa)=(-; 2) + f*(+) is the SCP model of (3) induced by z.
Proof: By the SCP construction in Definition with k& = 0, I'* has the simplified, one-cut form

() = Lipoy= (5 2) + 7). (34)
Then,
¥*(2) — min I (v) O yoz) - min {(h%)"(=2) + (=V(*)"(=2),v = 2) + f*(v)}
= f7(2) = min{{=V(h®)*(=2),v — 2) + f*(v)}
= max{(-V(h)"(~2), 2 = o) + () = 1)} D 502),

where the first equality follows by the definition of I'* and the final equality by the definition of
S(z), which concludes the proof. ]

The following lemma is adapted from [Bec17, Lemma 13.7] to the case where f* is L~ !-strongly
convex with our choice of 7.
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Lemma B.3. Choosing n = o/(L + «), we have for all iterations k > 0

VY (zky1) < Y% (2k) — 1S (2k)-

Proof: It follows from the a~'-smoothness of (h®)*(—-) and the definition of 2 in that

(h*) " (=2k1) <(hY)"(=2k) + (=V ()" (=2k); 2ht1 — 20) + %H%H — 2l

(11)

IN

2
(h)" (=) + =V (h)* (=), 2 = 2) + 12— 2
Similarly, by the L~!-strong convexity of f*, we have

n(l—mn)

Frra) < f7 () + 0 (z0) = £ () = =57 Nz = Zk3.
Combining the above bounds, we have
6 (arn) BA) (—2i1) + F (o)
(ho‘)*(—Zk:) +m(=V(h*)* (—2k), 2k — 2) + gzllfk — 2|2
1)+ (@) - £ ) - T 2

=0 (z) = n[{(=V (") (=2k), 2 — Zk) + [ (2k) — [ (2k)]
g (@7 = L7 =) e~ 2l
=y (z1) = n[{(=V ()" (=2k), 21 — Zk) + [ (2k) — [ (2k)],
where the last equality follows from the choice 5 = a/(L + ) and

-1, 2 -1 _ a aQ _
ot =L n(l_n)_(L+a)2_(L+a)2_O

Using and , we have
S(ze) = (=V(h*)" (=zk), 26 — Zk) + [ (2k) = 7 (Zk),

which together with proves the claim of the lemma.
Then, we have the following convergence guarantee.

Proposition B.4. Define gy = V(h*)*(—2p), and for all k£ > 0,

Urrr = (L =gk + 0V (h*) " (=21)-

Then, for all k£ > 0, the primal-dual pair (g, zx) satisfies

V() + 0% () < LEE L),
(1+%)
Proof: By Lemma for k£ > 0 we have

—nS(zk) = —nYp*(2r) — nd*(V(R*)* (—2k)) < =" (Gk+1) + (1 = 0o (Tk) — n® (z1),
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where the inequality follows by the convexity of ¢ and the definition of yi41 in . Applying
Lemma we obtain

U () < 0% (z) — n(ax) 2 0% (e) — 6% Fesr) + (1 — )d* (@) — m® (21,

which implies
Y (zk41) + 0% (Yrt1) < (=) (2k) + 6% ()]
Recursively expanding the inequality from 0 to k& — 1 yields

U (2k) + 0™ (Gr) < (1 —n)*[*(20) + ¢*(0)]-

Using (1 —n) = L/(a+ L) = (1 + a/L)~! gives the claimed convergence bound. ]
We are now ready to prove Theorem [3.3
Proof of Theorem First, note that by and Proposition we have for all £ >0

¥ (20) + ¢“(%o)
T+9+

V(i) — P <Y (2k) + % (k) < (40)

Then, by Lemma we have

0 < ¢%(2rg1) — o8 <% (zr) — U8 —nS(z) = % (zk) =98 — 1 <1/’a(2k:) — min T}Z(U)) :

vER™

where the equality follows by Lemma Hence, we obtain

a R P — 2 [@0) e T 6%(3
% (2k) — min Ty (v) < (Zkr)’ = E;Z(ol)Jr %)k(yo)‘

A

By standard analysis and our choice of 7, the complexity to obtain 1*(z)) — min,ern I'j,(v) < /2

is therefore ( I ((L+ ) (P (20) + ¢ (T ))))
k=0 1+Elog = - . '

Qg

The result follows by defining the dual certificate (analogous to Definition as the pair (zj,17)
and the choice a = ¢/(2M). (]

C Two-Average Analysis

We begin by providing a formal proof of the self-duality claimed in Proposition 4.1
Proof of Proposition We prove that yp = v and sy = z; for all £ > 0 by induction. The
base case k = 0 follows by our initialization sg = z¢ and yg = vg. Then, assume that for some k > 0,
the equalities s, = 2z and yg = vi, hold. First, observe that by Lemma [A.2] and the smoothness of
()",

Zp41 = argmax {—(sg,x) — h(z) — aw(z)} = V(h*)*(=sk) = V(hY)* (—zk). (41)

zeR™

Then, by the choice of vy in Step 2 of Algorithm [4] we have

(41) o
Yt = 12pe1 + (1= Mye D g9 () (=) + (1 =)ok = vks, (42)

where the second equality follows by and the inductive hypothesis. Then, we have
_ . * (42) *
Bier = argmin {(—u,2) + ()} D argmax (g, 2) — ()} = VS (). (43)
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Finally, the dual average satisfies

nV f(

Zeg1 = NZrg1 + (1 —n)zp yr) + (1 =)z =0V f(ye) + (1 —n)sk = sky1,

completing the inductive step. We therefore conclude that the equivalence (yg, sg) = (vk, 2x) holds
for all iterations k& > 0. Then, and imply (2g+1, V£f(yr)) = (V(hY)*(—zk), Zk41) for all
k > 0, concluding the proof. [

With the correspondence proven, the rest of the section is devoted to proving the primal-dual
gap convergence rates claimed in Theorem Our argument and results are similar to previous
work [ZZ23], hence we include the proofs primarily for completeness. For simplicity, we adopt the
primal perspective of Algorithm [3

Lemma C.1. For all iterations k > 0 of Algorithm [3] the following inequalities hold:
a)
* Ly 2
Flyerr) < (L =n)f(ye) = nf*(VF () + 0V f (), 2ra) + == llor = yell

b)
2
(h*)*(=skg1) < (L= n)(h*)"(=sk) — nh® (wps1) — nl@rr1, VI (yk)) + %va(yk) — sill%;
c) '
A (esn) < m o) + (- ) — PO
)

P (sen) < 0 (V) + (=) ) — TS0 (i) — s

Proof: a) Since f is L-smooth, we have

Flyken) <P + (V£ @R)virn — )+ 5 lomsr — ol

2
B () + 0V F k), 7rr — ) + T e —
2
= Fls) — 1V ) ) + 1Y ) i) + s — P
2
(U= ) (k) — (T F) + 0l F)sin) + i — el

where the last line follows by Lemma with x = yx, y = V f(yx).
b) Since (h%)*(—-) is a~!-smooth, we can follow the same steps as in (a) to obtain

(h*)" (=si1) (R (=s1) + (9 (A" (=) 541 = 35) + s — sull?

(13)

IN

2
(h)* (=) + (=Y () (=51), V£ () = si) + 2=V () = sl
2
=(h°)" (=) + (Y (h)* (=si). 5e) = 0(V(h")(=s0), VI ) + 5 [V () — s

2
=(1 = ) ()" (=) = nh® (@r2) = nlansn VI () + 5V () = sl
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where the last line follows by Lemma [AT] with © = 241, y = .
Statement c) follows directly from the a-strong convexity of h* with respect to | - || and (12), and
statement d) follows from the L™!-strong convexity of f* with respect to || - ||, and (13). ]
Using the smoothness/convexity bounds in Lemma we are now ready to prove Theorem
Proof of Theorem [4.2} Using the choice n = /(L + «) (hence 1 — = L/(L + «)), we obtain
La? La?

L772—77(1—77)04:(L+a)2—(L+a)2:Oa (44)

and therefore )
- _ond-n 1

o (L = (1 = n)a) |

)

IE]

o L
Then, from Lemma [C.1fa) and (c), we have

O (k1) =f Wra1) + 2 (Wra1) < (L =0 () — 0" (VI (yr)) + b (@rs1) + 0V f (Yr), Ths)
45— ol =)z — il
(L =m)¢™(yr) = nf*(Vf (k) + nh*(@s1) + 0V f (Yk), Trs1), (46)
and by Lemma [CI|(b) and (d), we have

P (sk1) = (sw11) + (B*) " (=sk41) < (1= )% () — nh* (241

+ 0 (VI (k) = 0wk, V() + %(a_lnz = L7 = )1V £ (yr) — skl

B (1~ e (s0) = nh (@) + 0 (T F ) = nlwren, V(). (47)
Summing and and canceling terms gives
¢ (k1) + 9 (s61) < (1= 0)[6% (yr) + 9 (s1)] < (L= 0)* 1 [6%(y0) + ¥ (s0)].

By standard analysis and our choice of 7, the complexity to obtain ¢®(yx) + ¥*(sx) < £/2 is

therefore
E— O (1 n glog (¢a(yo) +1/1a(80)>> ’

0. (45)

I[E]

e

which gives the first complexity bound in view of @ = ¢/(2M). The second complexity bound
follows directly from Lemma [2.1 n
D Three-Average Analysis

As in the previous two sections, we begin by proving the claimed primal-dual correspondence stated
in Proposition [5.3
Proof of Proposition First, we observe that Lemma (a) and imply

(a + Va2 + 4aL)
ajp = Ak .

2L

Then, we obtain

ap a+vVai+dal 2av
A1 2L+ a+Va2+4al  a++Va?2+4al

I
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It thus follows from Algorithm [f] that for all £ > 0,

- Ak Qg Ak Qg
Th+1 Ak+1yk + Ak+1xk Yk+1 Ak+1yk + Ak+1$k+1 (48)

Ak aj -
- M Yy .
Sk1 A sk + e f(Zr+1)

We now prove the correspondence (g, 2k, V) = (V f(Zk), sk, %) holds for all iterations k > 0
by induction. The base case follows by our choice of initialization with go = V f(y0) = V f(Zo) and
by Lemma applied to zy as defined in . Now, assume that (gx, zk,vr) = (Vf(Zk), Sk, Tk)
for some k£ > 0 and define z_1 = x.

Note that the subdifferential df*(gx) is not necessarily a singleton, therefore there is some
ambiguity in defining D, (g||gx) as used in Step 2 of Algorithm @ Since & € Jf*(gx) by the
inductive hypothesis and Lemma we choose (f*)'(gr) = . for the linearization term, so

Dy (gllgr) = LDy« (gllgr) = L [f*(9) — f*(gx) — ((f ) (9k) 9 — 9)] -

Then, by the optimality condition of with v* = Lf*, for some (f*)'(gk+1) € Of*(gr+1) we
have

L L
0= - (Tk + %ak) (f*) (gk+1) — %(f*)'(gk) — apOp.
Now, we have 7j, + aa L™t = 7411 = aL ™' Aj 1. Then, rearranging, we obtain

A1 (f) (gia1) = Lo o1 (F) (grs1) = La ™ 7 (f*) (g8) + ante
La~lnu(£7'(

9k) + apvy, 4 ap_1(vy — vp_1)

= ArZp + aprr + ap—1(Tk — Tp—1)

(48) (148) -

@ Apyr + agzy @ Ap1Zr41,
where the second line follows from , the third line from the inductive hypothesis, and the fourth
line from (48). Therefore Zy41 € Of*(gk+1), hence by Lemma we obtain

VI(Zrt1) = i1 (49)
With this correspondence, we note that
Ay ag - @ Ax ag
Skl = Sk + Vf(Zgt1) = 2k + Jk+1 = 2k+1,
T A A1 (Fr41) A1 A7 *

where the equality follows by the inductive hypothesis and . Finally, (18) and Lemma
imply that
T = V(A) (=sk41) = V(A) " (—2k41) = Vi1

We therefore have (gx+1, 2zk+1, Vk+1) = (Vf(Zk+1), Sk+1, Tht1), completing the proof. n

D.1 Analysis of TAA

Throughout this subsection, we define I'y(-) as the ACP model induced by (yo, {Zi+1}:=0, {A}F).
Recall that this implies the recursive definition

Crp1(0) = (1= NT() + Me(), () = €5 (5 Tqn) + hA(), (50)

with To(-) = £7(-;50) + h(-). By simple induction and the definition of sj in (17), we can show
that z, = argmin ,ern g (+) for all £ > 0. Then, we have the following proposition.
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Proposition D.1. For all £ > 0, the following inequality holds
min Ty () > 6% (y) — (1 — MFA,

Rn

where A = ¢*(yo) — I'o(20).

Proof: First, note that by our choice of A and simple algebra, we can show the relationship
L 1-X

a A2

We now prove the claim by induction on k. The base case trivially holds, since

(51)

6% (50) — (1 — \)°A = To(20) @ min Ty (x).

zeR™

Now suppose that the claim holds for some k& > 0. Then, since xp11 = argmin zegnl'i11(z) by
construction, we have

. (50)
min Ii1(2) = Tesr(@re1) = (1= ATk (@r41) + Ae(2r11)
. 1-XNa
> (1= ) min T(e) + MiConan) + Sy —
o k41 a(l =) 2
2 (1=2¢%(yr) = (1 = V)" A+ Mp(ape) + ——5—llzk = 21
a(l —
> (1= Mlyr) — (1= VA + Ay () + (2|9Ek — a1

where second line follows by Lemma [2.3(b), the third by the inductive hypothesis and the fourth
by the convexity of f. Then, further applying the convexity of v and , we obtain

. 11—\
nin Trs1(z) > (ypss) — (1= A)FTA + ol =)

o 2
nin 5 1ok = ]

(T6) (19) a(l =X\ 5
D k) — (1—=N)"'A+ (Q/\Q)Hyk+1 — Fpppa|®
(1) L N

& YVe(Wr1) — (1= X)FHA 4+ §||yk+1 — Fppa)?

(150)

> ¢ (yrr1) — (1= VA,

where the first equality follows by the updates in and , the second by , and the final
line by the L-smoothness of f and the definition of 7 in . We therefore conclude the proof. m
Remark: The key step in the previous proof was the identity A(zg41 — k) = Yr+1 — Tkl
resulting from the geometric similarity illustrated in Figure [I|(b).
Using the upper bound in Proposition we have (1) a linear convergence rate for the primal-
dual certificate (yx, ['x) and (2) a corresponding iteration-complexity for finding an e-solution to .
Proof of Theorem Applying Proposition and rearranging terms, we have

o (yk) — xrgigri Tu(z) < (1= M)FA.

It follows from the definition of A in that 1 — A < (1 + %)_2, which together with the above

inequality implies that

. A
o™ (yr) — in Lp(z) < T AN
(1+55%)
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We therefore obtain ¢*(y) — mingern I'x(z) < €/2 in

k=0 (1 - \/Elog (¢a(y0) ; FO(»”UO)))

iterations. Choosing aw = ¢/(2M) and applying Definition gives the result. ]

D.2 Analysis of GEM

In this subsection, we analyze the non-asymptotic behavior of GEM for solving . We begin with
standard technical lemmas for accelerated methods.

Lemma D.2. For all k£ > 0, the following hold
a) L71A, = a~ by

2 .
b) ap = T Ar11 = Thy1Ak;

Va \*
C) AkZ(l—l-Qﬁ) .
Proof: a) Note that expanding the recursion for 74 in from 0 to kK — 1, we have

k—1
atry =a g4+ L1 Z a;i = a ‘1o + L7 (Ay — Ag).
1=0

Using a~trg = L™! = L1 Aq gives,
ailTk = 04717'0 — Lile + LilAk = LilAk.

b) The expression for a in (20]) gives

(21) _ _
az = Trag + TR Ag TeApr1 = (L 1Ak)(a 1L7'k+1) = ApThri1,
where the third equality follows from part (a).

¢) From (20), we have
-
ai > Ek + V7K Ak,

which implies that

2 2
Ak+1:ak+AkZ%+\/TkAk+Ak2 (\/Ak—f—\/;ik) = A (14—2\\//?%) ,

where the last equality follows by part (a). Expanding the inequality from 0 to k& and using Ay = 1
yields the claim. n

With the necessary technical lemmas established, we begin by examining the optimality condi-
tions of the extrapolated update .

Lemma D.3. Define y;(-) := (=0, ) + f*(-). Then, for all g € dom f*, we have

Tk Th Tk
Apyi(zk) + apvi(g) + - Do+ (gllgr) > Ak1vk(zk41) + - Dy« (gr+1ll9x) + TH Dy (gllgr+1) (52)
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Proof: Noting that f* is (1/L)-strongly convex relative to v*, and applying Lemma to the gr41
update in (22)), with ®(-) := agy(+), w := v*, B = 7/ and p = ay/L, we have for all g € dom f*,

Th 1 [Qag Th
@k (gr+1) + = Do (grrallgr) + a ! (T + Tk) Do (gllg+1) < aryi(9) + = Do-(gllgr)-
Adding Agyi(zx) to both sides gives

.
Apve(zk) + apvi(g) + Ek D, (gllgx)

Tk _ aag
> a7 (gi1) + A1) + = Dy (gllge) + a7t (S25 + 1) Do (gllgs)
(23) Th Tk+1
= Ap11(zr41) + Do (grsallgr) + v+ (9llgk+1),

where the second inequality follows by the convexity of 7% (-) and the definition of 7441 in @ B
The following lemma gives an equivalent but more convenient form of in Lemma @

Lemma D.4. For all iterations k > 0 of Algorithm [f] the following inequality holds

* Tk Tk Tk
A [Cipoy- (23 2kr1) + ¥ (20) ] + -~ Du (gllgr) — - Dv (grr1llgr) — TH Do+ (9l gk+1)
> Ap19% (2k41) + ag [P (V1) + (Vk41,9) — ()] + ar (Vb1 — O, g1 — g). (53)
Proof: Using the definition of 7, we observe that for all g € dom f*, the following identity holds

Y(9) = =0k, 9) + f(9) = (Vkt1 — Ok» 9) + (—Vkt1,9 — 2k+1) — (V11 2k41) + [(9)

(123) ~ Q0 k *
(Vk+1 = Oky §) + Lineys (95 2641) — ()" (= 2k41) — (V11,5 2641) + f7(9),

where the final equality holds by vkr1 = V(hY)*(—2zk41) in and the definition of £(ja«(+; 2) in
. Expanding each instance of () in , we obtain
Ay, [(Vha1 = Ok, 21) + Lineys (25 211) — ()" (= 2k41) — (W1, 2kr1) + 5 (2)]

+ ak (V1 — Ok, 9) + Lipoy (g5 2641) — (B) (= 241) — (Org1, 2kg1) + F5(9)] + — Do (gllgr)

Tk+1

> Akt [ Va1, 2641) + (Vkr1 — Ok, 2k11) + F7(2011)] + Du* (gr+1llgr) Dy~ (QHQkH)

Rearranging yields

A [Cpoy- (23 20r1) + [ (20) ] + % Do+ (gllgr) — % Dy (gllgr+1) — % Dy (gk+1ll9x)
> A1 (2h11) + ak [—Liney= (95 2641) = F7(9)] + (Ukp1 — Ok, Aks12k11 — Ak2k — agg)
=Ap1¢ (k1) + ak [(Vkt1, 9) + h (V1) — ()] + (V41 — Ok, Apr12p1 — Apzre — arg),
where the equality follows from the fact that

) Bney(

Ciney= (93 2kt —2k1) + (=V(R*) (=2k41), 9 — 2k41)

23D oy %
B (ho) (= 2h41) — (Wer1, —2101) — (Vk41,9)
Lemma a
eIy, (Vkt1) — (Vks1,9)-

Finally, we note that
(123)
Apy12k41 — A2y @ kGk415

which completes the proof. u
Next, we state a simple consequence of our choice of a, A and the smoothness of (h%)*.
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Lemma D.5. For all iterations k > 0 of Algorithm [f] the following inequality holds

2
aday,

App®(2r) — T

[ver1 — vell® = Ak [€noys (25 2641) + £ (21)] - (54)

Proof: By the (1/a)-smoothness of (h*)* (see [Becl?, Theorem 5.8(iii)]), we have

IN

()" (=) = SV () (=2) = V(A)* (=) |
(23)

Cinoys (2k5 2k41)

() (=20) = Sllox = v (55)

It thus follows from Lemma [D.2|b) that

2

aa o {
A® (1) = 5o = v = A [ () = Fllow = v ]
Tk+1 2

55)
> Ap [f(zk) + Lipoy (25 2k41) ] -

[
The following lemma provides a convenient algebraic identity resulting from the definition of
the extrapolation point 0.

Lemma D.6. For every k > 0, define
Sg = ap(Vg41 — vg) (56)

with s_; := 0. Then, for all g € R"™ we have

e

k—1 -1

> aivigr — Bigiv1 — 9) = (Sk—1, 96 — 9) — D _{8i-1,Gi11 — gi)- (57)
=0 1

.
Il

Proof: By the definitions of s; and 0y in and , respectively, we have

(21) .
Sk — Sk—1 = (Vg1 — V) — ap—1 (Vg — Vk—1) e ap (Vg1 — Ok)-

Then, summing from 0 to £ — 1 and using s_; = 0, we have

k-1 k—1
ai(vigs — B0 g1 — 9) = ({81, gir1 — 9) — (si-1, 911 — 9))
i=0 i=0
k—1 k—1
= —(sk-1,9) + > _(si = si-1,9i11) = (Sk-1, 96 — 9) — D _(Si-1,Git1 — 9i)-
i=0 i=1
We therefore prove the claim. [

Combining the previous lemmas, we are now ready to prove Theorem [5.2]
Proof of Theorem First, applying Lemmas [D.4] and we obtain for all iterations 7 > 0
and all g € dom f*

2
aa? T T Tit1
Aip®(z) — 27'@:1 |visr — vil|® + é D,«(gllg:) — El Dy (git1llg:) — % D, (gl|gi+1)
(53) (54)

> A1 (zig1) + ai [R*(vigr) + (vig1, 9) — [7(9)] + ai(vig1 — 04, giv1 — 9)-
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Summing from i = 0 to k — 1, rearranging, dropping the non-negative term D,«(g1||go), and using
70 = o/ L gives

k—1
a - « 7] *
Agp®(20) + L™ Dy (gllgo) > Artp® (1) + Ek D+ (gllge) + Y _ ailh®(vip1) + (vit1, 9) — £ (9)]

=0

K3
a k—1 — 2
+ 2k vk — vg— 1” + Zz;az Viy1 — Vi, Git1 — 9) + Z ( v (git1llgi) + 27_2 llvi — Uil||2>
k-1
(56) (57) o Tk *
D A0 (20) s+ 2 D (glln) + 3 alh®(wira) + vie1.9) = (9)]
=0

«
+ (Sk-1, 9% — 9) + Z < Dy« (gi+1llgi) — (si-1,gi+1 — gi) + 2||5i1H2> ;
T3

where the equality follows by Lemma and the definition of sp. Then, using the 1-strong
convexity of v*, we obtain

(56) k-1
Aop™(20) + L™ Dy (gl|g0) gAkw“(Zk) + Z a;[h*(vig1) + (vit1,9) — f(9)]
=0

LAY _ @ 2
+2a||g grkll” + (Sk—1, 9k g>+27k||8k:—1H

k—1

T gt — aill2 — (si . gion — a:) - 51112
# 3 (gl =l = s —00 + 5lsial)
k—1
S A (o) + 3 il (i) + (in,9) — 1(9) 59
1=0

where the final line follows by the Cauchy-Schwarz inequality. It follows from Lemma ,
and the definition of £;a)«(-;2) in that for any i > 0,
h(vi) + (vi, g) = h(vi) — (i, —zi) + (vi, 9 — 2i)
" Q) * Q0 *
= —(h*)*(=z) = (=V(h*)"(=2i),9 — )

(32)
@ —L(pey+ (g5 2i)- (59)

Applying this identity to the summation on the right-hand side of , we have

k—1

> ailh*(vis) <vi+1jg>—f*<g>1—Ak< Gty (g:700) + 7(9)

=0 =0

+ jz (o)~ (93 20) + f*(g))> + Ao(bipey- (95.20) + 7 (9))

— AT(9) — Ao(h®(vo) + (v0, 9) — F*(g). (60)

where the first equality follows from and the second by the definition of the model I'; () induced
by (20, {zit1 Yo, {ai/Ais1}12g) with Ag = 1 and applied in reverse.
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Applying to and maximizing both sides over g € dom f* gives

Aol (c0) + 6% + L0 e Do (glan) > Ax (973 - min Ti(0))

where we use

h*(vo) + max {{vo,g) — f*(9)} = ¢"(vo).

gedom f*

Rearranging, using Lemma (c)7 and noting that Ag = 1 gives the certificate convergence

wa(zk) — Hel]g% F*’;(g) < d)a(UO) + 1/}01(2;0) —2|-kDL—1.
g (1+:%)

The number of iterations k to obtain *(z;) — ming I'; (g) < £/2 is therefore

k=0 (1 + \/Elog <¢a(vo) +wa£20) T DL1>>

by standard analysis. The result follows by defining the dual certificate (analogous to Definition

as the pair (z,I';;) and the choice a@ = ¢/(2M).
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