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Abstract

We study the statistical consistency of distributionally robust optimization
(DRO) with general ambiguity sets. While convergence of optimal values is well
understood, a unified set-valued analysis of feasible regions and solution sets re-
mains largely missing, especially for constrained DRO. We develop a unified frame-
work for statistical consistency based on an abstract reference consistency and a
collapse principle. We establish uniform convergence of robust objective and con-
straint functionals, and combine it with Painlevé-—Kuratowski (PK) set convergence
to derive consistency of optimal values and solution sets. In particular, we prove
upper convergence of minimizers and convergence of feasible regions, providing a
full set-valued characterization of statistical consistency. The framework applies
to general discrepancy-based ambiguity sets and extends naturally to constrained
and multi-constraint DRO problems. All results hold almost surely.

Keywords: Distributionally robust optimization, Statistical consistency, Set conver-
gence, PK convergence

1 Introduction

We consider a class of data-driven distributionally robust optimization (DRO) problems
of the form

min sup / f(2,€) dP(€), (1)

zeEX PePn

where X is a compact decision set, £ takes values in an uncertainty space = (which we
assume to be a Polish space), and Py is an ambiguity set constructed from data. In
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contrast to classical stochastic programming, which assumes full knowledge of the data-
generating distribution P* [?], DRO evaluates decisions against a family of plausible
distributions and thus provides robustness against distributional uncertainty.

A standard approach in data-driven DRO is to construct Py as a neighborhood of
a reference distribution P! (e.g., the empirical distribution). A prominent example is
the Wasserstein ambiguity set, which has been extensively studied due to its favorable
statistical and computational properties [?, ?]. Under suitable regularity conditions,
such as Lipschitz continuity of f(x,-) and appropriate decay of the ambiguity radius, it
is known that the DRO problem enjoys both finite-sample guarantees and asymptotic
consistency.

Despite recent advances in distributionally robust optimization (DRO), a systematic
variational treatment of solution and feasibility convergence remains largely underde-
veloped, especially for constrained problems. Compared with specific DRO frameworks
that rely on empirical reference measures and exact metric structures, our approach ab-
stracts away from the specific construction of the reference distribution and the exact
metric used.

The purpose of this paper is to develop such a unified framework. Our approach is
based on a simple but fundamental observation: the core statistical properties of DRO
depend mainly on three modular components: (i) the reference measure consistency,
which centers the ambiguity set around the true distribution; (ii) the sequential weak
collapse of the ambiguity set, which controls the radius and shape of the worst-case
expectations; and (iii) the variational stability of the optimization problem itself.

Building on this collapse principle, we develop a variational analysis framework for
DRO. Under suitable regularity conditions, we establish uniform convergence of the
empirical robust objective and constraint functionals, and combine this with Painlevé—
Kuratowski (PK) set convergence to derive consistency of optimal values and solution
sets. In particular, we show that

On — U, Limsup Xy C X*, as.
N—o00
which provides a full set-valued characterization of solution convergence.

Furthermore, we extend the analysis to constrained DRO problems. We prove that
the feasible regions converge in the PK sense, and establish consistency of constrained
optimal solutions. The framework naturally extends to problems with multiple con-
straints, without requiring additional structural assumptions. All convergence results

hold almost surely.



2 Problem Formulation and Statistical Framework

2.1 Data-generating process and Test Functions

Let the uncertainty set be a closed set = C R", equipped with its Borel o-algebra.
Depending on the setting, we may further assume that = is compact to avoid tail-related
technicalities. If = is not compact, appropriate light-tail or moment conditions must be
imposed, as in the standard Wasserstein DRO framework [?].

Let P* € Z(Z) denote the unknown data-generating distribution. We consider
an underlying probability space (2,4, P) on which all random objects are defined. In
canonical data-driven settings, this may be taken as (2, B(Z)®>, (P*)>).

Let F be a class of real-valued measurable functions on =, serving as the test functions
for our analysis.

We consider a sequence of reference measures {Pi'} C Z(Z) and an associated
sequence of ambiguity sets Py C Z(Z). The notation P! emphasizes that this sequence
represents a general reference distribution. It is not restricted to the empirical measure
and may arise from weighted empirical constructions, conditional models, bootstrap
procedures, or other estimators.

We denote the target distribution by P° € &(Z). All asymptotic statements in this

paper are understood to hold almost surely with respect to P.

2.2 Optimization model

Assumption 2.1 (Regular integrand). Let X C R? be nonempty and compact, equipped
with the Euclidean metric. Let f: X x Z — R satisfy:

(i) For every xz € X, the mapping & — f(x, &) belongs to the test class F.

(ii) There exists a nondecreasing continuous function p; : [0,00) — [0,00), with
p#(0) = 0, such that

‘f(xﬂf) - f(x/7€)’ < Pf(dX<$7$,)): vxvx, € .)(', vf €=

2.3 Reference Consistency and Collapse Assumption

Our consistency analysis decouples the statistical properties of the reference measure
from the geometric properties of the ambiguity set. The reference consistency controls

the center P, while the collapse assumption controls the radius and shape of Py.

Assumption 2.2 (Pointwise reference consistency). For every ¢ € F, there exists an
event Ag with P(Ag) = 1 such that, on A%,

/Edefvefa/Edeo.



We now introduce the sequential collapse assumption, which dictates that any se-
quence chosen from the ambiguity set must become indistinguishable from the reference

measure.

Assumption 2.3 (Pointwise sequential weak collapse). For every i) € F, there exists
an event Ag with ]P’(Ag) = 1 such that, on Ai, for every sequence Py € Py,

/EgdeN—/@Z)dP}(ff—m.

Assumption requires that we first arbitrarily pick a test function 1, and then
arbitrarily pick a sequence Py € Py. We do not require uniform convergence via sup e »
in the theoretical body. If a specific discrepancy metric (like Wasserstein or MMD)
admits a supremum representation, that structure is utilized only in the verification

examples.

Assumption 2.4 (Nonemptiness of ambiguity sets). On the full-probability event under
consideration, Py # ) for every N.

3 Statistical Consistency

We first formalize the probabilistic collapse result for ambiguity sequences on the abstract
test class F, and then analyze the deterministic convergence of the associated robust

objective and solution sets.

Lemma 3.1 (Pointwise collapse to the target). Suppose Assumptions and hold.

For every 1) € F, there exists an event
Ay = AF N AS

with P(Ay) = 1 such that, on Ay, for every sequence Py € P,

/EdeN%/E@/JdPO.

Proof. Fix ¢ € F and define A, := A N AS. Then P(A,) = 1. For every w € Ay, and
every sequence Py € Py(w),

/E¢dPN—/E¢dP°: (/E¢dPN—/E¢dP]r§f> + (/Ede]{,ef—/EdeO).

The first term converges to zero by Assumption 2.3, and the second term converges to
zero by Assumption 2.2. ]
Under Assumptions 2.1, , , and 2.1, we define the empirical robust objective



for a given sample path w as

Ry(f)(x,w):= sup /fxf )dP(&

PePy(w

For brevity, when the sample path is fixed, we write

Ra(f)(@) = sup / fr.€)dPE),  Rulf)(a) = / f(x.€) dP*(¢)

PePyn

3.1 Modulus Continuity and Uniform Convergence

Lemma 3.2 (Inherited modulus continuity of robust objectives). Under Assumption °. 1,
for every N,

IRy (f)(@) =Ry () @) < psldx(z,2),  z,2" € X,

and
Roo(f)(#) = Reo(f) ()] < ppldu(z,2)), w2’ €X.

In particular, Ry(f) and R (f) are equicontinuous on X.

Proof. Fix x,2' € X. For every P € Py, Assumption 2.1(ii) gives

[ 5w 0aP© < [ 1€ aP©) + prldx(z. ).
Taking the supremum over P € Py gives

Ry (f)(@) < Ry())(@) + prdx(z,27)).

Interchanging x and 2’ yields

Ry (@) < Ry (f)(@) + pr(dx(z,27)).

Hence
IR (f)(x) = Ra()(@")| < pslda(z, 2")).

The same argument with Py replaced by the singleton { P°} gives the bound for R..(f).
O

Lemma 3.3 (Pointwise convergence at fixed decisions). Under Assumptions .1, ,
, and 7./, for every x € X, there exists an event A, with P(A,) = 1 such that, on A,

Ry (f)(x) = Reo(f)(2).

Proof. Fix x € X and set ¢,(§) := f(2,§). By Assumption 2.1, ¢, € F. Let A, := Ay,

be the full-measure event obtained from Lemma



Fix w € A,. Define
0:(P) = [ Fle.)dP(c).

For any sequence Py € Py(w), Lemma gives
92(Pn) = ga(P°).

For each N, choose Py € Py(w) such that

1
ga:(PIEV) > sup ga:(P) - N
PGPN(OJ)

Then
limsup Ry (f)(x) < g.(P°).

N—oo

For the lower bound, take any sequence Qn € Py (w), which exists by Assumption
Then

Ry (f)(@) = 9.(Qn),

and hence
liminf Ry (f)(x) > g.(P°).

Therefore
Ry(f)(@) = g:(P°) = Reo(f) ().

]

Theorem 3.4 (Uniform convergence of empirical robust objectives). Under Assump-

tions .1, , , and ./, there exists an event Ay with P(A;) = 1 such that, on
Ay,
sup RN (f)(x) = Roo(f)(x)] — 0. (2)
Te

Proof. Since X is a compact metric space, it is separable. Fix once and for all a countable
dense subset
D ={x, :meN} CAX.

For each m € N, by Lemma 3.3, there exists an event A, with P(A,, ) = 1 such
that

Ry ()(@m) = Roo(f)(2m)
on A,, . Define

Then ]P)(Af) =1. Fixwe€e Af.
By Lemma 3.2, both Ry(f) and R (f) admit the common modulus py.



Let € > 0. Since py is continuous and p¢(0) = 0, there exists ¢ > 0 such that

pr(d) <

Wl ™

Since D is dense in the compact set X', there exist indices my, ..., mys such that

M
X c | JB(m,.0).

(=1

Since w € Ay, for each ¢ =1,..., M,

RN(f)(a:me) - Rm(f)<xmz)

Hence there exists Ny = Ny(w, €) such that for all N > Ny,

mas (R (/) ()~ Roe(f)(@m,)| < 3

1<6<M
Now take arbitrary x € X'. Choose ¢ € {1,..., M} such that
d/'y(I,.%mZ) < 0.

Then for all N > Ny,

IRy (f)(2) = Reo(f) ()] < [RN(f)(@) = Ry (f)(@m,)]
+ ‘RN(fxxmz) - Roo(f)(wme)’
F [Roo (f)(m,) = Roo(f)(2)]
< ps(d) + % + p(8) < e
Therefore,
Sup IRy (f)(#) = Roo(f)(x)| = 0
on Ay. O]

3.2 Preliminaries on Set Convergence

To analyze the asymptotic behavior of feasible regions and minimizer sets, we use set
convergence in the sense of Painlevé-Kuratowski (PK); see [?, Chapter 4].

For any set C' C & and any point x € X, define dist(z,C) := inf,cc dx(z,y). By
convention, if C'= (), then dist(x, C') = co.

Definition 3.5 (PK set convergence). The inner (lower) limit of {Cy} is

Liminf Cy = {x € X : limsupdist(z, Cy) = 0} ,

N—oo N—oo



and the outer (upper) limit is

Limsup Cy = {:E cX: li]\r[ninf dist(z,Cy) = O} .
—00

N—oo

We write C'y PR o if Limsupy_, .. Cny € C C Liminfy_,o Cy.

Corollary 3.6 (Epigraphical convergence of robust objectives). Under the assumptions
of Theorem 7./, there exists an event Ay with P(Ay) =1 such that, on Ay,

Ry(f) 5 Roo(f) on X.

Equivalently,
epiy R (f) = epix Roo(f),
where

epiy h:={(z,a) € X xR: h(z) < a}.

Proof. By Theorem 3.1, on Ay,

sup [R (f)(#) = Roo(f) ()] = 0.

zeX

Thus Ry (f) converges uniformly, hence continuously, to R (f) on X. By [?, Theo-
rem 7.11], continuous convergence is equivalent to simultaneous epi- and hypo-convergence.
In particular,

Rv(f) 25 Reol ).

By the definition of epi-convergence, this is equivalent to the Painlevé—Kuratowski con-

vergence of the epigraphs:

epiy Ry (f) —= epiy Roo(f)-

3.3 Unconstrained Robust Consistency

Define the unconstrained optimal values and minimizer sets by

Oy = inf Ry(f)(x), v* = inf Roo(f)(2),

reX zeX

Xy = argmin Ry (f)(z), X" = argmin Roo(f)(z).
zeX zeX
Theorem 3.7 (Unconstrained robust consistency). Under the assumptions of Theo-
rem 7./, on the event Ay,
@N — U*, (3)



and in the Painlevé—Kuratowski sense,

Limsup Xy C X*. (4)

N—o0

Proof. For every x € X', the uniform error bound implies

Roo(f)(@)=sup R (f)(2) = Roo(f)(2)| < Rn(f)(2) < Roo(f)()+sup Ry (f)(2) = Roo(f)(2)] -

zeX zeX

Taking the infimum over x € X yields

= 51 [Ra(£)(2) = Rul(H)()] < b < 0" + 50 [Ry()() ~ R ()]
By Theorem 3., the right-hand side converges to 0, and therefore vy — v*.

We next prove the outer inclusion for minimizer sets. By compactness of X' and
continuity of Ry(f) and Reo(f) (from Lemma 3.2), the sets X and X* are nonempty.
Let { Ny} be an arbitrary subsequence and let zy, € X N, By compactness of X', passing
to a further subsequence if necessary, we may assume that zy, -2 € X.

Choose any z* € X*. Since zy, € Xy, , we have Ry, (f)(zn,) = O, < R, (f)(z*).
Hence

Roo(£)(@n) = Roo(f)(@") = (Roo(f)(@n,) — RNk(f)(xNk ) + Ry (f)(@w,) — R, (f)(@"))

)
+ (R () (@) = Reo(f)(27))
(Tn,)

< [Reo(F)(@n,) = RNk( J@n)| + R (F)(27) = Reo () (27))]
< ZEEE’RN( )(2) = Roo(£)(2)]-

Taking the limit superior gives lim supj,_, .. (Roo(f)(2n,) — Roo(f)(z*)) < 0. By continu-
ity of Roo(f), passing to the limit along zy, — = yields R (f)(Z) < Ruoo(f)(z*) = v*.
Since v* is the infimum, R (f)(Z) = v*, which proves that £ € X*. Since the subse-
quence and cluster point were arbitrary, we conclude that Limsupy_, ., Xy C X*. O

Remark 3.8 (Failure of reverse PK inclusion). Even when the ambiguity sets collapse
to a singleton, the reverse inclusion X* C Limsupy_, Xy fails in general.

Construction. Let == [0,1], X = [-1,1], and P° = §5. Assume & = 0 almost surely,
so that P = §;. Take the probability metric d to be the 1-Wasserstein distance W;.
Define Py :={P € Z(E) : Wi(P, ) < 1/N}, so that Py — {P°}.

Let f(z,€) = max{z,0} — &x. Then Ry(x) = Es[f(z,§)] = max{x,0}, hence
X*=1[-1,0].
Computation of Ry. For any P € Py, every coupling m € II(P,dy) satisfies 7 =
P ® 6y, and hence Wy (P,dy) = fo | P(d§) = J2€dP(§) < 1/N. Therefore, Ry(z) =
SUPpepy, (max{x, 0}—x [cEdP(& )) If z <0, then —z > 0, and the supremum is attained
at SUpp<,<1/v M = 1/N, s0 Ry(z) = —z/N. If x > 0, then —x < 0, and the supremum



is attained at info<,<1/ym = 0, so Ry(x) = x. Therefore, Ry(z) = (—x/N) for x <0
and Ry(x) =z for z > 0.

Conclusion. It follows that Xy = {0} for all N, hence Limsupy_,. Xy = {0} C
[—1,0] = X*. Moreover, sup,cy |[Rn(2) — Reo(x)| < 1/N — 0, so all assumptions of
Theorem are satisfied, yet equality fails.

3.4 Constrained DRO and PK Convergence

We now extend the variational consistency analysis to structurally constrained DRO
problems. Let g;(z,€), j = 1,...,J, be a finite family of constraint functions. In the

constrained analysis, we work on the event
A=A N A,

which has probability one (where Ay is from Theorem and A, will be defined in
Lemma ). All subsequent arguments are deterministic on this event. Define the
population and empirical robust constraint functionals by

Do j(#) = Roolgy) (), Pnj(2) = Rulg)x),  j=1...,J

Assumption 3.9 (Constraint regularity and Slater condition). Let X C R? be nonempty,
compact, and convex. For each j =1,...,J, let g; : X x £ — R satisfy:

(i) For every x € X', the mapping £ — g;(x,&) belongs to F.
(ii) For every ¢ € =, the mapping = — g;(z,§) is convex on X.

(iii) There exists a nondecreasing continuous function p,, : [0,00) — [0,00), with
pg;(0) = 0, such that

19(2,8) = 9;(x", I < pg,(d(x,2")),  Vr,2' € X, VEE€E.

Furthermore, there exists £° € X such that

where @ ;(z) = R (gj) ().
Define the population and empirical feasible regions by

[y = ﬂ{m €X Dy j(x) <0}, Iy = ﬂ{a: €X: Py, (x) <0} (5)

j=1 j=1

For finite N with T'y = 0, we set 9% = +oo and X§ = @. Under the Slater condition

and uniform convergence, this convention is immaterial asymptotically because I'y # ()

10



eventually. Define the corresponding constrained optimal values and minimizer sets:

v = inf Ruo(f)(x), 9% = inf Ry(f)(2),

€l xzel'n

X7 = argmin R (f)(z), X§ = argmin Ry (f)(z).

c
€l xzel'n

Lemma 3.10 (Uniform convergence of empirical robust constraint functionals). Under

Assumptions .7, , , and 7.9, there exists an event A, with P(A,) = 1 such that,
on Ag,
Oy () — Do )
2, SU | Py j(7) = Poo ()] = 0 (6)
Proof. By Assumption 3.9, each constraint function g; satisfies the regularity conditions
of Assumption 2.1. Thus, applying Theorem to each g; yields a full-measure event

Agj on which

sup | Py ;(z) — Poo j(z)| — 0.
TeX

Letting A, = ﬂ}]:1 Ay, we have P(Ay) = 1 since J is finite. On this intersection,
the convergence holds simultaneously for all j = 1,...,J, which immediately gives the

desired limit.

Theorem 3.11 (Painlevé-Kuratowski convergence of empirical feasible sets). Under

Assumption and the assumptions of Lemma , on the event A,,
Ty =5 Tee.
Proof. Define ey := maxi<j<ysupcx |Pn;(2) — Pooj(z)|. By Lemma ,en — 0.

Step 1: Outer inclusion (Limsupy_,.I'n € I'y). Let {Ny} be an arbitrary sub-
sequence, and let xy, € I'y,. By compactness of X', passing to a further subsequence
if necessary, we assume zy, — T € X. Since zy, € I'y,, we have Oy, j(zn,) < 0 for
7 =1,...,J. Hence, for each 7,

Do j(n,) = Posj(n,) — P, j(Tn,) + Prvpj(@n,) < | Pooy(@n,) — P j(@n,)| < ew,.

Taking the limit as & — oo and using the continuity of @ ; yields @ ;(Z) < 0. There-
fore, x € I's. This proves Limsupy_, .. I'v C I'w.

Step 2: Inner inclusion (I'y, C Liminfy_ . I'y). Let x € I'y,. We distinguish two
cases.

Case 1: O j(x) < 0 for all j =1,...,J. Set n := —maxj<j<j P j(x) > 0. Since
en — 0, there exists Ny such that for all N > Ny, ey < . Then, for every j =1,...,J
and every N > N,

B (1) < oo (1) + | (2) — B j(2)| < =+ 2 < —g <0.

Thus z € I'y for all N > Ny, which implies x € Liminf y_, o I'y.

11



Case 2: maxi<j<j P j(z) = 0. Let 2° be the point from Assumption satisfying
P j(z°) <Oforall j=1,...,J. For X € (0,1), define 2* := (1 — \)x + Az°. Since X is
convex, z* € X. By convexity of each @ ;,

Do j(7Y) < (1 = NP j(z) + AP j(2°) <0,  j=1,...,J.

Fix A € (0,1). By Case 1, there exists N, such that x* € Ty for all N > N,.
Consequently, dist(z,'y) < dy(x,2) for all N > N,. Taking the limit superior as
N — oo yields limsupy_,.. dist(z,['y) < dy(z,2*). Since 2* — x as X | 0, we ob-
tain limsupy_,. dist(z,I'y) = 0. By the distance characterization of the inner limit,
r € Liminfy_,o I'y.

Combining Step 1 and Step 2 yields I'y LN . ]
Theorem 3.12 (Constrained robust consistency). Under the assumptions of Theo-
rem , on the event A,,

(S (7)
and
Limsup X§ C X7 (8)
N—o0

Proof. Step 1: Upper bound (limsupy_,. 0% < vS). Let 2* € X C ' (which
is valid since X} # (). By Theorem , I'no € Liminfy_,. 'y, hence there exists
a sequence ry € I'y such that xy — 2z*. Since 0§ = infier, Ry(f)(x), we have
05 < Rn(f)(xy). Therefore,

limsup 0%, < limsup Ry (f)(zn)

< limsup (Roc(/)n) + sup [R(/)(z) - Reo(N))]) = Rao() (@) = v,

Step 2: Lower bound (liminfy_,., 05 > vS). Let {N,,} be a subsequence such that
0%, — liminfy_,o 0%. For each m, choose Zy,, € )A(vam satisfying Ry, (f)(Zn,,) = 0%, -
By compactness of X', passing to a subsequence if necessary, we assume 2y, — T € X.
Since 2y, € I'y,,, the outer inclusion Limsupy_, . I'v € I'y, implies £ € I',. Hence
05, < Roo(f)(Z). Moreover,

0%, = Roo(F)(@)] = R, (/) (En,,) = Roo(f)(2))]
< sup R, (F)(2) = Roo(£)(2)] 4 [Roo(f)(En,) = Roo(f)(T)] -

The right-hand side converges to 0. Therefore, 05, — Roo(f)(Z), and thus v, <
lim inf y 00 0%

Combining Step 1 and Step 2 yields 0§, — vS,.
Step 3: Outer inclusion for constrained minimizers. Let {N;} be an arbitrary

subsequence and let 2y, € X]ﬁ,k By compactness of X', passing to a further subsequence

12



if necessary, we assume Zy, — ¥ € X. Since 2x, € ['y,, Theorem implies 7 € ['.

; 2, v C 2, __ 5ce ; ~e c
Moreover, since &y, € X§,, Ry, (f)(Zn,) = 0%, Since 05, — vS,,

Ry (N)(En,) = Reo(f)(Z)] < Sup RN, ()(2) = Reo(N)(2)] + [Roo (f)(En,) — Roo(f)(Z)] = 0.
Hence Ry, (f)(Zn,) = Reo(f)(Z). Combining the limits yields R (f)(Z) = vS,. Since
T € ', we conclude z € X!. As the subsequence and cluster point were arbitrary,
Limsupy_,., X$ C X*. O

4 Verification of Assumptions

4.1 Reference distribution consistency

We discuss statistical conditions under which the reference measures {Pi'} satisfy the
consistency requirement in Assumption

Throughout this section, let P° € Z2(Z) denote the target distribution. We present
several representative constructions of P& and establish their convergence.

4.2 Reference consistency via deviation bounds

In the DRO literature, finite-sample guarantees are often established through deviation
inequalities for the distance between a reference distribution () and the true distribution
P°. A commonly used form is an exponential concentration inequality of the form

P(W1(Qn, P°) > €) < ¢ exp(—caNe™), Ve > 0, 9)

for some constants ¢y, co, m > 0.
While such exponential bounds are convenient, they are not necessary for establish-
ing reference consistency. The following result shows that a much weaker summability

condition suffices.

Proposition 4.1 (Summable deviation implies reference consistency). Let D be a metric
on P(Z) such that D(P,, P°) — 0 implies [c1dP, — [c1¢ dP° for every i € F.
Suppose that for every e > 0, Y 5%_, P(D(P5!, P°) > €) < co. Then D(PF', P°) — 0

almost surely, and hence Assumption 77 holds.

Proof. Fix € > 0 and define the sequence of error events Ey(€) := {w : D(P(w), P°) >
e}. By assumption, > x_; P(En(€)) < co. According to the first Borel-Cantelli lemma
see Theorem 4.3 in [?], the probability that infinitely many events Ey(¢) occur is zero:
P(limsupy_,. En(€)) =0, where limsupy_,.. En(€) = ey Upe Ei(e)-

Let N, := limsupy_,. En(€). Then P(N,) = 0. For any sample path w ¢ N, there
exists a finite integer Ny(w, €) such that D(Pi!(w), P°) < e for all N > Ny(w, €).

13



To establish almost sure convergence independent of €, consider the countable se-
quence €, = 1/m, m € N, and define N := (J,._,; Ni/,,. By countable subadditivity,
PN) < 355, P(Nijm) = 0.

For any w ¢ N and any € > 0, choose m € N such that 1/m < e. Since w ¢ Ny,
there exists an integer Ny(w,1/m) such that for all N > Ny(w, 1/m), D(PE (w), P°) <
L < e. Therefore, D(Pyf(w), P°) — 0.

Since P(N) = 0, we conclude that D(P5!, P°) — 0 almost surely.

We obtain [ ¢ dPxt — [ dP° almost surely for every ¢ € F. O

4.3 Examples of admissible reference distributions

These examples illustrate that exponential concentration is only one sufficient condition
among many; the essential requirement for reference consistency is the summability of

deviation probabilities.

Wasserstein distance. Let = = R? For p > 0, define T}, (11, v) := infee () [
ylP &(dx, dy), where H(u,v) denotes the set of couplings of p and v. The Wasserstein
distance is defined by W, (i, v) = T, (u,v) if p € (0,1], W, (p,v) = Tp(u,v)*/? if p > 1.
See [?] for details.

Example 4.2 (Empirical reference via Fournier—Guillin inequality). [?] Let u € Z(R9)
and let py be the empirical measure associated with an i.i.d. sample from p.
For ¢ >0, a > 0,7 > 0, define My(p1) := [pu |27 p(dx), Eur(1) = [pa € p(dz).
Assume one of the following conditions:

L. Ja>p, 3y >0, Ey,(p) < 00,
2. or Ja € (0,p), 3y >0, E,, (1) < o0,
3. or dg > 2p, M,(u) < .

Then for all N > 1 and all z € (0, 00),

]P(TP(:U’Nal’L) > I) < CL(N, x)l{xﬁl} + b(N’ ZE),

where
exp(—cNz?), if p>d/2,
a(N,z) = C { exp(—cN(x/log(2+ 1/2))?), ifp=d/2,
exp(—cNz/?), if pe[l,d/2),
and
exp(—cNzP)1 sy, under (1),
b(N,z) = C  exp(—c(Nx) @ 9/P) 11,1y + exp(—c(Nz)*P)1i,21y, Ve € (0,a) under (2),
N(Nz)~(a=)/p, Ve € (0, ¢q) under (3).
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The positive constants C,c¢ depend only on p,d and either on «,~, E, (1) (under
(1)), or on a7, Eo (1), € (under (2)), or on g, My(p), e (under (3)).

We could also treat the critical case E, ,(¢) < oo with o = p, but the resulting bound
is more intricate and less satisfactory for small values of z.

Verification of Proposition 4.1. Define ry(€) := a(N,€)1i<1y + b(N,€), €>0. By
Theorem 2 of Fournier and Guillin [?], P(Z,(un, p) > €) < ry(e) for every N > 1 and
every € > 0.

It remains to check that > _, 7nx(€) < oo for each fixed € > 0. The term a(N, €)1<1
is exponentially summable in N. For b(N,¢€), under conditions (1) and (2), the bounds
are exponential or stretched-exponential in N, hence summable. Under condition (3),
choose 7 € (0,g—2p). Then N(Ne)~(@=n/P = ¢=la=n)/p N1=(a=n/P and since (¢—n)/p > 2,
the exponent 1 — (¢ — n)/p < —1. Hence this term is also summable.

Therefore, Y %_, rn(€) < oo for every e > 0. Proposition applies with D = T,
Pit = puy, and P° = p, yielding T, (puy, 1) — 0 almost surely.

(ii) Contextual and conditional reference. In contextual DRO, the reference dis-
tribution may depend on side information. Fix a covariate value z, and consider the

kernel-based conditional estimator introduced by Stute [?]:

N 7,
Zi:l 1{£i§y}K<h_NZ>

N 27, ’
Zi:l K<h_NZ>

mN(Zvy) =

where K is a kernel function and hy is a bandwidth parameter.
This defines a probability measure P}{Ffz on = via its distribution function my(z, ).
Under standard bandwidth conditions,

hy — 0, Nhd — oo,
Stute [?] proves that

sup |/my(z,y) — F(y | 2)] = 0 almost surely,
Yy

where F'(- | z) denotes the true conditional distribution function.

Consequently, for each fixed z,
Py, = P*(-|z) almost surely.
Thus, the limiting reference distribution is
Py =P(- | 2),
which satisfies the reference consistency condition.
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The above examples demonstrate that the reference consistency assumption is satis-
fied by a broad class of data-driven constructions, including empirical, weighted, condi-

tional, and concentration-based reference measures.

4.4 Sequential weak collapse of ambiguity sets

These discrepancies provide sufficient mechanisms for Assumption on suitable test
classes. For the following examples, we verify the required conditions.

Example 1: c¢,-Wasserstein ambiguity sets. (i) We define the discrepancy D =
We, (P, Q) = infrenpo) [ cv(u, v)dr(u, v), and the ambiguity set Py = {P : W, (P, Pi)
dn}. Provided oy > 0, Py # 0 because W, (P, Pi') = 0 < 0y, ensuring P! € Py.

(ii) The admissible test class is specified as F = Lip,,, (=), where functions satisfy
[¥(u) =¥ (v)| < |leycv(u,v).

(iii) For every ¢» € F and any sequence Py € Py, the expectation difference is
bounded by | [ dPy — [ dPE| < [¢h|e, Wey, (Pn, PP < [h]e, 0. Since dx — 0, this
vanishes, verifying Assumption

(iv) The condition P = P° holds, for instance, when Pif = Py and the tar-

get distribution P° admits suitable moments, via Wasserstein convergence of empirical

IN

measures.

Example 2: Bounded Lipschitz ambiguity sets. (i) Let D = B(P, Q) = sup|,,, <1 |[vdP — [«
and Py = {P € Z(Z): B(P, P&') < dn}. The set is nonempty since Pi' € Py.

(ii) We specify F = BL(Z).

(iil) For every ¢ € F and any sequence Py € Py, | [ YdPy— [ dPyt| < ||¢||prB(Pn, PiY) <
|1¥]|BdN — 0, verifying Assumption

(iv) Varadarajan’s theorem gives sufficient conditions for Pif = P° when Py is

the empirical measure on a Polish space.

Example 3: MMD ambiguity sets. (i) Let D = MMDy(P,Q) and Py = {P :
MMDy (P, Pi') < dy}. The set is nonempty as Pit € Py.

(ii) The test class is F = H, the reproducing kernel Hilbert space.

(iii) For every ¢ € F and Py € Py, | [ ¥dPy— [ dPg| < ||¢||uMMDy(Py, Py') <
|1¥]|xdn — 0, verifying Assumption

(iv) Pi¢f =5 P° is satisfied under standard RKHS laws of large numbers.

Example 4: ¢-divergence ambiguity sets. (i) Let D = Dy(P||Q) and Py = {P :
Dy(P||PY) < dx}. The set is nonempty because Dy(Pi||Pief) = 0 < dy.

(ii) We specify F: for bounded 9, collapse is governed by the total variation distance
via Pinsker-type bounds. For unbounded ), F requires specific Orlicz integrability or

uniform integrability conditions corresponding to the dual structure of ¢.
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(iii) Under these integrability conditions on 1 € F, Dy(Py|Pif) < dy — 0 implies
[ dPyx — [ dPgt — 0, satisfying Assumption

(iv) Sufficient conditions for Pf =z P° rely on corresponding tail bounds and
moment assumptions of the target distribution.

Example 5: Mixture ambiguity sets. (i) Suppose Py = Zle an; Py, where ay;
are weights.

(ii) The class F is given by the discrepancy of the underlying components.

(iif) If for every ¢ € F, 3o any | [ ¥ dPy; — [¢dPE| — 0, then | [ ¢ dPy — [ ¢ dP5| —
0. Thus mixture ambiguity sets satisfy collapse whenever the weighted discrepancy con-
tributions vanish.

(iv) Pt = 7 P° follows standard consistency arguments for the underlying reference.

5 Example / Extension: Mixed Aggregation Ambi-
guity Sets

5.1 Abstract Model

We construct a single-layer mixed ambiguity set by aggregating componentwise ambi-
guity sets through uncertain mixing weights. Let K be the number of components. We

define the mixed aggregation ambiguity set as:

K
Py = {Z wNkPng: Png € Pyg, wy € WN} : (10)

k=1

where Py C (=) represents the component ambiguity sets for each k = 1,..., K,
and Wy C {w € Rf : Zszl wy = 1} represents the weight uncertainty set.

This construction generalizes mixture-type ambiguity sets and includes multi-ambiguity
DRO as a special case. By formulating P¥4 directly in the space of probability measures,
we seamlessly embed it into the proposed collapse framework.

5.2 Two-Layer Equivalence

The single-layer robust evaluation under P44 naturally admits a two-layer representa-
tion. Consider the inner worst-case expectation for a given decision = € X"

inf  sup /_ F@,€)dP(€). (11)

TeEX PEP}]\V]IA

By the definition of P¥4 and the linearity of expectation over mixture distributions,

the supremum can be perfectly decoupled. Since the choice of Py j within each Py is
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independent across components, we obtain the exact equivalence:

K
inf sup ZwN,k sup EPN,k[f($7f)]~ (12)
zEX wnEWN k=1 PN,kGPN,k

This two-layer structure serves as the core formulation for Multi-Ambiguity DRO (MADRO),
acting here as a direct consequence of the mixed ambiguity definition.

5.3 Collapse Stability

The following theorem is the main result of this section. It establishes that if a subset of
the component ambiguity sets satisfies the collapse assumption, and the weights assigned
to the remaining non-collapsing components vanish uniformly, then the entire mixed
ambiguity set PA/4 preserves the collapse property. Let Qy denote the global reference

measure.

Theorem 5.1 (Mixed collapse stability). Let I. C {1,..., K} be an index set of collaps-
ing components. Suppose the following conditions hold:

(i) Component collapse: For every k € 1., and any sequence Py € Py :
|]EPN,k[¢} - EQN [¢H —0, Voe T.

(i) Vanishing non-collapse weights: The uncertainty weights associated with the

non-collapsing components vanish uniformly:

sup E wy — 0.
wnEWN k1o

(i1i) Bounded test class: The test functions are globally bounded, i.e., ¢ € T C
By(E). Let |¢lo = supgez |¢(€)]-

Then, the mized ambiguity set P4 satisfies the sequential collapse assumption.

Proof. Take any sequence Py € PMA. By definition, Py = Zszl wn Py for some
wy € Wy and Py, € Py . Since Zszl wn = 1, we can decompose the difference as:

K
|EPN [¢] - EQN [¢]| - Z WN k (EPNk[¢] - EQN [¢])
k=1
< Z WN & ’EPNk[¢] - IEQN [ng + Z WN,k |EPNk[¢] - ]EQN [QSH .
kel kI,

For the collapsing part (k € I.), we have ‘EPN,k[(b] — ]EQN[¢H = 0(1). Since wyy < 1,
this sum vanishes. For the non-collapsing part (k ¢ I..), since ¢ € By(Z), the difference
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in expectations is bounded by 2|¢|. Thus, this part is bounded by:

2|¢’oonN,k§2|¢’oo sup ZwN,k-

keI, WNEWN T,

By the uniform vanishing weights condition, this term also converges to 0. Therefore,
|Ep,[¢] —Egy[®]| — 0, concluding the proof. O

5.4 Extension to Non-compact Spaces

If the uncertainty space = is unbounded (non-compact), test functions in 7" may not be
globally bounded, breaking condition (iii) in Theorem 5.1. To close the theoretical loop,

we impose an envelope control assumption to regulate the non-collapsing components.

Assumption 5.2 (Envelope control). There exists an envelope function V' > 1 such
that for any ¢ € T, there is a constant C, > 0 satisfying |p(§)| < CpV () for all £ € =.
Furthermore, the expected value of V' is uniformly bounded across both the component
ambiguity sets and the reference measures:

sup sup /VdP<oo, and sup/VdQN<oo, Vk ¢ 1.
= N J=

N PePNyi JE

Under Assumption 5.2, there exists a global constant C' > 0 such that for any Py, €
P, we have

[Eryul6] - Eaulol] < [ 16ldPus+ [ 6]dQx < Cy-C.
Consequently, the remainder term in the proof of Theorem is controlled by:

Z WN Kk {EPNk[gb] - EQN [QSH < O¢C sup Z WNk — 0.

k¢ 1. WNEWN pa1,

This technical patch ensures the collapse stability holds strictly even in non-compact

spaces with unbounded test functions.

5.5 MADRO as a Special Case

We now demonstrate how the original Multi-Ambiguity DRO (MADRO) model can be
recovered precisely as a special case within this framework.

Corollary 5.3 (MADRO as a special case). Consider the Wasserstein component am-
biguity sets and the 1-norm weight ambiguity set:

Pag = {P € P(Z,) : Wi(P, Pyy) < 5N,k}, Vk=1,... K,

Wy = {w € RE : |lw — byl < 6,(N)}.
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Suppose that as N — oo, the empirical centers converge to the true underlying distribu-
tion P*. If the radii satisfy:

e Oni — 0 = Component collapse (Pni — {P;}),
e 6,(N) =0 = Weight collapse Wn — {w*}),

then the mixzed ambiguity set collapses to the target measure:
PUA - (P}

This naturally recovers the statistical consistency of the MADRO model without
requiring separate proofs for the aggregated distance metric.

5.6 Interpretation and Applications

The mixed aggregation ambiguity structure provides a powerful tool for modeling com-

plex stochastic environments. It can be interpreted in several ways:

e Mixture Distributions: Capturing multi-modal data distributions where each
component Py, models a local peak, and wy ; models the proportion.

e Heterogeneous Populations: Addressing fairness or heterogeneity where differ-
ent sub-populations have distinct local distribution uncertainty (Py ) and relative

sizes (Wn k).

e Regime-Switching: Representing different temporal or spatial states (e.g., mar-
ket regimes), where wy(z) could act as the conditional mixing weights based on

feature z.

In these applications, the component sets Py capture the local distributional uncer-
tainty, while the weight sets Wy govern the macroscopic aggregation logic. The proposed
framework thus allows the model to enforce robust self-adaptive weighting across distinct
distributions while fundamentally preserving the heterogeneous local structures.
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