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Abstract

We study the variational convergence of robust integral functionals induced by
empirical probability measures. We establish a generalized consistency framework
where the ambiguity set is constructed using a probability metric. By replacing
traditional uniform equicontinuity assumptions with inherent convexity and gen-
eral probability metric domination, we prove the almost sure pointwise and uniform
convergence of the robust objective and constraint functionals via convex analysis.
Furthermore, using variational analysis, we demonstrate the Painlevé—Kuratowski
set convergence of the empirical feasible regions and establish both optimal value

convergence and the outer semicontinuity of the constrained minimizer sets.

1 Introduction

We consider a class of robust integral functionals of the form:

min sup Ep[f(z,w)]. (1)
2€X pepy
Unlike classical stochastic programming which assumes full knowledge of the true proba-
bility distribution P* [1], formulation (1) evaluates decisions against a family of plausible
distributions, denoted by the ambiguity set Py. In our framework, motivated by data-
driven distributionally robust optimization (DRO), Py is constructed as a neighborhood
centered at an empirical probability measure derived from data, defined via a suitable
probability metric [2, 3, 1].
The primary contribution of this paper is the establishment of full asymptotic con-

sistency for the empirical robust model. By exploiting the inherent convexity of the
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robust functionals and introducing metric domination, we bypass traditional e-net tech-
niques to prove almost sure uniform convergence. Using variational analysis [], we
completely characterize the asymptotic behavior of the constrained problem, establish-
ing the Painlevé-Kuratowski set convergence of the empirical feasible regions and proving

the exact consistency of the constrained minimizer sets.

2 Problem Formulation and Assumptions

Let (2, F,IP) be an abstract probability space. The uncertainty in our model is captured
by a random vector w : 2 — = defined on this probability space.

Assumption 2.1 (Space and measurability). The uncertainty space = C R" is a com-
pact metric space equipped with its Borel o-algebra. The decision set X C R? is a

nonempty, compact, and convex set.

To conduct a generalized consistency analysis, we assume the ambiguity set is defined

via a probability distance d(-,-) on (=) that dominates a specific class of test functions.

Assumption 2.2 (Probability Metric Domination). Let the probability metric d metrize
the weak topology on #(=). There exists a linear class of functions $ C C,(E) and a
seminorm | - |5 such that for any f € $ and any P,Q € Z(2):

[P - [ )0 < Iflsar.Q) )

To invoke robust convergence guarantees from convex analysis without suffering from
boundary discontinuities, we require the decision set to be embedded within a common
open domain of the integrand.

Assumption 2.3 (Convex integrand with common domain). Let f : Rx= — RU{+o0}
be measurable. Assume the following:

(i) There exists a nonempty open convex set U C R? such that
X cU,
and for every w € E, the function z — f(x,w) is finite and convex on U.
(ii) For every z € U, the mapping w — f(z,w) belongs to $.

(iii) For every fixed « € U, the seminorm is finite:
(2, )]s < oo

(iv) For every fixed x € U,
sup |f(z,w)| < 0.

wEE



Let wy,...,wn be a sequence of independent and identically distributed (i.i.d.) ran-
dom variables defined on the probability space (2, F,P), sharing the true underlying
probability measure P* € 2(Z). Let Py := % Zf\;l 0., denote the empirical reference
measure. The empirical ambiguity set of radius dy > 0 is defined as:

Py = {P € P(2): d(P, Py) < 5N} . (3)

3 Statistical Consistency

In this section, we establish the statistical consistency of the empirical robust optimiza-
tion model. We proceed by exploiting the convexity of the robust functionals, providing

a cohesive framework deeply rooted in convex analysis.

3.1 Preliminaries on Set Convergence

To analyze the asymptotic behavior of the ambiguity sets and the feasible regions, we
rely on the concept of set convergence in the sense of Painlevé-Kuratowski (see, e.g., [7,
Chapter 4]).

Let (S,ds) be a general metric space and {Cy}yen be a sequence of subsets in S.

The point-to-set distance from a point x € S to a set C' C S is defined as
dist(z,C') := inf d :
ist(z, C) == inf ds(z,y)

By convention, if C'= ), dist(x, C') = co.

Definition 3.1 (Painlevé-Kuratowski Set Convergence). The inner limit (or lower limit)
of the sequence {Cy}, denoted by Liminfy_,,, Cy, is the set of all limits of sequences
{zxn} such that xy € Cl for all sufficiently large N. Equivalently, it can be characterized
via the distance function:

L]%[minf Cy = {x € S : limsupdist(z,Cy) = 0} .
—00

N—oo

The outer limit (or upper limit) of the sequence {Cy}, denoted by Limsupy_, . Cn, is
the set of all cluster points of sequences {xy} such that zy € Cy. Equivalently:

Limsup Cy = {x € S :liminfdist(x,Cy) = O} .

N—o00 N—oo0

The sequence {Cy} is said to converge to a closed set C' in the Painlevé-Kuratowski

. PK . . - . . .
sense, written as C'y — (', if the inner and outer limits coincide with C| i.e.,

Limsup Cy € C' C Liminf C'y.
N—o0

N—oo



Remark 3.2 (Application in the Present Context). In our statistical consistency frame-

work, the Painlevé-Kuratowski convergence is applied in two distinct metric spaces:

1. In the space of probability measures S = Z(Z) equipped with the metric dg = d,
analyzing the collapse of the empirical ambiguity sets Py LN {P*}.

2. In the finite-dimensional decision space S = R? equipped with the abstract metric
dy, characterizing the asymptotic behavior of the empirical feasible regions I" y LN

' and the minimizer sets.

The equivalent distance characterization in Definition will be extensively utilized to
construct converging sequences via the Slater points.

Assumption 3.3 (Sampling Scheme and Radius). The sequence of observations wy, ws, . . . :
) — Zisii.d. with common law P* € & (Z). Furthermore, under the metric assumption
, the ambiguity radius is a deterministic sequence satisfying limy_,o, dy = 0 [0].

Lemma 3.4 (Almost sure convergence of empirical laws and ambiguity sets). Under

Assumptions and 5.5, we have almost surely:
D * PK *
Py = P* and Pnx — {P"}, (4)

where = denotes weak convergence on P (=).

Proof. Step 1: Weak and metric convergence of empirical measures. Let ¢ € Cy(Z) be

any bounded continuous test function. By the strong law of large numbers,

[ ot Putae) = 23 o) 225 [ ot P,

—_

Because the uncertainty space = C R™ is a compact metric space (Assumption ),
it is separable. Thus, the above convergence holds simultaneously for a countable
convergence-determining class of functions in Cy(Z), which implies weak convergence
Py = P* almost surely [7]. Furthermore, since the distance d metrizes the weak topol-
ogy on Z(Z) (Assumption 2.2), this weak convergence mathematically dictates that
lim o0 d( Py, P*) = 0 almost surely [7].

Step 2: Quter limit of the ambiguity sets. We now work on the almost-sure event
where d(Py, P*) — 0. We first prove the outer inclusion Limsupy ., Py C {P*}. Let
Py € Py be an arbitrary sequence such that Py = P. By the constraint definition of
the ambiguity set Py and the triangle inequality,

d(Py, P*) < d(Py, Py) + d(Py, P*) < 6y + d(Py, P*).

Taking the upper limit as N — oo, since dy — 0 (Assumption 3.3) and d(Py, P*) — 0
from Step 1, we obtain limsupy_, . d(Py, P*) < 0. Hence, d(Py, P*) — 0, which implies

Py = P*. Since limits in a metric space are unique, P = P*, proving the outer inclusion.

4



Step 3: Inner limit of the ambiguity sets. We next prove the inner inclusion {P*} C
Liminfy_,o Py. It suffices to explicitly construct a sequence () € Py such that Qn =
P*. Choose the sequence of empirical centers, Qy = Py. By definition of the metric,
d(]f’N, ]SN) = 0 < 8y, which guarantees Py € Py for all N. From Step 1, we already
established that Qn = Py = P*. T herefore, the sequence of centers constitutes a valid
converging sequence within the sets, satisfying the inner inclusion.

Combining the inclusions from Step 2 and Step 3 concludes the proof that Py LN
{P*} almost surely. O

Define the empirical and population robust objectives respectively as:

Ry(f)(x) = sup Ep[f(z,w)l,  Reo(f)(2) := Ep-[f(z,w)].

PePn

3.2 Convexity and Uniform Convergence

Lemma 3.5 (Convexity of robust functionals). Under Assumption ”.7, both Ry(f) and

Roo(f) are finite convex functions on U, hence continuous on U.

Proof. By Assumption 2.3(i), f(-,w) is convex on U. For any z,y € U and \ € [0, 1],
fQz+ (1= Ny,w) < Af(z,w) + (1= A) fy,w).
For any P € Py, integrating both sides with respect to P yields:
Ep[f(Az + (1 = Ny, w)] < AEp[f(z,w)] + (1 = NEp[f(y, w)].
Taking the supremum over P € Py preserves this inequality:

Ry(f)(Az + (1= Ny) < ARN(f)(@) + (1 = )R (f) (),

which proves that Ry(f) is a convex function on U. Because f is uniformly bounded
over U x Z (Assumption 2.3(iv)), Rn(f) is finite on U. Therefore, both Ry(f) and
R (f) are finite convex functions on the open convex set U, and it follows that they are
continuous on U. O

Lemma 3.6 (Pointwise convergence). Under Assumptions ”.”, , and 7.5, for every

x € U, we have almost sure pointwise convergence:
P ( Jim [R(f)(x) = Rao(f)(2)] =0) = 1. (5)

Proof. For any fixed x € U and any arbitrary measure P € Py, applying the metric
domination property (2) yields:

[Eplf(z,w)] = Ep[f(z,w)]| <|f(x,)]s d(P, P7).



By the triangle inequality and the constraint definition of the ambiguity set Py:
d(P,P*) < d(P, Py) + d(Py, P*) < oy + d(Py, P*).

Because the seminorm |f(z,-)|s < oo is bounded for the fixed x (Assumption 2.3(iii)),

taking the supremum over all P € Py yields:

RN () (@) = Reo(F)(@)] < |£ ()]s (O + d(Py, P)).

Dictated by Assumption and Lemma 3., the terms oy and d(]sN, P*) converge to
zero almost surely. Thus, pointwise convergence holds for all z € U almost surely. [

Theorem 3.7 (Uniform convergence of empirical robust objectives). Under the stated
assumptions, the sequence of robust objectives converges uniformly on the decision set X

almost surely:

P (i sup R (1)) = Res( 1)) = 0) = 1. ©)
O zeXx
Proof. By Lemma 3.5, almost surely, the sequence {Ry(f)}%-; and the limit R (f)
consist of finite convex functions on U. By Lemma 3.0, we have almost sure pointwise
convergence:
A}i_r)n()oRN(f)(x) =Roo(f)(x) forall z € U. (7)

According to the classical convex function convergence theorem [%, Theorem 10.8], point-
wise convergence of a sequence of finite convex functions on an open convex set guarantees
uniform convergence on any compact subset. Since convergence holds on U and U is an
open convex set, uniform convergence holds on the compact subset X C U. Therefore,
it follows that:

lim sup |[Ry(f)(z) — Roo(f)(x)] =0 almost surely. (8)

N—oo pex

3.3 Unconstrained robust consistency

Define the unconstrained optimal values and minimizer sets:

Oy = inf Ry(f)(x), v* = inf Roo(f)(2),

reX zeX

Xy = argmin Ry (f)(z), X" = argmin Roo(f)(z).
zeX rzeX
Theorem 3.8 (Unconstrained robust consistency). Under the assumptions of Theo-
rem .7, almost surely,
TA)N — U*, (9)



and
Limsup Xy C X*. (10)

N—oo
Proof. For every x € X, the uniform error bound provides:

Roo(f)(@)=sup R (f)(2)=Roo(f)(2)| < Rv(f)(x) < Roo(f)(x)+sup [Rav(f)(2) =R (f)(2)]

zeX zeX

Taking the infimum over x € X yields

v —sup [Rn(f)(2) = Roo(f)(2)] < On < 0" +sup [Rv(f)(2) = Roo(f)(2)]

zeX zEX

By Theorem 3.7, the uniform error term tends to 0 almost surely. Hence vy — v*.

To prove the outer semicontinuity of minimizer sets, let xy € Xy and suppose that
rny — ¥ € X along a subsequence. Select z* € X* to be an arbitrary true optimal point.
Because zy € Xy serves as the empirical minimizer, Ry (f)(zn) = o < Ra(f)(z*).
By selectively adding and subtracting evaluation terms:

Rec(D)wx) = Rl £)(a") = (Recl ) = Rv(F)aw) + (Rl () = R (H)))
+ (RA(H)) = R ) ()
< [Rec()fan) = R(F)ew)] + [Ry(£)(a") = Recl £)(a")
< 25up [Ra()(2) ~ Rux ()]

Taking the upper limit as N — co, we obtain limsupy_,.. (Rao(f)(zn) — Reo(f)(27)) <
0. Since R (f) is finite convex on the open convex set U, hence continuous on U,
and therefore continuous on X C U, passing to the exact limit along xy — Z yields
Roo(f)(Z)—Roo(f)(z*) < 0. Because z* € X*, Roo(f)(2*) = v*. Therefore, Roo(f)(Z) =
v*, proving T € X*. Hence Limsupy_, Xy C X~ O

3.4 Constrained problem

We now systematically extend the generalized variational consistency to structurally con-
strained DRO problems. Let the population and empirical robust constraint functionals
be denoted by P () := Reo(g)(x) and Py (x) := Ry (g)(x) respectively.

Assumption 3.9 (Constraint Regularity and Slater Condition). The constraint function
g(z,w) satisfies the conditions of Assumption with the same open convex set U.

Furthermore, there exists a strictly feasible point z° € X such that &, (z°) < 0.

Define the true population and approximate empirical feasible sets [J]:

[ ={zeX:d(x) <0}, Iy :={zeX:dy(x) <0} (11)



Define the corresponding constrained optimal values and constrained minimizer sets:

v = inf Ruo(f)(x), 9% = inf Ry(f)(2),

€l xzel'n

X7 = argmin R (f)(z), X§ = argmin Ry (f)(z).
€l xzel'n
Theorem 3.10 (Uniform convergence of empirical robust constraint functionals). Under

Assumption 5.9, almost surely,

P ( lim sup |Pn(x) — Poo(z)| = 0) =1 (12)
N—oo pex

Proof. Because g(z,w) complies with the effective domain and convexity conditions spec-

ified in Assumption 2.3, the dependent constraint sequence ® y () preserves finite convex-

ity on U. By mirroring the exact convex-analytical framework developed in Theorem 3.7,

Theorem 10.8 in [%] guarantees that the uniform convergence holds on the compact subset

X C U. Thus, sup,cy |Pn(7) — Po(x)| — 0 almost surely. O
Theorem 3.11 (Outer convergence of empirical feasible sets). Under the assumptions
of Theorem , almost surely [5],

Limsup 'y C I'. (13)

N—o0

Proof. Let xny € 'y and logically hypothesize that xy — T € X along a specific subse-
quence. Because zx € I'y, we evaluate ¢y (zy) < 0. Formally:

(I)OO(IN) = (I)OO(ZL'N) — CI)N(ZL'N) + (I)N<J]N)
<[P (zn) — Pn(zN)|
< ilelglfboo(:v) — Oy (z)].

Applying the upper analytical limit as N — oo and utilizing the derived uniform con-
vergence in (12), we establish limsupy_,. Poo(zny) < 0. Since ®., is finite convex on
U, hence continuous on U, and therefore continuous on X C U, taking the exact limit
along zy — Z ensures ®,.(z) < 0. Consequently, 7 € I',. O

Theorem 3.12 (Inner convergence of empirical feasible sets). Under the assumptions
above, almost surely,
' C Liminf Ty. (14)
N—o0

Proof. Let x € T'y, be completely arbitrary. We systematically demonstrate that = €
Liminfy_,o I'y.

We first consider the scenario where @ (x) < 0. Set n := —®,(z) > 0. By the
established uniform convergence in (12), there exists an integer Ny such that for all



N > Ny, sup,cy |Pn(2) — P(2)] < 4. Hence, for all N > N,

() < Poo() + [ B(2) = Po(a)| < =7+ = =2 <.

Therefore x € I'y holds for all sufficiently large N, which functionally means z €
Liminfy_ o 'y

We subsequently evaluate the boundary scenario where @, (x) = 0. Let z° be the
strictly feasible point designated in Assumption satisfying ®..(z°) < 0. For any
parameter A € (0,1), define the point 2* := (1 — \)x + A\z°. Since X is convex, 2* € X.
By the convexity property of ® (),

Do (z) < (1 = N)Doo(z) + AP (2°) < 0.

Fix A € (0,1). Since ®,(2*) < 0, by deploying the initial phase of the proof, there exists
N, such that z* € T'y holds for all N > N,. Hence, for all N > Ny, the distance is
bounded by dist(z,'y) < dy(x,2*). Taking the formal upper limit with respect to N
dictates limsupy_, ., dist(z,[y) < dy(x,2?). Letting X | 0 forces limy_,o, dist(x, Ty) =
0. Therefore x € Liminf y_.o, I'y. O

Theorem 3.13 (Constrained robust consistency). Suppose that the fundamental as-

sumptions of Theorems 7.7, , , and are fully satisfied. Then, almost surely,
0y — VS, (15)
and
Limsup X§ C X7 (16)
N—oo

Proof. We first show the upper bound limsupy_,., 05 < vS,. Extract an arbitrary opti-
mal point z* € X! C I',. Dictated by Theorem , there exists a sequence xy € I'y
such that xny — 2*. Because 0§ characterizes the absolute minimum of Ry(f) con-

strained over ['y, we evaluate 05 < Ry(f)(xy). Therefore

lim sup 0% < limsup Ry (f)(xn)

< imsp (Roo<f><xN> sup [Ra(f)(2) - Roo<f><z>|)

= Reo(f) (") = V5.

c
[oon

This completes the confirmation that limsupy_, ., 05 < v

Nezxt, we establish the lower bound v¢, < liminfy o 05. Select a subsequence {N,,}
defined to precisely capture lim,, .o 0%, = liminfy_,. 0%. For each specific sequence
index m, extract an optimizer Ty, € )A(]C\[m C I'y,, satistying Ry, (f)(Zn,,) = 0%, -
Because the operational set X maintains compactness, passing to a further sequential

subsequence if necessary, we assume that £y, — & € X'. Since zy,, € 'y, ., Theorem



implies that z € I'y,. Consequently, governed by the baseline definition of v, we

T
establish v, < R (f)(Z). Furthermore, evaluating the discrepancy limits:

0y, — Reo | = |RnN,.(f)(@n,.) — Roo(f)(Z)]
< RN () (@n,) = Roo([)(@N,0)] + [Roo (f)(EN,) — Roo(f) ()]
< sup R, (f)(2) = Reo(f)(2)] + [Reo (f)(@n,,) — Roo(/)(Z)].

zeX
The bounding right-hand side tends to 0, validating 0§, — R.(f)(Z). Integrating this
with v5, < Roo(f)(Z), we obtain vS, < liminfy_,o 05. The amalgamation with the
upper bound validates equation (15).
Finally, we verify outer semicontinuity via strict separation. We initiate the proof
that Limsupy_, X 5 € X. Suppose, to investigate for contradiction, that this specific
inclusion fails. In this scenario, there exists a threshold ¢ > 0, an infinite subsequence,

and a sequence of optimizers Ty € va guaranteeing
dist(Zy, X2) > &g VN.

Because the overarching spatial domain X is compact, advancing to a refined subse-
quence, we assert £y — T € X. Since the sequence adheres to y € 'y, Theorem
mandates that z € I'y,. Furthermore, driven by the absolute continuity of the minimum
distance metric, dist(z, X}) > o, which signifies = ¢ X.

Because the accumulated limit £ € 'y, remains bounded away from the theoreti-
cal optimal solution boundary X, and the functional surface R (f) asserts continuity
across the compact operational set {z € I'w : dist(z, X)) > ¢}, the operational me-
chanics necessitate achieving a minimum superseding the theoretical optimal tier v<
Consequently, the structural landscape dictates the existence of a positive gap § > 0

ensuring

Roo(f)(T) Z 05, + 0.

Concurrently, since the empirical sequence inherently obeys 5 € X}i,, we evaluate the
optimal baseline Ry (f)(zx) = 0%. Employing the verified framework of robust objective
uniform convergence (Theorem 3.7) paired directly with the continuous structural surface
of Reo(f), we establish the bounded difference:

Rav(1) () = Rl @) < (R (1)(in) = R )| + R 1)) = Renl £)(2)
< sup [R(£)(2) = Resl F)(2)] + [Rex (i) — Res()(@)].

As N — oo, the primary deviation vector vanishes uniformly almost surely due to
the baseline structural convergence algorithms, and the secondary deviation vector si-
multaneously converges to zero because £y — 7 alongside an inherently continuous
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environment R (f). Thus,

lim Ry (f)(Zn) = Roo(f)(T).

N—oo

However, as explicitly derived and locked in the preliminary analytical frameworks,
lImpy oo Ry (f)(Zn) = impy 00 05 = vS,. This intersection mandates that v5, = R (f)(z) >
vS, + 6, which introduces a logical contradiction given the established constraint 6 > 0.
Therefore, our foundational contradiction assumption is compromised and rendered
logically invalid, cementing the conclusion that the inclusion Limsupy_,., va c X;

holds. O

Corollary 3.14 (One-sided distance convergence of constrained minimizers). Under the
fundamental structural assumptions establishing Theorem , almost surely,

sup dist(z, X)) — 0.
xeXfV
Proof. Suppose, to analyze the contrary possibility, that the theoretical framework en-

counters a localized anomaly establishing ¢y > 0, a specific analytical subsequence, and
a localized point cluster zy € X’f\, actively ensuring

dlSt(l’N,X:) 250 VN.

Because the decision space X is compact, refining the analysis to a highly localized
further subsequence if required, we fundamentally assert the limit zny — z € X. By
Theorem , every isolated theoretical cluster point inherent to X]CV falls into the op-
timal domain X. Hence the condition asserts z € X.

Since the optimal target domain X} represents a structurally closed environment
and £ € X}, the definition of the point-to-set distance dictates that dist(zy, X)) <
dyx(zn,T), where dy denotes the abstract metric equipped on the decision space X
(cf. Section ). Because the sequence limits to Z, the metric distance compresses:
dx(zn,z) — 0. This forces dist(zy, XF) — 0, which explicitly contradicts the initial
bounded anomaly dist(zxy, X)) > 9. Therefore, we conclusively prove sup, £, dist(x, X}) —
0. O

3.5 Extension to Multiple Constraints

The consistency results established above can be seamlessly extended to problems with
multiple robust constraints. Suppose the optimization problem is subject to a finite
collection of constraint functions g;(z,w) for j = 1,...,J. Define the population and
empirical robust constraint functionals respectively as

Do j(7) = Roo(gj)(x) and Py ;(7) := Rn(g;)(2), j=1,...,J.

11



The corresponding population and empirical feasible sets are given by the intersection

of individual constraint sets:

Tooi=[{z € X : @ () <0}, Ty:=[){z€X: dy;(x)<0}.

J=1 J=1

To guarantee the topological regularity of the finite intersection, the Slater condition

must be enforced jointly across all constraints.

Assumption 3.15 (Joint Slater Condition). Each constraint function g;(x,w) inde-
pendently satisfies the conditions of Assumption with the same open convex set U.

Furthermore, there exists a common strictly feasible point £° € X such that
D ;(x°) <0, Vi=1,...,J.

Theorem 3.16 (Consistency under multiple constraints). Under Assumption , al-
most surely, the empirical feasible set converges to the population feasible set in the
Painlevé—Kuratowski sense:
PK
I'y — T's.

Consequently, the constrained optimal value converges (05, — v, ), the empirical mini-
mizer set is outer semicontinuous (Limsupy_, . va C X?), and the one-sided distance
converges (SuPa:eX;V dist(z, X) — 0).

Proof. The proof for the set convergence I'y LN ['y follows by systematically replacing
the single constraint condition in Theorems and with the finite intersection of
multiple constraints. Specifically, for the outer limit (Limsupy_,.. 'y C '), define the
bound:

AR =i S ¥ [P j(2) = Poc,(@)].

Since the uniform convergence holds individually for each j = 1,...,J, it follows that
ey — 0 almost surely. Let xny € I'y be a sequence such that xy — Z. For each j,
we have O ;(ry) < P j(2n) — Pnj(zn) + P j(zn) < ey. Taking the limit ensures
Q. ;(Z) < 0 for all j, confirming € I'. For the inner limit (I'y € Liminfy_,o I'n),
the joint Slater condition guarantees that the convex combination 2 := (1 — \)x + Aa°
strictly satisfies all empirical constraints ®y ;(z*) < 0 simultaneously for sufficiently
large N.

Crucially, once the topological set convergence 'y LRI I's is established, the asymp-
totic properties of the optimization problem become independent of the specific func-
tional forms defining the feasible sets. Therefore, the proofs detailed in Theorem and
Corollary apply directly and identically to the multiple-constraint setting, yielding
the convergence of the optimal value and the minimizer sets without any further modi-
fication. O]
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