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Abstract. In this paper, we consider nonlinear optimization problems with a stochastic objec-
tive function and deterministic equality constraints. We propose an inexact two-stepsize stochastic
sequential quadratic programming (SQP) algorithm and analyze its worst-case complexity under mild
assumptions. The method utilizes a step decomposition strategy and handles stochastic gradient es-
timates by assigning different stepsizes to different components of the search direction. We establish
the first known O(ϵ−2

c ) worst-case complexity with respect to the infeasibility measure when no con-
straint qualification is assumed and a worst-case complexity of O(ϵ−1

c ) when LICQ holds, matching
the best known result in the literature. In addition, under mild conditions, our method achieves the
optimal O(ϵ−4

L ) complexity with respect to the gradient of the Lagrangian regardless of constraint
qualifications. Our results provide the first complexity guarantees for the popular Byrd-Omojukun
step decomposition strategy and verify its theoretical efficacy. Numerical experiments show that our
algorithm has a superior infeasibility convergence performance and a competitive KKT convergence
rate compared to the state-of-the-art stochastic SQP method.
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1. Introduction. In this paper, we consider the equality-constrained optimiza-
tion problem as follows:

(1.1) min
x∈Rn

f(x) = E[F (x, ω)] s.t. c(x) = 0,

where f is the expectation of F : Rn×Ω→ R, under the random variable ω with the
associated probability space (Ω,F ,P), and c : Rn → Rm is the constraint function.

Such problems emerge naturally in scenarios where system dynamics are strictly
governed by physical laws. For instance, in stochastic optimal power flow problems,
the objective is to minimize expected generation costs under highly stochastic re-
newable energy inputs, while the power flow balance must strictly hold as determin-
istic equality constraints dictated by Kirchhoff’s circuit laws. Similarly, in Physics-
Informed Deep Learning (PINN) problems [12, 21], boundary and initial conditions are
often enforced as hard deterministic constraints, while only stochastic gradient infor-
mation is available for computational efficiency. Such formulations are also prevalent
in science and engineering, with prominent applications in optimal control [8, 28] and
PDE-constrained optimization [19].

There are two general types of methods to solve our desired problem. Stochastic
augmented Lagrangian methods [9, 17, 20, 26, 30] penalize the constraints in the ob-
jective and solve the corresponding unconstrained subproblem to get a primal update.
These methods can benefit from simpler forms of constraints (e.g. linear constraints)
and naturally generalize to inequality constrained problems. Meanwhile, stochastic
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Sequential Quadratic Programming (SQP) methods are better at coping with more
complicated nonlinear constraints. SQP methods compute the iterates via a sequence
of quadratic programming subproblems which preserve linearized feasibility.

Existing stochastic SQP frameworks [2, 4, 5, 6, 7, 13, 22, 25] rely heavily on the
Linear Independence Constraint Qualification (LICQ) at every iteration. However,
this assumption often fails in high-dimensional applications. For example, in PINN
problems, enforcing boundary conditions over dense collocation points often leads to
redundant constraints, inherently causing rank-deficient constraint Jacobians. When
LICQ fails, the KKT system becomes singular. This singularity disrupts standard
Newton-type step computations and can cause the merit parameter to vanish prema-
turely, preventing the algorithm from adequately optimizing the objective function.

To safeguard against these degenerate constraint manifolds, one popular approach
is to employ the step decomposition strategy of Byrd-Omojokun [24]. The Byrd-
Omojokun method computes two orthogonal components: the normal component
(oriented toward feasibility), via a trust-region subproblem, and the tangential com-
ponent (optimizing the objective within the null space), through the solution of a
linear system of equations. These two components are then combined to form the
full step direction. This strategy has proven effective for stochastic SQP methods in
recent work [3].

1.1. Contributions. Given the critical absence of complexity results under mild
assumptions, we propose and analyze an Inexact Two-Stepsize SQP (ITSQP) algo-
rithm. By employing an l2 merit function, we comprehensively analyze the worst-case
complexity results under three specific behaviors of the merit parameter sequence.
We prove that our algorithm converges to stationary points (in expectation) in both
infeasibility and first-order measures.

Our specific contributions in terms of worst-case complexity results are as follows:
• Without Constraint Qualifications: To achieve an ϵc-feasible point, our
algorithm requires at most O(ϵ−2

c ) iterations regardless of whether the merit
parameter sequence has a positive lower bound. To our knowledge, this is the
first known complexity result for stochastic SQP algorithm under such mild,
rank-deficient assumptions.

• With LICQ: We prove that the Byrd-Omojokun safeguard does not impede
performance. When everywhere LICQ holds, the algorithm perfectly recovers
an improved O(ϵ−1

c ) worst-case complexity for the infeasibility measure. This
result matches the best known complexity in [25], where LICQ is assumed.

• First-order Optimality: When the merit parameter sequence is bounded,
our algorithm requires at most O(ϵ−4

L ) iterations to ensure that the first-order
optimality condition falls below the tolerance ϵL, which matches the optimal
complexity bounds for stochastic gradient methods [1].

Furthermore, we exploit the use of inexact iterative solvers in the tangential sub-
problems and prove equivalent convergence and complexity results under mild as-
sumptions on these solvers. Numerical experiments demonstrate that our ITSQP
algorithm yields substantial enhancements in both feasibility convergence speed and
accuracy compared to state-of-the-art exact stochastic SQP methods.

We conclude this section with Table 1, which contains the complexity results
of different algorithms. Note that the approximate convergence metrics vary under
different assumptions.

1.2. Organization. The assumptions and our algorithm are presented in Sec-
tion 2. Section 3 details the worst-case complexity proofs across the three aforemen-
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Algorithm Assumption 1st-order Comp. Infeas. Comp.

SPD[18] x0 feasible, CQ O(ϵ−5
L ) O(ϵ−5

c )†

MLALM[26] mean-squared smoothness, CQ O(ϵ−4
L ) O(ϵ−4

c )†

SSQP[4] LICQ O(ϵ−4
L ) O(ϵ−2

c )

SQP-AL[22] LICQ O(ϵ−4
L ) O(ϵ−4

c )

TSSQP[25] LICQ O(ϵ−4
L ) O(ϵ−1

c )

ITSQP
(this paper)

No CQ assumed, ∃ τmin O(ϵ−4
L ) O(ϵ−2

c )‡

No CQ assumed, ∄ τmin N/A O(ϵ−2
c )‡

LICQ O(ϵ−4
L ) O(ϵ−1

c )

Table 1
Complexity results of different algorithms solving (1.1). The default first-order measure is

the norm of gradient of the Lagrangian function. The default infeasibility measure is the norm of
constraint violation. †: The stochastic augmented Lagrangian methods use a combined feasibility
and optimality measure. ‡: We use a different infeasibility measure when no CQ is assumed, see
Corollary 3.12. Here, τmin represents a lower bound on the merit parameter seqeunce.

tioned cases. Section 4 discusses the implementation of inexact subproblem solutions
and proves complexity results for the inexact method. Preliminary experiments are
presented in Section 5 and we provide a brief discussion of our work in Section 6.

1.3. Notation. The set of real numbers is denoted as R, the set of positive real
numbers is denoted as R>0, the set of natural numbers is denoted as N, the set of n-
dimensional real vectors is denoted as Rn, the set of m-by-n dimensional real matrices
is denoted as Rm×n, and the set of n-by-n dimensional symmetric matrices is denoted
as Sn. We use ∥ · ∥ to denote the Euclidean norm. As in (1.1), f and c denote
the objective and constraint functions, respectively. ci denotes the i-th component
of constraint c. Given A ∈ Rm×n, the null space of A is denoted as Null(A), and
the range space of AT is denoted as Range(AT ). We denote the Moore-Penrose
psuedoinverse of a matrix A as A+.

Our algorithm is iterative in the sense that, given a starting point x0 ∈ Rn, it
generates a sequence of iterations {xk}k≥0 with xk ∈ Rn. At iterate k, we denote
ck = c(xk) and Jk = ∇c(xk)

T . Given Jk ∈ Rm×n, Zk denotes a matrix whose columns
form an orthonormal basis for Null(Jk).

2. Problem Statement and Algorithm Description. Wemake the following
assumption about the problem (1.1) throughout the paper.

Assumption 2.1. Let χ ⊂ Rn be an open convex set containing the sequence
of iterations {xk} generated by our algorithm. The objective function f : Rn → R
is continuously differentiable and bounded over χ and its gradient ∇f : Rn → R is
Lipschitz continuous with constant L > 0 and bounded over χ. The constraint function
c : Rn → Rm is continuously differentiable and bounded over χ and its Jacobian
function J := ∇cT : Rn → Rm×n is bounded over χ and Lipschitz continuous with
constant Γ > 0 (with respect to ∥ · ∥) over χ.

From Assumption 2.1, it follows that there exist positive real numbers (finf ,
κg, κc, κJ) ∈ R× R>0 × R>0 × R>0, such that

finf ≤ f(xk), ∥∇f(xk)∥ ≤ κg, ∥ck∥ ≤ κc, and ∥Jk∥ ≤ κJ for all k ∈ N.

Assumption 2.1 are common assumptions on the smoothness of the functions. As for
the boundedness of the function and gradient, it is not ideal to assume these remain
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bounded in a stochastic setting, since we can only provide convergence in expectation.
However, such assumptions are essential in deterministic constrained optimization and
are common in the stochastic constrained literature [3, 4, 25, 26].

Now we define the Lagrangian function L : Rn × Rm → R corresponding to the
problem (1.1) by L(x, y) = f(x) + c(x)T y. The standard KKT condition under the
linear independence constraint qualification is

(2.1)

[
∇xL(x, y)
∇yL(x, y)

]
=

[
∇f(x) + J(x)T y

c(x)

]
= 0.

However, without any kind of constraint qualification, it is possible for the KKT
system to be degenerate due to the possible rank deficiency of the constraint Jacobian
matrix J(x). Then (2.1) might not necessarily be satisfied at a solution to the original
problem (1.1), or the problem (1.1) might be infeasible itself. In the latter case, we
can only hope that some other measure of constraint violation converges to zero.

To handle this, we employ the l2-norm of constraints, denoted by φ(x) = ∥c(x)∥,
as our infeasibility measure. We say that a point x ∈ Rn is stationary with respect to
φ, if and only if either:

1. φ(x) = 0, or

2. φ(x) ̸= 0 and ∇φ(x) = J(x)T c(x)
∥c(x)∥ = 0.

We acknowledge that this approach is a compromise, but it is common practice when
no constraint qualification is assumed, as in [3]. In our analysis, we mainly work with
∥J(x)T c(x)∥ as our infeasibility measure. This is because φ(x) = 0 will also lead to
∥J(x)T c(x)∥ = 0, and φ can be recovered from ∥J(x)T c(x)∥ when the LICQ holds at
every iteration. When considering first-order stationarity, we use the gradient of the
Lagrangian, ∥∇f(x) + J(x)T y∥, with a properly chosen dual variable y.

2.1. Step computation and algorithm. Standard stochastic SQP algorithms
compute the search direction via a sequence of quadratic programming subproblems
which satisfy linearized feasibility. At iteration k, the subproblem is formed as

(2.2)
dk = argmin

d∈Rn

fk + gTk d+
1

2
dTHkd

s.t. ck + Jkd = 0,

where Hk is a chosen matrix and gk is a stochastic estimate of ∇f(xk).
For a general quadratic programming problem in the form (2.2), there are numer-

ous ways to compute the solution when Jk has full row rank, such as factorization
methods and conjugate gradient methods [23]. However, as we do not assume full
rank of the Jacobians, rather than solving (2.2) directly for dk, we employ a step
decomposition strategy known as the Byrd-Omojokun method [24].

At each iteration, we first compute the “normal” component vk ∈ Range(JT
k ) of

the search direction to minimize linearized constraint violation over a trust-region:

(2.3) min
v∈Rn

1

2
∥ck + Jkv∥2 s.t. ∥v∥ ≤ ω∥JT

k ck∥,

where ω > 0 is a deterministic parameter to control the size of the normal component.
Rather than using an adaptive trust-region radius sequence {∆k} (like in [14]), we
intentionally link vk with our infeasibility measure ∥JT

k ck∥.
Solving (2.3) exactly may be expensive, but fortunately we only require that the

normal step vk satisfies the following Cauchy decrease condition:

(2.4) ∥ck∥ − ∥ck + Jkvk∥ ≥ ϵv(∥ck∥ − ∥ck + αC
k Jkv

C
k ∥),
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for some ϵv ∈ (0, 1]. Here, vCk = −JT
k ck, and αC

k is the solution to the problem
minα

1
2∥ck + αJkv

C
k ∥2, subject to α ≤ ω. Since this condition can be satisfied simply

by choosing the Cauchy step vk ← vCk , the normal component can be computed at
a relatively low cost. To obtain a more accurate solution, one can apply the linear
conjugate gradient method with Steihaug stopping conditions [27] to find a solution
that satisfies the Cauchy decrease condition. An important property of (2.3) is that
the normal component vk is independent of the stochasticity introduced by gk. This
property is fundamental to our two-stepsize scheme and lays the theoretical foundation
for our superior infeasibility complexity compared to that of [3].

After computing the normal component vk, our algorithm computes the tangential
component uk through an additional constrained subproblem, involving the stochastic
gradient estimate gk. We start by introducing the tangential subproblem with an
assumption on Hk, which assumes that Hk is positive-definite in the null space of Jk
and is chosen independently of gk.

Assumption 2.2. For all k ∈ N, the matrix Hk ∈ Sn is chosen independently
from gk, the sequence {Hk} is bounded in norm by κH , and there exists ζ ∈ R>0, such
that uTHku ≥ ζ∥u∥2 for all u ∈ Null(Jk).

The subproblem to compute the tangential component uk is formulated as

(2.5) min
u∈Rn

(gk +Hkvk)
Tu+

1

2
uTHku s.t. Jku = 0.

Under Assumption 2.2, uk is unique and can be obtained by solving the corresponding
Newton system

(2.6)

[
Hk JT

k

Jk 0

] [
uk

yk

]
= −

[
gk +Hkvk

0

]
,

although the Lagrange multipliers yk may have multiple solutions due to rank defi-
ciency. An exact solution to this subproblem can be obtained through factorization
methods, while inexact solutions can be obtained with iterative solvers. We will later
discuss the possibility of inexactly computing uk in Section 4.

Throughout, we assume the following standard assumptions about the stochastic
gradient estimate gk.

Assumption 2.3. For all k ∈ N, the stochastic gradient estimate gk ∈ Rn is
an unbiased estimator of ∇f(xk), i.e., Ek[gk] = ∇f(xk), where Ek[·] denotes the
conditional expectation up to iteration xk. In addition, there exists M ∈ R>0 such
that Ek[∥gk −∇f(xk)∥2] ≤M .

After computing the two orthogonal components, a natural way to compute the
step direction dk is to simply add them together, as in [3]. However, our algorithm
first rescales the tangential part uk by some pre-defined parameter sequence {βk} > 0
and then combines the components to form dk instead. Formally, we set

(2.7) dk = βkuk + vk.

The next iteration xk+1 is then produced by xk+1 = xk + αkdk, where αk is the
second stepsize. The role of βk is crucial in our analysis. Simply put, {βk} controls
the variance introduced by the stochastic gradient estimates gk, but does not impact
convergence in the constraints, which is driven by vk. Now we can state a general
algorithm framework, where the subproblem (2.5) can be solved exactly or inexactly.
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Algorithm 2.1 Two-Stepsize Stochastic SQP Algorithm Framework

Initialize x0 ∈ Rn.
for k = 0, 1, 2, ...,K − 1 do
Compute the normal component vk with (2.3).
Compute a stochastic gradient estimate gk.
Compute the tangential component uk exactly by (2.5) or inexactly by (4.1).
Choose βk > 0.
Set dk ← βkuk + vk.
Choose αk > 0.
Set xk+1 ← xk + αkdk.

end for

There are various ways to choose the stepsizes {βk} and {αk}. Since the purpose
of {βk} is to control the variance of stochastic gradient estimates, they are essentially
equivalent to the stepsize employed in stochastic gradient methods. Thus, in order
to obtain our desired complexity result, we set βk = O(1/

√
K) where K is the total

number of iterations that we plan to perform, which is a standard choice in the
stochastic gradient literature [15]. For the sake of brevity, we assign κβ ∈ R>0 as an
upper bound such that βk ≤ κβ for all k ∈ N.

On the other hand, αk can be chosen to be independent of K because we do not
require it to control the stochastic error and it can be viewed as an essentially deter-
ministic step size, which should be inversely proportional to smoothness constants of
the problem. Specifically, we choose αk from an interval involving βk as follows:

(2.8) αk ∈ [ν, ν + θβk],

where ν ∈ R>0 satisfies properties with respect to problem-specific parameters (see,
(3.19)) and θ ∈ R>0 is a user-defined constant. This interval type of αk is common
in stochastic SQP methods, as in [4] and [25].

3. Convergence Analysis. To start our analysis, we first define some “true”
variables, which are quantities that would be computed if we used the full gradient
∇f(xk) rather than stochastic gradient estimates gk. For instance, let

(3.1) utrue
k := argmin

u∈Rn

(∇f(xk) +Hkvk)
Tu+

1

2
uTHku s.t. Jku = 0.

Equivalently, utrue
k can be obtained by solving the “true” Newton system

(3.2)

[
Hk JT

k

Jk 0

] [
utrue
k

ytruek

]
= −

[
∇f(xk) +Hkvk

0

]
.

As mentioned previously, ytruek may not be uniquely defined by (3.2). Thus, through-
out our analysis, we impose the choice of the least-squares solution, i.e.,

(3.3) ytruek := −(JT
k )+(∇f(xk) +Hkvk +Hku

true
k ).

Since vk is independent from the stochastic gradient estimate gk, v
true
k is identical to

vk. Therefore, d
true
k = βku

true
k + vk, and we have the useful property:

(3.4) Jkd
true
k = Jk(βku

true
k + vk) = Jkvk = Jkdk.
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3.1. Merit function, local model and preliminary results. To study the
convergence of SQP methods, a useful tool is the merit function. We employ the l2
merit function ϕ : Rn × R>0 → R defined by

(3.5) ϕ(x, τ) = τf(x) + ∥c(x)∥

in our analysis, where τ is the merit parameter.
We also introduce a local model of the merit function, l : Rn×R>0×Rn×Rn → R :

(3.6) l(x, τ, g, d) = τ(f(x) + gT d) + ∥c(x) + J(x)d∥.

The local model l(x, τ, g, d) can be seen as an approximation of ϕ near the current
point x. As we will see, l serves as a bridge between the merit function ϕ and the
infeasibility measure ∥J(x)T c(x)∥. We also define the reduction in the local model for
a direction d and a gradient estimate g as follows:

(3.7)
∆l(x, τ, g, d) := l(x, τ, g, 0)− l(x, τ, g, d)

= −τgT d+ ∥c(x)∥ − ∥c(x) + J(x)d∥.

Although Algorithm 2.1 does not involve any computation of the merit parameter
τ , it still plays an important role in complexity analysis. Similarly to [3], we assume
that the sequence of merit parameters {τk} can be generated by the following scheme.
The only difference is that we substitute values involving stochastic gradients with
“true” values and the rescaling parameter βk.

For some fixed σ ∈ (0, 1) and ετ ∈ [0, 1), let
(3.8)

τ trial
k ←

{
∞ if ∇f(xk)

T dtruek + βk(u
true
k )THku

true
k ≤ 0

(1−σ)(∥ck∥−∥ck+Jkvk∥)
∇f(xk)

T dtrue
k

+βk(u
true
k

)THku
true
k

otherwise,

and

(3.9) τk ←
{ τk−1 if τk−1 ≤ τ trial

k

min{(1− ετ )τk−1, τ
trial
k } otherwise.

Hence, the merit parameter sequence {τk} is monotonically non-increasing and satisfies

(3.10) τk(∇f(xk)
T dtruek + βk(u

true
k )THku

true
k ) ≤ (1− σ)(∥ck∥ − ∥ck + Jkvk∥).

From the fact that ∆l(xk, τk,∇f(xk), d
true
k ) = −τk∇fT

k dtruek +(∥ck∥−∥ck+Jkvk∥) and σ < 1,
we have the following model reduction inequality:

(3.11) ∆l(xk, τk,∇f(xk), d
true
k ) ≥ τkβk(u

true
k )THku

true
k + σ(∥ck∥ − ∥ck + Jkvk∥).

Now we state some useful bounds derived from the step computation subproblems (2.3)
and (2.5). They link the local model reduction with our infeasibility measure. Notice that
these lemmas do not depend on the behavior of the merit parameter sequence and can be
used for all cases we later discuss. The first lemma provides a tight bound on the infeasibility
measure reduction.

Lemma 3.1. For any one dimensional optimization problem

min
z∈Rn

Φ(z) =
1

2
az2 − bz s.t. z ≤ ω,

where b > 0 and ω > 0, its optimal value Φ∗ satisfies

Φ∗ ≤ − b

2
min

{ b

|a| , ω
}
.
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Proof. See [11, Lemma 2.1].

We know that αC
k is the solution to the problem min

α>0

1
2
∥ck + αJkv

C
k ∥2 s.t. α ≤ ω. Using

Lemma 3.1, setting a = ∥JkJ
T
k ck∥2 and b = ∥JT

k ck∥2, we have

(3.12) Φ∗(α) =
1

2
∥JkJ

T
k ck∥2(αC

k )
2 − ∥JT

k ck∥2(αC
k ) ≤ −

∥JT
k ck∥2

2
min

{ ∥JT
k ck∥2

∥JkJT
k ck∥2

, ω
}
.

Lemma 3.2. Let Assumption 2.1 hold. Then, there exists κv ∈ R>0 such that, for all
k ∈ N with ∥ck∥ > 0,

∥ck∥(∥ck∥ − ∥ck + Jkvk∥) ≥ κv∥JT
k ck∥2.

Proof. We first consider the Cauchy step vCk = −JT
k ck of the subproblem (2.3). Using

the previous conclusion (3.12), we have

(3.13)

1

2
(∥ck + αC

k Jkv
C
k ∥2 − ∥ck∥2) =

1

2
(2αC

k c
T
k Jkv

C
k + (αC

k )
2∥Jkv

C
k ∥2)

= −αC
k ∥JT

k ck∥2 +
1

2
(αC

k )
2∥JkJ

T
k ck∥2

≤ −1

2
∥JT

k ck∥2 min
{ ∥JT

k ck∥2

∥JkJT
k ck∥2

, ω
}

≤ −1

2
∥JT

k ck∥2 min
{ 1

∥JT
k Jk∥

, ω
}
.

Now, since vk satisfies the Cauchy decreasing condition (2.4), we have the following inequality
with the fact x(x− y) ≥ 1

2
(x2 − y2) for any x, y ∈ R that

(3.14)

∥ck∥(∥ck∥ − ∥ck + Jkvk∥) ≥ ϵv∥ck∥(∥ck∥ − ∥ck + αC
k Jkv

C
k ∥)

≥ 1

2
ϵv(∥ck∥2 − ∥ck + αC

k Jkv
C
k ∥2)

≥ ϵv
2
∥JT

k ck∥2 min{ω, ω2

∥JT
k Jk∥

}.

Since ∥JT
k Jk∥ is bounded from above by Assumption 2.1, there exists a constant κv ∈

(0,min{ω, ω2

∥JT
k

Jk∥
}) such that

∥ck∥(∥ck∥ − ∥ck + Jkvk∥) ≥ κv∥JT
k ck∥2,

which proves the result.

Lemma 3.3. There exists ω ∈ R>0 such that, for all k ∈ N with ∥ck∥ > 0,

ω∥JT
k ck∥2 ≤ ∥vk∥ ≤ ω∥JT

k ck∥.

Proof. The right inequality comes from the trust-region constraint of (2.3). From the
triangle inequality and the Cauchy-Schwarz inequality, we have

∥ck∥ − ∥ck + Jkvk∥ ≤ ∥Jkvk∥ ≤ ∥Jk∥∥vk∥.

If ∥Jk∥ = 0 or ∥ck∥ = 0, the desired inequality is trivial. Otherwise, by Lemma 3.2,

∥vk∥ ≥
∥ck∥ − ∥ck + Jkvk∥

∥Jk∥
≥ κv∥JT

k ck∥2

∥Jk∥∥ck∥
.

Since Jk and ck are assumed to be bounded in norm, there exists some ω > 0 that satisfy
∥vk∥ ≥ ω∥JT

k ck∥2 for all k.
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Lemma 3.2 and Lemma 3.3 are are very useful in the Byrd-Omojokun type of methods
[24] when constraint qualifications do not hold. We additionally prove stronger versions of
them when LICQ holds in Subsection 3.3. Next, we consider a bound on the “true” tangential
component, utrue

k .

Lemma 3.4. Let Assumptions 2.1 and 2.2 hold. Let ytruek be defined by (3.3) for all
k ∈ N. Then, we have

∥utrue
k ∥ ≤ ζ−1(∥∇f(xk) + JT

k ytrue
k ∥+ κHω∥JT

k ck∥),

and
∥utrue

k ∥ ≤ ζ−1(κg + κHωκJκc) =: κu.

Proof. From (3.2), we know Hku
true
k +JT

k ytrue
k = −∇f(xk)+Hkvk. By Assumption 2.2,

since utrue
k lies strictly in the null space of Jk, we have

ζ∥utrue
k ∥2 ≤ (utrue

k )THku
true
k

= −∇f(xk)
Tutrue

k − vTk Hku
true
k

= −(∇f(xk) + JT
k ytrue

k )Tutrue
k − vTk Hku

true
k

≤ ∥∇f(xk) + JT
k ytrue

k ∥∥utrue
k ∥+ κH∥vk∥∥utrue

k ∥

≤ ∥utrue
k ∥(∥∇f(xk) + JT

k ytrue
k ∥+ κHω∥JT

k ck∥).

Dividing both sides by ζ∥utrue
k ∥ yields the first result. Similarly,

ζ∥utrue
k ∥2 ≤ −∇f(xk)

Tutrue
k − vTk Hku

true
k

≤ ∥∇f(xk)∥∥utrue
k ∥+ κH∥vk∥∥utrue

k ∥

≤ ∥utrue
k ∥(κg + κHω∥JT

k ck∥)
≤ ∥utrue

k ∥(κg + κHωκJκc).

As before, dividing through yields the second result.

The following lemma bounds the distance in expectation between the computed direction dk
and the true direction dtruek , which reflects the variance of the stochastic estimates.

Lemma 3.5. Let Assumptions 2.2 and 2.3 hold. Then, for all k ∈ N, Ek[uk] = utrue
k ,

Ek[dk] = dtruek , and Ek[∥dk − dtruek ∥] ≤ βkζ
−1
√
M .

Proof. Under Assumption 2.2, there exists a matrix Zk whose columns form an orthog-
onal basis for Null(Jk), and vectors wk, w

true
k such that uk = Zkwk and utrue

k = Zkw
true
k .

From subproblem (2.5), explicit forms of wk and wtrue
k are given as:

wk = −(ZT
k HkZk)

−1ZT
k (gk +Hkvk); wtrue

k = −(ZT
k HkZk)

−1ZT
k (∇f(xk) +Hkvk).

Since (ZT
k HkZk)

−1ZT
k and Zk are both linear operators, from Assumption 2.3 and the prop-

erty of expectation, we have Ek[uk] = utrue
k . In addition, since βk is independent of gk,

Ek[dk] = Ek[βkuk + vk] = βkEk[uk] + vk = βku
true
k + vk = dtruek .

The rest of the proof follows from Jensen’s inequality and Assumptions 2.2 and 2.3.

Ek[∥dk − dtruek ∥] = Ek[∥βk(uk − utrue
k )∥]

= βkEk[∥Zk(wk − wtrue
k )∥]

= βkEk[∥Zk(Z
T
k HkZk)

−1ZT
k (gk −∇f(xk)∥]

≤ βkEk[∥Zk(Z
T
k HkZk)

−1ZT
k ∥∥gk −∇f(xk)∥]

= βk∥(ZT
k HkZk)

−1∥Ek[∥gk −∇f(xk)∥]

≤ βkζ
−1

√
Ek[∥gk −∇f(xk)∥2]

≤ βkζ
−1
√
M.
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Next, we provide an important upper bound on the expectation of ∥uk∥2.
Lemma 3.6. Let Assumptions 2.2 and 2.3 hold. Then, for all k ∈ N,

Ek[∥uk∥2] ≤ ζ−2M + ζ−1(utrue
k )THku

true
k .

Proof. Since uk, u
true
k ∈ Null(Jk), by Assumption 2.2 and (2.6), we have

Ek[∥uk∥2]− ζ−1(utrue
k )THku

true
k

≤ ζ−1(Ek[u
T
k Hkuk]− (utrue

k )THku
true
k )

= ζ−1(Ek[u
T
k (−uT

k J
T
k yk − gk −Hkvk)]− (utrue

k )T (−(utrue
k )TJT

k ytrue
k −∇f(xk)−Hkvk)

= ζ−1(∇f(xk)
Tuk − Ek[g

T
k uk]).

Since uk = Zkwk = Zk(Z
T
k HkZk)

−1ZT
k (gk +Hkvk), we know

Ek[g
T
k uk] = Ek[−gTk Zk(Z

T
k HkZk)

−1ZT
k (gk +Hkvk)]

≤ −ζ−1Ek[∥gTk Zk∥2]− ζ−1Ek[g
T
k Hkvk]

= −ζ−1(Ek[∥gTk Zk∥2] +∇f(xk)
THkvk).

Similarly, ∇f(xk)
Tuk ≤ −ζ−1(∥gTk Zk∥2 + ∇f(xk)

THkvk). Combining the inequalities and
Assumption 2.3, we have

Ek[∥uk∥2]− ζ−1(utrue
k )THku

true
k ) ≤ ζ−2(−∥ZT

k gk∥2 + Ek[∥ZT
k gk∥2]) ≤ ζ−2M,

which proves the result.

The following lemma allows us to connect (3.11) with the gradient of the Lagrangian.

Lemma 3.7. Let Assumptions 2.1 and 2.2 hold and let ytrue
k be defined by (3.3). Then,

(utrue
k )THk(u

true
k ) ≥ ζ

2κ2
H

∥∇f(xk) + JT
k ytrue

k ∥2 − κ0∥JT
k ck∥2,

where κ0 := ω2(2κH + 2ζ−1κ2
H + ζ).

Proof. From Assumption 2.2, we know

(utrue
k )THk(u

true
k ) ≥ ζ∥utrue

k ∥2 ≥ ζκ−2
H ∥Hku

true
k ∥2.

Then, from (3.2), Lemma 3.3, and Lemma 3.4, we can conclude that

∥Hku
true
k ∥2 = ∥Hku

true
k +Hkvk −Hkvk∥2

= ∥Hku
true
k +Hkvk∥2 − 2vTk HkHk(u

true
k + vk) + ∥Hkvk∥2

≥ ∥∇f(xk) + JT
k ytrue

k ∥2 − 2vTk HkHku
true
k − ∥Hkvk∥2

≥ ∥∇f(xk) + JT
k ytrue

k ∥2 − κ2
H(2∥utrue

k ∥+ ∥vk∥)∥vk∥

≥ ∥∇f(xk) + JT
k ytrue

k ∥2

− κ2
H(2ζ−1∥∇f(xk) + JT

k ytrue
k ∥+ 2ζ−1κHω∥JT

k ck∥+ ∥vk∥)∥vk∥

≥ ∥∇f(xk) + JT
k ytrue

k ∥2 − 2ωζ−1κ2
H∥∇f(xk) + JT

k ytrue
k ∥∥JT

k ck∥

− κ2
Hω2(2ζ−1κH + 1)∥JT

k ck∥2.

Next, applying Young’s inequality to the 2nd term in the above inequality,

2ωζ−1κ2
H∥∇f(xk) + JT

k ytrue
k ∥∥JT

k ck∥ ≤
1

2
∥∇f(xk) + JT

k ytrue
k ∥2 + 2ω2ζ−2κ4

H∥JT
k ck∥2,
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and thus

∥Hku
true
k ∥2 ≥ 1

2
∥∇f(xk) + JT

k ytrue
k ∥2 − κ2

Hω2(2ζ−1κH + 2ζ−2κ2
H + 1)∥JT

k ck∥2,

which proves the result.

Recall that the merit parameter sequence {τk} is monotonically non-increasing and
non-negative. Therefore, by the monotone convergence theorem, there are two possible tail
behaviors:

(i) There exists some τmin ∈ R>0 such that limk→∞ τk = τmin,
(ii) {τk} vanishes, i.e., limk→∞ τk = 0.

We formalize event (i) in the following assumption.

Assumption 3.8. There exists τmin > 0 such that

(3.15) τmin(∇f(xk)
T dtruek + βk(u

true
k )THku

true
k ) ≤ (1− σ)(∥ck∥ − ∥ck + Jkvk∥),

holds for all k ∈ N.
As an immediate consequence of this assumption, by (3.11) we know that for all k ∈ N,

(3.16) ∆l(xk, τmin,∇f(xk), d
true
k ) ≥ τminβk(u

true
k )THku

true
k + σ(∥ck∥ − ∥ck + Jkvk∥).

This generic bound on the model reduction frees us from computing τk values, thus avoiding
the over-complication of the analysis and extra computation in practice, unlike in [3] which
relies on stochastic estimates of τk at each iteration.

Event (ii) leads the merit function ϕ to ignore the objective f in the limit and to
minimize the constraint violation ∥ck∥ only. Such behavior can occur even in deterministic
SQP methods when {Jk} does not have full rank, in which case the best one can hope for is
convergence to an infeasible stationary point, which we prove below.

We consider the convergence of Algorithm 2.1 and associated complexity results under
these different events. In fact, Assumption 3.8 could hold regardless of whether LICQ holds,
which leads to different complexity results in terms of the infeasibility measure. Therefore,
we will mainly discuss three cases in the following subsections.

3.2. Case I: Assumption 3.8 holds without constraint qualifications. In
this subsection, we assume that τk ↘ τmin > 0 without any constraint qualifications. We
first state a generic merit function descent lemma that relates the improvement of the merit
function to the local model.

Lemma 3.9. Let Assumptions 2.1, 2.2, 2.3, and 3.8 hold, and αk is chosen as in (2.8).
Then if αk ≤ 1, we have

(3.17)

ϕ(xk + αkdk, τmin)− ϕ(xk, τmin)

≤ −αk∆l(xk, τmin,∇f(xk), d
true
k ) +

α2
kβ

2
k

2
(τminL+ Γ)∥uk∥2

+
α2
k

2
(τminL+ Γ)∥vk∥2 + αkτmin∇f(xk)

T (dk − dtruek ).

Proof. By the L-Lipschitz continuity of ∇f(x) and Γ-Lipschitz continuity of Jk, we have

ϕ(xk + αkdk, τmin)− ϕ(xk, τmin)

= τmin[f(x+ αkdk)− f(xk)] + ∥c(xk + αkdk)∥ − ∥c(xk)∥

≤ αkτmin∇f(xk)
T dk + αk∥ck + Jkdk∥+ |1− αk|∥ck∥

− ∥ck∥+
1

2
(τminL+ Γ)α2

k∥dk∥2

= αkτmin∇f(xk)
T dk − αk(∥ck∥ − ∥ck + Jkdk∥) +

1

2
(τminL+ Γ)α2

k∥dk∥2.(3.18)
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Since dk = βkuk+vk and uk, vk are orthogonal, we have ∥dk∥2 = β2
k∥uk∥2+∥vk∥2. Combining

with the fact Jkdk = Jkd
true
k , we have

ϕ(xk + αkdk, τmin)− ϕ(xk, τmin)

≤ αkτmin∇f(xk)
T dtruek − αk(∥ck∥ − ∥ck + Jkd

true
k ∥)

+
α2
k

2
(τminL+ Γ)(β2

k∥uk∥2 + ∥vk∥2) + αkτmin∇f(xk)
T (dk − dtruek )

≤ −αk∆l(xk, τmin,∇f(xk), d
true
k ) +

α2
kβ

2
k

2
(τminL+ Γ)∥uk∥2

+ αkτmin∇f(xk)
T (dk − dtruek ) +

α2
k

2
(τminL+ Γ)∥vk∥2.

Lemma 3.9 relates the reduction in the merit function ϕ to the local model l, the norms
of vk and uk, and the stochastic error in dk. It also reveals how β2

k acts on ∥uk∥2 to control
the stochastic variance.

Recall that αk is chosen from the interval [ν, ν + θβk]. Now we choose

(3.19) ν ∈
(
0,min

{
σκvκ

−1
c

2(τminL+ Γ)ω2
, 1− θκβ

}]
,

which ensures αk ≤ 1. A natural drawback of this step size choosing scheme is that we
must have knowledge of the Lipschitz constants Γ, L, and the bound of the merit parameter
τmin, which may be unreasonable in practice. Practically, one could consider adaptive pa-
rameter choosing schemes such as AdaGrad or Adam style stepsizes, which will yield similar
complexity results with additional logarithmic terms [25, 29].

Lemma 3.10. Let Assumptions 2.1, 2.2, 2.3, and 3.8 hold, then

Ek[αkτmin∇f(xk)
T (dk − dtruek )] ≤ β2

kθτminκgζ
−1
√
M.

Proof. Let ξk ∈ [0, 1] be a random variable such that αk = ν + θξkβk. Then from
Lemma 3.5,

Ek[αkτmin∇f(xk)
T (dk − dtruek )]

= Ek[(ν + θξkβk)τmin∇f(xk)
T (dk − dtruek )]

= ντmin∇f(xk)
TE[dk − dtruek ] + Ek[θξkβkτmin∇f(xk)

T (dk − dtruek )]

≤ θτminEk[∥∇f(xk)∥∥dk − dtruek ∥]

≤ β2
kθτminκgζ

−1
√
M.

With all of these results in hand, we can prove our first main theorem, which is stated
generically for any choice of βk.

Theorem 3.11. Let Assumptions 2.1, 2.2, 2.3, and 3.8 hold. Choose ν as in (3.19), αk

as in (2.8) and let

κ1 :=
1

2
(τminL+ Γ)(ζ−1κHκ2

u + ζ−2M) + θκgτminζ
−1
√
M + θ2(τminL+ Γ)ωκJκc.

Then we have, for all K ∈ N,

K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k +

1

2
αkσκvκ

−1
c ∥JT

k ck∥2]

≤ τmin(f0 − finf) + τmin∥c0∥+ κ1

K−1∑
k=0

β2
k.
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Proof. Taking the conditional expectation of the k-th iterate on both sides of (3.17) and
applying the results of Lemmas 3.6 and 3.10, we have

Ek[ϕ(xk + αkdk, τmin)]− ϕ(xk, τmin)

≤ Ek[−αk∆l(xk, τmin,∇f(xk), d
true
k )] +

α2
kβ

2
k

2
(τminL+ Γ)Ek[∥uk∥2]

+
α2
k

2
(τminL+ Γ)∥vk∥2 + Ek[αkτmin∇f(xk)

T (dk − dtruek )]

≤ −αk∆l(xk, τmin,∇f(xk), d
true
k ) + (θκgτminζ

−1
√
M)β2

k +
α2
k

2
(τminL+ Γ)∥vk∥2

+
α2
kβ

2
k

2
(τminL+ Γ)(ζ−1(utrue

k )THku
true
k + ζ−2M)

≤ −αk∆l(xk, τmin,∇f(xk), d
true
k ) + (ν2 + θ2β2

k)(τminL+ Γ)∥vk∥2

+ β2
k[
α2
k

2
(τminL+ Γ)(ζ−1(utrue

k )THku
true
k + ζ−2M) + θκgτminζ

−1
√
M ]

≤ −αk∆l(xk, τmin,∇f(xk), d
true
k ) + β2

kκ1 + ν2(τminL+ Γ)∥vk∥2.

From (3.16) and Lemma 3.2, we have

Ek[ϕ(xk + αkdk, τmin)]− ϕ(xk, τmin)

≤ −αk(τminβk(u
true
k )THku

true
k + σ(∥ck∥ − ∥ck + Jkvk∥))

+ β2
kκ1 + ν2(τminL+ Γ)∥vk∥2

≤ −αkτminβk(u
true
k )THku

true
k + β2

kκ1

+ (−αkσ + ν2(τminL+ Γ)
ω2κc

κv
)(∥ck∥ − ∥ck + Jkvk∥)(

Since ν ≤ min
{ σκv

2(τminL+ Γ)ω2κc
, 1− θκβ

})
≤ −αkτminβk(u

true
k )THku

true
k + β2

kκ1 −
1

2
αkσ(∥ck∥ − ∥ck + Jkvk∥)(3.20)

≤ −αkτminβk(u
true
k )THku

true
k + β2

kκ1 −
1

2
αkσκvκ

−1
c ∥JT

k ck∥2.

Taking the total expectation, rearranging and summing the inequalities from k = 0 to K−1,

K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k +

1

2
αkσκvκ

−1
c ∥JT

k ck∥2]

≤ ϕ(x0, τmin)− E[ϕ(xK , τmin)] + κ1

K−1∑
k=0

β2
k.

Since −E[ϕ(xK , τmin)] = −E[τminf(xK) + ∥cK∥] ≤ −τminfinf , we can conclude that

K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k +

1

2
αkσκvκ

−1
c ∥JT

k ck∥2]

≤ ϕ(x0, τmin)− τminfinf + κ1

K−1∑
k=0

β2
k.

Theorem 3.11 shows that under Assumption 3.8 and
∑

β2
k <∞, the infeasibility measure

∥JT
k ck∥ converges in expectation. The convergence rate is determined by problem-specific

constants, such as L and Γ, and the starting point x0. In fact, if the exact order of {βk} is
known, we can obtain a worst-case complexity for E∥JT

k ck∥ as well as E∥∇f(xk)+ JT
k ytrue

k ∥.
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Corollary 3.12. Let the assumptions of Theorem 3.11 hold. For any K ∈ N, let
βk := β = η/

√
K for all k ∈ [0,K − 1], where η > 0. Let κ2 := τmin(f0− finf)+ ∥c0∥+ η2κ1,

then

1

K

K−1∑
k=0

E[∥JT
k ck∥2] ≤

2κcκ2

νσκvK
.

Proof. From Theorem 3.11, the definition of βk, Assumption 2.2, and the fact that
ν ≤ αk for all k ∈ N, we have

1

K

K−1∑
k=0

E[∥JT
k ck∥2] ≤

2κc(τmin(f0 − finf) + ∥c0∥+ κ1

∑
β2
k)

νσκvK
≤ 2κcκ2

νσκvK
.

Corollary 3.13. Let the assumptions of Theorem 3.11 hold. For any K ∈ N, let
βk := β = η/

√
K for all k ∈ [0,K − 1], where η > 0. Let ytrue

k be defined in (3.3). Then,

(3.21)
1

K

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
Hκ2

νητminζ
√
K

+
4κ2

Hκcκ0κ2

νσκvζK
.

Proof. Similarly to Corollary 3.12, we know

K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k ] ≤ ϕ(x0, τmin)− τminfinf + κ1

K−1∑
k=0

β2
k.

From Lemma 3.7, it follows that

K−1∑
k=0

E[αkβkτminζ

2κ2
H

∥∇f(xk) + JT
k ytrue

k ∥2]

≤ ϕ(x0, τmin)− τminfinf + κ1

K−1∑
k=0

β2
k + κ0

K−1∑
k=0

E[αkβkτmin∥JT
k ck∥2].

Substituting βk with η/
√
K, rearranging the inequality, dividing both sides by K, and ap-

plying Corollary 3.12, we have

1

K

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
Hκ2

νητminζ
√
K

+
4κ2

Hκcκ0κ2

νσκvζK
,

which proves the result.

Corollary 3.12 and Corollary 3.13 prove our first set of complexity results. It is obvious
that for any small tolerance ϵc, ϵL > 0, to achieve E∥JT

k ck∥ ≤ ϵc, we need at most O(ϵ−2
c )

iterations. To achieve E∥∇f(xk) + JT
k ytrue

k ∥ ≤ ϵL, we need at most O(ϵ−4
L ) iterations. To

our knowledge, the complexity with respect to feasibility represents the best known result
in the absence of a constraint qualification. The latter result, in terms of ϵL, is known to
be optimal [1] for stochastic gradient methods to find first-order stationary points under our
assumptions.

3.3. Case II: LICQ holds. In this subsection, we assume that the Linear Inde-
pendence Constraint Qualification is satisfied for every iteration. The analysis is parallel
to Section 3.2, however, under this assumption, we are able to prove tighter bounds with
respect to convergence in the infeasibility measure and the gradient of the Lagrangian. It is
worth mentioning that most of the existing literature on complexity results in constrained
optimization assumes LICQ or other types of constraint qualification in their analysis, such
as variants of MFCQ [10, 26]. We formally state LICQ as an assumption here.

Assumption 3.14. (LICQ) For all k ∈ N, the constraint Jacobian matrix J(xk) has full
row rank. Equivalently, there exists a positive constant σJ > 0 such that ∥JT

k ck∥ ≥ σJ∥ck∥.
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The following lemma is an improved version of Lemma 3.2. Since LICQ holds for all
iterations, we can now use the exact infeasibility measure φ = ∥c(x)∥.

Lemma 3.15. Let Assumptions 2.1 and 3.14 hold for all k ∈ N, then with ∥ck∥ > 0,

(3.22) ∥ck∥ − ∥ck + Jkvk∥ ≥ κvσJ∥JT
k ck∥ ≥ κvσ

2
J∥ck∥.

Proof. From Lemma 3.2,

∥ck∥(∥ck∥ − ∥ck + Jkvk∥) ≥ κv∥JT
k ck∥2 ≥ κvσJ∥JT

k ck∥∥ck∥ ≥ κvσ
2
J∥ck∥2.

Dividing both sides by ∥ck∥ yields both results.

The following lemma shows that LICQ serves as a sufficient condition for the existence
of τmin > 0, thus implying that Assumption 3.8 holds throughout this subsection.

Lemma 3.16. Let Assumptions 2.1, 2.2, 2.3 and 3.14 hold and let σ ∈ (0, 1) and βk ≤ κβ

hold for all k ∈ N. Then, for all k ∈ N, there exists such τmin := (1−σ)κvσJ
ω(κβκHκu+κg)

satisfying

τmin(∇f(xk)
T dtruek + βk(u

true
k )THku

true
k ) ≤ (1− σ)(∥ck∥ − ∥ck + Jkvk∥).

Proof. By the definition of dtruek ,

∇f(xk)
T dtruek = ∇f(xk)

T (βku
true
k + vk)

= −βk(u
true
k )THku

true
k − βkv

T
k Hku

true
k +∇f(xk)

T vk.

From the trust-region constraint in subproblem (2.3) and Lemma 3.15, we have

∇f(xk)
T dtruek + βk(u

true
k )THku

true
k = −βkv

T
k Hku

true
k +∇f(xk)

T vk

≤ (βkκH∥utrue
k ∥+ ∥∇f(xk)∥)∥vk∥

≤ (κβκHκu + κg)ω∥JT
k ck∥

≤ ω(κβκHκu + κg)
(∥ck∥ − ∥ck + Jkvk∥)

κvσJ
.

Multiplying τmin on both sides proves the result.

We can now prove the main theorem for Case II.

Theorem 3.17. Let Assumptions 2.1, 2.2, 2.3 and 3.14 hold for all k ∈ N. Choose
βk = η/

√
K and αk as in (2.8). Then for any K ∈ N,

(3.23)
1

K

K−1∑
k=0

E[∥ck∥] ≤
2κ2

νσκvσ2
JK

,

and

(3.24)
1

K

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
Hκ2

νητminζ
√
K

+
4κ2κ

2
Hκ0κ

2
Jκc

νσκvσ2
JζK

.

Proof. By Lemma 3.16, we know that τmin > 0 exists. Therefore, the conditions for
Theorem 3.11 are satisfied and thus, by (3.20) and βk = η/

√
K,

K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k +

1

2
αkσ(∥ck∥−∥ck +Jkvk∥)] ≤ ϕ(x0, τmin)− τminfinf +κ1η

2.

From Lemma 3.15, we have

K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k +

1

2
αkσκvσ

2
J∥ck∥] ≤ ϕ(x0, τmin)− τminfinf + κ1η

2.



16 MICHAEL J. O’NEILL AND AOJI TANG

Therefore, by Assumption 2.2,

K−1∑
k=0

1

2
νσκvσ

2
JE[∥ck∥] ≤ κ2.

Dividing both sides by K yields the first result. Next, from Lemma 3.7, we have

K−1∑
k=0

E
[
ζαkβkτmin

2κ2
H

∥∇f(xk) + JT
k ytrue

k ∥2 − αkβkτminκ0∥JT
k ck∥2

]

≤
K−1∑
k=0

E[αkβkτmin(u
true
k )THku

true
k ] ≤ κ2.

Therefore,

(3.25)

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
Hκ2

√
K

νητminζ
+ 2ζ−1κ2

Hκ0κ
2
Jκc

K−1∑
k=0

E[∥ck∥].

Dividing both sides by K and using (3.23), yields

1

K

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
Hκ2

νητminζ
√
K

+
4κ2κ

2
Hκ0κ

2
Jκc

νσκvσ2
JζK

.

Parallel to Corollary 3.12 and 3.13, we can obtain worst-case complexity results from
Theorem 3.17. To achieve E[∥ck∥] ≤ ϵc, we only need at most O(ϵ−1

c ) iterations. This
result matches the complexity of the algorithm proposed in [25] to reach an ϵc-feasible point
(although it uses a l1-norm and assumes the exact dk is accessible), which is the best known
result when LICQ holds. Clearly, the improvement when compared with the results of Section
3.2 is directly as a result of Assumption 3.14. On the other hand, we still require at most
O(ϵ−4

L ) iterations to achieve E[∥∇f(xk) + JT
k ytrue

k ∥] ≤ ϵL, matching the optimal complexity
with respect to this measure.

3.4. Case III: Merit parameter sequence vanishes. For the analysis in the
previous subsections, we assumed that τmin > 0 exists, even though our algorithm does not
directly compute it. Unfortunately, in certain cases, such τmin does not exist, i.e.,the merit
parameter sequence {τk} may decrease to 0 in the limit. This behavior is fundamentally tied
to the existence of a (sub)sequence of iterates along which the constraint Jacobians tends
toward rank deficiency. In such a case, the best result we can hope for is convergence to
an infeasible stationary point, i.e., convergence in ∥JT

k ck∥. In this setting, we can prove our
convergence result under the less restrictive choice of ν, given by,

(3.26) ν ∈
(
0,min

{
κvκ

−1
c

2Γω2
, 1− θκβ

}]
.

Armed with this definition, we now derive the fundamental lemma of this section.

Lemma 3.18. Under Assumptions 2.1, 2.2 and 2.3, it follows for all k ∈ N that

(3.27) Ek[∥ck∥ − ∥c(xk + αkdk)∥] ≥
1

2
νκvκ

−1
c Ek[∥JT

k ck∥2]− κ3β
2
k,

where we define κ3 := Γ(θ2κ2
Jκ

2
cω

2 + 1
2
(ζ−1κHκ2

u + ζ−2M)).
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Proof. By Lipschitz continuity of the Jacobian of c and αk ⩽ 1,

∥ck∥ − ∥c(xk + αkdk)∥ ≥ αk(∥ck∥ − ∥ck + Jkvk∥)−
Γ

2
α2
k∥dk∥2

≥ νκvκ
−1
c ∥JT

k ck∥2 −
Γ

2
α2
k(∥vk∥2 + β2

k∥uk∥2)

≥ νκvκ
−1
c ∥JT

k ck∥2 − Γ(ν2 + θ2β2)∥vk∥2 −
Γβ2

k

2
∥uk∥2

≥ νκvκ
−1
c ∥JT

k ck∥2 − Γν2ω2∥JT
k ck∥2 − β2

kΓθ
2κ2

Jκ
2
cω

2 − Γβ2
k

2
∥uk∥2

≥ 1

2
νκvκ

−1
c ∥JT

k ck∥2 − β2
kΓθ

2κ2
Jκ

2
cω

2 − Γβ2
k

2
∥uk∥2

Taking the conditional expectation on both sides and applying Lemmas 3.4 and 3.6 yields
the result.

Now we present our main result for this section.

Theorem 3.19. Let Assumptions 2.1, 2.2 and 2.3 hold for all k ∈ N. Set βk = η/
√
K,

αk as in (2.8), and ν as in (3.26). Then for any K ∈ N,

(3.28)
1

K

K−1∑
k=0

E[∥JT
k ck∥2] ≤

2κc

(
∥c0∥+ η2κ3

)
νκvK

.

Proof. Summing (3.27) for k = 0, . . . ,K − 1 and rearranging, we have

1

2
νκvκ

−1
c

K−1∑
k=0

Ek[∥JT
k ck∥2] ≤

K−1∑
k=0

Ek[∥ck∥ − ∥c(xk+1)∥] + κ3β
2
k.

Taking the total expectation and applying βk = η/
√
K, we have

1

2
νκvκ

−1
c

K−1∑
k=0

E[∥JT
k ck∥2] ≤ ∥c0∥+ η2κ3.

Rearranging terms and dividing through by K yields the result.

To our knowledge, this represents the first complexity result for convergence to an infea-
sible stationary point, and matches the O(ϵ−2

c ) complexity result obtained in Subsection 3.2.
While convergence to an infeasible stationary point is obviously undesired, it is the best
possible convergence behavior one can hope for under such mild assumptions, even when f
is deterministic.

4. The Inexact Version of Stochastic SQP Algorithm. In our previous dis-
cussion, we assumed that an exact solution of the subproblem (2.5) is obtained so that
condition uk ∈ Null(Jk), i.e., Jkuk = 0 is strictly satisfied. However, such an exact uk is
expensive to compute in practice, especially when the problem is large-scale. More impor-
tantly, since uk arises from the stochastic subproblem (2.5) involving gk, it is natural that
we need not expend too much computation solving for uk, which is fundamentally corrupted
by stochastic noise. Therefore, we turn to inexact solvers for the subproblem (2.5). We
introduce termination tests, which are used as a stopping criterion for iterative linear system
solvers such as MINRES and enable our analysis to track the residuals of the linear system.
We now introduce and (re)define some variables for the analysis in this section.

In this section, we assume uk and yk are computed using an inexact iterative linear
system solver. This solver also generates a pair of residuals (ρk, rk) ∈ Rn×Rm such that, for
every iteration k ∈ N, (ρk, rk) satisfy our termination tests. We denote the exact solution
of the subproblem (2.5) by uk,∗, which lies in the Null space of Jk (i.e.,uk,∗ is the uk used
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in previous sections). Recalling the general KKT system (2.6) of the tangential subproblem,
we define the residual pair (ρk, rk) formally as follows:

(4.1)

[
ρk
rk

]
:=

[
Hk JT

k

Jk 0

] [
uk

yk

]
+

[
gk +Hkvk

0

]
.

We make the following assumptions on the iterative solver we use. Note that Assumption
4.1 is a common property of linear system solvers. In fact, Krylov Subspace solvers, such as
MINRES, can produce an exact solution i.e., (ρk, rk) = (0, 0) after t = n+m iterations.

Assumption 4.1. For all k ∈ N, the iterative system solver used to compute uk and yk
generates a sequence {(uk,t, ρk,t, rk,t)}t≥0 with

(4.2)

[
ρk,t
rk,t

]
:=

[
Hk JT

k

Jk 0

] [
uk,t

yk,t

]
+

[
gk +Hkvk

0

]
,

such that limt→∞ ∥(uk,t, ρk,t, rk,t)− (uk,∗, 0, 0)∥ = 0.

Note that, since the yk part of the solution to (2.5) is not unique when Jk is rank
deficient and we do not need yk in our analysis, we do not include it in the assumption.
Formally, we ask for the following termination tests of the iterative linear system solver.

Termination Test 1. Let (γr, γρ) ∈ R>0×R>0 and βk ∈ R>0 be a predefined rescaling
parameter. For all k ∈ N, we terminate the iterative linear solver as long as the residuals
satisfy the following conditions:

∥rk∥ ≤ γrβk and ∥ρk∥ ≤ γρβk.

Under Assumption 4.1, the termination test is always satisfied for all sufficiently large t.
Since our inexact uk is no longer contained in the Null space of Jk now, we first prove

a few parallel lemmas to Lemma 3.6 to continue our convergence analysis.
We now derive the explicit form of our inexact uk. With J+

k , we can write uk as the
decomposition uk = uk,1 + uk,2, where uk,1 ∈ Range(Jk) and uk,2 ∈ Null(Jk).

From (4.1), we have

(4.3) uk,1 = J+
k rk, uk,2 = −Zk(Z

T
k HkZk)

−1ZT
k (gk +Hkvk +HkJ

+
k rk − ρk).

Thus the inexact solution uk of (4.1) is

(4.4) uk = J+
k rk − Zk(Z

T
k HkZk)

−1ZT
k (gk +Hkvk +HkJ

+
k rk − ρk).

Also, recall that the tangential component computed exactly with the true gradient is

utrue
k = −Zk(Z

T
k HkZk)

−1ZT
k (∇f(xk) +Hkvk).

To derive a uniform bound on ∥uk∥2, we make the following assumption on the behavior of
constraint Jacobian matrices {Jk}.

Assumption 4.2. For all k ∈ N, the nonzero singular values of Jk is uniformly lower
bounded by some positive value σ̄min ∈ R>0.

This assumption covers the LICQ case, where all the singular values of the constraint Jaco-
bians are positive and bounded from below. To clarify, since the assumption does not require
all singular values to be positive, it includes certain “ideal” cases of rank-deficient Jacobians.
We note that this requirement is necessary to provide any meaningful bound on ∥uk,1∥ and
thus is fundamental to our analysis with an inexact uk. In particular, Assumption 4.2 yields
a uniform upper bound that is ∥J+

k ∥ ≤ 1/σ̄min for all k ∈ N.

Lemma 4.1. Let Assumptions 4.1 and 4.2 hold. Then, for all k ∈ N, ∥Ek[uk − utrue
k ]∥ ≤

κ4βk, where κ4 := (σ̄−1
minγr + ζ−1γρ).
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Proof. From (4.4) we know

Ek[uk − utrue
k ] = Ek[J

+
k rk − Zk(Z

T
k HkZk)

−1ZT
k (gk −∇f(xk))

− Zk(Z
T
k HkZk)

−1ZT
k HkJ

+
k rk + Zk(Z

T
k HkZk)

−1ZT
k ρk]

= Ek[(I − Zk(Z
T
k HkZk)

−1ZT
k Hk)J

+
k rk] + Ek[Zk(Z

T
k HkZk)

−1ZT
k ρk].

From [3, Lemma 11], we know ∥I −Zk(Z
T
k HkZk)

−1ZT
k Hk∥ ≤ 1 and ∥Zk(Z

T
k HkZk)

−1ZT
k ∥ ≤

ζ−1. Taking the norm of both sides and using Cauchy-Schwarz and the triangle inequality,
we have

∥Ek(uk − utrue
k )∥ ≤ ∥Ek[(I − Zk(Z

T
k HkZk)

−1ZT
k Hk)J

+
k rk]∥

+ ∥Ek[Zk(Z
T
k HkZk)

−1ZT
k ρk]∥

≤ 1

σ̄min
γrβk + ζ−1γρβk,

which proves the result.

Lemma 4.2. Let Assumptions 2.1, 2.2, 2.3, 4.1, and 4.2 hold. For all k ∈ N, Ek∥uk∥2
is bounded from above by κ̃u := 2κ2

u + 2(ζ−1
√
M + κ4κβ)

2.

Proof. From [3, Lemma 11], we know that Ek[∥uk − utrue
k ∥] ≤ ζ−1

√
M + κ4βk.

Therefore, Ek∥uk∥2 ≤ Ek[2(∥utrue
k ∥2 + ∥uk − utrue

k ∥2)] ≤ 2κ2
u + 2(ζ−1

√
M + κ4κβ)

2 = κ̃u.

Now, we present our first main result of this section, when Assumption 3.8 holds as well.

Theorem 4.3. Let Assumptions 2.1, 2.2, 2.3, 3.8, 4.1, and 4.2 hold and let βk = η/
√
K

and αk ∈ [ν, ν + θβk]. Let

ν ∈
(
0,min

{
σκvκ

−1
c

4(τminL+ Γ)ω2
, 1− θκβ

})
,

and define

κ̃1 := τminκgκ4 + (τminL+ Γ)κ̃u + 2θ2(τminL+ Γ)ω2κ2
Jκ

2
c + γr,

and κ̃2 := τmin(f0 − finf) + ∥c0∥+ η2κ̃1.

Then, we have

(4.5)

K−1∑
k=0

E[νβkτmin(u
true
k )THku

true
k +

1

2
νσ(∥ck∥ − ∥ck + Jkvk∥)] ≤ κ̃2.

Proof. Similar to the proof of Lemma 3.9,

ϕ(xk + αkdk, τmin)− ϕ(xk, τmin)

≤ −αk∆l(xk, τmin,∇fk, dtruek ) + αkτmin∇fT
k (dk − dtruek )

− αk(∥ck + Jkvk∥ − ∥ck + Jkvk + βkrk∥) +
α2
k

2
(τminL+ Γ)∥dk∥2.

Using ∥dk∥2 ≤ 2(β2
k∥uk∥2 + ∥vk∥2) and rearranging the order of the inequality, we have

αk∆l(xk, τmin∇fk, dtruek )

≤ (ϕ(xk, τmin)− ϕ(xk + αkdk, τmin)) + αkτmin∇fT
k (dk − dtruek )

+ αk(∥ck + Jkvk + βkrk∥ − ∥ck + Jkvk∥) + (τminL+ Γ)α2
k(β

2
k∥uk∥2 + ∥vk∥2).
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By the definition of ν and αk, taking the conditional expectation, by (3.11),

νEk[τminβk(u
true
k )THku

true
k + σ(∥ck∥ − ∥ck + Jkvk∥)]

≤ Ek[(ϕ(xk, τmin)− ϕ(xk + αkdk, τmin)] + Ek[αkτmin∇fT
k (dk − dtruek )]

+ αkβkEk[∥rk∥] + Ek[α
2
kβ

2
k(τminL+ Γ)∥uk∥2]

+ 2ν2(τminL+ Γ)ω2∥JT
k ck∥2 + 2θ2β2

k(τminL+ Γ)ω2κ2
Jκ

2
c .

Working with the second term on the right-hand side of this inequality, by Lemma 4.2,

(4.6) Ek[αkτmin∇fT
k (dk − dtruek )] = Ek[αkτminβk∇fT

k (uk − utrue
k )] ≤ β2

kτminκgκ4.

Since αk ≤ 1 and ∥rk∥ ≤ γrβk, we know

αkβkEk∥rk∥ ≤ γrβ
2
k.

By the choice of ν and Lemma 3.2 we have

2ν2(τminL+ Γ)ω2∥JT
k ck∥2 ≤

1

2
νσ(∥ck∥ − ∥ck + Jkvk∥).

Combining the results in Lemma 4.1 and 4.2, we can conclude that

Ek[ντminβk(u
true
k )THku

true
k +

1

2
νσ(∥ck∥ − ∥ck + Jkvk∥)]

≤ Ek[ϕ(xk, τmin)− ϕ(xk + αkdk, τmin)]

+ β2
k(τminκgκ4 + (τminL+ Γ)κ̃u + 2θ2(τminL+ Γ)ω2κ2

Jκ
2
c + γr)

= Ek[ϕ(xk, τmin)− ϕ(xk + αkdk, τmin)] + κ̃1β
2
k.

Thus, summing from k = 0 to K − 1, and substituting βk = η/
√
K, we have

(4.7)

K−1∑
k=0

E[νβkτmin(u
true
k )THku

true
k +

1

2
νσ(∥ck∥ − ∥ck + Jkvk∥)] ≤ κ̃2.

Theorem 4.3 is an essentially parallel result to Theorem 3.11. The difference lies mainly
in the constants, as κ̃1 includes additional terms that are dependent on γρ and γr. This is
natural in that our Termination Test 1 forces the errors of residuals below a threshold that
is controlled by βk.

For the sake of brevity, we only list the complexity results of the inexact algorithm under
two different cases. Their proofs follow essentially in the same manner as those of Corollary
3.12, 3.13, and Theorem 3.17.

Corollary 4.4. Under the same assumptions as in Theorem 4.3, we have the following
results:

1. When no constraint qualification is assumed, we have

1

K

K−1∑
k=0

E[∥JT
k ck∥2] ≤

2κcκ̃2

νσκvK
, and

1

K

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
H κ̃2

νητminζ
√
K

+
4κ2

Hκcκ0κ̃2

νσκvζK
.

2. When LICQ holds for all iterate k, we have

1

K

K−1∑
k=0

E[∥ck∥] ≤
2κ̃2

νσκvσ2
JK

, and

1

K

K−1∑
k=0

E[∥∇f(xk) + JT
k ytrue

k ∥2] ≤ 2κ2
H κ̃2

νητminζ
√
K

+
4κ̃2κ

2
Hκ0κ

2
Jκc

νσκvσ2
JζK

.
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Again, we need at most O(ϵ−2
c ) and O(ϵ−1

c ) iterations to reach a ϵc-stationary feasible
point for case I and case II, respectively. The only difference lies in the constant. For
example, the inexact algorithm needs roughly (κ̃2− κ2)× 2(κc/νσκv) more iterations in the
worst case. With respect to the gradient of the Lagrangian, both cases yield the same O(ϵ−4

L )
complexity.

Next, we turn our attention to the case where τmin does not exist and provide a lemma
parallel to Lemma 3.18.

Lemma 4.3. Let ν be defined by (3.26). Then, under Assumptions 2.1, 2.2, 2.3, 4.1,
and 4.2, it follows for all k ∈ N that

(4.8) Ek[∥ck∥ − ∥c(xk + αkdk)∥] ≥
1

2
νκvκ

−1
c Ek∥JT

k ck∥2 − κ̃3β
2
k,

where we define

κ̃3 :=
[
Γ(

1

2
κ̃u + θ2κ2

Jκ
2
cω

2) + γr
]
.

Proof. The proof follows directly by the proof of Lemma 3.18 combined with the tech-
niques used in the proof of Theorem 4.3.

Given this, we can present our final complexity result.

Theorem 4.4. Let Assumptions 2.1, 2.2, 2.3, 4.1, and 4.2 hold for all k ∈ N. Set
βk = η/

√
K, αk as in (2.8), and ν as in (3.26). Then for any K ∈ N,

(4.9)
1

K

K−1∑
k=0

E[∥JT
k ck∥2] ≤

2κc

(
∥c0∥+ η2κ̃3

)
νκvK

.

Proof. The proof follows via an identical argument as the proof of Theorem 3.19.

Clearly, this result parallels that of Theorem 3.19 and proves a worst-case complexity of
O(ϵ−2

c ) with respect to our infeasibility measure. Thus, all of our complexity results translate
directly to the setting of inexact solves for uk, under Assumptions 4.1 and 4.2.

5. Numerical Experiments. In this section, we validate the performance of our
inexact two-stepsize SQP (ITSQP) method with numerical experiments. We tested ITSQP
together with the original stochastic SQP method (SSQP) [4] and a step-lengthening sto-
chastic SQP method (SSQPL) on a subset of the equality constrained optimization problems
from the CUTEst collection [16]. Since the singularity of Jacobians is detected in more than
half of the problems, we use the step decomposition strategy for all three algorithms to make
the results comparable.

We use an experiment setup similar to [4], with a total of 110 equality constrained
problems. Multiple levels of stochasticity (noise that follows multivariate normal distribution
N (0, ϵNI), where ϵN ∈ {10−4, 10−3, 10−2, 10−1}) are injected into the gradient estimates to
simulate the stochastic gradient. To “tune” the algorithms, we tested 5 different fixed scaling
stepsizes β ∈ {10−4, 10−3, 10−2, 10−1, 1} under 15 different seeds. Therefore, a total of
440(=110×4) problems are tested, and for each problem, every algorithm is run 75(=5× 15)
times with different stepsizes. For the stepsize αk, we use the default stepsize selection
scheme in [4] for SSQP, a step-lengthening stepsize for SSQPL and the adaptive αk proposed
in [25, Algorithm 4.1] for ITSQP.

For each run of the algorithm, we give a budget of 10,000 iterations and report the best
iterate with the following scheme: for any iterate k, if ∥ck∥∞ ≤ 10−6, we treat it as a feasible
point. We then pick the best iterate with the lowest KKT error ∥∇fk + JT

k ytrue
k ∥∞ from

all feasible points. If ∥∇fk + JT
k ytrue

k ∥∞ ≤ 10−4 on an iterate satisfying ∥ck∥∞ ≤ 10−6,
we terminate the algorithm. If such feasible points do not exist, we report the first-order
measure of the most feasible point (one with the lowest ∥ck∥∞). This is commonly used in
the stochastic SQP literature, such as [13] and [25].

The figures contain the KKT errors and infeasibility errors of three algorithms tested
under different noise levels. For each of the 440 problems, we compared the average infea-
sibility errors and KKT errors over five different stepsizes and chose the one stepsize that
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yields the best results to plot the figures. It is βk = 1 for SSQP and SSQPL, and βk = 10−3

for ITSQP.
We can conclude from the figures that our ITSQP method outperforms the SSQP and

SSQPL methods in terms of the infeasibility measure across all noise levels. This advan-
tage becomes increasingly pronounced as the noise level increases, highlighting the superior
convergence rate of our two-stepsize algorithm.

The SSQP and SSQPL methods compute the merit parameter sequence τk and choose
the stepsize based on τk, which appears to help them achieve better KKT convergence. The
higher first-order errors may also be attributed to the more pessimistic stepsize αk we use
in our algorithm.

Fig. 1. Comparison of KKT error and infeasibility error under different noise levels

6. Conclusion. In this paper, we proposed and analyzed an inexact two-stepsize
stochastic SQP method that can handle the possibility of rank deficient Jacobians. We
prove the first-known O(ϵ−2

c ) complexity for the infeasibility measure ∥JT
k ck∥ to fall below

ϵc under mild assumptions, and an improved O(ϵ−1
c ) complexity when LICQ holds, which

matches the best known result in the literature. These results also hold in the case where
the tangential component is computed inexactly. Numerical experiments also show that our
algorithm converges more efficiently in terms of the infeasibility measure than those without
the two-stepsize scheme.

Extending similar SQP strategies to the more general, inequality constrained setting,
remains an open problem. In addition, extending this method to the case of stochastic
equality constraints is a natural future direction.
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